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LTALTSIS OF CIRQULiR SEELL~SUPPORTED FRAUES . ,~iz
By J. B. Wignot, Henry Combs, and A, F. qgsrua ‘ ;;“‘.i_u?
SUMMARY LR

Ia the past 1t has been oustomary to enalysze shell~
supported frames on the basis of the assumpntion that frame . - - -
bending distortion does not affect the character of the .
sheer resistance in the skin, This assumption has been - - -
found to be coneiderably in error for a majorit; oF prac~ .
tical cases, R

In order to obtain results more nearly reprsseanting .. ¥
the ectual cass, it is essential that the deformatlion of
the freme and the deformation of the shell Ve consistent
with each other, While fhis prineiple of "consistent
deformations” 48 already well known and appreciated, its
aparlication to.- fuselage frame analysis and eimilar prob~
leme has not been extensively developed, .

Tais paper deals with the single problem of circular
shell—supported frames subjected to concentrated loadings.
A mathematical atteck is developed and presented in the
fora of nondimensional—cosfiicient ecurves., These ocurves, - = - ¥\
while they are develaped for circular frames only, may, - AT
by meras of epproximations, be used for nearly any prac—
tioal frame which has ocurvature in the region of applied
loadiang, -

INTRODUCT ION . o

Waen shell-gupported rings are externally loaded,
the ap0lied loadlng is resisted primarily by a system of
shearing forces within the shell. . T

The VQ/I and T/zA shear—flow distribution, which =~ -~
has been used frequently in past analyses, is consisten?t
with the assumption that the ring being loadsd is rigid.
For gmaell-diampeter shells with sturdy rings, this Adletri-

‘butica has proved reasonably satisfactory for design

L., . . . - .
e e L IR e .
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purposess .Bowever, as the size of airplanes increases,
the rings becone relatively more flexible so that the
assunption of infinite ring Btiffness may sometimes
introduce errors of several hundred percent in ring
deslizgne, Therefore, the necessity for a more accurate
analysis becomes appareant, Such en analysis must con-—
gsider the finite stiffness of the ring, -

Because of the added complexity involved in evaluating
the effeqt of finite ring stiffness, it is desirabvle to
present the results in the form of coefficlent curves cal-
culated for typicel cases, Then the Pending moment, axial
load and transverse shear in a ring, and the corresponding
shear flow acting en the ring from the supporting shell .
mey be readily obtained from these curwves by proper inter—
polation and superpesition,

This report is but the stert of the contemplated ring
study end covers only the case of & complete gcircular frame
subjected to & system of coplanar loadings, The method
will, in later reporitsg, de extended to more general appli-
ca*ions vhich include the following problems:

(1) 4nalysis of wing~fuselage intersection 1ncluding
design data for the main frames, deflection of the main
franes, slkin shear flows, and modification of axial streases
(in the viecinity of the main frames) as a result of ring
flexibllity

f~% &nzlyois of fuselage cut-outs 1ncluding design

wes@ nd defleations for the end frames, skin shear flows,
and stringer axial stress modification

(3) Nutual influence of ad jacent frames

(4) Analysis of rings involving floor support problems

‘=% La "vgis of rings indirectly attached to skin

SYMBOLS

a internal axial loed acting on ring cross ..o - -
pounds

e. arbitrary constant of integration
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Chrs Cns final internal load coefficients, where
first subscript designates type of )

Cors Cgy internal load o shear flow (m for

o o moment, s for shear, & for axial

ar’ “at load, and q for shear flow)

c o second subseript designates type of

qr® “qt external applied loading (m for

noment, r for radlal load, t for
tangential load) '

. 3
reletive~stiffness parameter (%%r; approximately equal
% tR3
0 —
Wl

elenent of skin shear foroce

Ay, Ad! horizontal, vertical, and angular displace-
ments, respectively, for entire ring ’
(without distortion)

AR, Ad final dsflection components of any point on
distorted ring, tangential, radial, and :
rotational, respectively T

8y, 8¢ final relative displacements between faces
of "cout®

Young!s modulus of elasticity for ring, pounds per
square inch -

unodultus of shear rigidity of skin, pounds per square
inch

internal continuity axial fo:ce at ocut, pounds
moment of inertia of ring cross section, inches*

skin resisting force per unit tangential deflection,
pounds per inch _ - .

Cistance along shell to a section which 1is not
distorted from a circle e e
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Kmns

Egns
Ksn:

Kan»

¢F
€4

Egn? final shear constants

Kon?! final axial-load constants

Kun?! final moment constants Tl =n designates nosi-—

tion of term in

an’ final shear—flow constants general expres—

. ' . sion,
prime designabes
antisrometry

internal bending moment actiang on ?ing..inch~pounde‘
applied moment acting in plane of frame, inch~poynds
internal continuity moment at cut, inch-pounds -
applied.radial loed acting in plene of frans, pounda'

applied tangential load acting in plane of frams,

»ounds . o ‘ : .

internal continuity shearing force at cut, pounds

induced shear flow expressed in pounds per
..radian (g es used in
conventional shear flow final curves 18 divided
by radius to give
resultant ghear flow 1%/1in.}

redius of ring, inches
transverse "beam shear in fuselage

internal shearing load acting on ring cross section,
pounds .

;verage effective skin thickness supporting ring
[0.5 (tx. + t&>]
offective skin thickness forward of frame T
affective skin thickness aft of freme
ratio of E of frame to G of skin
rolative "shape® etiffness of shéll forward of ring

reletive "shape® stiffness of shell aft of ring
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B, ¥ danping parameters

(-4 frequency parameter

a=B8%+0%+ 1

v variable engle while 8 remains constant
6

angular displacement from cut (may be used alone
or as subscript)

¢ integration limits {xmw £for complete circle)

DISCREPANCIES BETWEEF THEORY AND TESTS

A fow ring tests on ths Constellation fuselage test

fection have been conducted by Lockheed Aircraft Corporation.

Observations based on these tests (unpublished) 1ncluda tha

followings —i
{1} The maximum moments, actually measured, ranged

from B percent to 50 percent of values obtained by

assuning infinite ring stiffneas.

(2) The moment pattern for each test indicated that
the load affected the ring only locally instead of entirely
arouand the fuaelage.

(3) Por radisl loading the maximum axial 1oad was at
the .location of the radial load instead of 45° away, as
indicated by assumning a very stiff ring, The maximum
axial load, &8 measured, exceeded the calculated values
by approximately four tines,

{(4) For tangential loading the axial-load curve
reaches the same maximum ae the calculated curve but
dies away more rapidly.

Phe Boelng Aircraft Company has also made some Tring
teets on the XB—29 fuselage test section. Two equal
vertical loads were applied, each at 322° from top center.
The ring stresses, as measured, corresponded in nature to
the Constellation ring tests. The following comparison
with conventional analysis was taken directly from the
Boeing renorst (unpublished):
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It nay be seen that the maximum measured stress « ¢ o
is only 20.3 percent of the corresponding theoretical
gtress, with aven greater variation at other points
on the frame. Hence this method of analysis is an
extremely conservative one.

As a result of these tests, it 1s evident thet the
assunption of infinite ring stiffness leads to excessive
congervatism for any airplane with rings that are similaxr
to those of the Liockhesd Constellation or Boeing XB-29,

GENERAﬁ DEVELOPMENT

" Prelininary Digcussion

In the general ring analyses that have been developed
{reference 1), 1t has been cusbtomary to assume that the
resisting skin shear flow follows simple VQ/I and 2/24
distribution. As long as the ring remains perfectly rigia,
this assumption 1s reasonably close to the actual conditions,
However, in the case of rings of large diameter used in air-
eraft structures, the assumption of perfeot rigidity is
often for from the truth,

In the actual case, the ring will always experiencs
some distortion as a consequence of being loaded. This
distortion will induce shearing forces in the skin which ’
tend %o oppose the ring deflections and, therefore, effac~
tively change the manner in which the applied foroces are
rosisted by the skin., Figure 1 shows the deflected posi-
tions of a rigid ring and a flexible ring, Note that the
difference in tangential deflection in the two cases would
tnduce additional farces in the skin which oppose the
deflections of the flexible ring. A very light ring would
tend to deflect until the external momenis causing the
deflections were nsutralized by the sum of the resisting
moments 1n the ring and the resisting moments due to the
deflsction—~induced skin ghear flow. Now, if the resist—
ence of the skin to deflection is increased, say by
doubling the skin thickness, and the ving is loaded as
before, then the skin will resist the deflections of the
ring nore strongly and will provide a greater proportion
of the resisting moment than before.

. Bowever, s8ince it 1s chiefly the moment iIn the ring
that Qotermines the deflection of the ring, the distribution
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of the shear flow in the skin has been altered by changing
the rolative stiffness of tho skin and ring, It is then
apparent that, fn the actual cass, the distribution of the
skin sheear flow depends upon the relative stiffnesses of
the skin and ring. It is now possibdle to consider the
skin shear flow as consisting of two partsy the VQ/I

and T/2A distribution upon which is superimposed the
induced shear flow,.

The VQ/I and T/ZA dietribution may be realized
by assuning the shear flow to be proportional to ths
tangential deflection of the skin with respect to s
reference ring which is assumed to be rigidly fixed in
spacees If & horizontal and vertical force and a moment
are anxpliocd to the ring, they will produce a2 horigontal
displacenent 4%, &a vertical displacemeéent Ay, &and a
rotation A4¢', reepectively, of the ring as a unit.
The shear flow et any point is then given by . T

= K{ix cos8 & + Ay sin @ + Ad?)
where X is the ratio of tangential shear fores per radian
to tangential deflection,
The induced shear flow is proportional to the relative

tangential deflection of a point due to the bending moment
in the ring,.

The roeultant shear flow acting on the ring is then
given by

dF .
4 =37 : -

= q, + Q3

X{4x cos & + Ay gin 0 + AdY + ATrh) (1)

The moments produced in the ring by this load systenm
may now be determined,
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S e Dovelopment of General Differential Bquation
. Pigure 2 shows a portion of & fusslags ring that has
s . beern cut at point A and the forces requirsd to produce

continuity have been applied at the eut. An slement of
Bkin shear force acting on the ring is represented by dav,
The bending moment at any point @ in the ring will then
be given by .

n o= §L + BiB(l - c08 8} - PR sin 8

- R f[l- cos (8 -w)}cu' : (2)

]

Expanding cos (8 =) and differsntiating mw with
raspect to 8 yilelds

é-n-! = - ;‘-_?_ 2 B — g_
0 HAE?: sin @ — PsR cos 6 + Rdé (cos®8 + sin®8) Rd.B

- ] ) 6 ' :
_ -~ R sin @ h/9 ¢os § &F + R cos 6 J/7 sin - 4F (z)

(- o
Differentiating agein with respect to § yields
6 A
d®n

233 = HiR cos 8 + PhB gsin € -~ R cas 6 u/ﬁ cos ¥ 4F

8 ° '
~ R gin 8 J(ﬁ gin ¥ 4F (4)

The third derivative yields

& ar
an _ _ 4R 8in & + PR cos 8 - R(cos®9 + sinze)aa

o deS
e : 8

.- . 4+ R sin 6 J/q cos ¢ 4F - R cos 9 U/h sin ¥ a7

Q ’ [+



-~

NACA TU Fo, 929

-9
If the sipilarity between alternate derivatives 1s
noted, it may be seenr that adding the first end third
derivotives ylelds
. dm , d°n 4y
—— e vwe— =2 —\R——-
ae des ae (5)

Since m 3is the moment at any point in the ring, the
tangential deflection at D (fig. 2

due %o a moment af
C acting over an elementary length- of the ring R ae
will be given by

a(an) = ::‘EILE%Q—-E (6)

From figure 2 it 1is evident that

D =R - cos (8 — ¥)]

By substituting for b and integrating, equation (6)
becones ’ -

8

f nfl = cos (8 -~ y)]dae

(]

AT = -~

hllw
o

Substituting for AT 4in equation (1) yielﬁs B ‘
ar

35 = K ADY + K Ay ein 8 4+ X Ax cos ©

-2 f n[l - cos (8 — w)]ae (7)

Hoting the similarity between equations (2) and (7),
it is evident by comparison that

acr | a%v kR °
eI )
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. a 2
4q , d7°q _ _ EE—m (9)
. a8 g3 EI -

Adding the first and third derivatives of equation
(5) zives

8 a 4
&€n , &%z, &#n R(LEE 4 2-§> . (10)
ae® ae* aaa 462 = e+

Substituting equation (8) in equation (10) gives

6 4 a L
d°m + zd S 4nm KR = 0

(11).
ae® as* aqe? B1I

Sauation {(11) is the differential equation defining
the moment distribution in & skin-—supported ring subjected
to any loading, It is interestirg to note ‘hat the dig—
tribution depends only upin ths value of K&°/BI, herein-—
aftor called the %relative-stiffness parameter d," because
K is & factor denoting the stiffness of the skin and EI/R
is a factor denoting the stiffness of the ring,

. The general solution (see appendix) of equatiom (11)
yields .

n = 01979 + an‘we + anae cos o8 & 043“33 cos o8
+ Gsege sin o8 + Gse‘se 8in o8 (12)

where tihe values of %, B, and © are as plotted in
figure 3 for different values of ER3/ZBI., Inasmuch as
there are six independent constants in equation (12),
six independent conditional equatiocas are nesded for a
complete solution. These are the three equavions of
equilibrium and the three equations of continuity,

Considering only symmetrigal or antisymmetrical
loadings reduces the number of independent constants to
three,,and the general solution reduces to
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n = Km1 cosh ¥0 + Kma cosh B8 cos o6

+ X, einh RO sin o0 , (13)
for symmetrical loading and %o
n? = K ' sinh ¥6 + ng‘ sinh P8 cos o8
+ K . ? cogh B8 sin o8 (145
for antisymmetrical loading,
The expressions for the shearing force, axial force,

and skin shear flow at any point 6 may be shown %0 be
given by (sees appendix)

8 = % %% (15)
2
1 dn , &m

where m 318 given by equation (13) or (14).

The componente of absolute deflection (that is, with
respect to "fixed structure”) may be shown to be given by
(see appendix) )

. 1 /dm , 4%m . '
AT = - ﬁ (—d-e- + EF) . (18).

1 a®n an
AR = = (&8, )
RK \gg® ge*

- (19)

1 dnm 4% m d5m
R%g \d® ae®  ae®
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Zxominetion of eguations (13) and (14) and their
derivatives reveals that the derivatives of m are ~
. alternctely symnmetric end antisymmetric and the alter—

nate derivatives differ only in the numerical value of
the three coefficients. Inasmuch as all the preceding
quantities are proportional to derivatives of n or
sumg of even or odd derivatives of m, they will also
differ from the similar quantitiss only in the numerieal
velue of the three coefficliente. Therefore, the inter~
relation between these coefficients may be conveniently
~shown in tabular form. (See table .I,)

The six conditional equations mey be representsd as

, ZV =0 (31s)

ZAQ = 0 - | .(zlb)

| YAx = 0 | (210)
_ ' _Zx = 0 - (a10) -

XH =.0 | | | _(21;)

ZAy =0 | (21f)

The first three conditlions are automatically satisfied
by condltions of antisymmetrical loading aud itihe last three
aro satieflied for symmetrical losding. *hLerelcre, for sym-
metrical loading, equations (2la) to (2lc) become :

o
[ q 8in 8 46 = P, (22a)
- B Y |
. f R a8 = §¢ (221v)
. J B .o
- {¢, -Q

2
- o [‘E%r(cos'e ~ cos ®) 48 =5x (22¢)
-
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where

@ = K;, 8inh ¥8 + Ky, ainh 86 cos 08 + Kg4 cosh B8 sin oo

n o= Kmx cosh Y8 + Kma cosh B8O cos ¢8 + Kms sinh 868 sin o®

FTor antisymmetrical loading, equations (21d) to (21f)
bscone

- -— .

¢

}r .q cos & 4@ =.Pt | (224)
& ~$
[ q{l = cos $ cos B)R 48 = H {22e)
“s¢ o
%—‘; sin § 48 = §y (22¢£)
=3
where L

- 4 ] !
q..in cosh Ye4-an gosh B8 cos cei-qu sinh Y6 sin of
msKml’ sinh ¥6 ""Kma' sinh B6 cos o‘O+Km3‘\coah B8 sin o

"All integrals to be evaluated for equation (22) .
come under one of the seven general types given in gen-—
eral form in %re appendix, The numerical avaizaation of
these integrals is accomplished. on computaiion form 3.
(See appendix.} . : } : _

The coefficients, evaluated in accordancsse with compu-
tation form 5, are used as shown in the following tadble:
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DISCUSSION OF PHYSICAL CONCEPTS

Effect of Ring Flexibility on Shear-Flow Pattern

The shape of the shear—flow pattern, for a given
externel load applied to the ring, depends entirely upon
the stiffness of the ring relative to the shell, This
statenent has been substantiated mathematically in this ~
report. However, in order to establish nonmathematical
concedts of the general phenomens involved, the following
paragranhs will be devoted to a study of the effects '
encountered vith each loading case.

Before the character of the shear—flow pattern may be
determined, it 1s first necessary to realize fully that the
shear~flow intensity 1s proportional to the tangential de—
flection imposed on the skin by the loaded ring., This
statement is apparsnt since shear force in the plane of the
skin is certainly necessary to produce tangential deflection
of the skin, and the magnitude ¢f this shear force is pro—
portional to the deflection which causes it. With this fact
c¢learly in mind, consider & shell section loaded radially
as showyn in figure 4.,

First, assume that the ring is very setiff and remains
circular throughout the loaeding process, Under these con-
ditions, it is evident that the Ting will undergo a pure
translation displacement in the direction of the load P..

This translation will impose ghe maximum tangential deflec—
tion on the skin at points 90  away from the loading Pre

In other words, the skin shear—-flow pattern assumes the
vQ/I (or sine) wave form as illustrated in figurse.5,

Tow, if the ring distorts, as shown in figure 4, the
point of maximum tangential deflection is no longer 90°
away from ths loading, Instead, it moves to the region
indicated in figure 4, due primarily to the tangential
deflection induced in this region by straightening the
top portion of the ring. (The ring axial loads do not
ordinarily cause sufficient axial deformation to affect
appreciably the general problem.,) Therefore, when the
ring is somewhat flexible, as it is for most practical
cases, the shear—flow pattern takes & form similar to
that shown in figure 6. The extent to which the shear
flow 1a localized in this manner depends entirely upon
the stiffness of the ring relative to the stiffness of
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the shell, However, this shear flow is inconsistent in
one respect. If the ring is flexible, as it . must be for
this tyne of shear flow, the points b (fig, 6) on the
Ting will deflect downward excessively due to the relative
"opening” action of the shear flow achimg against Poo
Therefore, the shear~flow pattern, indicated in figure 6,
must be modified so as to incorporate secondary waves (as
shown in fig. 7), which restrain this downward deflecting - - ——-
tendency. ' '

In summarizing the case of a radially loaded ring, it
may be stated that when the ring is infinitely stiff the
shear—flow pattern follows & VQ/I wave (fig. 5) but, as
the ring beocomes finitely flexible, the shear flow gradu—
ally changes from a sine wave t0o a patteran similar to that
shown iIn figure 7. ‘ :

How consider the study of a fuselage ring loaded with
a slagle tangential load,

If the ring is extremely stiff, the shear—flow pattern
resisting the tangential load is as shown in figure 8, This
pattern may be obtained by applying the oustomary VQ/I and
T/24 distribution. Note that the chief function of the
secondary wave is to offset the moment. induced by ths primary
vave about point 4, :

If the ring is ndt extremely stiff, the shear—flow
pattern cannot form as shown in figure 8,.since the ring is
not capable of distridbuting the loading entirely around
the section., Instead, it distorts under the loading P,

and teads to loocalize the shear flow, Therefore, the
shear flow assumes a pattern similar to that shown in
figure 9,

Since the primary wave for & flexible ring, as shown
in figure 9, produces less moment about point A than 1%
does for a rigid ring (fig. 8), the secondary waves become
less gignificant as the ring becomes more flexible,

For the last type loading, consider a single applied
concentrated moment,

If the ring 1s infinitely rigid, the resisting shear
flow, for moment loading, is & constant of T/2A entirely
around the section,
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Yhen the ring 1s not extremely stiff, the shear—flovw
pattera cannot remain constant since the ring is #o0t capable
of d4istributing the loading entirely around the section.
Instead, i% distorts, under the moment loading, and tends
to localize the shear flow, as shown in figure 10 where the
Primary waves resist the applied moment and the secondery
wave compensates for the horizontal components induced by
the primery waves. It is observed that the intensity of
the geccandary shear flow becones quite severe for very"_
flexible rings and entirely disappears when the ring becones
infinitely stiff,

Relative—Stiffness Parameter

On the preceding pages, the shear—flow patteras
obtained with various relative ring stiffnesses have been
described in some detail. Howvever, the exact parameter
which measures relative stiffnesses has not been mentioned,
It 1s 2 natural product of tHe mathematical analysis.
Hovever, the terms included in it are ressonably self—
explanatory when consgidered from a deflsction standpoint.
This paromenter, which defines the shear~flow distr1bution
in everv case, is given as .

a = B8
EI
where »
3
- factor which is proportional to tangentiel deflection
a of ring R
K factor which, by definition, is inversely »roportional

to tangential deflection ¢f skin, pounds per iach

. This term KBS/EI is used throughout the mathematical
derivetion. However, its exact evaluation depends umoan the
accurate determination of KX, for which further developmontb,
supplenented by tests, is clearly needed. Therefore, until
a bebtter means is mede available, K may be apnroximated
as

K:g.f'.g
L
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where L is the distance along the shell to a section
waich is not distorted from a circle, At this section *
a V3/I shear—flow pattern may be oconsidered to exist}

R/L is assumed to be nsver less than unity (except for

the case of adjacent rings eimilarly leaded). This approx-—
imation for K seems Justified for any large fusslags :
comperable with that of the Lockheed Constellation or
Boeing llodel XB-29 since it gives good test agreement for
those airplanes, Then, by substituting in the expression
for d, e

where

te &average effective skin thickness supporting ring (%t)

R redius of ring (suggest that R be menn radius between
skin and ring neutral axis)

I mean effective moment of inertia of ring cross section
ineluding effective skin

3

o ratio of E of ring to G of skin

t actual skin thickness
APPLICATION OF METHOD AND USE OF CURVES

General.~ The curves, as presented in figures 11 to
43, are derived for the ideal cese of a continuous cir-
cular shell-supported frame of constant BEI with any
syatem of applied loads in the plene of the frame.

Bowever, rings which vary considerably from the
ideal case Bmay bs handled with reasonable accuracy by
aporoximating Pequivalent {deal conditions.”

The coefficients for (1) bending moment, (2) axial
load, (3) shearing load, and (4) shear flow are plotted
against angular location for various values of the
relative—stiffness parameter d, There is an independent
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set of curves for each type of loading (radial, tangen—
tial, moment, and rotation) and a separate plot for each
coefficient,

The value of the relative-stiffness parameter may be
determined from the relation 4 = $,R%/kl as previously
discussed,

The details for using thse curves to find bending
moments, axial loads, and g0 forth for a given single
loading become evident by examination of the curves.,

The resulte for any system of loadings may bve
obtained by breaking the system down into a series of
individual radial, tangential, and moment components and
superimnosing the individual results,

Shear flow in skin.~ The shear flow es obtained from
the curves is the total shear flow actling on the ring,
This shear flow (see section entitled "Preliminmary
Discussion®) 4g composed of (1) a VQ/I (or 4 = 0)
shear flow which provides equilibrium and {2) "induced®
shear flow, not affecting egqullidrium, induced by ring
dietortions, The VQ/I portion is resisted from the
fore—and-aft sides of the ring in proportion to the
total shear and torsion om each side. The so-called
induced portion of the shear flow acting on the ring
is supplied by the skin from the fore~and-aft sides of
the ring in proportion to the relative "shape" stiffness
of the shell on each side, The shape stiffness refers
to the resistance of the adjacent shell sdructure to
distortion from a circular shape. It depends upon the
number of rings, ring spacing, ring stiffnesses, skin
thickness, skin shearing modulus, and the distance from
the loaded ring to a section in the shell which undergoes
no distortion. It is hoped that further development and
test data will provide & simple method for obtaining this
shape~stiffness factor fairly accurately, However, at
present the following approximation, involving only the
skin thicknesses and the distances to undistorted ssctions
are suggested since 1t is felt that they are perhaps the
most lmportant factors for the usual case, The relative
shaype stiffness of the shell forward of the ring is assumod
to be

by

tp +
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and aft of the ring to be

54

€A=

. tF+tA
where
ty effective skin thickness forwvard of ring
?& effective skin thickneés aft of ring (%

-2
(For significance of R/L, see discussion under

Relative~Stiffnese Parameter. )

skin shear flow on etther side of the ring,

0ase 1l: General case of & loaded ring in any cylinder

- e . =
P, , T

|

IILTRTIRARNE RN

T

by rd o
wa. _———l
or View of forces

?::/ﬁi////// é; _ acting on ring D
J/<: y ——r Shear . . TS
_?_////__/7/ LA LT

The skin shear flow fore and aft of the loaded ring
may be given as

Shear flow as

: Shear flow Sp Shear flow
ap = —€p obtained from — |as obtained —-. as obtained
curves, using for a4 =0 for 4 = 0
actual 4 _ ] o d L
r - -S.A- .
: -t 0
q_A = gA L do .Pr d
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where the first termns represent the shear flow induced bdy
ring distortion, and the second terms represent the load—
tng (or equilibrium) shear flow. Positive skin shear flow

is considered to be Boting clockwise on the section Tahead®
when viswed looking forward.

Case 2¢ Loaded ring in a cantilevered cylinder
P — .
r

i

#

L~

’

L

e

v

L7

~

. Forward o T e T
.Shear
. :E;:;iE;E::;/
OSA*

D I ID IS

The shear flow fore and aft of the loaded ring may
be dotermined using the same expressiong as for cease 1,
The only difforence is that Sy is sero, (See shear
diagran,)

Case 3: Loaded ring et the free end of a cantilevered

eylinder e,

r

|

WA VAN

- : o
Forward : N : Co T
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The shear flow in the skin aft of the ring is thLe
saene as the shear flow acting on the ring., It is noted
that, if the general expressions from case 1 are applied,
eg and Sp are both zero and ep is unity, so that qp

becones

qy = Shear floy as obtained from curves using actual 4

Approximation involved when t. XK, or I doeg not
remain constant.— When the curves are to be applied to an
actual ring which is not assoclated with entirely constant
values of t, R, and I, approximate "effective' prop-—
orties may be obtainsd which will give reasonable resultse,
Therofore, the following paragraphg are devoted to a dis-
cussion of these approximations,

The relative importance of the skin thickness at any
point is proportional to the intenalty of the shear flow
acting on the ving at that point. It is suggosted, for
the purpose of simplification, that the ekin thickness be
considered only over approximately the first major vave
of shear flow, A triasl, using en assumed thiokness, may
be necessary in order to locate approximately the first
me jor shear flow wave. Then the average effective skin
thickness may be obtained as follows:

(1) Qbtain the actual weighted average of skin thick—
ness over epproximately the firat me jor wave of shear flow
for both the fore—and-aft sides of the ring,

(2) Note the distance I each way from the loadad
ring to the seotion that cannot undergo any distortlon in
sympathy with the loaded ring. Bxamples of such points
are points of fixed shell support and points of antisym—~
metry halfwaey between two separate rings which are loaded
g0 as to cause opposite shell deflections. .

(3) If this distance L either way from the ring is
less than the radius of the shell, tho effective thickness

07 that gide of the ring shOuld boe increased by the ratio
R/L,

"(4) Then tg is the avorage of tho effective thick-

nesses on each side of the ring ap found in mccordance
with steps (1), (2), anda (3),

N
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The ring radius B and the moment of inertia I
need ve constant only from the loading point%t around R
through the regiozm of appreciable bending moment. If, In
this reglion of appreciable bending moments, R and I
vary slightly, satisfactory results may be obtained by
using the average values of R and I. However, if R .
varices considerably, it is recommended that overlapping
asgunptions be applied. C

if I wvaries considerabdly, the following means for
finding the approximate equivalent moment of inertia is
suggested:

where the length of arc and 5:%% is continued over only
et

the rogion of appreciable bending moment. This region of
appreciable bending moment may be approximately located
by using en estimated relative—stiffness parameoter d.

The curves are set up for coefficlents at definite
engular »ositions. These positions are measured from the
point of load epplication with respect to the center of
the circlee ¥For a case of varying ocurvature the approxi-
mate point on the actual ring, for which the soefficients
apply, may be obtained by laying out around tho ring a

diétance of Reiga inches, whore R 1is the assumed

equivalent radius and 6 is the angle (in deg) from the
loading to any point on the assumed equivalent circle.

The effective width of skin acting with the ring is
not constent even though the structure is perfectly uni-
form throughout the circumference. However, the final
results are not veory sensitive to the value of 4,
especlally when d is large. Therefore, the following
effective—~width assumptions are recommended:

(1) For determining the section propertiecs needed \
for 4, use an offective width approximately equal to the
depth of the ring

(2)'For determining the section properties needed
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for the margin of safety of the ring, base the effective
width upon the stress condition (tension or compression
in the skin) .

Effect of sdjacent rings deinz similarly loaded.-
Further development, supplemented by tests, 1le clsarly
needed in order to predict accurately the effect of load—
ing adjacent rings sinmultaneously, In view of available
data, the following approximationa are raconmended:

(1) For the design of a ring whers ons adjacont ring
of approximately the same flexural proportions is similarly
loaded, uss

(2) For the design of & ring whore at 1eaat both
adjacont rings are loaded similarly, use -

Bwl

Theso adjustments in d may be considerdsd as adjust—

monts in the % —~value used in the expression tg ='%t.
{Seo 'section entitled "Relative—Stiffness Parameter.t)

Anelysis of a ring containing 'a pin joint.- A pin

Joint in a ring sinmply permits enough angular rotation at
the pin joint to relieve completely the bending that
would exist theres if the ring were continuous, Therefore
a ring with one pin Joint nay be rsadily analyzed in two
steps’

(1) Pind the reswlts which would exist 1f the ring
woeTo continuous instead of pin jointed

(2) Superimpose the results for a "rotatlon loading“
applicd at the pin joint whero the amount of rotation is
detorminoed so as to reguire "end" couples exactly equal
and opposite to the beonding moment found at the pin—;oint
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location in step (1). Examination of the formula for
bending moment due to raotation loading, as givpn in fig;

urs 35, T L.

End couples

required by
8 ——— <

iidicatos thaet the required rotation to each sido of the
joint would be

(Moment as found in step (1))

.

6¢=_
(°m6¢ at 6 = 0 for proper velue of d)

Al

(Fote thet when this exprossion for §¢ 4s inserted
in the formulas for bending moment, axial load, transvorso
shear, and shear flow, the El-term cancels out,)

of freg rings.~ The term "free ring" is used
to indicate any circular ring for which the completo load~-
ing system is independent of the relative flexibility of
the ring. The "complete loading system" includes both the
applied and tho yesisting foroces. -

Primarily this report has bdeen concerned with flexi-—
ble rings externally loaded and supported by shell struc—
turs, It has already been shown that the supporting
portion of the complete loading system on such a ring is
depondent upon the stiffness of the ring relative to tho
sholl structurc. Therefore any shell-supported ring othor
than an infinitely rigid one is not clessed ag & freo
ring.



BLco T¥ Wo, 929 26

However, the analysis of free rings mey be readily
acconplishaed through the utilization of the 4 = O
results for ordinary sholl-supported rings,

Consider @ free ring in equilibrium and loaded as
shown ian the accompanying sketch, 3By suporimposing tho
shoar~flow patterns as obtainpd for both loadings, by ’ o
using the d = 0@ c¢curves, the net shear Flow is found %o
o gzoro, This same phenomonén is true regardless of the
nunber of applicd loadings, their positions, or their
typo as long &8 the complete loading system is in squi-~
lioriun and remainas coplanar.

Thorefore, ring bending moments, axial loads, and
transvorso shears for any free ring may be reoadily ob—
tainod by application of the & = 0 curves.

However, the problom of freo~ring deflections ra—
quires additional developmont. For example, consider the
d = 0 curve for radiasl doflections due to radial loads.
(Seo fig, 15.) PFrom the exprossion for 4 (ses section
entitled "Relativo-Stiffness Parametor®), it is scen that
in order for 4 to be zero one of the two conditions
must exlst? . - -

(1) The ring must be infinitely rigid.

———

(2) The thicknose of the supporting skin mugt be zeroc.

If the skin thicknoss bocomes zZero it is noted that
X also bocomes zero. Since K is in tho denominator of
the oxprossion for AR, the value of AR YVocomes infinite,’
Such & wveluo has no significance in free-ring analygls.,
Therefore, the 4 = 0 ogurve in figure 15 is of uso only
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in case the ring is infiniteoly rigid {(for ex#mple, a soliad
vlate) and would then give puro translation dofloctions,

Thusg it 1a apparent that the deflections for free
rings must be obtained in & manner which bypasses this
tendency to bescome indeterminate. Basicelly the entire
mathematical analysis 1s indeterminate for 4 = 0. Therco—
fore all & = 0 valuess for bending-monment coefficients,
and eo forth, are obdtained by using 4 = 0,010201 which
epproaches d = 0 wvery closely for all practical purposes.
The rogular calculated deflections consist of (1) puro
translation deflection of the ring as & whole, and (2)
tho diatortion deflection of the ring itself. ¥When 4
becones zero, the distortion deflection also becomss zaro,
¥hen 4 = 0,010201, somo distortion deflaction still ro—
mains dut is very small relative to the translation deflec—
tion, ¥or any froee ring whioh is in equilibrium, the
total translation deflesctions are zero since there is no
tendency for the ring to shift in space. Therefore, it id not
necosasary to evaluate any translation deflections, and the
distortion defleotions becoms the desired results. Since
the boending moments in a free ring may be found quite ac— -
curatoly by using 4 = Q0,010301% 4ingtead of 4 = @, the
distortlion doflectlons for 4 = 0,010201 are satisfactory
for free~ring deflectionsa,

Roasonably accurate velues for distortion deflection
soofficientes havo been obtained by using eix to ton sig—
nificant figures throughout the numerical solution for
dofloction coefficients {(when & = 0.010201) and thon
subtracting the pure translation deflection coefficlents
yhich are obtained by simple geometry,

The formulee for actual deflections of free rings

are the same a8 the formulas for the deflections of shell~

supported ringes except for the following considerations:
(1) The value of X 48 obtained as follows:

3

dw-—*

Bl
Thon

=

% = 0.010201 EL.

o
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The value 0.010201 has been combined with the distor-—
tion deflections and the resulting values are plotted as
deflectioh coefficients for free rings. (See figs. 18,
25, 34, and 67.) The formulas for the coefficients to be
used to find actual deflections are presesnted with the
cUrves, :

Lockheed Aircraft Corporation,
Burvank, Calif., December 16, 1943,

APPENDIX
SUMMARY OF ASSUHLPTIONS
The assumptione upon which the mathematical deriva-—

tion is based are

(1) The frame is of constant initial curvature and
* constant flexural rigidity

(2) The supporting skin is of constent thiokness and
continuously attached to the frame

(3) The skin shear flow is proportional to the tangen—
tial deflection of the ring with respect to
"rigid structure”

(4) The frame complies with the assumptions for the
flexure theory of curved beams with uniforn
rectangular cross sections :

(5) A1}l loaeding is in the plane of the frame

(6) The dietortion of the frame, under loading, alters
the skin shear—flow distridution dut does not
alter the geometry of the frame

(7) The skin shear flow acts along the elastic axis
of the frame

(8) The frame undergoes no axial doformatione

(9) The structure is loaded within the elastic limit
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Solution of Differential Equation

The solution of the differential ogquetion

4%n , pd’m . 3%m _ KR

n =0 (11)
ae® ae®  ge° EI .

may e readily obtained by writing it in symdolic form as .

(0° + 22* + P2 <« aA)m = O

and noting that the associated equation is of a quadra-—
cubic form with one pair of real Toots and two pairs of
imaginary roots.

2he roots, as determinoed algebraically, are

T = x¥ ' ’ T -
and

r = B3 ic

where i =,/=7 and ¥, B, and o have the values com-
puted on form 1 and plotted in figure 3 for various values
of the relative—stiffness paramster 4,

The gemeral solution is then .given by
m= 0,68 + 007 Y0 4+ 0,6 (B+10)8 . o 4 (B=1c)8

+ 0gem (B+10)0 | o o-(B—tc)0

which may be expressed in terms of real functions as

m= 0y + 0z 4 05eP® coa oo + 0‘6'59 cos o8

+ Gsp?e sin of + 068*59 sin o8 (12)
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where Cie4. Cg &are arbitrary independent conetaite. to
be determined by the conditions of continuity and equi-
librium,. .

Ezpresaions for Shearing Forece and Axial Force

Acting on a Ring X-Section

By rewriting equation (3) in the form

: 8
%%:R(HL gin ® — Py cos & — gin © fcos\lrdl‘
0
-8
+cose[sin\|{dj‘>
4 “o

and notiag that the shearing force on a ring cross sectioﬁ

is givea by the expression 1in the brackets, it may be con~

cluded that

1
i

(15).

o

[
W -
s

Similarly, equ&ﬂion (4) yielde the expression for
agzial force . ’ U

3

td |-
pJn
(2]

a = - 8 . (16)
the minus slgn resulting from a tension force bvsing con-
sidered positive,

Expression for 8kin Shear Flow q

The expression for the skin shear flow ¢ comses:
from the equatlon

3
ar 1/ an . a°m\
L} a8 B ""de ——Ede / '( 7)

where q 1is expressed in pounds per radian,
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Expressions for Component Deflections _ B
The tangential deflection is obtained directly from
the third assumption,

AT = 1
X

Substituting equation (17) yields the alternate form

s
1 dn )
AT = = == { — & =y {18)
KR \4& 40 : .

Tho. radial deflection of a ring cross section is
given by

8
. 4
A3=Axsine+Aycosa+fi-'3—f-[sin(e-w)Jde .
. B
whencae

. 2 2

AR 4 L (AR) _ mR

ag? BI

Substituting equation (9) yilelds

8 3
AR 1
a8 K Mge 1
whence
AR = — 1 44
K 40

or substituting the derivative of equation (17) gives

8 LR
AR = -L(i—g‘- + i—%) , (19)
KR\ ao®  ae
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The rotation of a ring crosa section 1s given by T

Substituting equation (9) for m yiolds ) R |

aes <l e

. e m—— b e
. 2

.- _a a\ 40 e
bo [ RK * ' =

whence - - ' LIRS

2
1 g_) d.%g o)
T e - o o+ ..._ F o
b RK (q as® Ql” as

1 a® =
But i—f aq, * —%) is initial rotation at point & with L.
= ae 3 R
a
respect to rigid structuro; therafore, A4d = — R—L qQ + EE%) p—
"absolute’ rotation in radians or, by substituting equa— .
tion (17) in its second derivative, R

.‘1_ + QQ..E + i_m (20)
de

[

Hyperbvolic Trigonometric Integrals -

[ sinh ax sin bx sin x dx - ' . . . - LTS

= em——

ma - 4b°

{a cosh ax (x sin bx sinm x + 2b cos bx cos x) . ~e==T

PO T~ ——

+ sinh ax [(2 ~ a)b cos bx sin x + (2v° — &) sin bx cos X ]}
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o f sinh ax sin bx cos x dx
= le—'—h a cosh ax (& sin bx cos x - 2b cos dx sin x)
a® — 4p° _ o

+ sinh ax [(2 — o)b cos bx cos X ~ (2v° - a) ein dx sin x-‘}

f sinh ax cos ;Dx sin x dx

1l

T ———————— {a. cogh ax (o cas bx sin x — 2b sin bx cos x)
o’ — 4v° L

-
+ ginh ax L(Z’na - a) cos bx cos x — (2 — a)b sin bx sin x}}

f sianh ax cos bx cos x dx ' : -

= -3—-1———5 a cosh ax (a cos bdx -cos x + 3b sin bx sin x) .
a - 4b

r .
—~ sinh ax L(Bba ~ &) cos bx girn x + (2 - a)db sin bx cos x]}

It should be noted that o .
(1) &« = 8@ + p? + 1
(2) %% may be substituted for sinh ax and cosh ax

(3) sinh ax and cosh ax may be used interchangeadbly
in these formulas as long ag work is consistent

2 3

[sinh ax sin bdx dx =
: a + b

{2 cosh ax sin bx — b sinh ax cos bx)

) -[ sinh ax cos bx dx = -——E-«-—(a. cosh ax cos bx + b sinh ax sin bx)
a® + »2 : o

f sinh ax dx = cosh ax -
a g
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Discussion of Computation Forms

The computetion forms used in order to obtain deta
for plotting the curves contained in this report ar
listed as follows: ‘

Form l: Solution of Auxiliary Equation

Form 2: EHyperbolic and Natural Functions of €& for
& Given Veluye of 4.

Form 3: Evaluation of Integrels for a Given Value of ¢

Form 43 Final Constants for Type of Applied Loading
Form 6% Final Coefficients for Type of Applied Loading

The primery function of form 1 is, as the title indi-
cates, to svealuete the auxiliary equation which 1s associ-
ated with the symbolic form used for solving the general
differential equation (1l1), The relation beitween the
various gtiffnesses & eand the damping and fraquency pa—
rameters are obtained on this form. Jn fact, the plot of
the damping and frequency parametors against d (see fig.
3) 1s based upon the results from this form.

Form 2 serves to evaluate the various hyperdolic end
natural trigonometric functions of 8 which gre needed
fn the conditional equations of continuity and equilibrium,
(See equations (21) and (22).) Since the damping and fre-—
quency parameters ¥, B, =and < depend upon the relative—
stiffness parameter d, & separate form 2 must be used for
each value of 4.

Forn 3 is used t0 eveluate the integrals whioch are in-
volved in the conditional equations of continuify and equi-
librium, The angle ‘¢, referred to on the form, is spe~
cifliocally intended to cover the case of partial rings as
well as bthe complete rings with which this paper deals,

For a complete ring, ¢ is 1802 and remains at that value
as far as this report is concerned. The date for form 3
are obtained from the form 2 for each value of d being
considered, ‘

Porm 4 is used to obtain, from the gonditional equa-—
tions of continuity and equilibrium, the coefficients of
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the hyperbolic functions which are used in the equations
for the final load coefficients, Form 4 differs slighfly
for each type of loading that 1¢ applied and is so desig—
nated by subseeripts V¥V, R, X, and so forth,

Form 5 18 used to determine the final nondimeneionaiu
load coefficients which are plotted ageinst 8 for each
value of d, thus ylelding the curves in figures 1l to
31‘
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Form 4H FINAL OONSTANTS FOR UNIT Page A:13
Ref, code Model Qeneral
(ed)Form EORIZONTAL LOAD Rept 4333
$ = 180°
] VALUE OF DETEREINANTS
Ky! Kg! K3t D
@®;3ED; @5 | D3 DED;+@ ED;
a ‘ .
-@EDs | -ED:EDs5 | -(ED:(EDs H®EDs
1000 «337.46166 -.04739933}04 7.53018x10% —5914.653x1Q%
3000 -906.14010 | -33.71810x1 20.49478x10% | -86350.69x10
3000 ~1859.30185_ | -104.47747x10% | -5.85958x104_| -389018.87x1.0%
4000 -2817.43403 | -311.07F94x1 -148.61437x10% -uusas.m'*
5000 ~4458.3753 | =283.37801x10% | -438.43907x104 | -3893388.
8000 , -11076.67940 | 4743.45377x10% |-2037.84851x104 -33965537.10x10% | |
® .| ® | @
MOMENT CONSTANTS ' TRANS. BHEAR OONSTANTS
1 53 Eg xa +K3Y xsﬂfksﬂ. -Izci'ts’
.5(3) ~- - Lamy | @@ -©:®
4 “' . *C D:® :

@) ® . O | +(®3 +@3@
1000| 2.36788x10-8 _ | 4.0343748x10~%| -5.44508%x20~% .723287710~5 |-16.83649x10~4 -a.msos:lo:t
2000 .ssoeaasxmj +1.975288x10% .1.aooezano:g .183244x10~6 +.37605%10 ~8,89838x107¢
| 3000 .3348128>107° | 1.418611x10-% | +.0768884x10 _J_.oaaatao.xlo-ﬂ__3.as4sex1o-‘ | —4.69351x10°% _ |
4000|~ .1023930%x10-8 1" .743970x10~4 .631580%x10~4 .0399333x10-81 35.28778xa ~1.60316x10=% 7
5000{ .0573544x10-8| ‘.338339x10-4 .560487x10~4 .0332453x10-6] 3.73521x10-4 -.0984748%10
8000| .0167988x10~8| -.1126104x10"% .309088x10—% .00729163x10"8  ,97008x10~% 1.)3388x10~4

Q@ @ (D) @
) - AXIAL LOAD GONSTANTB BELAR PLOY OOHSTANTS
o [Or®r | _-@Oree | v
-@:® .'@3 @3@ @3 @3
a -
s -®:® +®Ds® -® +®:®D-®| -©:@-®
- 5 |47.15748x10~4 (-=30.5104u8x10-% | -7,45417x10~5 1.07521x10~%|-171,41888x10~%
%{% f;ggggé;}‘%-s 25.80364>10=% | 13.14074x10-4 | -3.38883x10+5 | @88.05775x10~%| -63.50584x10~4
3000! -.308378x10-5_]10.07916x10-4 | 18.04133x10-% | -1,30779x10-S_| 76.03500x10~%| 4.12875x10~%__ |
20001 —. 155740406 |~ -76484x10=4 71" 14.70673x10"% ~T~ -.647323x10-6_1"47.01433%10~4T33.97308x10—4
5000| -.0043769x105]-6.19265x10"% 10.12710x10~% -.408411x10~5[ 23.99431x10~% 39.77738x10~%
8000{ -.0335237x10~°|-6.56143x10~4 1.34884x10~4 -.16049x10~5 |-10.08644x10-¢| 27.6983ax10~4

3
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Fora 4% FINAL CONSTANTS FOR UNIT
Ref. ocode Pages Ailé
(cd) MOMENT LOAD PER INCH RADIUS Model Qeneral
&iForm ¢ = '180° Rept. 4323
YVALUE OF DETERMINANTS
Ky &Y K3' D
a '@33 -33 -33 (1)(85)3+(3)(68)3
G s | +@D3@5 | +@sE®3 | H3NEN
1000 +3377.39 -851649. 3 346581 .4 -69148.5xl03
3000 +11704.0 —4338933.3 .-2446855.7 -853506x10
3000 341668.6 | -6386163.8 | ~13368568.4 _ | -3690189x10%
4000 47386.8 — | #4383174.0 ~ | -40415660.4 ~ | —~14346368x10°
5000 77941.3 43039877 ~75050064 -38933885x103
8000 335505.4 435305893.3 —-88496868.5 -339655386%x10°
® ® @ :
MOMENT OONGTANTS TRANS. SHEAR QONSTANTS
| <% X3 K3 v KgB+Kz0 -Kz0+Kk3p
Q@ 5@ 5@ (@@ | D© | @@
a4 ® ® ® +@;® +®,®
1000| -.344330x10~%| #.471309x10-3|-.350814x10-3 -.745359x10~%|  .0108298x10-3| -1.71407x10%
2000 |-8.6856485x10-8| - 2.483387x10-3]|1.433414x10~3 |-33.688380x10~8] 8.804305x1 -5, 353133x%1
3000 {-3.377149%10-8] __.866844x10-3 1.7884838x10-3 _| -18.076394x10-8] 7.804160x10-3_| 4.411834x10"3 |
40007-1 . 669938x10-8| = 150391x10-3[1.418486x10-3 ~ | -8.473758x10~8/"4.703770x10 3.395334x10~3
8000 |-1.000943x10-8| -.563730x10-3| .983814x10-3 -4,08383x10-6 | 3.40070x10-3 3.97877x10-3
8000| -.348033x10-8| -.844938x103| .103883x10~3 | -1.504941x108| -1.009501x10-3 | 3.789567x10~3
@ a [€5)
AXIAL LOAD CONSTANTS SHEAR FLOW OOKSTANTS
77 -®8-@¢ | -@s@®c | KrE
a @ '@3 '@3 @3@ @3 @3@
-@; _
-®;@@ +®:® -® 1®0:B-0 | -0:;@-©)|.
' ; - | 4.823744x20-3_| 8.84838x10-3 7.6881M10~% | 14.83433x16-3_ | -7.80005x10-3
%% J:%%Stsi? 1.876983x10-3| 238.990343x10~3| 3.057080x10-% | 11.088383x103 | 8.391380x10-0
3000 |44 .601143x10-8 | ~15. 388139%10~3] 34.889341x10-3 | 1.760630x10-4 [..4.653747x10-8 | 9.848937x10-8 ]
4000135 . 347668x10-81-30. 776868 x10=3] 10 137358x10~3| 1.048388x10=4|" ~.951367x10-37| 8.964739x10-8
5000 |18.48916x10~8 -19.40853&10'3. L701716x10-3{ 71.05038x10-8 =39.33633x10~3 |68.38685%x10~3
8000 | 6.631740x10~8| -8.691193x103}-10.070481x10-3] .3084068x10~4 | -5.778883x10-3.| .931867x10-3
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4%
s (sym‘) . e
Torm 5 FINAL COEFFICIENTS FOR UNIT Page A6
" Ref Code: VERTIOAL LOAD Model General
< ‘(bolbrom
- : d = 1000 ¢ = 180 Report L4222
) (2) (3) (1)
loment coeff. Shear coeff. Axlal load coeff, Shear flow coerf.
o * s, C’n* C¢* n: L
(55 (18)5+(6) (19%[(8)4 (15) +(9) 4 (16)a{(21), (18)a+(12), (39)al(14), (15)2+(25)(16)s
+(7)44{20), +(10), (7). +(13), (20} +(16)s (17)a
o -,00L5 L0000 ~. 0015 0
5 ~.0021 -,0128
10 -,0015 +,0004 -. 0037 -, 0246
15 :
20 «. 0013 0015 - 0094 -,0lUoL
25----——---- PSSO MU '
3g -.0009 £0037 - -.0162 ~.0397
Eg | +0000 .0070 ~.0205 ~.0163
50| __ +.0016 .0105 - 0180 ____ +,0312
55 -
. 60 0036 0127 +,00k9 0975
&5 '
- 70 .0058 00115 + ,0201* 01667
75 ' I
80 .0073 +.0049 0556 $2123
85 .07
30 0071 «. 0080 1985
95 L1071 .
100 +.0042 w0265 ' +.9875
105 .1168
110 -,0022 -, 0l66 ~.1468
115 : +,0822 A
120 -.0117 -.0605 : -.5028
125 -.0166 .
13C -.0223 -.0570 -.9328
140 -.0299 ~.0236 : ~31.334k
145 . -2l
150 -.0282 +.0507 . -1,5583
1551 -.6847
-160 -.0096 1699 -1. 450
ﬂo +.,0333 v 3267 -.9723 -.83990
<175 . .
180 1055 +4999798 ~,9819 -.00078Y4
x —a M = CpER Pn = Cp? Py = OtP q= Cq<§>

RACA TH No, 929 -
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Py = OgP

-48
(Antisym.) '
Form 5 FIVAL COQEFFICIENTS FOR UNIT Page A:l7
Ref. Code: HORIZONTAL LOAD 'Model General
(cd)rom L e e
. d = 1000 ¢ = 180 Repors Y222
(1) (2) (3 (1)
Homent cosff. Shear coeff. Axial Joed coeff, Shear flow coeff.
8 Lo Cn* , Ct* . Cg*
(5)s (15)g+(6), (16)5K8) (18)54+(9), (19){(22), (1505+(12) (26),{(1lt), (18)g+(15),(219),
+(7).(17) +(10), (20), +(13).(aT)s +(16) ((20),
0 . .0000 -'.0015 -0000 ,0000
5
10 ~.0003 ~.0015 -.0004 -,0022
15 .
20 ~+0005 ~.0013 . -.0015. -, 0080
25y
30 ~.0007 -.0009 -.0037 ~.0153
5
& ~,0008 .0000 ~,0070 -.0206
50 «.0007 +.0016 -.0105 -.0196
55
20 -, 0002 0036 ~,0127 -.0085
5
70 +.0006 0058 -.0115 +.01U46
B .. .
80 ,0017 0073 -.0050 ,0lU83
85
90 .0030 0071 +.0080 .0853
95
100} . 004 ,00L2 .0265 »1119
105
110 0043 -.0022 .0u66 .1086
115
120 .0031 -.0117 .0605 +.0535
125) - .
1307  +.0001 ~.0223 ~.0570 -.0713
135
11,:50 -,0046 -.0299 +,0236 : =, 2705
1
150 | ~.0098 ~.0282 -, 0507 -.5268
551 .
120 ~,0133 ~.0096 -.1698 ~. 7947
* 1bh )
170 v 0117 +.0333 -.3267 ~1.0057
© 175 ~
180 | +.00000188353 +.1055 -.439997 ~1.0876
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Form 5 FINAL COIFFIOIENTS FOR UNIT Page A:18
Ref. Oode Model General

Form VERTICAL LOAD Report 4333
4 = 1000 ¢ = 180°
@- ® ®
Radial detleo‘t. Rotation defleot.| Axial load coeff.|Bhear. flow coeff,
coeff. ’_?ﬁnr coeff., °A¢r‘ Cg» Uq‘
@,0E, @9, @), ®,®, @,@,
a| +@, @9, +@D, @, +@, @, . +@3),
+@, @0, +@), @D, +@, @, +@), @,
g .1493 ,0000
10 .1340 -.3835
16
30 +.0503 ~.5115
25_| R S
— go -.0650 -.7125
5
40 -.3044 -.7981
43 33 8714
50_| -.3355 : -.87 .
— 55 A
80 -.4084 ~.3308
86
;g -.3599 +.5844
[ gg"" -.1378 1.7334 \
gg +.3240 3.0161
| 100_| .9740 | 4.0428 \
105 -
110 1.7117 4.2835
116
120 3.3335 3.0938
| 135_| __
130 3.s086 +.1394
135
140 1.9496 -4.4598
145

| 150_| +.4585 | -9.6878

155 ]

160 | -1.8563 -13.3308

165

170 | -4.3390 -11.5687

176

180 | -5.6118 -.0001 ‘

*—¥ = CyPR Py = OpP Py = OyP q=Cq (g)

@4 = .694333(10 -3)

(19, = 148.4813(10-9)
@9, = -96.0734(103) . = -334636 (10 -2)
4 = .333569(10 -2) 4 = -53.9697(10 -2)
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Reference ring
d=0 e

d = 100

1350

Relative stiffness is measured by parameter #1d*; d = O re-
presents a relatively rigid ring and d = 100 represents a
somewhat flexible ring. Deflection scale magnified. Dash

lines indicate deflected positions.

Figure l.— QOharacteristio deflection curves for a rigid ring

and for a flexible ring.
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Figs. 5,6,7,8,9,10
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Figs. 11,13
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