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ABSTRACT: An appreximation method for three-dimensional
axially symmetrical supersonic flows is
developred; 1t 1s based on the charsascteristics
theory (represented partly graphically, partly
analytically). Thereafter this method is
applied to the construction of rotationally
symmetrical nezzles, '

OQUTLINE: I. Introduction.

II, Development and description of the method
l., Potential equation of the three-dimensional
a»ially symmetrical supersonic flow
2. Transformaticn of the potential equation
3. Differential eguations of the velocity
components
f.fGeometrical interpretation
5. Reciprocal nets of lines ("Strecken-
zugnetze") of the field of flow and of
the fileld of velccity
6. Principle of tihs appPOYimgtion me thod
7. Nomogram for g and sin“qa
IIT. Application to the construction of rotationally
symmetrical nozzles
8. Source flow in the conical nozzle
9. Comparison with the exact solution
10. Correction for parallel outflow

IV. Summary
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I. INTRODUCTION

The plane statlonaw3 notentisl flows of compressible
gagses which move in every voint of the flow field with a
velocilty larger than the local sound velocity can be treated
in a simple xqc by using the approximate method of Prandtl
and Pusemann? The corresponding three-dimensional

axially symmetrical problem 1s of practical significance
for the construction cf rotationally symmetrical ncozzles

i
and ‘for the examination of the flow around missiles; 80
far, however, it has b@er solved only 1n special cases or
under simplifying assumptions. The axizl flow arocund a
- 2

cens was treated indejauoentlv by A, Busemann K., ¥,

Bourquard®, and G. I. Taylor - J. %. Macoll®; r“h. v.

Karmsn - M. 2. Moore® Uld examine the axial flow of

arb*twa?v slender hodies ¢of revolution, but in linearized
WTk}WmﬂtiO enly; C. Yerrari® suggested in the dis-

caa&icn at the Volt a-congress 19%25 zn soeproerimation

method for the axial flow of bodies of PFVOlubLCH in

-

which Mach's curves were revnlaced by varabolas
The present revort contains a genersl nonllinearizsd
apororimation method for the three-dimesnsional axially
symmetrical problem ledu, graphical revre-
gentation, partly by calculat n, i ves ‘the flow under \
nreszcribed initial conditica ty s repidly convergzing
3!

procegs of iteration., Ix that were calcu-

lated so far, the accura y fully sufficlent
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after one or two iterations, and is accomplished with
oroportionately little loss of time,

Mathematically the method, like the approximate
method of Prandtl and Busemann, is based on the charac-
teristics theory of the hyoerbolic .differential equations.
In the plane problem, based on a Legendra~transformation,
the construction can be achieved by means of a fixed
(that is,independent of the initial conditions) net of
characteristics of the field of velocity (epicycloid
net in the case of ideal gases); in the three-dimensional
axially symmetrical problem, howaver, an analogous
simplification is not possible. Rather, both the net
of cherecteristics of the flow field ( = net of MMach's
curves) and the corresponding net of characteristics of
the field of velocity vary with the initisl conditions
of the flow,

In part IT the method is developed theoretically
and its prectical execution discussed generally. In
vart III the method is applied to the construction of
rotationally symmetrical nozzles. Ko compression shocks
occur; the changes of state may be zssumed to be isentropic
throughout. There will be a later report on applications
of the method with the addition of compression shocks
(axial flow of missiles, axially symmetrical free outflow
with excess pressure).

II. DEVELOPMENT AND PESCRIPTICY .CF THE METHQD

l. Fotential Tguation of the Three-Dimensicnal

axlially Symmetrical Supersonic Flow

The flow is a2ssumed to bhe stationary, free of
friction and vortices, and moreover axially symmetrical
in relation to the x-axis, All changes of state are
adlabatic, the pressure p 1is a unique monotonins
function p(p) of the density  p., ¥e also assume the
flow velocity at every point %to excesd the lcocal sound-
velocity.

Eecause of the absence of vortices the vector of
velecity MD may be derived from e potentidl, therefore

MD = grad o
(Note: MD was substituted for MO in the German report.)
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Due to axial symmetry, for an introduction of the
cylindrical-ccordinates x, r, %, the vector MD will only
depend on x, r, but not on &%, and will always lie in
a plane through the z-axis. Consejuently the flow is
the same in all planes through the x-axis and needs,
therefore, to be examined only in cne fixed x, r ©plane,
(See fig. 1.) The velocity components wu, v and the
potential function ¢ are functions of x and r,

The eguatlon of continuity .
div (p MD) = O
is specialized, becausé_of the axial symmeﬁry, to
§% (rpu) + §§ (rpv) = 0 (2)
From this results, after execution of the differ-

entiations and division by pr,

+=u + g% + % (ﬁ.éﬂ + v g%} =0 (2a)

™ or

3

S

Cn the other hand, there result from PFernoulli's

equation
2 2 a
u- + v cp _
d<~-2>+p—0 | (3)

oy ‘
and from the equation for the velocity of sound

2. dp |
© = 315 | (1)
the relations
uéu+vc\>v:-l§’l’_:-l9§2dﬂ:¢-9_€@.ﬁ
dr r Por Pdpbr pbl"
(3a)
du 3V _ 10p _ 1 dp op _ _c2 dp
ucﬁ*"ﬁ"'ﬁcﬁ“'};aﬁﬁ“"ﬁ'g
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By inserting (3a) into (23}, and after introducing
@ according to (1) there results the potential eguatinon
= -2 ) :
3% 3x/ | d% or/ I 2 2% ¥ 1
= T i c°i 2 sk e ¥y or = 0| ()
- LI _J ’

This equation differs from the potential equation
of the plane problem only be the addition of the last
term; naturally it is of hyperbolic type like the last
mentioned equation. The last term, however, prevents
the Legendre-transformation

w = 90

.

oX
o

ar

<
1

@ = ux + vr - @

of the differential eguation (5) from leading to a net
of characteristicz indevendent of the initisl conditions
and fixed once and fer all in the wu, v - plane,

2. Transformation of the Potential Egquation

#e start from Mach's net of curves covering the
field of flow and assume In each point F of that field
an oblique~-angulsr system of coordinates &, N adjusted
to Mach's net of curves., (See fig. 2.) The tangents of
Mach's curves in P are the axes of the system of
cocrdinates and the positive axie directicns include with
the flow-vector MD 1in P the acute Mach angle

a = arc sin%(% (w2=u2+v2) (6).
The potential equation (5) a2ssumes 2 very simple

form when transformed to Mach's net of curves, that is, if
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in the first three terms on the left side of (5) the
differentlztioqs with respect to x =2nd r &are replsced
by differentiaticns in the system of coordinates &, m.
wnich 1s variable from point te .pocint. OCne now obtains
the ¢ifferential Pquutlon.

i ) .

i (\,‘2&’) _ sin“a é_g)_ (.—7)

' odén; T r  Or '

EsM

| . 3 ' |

o oggp /‘. ,

‘@ h_ Sx7 |, bar 1_’p%% 2 3%0 0 39 +1“$:
i .

unen which further examinations are based.

Y

from: (7): : ‘
is transfcrmed 1qto a rectangular syste
', y! n which the lines bizecting the
e axes. (See fig. 3.)  Since (5)

after elimins n of the logt term iz specialized to the
potential equation of the »lane flow, in the transiticn
from one rectanpgular system of cocrdinatez to another
rectangnler one the form of the left side of (5) does
not chanre, excent for the last tern.
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Therefore, from (5) there results immedlately

Because of the coincidence of the velocity vector MD
with the =x' awis at the point P the equatiocn

O

are valid. Equation (8), by taking (6) into consideration,
at the polnt P 1is therefore simplified to
"2 N N
R el 0) 0% O®
cotg® a .1 (9)
2 r cQr :

O2 02 éx@}! Ox! éV' I‘Oi’n"’““""'“'

)

0 (8

ey

- il b
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The transition from the x', y' system to the ¢&, n
system is mede by means of the transformation equations
easily cerived from figure 3.

;- \
t 1 b ’ . \
g = i ( RS - ¥ = —L _ (x'" sin a -~ y' cos aj
2 \cos a sin a sin 2a
X, - . l / v . 1 ~ )
= e = e—m—=—— (x! gir: a + ¥' cos a)
N ~%sa %7~ &in za v

o = ! sin a ?@ + sin a o) .1 (ﬁ% + EL\
ox! sin Z2a oL an, 2eos a \0§ 5ﬂ/ (10)
2 1/ d Oy o1 d a\
= -cos a I 0s @ =) = T (-3 + S
oy! sin 2a L °°9% ¢ oL, T oeos @ Cﬂ) 2sin a (C{; om,
Sy. applyi (1C) twice one gets

N /. > . . ’

020 _ 1 (Gd@ ' QBQ + 2 520

OX'Z l.lCOq? \65 (.‘.;’i“,a SIom

~ \ \ 2

8% 1 (ozm SR ézg

.. '2 - ' nzc \(_:2 + \"d - \_('_i_-m,n

o0y 0% ek 0EON

and by insertion of those terms () will become (7),
the relation te be proved,

It cshould be noted that the general theorvy of the
three~dimenzional axlslly symmetrical supersonic flows
25 well &3 the linearized aonrolimation theory can be
based on the potential equaticn (7). In the first case,
a and the ¢,r, system of coordinates are variable frcm
noint tc neoint; in the second case a constant mean value
1g inserted and the &, 7 uyﬁtpm of coordinates 1=
assumed fixed for the whole region considered.

3. Differential Tquatlonez of the Compcnents of Velcecity

From the potentisl equation (7) differential equations
for the vector of velocity are derived., To thls end the
vector MD of the pecint P 1is split ur inte the
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co

o narallel and perpendicular to
the & axis dnd idto the components w..,, Wnn, parallel

and pérpendicular to the m axis, respectively, (fig. I1);
naturally,

components Wy, W

3

w\6 = Wip

Uy

n - "mn

nF

The changes of the components Weps VWng that take

place when the point P 1is displaced-while the &, 7
system is retained are denoted by the differential-
quotients

\ ,
ompg’ bwag’ éwﬂp, OWpn |
o0& om og 37

Then there results from (7)

OWey 6Wﬂp B sinca (
v e el v 11)
on oL, T
vhere v, =85 in figure 1, signifiss the velocity comoonent
perpendicular te the axis of symmetry.

Derivation from (11): . _

Pirst, any two peoints P', P! on the axes of the
&, 1 system of ccordinates pertinent to the noint P
sre consicered. Ior-the components of the velocity
vectors MD', KD" of these points psrallel to the
coordinste axes (fig. 5) one hss

: é-) | : 6i)'
W' = ( - 3
£D \§§$ Prcosva. By 513 a

n
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and, taking (10) into consideration,
' _ ’6(.'\ .

W -
D ox/pr

np on/pt

By moving the points P', P" towsrds P there results
for the differential quotients taken at P

!

H

w!t

Se = W D )

n

and, by differentiating again,

A 2 © évfép cw

_ np
02 01 on g

By inserting these terms, equation (7) changes to the
equation that had to be proved, (11)}.

li. Geometrical Interoretation

In order to internret the differential equations (11)
in a graphical way, we replace them by the difference
equaticons

s 2 :
S1n-a
Aw, = 2223 VAT ‘
=P r
] (12)
Aw - 8intc vAa & ]
‘.UT‘;D - r .JS ;

In words, they can be described as follows: (See fig. 6.

In order tc transfer frowm the velocity vector MD

cf a point P to the veloclty vector WMD' of san adjacent
point P' on Mach's line of the first group (< axis),
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the vector AWTD which can be calculated from (12) must
be sdded to the vector ND in tbn direction of Mach's

line of the second grcup (7 axis]. Mcreover, another
vector Awy, is added oevoendicula* to Adwpp. The
length of this vector, however, 1s not determinec¢ by the
differential equations (12).

The anﬂlogou° relations sre valid for the transition
from MD to the vector of velocity MD" of =n adjacent
point P" cn WMach's line of the second group (7 axis).

At a great distance (r} from the axis of symmetry the

. /
last term 1 b@ of the potential equation (5) is negligible,
T

hb three- dlmen)lonq1 axially symmetrical problem 1s then
pecislized to the plane problem and the equations (12)
re replaced by the simpler equetions

Awép = Awﬂp =0

They express the following well Lknown statc of - planc
sunersonic flows. (See fig. 7.)

The difference vecfor ND' - MD 1ig oerpendicular to
the liach line of the seccnd group (7m aris; which goes
through P; the difference vector ¥D" - MD 1is perpendicu-
lar to the Mzch line of the first group (£ axis

~

5. Reciprocal Nets ("Streckenzugnetze' ) of the
Flow Field and the Velocity Field

Here =lsc, 2s in the method of Prandtl snd Busemann,

the continous net of Mech's curves will be replaced by a
net of discrete lines which will be called, =bbreviately,
Mach's net. Constant velocity of flow is sssumed in each
mesh of Mach's net.: To each mesh of Mach's net there
correspcends, therefore, a certsin ncint of the field of
velocity that is the end point cf the vector of velocity
MD drawn from a fixed zero point O. By this corre-
spondence a second net of lines is related in the field
of VC]OClty to Mach's net of the field cf flow. (See

fig, &,) This second net will be called the veloclty

Len

net,



NACA TM No. 1133 11

‘While in the plane problem corresponding lines of

the two nets are aglways perpendicular to each other, in

the three-dimensional axially symretrlcaT cese the relation
between the two nets is determined by the difference
equations (1l2). For every three guadrangles of Mach!'

net 1,2,3 having a comnon corner P  and their corre- i
spon di ng points 1,2,3 in the field of velocity *here exists
the relation shown in figure 9 based on these sgquations.

2n

tively, at the end points 1.2 of the vector MDy, HMDp
arallel to the common sides of the guadrangles 1.3

ang 2.5, respectively, the pernendicular lines erected

at the end points of these lines will intersect the end

point 3 of the vector MD5.

If one draws the lines Aw and Aw respec-
r] b by

In the determinative ecquations (12) for Awap Awnp
the following terms will have Lle following meanings '

a 1/2 of the angls of the quadrangle 5 at the corner P
r distance of the center of the sides M., or M from

the axis of symmetry 13 25
MDl + MD

v component of the mean velocity vector or
MDp + MD: =
——&~5-—4 rpendicular to the axis of symmetry
1
A = 3 'Sz : - . R
S 255 S1, So, S3 = intersections of the digdgonals
Amp = 5185 i of the quadrangles 1,2,3

-

The signs of A&, An and of Awepn, AWy, must be chosen
according to the stipulation established in paragraph 2
with regard to the positive direction on. the & and 1
axes,

N

o Principle of the Approximation Method

The problem of finding a three-dimensional axially
symmetrical supersonic flow with given initial conditions
is replaced by the task of ascertaining two nets of
reciprocally related lines in the way described in
paragraph 5.
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The nets of lines in question can be constructed to
any degree of accuracy by the following method of iteration.

(2) Pirst approrimation (Ni) (GI).- A rough first

aﬁnrcylmatlon is obtained by determining the flow either
for the whcle field of flow or in.linearized approzimation
by zcnes., One then obtains a net of parsllelograms feormed
by two grcups of nerallel straight lines as a first
approximation of Mach's net (MI).~ The first approximstion
of the net of velocity (GI) results from the -equations (12)

with Mach's ccnstant angle ‘@ with the &, m system of
coordinates remsining constant. - For the execution in
detail compare peragraph 8(a).

(b) Second asnroximaticon of Mach's net (Myy).- Mach's
: 1T

directions are drawn a2t trhe intersections of diagonals

¢f the quadrangles of Mech's net of the first approxima-
tien (My). (See fig. 10.; These directions result from
the vecters MD of the corresnonding points of the first
approximation of the veloecity net (Gp). They are obtained

by means of the subsidiary ellipse explalined in paragraph 7
The first anoreximation of Mach's net is corrected by
interpolation bhetween the new Mech directions, and a second
net of lines is obtained ac the second “Jnrox1mation of
Mach's net (Mry)

(c) Second anprorimation of the velocity net (Ggy).-

The increments Ameg and Awnp are calculated with the
Pl i .

ald of the equations (12). The lengths A&, An and »r

are taken from the second sunporoximation of Mach's net

(MII) according to paragrsph 5. “oth v and sinfa rosult

from the first approrimation for the vélocity net (Gy). When

v _1is the component of the mean vectors of velocity

V[DJ_ + l‘/;,a V‘JE + N'D2
, 5 =, etc. (fig. 9) perpendlcularAtoD

3 . MDY + M

the axis cf symmetry; sin© a of the vectors __l,é

MDz + MDp . . : :

e ete, 1s determined by means of a nomogram

2
according to narﬂgra,h 7. Starting from the given initial
conditions, the second sporoximetion of the velocity net
(”II) can t“ep be built up steps by steo from the calculated

lengths ANwO, Aw,,: to any two vectors MDy, MDp  the

additional Vector 'MD5 is constructed scceording to
filgure 9. '
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(d) Third and higher approximations.- Third
apvoroximestions may be derived in the ssme way as the
second oﬂovox1watlch° were obtained from the first
approximations, ete. The construction is discentirued
as soon 2s Mﬁch s net c¢f the last spgroximetion conforms
to Mach's net of the following approximstion within the
limits of accuracy of constructicn and interpclation.

The rule of construction is made clezr in section I(II
oy examples of apnplication which demonstrste the rapid
convergence of the method. The construction ends with

UffiClept accuracy-‘after 2 few iterations which 1nvolve
only & mocderate loss of time.

ry calculations consist of multiplica-
cns only; the accuracy of an ordinary
le.

The necessa
tions and divisi
sliderule is amp

7. Nomogram for a and sin® a as a Function of D

As usual, 2 subsidiary ellinse traced out on
transpa2rent paoer or cellulold (fig. 11) is used to
ascertain Mach's engle, under the assumption of the
isentrcpic equetion of the idesl gsses., On the scale
chosen for the velocity net the sm2ll half-axis of the

ellinse corresponds to the critical velocity ¢™ and
the large half-axls tc the maximal speed w ; there

. qu’
exists the known relaticn ¢
Y
c"/h = ./
max VVk + 1
with k = c, /c ns Cy = specific heats at constant

pressure ano volume, respectively). ,

If the subsidiary ellipse is adgusted to a velocity
vector (two solutions) the lsrge exis indicates the
direction of the one coordinated Maech Cirection;: the
correspeonding value of sin? a may be read from a circular
scale rlgid}y connectod te the ellioze,

The ellipse 1s used for drawing in the corrected
Mach directiocns into Mech's net according tc paragraph 6b
(adjustment of the vectors MDy, ¥Dp, etc. of the

velocity net); 1t is 2lso used for definition of sin? a
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according to paragranh #lc) (adjustment of the vectors
MDY+ IV?Dg, MDo> + P“Ds’

< 2

ste).

III. APPLICATION O% THE METEOD TC THE CCNSTRUCTION

CF ROTATICHALIY SYMMETRICAL NCZZLES

(1) The axially symmetrical source flow in a conical
noczzle, '

(2) The correction of the ccnical nozzle for parallel
outflow will be treated as examples of application.

The axlally symmetrical source flow was chcsen for
the reason thst 1t can 2lso be determined by exact
calculation so thet both results can be compared.

In the case of the nozzle corrected for narallel
cutflow the course of flow cannct be compared Iin detaill
with an exact sclution. There is, however, an effective
control supplied by the diameter of the exlt cross section
which can easlily be calculated from the condition of
continuity.

8. Source Flow in Conicel Nozzle

The conical nozzle is to have the half angle
w = arc tan1/8; its meridian sectisn is shown in
figure 12, The cone vertex is assumed to 1ie at the
initial point c¢f the x, r system of coordinates.

The following initial conditlons are prescribed:

The initial veloclty along the arc circling the cone
ertex which goes through the meridisn point A (x = ;0 cm,
r = 5 cm) is given by the Mech number Mg = wa/c8 =2 = 1.41;

then along this arc there is In addition

~

a _._’50 N *__Y\_I_a_z 08 ( 3 143 1 t1 )
a T4, Mg = TE 1,303 (¢” = critical wveloctiy
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m

The direction of the critical velocity is presumed tc be
purely radial, that is,coming from the cone verter.

(2) First scoroximation.- In a first approximation
the flow is determined acccrding to the linearized
theory that is under the assumption of a Mach angle

onstcnt for the whcle regicn a = a, .
Mach's net (My) (fig. 12) consists of parallelograms
imited bg varallel straight lines with the inclination

= #);5°  toward the x-axis. . Only half of the
parallelograms adjacent to the initisl arc of circle,

the meridian line, or the axis of symmetry are drawn in
fivure 12, ' :

The vector of velccity for the meshes of the net on
the initial src (1,2) is given by the initial condlticns
and can be transferred into the velocity net (G.) or (G1),
respectively. (See fig. 12.) Tre vector of ve1001tv for
the rest of the mnske is constructed section by section
from Aw,, Aw, as a ooundaﬂm conditicn, the fact has
to be cohside '8 that for the mesres of the net adjacent
to the contour (5,9} :nd to the axis cof symmetry, respec-
tively,(l,' 312 ) the direction of velccity is given by
the contour and the axis of symmetry, resvectively.

‘ f)

nd Lwe, according te (12)

Tre calculation of n B
]
n in tahle 1.

"‘Y
is nerformed in awnroxim?tib.

In column 1 trhe numbers of the twe sdjacent meshes
of Mach's net are given for which Awx S and AWTU,
respectively, are to be calculated. The value° of r
and Ar, AZ  in the second and third column are tsken
from (liy) according tc paragraph S. In the fourth

column we find values crudely estimated V(O); Awgp<C)

ol
and Aw,, <C) in the fifth column are calculeted from
these vgluea by means,of the sliderule, based on the

sina, v sinagy .
relaticns Aw,, = —— VAT = 2 AT, Aw = ——= VA
T r T 2r Bl SVmp - =
v
S AL
2r =%
The net of velocity (G,) in figure 12 nstructed

from the rough gnproximation values Ay ., O pw. (o)
r &y D

~) " iR
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of columm 5. From this net of velocity (Gy) corrected

values v(l) are *noerted inte the sixth column. And
\
corrected values Aw, ep (1) and Awpn(l) are calculsated

from v(l) in column 7. These vélues supply the cor-
rected net of velocity (GI) in figure 12 which will be

used as a starting net for the gener=l nonlinear
approximation method,

bh) Second aprroximation of Mach's net.- Corrected
directions are determined from the velocity net (GI)
12) sccording to psragraph 6(b). A subsidiary

e is used. The corrected directions are drawn in
c

n

L net (Mp). (See fig. 12.) By interpolation
1 these corrected lach directions there results
ond avproximetion of Mach's nst (Mpy). (See

C
5l

(¢} Second ap;
corrected veloc1t; n
will e used for t
the convergence.
transferring the d
the net (MII) to (

velocity are ths

v

stlcn of the velocity net.- The
ity (fig. 1%) instead of (uI)
t
S

iteration in crder to accelerate
constructed point by peint by

i
1 in ter~vct40ns of the meshes of
}.

ained from (&7} by interpclation.

Swep, AW are calculated from (N]T and (G4')

o I
accordin g to table 2; the corrected ve1001ty net (GII) is
then const ubtéd from the lengths calculated in tbfs way.
(See fig. 1%

(d) Third approximation.- Newly corrected Mach
directicns are drawn in TMII, in the next iteration step
according to (Grr!. By interpolaticn there results the
third approximation of Mech's net (Myyy). (See fig. 1L.)
In table 3 the lengths Awwo, Awﬂ are calculated again,
based con (MIII) and (uT )} hereby the third approximation

.

of the velocity net (GII) ie supplied. (See fig. 1h.)

The corrected Mach directions obtained from (GIII)
conform g0 well with the net (MIII) thst no further
iteratiocn 1s necessary.



TABLE 1

FLOW IH A CCMICAL NCQZZLE

First approximation (linearized); compare figure 12

1 2 3 Lo 5 6 7
LE

No. 2r Ar V( o) -AWE‘ (o) V( ]_) AWD(_I)

1/3 | 1.7 2.2 [C.03 [©.C3%9 | C.0% | 0.039

2/5 | L.ota.s | w08 | Loz | el lchi

3/ 1.5 2.3 .3 o6 .C3 L0L6 4 -

2/5:0 - 8.212.7 .12 U200 W15 TL0Le | Formula:  Aw, = o j Ag
5/6 1 8.712.5 .1% 0LC | .15 .oh3 S

. ' -~ e 14 ~ \ : ) : - . —

2;? T‘g g‘é ';ﬁ ':ig 'ig ‘gga Scales: r, &S, Am in i ;
/e | 105|207 | lea | 1038 | los| lcdL| Vs twp sve weferred to
7/28 | 2.3 (2.7 .03 .035 .03 035 the critical velocity as
6/9 Q_& 2,2 .15 L0681 17 066 a unit represented by a
9/10! 9.6 2.3 | 18| .che | 19 .cis length of 10 cm.

7/107 ©.013.2 | .90 WoL8 | .11 .e59 ,

o/11) €.81 2.7 Wil y w056 a5t (060

/11 2.213.2 1 .c2 | 029 | .0h{| .08y
11/12y 2.3 | 3.2 | .07 | 298 | .07 | .097

LT
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TABLE 2
FLO# IN A COWICAL WIZZLE

[gecond agproximetion: compare figure.lzﬂ ,

1 2 | 3 I 5 6
ag sin<a AW
No, r AT, v A D
1/3 0.8 2.0 0.45 0.02 ¢.022
2/3 2.0 1.9 A5 .06 .025
LN ..5 2.3 .3% 08 L0l
5 /4 %4 1.5 gL .13 022
2/6 2.9 1.5 gy .10 022
6/7 2.0 2.2 i 11 026
3/7 1.8 ] 1.¢ .35 08 . 029
7/8 1.6 2.5 27 L8 035
/7 YA BN N 1A S S B 1
é§9 5 2.2 .21 °Oé .Olg
5/10 .7 1.3 ! 4o .1 LC1E
16/11 u.g 1.6 § .32 .18 .C19
6/11 2.9t 1. i .15 018
11/12 2.9 2. .2; .17 ;029
7/12 2.5 1.§ 2K .1? .02
12/1% 2.5 2.8 .22 Gl .03l
8/1: 1.5 2.0 21 .09 02U
13/1i 1.6 2.7 .18 .09 .02
9/1l .6 2.5 18 03 o 028
11./15 .5 2,2 .15 Ol .C38
11/16 11,9 1.8 ;25 .19 . 026
16/17 5.1 2.7 .2? .19 .030
12/17 3,8 | .2.1 2! W17 .023%
17/18 | 3.7 1 3.0 .20 16 .C27
13/18 1 2.6 2.2 | .19 013 .C20
18/19 2.7 2.0 A7 W12 .02l
iL/1s b 1.6 2.5 .16 .08~ .20
19/20 1.5 3.5 .1 .07 | .02
15/2¢ b o 2.2 L1l .02 .01
20/21 1 .5 i 3.2 A3 1.2 .01
{ i - .
Fortmula: Aw. = Sincg L1
Foruula: Wy = - v 1§U

Scales: as in table 1.
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TABLE 3

t

FLOW IN A CONICAL NCZZL

P . . ] .
IThird anpreximation; comnare figure 1@]

2

1 2 I 5 6
HO Aé; o '2,« ‘ i
No. r an sin v A\p
1/4 0.6 2.1 G116 0.02 0.032
2/5 2.9 1.7 A7 .C9 026
1/5 1.8 1.6 7 .06 .026
5/6 1.7 2.1 A2 .06 .032
5/6 6] 1.8 0 .02 .023
J/Z .5 2.2 .35 .01 .015
% /8 .6 1.4 .37 .15 021
2/€ 3.8 1.3 L7 12 020
&/9 2.9 1.3 2 .13 .25
5/9 2.6 1.5 A2 .10 .ozg
9/10 2.7 2.3 W37 .C% .c28
6/10 1.6 1.6 .36 .Ch 022

10/11 1.5 2.2 .32 .05 o2l
7/11 .5 1.7 .32 el L0117
11/12 .5 2.1 .30 .1 L0113

8/1; 1.8 1.5 Jp2 .12 .C15

- 1 ~
1% /10 .9 1.9 .38 .17 .025

0 /1l 3,8 1.6 .38 <1l 022
As | 3.7 | 2.5 N 13 .030
10/1% 2.6 1.7 .33 Ce10 . LG22
15/16 2.5 2.k .30 .09 026
11/16 1.5 1.9 CEC .C .23
16/17 1.5 2.1 27 .05 .019
12/17 .5 1.9 27 .Gl .C09
17/1€ .5 2.1 .2? .02 .021
1l./19 .S 2.% i W17 028
16/2¢ 5.1 2.7 .30 A7 .027
15/2¢ 2.6 2. le +13 .026
20/21 3.9 2.7 27 .12 .022
16/21 2.5 2.7 27 LCE .025
21/22 2.9 2.1 .25 .09 .015
17/22 1.5 2.8 25 06 .02
22/23 2.0 2.3 23 .05 014
16/22 .5 2.9 .23 .01 01k
23/20 i 1.0 | 3.8 22 .C 027

!

Formula:

Scales: as in table 2.

- v e ol
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9. Comperison .with the Exact Solution

The flow in 2 conical noszzle which was determined by
avproximation in peragraph € is a three-dimensional
source flow and can alsc be found by exact calculation.
If R denotes the distance from the cone vertex there
results Trom the continuity equsation

%ﬁ (pw) + 2 £2 - g

and the pw relation of the ideal gases

5 o k-1

W2 = 2k _Po 10

W - ———— 1 - "
E - ; pQ' \po)

(04 p, = static values; k = cn/cy) after o short
calculation

o - 1
[ - -
w\-1/2 | : - \el T2(k-1
=0 (ZL) / [1 - ——-»——1‘ = 1 (—-f) et
' ‘t + . C"n'

with the integration cconstant C. In our eéxample

¢ = 30,31 em and ¥ = 1,405 (alr) are to be used.

A comparison of the solution obtained by our
as»oroximation methed with the sexact snalytical solution
sheows 2lmest complete conformity within the limits of
accuracy cof construction.

In figure 1} the third sporoximation of the velocity
net (GIII) is contrasted with the exact velocity net
(”theor>' The inaccuracy of the approximstions (GIL

(GII)’(GIII) can be seen in the following table where
the velocities agalin are referred to the critical
velocity c¢* as =2 unit.
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TABLE 4
First Second Third

approximation epproximation approximation
No. el Wtheopr| NO. WGII Wiheor No. WGIII Yitheor
16 | 1.58} 1.L8& 16 j1.L6| 1.L8 19 | 1.5% | 1.54
17 | 1.66] 1.55 17 |1.52]1.55 20 1.5? 1.5
18 | 1.76| 1.61 18 [1.587] 1.61 21 | 1.6 [1.6
19 | 1.83) 1.67 19 | 1.62 | 1.67 22 | 1.6 |1.68
20 | 1.86! 1.73 20 | 1.67 1| 1.73 23 1.72 f1.72
21 | 1493} 1.78 21 1.71]1.78 2 1.78 ]1.78

It is especially remarkable that the method converges
‘rapidly in spite of the very crude first avproximation.
1t is, therefore, not necessary to waste much time on
finding the first approximatlon; it is sufficient to
determine it by e rough estimate.

10, Correction of the Coniczl Nczzle for Parallel Outflow

The conical nozzle is now corrected for parsllel out-
flow; the velocity of the parallel exkaust is to be given
by the Mach number ¥ = 2.12 which had been obtained at
the axis pcint 1€ of the conical nozzle in conformity
with the third approximstion (Mry1), (Gyr7). (See rig. 14.)

The corrected nczzle results from adjcining a new
Mach net (M”) tc the Mach net (M717) of the conical
nozzle retained unchanged up to mash 1£ inclusive.
(Compare figs. 15 and 16.) The net (M¥) is determined
according to our approximation by the new boundary
conditicns; these lztter stipulate that in the meshes
g - 1€ of the net (Myry) the velocity shall remain
unchanged end that in the newly added meshes, dencted 18,
the same velocity shall prevaill as in mesh 1£ of the net

(Hr17).

(a) The first approximation (M1”) of Mach's net
(fig. 15) is roughly estimated; the common sices of the
quadrangles 11, 15, 16, 17, 18 were rrolonged rectilin-
earily from (lMyyy). (M{™¥) is not a net of narsllelograms,
The first approximation is, therefcre, not linearized.
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Based on (M:™) Awe,, AW, ere calculated in table 53
sin2a and v alwavq stand far trhe first of the two
mecghes given in columu 1. From Aw, En Awro the velocity

net (GI“) can be constructed. (3ee flg. 15 ) For
greater clearness (GI“) is drawn in % parts ovér one
another, ' '

(b) (¢) In the same way as (N ) and
derived by iteration from (Mp) and (Gy') in paragraph &,
here the corrected nets (Ny1™) and GII*) (fig. 16) are
obtained from (MI*) and (Gy™). The pertinent calculation
of Awyo, Aw.., 1s given in-table 6,

(GII}'were

an
'

’\fﬂ—{

TARLE §.°

CORRECTICN OF TFZL CCNICAL HOZZLE FOR PARALLEL CUTFLOW

First approximation (not linearized); compare figure lﬂ

1 2 2 I 5 é

Yo, r as sin®a v aw,

hn 2
18/1¢9 2.0 ~2.% G.00 ¢.00 -0.0090
17/19 1.5 2.0 | .25 0L .020
19/2¢ 2.9 -2.2 23 Lol -.007
16/2G 2.5 2.7 .27 .07 022
20/21 | 3.9 | 2.7 .25 Lof -.01k
15/21 5.6 2.5 .30 .10 .C20
21/22 5.1 -2.8 27 .13 -.020
/22 | 1.8 2.7 .35 ol . 023
16/23 Z2,9 -2.3 . GO .00 -.000
19/23 | 3., | =.6 23 .cly 011
23 /2l 1.8 -2.% .23 W03 -.00%3
20/2l .2 2.5 .2; .0F .019
2l /25 5.7 -2.9 2l .07 . =.009
21/25 5.3 5.3 .27 °19 .02%
18/26 5.8 2.1t . G0 .00 -.000
23 /26 5. . .23 .C3 Nele)
26/27 22 | .2 .22 o _i503
2L /27 6.2 -5qé 2l .G7 011

EQrmulail ag in tavle 2.

-~
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TABL

CORRECTION CF THE CORICAL NOZZLE FCR PARALLEL CUTFLOW

[Second approximation; compare figure i@}

1 2 3 L 5 6
No. r 2%’ sina v Awp
18/19 2.0 -2.1 C.23 0.02 -0.004
17/16 1.6 2.7 20 . Oly 1.016
15/20 2.9 -2.,2 2l 06 -.011
16/20 2.6 2.6 .25 .08 021
20/21 3.9 2.5 .26 .10 -.C18
15/2 2.7 2.5 .29 W11 .022
21/22 5.3 -2.7 W30 W15 -.022
INVZEE N .33 .16 .c2l
18/2 Z,7 -2.2 .23 +C -. 001
19/2 5.2 3.6 .23 .0 007
2%/2l 0.7 ~2.g 2% .05 -, 005
20/2l 1.3 3.6 .25 07 01l
2L /25 5.8 -3.0 .25 .08 -.009
21/25 5.5 3.3 .26 .12 .020
18/26 5.5 -2.3 22 .01 -.001
23 /26 5.1 z.8 .22 .02 . 00l
26/27 6.6 -2.6 .23 0% -.003%
2L /27 6.2 3.7 2l .06 - .011

rormulail .o in tavle 2.

Scales:J

The Mach directions corrected according to (Gy1*)
conform so well with (MII*) that the iteration with (My™)
can be discontinued.

The required meridian section of the nozzle cor-
rected for parallel outflow is fournd by drawing straight
lines in the meshes 22, 25, 2L, 27, 25 of the net (Mp1™);
these lines run in the directicn of the velocity
vectors that correspond to these meshes as inferred

from (G171°).
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For control, the diameter of the exhaust cross
section can be calculated exactly from the condition of
continuity. There results nearly complete agreement:

r graphically = 6.55 cm; r theorstically = 6.9 cm

In figure 17 the rotationally symmetrical nozzle
corrected for parallel outflow which was found. in figure 16
is contrasted with the corresponding plane nczzle. In
both cases the flow starts under the same geometric
initial conditions as a source flow with Ma-:’V@r: 1.h1

and ends in a parallel outflow with the same Mach numbew
M = 2,12, ' :

IV. SUMMARY

~ t

The potential equation was transformed into a
system of coordinates adjusted to Mach's net of curves
and variasble from point to point; there resulted a
partly graphical, partly analytical methcd of iteration
for determining. three-dimensional axially symmetrical
supersonic flows, This method was apb*led to the
examination of the flow in a coniceal nozzle and to the
correction of a conical nozzle for a parallel outflow,
It will take sbout an hour to determine the first |
dﬂproxwmqt¢on of the flow in the conical nozzle and 1
to 2 hours to determine all the higher approximations;
the corrsction of ‘the nozzle for varallel outflow also
is easily accomplished in 1 to 2 hours. The accuracy

of the aonroxlmition method was 'tested by comparing the

results with the exact theoretical ones; there- “eoulued
within the. accuracy of construction nedrly comple '
agreement.

Translated by Mary L. Mahler
National Advisory Committee
for Aeronautics
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Figure 1. Explanation of the notations.

Figure 2. § , 77 system of cqordinates of Mach's net of curves.
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Figure 4. Components of velocity parallel and perpendicular
to the§ axis and the 7] axis.
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Figure 5. Differeniation of the velocity with respect to

'3 and 7 .
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o Figure 6. Change of the velocities along Mach's lines in the
three-dimensional problem.

Figure 7. Change of the velocities along Mach's lines in the
plane problem. : :
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X

Figure Q. Distribution of velocity for three ad jacent meshes
of Mach's net.
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A+
(1) \71\ ()
|7 y

(6)

s

Figure 10. Fxplanation of the construction of the second approximation
of Mach's net.
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e———— 0 *~100m

Figure 11. Monogram for X and s}nZO( as a function of MD.
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Figure 13. Second approximation for source flow in conical nozzle.
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Figure 14. Third approximation for source flow in conical nozzle.

-
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ES

Figure 15. First approximation for correction of the conical
nozzle for parallel outflow.

§ §
8 0%
< «
[
S

Figure 16. Second approximation for correction of the conical
nozzle for parallel outflow.



conical nozzle

plane nozzle

Figure 17. The conical nozzle, corrected for parallel outflow,
contrasted with the corresponding plane nozzle.

———

€eTT 'ON WL VOVN

LT "31d



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37



