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NATIONAL ADVISORY COMMITTZE FOR AERONAUTICS

ADVANCE CONFIDENTIAL REPORT

INVESTIGATION OF FLOW IN AN AXIALLY SYMMETRICAL
HEATED JET OF AIR

By Stanley Corrsin

SUMMARY

The first phase af this investigation was concerned
primarily with the determination of a suitable acerody-
namic setup. When the final flow arrangement was achieved,

‘attention was turned to the measurineg equipment .

In order to permit a thorough investigation of the
mechanism of the spread of free turbulence, a new four-
wire, two-amplifier hot-wire set was corstructed. Auto-
matically recording mean velocity and temperature instru-
ments also were made and were used in the initial stage of
the research in the final jet setup. The preliminary runs
consisted of measurements of mean velocity and temperature
distributions along diameters of several sections normal
to the axis of the heated air jet issuing from a convergent-
straight nozzle with a mouth diameter of 3 inches. The
sections ranged from the nozzle mouth to an axial distance
of 12 diameters, or 36 inches. Preliminary measurements
also were made of the axial component of turbulence in
the ‘center region of each cross section.

The preliminary results displayed serious asymmetry
at relatively low axial distances. S¥nce the effect ap-
preared to bBe due tc external disturbances, the change to
a smaller jet size was indicated to permit measurements
at greater axial distances. All the final measurements
were carried out by the author in the jet issuing from a
nozzle 1 inch in mouth diameter.

In this l-inch heated jet, lateral diametrical
traverses of mean velocity, temperature, and the axial
component of the “urbulence were run at several stations
between the end of the potential cone and an axial dist
tance of 40 diamcters from the mouth. At an axial
distance of 20 liameters, measurements also were made of
the radial component of the turbulence, of the correla-
tion between axial and radial components of turbulence
at the same point, and of the correlation between the axial




turbulent velocities at equal-speed‘points on opposite
sides of the jet axis.

Oscillograms were taken of the axial velocity fluc-
tuations at several points along the jet radius at 20
diameters. These oscillograms together with the correla-
tion measurements indicate that completely turbulent flow
exists only in the center region of the jet, forming a
turbulent core. It is found that the flow in the ex-
tremely low velocity region at the edge is apparently
laminar, corresponding to a sort of laminar collar; while
between these is an annular "transition" region where the
flow fluctuates between the laminar and the turbulent
states.

The temperature was found to spread more rapidly

than the velocity, as has been recorded in all previously
published results. )

The diametrical distributions of mean velocity and’
temperature are compared with the results of three theo-
ries for fully developed turbulent flow in a free heated
jet with constant density and viscosity. It is found .
that, in each case, either the velocity or the temperature .
distribution (depending upon the scale of abscissas) can
be made to give a fairly good check between theory and ex-
periment in the turbulent Jjet core, but never both veloc-
ity and temperature simultaneously.

An oscillegram also was taken of the regular fluc-
tuations existing in the region of the jet before the end
of the potential cone. This type of fluctuation was first
observed in the 3-inch jet by Mr. Thiele in 1940.

INTRODUCTION

The work done under this contract falls essentially
into two parts: The first part was the design and con-
struction of the equipment and the running of preliminary
tests on the 3-inch jet, carried out by Mr. Carl Thiele
in 1940; the second part, consisting of the measurements
in the l-inch jet -and the preparation of this final re-
port, was carried out by the author.

For a complete investigation of the general charac-
teristics of a turbulent flow, some rather complicated
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mezsurements are necessary. Because of this and because
of the increasing difficulty in obtaining electrlcul
supplies, it was decided in 1941 that any new equipment’
needed in the further investigation of the general tur—
bulence problem should be constructed immediately. "~
dccordingly, a very complete hot—wire set was des gned
and built in the fall of 1941, and was first aoolled 1n“
thie research project.

In an approach to the general problem of 'freec tur—
bulence, an investigation of the flow in a free jet i
of particular inierest. .Up to the pregent time, it has
been assumed that the flow in the free jet issuing from
a circular orifice into a stationary wmedium' of the same’
density and viscosity reaches a fully developed condition
at abdutn8 or- 10 diameters from the orifice — that 4is,
fully developed in the sense of -attaining a configtrétioh
which is maintained with similarity downstrezm. In an
axially eyjmftx¢ al jet it has been found that the "poten—
tial cone." in which the:welecity is sdual to that at the
nozzle mouuh, has its apex.about 43 diameters from theé
mouth, but that “hc final (dimensionless) velocity pro—
file is not reached until the.distance of 8 or 10 diam—
eters previously mentioned.

Ruden (reference.1) .and Kuethé (referenceé 2) have
bothemade measurements in-jets with axial symmetry. [
Ruden measured velocity and temperature dlstrlbutlons
out to an .axial distance of about "l5 diameters in-a
heated jet; while Kuethe measured detailed velocity dis=
tributions and made some turbulence measurements out ‘to
9 diameters in an unheated jet. Both invegtigators
found that similarity of velocity profiles was reached
before 10 diameters, which ledd to the general belief
that complete mechanical similarity in-a jet was reached
there. It was thought, however, that the turbulence dis-
tribution in a radial directicn might  serve '‘as an’ indica-
tion of a fully developed state. Furthermore, it was -
felt that the limit of 15 diameters, which apveared to
be the greatest axisl distance included in any previously
publid shed results. might' Be insufficient to give a com—’
prehensgive picture of the nature of the flow. The inves~

tigation program, therefore, was set up to include complete

measurements of at least the axial component of turbulencé
and sectional traverses out as far as 40 diameters from
the nozzle mouth. : '

All turbulent-jet analyses published up to the present




time are based upon the fundamental assumption that the
flow is completely turbulent across the entire width of
the jet. The two turbulent jet theories most widely ac-
cepted at the present time are Prandtl's momentum trans-
fer theory (reference 3), and the modified vorticity
transfer theory of G. 1. Taylor (reference 4). 1In this
report there also are included the results of a third
method of attack on the general turbulence problem, pre-
sented by P. Y. Chou (reference 5). The particular
application of this theory to a jet has been made by C. C.
Lin, currently at the GALCIT. This approach is eguivalent
to the assumptions suggested by T, von Karman {(reference 6)
The application of the momentum transfer assumptions to
this problem was carried out by W. Tollmien (refeorence 7),
the calculation of the modified vorticity transfer prin-
ciple applied to a jet was made by Tomotika {reference 8),
and the results of the two theories were summarigzed by

L. Howarth (reference 9). Also, the problem of the
velocity distribution in the annular region around the
potential cone of an axially symmetrical jet has Been
solved on the basis of the momentum transfer assumptions
by A. M. Kuethe. Shortage of time has precluded the com-
parison of the 3-inch jet measurements with Kuethe's
solution.

A comparison of the distributions of mean veloncity
and temperature in a free jet the initial temperature of
which is slightly different from that of the receiving
medium presents an excellent opportunity for comparison
of the rates of diffusion of the two quantities, momentum
and heat, without introducing the complexity of variable
wiscosity and density.

This investigation, conducted at the Califormnia
Institute of Technology, was sponsored by, and conducted
with financial assistance from, the National Advisory
Committee for Aeronauwtics, The work was carried out
under the general supervision of Dr. T. von Karman and
Dr. C. B. Millikan, whose interes? and advice are
gratefully acknowledged. Particular thanks are due to
Mr. Carl Thiele for his splendid Jjob of designing and
constructing the eaquipment and getting the research under
way and to Dr. Hans Liepmann for his invaluable counsel
and advice throughout the research. Theoretical discus-
sions on maany occasions with Mr. C, C. Lin were also of
great assistance.
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SYMBOLS

diameter of nozzle mouth

axial distance from mouth

radial distance from jet axis

axial component of mean velocity,* .
radial component of mean velocity

tangential (rotational) component of mean velocity

maximum value of U at a section (i.e., on the axis)
maximum value of U in the jet (in potential cone)
the value r at any section for which U = % Un

axial component of instantaneous velocity fluctuation
radial component of instantaneous velocity fluctuation
tangential component of instantaneous velocity

fluctuation
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turbulence levels

U U

pressure

air density

*Mean values of velocity and temperature referred to

in symbols are time means.
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uv

air viscosity coefficient
B air kinematic viscosgity
p

shear

mean temperature, measured above room temperature

maximum value of mean temperature at a section
(i.e., on the axis)

mnaximum value .of mean temperature in the jet (at the
mouth)

instantaneous temperature fluctuation
= ta
"mixing length" in momentum transfer theory

"micro—scale" of turbulence

correlation between any two fluctuating guantities,

A and B
= 2% ocorrelation coefficient
oA
.o b g 3
= ~é§§ correlation coefficient
u

total kinetic energy crossing a section of the jet
in unit time

kinetic energy of mean flow crossing section in
unit time '

turbulent kinetic energy crossing section :din unit
time '




I. PRELIMINARY MEASUREMENTS ON A JET 3 INCHES IN DIAMETER

EQUIPMENT AND TESTING PROCEDURE

Aerodynamic Setup

Figure 1 is a schematic diagram of the wind-tunnel
and installed jet units. The four—blade steel propeller
is driven by a three-phase induction motor rated at 15
horsepower and run from a variable frequency generator.
In all this work, the unit was run at only a small frac—
tion of rated power.

The 63~foot square "pressure box" was adapted from
the former GALCIT calibration tunnel. The air is heated
by means of 16 Calrod heating units mounted in the primary
contraction (fig. 2), and there are two screens mounted
between the heaters and the final jet contraction, which
was a spun aluminum convergent nozzle. In an effort to
obtain a uniform temperature distribution across the mouth
of the nozzle, part of the heated air was ducted along the
outside of the large circular pipe leading to the nozzle,
80 that this pipe and the beginning of the nozzle contrac-—
tion were immersed in heated air. That this scheme was
not completely successful can be seen from the temperature
distribution measured at the mouth., It did represent,
however, a distinct improvement over the wooden nozzle
first tried. Possibly this inaccuracy in one of the tem-
perature boundary conditions had an effect upon the tem—
perature profiles in the region of the jet upstream from
the end of the potential cone, as will be discussed later.

All tests on the 3—inch jet were run at a mouth ve-—
locity of 20.5 meters per second and a maximum temperature
difference of about 13° C.

The platinum hot wires used to measure u' wers
etched Wollaston, 0.00025 inch in diameter and agpproxi-
mately 2 millimeters in length. Mean velocity was meas—
ured with a small total head tube, and temperature was
measured with a small copper—constantan thermocouple.

The amplifiecr output for turbulence readings was
put through a thermocouple into & critically damped wall
galvanometer with a 3-second period and a full scale de-—
flection of approximately 20 centimeters.




Both mean speed and temperature were photographically
recorded by means of an automatic-traversing arrangeuent.
The total-head pressure line was run into a small copper
bellows which tilted a mirror, thereby deflecting a narrow
light beam upon a uniformly moving sheet of sensitized
paper.

The recording of temperature on the sensitized paper
utilized directly the 1lignt beam reflected from the mirror
of the wall galvanometer.

The traversing was accomplished by means of a screw-
driven carriage rununing horizontally along a steel track.
The screw was rotated by a reversible electric motor and,
during the photegraphically recorded runs, the sensitized
paper was mechanically conunected to the hot-wire carriage
so that the abscissas of the recorded curves would be ex—
actly equal to the true lateral distances. Figures 4 and
5 show an over—sll view of the traversing unit and a close-
up of the carriage and motor, Photographs are of the 1-
inch jet installation,which was identical with that for the
3—inch jet unit, except for the wall in the plane of the
nozzle mouth in these pictures.

Measuring Equipment =znd Procedure

This new hot—wire set (photographed in fig. 6) con-—
gists of the following element s:

1. Four hot-wire heating circuits and potentiometer

2, One bridge circuit which can be used with any of
the four heating circuits

3. Two compensated amplifiers with very nearly the
same phase shift and gain characteristics

4, One amplifier in which the outputs of the other
two amplifiers can be added

With this instrument the following flow properties
can be measured:

4, Means epe ady 0
2. The three principal turbulence components,

u 1 _Y_ '., W !
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3. The correlations at a vpoint, uv and uw

4, The correlations between turbulent velpcity C om—
ponents at two points, in flows with cr without
a gradient in the mean velocity :

The bridege circuit is so arranged that the hot—wire
"time constant" can be determined by superimposing equal
alternating-current voltages at two frequencies upon the
balanced direct—current bridge circult.

The gain of each amplifier is constant to within +3
percent ofer a frequency range from & to 9Y00Q cycles per
second.

RESULTS OF THE PRELIMINARY MEASUREMENTS

The measured resvlts are plotted in figures 8 to 16.

Figure 8 shows the distribution of mean velocity, mean
temperature, and turbulence along the axis of the jet.
The velocity is plotted both uncorrscted and approximately
corrected for the effect of turbulence upon the total head
- tube resdings. Assuming coustant static pressure through-—
out the jet, the average pressure at the mouth of tube in
a turbulent flow is!

————————

2
P =L (U+ )
)
~
where U is the mxial mean welocity and = 1is the in-
stantaneous axial velocity fluctusat ioa. Therefore,

P Bkl o )
2

and the dynamic ressure corresponding to the mean ve-
loeity is
= P
e
U

W
<
|
|
i

*Neglecting the effect of lateral fluctuations.
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Figures 9 to 16 give the measured mean velocity and
temperature distributions across sections normal to the
jet axis. All of these velocity and temperature distri-
butiorns were continuously recorded photographically, and
the plotted results are curves faired through the photo-
graphic data. Since this continuous recording method
tends to give instantaneous fluctuations in the quantity
being measured (unless donsideraltle overdamping is em—
ployed), the scatter of the photographic curves is appre-
ciably greater than that of point-by-point measurements
which involve a procéss of mental time-averaging in the
recording of the observed data.

The distributions of turbulence level along the axis
and in sections normal to it are also given in these fig-
ures. Unfortunately, since the transverse measurements
have been made in only the central part of the jet, a
complete picture cannot be gotten from them.

DISCUSSION OF RESULTS

Velociiy and Temperature

Asymmetry in the velocity profiles becomes appreci-—
able at an axial distance of about 4 diameters, and ap-
pears even sooner in the temperature curves. The nature
of the velocity asymmetry, a high region on the left side

of the axis for - < 0.4, seemg to indicate that the

m
flow condition actually existed, due perhaps to external
disturbance or to misalinement of the nozzle relative to
its circulary duct. On the other hand, the temperature
asymmetry consiste of an apparent change in the zero-
ordinate level between opposite sides of the jet, and it
appears more likely that this is due to the method of
measurement than that it is representative of a true con-
dition of the jet.

One of the i(hcoretical boundary conditions for this

jet problem is : 't precisely satisfied: The temperature
profile at the ¢’ mouth deviates appreciably from a rec-
tangular shape .. spite of the ducting system for heating

the walls of the channel leading to the nozzle. Even so,
this temperature profile represented a considerable im-
provement over that existing in the jet emerging from the
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wooden convergent nozzle with which these experiments
were first tried.

It has not been determined whether the nature of the
deviation from this particular boundary condition has any
appreciable effect on the difference in the relation of
the voloc1ty and temperature wrofiles in the two regions
of the jet separated by the section at an axial distance
of about 7 diameters from the mouth. For x <74, the

curve of T is lower than EL in the central part. of
m T

Lo Un
the jet, while for x » 74 the temperature is everywhere
higher. It is possible ‘that the existence of a definite

temperature gradient in the main body of the jet at x = 0

where there is no corresponding velocity gradient, has
accentuated the condition.

It seems probable, however, that thls change in rel—
ative shapes of the veloc1t3 and temperature profiles is
& true charecteristic of a heated jet. In the region up-
stream of the potential cone the flow may be approximated
by the two—dimensional case of the single mixing region
between a gsemi—infinite moving body of heated air and a
gsemi—infinite body of stationary cooler air, "In this case
it seems evident that,if the effective heat—-transfer
coefficient is assumed greater than the effective shear
coefficient, the dimensionless plots of temperature and
velocity across a section nornal to the flow (i.e., curves
of U/Um and T/”m against the same abscissa r/r )

witllsshew temperature lower than velocity in the region
"of higher values of the two variables; conversely, they
will show temperature higher than velocity in the region
of lower values. For the fully developed jet with axial
symmetry it is obvious that the same assumption of heat-
transfer coeff1c1ent greater than shear coeff1c1ent leads

than the correspondlng veloc1ty profiles.

It should =l'!so be noted that these velocity and tem-—
perature profiles check the measurements of Ruden fairly
well.,

Turbulence

The vrincipal item of interest connected with the
turbulence measurements is the extremely rapid spread of

7
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turbulence into the potential cone. It will be noted
that the turbulence level on the jet axis begins to rise
at an axial distance of only 1 diameter from the nozzle
mouth; while the velocity defect does not reach the axis
until about 44 diameters. This result was observed by
Kuethe and has been recorded in the l-inch jet described
later. Its significance with respect to open-throat
wind tunnels is apparent.

*The quantity wu'/U loses some of its usefulness
for high values; so u'/Uy has also been plotted for

each section, The full benefit of plotting either u'/Uph
or u'/U, will become evident in the l—-inch jet where
turbulence has been measured out to the edge of the jet.

II. FINAL MEASUREMENTS ON A JET 1-INCH IN DIAMETER
BEQUIPMENT

The experimental apparatus employed in this part of
the work is basically the same as that used in the pre-
liminary tests, with the following modifications?

1, 4 l-inch spun-aluminum convergent nozzle was sub—
stituted for the 3-inch nozzle. The internal flow-
arrangement was the same,

2. A wall wes set up in the plane of the jet mouth,
perpendicular to the axis, in order to reproduce more
precisely the boundary conditiong assumed in the theories.
A check run was made without the wall in position, and
although no appreciable difference was found in the flow
characteristics in the "fully developed" region of the
jet, it was decided to run with the wall in position.

3. No photographic—recording technique was used for
any of the quantitative measurements, since it was thought
that some of the asymmetry in the 3—inch jet measurements
might have been due to lag or permanent set in the moving
parts of the recording system.

4, Mean speed was measured with a single hot wire
instead of a total head tube. One check run was made with
a total head tube, and the agreement was satisfactory.




‘The mean velocity measured by the hot wire was

JU®? + v° rather than simply: U. Therefore the exveri-—
niental results have been labeleé accordingly, with the
symbol TUgr to signify JU® + V2,  Over all but the edge
of the jet Uy = U, and in the comparison between the-
ory and experimental results, U (theoretical) is
compared with Ug (experimental). As will be pointed
cut later, the large discrepancy between experiment and
the most satisfactory theory (fig. 30) at the edge of
the jet is not due to this comparison of different ve-
locity components. :

It should a2lso be remarked that the turbulence com-—
ponent measured by the single hot wire is the component
in the direction of Up. However, it is everywhere
written merely as wu', since in the turbulent core of
the jet the measured component of turbulence is probably
equal to the true axial component (u') within the limits
of accuracy of the msasurements.

The lateral turbulence level is written as v'/UR

although the v-meter was always set parallel to the jet
axis. However, tests showed that the effect of small
deviations in alinement of the instrument from the mean
flow direction upon the output was negligible relative
to experimental scatter.

5. The lateral component of turbulence and the tur—
bulent correlation uv, were messured with a biplane X-—
type meter composed of two platinum wires, each set at
an angle of about 45° to the mean flow, 2nd therefore
perpendicular to each other. The wires were etched
Wollaston, 0,00025 inch in diameter and approximately 4

millimeters in length,

6. A Dumont oscilloscope with 5-ineh photographic—
type tube and a General Radio high-speed camera were used
to record the oscillograms.

7. The scale of wu! turbulence on the jet axis was
measured by mour.ing a second hot—wire carriage on the
steel traversinz track.

All runs were made at a nozzle velocity of 10 meters
per second, and a maximum temperature difference of about
10° C. In order to check the assumption that this temnper—
ature difference has no appreciable effect upon the hydro—
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dynamic jet characteristics, one traverse was repeated
without the addition of heat. The Ug/U, and u'/Uy

curves for the two cases checked within the experimental
| scatter.

Inclination of the jet axis due to free convection
was negligible.

TESTS AND GENERAL PROCEDURE

1. Mean velocity, Ur: measured with a single hot

wire by either constant current or constant
resistancec method

2. Mean temperature, T: measured with a small copper-
constantan thermocouple across a wall galva— |
nometer

3. Axial turdbulence, u': measurced with a single hot
w7ire in the conventionel manner

4, Radial turbulence, v': measured with a biplane -
X-type meter composed of two hot wires the &
outputs of which are subtracted vefore being
put into the amplifier '

5. Double correlation at a point (turbulent shear),
uv: nmneasured with the same meter as v'. The
outputs of the two wires are put through the
amplifier separately, and the correlation is
conmputed from these results.

6. Double correlation of axial turbulence at two
equal-velocity points on opposite sides of the
axis, u,up: measured with two single hot wires.
In order to get a measure of the gcale of tur-—
bulence, the wu,u; was measured as a function

of the distance between the wires.

7. Oscillograms of the u—fluctuations were mads,
using the single hot wire. The amplifier out-

\ put was photographed from the screen of an

‘ oscilloscope the sweep of which had been cut

out. The film motion supplied the continuous

swWeen.

f o



RESULTS

Unless specifically described otherwise, all quanti-
ties plotted in this report are uncorrected for the ef-
fects of turdbulence upon the measuring instruments. The
nature of these corrections will be discussed later.

Mean Velocity and Temperature

The measured velocity and temperature distributions
along the jet axis and at each station are included in

figures 17 and 22. As has been found by Ruden, the tem—
perature spreads at a greater angle than the velocity in
the region of x greater than 8 or 10 diameters. It

will be noted also that at 5 diameters, the temperature
distribution is narrower than the velocity in the center
part of the jet, as recorded and discussed in the first
pert of the report. HNo detaziled measurements were made
in the l-inch jet for =x 1less than & diameters, but the
temperature distribution at the nczzle mouth was checked
aeg being of the same nature as that in the 3-inch jet.

The axial distributions show a crossing, or at least
a coincidence, of the velocity and temperature curves at
large distances from the nozzle, in spite of the fact that
the initial drop—off occurs much sooner for the tempera-—
ture than for the velocity.

Turbulence

a) Turbulence level.— The measured local turbulence
level u'/Up as well as the values of u'/Up computed

from w'/Up and the faired velocity profile, are included
in figures 18 to 22. Probably the quantity u'/Ug loses

its significance in regions of extremely low velocity like
the edge of the jet. A better comparison of the turbu-
lence distributions at successive stations can be gained

from figure 23 viuere u'/U, 1is plotted against the radius.

This clearly shcss the radial spread of the fluctuating
energy (really, the square root of the energy) as the flow
travels in the wniial direction.

The only measurement of the radial turbulence compo-
nent v' is compared in figure 24 with the u' at the
same station,
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b) Correlation between velocity components at the
same point.— The correlation and the correlation coeffi-

cient are given in figure 25. The coefficient is defined
by

the turbulent shear is, of course,
T = —p vV
and will be discussed in the next section.

The tremendous scatter in Ry, in the outer annulus
of the jet, as well as the sharp decrease in both Ryy

and uv toward this region, seem to indicate a deviation
from the true turbuleant state, a hypothesis which receives
especial support from the oscillograms of the velocity
fluctuations.

c) Correlation betwesen velocity components at differ-—
ent points.— Figure 25 is the one measured distridution of

R, between points symmetrical about the Sjet axis. This

correlation coefficient is defined by

An important result shown by this curve is that there is
no whipping of the jet as a whole; whipping could result
from a general instability of the system. If such a con-
dition existed, the correlation would not go to zero with
increasing r, but would increase negatively.

d) Oscillograms.— The series of oscillograms in fig-
ure 27 indicates a definite deviation from the fully tur-—
bulent regime toward the edge of the jet. A completely
turbulent core exists out to approximately r,, the

radius at which the mean velocity is one-half the maximum
mean velocity at the section, which is, of course, on the
jet axis.

Pigure 28 shows the type of regular fluctuations first
observed in a 3-ineh jet by Thiele~in 1940. Thesge are
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oscillograms of the u—fluctuations in the l-inch jet at
an axial distance of 2 diameters. The bottom part is a
200 cycle—-per—second timing wave, which applies to both
figures. 27-and#28; figure 28a was recorded on the axis
in the potential cone and figure 28b was recorded at a
radius equal to the radiusgs of the nozzle mouth., This is
approximately the inner edge of the free boundary layer.
The layer is evidently turbulent, or the regular waves
would continue through it.

THEORETICAL ANALYSES
Velocity
For a free jet of this type the usual turbvulent

boundary layer assumptions are applied to the general
Navier—Stokes equation. The simplified equation must be

solved with the boundary conditions V = 0 and
%H =0 it 2 = 0. don the axlig). lso the velocities
T

and their derivatives must vanish as r becomes infinite,
Since the axial pressure gradient is neglected, the rate
of flow of axial momentum across all sections is the same:

@
2o P [\Uz * dr = constant
o]

Since viscosity is neglected,
T = —p uv
a) Momentum transfer theory.— The assumption that

momentum is the transportable quantity with a mechanism
analogous to the kinetic theory of gases leads to

Tei—p v 2

erie

which gives the equation of motion:

U§E+v§9___,}§_<'ﬁr§2
0x or T ar drT
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Prandtl further suggested the assumption of v = QE
: ar
or, since %E is iantrinsically negative in an axially
T ; ‘
symmetrical jet, v = —1 ?H]. This leads to
- IOI‘
Te=0 s {QH1 (§E>, and the equation of motion may be
Lar] \or
written
U£+vw=11hzﬂﬂ¢@ﬂ
dx dr r or | dor.! \or/J
or
- e
g D e - bt B [zg r<b_U.>J
0x ér » D or

Tollmien assumes similarity at different sections
of the jet and assumes that |  is constant across any
section and proportional to the radii r, of the sec—

(8]
tions. Having found experimentally that ry ~ x he

t)

assumes 1 = CcX.

b) Modified vorticity transfer theory.- Taylor
assumes that vorticity is the transportable gquantity and
is carried unchanged from one layer of fluid to another.
This, with the assumption of isotropy of turbulence,
vields the equation of motiocn

2
U U L U 1 3U
Ug_+Vé_=Lv<.a__.2_+_?_._>
0X or or r or
S 5 “aﬁ
Assuming with Prandtl that 1v = |} g—l , Howarth and
1
Tomotika have
2 U (3 \
p U, yU _ _FAU( U, 13U
dx dr dr \ar® r or

and they also assume | = cxX,
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¢) A third espproach to the calculation of the veloc-
jties in turbulent flow was presented by P. Y. Chou.
The equations are obtained by constructing correlation
functions from the equations of turbulent fluctustions.

In the application of this theory to the jet, Lin
has employed, in addition to the boundary layer approxi-
mations:

1. The assumption of mechanical similarity of mean
quantities extended to include all the double
fand triple) correlations

2. Certain considerations based upon similaritfy of
fluctuations, and the microscale of turbdbulence

3. The assumption that the triple correlations of
the turbulent fluctuation which vanish at the
center of the jet are negligible throughout
the jet

These assumptions result in an expression for the
shear which is identical to the form suggested by Von
, .
Karman in 1937:

-
= —

2 2 e
A 19}
. i i) |

v o

In addition, Lin assumes

4, That v and A are constant. This final
assumption amounts to a constant shear coef-
ficient,® and the form of the solution is the

same as that for a laminar jet:

*Since the writing of this report, copies of two new
theoretical papers on the problem of free turbulence have
been received. Both authors advocate the assumption of
a constant shear coefficient for the calculation of the
flow in a free jet. The papers are:

Prandtl, L.: 3Bemerkung zur Theorie der freien
Turbulecz. Z.f.a.M. M., vol. 22, Oct. 1942,

Gortler, H.: 3Berechnung von Aufgaben der freien
Turbulenz auf Grund eines neuen Nzherungsansatzes.
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Temperature

Tith the usual boundary layer approximations, the
equation for the temperature T 1is

P AR, 3R  Ledif=mg 30
0 x or 30 (o br/

The same general boundary conditions apply to the temper—
ature as were applied to velocity.

a) Momentum transfer theory.- Since the above equa-
tion in T 1is the same as the edquation of motion (in U)
corresponding to the momentum transfer theory, it follows
that the temperature distribution is the same as the
velocity distribution.

b) Modified vorticity transfer theory.- The previously
obtained solutions for U arnd V are put into the tem-
perature equation, along with the assumption that

2
TvaR=l—c

o/
1
¢

l

o/
H

as before.

This leads to a solution for T/T, as an exponential

function which converges much more rapidly than the veloc-
ity U/Um.

c) In solving for the temperature distribution, Lin
uses a constant coefficient of thermal diffusion, analogous
to the use of a constant shear coefficient. This leads to
a power law relationship between the velocity and tempera-—
ture digtribution, which is written

. _I(_H_\ 1/e g

T /
Tm \Lm/

where €5 1s not given by the theory but must be deter-—
mined experimentally.




PISCUSSION OF RESULTS

The Nsture of the Flow

- Tigure 27 is a series of oscillograms of the
velccity fiwuctunations at wvarious radial positions
section 20 dismeters from the nozzle mouth. This
shows that the flow in a "turbulent jet" is fully

<

lent only out to approximately r = ro. For r >
there exists first an annular "transition region®

21

axial
on a
series
turbu—
P

in

which the flow alternates bDetween the turbulent and the
laminar regimes. The frection of the total time during
which the turbulent state prevails decreases as the
radial distance is increased. Then, near the .edge of

the jet and extending to zero velocity is what might be
termed the annular "laminar collar." Of course, this
laminar collar differs from the usual concept of a lam-—
inar boundary layer or a laminar sublayer in a turbulent
boundary layer next to a wall; the difference is that
there exists an appreciable radial (V) component in the
mean velocity. The disappearance, however, of UV—CcOTrre—
lation toward the edge of the jet can be taken as a clear
indicéation that the momentum transfer here is essentially
laminar.

The cause of the deterioration of the turbulent flow
toward the edge of the jet is not immediately apparent,
since there is no solid wall to damp out the v-fluctuations
as in the conventional turbulent boundary layer.

. The similarity between this entire flow condition and
the history in the mean flow direction of the flow in the
boundary layer along a wall is striking. The principal
difference is that the sequence of flow regimes extends in
a direction perpendicular .to the mean flow, while in the
latter case it exténds in the mean flow direction. The
oscillograms of the jet—transition region are identical
with some of the oscillograms of the transition from a
laminar to a turbulent boundary layer.

A more significant aspect of the verification of this
flow pattern in the turbulent jet is that this may present
an-insight into the nature of the flow in a fully developed
turbulent boundary layer next to a solid wall. It ig well
known that a thin laminar sublayer exists immediately ad-
jacent to the solid boundary, and that there is no sharp
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point of demarcation, but a narrow region of transition.
The flow in this region is probably of the same nature
as the flow in the annular transition region of the
turbulent jet.

It will be noted that the general location of the
transition region in the jet is more or less the same as
the location of the maximums of the u'/UR curves at

all sections (see figs. 18 to 22). This may mean that a
part of the "turbulence" is due not to the usual turbu-—
lent velocity fluctuations, but to actual differences in
the local mean velocity at a point, as the flow oscillates
betveen the turbulent and the laminar states. This ex-
planation was first given by Liepmann in connection with
the gtudies reported in reference 10 to explain the high
apparent turbulence level in the transition region of a
boundary layer adjacent to a solid wall, It should,
however, be recorded that no definite one-sided turbulent
bursts on the oscillogram were seen in the case of the
jet.

)

Comparison between Theory and Experiment

a) Velocity.- On figures 29, 30, and 31 are plotted
the results of the three theories briefly discussed and
the experimentally observed points. For purposes of com-
parison, the theories and experiment have all been matched

at T = ry. :This secema to be an especially suitable method

in view of the fact that this radius is approximately the
boundary of the completely turbulent jet core.

In inspecting these figures, it must be remembered
that the experimentsl points have not bsen corrected o
the effect of turbulence upon the hot wire. This correc-
tion would appreciably decrease the measured velocity
everywhere but near the axis. Quallitatively, lsuchia cor-
rection, followed by proper refitting of the experimental
points at r = r,, would primarily widen the profile

peak. Since the problem of correcting hot-wirec msasure-
ments for the effect of very high turbulence levels

(ut/U above about 20 percent) is still under considera-
tion at the GALCIT, the results are presented as observed
and without correction. The question of turbulence cor-
rections is taken up briefly in appendix II.




» It should be mentioned also that the mean speeds at
stations-10, 20, and 40 were measured by the constant—
current method: In this method, the values at extremely
low speceds are too high because of convection cooling- -
when sufficient current is uscd to give ‘reasonable sensi—
tivity at the higher speeds. The constant—resistance
(and, therefore, constant—sensitivity) method is much
more satisfactory when a wide velocity range is to be
covered, and was employed at stations 5 and 30. The ob—
servations by the two methods diverge percevtibly only
at the extreme edge of the jst. In figure 30 the scatter
everywvhere but at the extreme edges is ordinary experi-—
mental scatter,

As mentioned before, similarity in the velocity
profile is reached st about =x = 10 diameters.

Since the three theoretical analyses assume a tur—
bulent state across the full width of the Jet, the degree
of agreement between theory and experiment in the region
FoTamr = ry,  1s evidently of secondary importance. In-—

gpection of the (theoretically) significant regionAof
r < Ty 1indicates a satisfactory check between the ob- .

served points and the curve based upon a constant shear
coefficient, It is obvious that the large discfepancy',
in the outer part of the jet between experiment and con<
stant shear coefficient theory cannot be due to the.method
of velocity measurement (hot-wire measures Up instead

of U); correcting the experimental points to be U §n=.
stead of Up would increase the discrepancy.

The physical requirements of constant flux of momen—
tum across all sections of the jet plus the usual assvmp-
tion of velocity—profile similarify- lead to the reguirement
of a hyperbolic decrease in the mean speed along the jet
axis. . & pilot sof the axial velocity distribution on loga—
rithmic cross—section paper (fig. 35) shows '‘that the de—.
crease approximates a nearly hypertolic vower law from 10

to 30 diameters, but deviates markedly at greater distances.

This deviation may indicate either that the velocity de—
crease does not follow a simple power law or that external
disturbances have begun to be felt, A check run of the

axial velocity distribution for UO more than twice as

large as used in all these measurements gave anjidentical
deviation from the hyperbolic distribution., From the ex—
perimental setup it appears unlikely that external
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disturbances would be felt before =x = 50 diameters.,  If,
then, i1t is assumed that external effects are negligible,
this deviation . seems to deny the existence of exact simi-
larity, since the constant flux of momentum is o simple
physical requirement. The only remaining possibility is
that the axial pressure gradient cannot be neglected. -

The similarity property, however, of the jet as rep-

resented by a linear increase in the width of the velocity

profiles with downstream distance is well checked out to
x = 40 diameters in figure 36, Surprisingly, the line
passées .very nearly through the nozzle mouth when extrapo-
lated to zero jet width.

All the theoretical analyses assume mixing length.
inecreasing linearly with axial distance: 1 = cx. A cal-
culation of ¢ at x = 20 diameters, based on the momen~-
tum transfer theory leads to ¢ = 0.0166, Tollmieén gives
a value of 0,0158. ;

b) Temperature.— Since Lin's analysis does not ex-
plicitly give the temperature profile as a function of
the velocity profile, but leaves one constant to be deter-
mined by experiment, only the results of the other two _
theories have been plotted in figures 32, 33, ‘and 34 for
comparison with the experimental results. ’

In spite of the considerable scatter, it .is.:evident
that theoretical and experimental temperaturé distribdbu-
tions do not agree if the velocity distributions are
matched at r = ro. If, on the other hand, the tempera-
tures were fitted at the radius where T = 1/2 Tms, then

the experimental and theoretical velocity profiles would
exhibit a wide divergence; while the temperatures would
check reasonably well,

Since there is no method of determining which ARG
ting procedure is more nearly correct, the only peérmissi-
ble conclusion is that .none of. the ex1stingvtheories
gives a satisfactory quantitative relationship between
the spread of velocity and the spread of temperature in
A turbulent heated Jets: : .

It would seem that a better understanding of the
basic relation between the mechanismsg of the diffusion
of velocity and temperature could be gotten by measure-
ments of the temperature fluctuation (t', say, and




rerhaps t,t; correlations) and by the comparison of
these measurenents with the corresnondlng kinematic
quantities.

It should be noticed (fig. 35) that the axial tem—
perature distribution is approximately hyperbolic in
form and that the temperature jet-width (fig. 36) in-—
creases very nearly linearly with axial distance. A
glance at figure 22 or 34 will show that the point szt
40 diameters is extremsly unreliable,

Turbulence

The quantity u'/UR can sgarcely be useful in a

flow where instantaneous values of wu are often greater
than Ug. This is certainly the case at the edge of the

jet, and therefore it was felt that a dimensionless
quantity wu'/U, proportional to u', plotted as a func—
tion of radius, would give a more useful victure of the
velocity fluctuations in the jet. Further, when the
turbulence distributions at various axial positions are
to be compared, the quantity u'/U, is plotted (fig. 23).

It can be seen from figure 23 that the local minimum
at the center of the turbulence distribButions does not
disappear before an axial distance of about 20 diameters.
Thus, although similarity of velocity profiles is effec—
tively reached at. 8 or 10 diameters, real kinematic simi—
larity is not reached until about 20 diameters.

It is also interesting to note that the local maxi-—
mums in the curves for x £ 20 diameters remain at sbout
the same radius indenendent of axial position and that
this radius is approximately the nozzle mouth radius. of
course, the rather arbitrary curve fairing determines the
exact 1ocat10n of the peaks. However, this matter is re-
lated to the problem of the evolution frOm a rectangular
velocity profile with very low turbulence. to the full
developed turbulent jet, which still awaits an 3dequate
basic experimental investigation.

The axial distribution of u'/U, is plotted on fig—
ure 35, and although a straight line has been drawn ten—
tatively through three points, the points do not indicate
a simple power 1law.
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As mentioned previously, the curves of figure 23
give a clear picture of the spread of the turbulent
kinetic energy. Of course, there is a continuous gener-—
ation of turbulent kinetic energy from the kinetic energy
of the mean flow. A gquantitative picture of the kinetic
energy history of the jet is gotten by integrating the
squares of the velocity profiles and the squares of the
curves on figure 23. The turbulent kinetic energy in '
the lateral fluctuations (v) is gotten from the v' dis—
tribution measured at x = 20 -diameters. It has then
been assumed that at all the other stations the v-energy
is in the game ratio to the u-energy as at 20 diameters.
Also, the total w—energy at a section is taken as equal
to the v—energy for the purpose of this calculation.

.The results are plotted on figure 37. The total
kinetic energy Ep and the kinetic encrgy of the mean

flow E crossing a section in unit time are plotted
M ¥ Ny

against axial position. The difference between these

two curves is the kinetic energy of the turbulent fluc-—
tuations E!. The third curve gives the fraction of the
total kinetic energy that consists of turbulent energy,
at a section. This curve seems to approach a constant.
value approximately where the jet achieves complete
similarity. At large axial distances, however, it ap-—-
parently begins to drop off. It is possible that this

is merely experimental scatter. The deviation at x = 40
diameters is also clearly visible on figure 38.which is

'a logarithmic plot of the total, the mean flow,and the

turbulent kinetiec energies,

Shear

The turbulent shear is proportional to the uv  cor-—
relation at a point, whichis plotted in dimensionless
form at the bottom, of figure 25. From this it is seen
that the turbulent shear-drops off more rapidly along a
radial line than does the mean velocity. The ratio of
turbulent shear to laminar shear is of more practical
significance, and this is plotted on figure 39.- In the
computation of the laminar shear the velocity profile
slopes have been determined graphically so that a sizable
probable error has been introduced, particularly near the
center of the jet. 1In fact, it is possible that the max—
imum located off the axis is merely due to scatter.




Erom figure 39" it can'be seen-that in the radial
direction the turbulent rand laminar shears reach the
same order of magnitude before the mean velocity reaches
zero, This is one of the indications that the flow is
not completely turbulent out to the edge of the jet. The
correlation coefficient Ryy, plotted on figure 25,
reaches a maximum value of about 0.42, Wattendorf's
maximum of 0,33 and Reichardt's maximum of 0,2%, both
computed by Von FKArmAn (referencell) for pipe flow, are
values of uv/u2 instead of uv/u'vg. The maximum value
of wuv/u® at this cross section in the jet is 0,34,

The extreme scatter near the edge of the jet appar-
ently is due to the facet that in this region one factor
in the calculation of Ryy is a small difference between
large quantities each of which already has the normal
amount of experimental scatter. This excessive scatter
may be taken also as an indication that the flow in this
region is not continuously turdulent. The dotted part
of the curve has no significance and is put in only for
completeness.

Mr, Lin has given a method of calculating the total
shear at a section from the velocity profile. The method
is presented in appendix I, and a comparison between the
total shear computed in this way and the experimentally
determined shear is given in figure 40, For the latter,
only the turbulent shear need be plotted, since the lam-
inar component is negligible in the range .for which the
points are given. The curves agree very well in shape,
although the reason for the discrepancy in magnitude
toward the edge of the jet is not evident.

It is worth remarking here that the radial mixing-
length distribution, computed from the measured turbulent
shear by the assumptions of thé¢ momentum transfer theory,
shows a maximum deviation of only +25 percent from the
average value for the renge 0.2 £ < r < 1.8 r,. The
curve is plotted in figure 41, As in the case of figure
39, the apparently complex nature of the curve, with two
extremes on. one side of the axis, may be due to the
method of obtaining the results, which includes a graph-
ical determination of the wvelocity profile slopes.




Scale of Turbulence

The measurement of the ulug/u2 correlation—coef—
ficient curve, symmetrical about the jet axis at 20
diameters (fig. 26), served a double purpose. First,K it
gave the scale of turbulence at a "point® in the .jet. -
Second, it showed that there existed no instability of
the jet as a whole, such as would cause whipping and
thereforean additresrdt negative correlation between
points on opposite sides of the jet.

CONCLUSIONS

1. In a fully developed turbulent jet with axial
symmetry, a completely turbulent flow exists only in the
core region out to the radius at which the velocity is
about one-half the maximum velocity at the cross section,
Cutside of this core is a wide annular transition region,
‘and from the outside of that to the edge of the jet the
flow is in the nature of a laminar collar.

2. In a turbulent heated jet the temperature diffuses
more rapidly than the velocity, as also has been recorded
in all previously published results.

3. None of the existing turbulence theories gives a
satisfactory quantitative relationship between the spread
of velocity and the spread of temperature..

4, If theoretical and experimental velocity profiles
are matched at the radius where the velocity has one-half
its maximum value at the section, the theoretical curve
resulting from the assumption of a constant effective
shear coefficient gives the best agreement with experiment
over the fully turbulent core of the jet, which is the
only region where turbulence theories may be expected to
apply.-

-5, Reasonably good similarity of velocity and turbu-
lence profiles in an axially symmetrical jet is not
reached until an axial distance of at least 20 diameters
where the profile of turbulence u'/Uy 1loses its local

minimum on the jet axis.

The non-hyperbolic nature of the axial velocity dis-
tribution, however, indicates the possibility that even
then the similarity is only approximate.
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6. In a heated axially symmetrical jet, the dimen—
sionless temperature distribution across a sectlon near
the orifice is narrower at the top and wider at the bot—
tom than the corresponding dimensionless velocity
distribution. At large axial distan ces, the temperature
profile is everywhere wider than the velocity. The com—
mon boundary of thnese two regions is at an axial distance
of about 7 orifice diameters. :

This checks the known result *haet the effective
heat—transfer coefficient is greater than the effective—
shear coefficient, ’

California Institute of: Technology,
Pasadena, Calif., June 1943

)

APPENDIX I
CALCULATION OF SHXAR DISTRIBUTIOY FROM VELOCITY PROFILE

Consider the "boundary-layer form" of the Navier—
Stokes equation in e¢ylindricazl] coordinates:

788 L oy 2U - 1 .39 (x7) )
oix or oh glie

The equation is transform=d in the conventional

fashion, by assuming sxm;la vy, changing to an independ-
ent variable n = 3, and taking a stream functior in the
form Y = 4xP¥(1), where A is a constant. The velocity

components ere then
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¥ext, an expression for the shear 1is assumed:

T = Bp xnul £(n) (3)

Substituting equations (2) and (3) into (1) and
simplifying the resulting equation gives

2 12 R -
AP ey F\L - mB -8 d (e (4
x- L n® noan \nq /) n an

and now n = —1 1is chosen so that x disappears from

the equation, and the similarity requirement is satisfied.
Combining the two terws on the left side, and multiplying
through the equation by n:

i
= 4/ FF -3 & (ng)

A & oo
an\. n / an

which immediately integrates as
2 1

f = A FF (5)
B - 9F

where the constant of integration is zero.
This gives the shear in simplest form:
2
T =p i oy (8)

re

although for calculation purposes, a more convenient form
is
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APPENDIX II

REMARKS ON THE CORRECTION OF HOT-WIRE MBEASUREMENTS

FOR THE EFFECT OF TURBULENCE

If U is defined as the true mean velocity (neglect-—
ing ¥V and W), 'u, v, and w' as the instantenesous
compounents of the fluctuatiocn velocity and g as the
total velocity at any instant, then

0.=«/ZU+u)2+v2+w2 (1)

In using the hot wire as a mean—speed measuring device
it is desirable to know U, bdut the hot wire actually
measures q, &and when the turbulence level is suffi-
ciently high some correction must bs applied.

The relationship between T and U may be obtained
by writing

2l 5, (3%, [T, Ju\e d
| = + =4+ [(=V+ (= V+ (£ 2
i=u /i 23 (3 GF () By
or, by letting
v2 + w2 = (a0 — 1) u3
= 7u \2
=U /1+22+a —> (3
: a N4
and expanding the radical out to terms in 77)
LSS K

= a 1 a1
=U(1+l p—~ 1 (E e (o /E\ - =
it 2@~ ()~ 3@ (g) "% i

=

]
©
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This expansion converges only for

[2 g (g)gré )

If equation (3) is rewritten in the form

-(' ) — -
= u 1
q:U[&Jrﬁ) J/1+ {q = 10 é-f-% ]l (5)

4

an expansion convergent for

can be obtained.

It must be remembered that wu/U is a fluctuating
quantity with a distribution probably similar to the
Gaussian and symmetrical about zero. This means that the
convergence requirements must be met by the main body of
the distribution, if not by the edges.

The principal difficulty with such a theoretical cor-

7 N\
rection is that the values of Kﬁ\ are unknown for the
/

integer (n) > 2, Therefore, the expansion cannot be
computed to any desired accuracy. If all powers of u/U
higher than the second are omitted, the expansions of
equations (3) and (5) give the same result, If, then, it
is assumed that o = 2

U on el (6)
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which is plotted in figure 42. - Thisg must be coasidered
as a qualitative rather than a quantitative correction.

A similar attack on the problem of correcting hot-—
wire turbulence--level readings for the effect of the tur-
bulence upon the instrument meetg with even greater
difficulties. Thus, it would appear that an experimental
approach to both probdlems would be, more fruitful.

Up to the present time, no measurements have been
made at the GALCIT to determine the effect of turbulencé
upon mean-speed readings, but some preliminary measure—

ments have been carried out on the effect of turbulence
upon hot—wire readings of the turbuleunce.

The procedure was to vibrate a hot wire sinusoidally
in the flow direction of a relatively low-—turbulence.air
stream. The vibrating device was the GALCIT vibrator,
constructed by F. Xnoblock and C. Thiele in 1937 for the
purpose of determining hot—wire time—constants to permit
proper compensation for thermal iag. The hot—wire circuit
was properly compensated and the true turbulence level
determined by measurement of the amplitude and freQuency
of the oscillation and the speed of the air stream.

A comparison between the true and the measured tur—
bulence levels is given in figure 43 for the same hot
wire and three different speeds. It | disrsurprising o
notice that the curve is concave upward for a range be—
fore the main drop—off begins. The appreciable deviation
of the points at the highest speed indicates that the
curve may be dependent upon the sensitivity or the temper—
ature of the hot wire; and, of course, the applied.com-
pensation for thermal lag was correct only for relatively
low turbulence levels.

It is hoped that tests may be made in thc near future
to determine the effccts of high turbulence upon the read—
ings of both mean velocity and turbulence level with the
hot—wire anemometer. )
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NACA Figs. 27,38
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(e) r = 14.5 cm = 3.45 To

Figure 37.- One-inch heated jet, x = 20 diameters.
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|
. (c) Timing wave: 200 cps (for figs. 37 and 28) |
|

Figure 28.- One-inch heated jet, x = 2 diameters.
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