REPORT 1184

THE NORMAL COMPONENT OF THE INDUCED
VELOCITY IN THE VICINITY OF A LIFTING
ROTOR AND SOME EXAMPLES OF
ITS APPLICATION

By WALTER CASTLES, Jr., and JACOB HENRI DE LEEUW

Georgia Institute of Technology




National Advisory Committee for Aeronautics

Headquarters, 1512 H Street NW., Washington 25, D. C.

Created by act of Congress approved March 3, 1915, for the supervision and direction of the scientific study

of the problems of flight (U. S. Code, title 50, sec. 151).
approved March 2, 1929, and to 17 by act approved May 25, 1948.

and serve as such without compensation.

Its membership was increased from 12 to 15 by act
The members are appointed by the President,

JeroMe C. Hunsaker, Sc. D, Massachusetts Institute of Technology, Chairman

DeTLEy W. Bronk, Pu. D, President, Rockefeller Institute for Medical Research, Vice Chairman

Josepu P. Apams, LL. D., member, Civil Acronautics Board.

ALiEN V. AsTin, Pu. D, Director, National Bureau of Standards.

PresToN R. Basserr, M. A., President, Sperry Gyroscope Co.,
Inc.

LeEoNARD CARMICHAEL, Pu. D, Secretary, Smithsonian Insti-
tution. R

Ranpy S, Dason, D. Eng., President, Trans World Airlines, Inc.

James H. DoovrrrLE, Sc. D, Viee President, Shell Oil Co.

I.1.oyp Harrison, Rear Admiral, United States Navy, Deputy
and Assistant Chicf of the Bureau of Aeronautics.

Ronap M. Hazen, B. S, Director of Engineering, Allison
Division, General Motors Corp.

Rarer A. OrstiE, Vice Admiral, United States Navy, Deputy
Chief of Naval Operations (Air).

DonaLp L. Purr, Lieutenant General, United States Air Foree,
Deputy Chief of Stafl (Development).

Donarp A. Quartes, D. Eng, Assistant Secretary of Defense
(Research and Development).

Artuur E. Ravmoxp, Sc. D., Vice President— Engineering,
Douglas Aireraft Co., Inc.

Francis W. REICHBLDERFER, Sc. D., Chief, Tnited States
Weather Bureau.

Oswarnp Ryax, LL. D.,, member, Civil Aeronautics Board.

Natuan F. Twining, General, United States Air Force, Chief
of Staff.

Hucu L. Drypen, Pu. D., Director

Joun W. CrowlEY, Jr, B. S, Associate Direclor for Research

Joux F. Vicrory, LL. D., Ezecutive Secretary

Fpwarp H. CHAMBERLIN, Ezeculive Officer

Hexry J. E. Rup, D. Eng., Director, Langley Aeronautical Taboratory, Langley Field, Va.

Smrte J. DeFravces, D. Fng., Director, Ames Acronautical Laboratory, Moffett Field, Calif.

Epwarp R. SHARP,i Sc. D., Director, Lewis Flight Propulsion Laboratory, Cleveland Airport, Cleveland, Ohio

LANGLEY AERONAUTICAL LABORATORY
Langley Field, Va.

AMES AERONAUTICAL LLABORATORY
Moffett Field, Calif.

Lewis FLIGET PROPULSION L.ABORATORY
Cleveland Airport, Cleveland, Ohio

Conduct, under unified control, for all agencies, of scientific research on the fundamental problems of flight

II —



REPORT 1184

THE NORMAL COMPONENT OF THE INDUCED VELOCITY IN
THE VICINITY OF A LIFTING ROTOR AND SOME
EXAMPLES OF ITS APPLICATION !

By Warrer Casties, Jr., axD Jacon Hexni DE LeEsUw

SUMMARY

This paper presents a practical method Jor computing the
approximate values of the normal com ponent of the induced
velocity at points in the flow ficld of a lifting rotor. Tables and
graphs of the relative magnitudes of the normal com ponent of
the induced velocity are given for selected points in the longi-
tudinal plane of symmetry of the rotor and on the lateral rotor
axis.

A method is also presented for utilizing the tables and graphs
to determine the interference induced velocitics arising from the
second rotor of a tandem- or side-by-side-rotor helicopter and
the induced flow angle at a horizontal tail plane.

INTRODUCTION

This work, conducted at the Georgin Institute of Tech-
nology State Engincering Experiment Station under the
sponsorship and with the financial assistance of the National
Advisory Committee for Acronautics, was undertaken in an
attempt to obtain a better understanding of the induced
flow in the vicinity of a lifting rotor.

Previous investigations, such as those of references 1 and 2,
demonstrated that the solution of the integral for the normal
component of the induced velocity at the center of the rotor
could be obtained in an clementary form provided certain
approximations were made as to the distribution of vorticity
in the wake. However, the value of the integral for the
induced-velocity component at an arbitrary point in the
rotor flow ficld cannot, in general, be expressed in terms of
clementary functions. Its numerical evaluation for g
specific case presents considerable difficulty.

De Lecuw, in reference 3, investigated the feasibility of
caleulating the induced velocity at arbitrary points in the
vicinity of the rotor by an alternative method which con-
sisted of (1) numerically integrating the inerements induced
by the votex ring wake elements within a given distance of
the point and (2) summing up the effect of the remainder of
the wake by an approximate integral.  This approach is
quite general in that it can bhe applied to any wake which
can be approximated by an assembly of vortex rings. It
was found that the method afforded satisfactory accuracy
with the expenditure of a reasonable amount of effort, since
the values of the normal induced-velocity component for
the isolated rings may be precomputed and tabulated for
repeated use.

The scope of the present paper is limited principally to a
consideration of the values of the normal component of the

inauced velocity at points in the longitudinal plane of sym-
metry and within the region likely to be occupied by the
second rotor of a tandem-rotor helicopter. In addition, the
values of the normal component of the induced velocit ¥ were
calculated for points on the lateral axis of the tip-path
plane over the distance of interest for the case of a heli-
copter with laterally disposed rotors.

In view of the present lack of experimental evidence as
to the actual wake distribution of vorticity, the calculations
for the present paper were based on the same assumptions
for the wake shape as those found in references 1 and 2.
These assumptions were that the wake vortes distribution
consists of a straight elliptic eylinder formed by a uniform,
continuous distribution of vortex rings of infinitesimal
strength, lying in planes parallel to the tip-path plane and
extending downstream to infinity.

SYMBOLS
o constant term in Fourier series for blade flapping
angle g8
a4 cocfficient of cosine term of Fourier series for

blade flapping angle 8 where

B=ao—a, cos y—b, sin y— . . .

b, coefficient of sine component of flapping angle

Cr thrust cocfficient, 7/prQ?R*

D, drag of fusclage

d; nondimensional shortest distance from a point P
to a vortex ring, /22 (z—1)? (fig. 1)

s nondimensional largest distance from a point P

to a vortex ring, v'2+ (z1)? (fig. 1)

E(r) complete elliptic integral of second kind

K(r) complete elliptic integral of first kind

R radius of vortex ring; also radius of rotor

Ry radial distance of a point P from axis of a vortex
ring (fig. 1)

r nondimensional radius vector in rotor NY-plane

7 rotor thrust

15 veloeity of helicopter along flight path

B# normal component of velocity induced at a point
P by whole wake

Al increment of normal component of veloeity
induced at a point P by that portion of walke
which is beyond the range of table T

v normal component of induced velocity at centor

of rotor

! SBupersedes NACA TN 2912, “The Normal Component of the Tndueed Velocity in the Vicinily of a Lifting Rotor and Some Examples of Tts Application” by Walter Castles, Jr. and

Jacob Henrf De Teecuw, 1953,
316753 —55——2
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v radial component of velocity induced at a point
P by a vortex ring

v, axial component of velocity induced at a point P
by a vortex ring

W gross weight of helicopter

w slope of longitudinal variation of nondimensional

induced veloeity in plane of rotor
rotor axes (fig. 3)
T nondimensional radial distance of alpoint I from
axis of a vortex ring, Rp/R (fig. 1)

¥, y’, ¢  nondimensional coordinatesTof a point P with
respect to rotor axes (fig. 2)

v slope of lateral variation of nondimensional
induced veloeity in planc of rotor

Zp distance of a point P from planc of a vortex ring

2 nondimensional distance of a point P from plane
of a vortex ring, positive in direction of #,
Zp/R (fig. 1)

@ angle of attack of planc of zero feathering

a; induced angle of attack

oy fusclage angle of attack

ay angle of attack of tip-path plane

Br angle between radius vector from center of rotor

to a point P lying in XZ-plane and positive
X-axis, positive above rotor (fig. 3)

T vortex strength

A=(V sin a—v)/QR

= (V sin a,—0)/QR

u=V cos a/QR

pp="V c0s o/QR

P density of air
_dz‘—([x

T_(Ig+(]1

o angle between flight path and horizontal, positive
below horizontal

X angle between axis of the wake and normal to
tip-path plane (fig. 3)

¥ azimuth angle measured in XT-plane between

radius veelor to a point and positive Y-axis,
positive in going from positive N-axis to
positive ¥-axis

Q angular veloeity of rotor, radiang/see
Subseripts:

B values of back rotor of two rotors in tandem

F values of Tront rotor of two rotors in tandem

v valuos taken with respect to virtual axis of

rotation or to tip-path plane

ANALYSIS

VELOCITY INDUCED BY A VORTEX RING

Tt is shown in reference 4 (ch. VII, see. 161, p. 237) that
the stream funetion at a point P (fig. 1) in the flow field of &

vortex ring of strength T and radius 2 may be expressed as
R -
y=—p,_ (+)E@)—EE) ()

where B is the radius of the vortex ring, 4, R and d.R are the
least and greatest distances of the point P to the vortex ring,

Vortex-ring oxis

R Zp=2R
R g, P
—R \L
"' ﬁP=XR %P

Trovry 1.—Coordinates for vortex ring and table I.

=dz—dl
& d @

T

and K(7) and E(7) arc the complete clliptic integrals of the
first and second kinds, respectively.

The flow ficld of a vortex ring is axially symmetric and
thus the axial and radial velocity components 2. and », at a
point °, having an axial distance 7, from the plane of the
vortex ring and a radial distance Ep from the axis of sym-
metry, are given by

1 &
0= RP (]Rp (3)
and
_ 1y
=T dZs @)

Tt is shown in reference 3 that equations (3) and (4) may
by expressed as

T
v=5 s (AB-+CDF) ®)
and
__j‘: . ’ 2
b=y (AB"+CDF) ©)
where -
A :K(T)—E (T) (7)
_r—1 z+1
B——_ (11 + (lz (8)

U:(ll+(lg (9)
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_tE(7
D——~1_72 (10)
- _(l—l—xz+27)~(l,(/2_(]+J)(]12—(I—J)(122 .
F=1 2,7 2.rddy (an
(11

B'=z (Cll+(lz> (]2)

o2 1422422
4 —E (1 ([1(]2 ) (13)
=224 (x—1)? (14)
dy=+/22+(z+1)? (15)

and

z  nondimensional radial distance of P from axis of vortex
ring, R,/

z nondimensional distance of P from planc of vortex ring,
taken positive in direction of r, on ring axis, Zp/I}

The values of 2, and ¢, given by cquations (5) and (6)
become indeterminate for points on the vortex-ring axis
where z=0. 1n this case it follows from the symmetry of
the flow that the radial component of induced veloeity is
zero, and the axial component of induced veloeity is shown
in reference 5 to be

Numerical values of o, /T, which is a nondimensional
factor expressing the normal component of the mduced
velocity ¢, in the vieinity of a vortex ring, are given in table
I The table includes a range of nondimensional axial dis-
tances of —4.252<4.2 and of nondimensional radial dis-
tances of 0=<2<5.0. The increments of 2 at which the
values of o,R/T are given are suitable for numerical integra-
tion by Simpson’s rule.  The tabulated values were obtained
by calculation or by interpolation as indicated in the table,
With the exception of those points which are close to the
circumference of the vortex ring, the caleulated values are
accurate to four places.

NORMAL COMPONENT OF INDUCED VELOCITY IN
VICINITY OF A LIFTING ROTOR

It is assumed in this report, as in references 1 and 2, that
the rotor wake vortex distribution consists of a straight ellip-
tic eylinder formed by a uniform distribution of an infinite
number of vortex rings of infinitesimal strength, Iyving in
planes parallel to the tip-path plane and extending down
stream to infinity. The above-deseribed vortex distribution
Is equivalent to a vortex sheet of uniform finite strength per
unit length dI'/dZ measured in the Z-direction. This sheet
forms a straight elliptic eylinder coinciding with the boundary
of the wake.

Within the limitations of the initial assumptions, it may
be shown from the results of references 1 and 2 that

dAU_ QRC, _ QRC, a7

Az 3\ 3,
)\v (1—5 /-lu) A (1""5 #)

where the subseript @ denotes values with respeet to tip-path-
plane coordinates.

The inerement of the normal component of velocity at a
point I’ in the vieinity of the rotor, induced by the wake
vortex rings within the distance from P coverod by table T,
may thus be found by graphical or numerical integration.
This inerement constitutes about 95 pereent of the total
value of the normal component. at the center of the rotor
and a large part of the total value for most points within
the region considered in this paper.

The contribution of the vortex rings beyond the range of
table T to the indueed velocity at P may thus be summed,
with small error in the final result, by an approximate expros-
sion which is integrable.

The value of the velocity potential A¢p at P due to a
closed vortex element of strength T is shown in reference 4
(ch. VII, see. 150, p. 212) to be

T
A(#p:;i'ﬂ_' w (18)

where  is the solid angle subtended at P by the closed
vortex element.

It is a good approximation for those wake vortex rings
at distances from P beyond the range of table I that the
subtended solid angle at P is equal to three times that volume
cut off the cone, determined by P and the ring, by a plane
which is parallel to the plane of the ring and which is located
a unit distance from P. Tt follows that

Agp = 177 FF )i (19)

Consequently, the increment to the normal component of
velocity induced at P by that portion of the walke extending
from the limit of table I, at z=2z, to 2= o may be obtained
from the integral

_10¢p_[3 (°1dT zr'd:
v *f 137 (W] 20

It is shown in reference 3 that equation (20) may be inte-
grated to obtain the value of AV, at a point P having co-
ordinates z’, y’, and 2’ from the center of the rotor (see fig. 2)
and that the result is

> 1dUl'[ /9.7 Z2cz+b ( 4ac+ b*
AV == = SNC_Zrer TP e o
A 2‘“[((1 q\’K) o )T

(F"~2a0) 2 1-ab
cq372

2n
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where
a=(x'—2" tan X)*+(y')° "(22)
b=——2z" tan X (23)
¢=1+tan®x (24)
g=4ac—b (25)
[\7:a+b22+czg2 (26)

and

Lo=721— 2’ (27)

For the point 1(0,0,0) the value of AV, given by equation
(21) becomes indeterminate. It is possible, however, to
substitute the zero coordinates in the equation before inte-
grating. Doing so yields
1 df 4

Ss2az ° x(3 cos’x—1) 28)
21 /

(AV')o,0,0=—

The normal component of the induced veloeity at any

point P(@’, ¥, 2’) may thus be found in terms of dT/dZ by

adding the increment obtained from the numerical integra-

tion of the values induced by the wake vortex rings within

the range covered by table T to AV,, obtained from equation
(21) or (28).

__ Unit
rodius

_---Tip-poth plane

Z

F1aURE 9.-—Nondimensional rotor coordinates,

Tn the present analysis where the rotor wake vortex dis-
tribution is approximated by a straight clliptic eylinder there
arises the question as to whether the wake angle should be
taken as that at the rotor or that in the ultimate wake. As
the induced velocity distributions in the vicinity of the
rotor are more sensitive to changes in position of the adjacent
vortex clements than to changes in position of the vortex
clements at the greater distances, the wake angle at the
rotor will be used in the present analysis.

/

X
7
Y 7 F
4
/\\

_-Plane of zero feathering
e /
e 7 B —_

i _-Tip-path plane
e e ——— —— X

FiaCrE 3.—Geometry of wake.

It follows from figure 3 that, for x < 90°, or \,=\ c0s &, +
u sin a; <0,

x=tan"' (:)\M—’i):tan‘l (7\”>+a1 (29)

and, for x>>90°, or A, =X\ ccs a,+ p sin @, >0,

oat=t (TP Y=ot ()=
x=cot . col ( N ) oA (30
In the above cquations a, is the coefficient of the cosine term
of the Fourier series for the blade flapping angle

B=ay—a, cos y—b siny— . ..

where 8 is measured from the plane of zero feathering.
For x=90°, equation (21) is indeterminant. However, by

replacing dI'/dZ in equation (20) by its equivalent (%) tan

x after performing the indicated differentiation with respect
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to 2, it can be shown that for this wake angle

7.:1@{ L ! _ Ty
L AdX G VY Ck (U e
(31)
where the integral now covers the region from z=z, to-
= o and
dI‘__ QRC, QRC,
dX 3 N\ 3,
#v(1-§ Hy > n(1—§ In )
RESULTS

The results are presented in the form of tables and graphs
of the ratio of the normal component of the induced velocity
Vi at any point P(8,,X/R or Br,YIR), as in figure 3, to the

normal component of the induced velocity » at the conter of
the rotor. It is shown in reference 2 that
Lorc Larc,
2 ’ 2

o~

-~ e (32
(1= w)rpur (13 ) YN R

Consequently, the value of V, at P may be casily computed
from the values of V,/v in the tables and graphs.

Table IT gives the values of V./p for —3.2 =X/R=3.2and
tan Bp=—% —¥, 0, % and % Table IIT gives the

values of 17,/v along the lateral axis of the tip-path plane.
Figures 4(a) to 4(i) show the lines of constant values of
Vi/v in the longitudinal plane of symmetry for wake angles
having tangents of 0, ¥, %, 1, 2,4, ©, —4,and —2. Figures
5 and 6 show the variation of V7/o with x for points on the
longitudinal and lateral axes of the tip-path plane.

0
X/R

(a) x=0°=tan"! Q.

Fieure 4.—Lines of constant values of induced velocity ratio ¥/ in longitudinal plane of symmetry.
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TFigure 4.—Continued.

316759- .55 2



REPORT 1184-—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

—

]

\l\\‘

N
S

=t

//
/

g e N
]
N
-

%

—

00

\_//

-~-04

T s =3

S
S

Njx

0
XIR

90.00°=tan™! .

(&) x

75.97°=tan"! 4.

0 x

Figure 4.—Continued.



INDUCED FLOW IN THE VICINITY OF A LIFTING ROTOR

B

EaE

kS

T

o)

-2

1 —4, (i) x=116.57°=tan-1 —2,

(h) x=104.03°= ta

1ed.

Figure 4 —Contim



10 REPORT 1184 -NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS
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0 #7 /] [ Xx=90.0° T 1]
- r_,L,,vLiAl l _L,
-3 -2 -l 0 ] 2 3
X/R

F1aURE 5.—TInuduced veloeity distributions along X-axis.

APPLICATION OF RESULTS

DETERMINATION OF MEAN VALUE OF NORMAL COMPONENT OF INDUCED
VELOCITY OVER FRONT AND BACK ROTORS OF A TANDEM-ROTOR
HELICOPTER

\Making the approximation that the mean values of the
induced velocity are the values at the centers of the respective
rotors, and being given the flight-path velocity, climb angle,
eross weight, fuselage drag, fusclage angle of attack, thrust
and tip speed of the front and rear rotors, and the geometry
of the helicopter, the mean values of the induced velocities
may be found as follows:

The angles of attack o, of the tip-path planes of the
front and rear rotors are very nearly

| X0
X-90° \‘E X-45°
v_ﬁl_ALM . L .
2 I
1-X=0° |.-X=45°
0 . I N
[ R R I B B T e e e I I
//0(:90“
_l - . JUN S —4— 4 —
L L - bl L
0 | 2 3
Y/R
Travne 6.—Induced velocity distributions along Y-axis.
D, cos ¢,
= — T 33
= e W—D, sin ¢, (33)
where
o, angle between flight path and Dhorizontal, positive below

horizontal
D, drag of fuselage
TV gross weight
Denote values of the parameters of the front rotor by the
subseript F and of the back rotor by the gubseript B, Then

'Yr’
u"F::(@ . COS a; (34)
and
vV .
up,,::<9—n->ycos o (35)

As a first approximation, the interference induced velocity
at the front rotor due to the thrust of the back rotor may be
Then

L o
)\,,F——(Em))?sln aa—m

where the valie of o is given by equation (32) or, for e, >
0.15,

neglected.

(36)

1 ¥
ER e (37)
R~ /. 3, i
}-‘r(l—iﬂo

The value of X; may then be obtained {from equation (29) or
(30). When x, ., ay, 7, and the geometry of the helicopter
are known, the position of the center of the rear rotor with
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respeet to the front rotor can be determined. Then the
nondimensional velocity 17/» induced at the center of the
rear rotor, because of the thrust of the front rotor, may be
obtained by interpolation from one of figures 4(a) to 4(i) for
the appropriate value of x,. The approximate value of
DBy 18 then

8=V i/)0pt0p (38)

where vy can be obtained from equation (32) or (37). The
approximate values of X\, X, and, thus, the interference
induced velocity at the front rotor may be found to evaluate
Urq- AN general, it will be necessary to iterate UByope TOT
an accurate result, because of the rapid variation of the
interference induced velocity at the rear rotor with change
in the wake angle of the front rotor and with poesition of the
rear rotor with respect to the tip-path plane of the front
rotor.

For a tandem-rotor helicopter, having approximately
cqually loaded rotors of equal size spaced approximately 1
rotor diameter apart with small vertical offset and operating
in the high-speed flight range, it is seen from figures 4(f)
and 4(g) that

‘Z‘Ftota( — 0-4707'
QR ( 3 > (39)
g 1 _2 My
and
Com . 1.25C%
R ( 3 2) (40)
m _5 My

DETERMINATION OF LONGITUDINAL VARIATION OF NORMAL COMPO-
NENT OF INDUCED VELOCITY OVER FRONT AND BACK ROTORS OF A
TANDEM-ROTOR HELICOPTER

If the normal component 17, of the induced veloeity at
P(r,¢) on the rotor disk is approximated by the eXpression

.
%z—ﬁ%{_l'fﬁ' sin y+wr cos ¢ (41)

it may be shown from the results given in reference 2 that,
for a single rotor,

i T O RN O W

The increments in w arising from the second rotor of a
tandem-rotor helicopter, to be added to the values given by
equation (42) for the front and rear rotors, may be obtained
in the general case from the values of 17/¢ from the figures
at 7=0.75 and ¢=0 and 7 on the respective rotors. Thus,

[ (Y _<V ?) 20
Aw= [( v >¢=n v Sy= ]3 on (43)
r=0.75 =0.75

r

For high-speed flight and small overlaps between the rotor
disks

~1
Au,p~6 an (44)
and, with less accuracy,
~L o 5
Aw5~4 QR (40)

DETERMINATION OF INDUCED FLOW ANGLE
AT A HORIZONTAL TAIL PLANE

When the values of «,, /2R, x, and a, for the rotor or rotors
in question have been determined and when the helicopter
flight condition under consideration is known, the geometric
position, and thus the values of Z/R and X/R, of the hori-
zontal tail plane may be calculated and the value or values
of Vi/v, found from the figures. Then the induced angle

@iy, 8t the tail plane is approximately

() (),

Qi & — Vecosa, {46)

CONCLUDING DISCUSSION

The assumption that the planes of the wake vortex rings
remain parallel to the tip-path plane is the only onc of the
various initial assumptions as to the wake distribution of
vorticity which appears likely to affect the enginecring
accuracy of these results at the higher flight speeds. Tt is
the opinion of the senior author that the present investliga-
tion and that of reference 1 indicate that the planes of 1he
wake vortex rings must be tilted to the rear as they leave
the rotor, possibly approaching a tilt angle in the ultimate
wake of half the wake angle x. The quantitative effects of
such a tilting of the wake vortex rings may not be large, as
the increments of the radial components of the induced
veloeity introduced because of the tilt of the wake vortex
rings will tend to compensate for the decrease in the normal
component,

For the lower speed flight conditions the initial assump-
tions as to the wake distribution of vorticity are compalible
only with the assumption that the generating rotor is lightly
loaded and has blades with constant circulation along the
radii, Caution should therefore be exercised in applying
the results of this analysis to points on or close to the disk
of a specific rotor which is operating at the lower flight-path
veloceities.

At the center of the rotor, where the values of the induced
velocity calculated by the method presented in this report
could be compared with the values obtained from the exact
integral, the error was in every ecase less than 1 percent.
However, for those points in the flow field that lic close to
the wake vortex sheet, there are irregularities in the tabulated
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values of Vi/o caused by difficulties with the interpolations
in the table of the values of the normal component of the
induced velocity for the vortex rings.

It should be noted that the present analysis negleets the
offects of the lateral dissymmetry of the blade-bound vortices
and the consequent lateral dissymmetry of the wake vortex
clements which occur in forward flight. Numerical cal-
culations show that the effects of these lateral dissymmetries
on the induced velocity distributions are small at points
of interest outside the boundaries of the rotor disk or wake
but should be taken into account in computing the longi-
tudinal and lateral distributions across the rotor disk. The
first-order cffects of the lateral variation in the strength
of the blade-bound vortices are accounted for by equation
(42) and the first-order effects of the lateral variation in the
strength of the wake vortices may be taken into account
by use of a value of

v v
=2, sz}t on
in equation (41).

In order to construct figures 4 to 6 it was necessary o
compute a large number of values of Vi/v in addition to
those listed in table TT. However, as these additional points
were at scattered locations, and consequently of little use
for any other purpose, they have been omitted from this
report.

Since the wake angles of the rotors of helicopters oper-
ating in the upper half of their speed range fall in a narrow
band between 80° and 85°, it would be useful to have the
induced velocity distribution for a wake angle of, say, 82°,
However, investigation showed that in order to obtain
sufficiently accurate values for this wake angle it would
first be necessary to compute a large number of additional
values of the induced velocity of the vortex ring for the
region within two-tenths of a ring radius from the periphery
of the ring. The computations for the 82° wake angle were
therefore too lengthy for the results to be included in the
present report.

It appears from the results of this investigation that the
interference induced velocity at the rear rotor of a tandem-
rotor helicopterin high-speed flight, due to the thrust of
the front rotor, is of the same order of magnitude and of the
same sign as the self-induced velocity. Conscquently, the
intorference induced velocity should be taken into account
in longitudinal stability calculations and in computing the

equilibrium values of the mean blade angle and torque
coefficients. The interferenceinduced velocity at the front
rotor of a tandem-rotor helicopter in high-speed flight is
of the order of 7 percent of the self-induced velocity and
is opposite in sign.

The longitudinal gradient of the interference induced
velocitics at both rotors of a tandem-rotor helicopter in
high-speed flight is of opposite sign to the longitudinal
gradients of the self-induced velocities and, consequently,
will have the effect of reducing the required equilibrium
values of b, the coefficient of the sine component of the
flapping angle. ,

For side-by-side-rotor helicopters in high-speed flight the
mean values of the interference induced velocities are of the
order of 15 percent of the self-induced velocities and are
opposite in sign. The lateral gradients of the mutual inter-
forence induced valocities are large for the adjacent portions
of the rotors. These large gradients may cause ecarly tip
stall if the rotor rotation is such that the retreating blades
are in this adjacent rotor position.

The normal component of the induced velocity inside the
wake of a helicopter rotor in high-speed flight appears to
reach its maximum and final value of about twice the value
at the conter of the rotor at a distance of about 1 rotor radius
downstream from the center of the rotor. For hovering and
the lower forward speeds the induced velocity inside the
wake roaches its final value of about twice that at the center
of the rotor at a distance of about 2 rotor radii downstream.
Greoracia INsTITUTE oF TECHNOLOGY,

Arnaxta, Ga., August 11, 1952.
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INDUCED FLOW IN THE VICINITY OF A LIFTING ROTOR

TABLE T

13

NONDIMENSIONAL VALUES OF NORMAL COMPONENT OF INDUCED VELOCITY IN VICINITY OF A VORTEX RING
l1=R¢[R; Z=+7p/R]

v.R/T'
z
z=0 z=0.1 =02 r=0.3 =04 r=0.5 r=0.6 =07 r=0.8 =09 =10 r=1.1 =12 r=1.3
@) () (r) ) () (a) a) (a) @) @) (a) @) @) @)

0 0. 5000 0.5038 | 0. 5156 0. 5369 0. 5707 0. 6228 0. 7053 (. 8461 1.1203 1.9630 | ... —1.2627 —0.5324 -—0. 3062
L1 4926 . 4961 . 5070 5264 . 5569 . 6025 L6711 7768 . 9397 1.0938 0. 2687 ¢ 5208 -—. 3951 —. 2633
.2 4714 . 4742 4827 4974 . 5193 L5494 . 5881 6304 . 6496 . 5501 2126 —.10¥ —. 1941 —. 1756
.4 4002 . 4010 4032 4064 . 4003 . 4098 .4034 3825 . 3365 . 2568 - 1550 L0574 —. 0096 —. 0438
.6 3153 L3147 3128 3089 .3022 2011 .2735 L2476 L2121 . 1682 S1201 L0747 . 0371 . 0099
.8 2381 .2370 2338 2281 . 2196 2076 . 1919 1721 . 1486 L1225 09568 . 098 0470 . 0284

1.0 768 1758 728 1677 . 1604 1508 . 1391 1253 .1099 . 0934 L0768 | 607 . 0460 . 0332

1.3 1133 1127 1106 1073 i L1027 . 0969 . 0900 . 0R22 . 0738 . 0649 . 0560 I L0473 . 0391 . 0316

1.6 0744 0740 0728 0708 . (681 0647 . 0608 . 0563 . 0516 . 0465 L0415 . 0364 .0315 0269

2.1 0367 . 0396 0391 0382 L0371 0357 . 0341 0322 . 0302 . 0281 L0259 0236 0209 0192

2.6 0231 L0231 0228 . 0225 0220 L0213 . 0206 0197 . 0188 L0178 0168 0156 0146 . 0135

3.4 0112 L0112 [1180¢ L0110 L0109 . 0106 L0104 0101 . 0098 . 0095 . 0091 . 0087 0083 . 00

4.2 0062 0062 0062 0061 0061 . 0060 . 0059 0058 . 0056 . 0055 . D054 . 0052 . 0050 L0048

rRIT
z
z=14 r=1.5 =18 =17 r=18 r=1.9 z=2.0 r=21 =22 =23 =24 2=25 r=2.6 =27
(a) (a) o @) (a) @) (a) (h) (by (b) ) } (a) (b)

0 -0.2010 —0. 1424 —0. 1060 —0.0817 —0. 0647 —0. 0524 —0.0431 ~0. 0358 —0. 0300 ~0. 0254 —0.0219 —0.0191 —0.0170 —0.0151
.1 —. 1833 —. 1336 —. 1011 —. 0788 —. 0629 —. 0511 —. 0423 —. 0350 —. 0292 —. 0250 —. 0216 —. 0189 -—. 0169 —. 0150
.2 —. 1411 —. 1112 —. 0882 —. 0709 —. 0577 —. 0477 —. 0308 -. 0334 —. 0283 —. 0241 —. 0209 —. 0183 —. 0164 —. 0146
.4 —. 0559 --. 0567 -. 0527 —. 0471 —. 0414 —. 0362 —~. 0315 —. 0272 —~. 0238 —. 0208 —. 0183 —. 0164 —. 0147 —. 0132
.6 —. 0076 —.0175 —. 0218 ~. 0241 —. 0241 —. 0230 ~. 0215 —. 0199 —. 0181 —. 0163 —. 0149 —. 0136 —.0123 —.0112
.8 0141 0038 —. 0031 —. 0076 —.0103 —. 0117 —. 0122 —. 0121 -. 0119 —.0115 —.0108 | —.0l01 —.0095 —. Q089

1.0 0226 0141 007 0026 —. 0009 —. 0034 ~. 0050 —. 0056 ~. 0059 —. 0062 —. D067 —. 0068 —. 0067 —. 0066

1.3 0249 0190 0141 0100 . 0067 0040 0020 0008 —. 0006 —. 0016 —. 0022 —. 0029 —. 0032 -. 0034

1.6 0226 0187 0153 0122 . 0096 007 0060 0045 0031 L0021 0012 0002 —. 0005 —. 0009

2.1 0171 0151 0132 0115 . 0099 0085 0072 0062 0052 . 0043 0035 0028 0020 0015

2.6 0124 0113 0103 0093 . 0084 0075 0067 0059 0052 . 0046 0040 0034 0029 0025

3.4 0075 0070 . 0066 0062 . 0058 . 0054 . 0050 0046 0042 . 0039 0036 0033 0030 0027

4.2 . 0047 . 0045 . 0043 0041 . 0039 . 0037 . 0035 . 0033 . 0031 0029 0027 0025 0024 0023

s Values obtained by calculation. b Vahues obtained by interpolation.

TABLE T.—Concluded
NONDIMENSIONAL VALUES OF NORMAL COMFONENT OF INDUCED VELOCITY IN VICINITY OF A VORTEX RING

* Values obtalned by calculation.

b Values obtalned by interpolation.

v:R/T
z ~
=28 =29 r=3.0 r=3.1 r=3.2 z=3.3 r=3.4 =3.5 z=3.6 r=3.7 =38 =39
() M) (h) ®) (a) (b} (b) (h) ) (b) (b) (h)

0 —0.0135 -0.0121 —0.0109 —0.0097 —0.0086 —0.0077 ~—0. 0070 —0.0064 —0.0058 —0. 0053 —0.0049 —0.0045
.1 —.0133 —. 0120 —. 0108 —. 0096 ~—. 0085 —. 0076 . 0068 —. 0063 —. 0058 —. 0053 —. 0049 —. 0045
.2 —. 0129 —.0117 —.0105 —. 0095 —. 0084 —.0075 —. 0068 —. 0062 —. 0057 —. 0052 —. 0048 —. 0044
.4 —. 0119 —. 0107 -. 0098 —. 0089 —.0079 —.0072 —. 0065 —. 0060 —. D055 —. 0051 —. 0047 —. 0043
.6 —.0102 —. 0094 —. 0087 —. 0079 -. 0071 —. 0065 —. 0059 —. 0054 —. 0050 —. 0046 —. 0043 --. 0040
.8 —. 0082 —. 0076 —. 0070 -. 0065 -—. 0061 —. 0056 —. 0051 —. 0047 —. 0044 —. 0041 —.003% | , —.0036
1.0 —. 0083 —. 0061 —. 0058 —. 0054 —. 0050 —. 0047 —. 0044 —. 0041 —. 0038 —. 0036 —. 0034 —. 0032
1.3 —. 0036 -.0038 —. 0037 —. 0036 —.0034 —. 0032 —. 0031 —. 0020 —. 0028 —. 0027 —. 0026 -. 0025
1.6 —. 0012 —.0016 —. 0017 —. 0018 —.0019 —. 0019 —. 0019 -—. 0020 —. 0019 —. 0019 —.0019 —.0018

2.1 0011 . 0007 0004 0001 —. 0001 —. 0003 —. 0004 —. 0005 —. 00006 —. 0007 —. 0008 —. 0008

2.6 0022 .0019 0016 o013 0010 . 0008 0007 0005 . 0003 0002 . 0001 0

3.4 0024 . 0021 0019 0017 .0016 0014 0013 0011 0010 0009 L0007 . 0006

4.2 0022 .0021 0020 .0019 0019 L0017 0016 0015 0014 0012 .0011 . 0010

v.R/T
z
r=4.0 r=4.1 =42 r=4.3 r=4.4 r=4. =46 =47 r=4.8 r=4.9 =50
(a) (b) (b) by (h) (b) (b) (b} (b) ) (@)

0 —0.0042 —0.0039 —0.0037 —0.0034 —0.0032 —0. 0030 —0.0028 —0.0026 —0.0024 —0.0022 —0.0021
1 —. 0042 —. 0039 —.0037 —. 0034 —.0032 —. 0030 —.0028 —. 0026 ~.0024 —. 0022 —.0021
.2 —. 0041 —. 0038 —.0036 —. 0033 —. 0031 —. 0029 —.0027 —.0028 —. 0024 —. 0022 —.0021
4 —. 0040 —. 0037 -. 0035 -—. 0032 -.0030 —. 0028 —.002% —. 0024 —.0023 —. 0021 —.0020
.6 —. 0037 —. 0035 -.0033 —. 0030 -. 0029 —. 0027 —. 0025 —. 0023 —. 0022 -.0021 —. 0020
.8 —.0034 —. 0032 -.0030 —. 0028 —. 0026 —. 0025 —. 0023 -.0022 -—. 0020 —.0019 —. 0018

1.0 —. 0030 —.0028 —. 0026 —. 0025 . 0023 ~.0022 —. 0021 —.0020 . 0019 —.0018 —.0017

1.3 —. 0024 —. 0022 —.0021 -—. 0020 —. 0020 —.0019 —. 0018 —.0017 —. 0017 —. 0016 —.0015

1.6 —.0018 —.0017 —. 0017 ~. 0016 -—. 0015 —. 0015 —. 0015 —. 0014 —. 0014 —.0013 —.0013

2.1 —. 0009 —. 0009 -. 0009 —. 0009 ~. 0009 —. 0008 —. 0009 —. 0009 —. 0009 -, 0009 -—. 0008

2.6 —. 0001 —. 0002 —. 0003 —. 0004 —. 0004 —. 0005 —. 0005 —. 0005 —. 0005 —. 0005 —. 0005

3.4 . 0005 . 0004 . 0003 . 0002 . 0002 0001 0001 0 0 0 0

4.2 0009 . 0008 . 0007 . 0006 . 0005 0005 0004 0004 0003 . 0003 0002
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TABLE IT

NONDIMENSIONAL VALUES OF NORMAL COMPONENT OF

INDUCED VELOCITY IN LONGITUDINAL

PLANE

SYMMETRY OF A LIFTING ROTOR FOR x=90°

[For flight conditions for which x>9° and a developed wake exists, \'n.]]uos of 7ife for (x,

X/R, Bp) are the same as those for (180°~x, X/R, —8r)

Ti/v for values of tan 8p af—
X/R
-14 =14 0 % 24
x=0°
(@)

0 1,000 1 1. 000 1. 000 ‘[ 1.000
.40 1. 220 1. 000 .888 1 .780
R 1. 555 1. 000 .632 445
.90 1.643 1,000 . 805 . 357
1.00 —m LB .363 . 282

1.10 —. 24 0 L2563 L2294
1.20 —. 180 0 .180 . 180
1. 60 —. 038 0 087 . 088

2.00 —.053 0 .038 053

3.20 —.019 0 012 .019

1ife for values of tan 8p of—

X/R

—14 -4 Q 4 14
x=14.04° (tan x=14)
(b

0.001 —0.010 —0.020 —0.023

012 —. 027 —. 061 —.063

028 —. 046 —.101 —. 105

099 —.108 —.232 —. 200

521 . 860 1.245 1. 406

. B35 .48 1.059 1.170

1. 000 1.000 1.000 1.000

1.161 1.052 . 040 .R2%

1. 479 1.139 TiH 526

—.036 150 281 242

ooy T I 121 ]I

007 046 073 Rirgl

004 . 016 034 .028

» Value of 1/ changes 2.000 units in passing through boundary of wake. Values are ax
sﬁ'mmetric about rotor axis and antisymmetric about tip-path plane; values about w
t

¢y are antlsymmetrie are 1.000 for X/R <l and 0 for X/'R >1.

b Value of Vi/e changes 1.940 units In passing through boundary af wuke.

OF

fally
hich

TABLE TIL.—Continued

NONDIMENSIONAL VALUES OF NORMAL COMPOXNENT OF
INDUCED VELOCITY IN LONGITUDINAL PLANE OF
SYMMETRY OF A LIFTING ROTOR FOR x=90°

T7ife for values of tan Br of -
X/R — = -
-1 -X 0 % 14
x=20.56° (tan x=14)
(c)
—3.20 E 0.005 —0.004 l —0.016 -0.024 —0.026
—2.00 019 —. (06 —. 044 —. 067 —. 065
—1.60 034 —.M6 —.073 —.120 —. 108
—1.20 . DRY .038 —. 180 —. 261 —. 108
—.80 305 . 426 BT S [
- 40 687 . 788 L899 1. 046 1.126
0 1.000 1.000 1.000 1.000 1.000
.40 1.314 1.211 1.101 L9087 .87
.80 ' 1.692 1. 582 1. 261 . 860 L6040
1.20 1.803 1 eoeoo. .328 . 403 L3305 ¢
1.60 .13 L125 167 . 191 L1660
2.00 .088 . 084 L105 115 104
3.2 . 038 .037 041 044 040
|
1/ for values of tan By of
X/r — -
~15 ~1 0 iy 1 14
i
x=45.00° (tan x=1)
(d)
|
—3.20 —0.002 —0.010 —0.019 —0.025 ‘ —0.023
—2.00 —. 001 —. 028 —. 060 —.071 | —.060
—1.60 . 006 —. 034 —. 17 —. 122 —.096
-1.20 036 —.039 —. 265 —.249 ~.172
—. 50 .27 . 285 L5835 | e —. 142
—. 40 L0622 .719 L824 927 1. 046
o 1.000 1.000 1.000 1.000 1. 000
.40 1,381 1283 | 1.176 1.062 047
.80 1,782 171 1. 465 1048 740
1.20 1.057 1. 866 .6%3 . 503 . 423
1.60 | 1.829 . 4R7 -410 . 332 247
2.00 §oe 37 .272 L2158 L 164
3.20 307 165 113 087 . 066
|
T7fe for values of tan Bp of— .
X/R - ;
-1 -4 0 14 4 1
x=63.43° (tan x=2) i
(e |
—3.20 [ —0.008 —0.021 —0.022 —0.020 ~0.020 :
—2.00 —. 015 —.043 —. 004
~1.60 —.020 —. 087 —. 119
—-1.20 -, 012 —. 105 —. 294
—.80 124 . 140 .326
—. 40 . 550 . 639 746
Q 1.000 1.000 1,000
.40 1. 460 1. 366 1.254
.80 1.836 1. 849 1.674
1.20 2.022 2.098 1.240
1.60 2.030 2.008 878
2.00 2,026 | aeaaeo-- ! 653
3.20 2.017 76 | 278

o Value of 17 changes 1,780 units in passing through boundary of wake.
4 Value of Vi/e changes 1.414 units in passing through boundary of wake,
= Value of 1732 changes 0,894 units in passing through houndary of wake.
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TABLE IT.—Concluded

NONDIMENSIONAL VALUES OF NORMAL COMPONEXNT OF
INDUCED VELOCITY IN LONGITUDINAL PLANE OF
SYMMETRY OF A LIFTING ROTOR FOR x=90°

Vv for valucs of tan 8p of—
X/R
-~ -4 0 % 13
x=75.97° (tan x==4)
o
—3.20 —0,011 —0.019 -0.026 -0.022 —0.014
—2.00 —. 025 —. 052 —.072 —. 065 —.043
—-1.60 —.035 —-. 084 —. 124 —. 101 —. 067
—1.20 —. 043 —. 136 —.309 —. 213 —. 110
—. 80 . 062 .054 . 166 —.193 ~. 087
—. 40 . 485 . 540 875 .. .483
0 1. 000 1. 000 1.000 1. 000 1.000
.40 1.494 1.427 1,325 1.165 1.006
.80 1. 576 1.942 1.834 1.436 1.053
1.20 1,895 2,150 (oo 1.183 . 763
1.60 1.250 2.086 1.384 . 869 . 530
2.00 L9067 2.063 1.187 .623 . 877
3.20 . 735 2.022 .785 LIB . 169
Vife for values of tan 8¢ of—
X/R
-~} -4 0 4 %
x=90.00°
®
—3.20 —0.016 —0.022 —0.026 —0.022 ~0.016
—2.00 —.035 ~. 060 -~.078 —. 060 —.035
—1.60 —. 052 -.097 —. 137 —. 097 —~. 052
—-1.20 -.076 —. 182 —.331 —. 182 -.076
=100 | . —.621 | _b.__
- -—.010 —. 057 —. 075 —.057 —. 010
—.40 414 519 . 504 .519 414
1.000 1.000 1.000 1.000 1.000
.40 1.193 1.312 1.436 1.312 1,193
.80 1.266 1.664 2.075 1. 664 1. 266
1.20 1. 046 1.602 2. 331 1. 602 1. 046
1.60 804 1.354 2.137 1. 354 804
2.00 . 619 1.175 2.078 1.175 . 619
3.20 .318 LT 2.026 L7714 .318

' Value of 17/r changes 0.485 units in passing through boundary of wake.
& Values of 173/e are symmetric about tl]p-path plane; for 8p==0 they are anti-
syminetricabout the value 1 at X=:0, = Values for =0 obtained by extrapolation.

TABLE III

NONDIMENSIONAL VALUES OF NORMAL COMPONENT OF
INDUCED VELOCITY ON LATERAL AXIS OF A LIFTIXG
ROTOR '

sfv for values of tan x of—
+Y/R
0 1 2 4 @

0 1.000 1. 000 1. 000
.40 1.000 1. 000 1. 000
.60 1OO0 | ceoiecen | cooen 97
. R0 1.000 | coeomeen | cieo- .504

1.10 0 —.702 —1.399

1.20 Q —. 548 —. 809

1. 40 [} —.319 —. 428

1. 60 U] —. 239 —. 281

2.00 0 —.119 —. 154

3.20 0 —.041 —.053
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