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REPORT No. 143.

ANALYSIS OF STRESSES IN GERMAN AIRPLANES.

By Wilhelm Hoff.!

I. INTRODUCTION.

Airplanes were built long before the formulas of physics applying to contrivances heavier
than air were known. New methods, not adopted by and unknown to other technical lines,
were followed. The first inventors of airplanes thought it advisable to select materials that
would best conform to the characteristics of birds’ wings. Feathers, bamboo rods, specially
suitable and carefully selected timbers, high-grade steel, aluminum, and other metals were used.
They were either connected to each other with glue, wire solder, or by welding, etc. The struc-
ture thus obtained was tested and altered until a satisfactory result was secured.

As the first designers lacked the necessary technical training in handling the new problems,
errors and consequent failures were inevitable. This status changed, however, as soon as tech-
nically trained men, knowing from experience the importance of logical and methodical devel-
opment, took up the new line and applied their knowledge to the designing of airplanes.

But there did not exist basic rules for determining the strength of airplanes, and they had to
use, therefore, methods in calculations which would give results that would put the structure at
least on the safe side.

For this reason the strength of the airplane was, in the beginning, either just sufficient or
exceedingly high, depending upon the designer’s intuition or his careful mathematical calcu-
lations.

This pioneer era in aircraft lasted in Germany until 1912. In that year the national air-
craft appropriation (nationale Flugspende) supported by the general enthusiasm of the people,
offered valuable prizes for record flights of every description. Contests were arranged, and the
results achieved far exceeded those ever before known or expected. In the same year the Ger-
man military government for the first time placed larger orders for airplanes. As a consequence,
new airplane factories were built or existing ones enlarged in order to supply the ever-growing
demand for airplanes. The scientific organization united April 3, 1912, in the “ Wissenschaft-
liche Gesellschaft fiir Flugtechnik” which later on changed its name to “ Wissenschaftliche
Gesellschaft fiir Luftfahrt” (WGL). In 1908 the “Modellversuchsanstalt fiir Aerodynamic,”
headed by Prof. Dr. L. Prandtl, was founded in Géttingen by the “Motorluftschiffstudien-
gesellschaft.” It is now called “ Aerodynamische Versuchsanstalt” (AeVA). Toward the end
of 1912 another testing institution was founded under the name of ““Deutsche Versuchsanstalt
fir Luftfahrt” in Adlershof (DVL), which was headed by Prof. Dr. Ing. F. Bendemann. This
institute arranged and carried out as its first great task during the winter 1912-13 the contest
for the Emperor’s prize for the best German aircraft engine, and then took up the solution of all
technical questions concerning aircraft. Departments for engines, propellers, and instruments
and strength testing of airplane structures were developed.

These departments at first based their efforts chiefly on the investigations of . Reissner as
presented in a lecture before the WGL at the end of November, 1912. These investigations
contributed largely to a further development of a reliable design and construction for aircraft.

1 Director, Deutsche Versuchsanstalt fiir Luftfahrt.
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During the following year the DVL, in frequent exchange with the interested parties, worked
out the fundamental instructions for airplane design which were to be taken as authoritative
during the war.

During the maneuvers in autumn, 1913, the Aviation Corps were first employed in larger units,
and the experience then gained taught that airplanes did not have the strength necessary for the
safety of the aviators. Only continuous and most careful examinations of the structural parts
of the airplane which were to be put into service could overcome the difficulties encountered.

At the end of 1913 tests regarding strength and resistance of wings were made for the first
time and were later on extended to the fuselage, landing gear, and other parts of the plane.
The test methods were worked out in the DVL. As a result of the systematic work then done,
the airplanes in 1914 measured up to all requirements regarding strength.

The World War brought new experiences, and the aviation corps at the outset were of the
opinion that scientific research work could be dispensed with. In summer of 1915, however,
this work was renewed and steadily increased. At the end of the war a considerable number of
institutions were working on research problems on a large scale. The military technical depart-
ment (Flugzeugmeisterei) had succeeded in uniting the professional organizations of industry
and science with its own technical staff so as to get a mutual interchange of experience and
ideas. The technical reports of this department (Technische Berichte der Flugzeugmeisterei)
gave all the newly gained experience in a quick and confidential way to the interested parties.
However, the industry was too busy to furnish such reports regularly, so the majority were
prepared by research institutions. Those principles which were considered authoritative for air-
plane work were laid down in “ Bau- und Liefervorschriften der Inspektion der Fliegertruppen”
(BLV). These BLV were issued three times, in 1915, 1916, and 1918. The last edition was not
entirely finished, but contained all the important chapters on design and construction.

Since the end of the war the work on airplanes has been directed toward new lines, especially
those required for commercial purposes. Not every experience gained with war airplanes can be
utilized. The conditions, under which the German airplane factories were compelled to work,
necessitated the utmost economy in every possible way. Methods heretofore used will have to
be carefully revised, good work maintained, imperfect methods abandoned, and the yet unex-
plored developed and finally brought to a more perfect state.

The following article gives a description of the views which prevailed in Germany in the
past and also endeavors to reveal and clarify existing contradictions.

II. THE AERODYNAMIC PRINCIPLES AND THEIR USE IN DETERMINING THE STRENGTH OF
AIRPLANES.

(a) THE AIR FORCES ACTING UPON THE AIRPLANE IN STRAIGHT UNACCELERATED FLIGHT.

The wings are the members which carry the airplane, and their section, shape, and position
are arranged to perform this duty. They are attached to the fuselage, the bearer of the driving
unit and load, and the stationary parts of the tail unit. The latter member has the duty of
stabilizing and steering the airplane. Its construction is similar to that of the wings.

When analyzing strength, the air forces on the wings and tail planes must be considered
jointly on account of their close relation. The air forces on other airplane parts can be neglected

in most cases.
1. WINGS.

The requirements of aerodynamics regarding the wings, whether monoplane, biplane, or
multiplane, are under discussion, and can be summarized as follows: Small proportion of chord
to span of wing and section and thickness of wings in proportion to the required flying capacity;
small air resistance of the exposed parts of the framework.

The first condition renders the construction of wings difficult. Therefore the determina-
tion of the span is usually the result of compromising the requirements of aecrodynamics, on the
one hand, with structural and weight requirements, on the other. With the flying capacity of
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the plane determined, the chord of the wing is determined by the span. The section of the wing
can be selected from the numerous test reports published on this subject.

To keep the number of connecting parts of the wing as low as possible, it is again necessary
to compromise between air resistance and weight.

This report can not deal with these points, which I ¥
will have to be discussed and determined with b”éfb
every new design, but assumes that they will be f‘\s\_l/ ,,(’
fully taken into consideration and that an airplane o R

will be designed accordingly.

The laws of aerodynamics teach that the direc-
tion and the center of pressure of the air forces
on the wings change with the angle of attack; i. e.,
the angle between the direction of the air flow and ;

K

1 ] A ifadinal axis
the chord of the wings. This can be eompared L"T@g"_’”f s s ,3/7:,7:.'

with the influence of forces upon a structure—a ‘
bridge, for instance. The weight of a truck passing

. - . (o>
over a bridge and the constantly changing air 4 gice>
forces require similar assumptions as to load. The b
following illustrations will explain this. 16, 1/—Aff forcss on iEplane:

Figure 1 gives the chosen condition.

The angle of incidence k is the angle between the longitudinal axis, which is usually the
axis running parallel to the axis of the air propellers through the center of gravity S and the
wing chord.

The air forces designated by coefficients introduced by Prandtl are dependent upon the
angle of attack a, 1. e.—

¢g = coefficient of total force ¢ (kg.).

ca = coefficient of lift A (kg.) perpendicular to the direction of flight.

oy = coeflicient of drag W (kg.) parallel to the direction of flight.

cn = coefficient of normal force N (kg.) perpendicular to the wing chord.
¢y = coefficient of tangential force 7' (kg.) parallel to the wing chord.

The coefficients multiplied by the wind pressure ¢ (kg./m.?) and the area of the wings /' (m.?)
give the air forces in kg. which act upon the wings.

The wind impact pressure ¢ is derived from the air speed V (m./sec.), the density of the
air § p (kg./m.?), and the acceleration by gravity ¢ (m./sec.?) according to the formula:

LA
q % v

The air forces create a moment around an axis drawn through the front points of the chord
perpendicular to the plane of the figure and running parallel to the leading edge. This moment
defined by a coefficient is expressed by the equation:

S
Cm=7 Cn

t

t (m.) indicates the chord length of the wing; s (m.) the distance of the point (center of presa
sure) at the intersection of the total air force and the wing chord from the projection C of the
leading edge upon the chord.

In Figure 1 the resultant coefficient ¢, for a certain angle of attack has been divided into
the components ¢ and ¢y and also into the components ¢, and ¢,. Both divisions can be of
great advantage.
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The following illustrations have been prepared with an assumed structural resistance for
an airplane ¢ws=0.05: Figure 2 shows the Lilienthal polar diagram (abscissa ¢y, ordinate c,
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with the angle of attack « in the curve); Figure 3, the coefficients ¢; and ¢, in relation to the
angle of attack a; Figure 4, the coefficients ¢y and ¢y in relation to the angle of attack a; Figure
5, the coefficients ¢, in relation to the angle of attack a.
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Using the relations given in these figures there is also derived : Figure 6, showing the distance
s of the center of pressure from the leading edge of the wing in relation to the angle of attack a;
Figure 7, showing the inclination X of the total air force @ to the chord in relation to the angle
of attack a.

The curves shown are of importance for aerodynamic as well as strength calculation of an
airplane. They indicate the necessity of considering air forces which change direction and
position, whereas the range of the angle of attack in regard to the flight of an airplane is not as
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F16. 6.—Distance s, of the center of pressure, from the leading edge for FIG. 8.—The resolved normal load N on spars.

thevarious load cases, in relation to the angle of attack a.

yet determined. This depends upon the size, the weight, the power capacity, and the purpose
for which the airplane is constructed.

The range of angle of attack in war airplanes varied, being greatest in pursuit and attack
airplanes. As long as the steering of the airplane depends upon the ability of the pilot, a certain
additional factor of safety must be used in calculating the strength of the structural parts
effected by this range of angle of attack or variation in direction and magnitude of stresses.

Following Reissner’s theories, which he presented in a lecture before the WGL in December,
1912, on the strength and safety of airplanes and which he developed later in an essay prepared
and published with the aid of his assistant, F. Schwerin, entitled, “ The Stress Analysis of Air-

105114—22——2
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plane Spars,” we have for a given arrangement of the spars, the loads upon the spars with
changing angle of attack without calculating the partial forces and the forces T acting in the
direction of the chord regardless of the thrust of the propeller.

Figure 8 illustrates the arrangement of spars. The spar loads are represented by the
forces V (kg.) and H (kg).

The equations are:

N=V+ H and
sN=t;V+ (t+tn) H
= cusqF
= ontqgF
R :ulting in:
Y t‘+t“c e ¥
T n m
gl tu
Hof o b )
U7 Nl
T |
| Assumpiion
: \' . GeeFig8) bl |2
120 i F=06 %"250 T 3\e
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FIG. 9.—Spar loads Vand H in relation to the angle of attack a. F16. 10.—The four load cases on wings.

The air pressure resulting from a uniform gliding flight is determined by:
= 8.
= gl
From this equation the forces upon the spars are derived:

e AT

tu Cg
t AR
H=[Cm—%0n ZI

Ce
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For an illustration, @ is taken as 1,000 kg., and for the wing values already mentioned the
spar loads V and H are given in Figure 9 in relation to the angle of attack . This figure shows
that the spar loads, depend to a large degree upon the angle of attack. In a vertical dive
(a= —4.25°) they are equal and opposite to each other.

Reissner’s method can be used whenever figures are available for the angles of the wing
section or when they can be derived from existing ones.

As this is not always the case, suggestions of my former assistant Madelung, which tend
toward simplifying these matters, were introduced for the first time in the BLV of 1916. They
lustrate the air forces upon the wing with sufficient accuracy, regarding position and direction.

From the many possible positions and directions of the air forces, due to the change of the
angle of attack, four special cases are selected and illustrated in Figure 10.

(A) Pulling out of a dive—The air force is perpendicular to the wing chord, intersecting
same at a point one-third of the chord length from the leading edge.

(B) Gliding flight.—The air force is inclined in the proportion of 3 : 1 to the chord and
intersects the chord at a distance of one-third of the chord length from the trailing edge.

(C) Dive.—The air force is parallel to the chord and at a distance below, equal to two-thirds
of the chord length. As this assumption was aerodynamically incorrect, the distance was
increased in the BLLV of 1918 to 124 of the chord.

(D) Flying upside down.—The air force is inclined in the proportion of 4 : 1 to the chord
and intersects the chord at a distance of one-fifth of its length from the leading edge.

It can be seen from the illustration in Figures 6 and 7 that the above four cases occur with
an exactness sufficient for aerodynamics. Any other example will certainly not give such good
conformity with qualitative accuracy.

On the chart of center of pressure travel the points of the curve corresponding (fig. 6) to
one-fifth, one-third, and two-thirds of the chord length and its asymptote to its infinite branches
show that the following angles of attack apply to the four cases chosen for determination of the
load:

Case A: @ = + 10°
B:a= —1.9°
C: a = — 4.25°
D: @« = — 7.5°

The angles of inclination of the air force X belonging to these angles of attack are to be taken
from Figure 7 and compared with the commonly accepted inclinations:

Angle .
According to According to
Figure 7. BLYV, 1916-1918,
Case A: +93° w:1 +90°
B: +72° 3t 1R 7 10565
@ 0° 1o 0°
D: —63° 4 :1 —175.964°

The conformity of the angles of inclination as adopted in the BVL with the results of the
example is very unsatisfactory in case D. This deviation is expected as greater forces are created
in the truss due to the steeper air forces. A special calculation of the truss for load strength due
to the effect of inertia is unnecessary. Figure 9 shows the range of the spar loads V and H in
relation to the angles of attack in cases A, B, C, and D. In cases A, B, and D the spar loads
almost equal the total force ¢. 1In case C they balance each other.

Figures 11 to 14 show a biplane in the four positions corresponding to conditions of flight
selected as cases A, B, C, and D. In case C the airplane, lying somewhat on its back in conse-
quence of the negative angle of attack and force exerted by the tail unit in balancing the wing
momentum, has a lateral component of motion besides the vertical.
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As long as the wing is considered as a unit, it is permissible to compute with the total air
force alone. This total air force is produced by partial air forces which are spread along the chord
of the ribs according to certain laws. The first book by Eiffel and the Sixtieth Report of the
English Advisory Committee for Aeronautics, 1911-12, contain valuable information on this
subject. Heimann and Madelung explained that through assuming double triangular distribu-
tion for the load, cases A to D, the air forces can be estimated for the strength calculation with
sufficient aerodynamic accuracy.

fio* 6
¢ .
o 5

F1c. 14.—Load case D: flying upside down. F1G. 13.—Load case C: dive.

Dir

In Figure 15 the loads upon the ribs applying to the four above-mentioned cases are plotted
as proposed by Heimann and Madelung. In case C the severer condition of the BLV, 1918,
is also taken into consideration. In conformity with Figure 10, the following normal forces
and moments about the intersection of the chord with the leading edge are given:

Jads: N ormal. force Moll(?:(?i; glé%lé‘;-the Remarks.
[ AN ST S Q. L o=+yo33306 BLYV, 1916-1918.
3.G 23 1@
HOL e ol b 3G o086 231G 10632 10 BLYV, 1916-1918.
S sy0 T
2 to=-0.667 1@ BLY, 1916.
(s el it o A0SR 0 #
o 1G=+1.667 tG BLYV, 1918.
e 4G _hona 141G 19410 BLYV, 1916-1918.
V16+1 5 17
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The areas of loads shown in Figure 15 again result in partial pressures upon the upper and
lower surfaces of the wings. The question to be determined is whether, and to what extent
is a subdivision of these forces necessary. Concerning ribs of the airplane of to-day this is not
as yet necessary, but as the ribs become larger,

P 4 . ! : ;

Cs 125005 and especially if the cap strips are designed as
- independent girders, this consideration will
| become necessary.

Db : The results obtained and published, re-

8" +4266 | garding tests on airplane models in different

A +a000j : countries, are classified for a fixed aspect ratio.

b LBe7P ' Those of ‘.che AeVA in Gottingen apply for an
| aspect ratio of 6.

i ' The formula developed by Albert Betz per-

g —gg&i- mits of a transfer of wings with different spans

from a monoplane to a biplane, without great
difficulty. The formulas are given in Table I.
Using the Betz formulas the size of the air
I force can be determined for any proportion of
: the wings and for any shape of the camber.
I o
C,s~20.000 H Rib lood
Ny = [000pt
Ny = 0948 .
N : Neg= 0.000 -
SRR N,= 0.000 -.
g I Ny =-0.970 "
L]
QU ’

0 L H

& 3 : Crossing angle \  Wind direction

8 a I Leading edge moment ofictiords=t=ctircloly T

8 \E i M, = 0333pf2 Angle of stagger-3 \

8 5 | My = 0632 -. Y oy

~ .5 M= 0677 ~. e

§ M= 1677 =. \

Q i Mg ==0.194 ~. VAt

:,’:\s " ?HL- W%\ i

Q I i / 1

. G Je— 1 2o, .I \%\
| Windpressure=q= g LS e |

C/G—S0.000 g JQ \_1,
F1G. 15.—Distribution of wind forces along the wing chord for cases

A, B, C, and D. Moment about the leading edge. F16. 17.—Angle of stagger B and crossing angle of chords ¢ of a biplane.

Until 1918 the specified ratio between upper and lower wing was 11:9 or 55:45 for all
load cases on all types of biplanes. This is substantially an acceptance of the proposals of
Reissner and the DVL, who used this relation from the very beginning in determining strength
and stability. This ratio is taken from Table XX of the first complete edition of Eiffel’s book.

An exact calculation reveals that this ratio can not be maintained. The Betz formula
of conversion makes it possible to prove in special illustrations that the ratios depend on the
angle of stagger 8 and the crossing angle of chords ¢ for the different load cases and provide a
basis for the 1918 BLV.

The angle of stagger 8 and the crossing angle of chords { are explained in Figure 17. Il-
lustrations 18 to 21 represent the conditions of specific loading according to the BLV of 1918
on the upper wing in relation to that on the lower wing of a biplane. It is to be noted that
the angle of stagger applies to the wings and not to the spars.

The angle of stagger of 2614° corresponds to a displacement of the wing from its normal
position of half a chord length.

In case A the curves for 20° and 2614° are practically the same. In case C the distribution
of the air forces is independent of the angle of stagger In case of a biplane with crossing
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ANALYSIS OF STRESSES IN GERMAN AIRPLANES. 11

chords one of the wings has a positive lift and the other a negative. These forces are opposite
and equal to each other. They have either to be taken from a polar diagram or to be calculated.

As an example, for angles 8 = +10° and {= —2° the conditions of load for the different
cases are enumerated below:

Case.

A ’ B c D
Specificipressure enpperiwanges T mi T SO TS U0 T S ST R 64. 5 70. 4 39.2 43.0
Specificipressurefontl oW erEWiIn g M S a 35.5 19.6 60. 8 57.0

This tabulation shows the importance of discarding the adopted relation of 55:45.

The above holds good for the distribution of air forces along the wing chord. The knowl-
edge of the lateral air distribution is of the same importance and can be more easily and ac-
curately treated than the longitudinal distribution.

The first investigations by Eiffel revealed that the lateral distribution of the air forces is
irregular in the center and flows off toward the edge. The assumption of a uniform load upon
the wings from the fuselage toward the tip of the wings is approximately correct at the center
of the wings only, as the load would be too great toward the tip. Reissner advocated this
distribution in his lecture in 1912, and for some time this regulation was utilized in the con-
struction of airplanes. However, when airplane wings with a washout were introduced, the
DVL decided to take a different view, consequently, it was decided that the air distribution
from the center toward the tip of the wings was uniform to a point one chord length from the
tips of the wing. It was assumed that from this point
on to the tip of the wing, the load decreases until it
reaches half the value of the load in the center (see fig.
16). The reduction to zero on the tip was not considered
advisable for the reason that the ailerons are usually
extended to the tip of the wings and when in use produce
an increased stress at this point. In case of overhang, it has been assumed, in accordance
with the BVL of 1918, that the load is uniform up to the tip.

Wings that vary in section and plan construction and in angle of incidence require careful
consideration. When proper aerodynamic data are not available, which is frequently the
case, the rules for ordinary wings have to be carefully examined before they can be applied.

In most cases no difficulty will be experienced in investigating the chosen shape of wings.
Aside from the summary investigation of the influence of the air forces upon the wings, such
members of the wings which are attacked by an accumulation of component forces must be
carefully considered. The leading edges and the tips of the wings represent such points. It
will be remembered that the component forces on leading edges and on the tips of the wings
increase suddenly. Iixperience teaches that insufficient regard for the effect of tip vortices
has resulted in the fabric being torn off at the tips when insecurely fastened.

Recently A. v. Parseval in a lecture before the WGL on October 15, 1920, referred to the
sucking effect of these eddy currents.

Fi6. 16.—Lateral distribution of wing forces.

2. TAIL UNIT OR THE EMPENNAGE.

The air forces acting upon the empennage, which have to be considered when calculating
the stability, can in the present state of airplane design be estimated only according to assump-
tions which will simplify matters.

The tail unit consists of the elevators, which impress pitching moments to the airplane,
and the rudder, which, acting with the ailerons in the trailing edge of the wings, effects the
yawing and rolling movements of the plane.
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As to calculations of strength, the ailerons belong to the wings and do not therefore require
special attention under this heading.

The air forces acting upon the elevators can be easily derived from the air forces acting
upon the wings. The air forces acting upon the rudder are not so readily explained. It was
usually assumed that the loads on the rudder were the same as those on the elevators, although
this was known to be unnecessarily severe.

Messrs. R. Fuchs and L. Hopf explained how the moment turning around the center of
gravity S of the airplane can be calculated in a simple manner from the coefficients ¢4, ¢y, and
cm of a wing and the coordinates A (m.) and » (m.) of the center of gravity of the airplane
(fig. 1).

In this figure the point (' was taken as the origin of the ordinates and was obtained by
projecting the leading edge upon the wing chord.

The wing moment Mf (mkg.) is now expressed as:

=qtFicn+ [c,, sin («—k) — ¢y cos (a—k]— [(’a cos (a—k) + ¢y sin (@— 7L)]J

The direction of Mf is taken as positive if the moment tends to tilt the airplane downward.
If, however, it is assumed, as in the preceding chapters, that when calculating the spar loads
the wind pressure is eliminated, deductions may be made according to the following equation:
G
ol
In the figure % is introduced depending upon the chosen section and dimensions of the wing
and varying with the angle of attack a:

k=cl{cm+%[ca sin (a—k) — ¢y cos (oz—k)]—ztj[ca cos (@—k) + ¢y sin (a—k)]
g

then the moment is:
.ﬂ’[f = LtG
] | ] ] ] In the example of a wing, as given in the preceding
k- {‘-’m* [C sin(oe-k) ~C,, cosfor- k)]_ chapter (see figs. 2 to 9), with the position of the cen-
"‘[Z o (“'k) B 5'”( “‘k)]] ter of gravity %= L il ot angle of incidence

06 k= 5° £l s g
; t of k=5°, the line of the obtained — % values is plotted

against the value of the angle of attack (see fig. 22).
l This illustrates that the coefficient  is smaller if the
'l \ angle of attack is great but increases gradually with

"II\.

AN -
3 t

S
A

decreasing angle of attack and reaches a maximum
\ near the value of —4° for the angle of attack (dive,

case C). It again decreases below this value. The
\ curve representing the values & depends to a large

Coefficient =k
(%]
Ny

\ extent upon the values % and % The position of the

v \ center of gravity and therefore the coordinates 7 and
o . an I are to be chosen in such a way that the coefficient
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