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AERONAUTICAL SYMBOLS 

1. FUNDAMENTAL AND DERIVE.D UNITS 

Metric English 

Symbol 
Unit Symbol Unit Symbol 

Length ______ _ l 
t 
F 

meter _________________ _ m 
s 

kg 

foot (or mile) ________ _ ft. (or mi.) 
sec. (or hr.) 
lb. 

Tirne ________ _ second __________ ~------ second (or hour) ______ _ 
Force _______ _ weight of one kilogram ___ _ weight of one pound __ _ _ 

PoweL_______ P kgjmjs ______ _____________________ horsepower __________ _ 
S d {krn/h__________________ k. p. h. rni./hr. ______________ _ 

hp 

pee -------- ---------- mjs____________________ m. p. s. ft.jsec. ______________ _ 
m. p. h. 
f. p. s. 

2. GENERAL SYMBOLS, ETC. 

W, Weight = mg 
g, Standard acceleration of gravity =9.80665 

m/s2 =32.1740 ft./sec.2 

m, Mass = W 
9 

p, Density (mass per unit volume). 
Standard density of dry air, 0.12497 (kg-m-4 

82) at 15° C. and 760 nun = 0.002378 
(lb.-ft.-4 sec.2). 

Specific weight of "standard" air, 1.2255 
kg/ma = 0.07651 lb./ft.a• 

mk2, Moment of inertia (indicate axis of the 
radius of gyration k, by proper sub
script). 

S, Area. 
S1I), Wing area, etc. 
G, Gap. 
b, Span. 
c, Chord. 
b2 

S' Aspect ratio. 

JL, Coefficient of viscosity. 

3. AERODYNAMICAL SYMBOLS 

V, True air speed. Q, Resultant moment. 

q, 

L, 

Dynamic (or impact) pressure=iPVz• 

Lift, absolute coefficient OL=:S 

n, Resultant angular velocity. 
Vl 

p-' Reynolds Number, where b is a linear 
JL 

dimension. 

D, Drag, absolute coefficient OD=::S 
e. g., for a model airfoil 3 in. chord, 100 

mi./hr. normal pressure, at 15° C., the 
corresponding number is 234,000; 

0, 

Profile drag, absolute coefficient OD(J=~S 

Induced drag, absolute coefficient ODj=~S 
:L Op, 

Parasite drag, absolute coefficient ODp = ~S 
Cross-wind force, absolute coefficient 

o 
a, 

or for a model of 10 cm chord 40 mIs, 
the corresponding number is 274,000. 

Center of pressure coefficient (ratio of 
distance of c. p. from leading edge to 
chord length). 

Angle of attack. 
Angle of downwash. 

a o, Angle of attack, infinite aspect ratio. OC=qS 

Resultant force. R, at, 
i1l), Angle of setting of wings (relative to aa, 

thrust line). 
Angle of stabilizer setting (relative to 'Y 

thrust line). 

Angle of attack, induced. 
Angle of attack, absolute. 

(Measured from zero lift position.) 
Flight path angle. 
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A COMPARISON BETWEEN THE THEORETICAL AND MEASURED LONGITUDINAL 
STABILITY CHARACTERISTICS OF AN AIRPLANE 

By HARTLEY A. SOULE and JOHN B. WHEATLEY 

SUMMARY 

This paper covers an investigation oj the application 
oj the theory oj dynamic longitudinal stability, based on 
the assumption oj small oscillations, to oscillations an 
airplane is likely to undergo in flight. The investigation 
was conducted with a small parasol monoplane jor the 
fixed-stick condition. The period and damping oj longi
tudinal oscillations were determined by direct measure
ments of oscillations in flight and also by calculation in 
which the factors that ente1' into the theoretical stability 
equation were determined in flight. A comparison oj 
the above-mentioned characteristics obtained by these two 
methods indicates that the theory is applicable to the 
conditions encounte1'ed in flight. 

The investigation was extended to determine the jeasi
bility oj calculating the stability characteristics jrom basic 
data oj the type that would be available to a practicing 
designer. The results oj this phase oj the wode show that 
jor the power-off condition the agreement between the 
actual and predicted stability characteristics was reason
ably satisjactory, except perhaps when the predicted sta
bility is close to neutral. For the power-on condition the 
stability can not be predicted owing to the present lack oj 
information concerning slipstream effects. Further prog
ress in a solution oj the problem of longitudinal stability 
depends largely on increasing the knowledge oj these 
effects. 

INTRODUCTION 

With each new airplane design, the designer is con
fronted with the problem of attaining some, although 
not a definitely established, degree of longitudinal 
dynamic stability. The theory utilized in this prob
lem has been evolved and published in various stand
ard works such as those of Bryan, Ball'stow, Cowley 
and Levy, and Glauert. This theory involves the 
basic assumption of small deviations from the steady 
state and the application of numerous data relating 
to the airplane. The theory is not widely applied in 
design, probably because an acceptable (although not 
necessarily the most desirable) degree of dynamic sta
bility is often attained by the application of simple 
rules developed from experience, and also because the 
theory is fairly complex and its validity has not been 
clearly demonstrated. New designs, however, are fre-

quently found to possess decidedly objectionable 
stability characteristics. Furthermore, it is quite 
probable that the stability characteristics of many 
airplanes could be considerably improved. Owing to 
the lack of knowledge concerning the factors that tend 
to produce dynamic stability and the relative impor
tance of these factors, the natme of the changes nec
essary for improvement is not generally understood. 
Thus there has arisen the need for a comprehensive 
study of the problem to ascertain the validity of the 
theory, to determine in what respects, if any, it requires 
modification, and to establish thereby the procedure 
by which the designer can predict the stability char
acteristics of an airplane from basic data. An addi
tional phase of the problem arises from the fact that 
the most desirable degree of stability is not definitely 
established. The solution to this phase probably 
should be obtained by determining the degree of 
dynamic longitudinal stability possessed by airplanes 
that have very good flying characteristics. 

For the reasons mentioned above, an investigation 
of the dynamic longitudinal stability of an airplane in 
flight with and without power was undertaken. The 
results of the investigation, as reported herein, are 
divided into two parts. The first deals with checking 
the validity of the basic assumption of small devia
tions from the steady state against the actual condi
tions encountered in flight. The second deals with 
the calculation of stability from basic data and the 
comparison between calculated and test results. The 
flight tests required by the investigation were made 
with a small parasol monoplane. No attempt was 
made in the present case to establish the most satis
factory degree of dynamic longitudinal stability. 

THEORY OF STABILITY 

GENERAL PRINCIPLES 

As previou ly mentioned, the classical theory of the 
stability of small oscillations, its application to the air
plane, and the development of the equation of dynamic 
longitudinal stability are completely covered in the 
various works on the subject. The standard form of 
the stability biquadratic, however, is given in dimen
sional units and is very difficult to handle. Glauert 

:J 
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has developed a nondimen ional form for the equation 
(reference 1) which i more convenient in application 
and which greatly implifies the analysi of the longi
t.udinal stabilit.y. This nondimensional form has been 
used in the present ea e. 

For convenience of reference, the transformation 
from the dimensional to the nonclimen ional form of 
the stability equation is given in the appendix u ing 
the absolute system of units. As explained therein, 
only the long-period, lightly damped oscillation is con
sidered. The nondim.ensional expression for the peri.od 
of this oscillation is 

27T' 
T1

= 1~_ (DC-BE)i 
-V 0 20i 

and that for the damping coefficient is 

where 
B = -mQ-xu - zu; 
0 = ZWmQ + ZfiJ'T u + mQx" - Z"Xw - J.1.mw 

1 1 
D = '2 J.l.muOL + J.1.mwx" + '20L tan 80 J.l.mw 

+ mq (z"xw - x"zw ) - XwJ.l.1n" 
and 

If the damping coefficient is negative, the motion is 
stable; that is, the oscillations are damped; and jf it is 
positive the motion is unstable. 

The terms Xu, Xw, Zu, Zw, mu, mw, and mq are the non
dimensional derivatives (or derivative coefficients), 
and J.I. is a parameter. As noted in thp. appendix the 
length l on which mu , mw , m q , and J.1. are based can be 
chosen arbitrarily. The length used throughout this 
paper is the di tance from the center of gravity to the 
rudder post. The terms OL and 80 refer to the initial 
condition. 

The above expressions for the period and damping 
can be readily converted to the dimen ional form for 
comparison with experimental data by introducing the 

pVS 
[n,ctor m 

and 
r = ~'/VS 

m 

where T and r are the period and the damping factor, 
respectively, in dimen ional form. 

THE RESISTA CE DElUVATIVES IN TERMS OF FU DAME TAL Am · 
PLA E CHARA TERl S TfCS 

The terms Xu, :1'w, OL, 80 , Z,,' Zw, mu, mw, m q, and the 
parameter J.1. must be evaluated for an andy i of the 
dynamic longitudinal stability. The manner in which 

most of the derivatives can be expre sed in terms of the 
fundamental airplane characteristics will now be shown. 
Because of the marked change produced by the pro
peller in the stability derivatives, the derivative will 
be fll' t discussed for the power-off condition, then for 
the power-on condition. 

Power-off.-A basic assumption for tills ca e is that 
with the propeller idling the V/nD ratio for the propeller 
remains constant fOl' mall changes in V. The assumed 
initial conditions is a steady glide with the propeller 
operating at the V /nD of zero effective thrust. 

In the appendix it is shown that for the power-off 
condition Xw= - OD; similarly, it can be shown that 

O d Orne 
Zu = - Lan mU=-l- ' 

These expressions for Xu and Zu apply when OD and 
OL are taken a the over-all drag and lift coefficients of 
the airplane. As the airplane is in the steady gliding 
condition Om is zero and con equently mu = O. 

It is noted at this point for later reference, that in 
actual gliding flight with throttled engine the pro
peller, in general, develops a small effective thru t, 
T, which may have an appreciable effect on the term 
Xu' In this case 

X =T- D 
= OT p V~ D' - 0 D ~~ P Vi S 

and for con tant V/nD 

_207·Di 0 -0 I Xu - -----s- - D - D 

where OD' is the effective drag coefficient of the air
plane-propeller combination. 

The velocity w introduces a change in the magnit.ude 
and direction of the resultant velocity. The change in 
magnitude, however, is a second order effect and can be 
neglected. The change of angle causes a change in 
the flight-path angle. Then 

dX dX d8 
. Xu> = dw = dO dw 

for a small angular displacement 8 

pVi pV~ . 
X = - 0 D 2 S cos () + OL"2 S sm 8 

a. () is small, cos () = 1 and sin () = () 
Also, it may be assumed that () equals the change in a . 

Then 

By a similar procedure it is found that 

}' dOL 11 0 zw=- 2 da- /2 D 
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The term mw is given by the expression 

1/ C dOm 
mw= I2 lTJ da 

The coefficient 1nQ of the moment derivative M Q i It 

basic chltracteristic of the airplane comparable with 
OL, 0 D, and Om. The expression for this coefficiont is 
simply 

The term" llIQ " can be determined from cit1cuJatiolls 
by the method de cribed later in the paper, or by direct 
mea mement with a model or full-sized airplane. 

The foregoing di C1.l sion shows that a complete 
(,heoretical analy is of the dynamic longitudinal 
Lability for the power-off condition can be readily 

made from basic data. The basic data required for a 
complete detormination of the power-off stability 
characteri tics can be ummarized as follow 

Wing aroa. 
Mass of the airplane. 
A characteristic lengLh, l (here taken as the 

distance from the center of gravity to the 
rudder post). 

10ment of inertia about the Yaxis. 
Lift, drag, pitching moment, and rotary deriva

tive coefficient as function of anglo of attack. 
Power-on.-As already pointed out, the propeller, 

b cause of its thrust and slipstream, causes con ider
able change in the stability derivatives. In the first 
place the propeller, when operating at a positive 
thru t, mu t havo a di tinct series of stability deriva
tivo of its own which are additive to those of the 
airplane. (Reference 2.) It is very probable that the 
majority of these, particularly those depending on 
angular velocity, are negligible. The variation of 
longitudinal force or thru t with velocity, however, 
must be considered. Beside the derivative, of 
the propeller, thore is It large chango produced in the 
tability dorivatives of the air plano beca1.l 0 of rela

tively high velocity of tho slip tream flowing over the 
central portion of the wings and over the lu elage and 
tail. Tho increase of drag due to this effect need not 
be considered when the propeller characteristics are 
based on effective thrust. 

Om present knowledge of the character of the flow 
behind a propeller doe not permit a sati factory pre
diction of the effect of the slipstream on the stability, 
although the experiments discussed later show the 
magnitude of the effects on some of the derivatives for 
this particular airplane. The following di cussion of 
the power-on derivatives will be carried a far as om 
present knowledge of the propeller effect allows. 

A ba ic assumption in this case is that the propeller 
torque remain constant. The assumod initial con cli
tion i teady level flight. 

The thru t now varies with velocity so that we ha"e 

1 dT 
Xu= pSVdV- OD 

As T is hore taken as the offective thru 1" OD i t he 
ame as for (,he power-off condition. An expres ion for 

~~ in term of generalized propeller characteristics hal'; 

been derived by Glauert (reference 2) for the assumption 
of con tan t torque. Thi expression is 

where 

dT 2T 1"2 (2(£ - 31' + r:1) 

dV = - V (1 - 1'2) (2a + 1.3) 

a is a con Lant = 1.325 

and l ' i the ratio of V /nD of Lhe ini(,ial ('onditioll 
to V /nD for zero thrust. 

Oonsideration of Glauert' expression shows that , 

although the term ~~ varies considerably with changes 

in l' over the normal speed range, tho term i alway~ 

mall relative to OD. Con equently, it is permissible to 
evaluate the term on (,he ba is of (,he average value of 1'. 

Then we can write 
dT 2'1' 
dV=- VJ{ 

1 clT 
pSVdV= - OD K 

since the thrust oquals the drag when the angle of 
at.tack of the thru t line i neglected. Then 

Xu = - D(l + K) 

The form of the expres ion for Zu is the ame a~ 
for the power-off but, owing to the previou Jy men
tioned lip tream eifect, the lift coefficient at a given 
angle of attack i ill reality not the same as in the 
power-off condition. Actually 

Zu= -0£' = - (('L + /:::,. OL) 

where /:::,.OL represents the efIects of the lip Lrcam and 
the thru t component on the lift coefficient. The term 
/:::,.OL can not be satisfactorily evaluated. The experi
ment discussed later show that at least in thi particu
lar caso this term is not negligible. 

The principal difficulty in the evaluation of the 
power-on stability derivatives pertains to the moment 
derivatives. Both the thru t and lipstream effects 
enter into these terms . The thrust moment is intro
duced because in the general case the line of action of 
the propeller does not pass through the center of 
gravity. The action of the lipstream is more complex. 
The change of lift coefficient of the wings is accom
panied by a change of downwash angle which in turn 
produces a change of angle of attack at the tail. In 
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addition to the change of angle of flow at the tail, the 
velocity there is increased. As the variation of the 
angle and velocity at the tail with a change in the 
airplane's velocity is not known, it is impossible to 
evaluate mu. That mu is not zero for the power-on 
condition is demonstrated by the change of balance 
that takes place when power is applied and the V/nD 
of the propeller changed from that for zero thrust to 
some other value. The factors that complicate the 
solution of m" also enter into mw. The moment deriva
tive mq is less complex and varies from the power-off 
derivative essentially because of the relatively greater 
velocity over the tail for the power-on condition. 

Attempts were made to evaluate the derivatives 
m", m w, and mq for the power-on condition on the 
basis of assumed flow over the tail. Although reason
able agreement was obtained for the damping and period 
calculated from computed values of these derivatives, 

• 

from the type of d"1ta obtainable before the airplane 
is constructed. Complete mea mements were made 
for the power-off condition. For the power-on condi
tion only the derivatives depending on CL and CD 
were determined as it is impossible to measure the 
moment derivatives for this condition. 

THE AIRPLA E 

The airplane used in the investigation was a Doyle 
0-2, a small parasol monoplane. (Figs. 1 and 2. ) The 
dimensions required in the study of longitudinal 
stability are given in the following table: 
Weight ___ ______ ______ _______ ___ ___ _ 1,290- 1,340 lb. 
Moment of inertia about Yaxis (B) ___ _ 673 slug ft .2 
Wing dimensions: 

Span __ __ __ ______ _______________ 30.0 ft. 
Chord __________________________ 5.50 ft . 
Area ___ ________ ______ _____ __ ___ 159.5 sq . ft. 
Airfoil section ___________________ Clark Y . 

FIGURE I.-Front view of Doyle 0-$ a irplane 

so many arbitrary assumptions had to be made in 
their evaluation that it is not con idered worth while 
to include either the methods used to compute the 
derivatives or the results of the calculations made 
with them. 

EXPERIMENT AL STABILITY 

Flight tests were made with the airplane utilized 
in this investigation to determine the stability 
derivatives previously discussed and also to determine 
the period and damping of oscillations in flight by 
direct meaSlll"ements. These data served two pmposes. 
By comparing the period and damping found by 
direct measurements with the period and damping 
calculated from derivatives obtained from flight 
data, it was possible to test the applicability of the 
theory. Also, by comparing the derivatives and ta
bility characteristics obtained from flight data with 
those calculated from basic data for the airplane 
elements, as explained later, it was possible to te t 
the precision with which stability can be predicted 

Center-of-gravity position: 
Below ehord __ ___ ________________ 23.4 in., 36.0 per cent 

chord. 
Rear of L. E _____ _______________ 22.4 in., 34.0 per cent 

chord. 
Above thrust line (h) ____________ _ 12.0 in. 

H orizontal tail surface : 
Span ___________________________ 9.0 ft. 
Area ___ __ _____________________ _ 18.7 sq. ft . 
Airfoil section ___________________ Flat plate. 

Distance from c. g. to rudder post (l ) __ _ 11.8 ft. 
Engine _____________________________ LeBlond, 60 Itp 
Propeller pitch-diameter ratio ________ _ 0.60 
Wing loading ________________________ 8.09- 8.40 lb. /sq. ft . 
Power loading ___ ______ _______ _______ 21.5- 22.3 lb ./hp 

INSTRUMENTS 

The instruments used during the flights were: 
Air-speed recorder. 
Recording inclinometer. 
Timer. 
Control-position recorder. 
Angular-veloci ty recorder. 
Angle-of-attack recorder. 



LONGI'rUDINAL S'.rABILITY CHARACTERISTICS OF AN AIRPLANE 7 

All the in truments are photographic recording. 
Detailed de criptions of the air-speed recorder, in
clinometer, timer, control-position recorder, and angu
lar-velocity recorder are given in references 3, 4, 5, 6, 
and 7, re pectively. The angle-of-attack recorder is a 
recent development. It consists of a light wind vane, 
free to rotate about an axis parallel to the Yaxis of the 

angle was obtained from the angle of attack and incli
nation of the X axis. The lift and effective drag 
coefficients were deduced from the wing area, dynamic 
pre. sure, and components of weight parallel and per
pendicular to the glide path, the effective drag coeffi
cient being the drag coefficient of the airplane-propeller 
combination. In addition to the above-mentioned 

FIGURE 2.-Side view of D oyle o-! airplane 

airplane, mounted about a chord length ahead of the 
wing at the outboard strut fitting. The motion of the 
vane is transmitted through the supporting tube by a 
fishline to the recording mechanism. The vane and 
recording mechanism are so placed in relation to one 
another that when the vane i in the desired position 
the recording mechanism may be embedded ill the 
wing so as not to di turb the flow. A schematic 
sketch of the angle-oI-attack recorder is shown in 
Figure 3. 

FLIGHT PROCEDURE 

Preliminary flightso-Preliminary to the main flight 
tests it was necessary to calibrate the air-speed sy tern 
and the angle-of-attack recorder in flight. For this 
purpose a trailing Pitot-static tube, a second air-speed 
recorder, and an indicating statoscope were added. 
The air-speed system wa calibrated against the trail
ing Pitot-static tube suspended 70 feet below the wing. 
The angle-of-attack recorder was calibrated against the 
inclinometer in the airplane during steady level flight. 
The calibrations were made over the complete speed 
and angle-of-attack range. 

Determination of OL and OD o-Lift and drag co
efficient for the power-oiT condition were determined 
in glides with the throttle closed. The dynamic 
pressure, angle of attack, and inclination of the X 
axis were recorded directly in glides. The glidlng 

items, the average altitude, engine speed, and aIT 
temperature were noted during each glide. 

Lift coefficients for the power-on condition were 
obtained by recording dynamic pressure and angle of 
attack in a series of level-flight runs. The true drag 
coefficients for this condition were deduced from the 
results of the glide te ts by correcting the effective drag 
coefficients for the calculated drag of the idling pro-

--- -- --- --- ----r- -
--------f- - -- -- -,-: :-·a-- -~ - - -;', : o, Recording instrument 

, _.- .",0" \. 

~:~m·-- -~ ---rffftS~L :::;> >b 11 Wing contour 
; :I'-./Ji , ens ;:. 
, ,'qlSJ. ----- -- '." : b Mirror ,--Support tube 

C::~·_~~~~i~~~~;~-{:~:~':,. _ ~~~":~~~T -.... ---- -~ __ I:.) 
Cord for t ron smitting-"-- c, Light source 
motion o f wind von e f o 
recording instrument "'Wind von e 

F IGURE a.-Schematic sketch of the angle-ol-attack recorder 

peller. The thrust coefficients required in these 
calculations of propeller drag were determined from 
the actual V/nD of the propeller in each glide and a 
curve of calculated propeller characteristics. 

Determination of Om.-The static pitching moment 
was obtained from the results of glide test in which a 
known pitching moment was applied. The pitching 
moment was applied by a sliding weight mounted so 
that its position could be controlled from the pilot's 
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cockpit. A IOO-pound lead weight was mounted on a 
teel tube in the front cockpit and was fitted with a 

control and locking device 0 that it could be locked at 
the center of gravity and at variou known distances 
from the center of gravity. (Fig. 4 and 5.) 

The airplane wa first glided with the weight at the 
center of gravity at a given airspeed and with the 
elevator held stationary. Records were made of the 
air speed, angle of attack, and elevator position. The 
elevator position was recorded to make certain that 
the elevator angle remained constant during the runs. 
Subsequent records were made with the weight moved 
to a new position and with the original elevator angle. 

I I 1 

FIG{)]IE 4.-'I'be installation of tbe sliding weight in tbe front cockpit 

Thi procedure was repeated until the entire normal 
ranO'e of angle of attack with one elevator position was 
covered. Difficulty experienced in maintaining a con
stant elevator angle was obviated by providing a stop 
on the control column. 

The static pitching moments were calculated from 
the weight and position of the liding mass reduced to 
coefficient form and plotted against angle of attack. 
The moment-coefficient curve was obtained for only 
onc elevator setting. In the application of these 
resulLs to Lhe calculation of tabili ty the a umption 
was made that a change of elevator angle produces a 
constant di:/Tel'ence in the ordinates over the entire 
extent of the curve. 

Determination ofmq .- The damping coefficient due to 
rotation for the power-off condition was determined by 
studying the motion of the airplane during pitching 
oscillations in glides. The pitching 0 cillations were 
set up from an initially steady state by a fore-and-aft 
movement of the stick after which the stick was re
turned to its original position. Continuous records of 
the angular velocity in pitch, ai r speed, angle of 
attack, and elevator angle were obtained during a por
tion of the steady glide and an ensuing period of several 
seconds. Angular acceleration was deduced from re
corded angular velocity by graphical differentiation . 
The resultant pi tching moment acting on the airplane 

FIGURE 5.-Tbo pilot's cockpit sbowing crank for moving the sliding weight 

at any given instant was calculated from the accelera
tion and the moment of inertia of the airplane about 
the Y axis. The pitching moment caused by the 
rotation was found by deducting the static component 
from the resultaI).t and was then reduced to coefficient 
form. The static component of the re ultant pitching 
moment for a given instantaneous angle of attack was 
found by referring to the angle of attack in the initial 
steady state, the curve of static pitching-moment 
coefficient against angle of attack pnwiously e tab
lished, and the recorded air speed for the same in tanto 
As tbe static pitching moment is zero in a teady glid , 
the reference to the angle of attack of the initial steady 
condition provided a means of determining the shift 
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in ordinates of Lhe curve of static moment coefficient 
again t angle of a tLack corre ponding to any given 
elevator po ition. The static pitching-moment coef
ficient for any given elevator position and angle of 
atLack was thereby readily established. Values of mQ 
for the power-oll' condition were calculated in the 
above-described manner for various angles of attack 
throughout the range of normal flight. 

Determination of period and damping coefficients.
The period and the damping coefficient were deter
mined by direct measurements of the oscillation char
acteristics in flight at the same altitude as that at 
which the previously mentioned tests were made. 
These direct measurements were made both for the 
power-oIr and power-on conditions. As u, W, and (J 

arc interdependent variable , the period of their va-

where 
t, damping factor. 
T, period, in econds. 
VI, V2, V 3, true air speed in feet per econd at two 

succe sive maximums and the intervening llllUl-

mum. 
PREel IO N OF MEASUREME TS 

Frequent check calibrations were made of the instru
ments used in the flight tests. Appreciable errors 
caused by faulty operation or changed calibration of 
the instruments were thereby eliminated. The effect 
of lag in the angular-velocity recorder was eliminated 
by a correction determined in laboratory tests. Prob
ably the most seriou ource of error in the re ult was 

FIGURE 6.-Typical records of air speed during oscillations 

ria tiolls with time are nece · nrily Lhe same, although 
the variations mny not be in pha e ·with each other. 
COli ·equently, the period and damping could be deter
mined by studying the behavior of only one variable. 
.til' peed was chosen a the one mo t convenient for 
Ludy. The te ts were made by setting up oscillations 

in the manner previously described and obtaining 
records of air speed for at least one complete oscilla
tion. Sample records are shown in Figure 6. The 
records designated Runs 1 and 2 illustrate an unstable 
condition experienced with power-on at initial angles 
of attack of 16.5° and 15.0°, respectively; and those 
de ignated Runs 3 and 4 illu trate a stable condition 
with power-orr at an initial angle of attack of 4.8°. 

The period of the oscillation wa fOlmd by the time 
interval between two con ecutive points of maximum 
v locity. The dampino- coe1rtcient i given with suffi
cient accuracy by the approximate relaLion 

introduced by the limitaLion of accuracy in determin
ing angular ace leraLion by graphical differentiation 
of the angular-velocity records . 'Vide record lines 
caused by instrument vibration were a contributing 
Cause to inaccuracies in evaluating records . The 
effect of accidental errors was- con iderably reduced, 
however, by obtaining two or three repeat runs for 
each test condition and expressing the results as faired 
curve . Following i a list showing tbe estimated 
limits of accuracy for the variou items measured and 
derived from :flight te ts ; 
Experimental quantity _________ Preci ion. 
C1. (except at C1."'oz)---- _______ ± 2 p r cent to ± 5 per cent. 
C1."'o z-- --------------------- -- ± 10 per cent. 
Cv - _________________________ ± 2 per c nt to ± per cent. 
C"' _________________ _______ ± 5 per cent. 
m" __________________________ ± 20 per cent. 

L ---- } . t I {± 10 per cent. 
Period __ CXjlenmell a --------- ± 5 per cent. 
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CALCULATED STABILITY 

In most ca e it is de irable to complete an analy is 
of the tability of a proposed airplane design before 
construction. For such an analysi there are at hand 
standard ba ic data regarding the aerodynamic char
acteristics of the airplane clements from which the 
aerodynamic characteli stics of the complete airplane 
can be calculated. In an advanced stage of the design 
there may also be available re ults of wind-tunnel 
te ts on a model of the airplane from 'which the flight 
characteri tic of the airplan can be more accurately 
predicted than from data for the airplane element~. 
In the pre ent ca e an analysis of the dynamic longi
tudmal tability of the airplane used in the flight tests 
has been made by utilizing only basic data for the 
airplane element; i. e., wing airfoil characteri tics, 
para ite drag 01' nonlifting elements, and tail-plane 
characteri tics neglecting interference e:fTects and 
a sUllling a tail efficiency of l. 

It will be p.ssum.ed at the out et thaL the ne ign hu. 
been carried to such a Foint that cert in principal fea
tures of the airplane have been tentatively adopted. 
These features include the weight, the \vmg profile, 
area, dirrensions, and arrangerrcnt with res1 ect to the 
center of gravity; the horizon tal t£.il-plane profile, area, 
dimen ions, and position relative to the center of 
grp.vity and to the wings ; and the over-all length and 
height, including the landing gear. In order to study 
the longitudinal tablility it i then nece ary to find in 
addition the moment of inertia about the Y a}..~s and 
the lift, drag, static pitching-moment and rotary 
pitching-moment coefficient as a function of angle of 
attack. 

The moments of inertia of the airplane used in 
these tests had previou ly been measured (reference ) ; 
con equently, the moment of inertia about the Yaxis 
was available for the calculations. In general, this 
moment of inertia will not be known and mu t be 
estimated. It may be determined from the ummation 
of mall element. This method, however, be ides 
requiring long and tedious calculations, is not likely 
to prove very aCCUl'ate. Probably the most convenient 
and aCCUl'ate method is that given in reference in 
which there are given the results of aCCUl'ate mea ure
ments of the moments of inertia of several airplanes 
representative of different wing arrangements. From 
these re ults there have been derived nondin1ensional 
coefficients based on the weight and over-all dimen
sions. The suggested procedure is to choose the co
efficient of the aU'plane most nearly sin1ilar to the 
projected design and to obtain the moments of inertia 
of the projected de ign by multiplying the nondimen
siona) coefficients by the appropriate factors. 

Curves of OL and On for the complete airplane were 
obtained by consideration of the airfoil character
istics as determined in te ts at large scale in the vari
able-density wind tunnel, and of the probable effect 

of the other airplane elements. The lift coefficients 
for the airfoil, after correction to the aspect ratio of 
the actual wing, were assumed to apply to the complete 
airplane. To the drag coefficients of the airfoil were 
added an estimated drag coefficient representino- the 
effect of the fuselage and engine, landing gear~ and 
e}..,])osed struts. The parasite-drag coefficient was 
assumed to remain constant at all angles of attack. 

The static pitching-moment coefficient was obtained 
by first constructing a vector diagram of the wing 
re ultant force at a constant air speed. On the dia
gram the center of gravity of the airplane was spotted 
in its correct position in relation to the wing chord. 
The moment of the wing about the center of gravity 
wa then computed with the data obtained from the 
diagram. As the moment of the para ite drag about 
the center of gravity wa assumed to be zero, the only 
other moment was derived from the tail. The down
\Va h angle at the tail was computed from the equations 
developed by Diehl (reference 9) employing the con-
tant recommended by Reid (reference 10) for general 

use, 
~ = 60 jR (x + 1)-0.38 (y + 1) -0.230L 

where x and yare the horizontal and vertical di tance 
of the tail plane behind and below the wings in unit of 
chord length. The angle of attack of the tail was 
corrected for the downwash from the wing. ext the 
lope of the lift-coefficient curve for the tail plane wa 

estimated by consideration of the airfoil section and 
aspect ratio. The tail moment about the center of 
gravity wa then calculated for the same velocity a 
for the wing, from the slope of the tail lift-coefficient 
CUl've, angle of attack of the tail, the tail area, and the 
moment arm. This moment was added algebraically 
to the moment of the wing and the resultant moment 
reduced to coefficient form. 

The coefficient mQ of the rotary derivative was cal
culated directly from the tail characteristics. The 
as umption was made that the damping of rotation of 
the tail is not materially augmented by the damping of 
the other parts of the airplane and that the total damp
ing can be taken a equal to that of the tail. The 
equation used for the calculation of mQ may be derived 
as follows: Let the change in angle of attack of the tail 
caused by the angular velocity q be boaT 

now 
Wr = lq 

and 

Let MT be the change in moment of the tail caused by 
the angular velocity q 
then 
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as lq is small compared to V the term (lq)2 may be I 
neglected 

M = cl1\1T =l'< P V S dGL7• 
q dq 2 7' daT 

and 

RESULTS AND DISCUSSION 

The results of the investigation arc given in FigUl'es 
7 to ] 6, inclusive. The lift and drag cmves of the air
plane are given on Figure 7, showing the power-off 
curves obtained both from flight tests and from cal
culations. The experimental power-on eUl'ves of lift 
and drag are given [or comparison. In Figme 8 the 
experimental and calculated CtuTeS of pitching-moment 
coefficient are plotted. FigUl'es 9, 10, 11, 12, and 13 
show tho stability deriva tives computed from the data 
of the two preyious figmes, and Figure 14 giyes the 
experimental and calculated ctu'yes of the stability 
dcriyative 1n q• In Figure 15 arc plotted curves of 
period and damping obtained from the experimental 
and calculated stability deriYatiYe and points repre
senting the actual measmed period and damping. 
Fail'cd CUl'YO are giyen in Figure 16 to show the clifI'el'
ence in the measlU'ed stability characteristics power
oIl' nnd power-on. It should be noted that all re~ults 
are given for an au' density of 0.00217 lug per cubic 
foot which corresponds to an altitude of 3,000 feet in a 
Landard atmosphere. 

For the determination of the validity of the a S1llnp
tion of small oscillations in dealing with the stability 
it i obviously necessary that the distmbances during 
which the actual period and damping were mea Ul'ed 
should have been large enough to represent actual 
average conditions that the airplane is expected to 
meet in normalllight. An inspection of the air- peed 
records obtained dUl'ing the oscillations showed varia
tions in magnitude a great as 30 riles per hoUl' dUl'ing 
the COUl'se of several of the runs and average deviations 
in excess of 20 miles per hour. The amplitudes of 
these oscillations are thought to be great enough to be 
regarded as representative of condi tions following a 
di tUl'bance produced by the roughness of the au'. 

The natUl'e of the agreement between the theory 
and experiment is shown on Figure 15 where the CUl'ves 
of period and damping coefficients as calculated from 
the experimental derivatives are shown with the 
points representing the measmed values of the same 
item obtained from the oscillation tests. It can be 
seen that although none of the points actually fall 
on the theoretical CUl've of damping coefficient they 
arc dispersed about equally on either side of the CUl've. 
The dispersion of the points is probably caused to a 
large extent by unsteady air conditions affecting the 
airplane during the time the recol'cls were made. 
The agreement obtained indicates that the theory 

is satisfactory for usc in analysis of the longit.udinnl 
stability eharacteri tics of airplane. 

For the prediction of stability characteristics it is 
essential that not only can the stability characteristics 
be calculated from the derivatives but al 0 that the 
derivatives can be calculated with the necessary degree 
of accmacy. The degree of accuTacy with which the 
stability derivatives can be calculated is shown by a 
comparison of the calculated and experiInental curve 
for the power-off condition in Figures 7 to 14. Thc 
elU'ves of lift coefficient and associated derivative 
show fair agreement except at the stall. The calcu
lated drag curve diITers from that obtai.ned in gliding 
flight by an amount that i approximately equal to the 
drag attributed to the idling propeJler and conse
quently is in fau' agreement with the curve for the 
power-on condition. This discrepancy, which is 
brollght about by the neglect of the drag of the idling 
propeller, is reflected in Xu and Xw where the disagree
mentis proportional to thai for OD' The greatest dis
crepancy between the calculated and experimental 
derivatives is in Om and m'D and is probably cau ed by 
a nonelliptical lift distribution and interference efl'ecLs 
at high angles, with the result that the calculated 
downwash angle arc in errol'. vVith 1nq the agl'eemenL 
is [air. 

The resuHs of the computations of period and damp
ing from the calculated derivatives are of interest 
notwith tanding the relatively poor agreement in 
mw which seemingly has no seriou effect on the final 
result. The CUl'Yes of the calculated period and 
damping coefficient how the same general trend as 
those computed from the experimental derivative , 
though the damping curve is ofT et an appreciable 
amount. The calculated values for the damping arc 
smaller than the true values for this case. The com
parison indicates that predicted result would often 
be useful where more exact data are lacking. \Yithout 
the assurance of better accuracy than that attained in 
the pre ent case, however, it seems evident that 
predicted results showing close to neutral stability 
should not be interpreted too literally. In this con
nection it should be noted that much better accuracy 
can probably be attained if model te t data are avail
able for the analysis. 

Aside from the principal results of the report there 
are other points of interest that have been brought out. 
The most important of these is the marked difference 
in the stability characteristics between the power-of!' 
and power-on conditions. (Fig. 16.) The stability 
for the power-on condition is generally les than with 
power-oil. A portion of this difference can be attrib
uted to the diiIerence in llight path. Supplementary 
calculations made show, however, that the dillerence 
in flight path accounts for very little of the diiIerencc 
and that the larger part must be attributed to slip
stream e.ITects. It will be further noticed that the 

------ --------------------------~----~ 
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clU'vatUl'e of the power-on damping coefficient ClU've 
is reversed at high angle of attack and with a very 
slight change of angle the damping coefficient becomes 
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positive, i . e., the mo tion becomes un table. This 
change of ClU'vatlU'e can not be explained by making 
allowance for the ell'ect of the thrust and must be 
dependent on the lipstrcam effect. Another demon
stration of the slipstream efl.· ect is shown on FiglU'e 

7 by the high maximum lift coefficient for the power-on 
condition. Both of these phenomena illustrate the 
need for flU'ther study of the flow behind the propeller. 
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The present inves tigation was made with a fixed 
stick, that is, a fi xed elevator set ting. This condition 
represents the casc in which the sta,bilizer is set for 
the desired condition of flight and the pilot keeps the 
elevator in a constant position in spite of sligh t tend-
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encies to fluctuate about the zero stick-force position. 
Another condition that might well be investigated is 
the case of free elevators as in that case the stability 
then attained determines whether or not the airplane 
can be flown hands-off. 

CONCLUSIONS 

The following conclusions are based on the results of 
the study of the dynamic longitudinal stability of the 
airplane used in this investigation: 

1. The theory of longitudinal stabilty based on the 
assumption of small oscillations is satisfactory for 
practical studies of the longitudinal stability of air
planes. 

2. The calculation of stability for the power-off 
condition from basic data is practicable and gives 

sufficient information to be of value in regard. to the 
stability of new designs, though the results should not 
be interpreted too literally if they show the stability 
to be close to neutral. 

3. There is not enough knowledge at present con
cerning the effect of the slipstream on the various 
factors upon which the stability of the airplane de
pends to warrant calculations for the power-on con
dition. 

LANGLEY MEMORIAL AERONAUTICAL LABORATORY, 

NATIONAL ADVISORY OOMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., June 24,1932. 



APPENDIX 
DEVELOPMENT OF NONDIMENSIONAL STABILITY 

EQUATION 

The dimensional form of the equation of the longi
tudinal biquadratic, as given in the various works on 
stability, can be expressed as a· determinant. 

- AX<1+ W cos 80 + Amwo 
- AZq + W sin 00 - Amuo =0 (1) 
+A2 B-AMq 

where the subscript zero refers to the initial values of 
the variables and the derivatives are in terms of total 
force and moment rather than force and moment per 
unit mass. The nondimensional form was first sug
gested by the consideration 

X= -CDPX SV2 

where the symbols have their usual significance. 

X"=dX/dV= -ODP SV 
X,,/pSV= -OD=X" 

where Xu is the nondimensional form of the derivative 
Xu' 

By similar reasoning, the coefficients of the other 
derivatives can be obtained and will be found to be 

z" =Z,,/pSV 
Xw =Xw/pSV 
Zw = Zw/pSV 
Xa =Xa/pSVl 
Zq =Zq/pSVl 
m" = M,J pSVlrJ 
mw=Mu:/pSVl." 
ma = Ma/ pSVl2rJ 

where." = B /mP and l = a characteristic length. 
The choice of the length l is arbitrary. The distance 

from the center of gravity to the rudder post is con
sidered suitable for a study of longitudinal stability. 

Substituting for the dimensional derivatives in equa
tion (1) and replacing 

and 

the following is obtained 

In any steady state, using the wind axes, Wo will be 
zero and U o equals V. Then introducing the param
eter 

fJ.=m /pSl 
the determinant can be written 

XCLfJ.- AIXq 
XOLfJ. tan 8o-fJ.AI -ZqAl =0 (2) 
A21-mqAl 

In practice it has been found that Xq and Zq are terms 
of the second order with respect to the other deriva
tives and consequently are hereafter neglected. 

The biquadmtic obtained from the nondimensional 
determinant, which is of similar form to that obtained 
from the dimensional form, is 

A\ +BA3I + CA21 +DAI +E=O 
where 

B= -mq-x,,- Zw 
0= Zwmq + ZwX" + mqX" - Z"Xw - fJ.mw 
D = ~f.Lm"OL + f.LmwX" + lfOL f.Lmwtan 80 +mq(z"x,O 

- x"zw) - XwfJ.m" 
E= }~}lOL (xWm"-x"mw)tan 80 + X}lOr.(mwz"-m,,zw) 

Stability is assured if Routh's discriminant R = BOD 
- D2 - B2E and each of the coefficients are positive. 
For a more detailed analysis of the character of the 
motion following a disturbance, the complete solution 
of the equation is found. This analysis can be made 
by an approximate factorization of the biquadratic 
into two quadratics 

A21+BAI+O=0 

A21+(~- ~1f)AI+g=O 
of which the first represents a short-period, heavily 
damped oscillation, and the second a long-period, 
lightly damped oscillation.1 It is with the lightly 
damped oscillation that instability is most likely to oc
cur and therefore it is usually only necessary to inves
tigate this phase. The solution for Al from the second 
quadratic is 

Al = -~(g-~1f) ± ~(D~ofEy -~ 
The motion is periodic only when the term represented 
by the radical is imaginary, and for this condition the 

mA-x"pSV -xwpSV - AXupSVl + XOL pST,-2 + Amwo 
-z"pSV mA-zwpSV -AzqpSVl+}~CLPSV2 tan 80 -Amuo 
-m"pSVlrJ -mwpSVlrJ A2ml2rJ -mqpSVl2rJA 

Replace 
A by AIPSV/m 

and cancel all factors common to every member of a 
line or column 

- AIXqpSl/m + Od2 + AIWo/V I 
- AIZqpSl/m + XCL tan 80 - AIUO/V = 0 
- A2IPSl/m- AImqpsl/m I 

1 Tbe accuracy of this approximate factorization, which depends on the relative 
values of tbe constants, was found satisfactory in tbe present case by reversing tbe 
operation with the appropriate numerical values of the constants substituted in 
tbe equations. 

15 
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period in nondimensional units is 

T _ 271" 
1- 11£ _(DO- BE)2 

-V 0 202 

1 (D BE). The term -"2 0 -(J2 IS the constant part of the 

logarithmic decrement of damping and is called the 
damping coefficient rl' If the damping coefficient i 
negati,e, the motion is stable; that is, the oscillations 
are damped; and if the damping coefficient is positive, 
the motion is unstable. 

For compari on with the value obtained through 
the measurements in flight of the period and damping 
coefficient, it i necessary to convert the solution of Al 
to the dimen ional form. This conver ion can be 
easily made by the introduction of the factor p VS/m. 
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Positive directions of axes and angles (forces and moments) are shown by arrows 

Axis Moment about axis Angle Velocities 

Force 
(parallel Linear to axis) Sym- Sym- Positive Designa- Sym- (compo-Designation bol symbol Designation bol direction tion bol nent along Angular 

LongitudinaL __ X X rolling _____ L 
LateraL _______ Y Y pitcI:Ung ____ M 
NormaL ______ Z Z yaWlng _____ N 

Absolute coefficients of moment 
L M N 

0 1= qbS Om= qcS 0,,= qbS 

axis) 

y----+ Z roll ______ 
<P u p 

Z----+ X pitch _____ 9 v q 
X----+ Y yaw _____ 

'" 
w r 

Angle of set of control surface (relative to neu
tral position), O. (Indicate surface by proper 
subscript.) 

4. PROPELLER SYMBOLS 

D, 
p, 
p/D, 
V', 
vs, 

T, 

Q, 

Diameter. 
Geometric pitch. 
Pitch ratio. 
InfI.ow velocity. 
Slipstream velocity. 

Thrust, absolute coefficient 07'= pn~D4 

Torque, absolute coefficient OQ= 9D6 
pn 

P, Power, absolute coefficient Op= fT)6' 
pnLF 

Os, Speed power coefficient=y~~:. 
1], Efficiency. 
n, Revolutions per second, r. p. s. 

<1>, Effective helix angle = tan-1 (2;rn) 

5. NUMERICAL RELATIONS 

1 hp = 76.04 kg/m/s = 550 lb./ft./sec. 
1 kg/m/s=0.01315 hp 
1 mi./hr. =0.44704 m/s 
1 m/s = 2.23693 mi./hr. 

1 lb. =0.4535924277 kg. 
1 kg = 2.2046224 lb. 
1 mi. = 1609.35 m = 5280 ft. 
1 ill = 3.2808333 ft. 
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