oo T w

5
\y
b

——
IAN 18 1034 )
: \“l‘ iIBeany 4
= %D, : : ——

NATIONAL ADVISORY COMMITTEE
FOR AERONAUTICS

REPORT No. 473

C”"ﬂ\’}{ - 3

STRENGTH TESTS OF THIN-WALLED DURALUMIN
CYLINDERS IN COMPRESSION

By EUGENE E. LUNDQUIST

1933

For sale by the Superintendent of Documents, Washington, D.C, - - - - - - « - =« -« - . . o . o 0 L 0 o 0., . Price 10 cents

AEKD

A



AERONAUTICAL SYMBOLS
1. FUNDAMENTAL AND DERIVED UNITS

l Metric English
i Symbol
; Unit Symbol Unit Symbol
| “Length_______ l meterT e _ e a b Lo m foot (ormile) _-_____-_ ft. (or mi.)
RIee e = T t second______ e rEe e S second (or hour)___._._ sec. (or hr.)
I Forces -~ == r weight of 1 kilogram_____ kg weight of 1 pound__.___ 1b.
’ POWer aui_on P lﬁg/ﬁ]/s ____________________ S horsepower - - -————. - hp.
T3 VA s A e K ST G b .p.h. S RS S e S m.p.h.
| Speed. .- —cojromcamnoa- 1Y gy o S b ALY i el m.p.s. b /sen dE Sl N e h f.p.s.

2. GENERAL SYMBOLS, ETC.

W, Weight= mg
g, Standard acceleration of gravity=9.80665
m/s?= 32.1740 ft./sec.?

m, Mass= %7

p, Density (mass per unit volume).

Standard density of dry air, 0.12497 (kg-m~*
s?) at 15° C. and 750 mm= 0.002378
(b.-ft.~* sec.?).

Specific weight of ‘standard” air, 1.2255
kg/m?= 0.07651 1b./ft.%

mk?, Moment of inertia (indicate axis of the

radius of gyration k by proper sub-

seript).
S, Area.
S, Wing area, ete.
@, Gap.
b, Span.
¢, Chord.

b ;
g Aspect ratio.

u, Coefficient of viscosity.

3. AERODYNAMICAL SYMBOLS

V, True air speed.
¢, Dynamic (or impact) pressure=épV’.

L, Lift, absolute coefficient OL?_QLS’

D, Drag, absolute coefficient OD:Q_%
D,, Profile drag, absolute coefficient CDO=%

i

D,, Induced drag, absolute coefficient OD’:%’

D,, Parasite drag, absolute coefficient Cp,= EZDTé

0,” Cross-wind force, absolute ™ coefficient
C

Oc=‘é_sy‘

R, Resultant force.

ie, ¥ Angle of setting of wings (relative to
thrust line).

i, Angle of stabilizer setting (relative to
thrust line).

Q, Resultant moment.
Q, Resultant angular velocity.

pE’ Reynolds Number, where [ is a linear
dimension.

e.g., for a model airfoil 3 in. chord, 100
mi./hr. normal pressure, at 15° C., the
corresponding number is 234,000;

or for a model of 10 em chord 40 m/s,
the corresponding number is 274,000.

C,, Center of pressure coefficient (ratio of

distance of ¢. p. from leading edge to
chord length).

«, Angle of attack.

¢, Angle of downwash.

@, Angle of attack, infinite aspect ratio.

a, Angle of attack, induced.

as, Angle of attack, absolure.
(Measured from zero lift position.)

~, TFlight path angle.
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STRENGTH TESTS OF THIN-WALLED DURALUMIN CYLINDERS IN COMPRESSION

By Evcene E. LunpqQuist

SUMMARY

This report is the second of a series presenting the results
of strength tests of thin-walled duralumin cylinders and
truncated cones of circular and elliptic section. It con-
tains the results obtained from compression tests on 45
thin-walled duralumin eylinders of circular section with
ends clamped to rigid bulkheads. In addition to the
tests on duralumin cylinders, there are included the re-
sults of numerous tests on rubber, celluloid, steel, and
brass cylinders obtained from various sources.

The results of all tests are presented in nondimensional
Jorm and are discussed in connection with existing theory.
In the theoretical discussion, it is shown that the walls of a
thin-walled cylinder in compression can be correlated
with the buckling of flat plates under edge compression in
an elastic medium, and that perhaps many solutions for
problems in the buckling of plates can, with the proper
Jactors, be applied to similar problems in the buckling of
cylinders and curved sheets.

INTRODUCTION

In a stressed-skin or monocoque structure, the
strength and stability of the curved skin are closely re-
lated to the strength and stability of the walls of a thin-
walled cylinder, not only for compression but for other
types of loading as well. The National Advisory
Committee for Aeronautics, in cooperation with the
Army Air Corps; the Bureau of Aeronautics, Navy
Department; the Bureau of Standards; and the
Aeronautics Branch of the Department of Commerce,
made on extensive series of tests on thin-walled cylin-
ders and on truncated cones of circular and elliptic
section at Langley Field, Va. In these tests the abso- |
lute and relative dimensions of the specimens were
varied in order to study the types of failure and to
establish useful quantitative data in the following
loading conditions: Torsion, compression, bending,
and combined loading.

The first report of this series (reference 1) presents
the results obtained in the torsion (pure shear) tests on
cylinders of circular section. The present report is the
second of the series and presents the results obtained

in the compression tests on cylinders of circular
section.

In addition to the results of the N.A.C.A. compres-
sion tests on duralumin cylinders, there are presented,
through the courtesy of Dr. L. H. Donnell of the Cali-
fornia Institute of Technology, the unpublished
results of 40 compression tests on steel and brass
cylinders. There are also included the results of
numerous compression tests on rubber, celluloid,
and steel cylinders reported in references 2, 3, and 4.
The latter two of these references came to the atten-
tion of the author after the experiments of the present
report had been completed. It is suggested that they
be read in conjunction with the present report. The
first is largely theoretical; the second, experimental.

By way of introduction to the detailed discussion
of the test data herein presented, it may be said that
secondary, or local, failure in thin-walled cylinders of
circular section under uniform compression seems to

| have been first investigated by Lilly (1905-07).

Since that time Timoshenko, Lorenz, Southwell, and
others have studied the problem theoretically. The
first theoretical studies were confined to the case of
deformation symmetrical with respect to the axis
(fig. 1). Later the theory was extended to include the
case of deformation not symmetrical with respect to
the axis (figs. 2 and 6), but the results of the extensions
did not always lead to the same conclusions.

Perhaps the best known of the early treatises on the
subject of the stability of thin-walled cylinders in
compression is that by Southwell (reference 5), but
unfortunately his interpretation of the general equa-
tion is incomplete. In reference 2, Robertson shows
that Southwell’s final equations are invalid for certain
cases, and he derives new equations for these cases.
In the present report it is shown that Southwell’s
general equation contains the equations for the buckling
of flat and curved plates subjected to edge compres-
sion. :

Until Robertson made the tests reported in refer-
ence 2, there seem to have been no comprehensive tests
made to verify the theory. Robertson found that fail-
ure occurred by the formation of a multilobed wrinkle

! In reference 3 Fliigge has presented the genera l equation in graphical form and
has recognized that the buckling of flat plates is a special case of the buckling of a

cylinder of infinite radius. Timoshenko also seems to have recognized the same
fact in some of his early work, 1914-16.

3
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pattern, as predicted by his modification of South-
well’s final equations, but that both the number of
wrinkles, or lobes, forming in the circumference of the
cylinder and the stress at failure were less than the
theoretical values. The stress at failure was slightly
less than the critical stress for the 2-lobed failure
predicted by Southwell.

F1cUure 1.—Buckling symmetrical with respect to the axis.

(Tubes tested by the
Bureau of Standards.)

The results of the N.A.C.A tests herein reported
confirm, quantitatively, the results obtained by Rob-
ertson. Consequently, in the present report detailed
consideration is given to the lack of agreement between
theory and experiment.

As an introduction to a study of the strength and
behavior of curved sheet and stiffener combinations,
a general discussion of the buckhng of flat and curved
plates under edge compression is given in an appendix.

FOR AERONAUTICS

TESTS ON DURALUMIN CYLINDERS

Material.—The duralumin (Al. Co. of Am. 17ST)
used in the N.A.C.A. tests was obtained from the man-
ufacturer in sheet form with nominal thicknesses of
0.011, 0.016, and 0.022 inch. The properties of the

FIGURE 2.—Buckling not symmetrical with respect to the axis.

(Tubes tested by
the Bureau of Standards.)

material, as determined by the Bureau of Standards
from specimens selected at random, are given in table
1. Typical stress-strain curves taken parallel and
normal to the direction of rolling are given in figures
3 and 4, respectively.

Tn table T and figures 3 and 4, it will be observed
that the modulus of elasticity is substantially the same
in the two directions of the sheet but that the ultimate
strength and yield point are considerably lower normal
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to than parallel to the direction of rolling. However, as |

all the cylinders tested failed at stresses considerably
below the yield-point stress, the difference in the
strength properties in the two directions has no bear-
ing on the results.

Specimens.—The test specimens consisted of right
circular cylinders of 7.5- and 15.0-inch radius with
lengths ranging from 3.6 to 22.5 inches. The cylinders
were constructed in the following manner: First, a
duralumin sheet was cut to the dimensions of the

for the bulkheads of 7.5-inch radius, and 3 inches
thick for the bulkheads of 15.0-inch radius. These
parts were bolted together and turned to the specified
outside diameter. Steel bands approximately one
fourth inch thick were used to clamp the duralumin
sheet to the bulkheads. These bands were bored to
the same diameter as the bulkheads.

Apparatus and method.—The thickness of each sheet
was measured to an estimated precision of =+ 0.0003
inch at a large number of stations, by means of a dial
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FIGURE 3.—Stress-strain diagram for sheet duralumin 0.011 inch thick, parallel to the direction of rolling.
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FIGURE 4.—Stress-strain diagram for sheet duralumin 0.011 inch thick, normal to the direction of rolling.

developed surface. The sheet was then wrapped about
and clamped to the end bulkheads. (See figs. 5 and
6.) With the cylinder thus assembled, a butt strap 1
inch wide and of the same thickness as the sheet was
fitted, drilled, and bolted in place to close the seam.
In the assembly of the specimen, care was taken to
avoid having either a looseness of the skin (soft spots),
or wrinkles in the walls when finally constructed.

The end bulkheads, to which the loads were applied,
were each constructed of two steel plates one fourth
inch thick, separated by a plywood core 1% inches thick |

gage mounted in a special jig. In general, the varia-
tion in thickness throughout a given sheet was not
more than 2 percent of the average thickness. The
average thicknesses of the sheets were used in all
calculations of radius/thickness ratio and stress.

A photograph of the loading apparatus used in the
compression tests is shown in figure 5. Loads were
applied by the jack in increments of about 1 percent
of the estimated load at failure. At first wrinkling,
which usually occurred prior to failure, diamond-shaped
wrinkles began to form and grew steadily in size and
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sometimes in number with increase in load until failure
oceurred by a sudden formation of wrinkles in several
circumferential rows. (See fig. 6.) Failure was
always accompanied by a loud report and by a reduc-
tion in load, which continued with deformation of the
cylinder after failure. 1In all the tests, 5 to 10 minutes
elapsed from the time that load was first applied to
the specimen until failure occurred.

F1GURE 5.—Loading apparatus used in N.A.C.A. compression tests.

With the eylinder loaded at the axis, the 1-inch butt
strap at the seam caused a slight eccentricity on all
specimens. The effect of this eccentricity was small,
however, as there was no tendency for failure to occur
consistently on one side of the cylinder.

TESTS ON RUBBER, CELLULOID, STEEL, AND BRASS
CYLINDERS

In the compression tests made by Donnell, brass
and steel shim stock were used. The sheet that formed
the walls of the eylinder was first cut to size and then
wrapped about a mandrel and soldered at the seam.
In order to stiffen the ends for bearing against the
heads of the testing machine, a light metal ring was
soldered in place at each end of the cylinder. All the
cvlinders were tested in a special machine constructed
at the California Institute of Technology. Kor more

COMMITTEE FOR AERONATUTICS

complete information concerning the material, speci-
mens, and method of testing, the reader is referred to a
report by Donnell on the strength of eylinders in tor-
tion (reference 6). The compression cylinders were
constructed in the same manner as the torsion cylinders
and were tested in the same machine as the medium-
length torsion specimens.

For detailed information concerning the tests on
rubber, celluloid, and steel cylinders, the reader is
referred to the original sources (references 2, 3, and 4).
[t should be mentioned, however, that the size and
type of specimen and the method of testing differed
greatly among the various groups of cylinders tested
and that some of these differences were responsible
for differences in the strengths obtained. These
factors are considered in the discussion of the results.

The results of all the test data considered in this
report are given in tables 1T to VI, inclusive, and in
ficures 7, 8, and 9.

THEORY AND DISCUSSION OF RESULTS

BRIEF RESUME OF GENERAL THEORY

By use of the theory of thin shells as applied to a
cyvlinder of infinite length, Southwell derived an equa-
tion (equation 98 of reference 5) relating the ceritical
stress, the properties of the material, and the phe-
nomenon of failure. This equation as given by
Prescott in a more simplified form (equation (17.126)
of reference 7, p. 553) 1s

—ge ;,[(/{" +¢?)2+ k24 2¢2 + 2047
224 o2V et Sfe20 2 (1 — 1
i A[(l\' )kt g E 2 =la)g :I

2k — Tk*q*— (1 + o — 262 k’¢* — o¢®

+¢'=0 (1)
w here
t?
A~a-ar
27r
(l = Tu

5

2mr :
= » an integer
X; .

r, radius of cylinder

t, thickness of cylinder wall

o, Poisson’s ratio

£, modulus of elasticity

S, eritical stress

N\, and A, wave lengths of the wrinkles in the
direction of the axis and circumference of the
cylinder, respectively.

In his interpretation of the general equation, South-
well reasoned that for a lobed type of failure (k>1) ¢
must be small if S/E is to have a value possible in
practice. Upon the basis of this assumption, Southwell
wrote as an approximation for equation (1):

S q AL 1)

ETR@ETD T @D

.{,
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|3 i . ,I . T f 4
(c) r=15.0in.; ¥ =().63; 7 =1,415

r
=920

: Apti ol
(b) r=15.01in.; B =1.00; {

l i
(d) r=15.01in.; 5 =0.50; 7 =711

FiGure 6.—Cylinders after failure, N.A.C.A. tests on duralumin cylinders.

In reference 2, Robertson shows Southwell’s reason-
ing to be in error, and that for a lobed type of failure,
a possible value of S/ may occur with a large value of
¢. Upon the assumption that ¢ is large, Robertson
wrote as an approximation for equation (1):

Sl . s
‘hv—'-zyg-f-;la' (3)
where \ )
Lot

q
In references 2 and 5 it is not clear as to which
absolute values of ¢ may be regarded as small and which

|

as large. An inspection of equation (1) reveals that
any given value of ¢ may be regarded as small or large,
depending upon the value of £. From equation (3) it
is evident that Robertson regarded values of ¢ approxi-
mately equal to % as large. It would therefore seem
better to say that equation (2) is an approximation for
equation (1) when ¢/k is small, and that equation (3)
is an approximation for it when ¢/k is not small. In
any event it is desirable to examine the accuracy and
limitations of equations (2) and (3). g/

If ¢= ek and ¢=0.3, the quantities in the brackets in
the first and second terms of equation (1), together
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length with hinged ends. Thus for a test cylinder
with hinged ends and of such length that the Euler
type of failure does not occur, A,/2 may approach the
length of the cylinder and ¢ may be as small as =7/l
where 7 is the length of the cylinder. If the value of £
in equation (5) that corresponds to this value of ¢ is
greater than the value of % given by the horizontal
line in table VII for the ratio of ¢/k obtained from
equation (5), it is physically impossible for ¢/k to be
small, as Southwell assumed; therefore Robertson’s
equations based on ¢/k not small, apply. In this report
a cylinder of such dimensions that it is impossible for
q/k to be small is designated a ‘‘Robertson” cylinder,
in contrast to a “Southwell” cylinder in which it is
possible for ¢/k to be small.

[ Ll [ Nl
Symbol_|_ Radius _|___Radjus
-0008 l (in.) | 7hickness
o 75 | 625— 714
o /5.0 70— 757
0006 e /5.0 1270— 1415
9% o
K. T i; 7
5 q
.0004 e i j
& 4
TG
.0002 x
i 72
| ‘
o 9 1.0 1.5 2.0 2.5 3.0
Length 1

Rodius ' r

F1GURE 8.—Plot of K, against length/radius ratio, N.A.C.A. tests on duralumin
cylinders.

Although Southwell’s theory does not apply to a
cylinder with ends clamped to rigid bulkheads, it is
reasonable to assume that for such a cylinder the
effective value of \,/2 is less than /. Consequently,
if it be assumed that X\,/2=1 and the test cylinder
under consideration comes within the range of Robert-
son’s approximation as outlined in the preceding
paragraph, it may certainly be classed as a Robertson
cylinder.

For the duralumin cylinders tested by the N.A.C.A.
and the steel cylinders tested by Robertson and
reported in reference 2, the lengths ranged from
approximately 0.257 to 3.0r. Consequently, the
smallest value of ¢ that could occur in these cylinders
18 % or 1, approximately. From figure 10, where
equation (5) is presented in graphical form, it is found

that for ¢=1 and %—:100, k=4, approximately, and
hence % =71’ approximately. Since 4 is below the hori-
zontal lines in table VII for% =(.2 and 0.4, it is impos-

sible for % to be small in this cylinder; hence, it is

COMMITTEE FOR AERONATUTICS

classed as a Robertson cylinder. In a similar manner,
it can be shown that all the test cylinders of these two
aroups are classed as Robertson cylinders and, so far
as stressed-skin or monocoque structures are con-
cerned, the radius, thickness, and spacing of bulkheads
are such that any part of the structure is always a part
of a Robertson cylinder. Consequently, the signifi-
cance of Robertson’s equations will be discussed in
considerable detail.
CLOSE RELATION BETWEEN THE BUCKLING OF A ROBERTSON
CYLINDER AND THE BUCKLING OF A FLAT PLATE
Multiplication of the right-hand side of equation (6)
by o*yA (which is equal to unity, by equation (7))

gives
S ’ k2P
o]
from which

ST Et?
Smin 12(1 2) )\2|:k ]

On putting N\, =2a and \.=2b

2Bt
Smtn 12(1 o) o,l)b2[ ] (9)

Inspection of equation (9) reveals that the critical
stress for a Robertson cylinder is twice the critical
stress for a flat plate that buckles to form waves or
wrinkles of the same size as form in the cylinder (refer-
ence 8). In reference 9 it is shown that the critical
load or stress for a long strut that buckles in an elastic
medium ? is also twice the critical load or stress for
the same type of buckling without the lateral support
of the medium. Consequently, by analogy, the buck-
ling of a Robertson cylinder may be regarded as equiv-
alent to the buckling of a flat plate under edge com-
pression in an elastic medium.

PHENOMENON OF FAILURE

It will be noted that for a Robertson cylinder, equa-
tion (7) does not define a particular wrinkle pattern,
but rather a family of wrinkle patterns. For k=0
(A\.= =), the walls of the cylinder form circumferential
bulges or corrugations (fig. 1). For k=2, diamond-
shaped or wavelike wrinkles of various dimensions
form. (See figs. 2 and 6.) If equation (7) is solved
for ¢ it will be found that two values of ¢ are asso-
ciated with each value of %, one smaller and the other
larger than k& (reference 2, p. 16). In order to deter-
mine which of the many wrinkle patterns described
by equation (7) is most likely to occur, it is necessary
to examine the condition of buckling for each.

Although equation (7) shows that buckling may oc-
cur by the formation of circumferential corrugations,
this type of failure is not likely to occur in preference

3 An elastic medium is assumed to provide lateral resistance to buckling. The

resistance is distributed along the length of the column and is proportional to the
lateral deflection.
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to the formation of diamond-shaped or wavelike
wrinkles. When buckling begins, circumferential
tensions and compressions that are set up in the crests
and troughs of the corrugations reinforce the longi-
tudinally stressed elements and prevent complete fail-

axis”, has ever occurred except in tubes of small
radius/thickness ratio where the stresses have equaled
or exceeded the yield point. (See reference 2.)

If failure occurs by the formation of diamond-shaped

| or wavelike wrinkles, it might be expected, by analogy

|

wrinkle prior fo foilure

x Specimens that wrinkled
prior to failure

| ]

4’: O Specimens that did not
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FIGURE 9.—Effect of wrinkling prior to failure on the strength of thin-walled cylinders in compression. Tests by N.A.C.A. Curves A, B, and C obtained from figure 7.

ure until the yield point of the material is reached
or exceeded. In fact, it is doubtful if this type of
failure, known in the theoretical literature by the
name ‘‘deformation symmetrical with respect to the

to the buckling of flat plates, that the wave lengths of the
buckles in the direction of the axis and circumference
of the cylinder will be equal. Differentiation of % with
respect to ¢ in equation (7) shows that the maximum
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than several times the smallest value of \,/2 likely to
be associated with the type of failure characteristic of
the cylinder under consideration. For the test cylinders
considered in this report, the smallest value of \,/2
is not likely to exceed the value corresponding to the
condition k=g in equation (7) or

T - /3 N
—\ ‘1(1 = O‘“) \’I'/t

In table VIII values of \,/27 obtained from equation
(12) are tabulated for comparison with the smallest
length/radius ratios of the test cylinders considered in
this report. An examination of this table in con-
nection with figures 7 and 8 shows that for practical pur-
poses, if I/r is greater than three to five times the value
of N\o/27 obtained from equation (12), bulkheads have no
effect upon the stress at failure.

(12)

>\u e L mr
2

EFFECT OF LONGITUDINAL STIFFENERS

From consideration of the effect of bulkheads on the
strength of thin-walled cylinders in compression, it
follows by parallel reasoning that longitudinal stiffeners
will contribute little toward the stability of the cylinder
walls if spaced at a distance greater than several times
the smallest value of \./2 likely to be associated with
elastic buckling of the walls. Since the smallest values
of \,/2 are obtained when k=g in equation (7), this
minimum value of A\.,/2 is equal to the value of \./2
given by equation (12). With longitudinal stiffeners,
however, failure as characterized by a collapse of the
cylinder is delayed until the stiffeners fail. The ulti-
mate load supported by a cylinder with longitudinal
stiffeners may therefore greatly exceed the load at
which buckling begins.

CONCLUSIONS

1. For thin-walled cylinders in which failure occurs
by elastic buckling of the walls, the stress at failure
(collapse of the cylinder) is best given by an equation

of the form
ST
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where K, is a nondimensional coefficient that varies
with the dimensions and imperfections of the cylinder.
Except for very short cylinders, the radius and thick-
ness as expressed by the ratio r/t are the only dimensions
that need be considered.

2. Wrinkling prior to failure does not apparently
reduce the stress at failure.

3. For large fabricated cylinders, a change from
welded to riveted seams has but little effect upon the
stress at failure.

4. After the cylinder has failed, the wave lengths of
the wrinkles in the direction of the axis and ecir-
cumference are equal. The number of wrinkles that
form in the circumference varies inversely with the
length/radius ratio and for a given radius/thickness
ratio seems to approach a constant value at the larger
values of [/r. 3

5. The compressive stress at failure is independent
of length so long as the length of the cylinder is greater
than three to five times the value of X\,/2 given by the
equation

e wr T

‘ 2 kmaz_ 091 \;]t

In the preceding conclusion, a cylinder whose length is
less than from three to five times the value of \./2
given by the above equation is designated *“ a very short
cylinder.”

6. Bulkheads, or transverse stiffeners, to be effec-
tive in preventing failure by elastic buckling of the
walls, hence in strengthening the walls, should be
spaced at a distance less than from three to five times
the value of A,/2 given by the above equation. The
same conclusion applies for longitudinal stiffeners,
except that failure as characterized by a collapse of the
cylinder would be delayed until the stiffeners failed.

| LANGLEY MEMORIAL ABERONAUTICAL LLABORATORY,
|

‘ NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS.
\ Laneuey Fiewp, Va., June 10, 1933.
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APPENDIX

GENERAL DISCUSSION OF THE BUCKLING OF FLAT AND CURVED PLATES UNDER EDGE COMPRESSION

EQUATIONS FOR THE BUCKLING OF A FLAT PLATE UNDER EDGE
COMPRESSION IN AN ELASTIC MEDIUM
The critical stress for a flat plate under edge com-
pression without the support of an elastic medium is
equal to the critical stress for a pin-ended plate column
of the same thickness with a length equal to

b
a,b
T a
where b is the half-wave length of a buckle normal to
the direction of loading, and « is the half-wave length
of the same buckle parallel to the direction of loading.
Equation (11) of reference 9 gives the critical load for
a column under compression in an elastic medium.
Consequently, if
b
g0
g
is substituted for / in this equation and both sides
divided by bt, the area of a strip of plate of width b, the
following general expression is obtained for the critical
stress in a flat plate under edge compression in an
elastic medium:

S Pori &'t L KB‘:I
bt~ btp? E' I+
P E 12(1 - o) KB* i
ST AR =l B
where
P,,, critical load for a strip of plate of width b,
pounds.

t, thickness of plate, inches.
S, eritical stress, pounds per square inch.
e
=
trasted with £, the bending modulus of a beam
or column, pounds per square inch.
1=1—1,)613, moment of inertia of a strip of plate of
width 6, inches®.
K, modulus of the elastic medium taken in such a
way that A times the deflection represents the
b
reaction of the medium per
plate, pounds per square inch.
o, Poisson’s ratio.
b
ﬂ"a ¥ b’

b a

-

bending modulus for a plate as con-

unit area of the

If the plate is large and free to buckle in any manner,
B will assume such a value that S'is a minimum. Con-
sequently, differentiation of S with respect to 8 in
equation (13) gives

P - KFEt
Smlu—" '\ ‘)(170')[) (]4)
| when
4 3 o
- Ebtrt (15)

B Vizd—-aA)K
EQUIVALENT ELASTIC MEDIUM FOR A ROBERTSON CYLINDER

When buckling begins in a Robertson cylinder, the
effect of curvature is such as to set up forces that
oppose buckling. For small deflections, these forces
are proportional to the deflections, hence they may
be regarded as analogous to the lateral reactions of an
elastic medium in the previous discussion of the
buckling of flat plates. The modulus of an equivalent
elastic medium for a Robertson cylinder may therefore
be obtained by equating S,,;, in equations (6) and (14)
and solving for K. Thus,

SR R L SN -
V3id—d¢) r _"\/12(1—02)0

from which

(16)

Substitution of this value of A in equation (13) gives
the following general expression for the critical com-
pressive stress in a Robertson evlinder

o e 77727 = ﬁ:l
S 20— 8 1 pe

Equation (17), while different in form, is in sub-
stance the same as equation (3). This fact will be
shown' by the following derivation: According to
equation (3),

(17)

S il 5
B b + A
and
S Eam[l i T‘,—] (18)
@ 11
By definition
a= ’;3' (19)

Consequently, substitution of the values that define o
and A in equation (18) gives equation (17).
15



that Southwell’s general equation (equation (1) of this
report) contains the solutions for the buckling of both
flat and curved plates subjected to edge compression.
The second term in the brackets represents the effect
of curvature on the critical stress. If 7= oo, this term
becomes zero and equation (17) gives the critical com-
pressive stress for a flat plate simply supported at the
four edges. In a similar manner, if ¢ and r have fixed
values such as correspond to the dimensions of a par-
ticular cylinder and B is forced with stiffeners to be less
than the value that causes S to be a minimum

b= s (20)

the second term in the brackets rapidly becomes a
small fraction and the critical stress approaches that
for a flat plate. If values of 8 less than half the value
given by equation (20) are forced, the portion of the
curved sheet under consideration may be regarded as
flat with an error not greater than 6.3 percent.
Further consideration of the subject of forced failure
is beyond the scope of the present report. However,
in view of the correlation of the buckling of thin-walled
cylinders with the buckling of plates, it would appear
that perhaps many solutions obtained for problems in
the buckling of plates can, with the proper factors, be
applied to similar problems in the buckling of cylinders
and curved sheets.

16 REPORT NATIONAL ADVISORY
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From the form of equation (17), it may be concluded
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STRENGTH TESTS OF THIN-WALLED DURALUMIN CYLINDERS IN COMPRESSION 1194

TABLE I.—PROPERTIES OF SHEET DURALUMIN USED IN STRENGTH TESTS ON THIN-WALLED
CYLINDERS

[Longitudinal and transverse refer to specimens taken parallel and normal to the direction of rolling, respectively.]

Modulus of elasticity

Ultimate tensile | Tensile yield point
Material strength (pounds (pounds per
per square inch) square inch)

Elongation in 2 | Secant modulus at a
inches (percent) stress of 5,000 pounds
per square inch
(pounds per square

Secant modulus at a
stress of 20,000 pounds
per square inch (pounds
‘per square inch)

inch)
Lot |Specimen| Longitu- I Trans- | Longitu-| Trans- | Longitu-| Trans- Longitu- Trans- Longitu- Trans-
no. dinal verse dinal verse dinal verse dinal verse dinal verse
o S | 1

1 55, 500 36, 500 18 16.5 10, 510, 000 10, 520, 000
! 1 56, 600 37, 100 5 16. 5 10, 580, 000 10, 570, 000
| 2 57, 300 36, 800 16. 5 e a0 340000

2 56, 800 35, 800 13.0 .

2 58, 200 36, 500 18.0

2 57,800 |- 35, 800 16.0

3 62, 850 33, 750 19.3

3 62, 800 41, 000 14.0

3 61, 550 38, 750 19.0

3 61, 400 39, 050 18.5

3 , 400 B7a000 (s Touse o 18.5

i

TABLE I1.—CALCULATED AND EXPERIMENTAL VALUES OF & FOR N.A.C.A. TESTS ON DURALUMIN

CYLINDERS
|
Radius=7.5inches ’ Radius=15.0 inches
7 =333-362 tL —455-460 = 626-714 { 4 =670-757 = 909-020 = 1270-1415
T - —_— | ~g}**\f*** - —
A~ e o = R
S sl N A =slevl N ~ja] TN~ =loyt G ey (R
= Sl [ = || |= | & e O R S L= = | (= |8 I O (0 T (- = || | =
O O] S5 R S 5 ()R T Y ) A B I 7 I~ T I A
' s S RS ey s Sl el R 2 i P (88 N Ry N i
0.25 ( 3.7 su8 | 258 16
2.2 210 16.3
g 24.4 | 21.3| 16.3 sl
50 [17.21 16,6 | 13.3 | 12 e g | fleuiaa] nigl tae |12 BTl 2l 10 hpay
239 21,0 161 e Hel 34.5| 27.0| 20,2
22.8 | 20.4 | 15.7 it * g
23.4 | 189 142
| .85 234 | 18,9 | 14.2 13-15 34.5( 24.3( 17.9 (1213
| 235 | 19.0 | 14.3
6.9 13.1| 9.8 {105 145 ] 10.8 20.4 | 163 | 12,0 1 R S IRl R,
17.2 | 133 99 19.5 | 14.5| 10.8 235 16.0| 107, .26/ 160/ 118 5 175 o el o) ; . gl
100 1723 | 134 | 1000 10| 19.5 [ 143 | 1006 (10282 ( 150 107 718 |50 | 161 | 108 | M s | 1re| 1a8(u-1s (32| B8 T4 (110
7.8 134 *10lo 19.4 | 143 | 10.6 2.2 159 | 1.7
28| Lol 98 :
o3 il il g 23.8( 13.5( 9.8
1.50 20| 13:2| 9.6(%12|238! 135| 98|10
20| 13.2| 9.6
24| 17| 84
2,00 236 | 18| 85810
22.8 | 1.5 | 83
2.50 29[ 04| 7.5,
B2 105 7.5
3.00 23.0| 96| 68810

TABLE III.—CALCULATED AND EXPERIMENTAL VALUES OF k FOR TESTS ON STEEL CYLINDERS REPORTED
BY ROBERTSON IN REFERENCE 2

- ( . k i . £
s (i) & tmaz )::___) ()ﬂ= ) S
£ (approx.) | ( ) 3! (exp.)
] 0. 68 7.32 500 20.3 17.0 12.9 12
1. 25 4.00 263 14.7 11.1 8.2 8
‘ 2,00 2. 50 164 11.6 7.9 5.8 8
l 3.07 1.63 110 9.5 5.9 4.3 /6
|
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I TABLE IV~ CALCULATED AND EXPERIMENTAL VALUES OF k FOR TESTS ON STEEL AND BRASS CYLINDERS
- BY DONNELL

' Radius=0.943 Radius=1.88 Radius=2.84
S 2 Se
| Material T (oo s k k k k Sor
kmaz M,L) )3_1) k (exp.)| kmaz | (Na_ L ()\J_l) k (exD.)| kmaz &‘_L) Na_ 1) k (exp.)
o= 2k 92 2" Ol 0

| Ay 20.0 10.5 7.5 | 10.0 | 0.000393
| 923 |- 27.6 124 8.9 10.0 | .000138
| 971 |. 28,4 12.6 9.0 | 14| .000146
g 2.12 | 1,013 |- 20.0 128 9.1 11.4( .000157
1,284 |- 32.6 13.6 9.7 | 12,0 .000062
1,307 |- 32.9 13.6 9.8 | 120 .00006S
TagLle 33.2 13.7 9.8 | 110 | .000074
[KaE3 | Ree 33.8 13.8 9.9 10.5| .000073
} 16.0 Rl A 000435
| 16. 1 T 5.5 8.0 - 000414
| 22.9 9.3 6.6 | 10.0 - 000224
3.20 23.4 9.4 6.7 9.6 - 000292
‘ : 26.3 10.0 it E - 000161
26.7 10. 1 7.2| 10.0 - 000198
| 26.7 10. 1 70 9.7 - 000120
27.3 10.2 7030101010 - 000106
. 000358
.000533
| & 2000121
‘ - 000071
‘ - 000091
1 160 | 11.5 4.7 3.3 8.0 . 001200
1 315 | 16.1 5.6 4.0 6.9 . 000511
315 | 16.1 5.6 4.0 7.4 - 000572
6.38 328 | 16.5 5.6 4.0 6.7 - 000530
347 | 16.9 5.7 4.1 9.2 - 000758
451 | 19.3 6.1 4.3 6.7 - 000348
460 | 19.5 6.1 4.4 7.5 - 000420
.%)472
: - 000272
! g 1000131
- 000129
10.6 . 000352
] 27| 160]1ns 3.5 T M T T R B TR RE e el S 001410
i 342 | 16.8 4.2 3.0 e e e T o PR e e B SR IO AR - 000437
16.0 Gt o] b T [ OO e S 16.1 3.7 2.7 70| R N SR N SUREE A [k, i . 000535
25.5 332 | 16.6 3.0 2.2 PR T | P 5 S SEARe 4 e Ll (b SR BT el S O BN L . 000045
158 | 11.4 2.3 2— {7 ] ] T 1 S SR e | P e e . . 001472
31.8 469 | 19.7 2.9 oL A P T Sl S| UL N e RN G T i [ RSB (BT Y . 000245

NotE.—In ealculating k for this table eylinders with -£—> 6.38 were considered as Southwell cylinders.

TasLe V.—CALCULATED AND EXPERIMENTAL VALUES OF k FOR TESTS ON RUBBER AND CELLULOID
CYLINDERS REPORTED BY FLUGGE IN REFERENCE 3

SN L i e

k k
: l r AL k S
. Material i < i kmaz (&_ L ) ()H:__ ) & ==
F { (in.) (approx.) Dl Tt (exp.) E
! e D 2=
|
;‘ 1.76 1071 90.0 8.6 7.0 5.3 5 | 0.00479
| 1.95 1.80 90. 2 8.6 6.7 5.0 5 | .00386
' 3.53 1.77 90.0 8.6 5.3 3.8 2 | 00374
| Do.__ 3.53 1277 90. 0 8.6 5.3 3.8 1| 100333
Celluloid 3.97 1.80 174. 1 12.0 6.0 4.3 4 | .00187
D 1.01 1.80 90. 2 8.6 5.0 Fua e -00317
i 4,01 1.80 90. 2 8.6 5.0 G S £00328
4.01 1.80 90. 2 8.6 5.0 3.6 4| .00317
4,02 1.80 96. 4 8.9 5.0 3.6 4 | .00357
4,02 1.80 90. 2 8.6 5.0 3.6 4 | .00394
| 1.02 1.80 90. 2 8.6 5.0 3.6 3 00306
v 4.02 1.80 90. 2 8.6 5.0 3.6 4 00317
l 4.02 1.80 90. 2 8.6 5.0 3.6 3 00302
l 4.02 1.80 90. 2 8.6 5.0 3.6 4 00291
| 5.02 1.43 138.0 10.7 5.0 3.6 4 00207
} 5.05 1.43 76.6 8.0 4.3 3.1 4 00281
|
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TapLe VL—CALCULATED AND EXPERIMENTAL VALUES OF k FOR TESTS ON STEEL CYLINDERS REPORTED
BY WILSON AND NEWMARK IN REFERENCE 4

TABLE VII—TABLE FOR DIFFERENTIATION BETWEEN SOUTHWELL AND ROBERTSON CYLINDERS

Se
Test |Speci ! r k - b | el
" : eS pecimen LS T P4 3 A ‘ o v alculate
Types of construction series no. = (in.) i kmaz ({:é) (7=1) (exp.) from data
given in
reference 4
—_—
1 110 3.86 1.94 66. 5 7.4 4.6 3.4 5| 0.00186
111 3.89 1.94 133.0 10.5 5.6 10 -00135
112 3.89 1.94 67.5 7.5 4.7 34 5| 00176
113 3.88 1.94 136. 0 106 5.6 11 8| 00146
I | ,. 6 610 1.39 6.82 | 478 19.9 126 0.2 10| .000525
Machined cylinders with no seams 611 141 6. 82 206 1301 98 73 8 00112
612 1.39 6.82 330 16. 5 11.4 8.3 10| 000822
613 1,39 6.82| 435 19.0 12,3 9.0 12| 000792
614 1.40 6.82| 763 25.1 14.3 10.4 12| .000286
615 1.3 6.82| 510 20.6 13.0 9.5 12| 1000593
616 1.39 6.82| 340 16.8 115 8.4 10| 000777
617 1.39 6.82| 235 14.0 10.3 7.6 11| 00100
E SI6R 180 |  40.0 167 1.8 8.4 6.2 8| 000836
SI7R 180 | 40,0 172 119 8.4 6.2 8| .oo0si2
114 180 40.0 165 1.7 8.4 6.1 8| 000900
86 180 40,0 167 108 8.4 6.2 8| .000944
7 710 6.00 5.0 166 11.7 4.8 315 8| 000346
711 6.00 5.0 168 11,8 4.9 35 80 | 000493
721 300 10,0 329 16.5 8.0 58| 11-12 | 000302
70 2.00 | 15.0 518 20,7 11.0 7.9 10-12 | 000299
; . ]S = 31 2,00 150 450 19.3 10.5 7.6 10-12 | . 000339
Hopripand o iden Wik St rhv. 740 150 | 20,0 667 2.5 13.4 9.7 10| -000191
Sa M = 741 1.50 | 20.0 654 233 13.3 9.6 10| -000192
BHs: 750 120 250 825 2. 1 15.7 11.4 13| 000148
751 1.20|  25.0 818 2.5 15.8 1L5 |  10-13 | .000143
760 100 | 30,0 971 28,4 17.8 13.0 0| 000139
761 100 | 30,0 990 2.6 18.0 13, 10| 000129
8 810 [ 24.7 17.0 139 1.7 2.5 o= ) . 000666
811 | 247 17.0 151 112 25 2— 7| 000741
820 | 141 17.0 142 10.8 3.2 2.3 67| 000772
821 14. 1 17.0 142 10.8 3.2 2.3 7| 000778
830 424 17.0 151 11,2 5.6 10 8| 000894
831 4.2 17.0 145 11,0 55 4.0 7| 1000941

! Irregular.

}
Nore.—In caleulating k for this table cylinders with - > 6.00 were considered as Southwell cylinders.

Mul-|  e=a/k=0.01 a/k=0.05 alk=0.1 qlk=0.2 a/k=0.4 alk=1.0 a/k=10.0
k| Term| Py
ing
factor| S C 134 S C R S C R S C R S C R S (0] R S |1C| 1R

1 { 111072 200 | 200 100 200 201 101 200 205 102 200 218 108
2| 102 000 [ 000 100 000 | 000 101 000 000 104 000 1 117
9 { 1 [ 107t 200 200 160 200 201 161 200 204 163 200 217 173
& 2 1 144 144 256 144 146 259 144 150 266 144 172 300
3 i 1] 10! 900 900 810 900 905 814 900 918 826 900 973 874
iy R 10 518 519 656 518 524 663 518 539 682 518 610 768
4 fivg X 1 272 | 272 | 256 272 | 2713 257 272 | 2717 | 261 272 | 295 277
1. 21 109 576 576 656 576 582 662 576 599 682 576 676 767
5 1 5! 650 650 | 625 650 | 653 628 650 664 638 G50 703 675
2] 103 360 360 391 360 364 394 360 374 406 360 421 457
i 6 1 10 133 133 130 133 134 130 133 136 132 133 144 140
2] 104 159 159 168 159 160 170 159 165 175 159 186 197
me gl 10 245 245 240 245 246 241 245 250 245 245 265 259
‘ { 2| 108 553 554 577 553 559 582 553 576 600 553 648 675
8 1 10 416 416 410 416 418 | 412 416 424 418 416 449 442
1 103 163 163 168 163 164 169 163 169 175 163 190 196
9 1] 102 664 | 664 656 | 664 668 | 659 664 | 678 | 669 | 664 717 708
2| 105 | 420 | 420 | 431 | 420 | 424 | 435 | 420 | 437 | 448 | 420 | 492 | 504
0 1| 102 101 | 101 | 100 | 101 | 102| 101 | 101 | 103| 102 | 101 | 109 | 108
{ 2| 103 980 980 |1, 000 980 990 |1,010 980 1,019 (1,040 980 |1, 147 |1, 170
15 / 1 102 509 509 506 509 511 509 509 519 516 509 549 547
PN 2| 107| 254 | 254 | 256 | 254 | 257 | 250 | 254 | 264 | 267 | 254 | 297 | 300
o0 1| 103| 160 | 160 | 160 | 160 | 161 | 161 | 160 | 164 | 163 | 160 | 173 | 173
2| 108 2556 2585 256 256 257 259 255 265 266 255 298 [ 300
2 1 103 391 391 391 391 393 393 391 399 368 391 423 422
{ 2| 10¢ 152 152 153 152 154 154 152 158 159 152 178 179

1 Multiplying factor=10 X values given in third column.
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A,
TABLE VIII.—CALCULATED VALUES OF 2; AND
4
SMALLEST VALUES OF P
Aa l
. % or 7 Remarks
inches i ; i
( ) (average) (eqxllg)tmn smz&lseét in
1. 63 110 0.33 3.07
2. 50 165 527, 2.00 |(Tests on steel cylinders
4.00 260 21 1.25 by Robertson.
7.32 500 .16 .68
7.5 350 .18 .50
{4 460 .16 1. 00
7.5 670 .13 .50 ||Tests on duralumin cyl-
15.0 715 .13 .50 inders by N.A.C.A.
15.0 915 ol 1. 00
15.0 1,340 . 094 .25
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Positive directions of axes and angles (forces and moments) are shown by arrows

1
Axis Moment about axis Angle Velocities i
Force
(parallel i )
Desibonti Sym- to a}}()isi Desiguats Sym- Positive Designa- | Sym- (]c;‘(;g?gg- ‘
SSlEALICE bol:, || B0 RN | Bel direction tion bol |nent along Angular’
axis) ,
A I
Tongitudinal.__| X X rolling__ ___ v Y—2Z /)L 2 CAOE ¢ u P
Lateral ... ___ h % ¥ pitching____| M Z—X pitch :__- 0 v q
Normal_ ______ Z Z yawing_____ N X—Y YaW._ - ___ v w r
Absolute coefficients of moment Angle of set of control surface (relative to neu-
b LS O = AJS 0% Jb\g - trs;)l po.siti;)n), 6. (Indicate surface by proper
q PR L q subseript.
4. PROPELLER SYMBOLS
D, Diameter. > P
HEE P, Pow ‘ =i
3\ Sletristric pitclld , Power, absolute coefficient O, 3D
2/D, Pitch ratio. O Breal fonbar baalliony e’ [V
V?, Inflow velocity. Ll etdaigag oty Pn¥
Vi, Slipstream velocity. 7, Efficiency.
‘ /i n, Revolutions per second, r. p. s.
T, ' Thrust, absolute coefficient 0"=p-n?ﬁ ; P sl v
: Q ®, Effective helix angle=tan (5~—>
@, Torque, absolute coefficient Cg=p——n2D5 “feltl

5. NUMERICAL RELATIONS

1 hp.=76.04 kg/m/s=>550 1b./ft./sec. - 11b.=0.4535924277 kg
1 kg/m/s=0.01315 hp. 1 kg=2.2046224 1b.
1 mi./hr. =0.44704 m/s 1 mi.=1609.35 m = 5280 ft.

1 m/s=2.23693 mi./hr. 1 m=3.2808333 ft.






