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SUMMARY

• " . . In this report it is sh'own that ihe shear, axla'l.force,

and moment at ond point in, a _i.mplf ring sub_ecte d to

.. _ :"::: ., ",. i.. a'ny loading Vo_ndi_ion can be. g_ven b_/:th'ree in depende_t
equations _hv'olving certain integrals that must be eval-

_::.- .. .. uat.ed regardless of the method of an.alysis used. It is,
.'... .:: also shown how symmetry o.f the ring alone or off'the ring
" .." . _ and the loading about 1 or2 axes makes it p_ssible"to

-. _:-.:(: : simplify the three equations and greatly to reduce the
"" :: _-,-_ ' "number o.f integrals that must be evaluated.

:_--,-:., Application of the general equations presented in this
report to practical problems in the stress analysis of rings

- _ ; makes it possible to shorten, simplify, and systematize

_ . • . . the calculations for both simple and braced rings. Three.
• . illustrative problems are included to demonstrate the

- :: application of the general equations to a simple ring
"" :::::":=:._"-_: with different loadings.

.... : INTRODUCTION "

--"-:.) During the past three years several papem-_on the-

..... '-, stress analysis of rings for monocoque fuselages have

" appeared in American aeronautical literature (refer-
ences 1 to 4). In these references consideration has

- been given to the special case of either a circular or
. .an elliptic ring of constant cross section. Using the

method of least work, the authors have derived for-

mulas and charts that give the shear, a_al force, and

moment at one or more points in the ring for a number
....... •.. of simpl.e Ion.cling. conditions into which the .majority

of complicated loading conditions on the main "nngs
of a monocoque fuselage may be resolved. As the

..- , greater number of monocoque fuselages actually con-
.... " . structed are probably not mathematically circular or

elliptic in shape with rings of constant cross section,

the equations and charts for shear, axial force, and
moment given in the above-mentioned references are

not generally applicable.
In the present report, prepared in cooperation with

• the Bureau of Aeronautics, Navy Department, equa-
tions applicable to the general case are developed. In

the presentation of the general solution no considera-
. tion is given to the many short cuts that can often be

made by a judicious choice of a method of analysis.

Such considerations would only be digressions from

the general case and would result in a discussion of

application s to special cases.

: " Three problems are_venin the appendix to demon-
strhte the simplicity and ease with which the general

solution can be applied to the stress analysis of a
partlculaf ring:" ' '

..... SYMBOLS

Throughout the present report, the following sym-
bols are used:

Mo, bending moment at any point in the

M,

• " z'_ra J,

Xpy,

Ztj,

OM

OM

OM
.-_-_----M°j,

No,

P,

OP
O--X--_,__.P_,J,

OP

OXp_=P,J,

OP
-O-Xfj=P.,

determinate structure.

bending moment at any point in the
complete structure.

bending moment at the jth cut.
axial force at the jth cut.

shearing force at the jth cut.

bending moment at any point due to a

unit bending moment at the jth cut.

bending moment at any point due to a

unit axial force at the jth cut.

bending moment at any point due to a
unit shearing force at the jth cut.

axial force at any point in the determinate
structure.

axial force at any point in the complete
structure.

axial force at any point due to a unit
bending moment at the jth cut.

axial force at any point due to a unit
axial force at the jth cut.

axial force at any point due to a unit

shearing force at the jth cut.
V0, shearing force at any "point in the de-

terminate structure.

V, shearing force at any point in the com-
plete structure.

OV
O--_j= Vm:, shearing force at any point due to a unit

bending moment at the jth cut.
OV

O-_j_--V_u, shearing force at any point due to a unit
axial force at the jth cut.

1
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0V
" O-:-_,s= V,l, shearing force at any point due to a unit

shearing force at the jth cut.

..". . : • ".. ,-U,..tota.1 strain energy..... • . . :- .., - ..

._-..: ..... .., .... :, :: ....' :.. d_, element of. length a.long.'the neutr.al _xis. '

?': ;:':,:.._=•.! : . , .: " E, tehsi6ii-bompre_ioi_medulus of e|astlcity.-

- :- _!: , .k, factor depen.ding upon the shape, of the...... , - """_.:- "' ". -..-- .. cross-section.: : . .. -.,. • . -. ,,<.., -, ..
: :: ....... • R: radius of curvature 0f'axis'ttrrough thi_:
•.-_. .: • ,

•"-:'_ .: -: ...... _ . ." ,. .¢en_6id.. of- _hc:-; qro_s, section-:.ofv" a-.
:........." .... "-"'"  urv dlne g&! " "'.:' " "-"'""'" "

e,'distance between the centroid and the
neutral axis of the cross ..section of any
curved member.• . . : . -

eross'seetmaaI area of" member: ..... :> _?...

o •

• , . [,.

¢,

GENERAL LEAST-WORK ANALYSIS

The method of analysis. The approach to a least-

work analysis of a statically indeterminate structure
consists of imagining the structure to be cut at a num-

ber of points with unknown values of shear, axial force,
and mome_t.aqting at the out sections. The number

of cuts is just sufficient to inake the structure stati-
cally determinate. An expression is then set up for

the work of distortion or, what amounts to the same
thing, for the internal strain energy, and this expres-
sion is differentiated partially with respect to each

of the unknowns. As the principle of least work
states that the internal forces and moments adjust

- " themselves so that the energy stored in the structure

- - is a• minimum consistent with the conditions of equi-
librium, each partial derivative is set equal to zero.

Thus, if there are m unknown forces and moments m

equations involving the unknowns are obtained. The
values of the m unknowns are found by solving the m
simultaneous equations. With the unknown forces

..... }.-,.. • .and moments .evaluated, the.forbes:and moments at:

any other point in the structure may be obtained by
statics.

;Expression for strain energy. The total strain

energy stored in a length l of a curved member may
be expressed as follows:

2lip M P P_ k V _
U-- (1)

integrated over the length 1 (reference 5). When the
depth of the curved member is small in comparison
to the radius of •eurvaturi_ of the eentroidal axis, the

distribution of the bending stress over the cross see:

tion approaches a linear one and the expression for
the internal strain energy may be taken as equal to

that for a straight member. This assumption is
usually made in the analysis of rings encountered in

aircraft design and the following expression is there-
fore used:

_ fVM 2 . t'2 . kV2-l_ s
..... . (2).

:":-,'." }'-" "'" :: :'." . _adiusof cii_atu_e:' ,::" C" . ""

Whe:n.:t.he- ra.ti° "dep-_ of _ _ ls grea_e r

:_hah'Viy £n_._umpiion .thk_: the m6mber is Straight. " ::;

gi#es the stresses-in the ring wit.h],n i0 percent for
-:cr.6_:-se'ct_o'nS 6omlnofiiy _lsed i_ .aircraft strugtures. "=.:

If in a. Sniall porti9n of the riflg this ra, tio is less than

.4_ .th0..appro_ation. :does .n0_ seriously, affect the
least-_corl_ analysm, hence the stresses calculated m •

the other parts of the ring. When the ratio is greater
than 10, the calculated st.resses will be accurate within

3 .to 4 percent. These values should be considered
"as :indicatiVe 'of g[/'c .apProximate {_nge of accuracy

• q, number of member, rather than as fixed limits-of, accuracy•

n, numbe.r of cuts, .-... •: . , .'.. Since. beading .moment M, axial force P, and shear-
r4,'n..umber.of unknowns. . •. . ing force V usua!ly vary throughout the entire struc-

ture, g_neral equations must be obtained for them.

By the principle of superposition, t these equations are
M= Me+ _ M,,,_X,,,_ + Y.._I_,_X_,_+ Y.M,_X,;

P= Po+ _ P_,_X,_+ _ Pv,X_+ _ P,_X,_ (3)

v= Vo+ v.,x.,+z v.x.+x v,x.,

"the "significance of the summation signs being that the

indicated operations should be performed for the
total n cuts and summed up. The internal energy

may then be written in the form

. _ rV M _ p_ kV _-1
jL +2 + jd 

where the integralindicates the energyin anyindividual
member, the summation sign indicating that the work

in all the members (q in number) must be summed up.
• Partial differentiation of the expression for strain

energy.--Partial differentiation of U as given by

equati9n (4) with respect to the unknowns contained

in _ir, p, •and V and setting the resulting equations
equal to zero gives ........ -.. • _ ........ -_ -

OU _ M P kVq @-°I

a-X-;;.= q LJIEI'""'

OU T].F rIM.. P k V "
a.-_-._= _ LJIEi_'"+I-_P"+A--DV,,}ds]=°I

In the general case, with n cuts, there will be n
equations of each of the foregoing types. It should
be remembered, however, that these equations are ap-

plicable only when the cross-sectional dimensions of

the members are small in comparison to their radii of
curvature.

t Strictly speaking, the principle of superposition does not apply when the second-
ary effects of deflection are considered, but these effects are usually neglected In s
least-work analysis.

H i!
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GENERAL EQUATIONS FOR THE STRESS ANALYSIS OF RINGS

- , £M=2, . _ ['M,M_ _ rM,M_
APPLICATION OF GENERALToRINGsLEAST'WORK ANALYSIS _,nj__¢t=d_2k,j_____._=_s__flii,j__E_/_(|8 -

• sis re Mo)tf=The general equations for a least-work analy P - -- [_ ds
•" ._ sented in. the preceding section.will now.be applied to . :, "..;,, "..'- . ") E! . - .

..... ': ..... tl_e,'axmlysis: of qlosed .rings..Wihere a _.g is heavily I ' -¥,, ]._ds-l-X.,
.:.'.: : : ....: _;ided_tissoinet_ihis:l.eslablitbirace'_twith'ai[rfft. I .:.-: J'. 'I_..., - ..,, _ ; d -- . (8)

• " ' " " " " "'" ' ' ' ".... " ' 'd "- - MolU, - -: - :-.. "-;! ... ' '. or. stiy_ Inthe fOllo.,_ang anaI3[ses both sample an I : " : . "...... "- [vds " - . - . .

": ;.-" ." .'.. ;braced l_ngs .v:dtl he eonsxdered... (_ie fig.'. ,)...-. .' "1 -* "-')'_t iar: " )_[ M ...... i2tI _ ' [
- " " " • ": " " " : . " . , -" - X_, _v_m_V_°ds+X, "'_" .... ds+X, ""'-ds-- -
" _':'.":': ::':': ..... ";. _'"". "',." ":'." :'-. :_ "::" _:''I "" "" J"" EI.'.,.,'. J El .... ,...J. El: ." I .

: •,' ),C:,)'" )?'",,, _"-.,.., :". .... "1-"_' !,,_" h j,-iclua't'iis"(8)"ari g_ie£1"l"afid"'.indepenLlin'_ o'f the .'
- . . ,- • . . eoo rdinati system used. In order that these equa-

to) " (b) tionsmay be applied to the analysis of specific prob-
(a) Simple ring • (b) Braced rings "

I_IG_'R_ l.--Typesoffings, lems it has been found convenient to use the following
" "..... "'X ' "" .' - :'system." The origin- of coordinates is assumed to be at

._, " " ....... " .....v .... "
.%" " ,X"

,,,/ x_. h " .... ;: • . . :...... i
• #1 •,] . , !... . . . . .

./ Left*-4 I ]_ Rt'qht
_'_ _ pari _- part '

FIGURE 2.--Simple ring cut at one point with unknown values of shoal axial force,
and moment acting at the section cut.

Simple ring: general case, ring of any shape. For
the simple closed ring both _ and n of the general

.analysis become unity. Equations (5) therefore be-
come •.

OU ['J M. , P _ , k V_ }ds_O _

OU _i P k V
Wx;= f{-_?M, +-R-_P,+-X-OV,}ds--O (6)

OU ('_M - P - kV -}ds_Oo =jl M, V,

For a thin ring such as considered in this report, a

very close approximation may be obtained by neglect-
ing the work due to axial forces and to sheafing forces.
Thus, omitting the last two terms in each of the

preceding equations, equations 6 become

•"OU. M .... _-: ; ""
3X--£=f_-/M=ds-Oa .--. , v .,-

OU i'M . ,

XZ;= j_-/_, _== 0 (7)

IU " M
Fx;=f M,ds-O

Substitution of the general expression for_,M ;n the

preceding equations gives

FIOURZ 3.--Coordinate system used in the general solution for simple rings.

the top of the.ring,where the cut is imagined to be.
(seefigs.2 and 3.) The x axis isassumed to be hori-

zontal and the y a_s to be perpendicular to the x axis.

By thischoiceof coordinates the ring isconsidered to

be divided by the y axisinto a left and a right part,

each of which is treatedseparately in the evaluation

of the integrals. The positivedirectionof x isto the

leftfor the leftpart and to the rightfor the rightpart.

The positivedirectionof y isdownward for both the

leftand the rightparts.

At any point in the ring the values of the shear,

axial force,and moment are assumed to be positive

when they have the directionsindicatedby the arrows

in figure2, as viewed by an observer standing on the

insideof the ring,facing outward, and looking down

on the part of the ring concerned. The moments

"M'Land MR; in tl% left :and right parts, respectively,

may then be written as follows:

Mr=Mon+M,._¥.,+M_RX_+M.nX, J (9)
where

M_,. = M=_ = 1 (10)

.Mr_-=M,r=y (ii)

M,_=x and _Ior=--x (12)
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Substitution of these values in equations (8) therefore gives

• ' ' '., ' : "-. Mo • Mo .... ..- ' ' -: .
• :;.:" .... '.: • -' . X£ f'(-i_---_-ds+'-f(-_r)" _,,l+_,F r(_-_)e,-+ff_) a,l+_.FC(_)a,=ff_) d,l=

i .., ; ,-, .}..... , . . .....Lj \.z_i_.& : -..:j.:\J._4/n .A,....L_v,_/L_ ,..J._../._:.J ": LJ"_._-_ /L_ . J.\ aIR .A

-; - - " :":'". '; "X.. z "el,- x" ds q-X, " amy_ as- and ds +X. a_ as+ _a ds-.......• : ] ] ]
..... - .... ds- _ ds

/

. /

r_ : .

(13)

where the subscripts L and R indicate that the integrations are to be performed over the left and right portions,

respectively..,.. _ _., : ........ : .,

In order to s'implify the notation let ' ("'- "- :" :. ".':'. ':

1 1

_,=[f(_)a,-f(_) d,]
y2 y_

B2_[/(_/)Lds-- f(E_) as] (14)

12 X 2¢-[/(_) d,+/(@ a,]
Mo .1//o_,-[f(@oa,+f(@ d,]
M0y M0y

xllcx i_irox

If these values are substituted in equations (13) the

following system of simultaneous equations is obtained:

AIX., + A2Xp + A3X,= --D, ]

A2X,,+ B,X,,-F B2X,-- D_} (15)
A_X,, + B_X, + GX,= --D_ l

The vaiues of X.,, X_: and X, having '[Jeen" olJtkJr_ecl

by solving the preceding equations simultaneously, the
shear, a_al force, and moment at all other stations

around the ring may be calculated by statics, as stated
previously. The stress.es at each station may then be
calculated by the standard beam formulas, as in the

examples of reference 4.
Simple ring: ring symmetrical "bout one axis. In

aircraft structures it is customary to build floats, hulls,

and fuselages symmegdcal about their central vertical

plane, even though the loading is not always sym-

metrical. In view of this fact, it is possible greatly
to simplify equations (15) as applied to the rings or

frames of these structures. Thus, if the y axis of the
coordinate system is made to coincide with the axis

of symmetry of the rings or frames,

As=OI (16)
B==0 J

and equations (15) become

AIX_ + A=X_,= --Dr

A,X., + B,X_= --1)2 (17)
O,X,= --1)3

from which

x _A_D,-- B_DI D_ + A_X_ ]

"-_-- _' I
v" A_Di-- AID= D, + A,X. |

..,= A,B,_A= = _ f (18)

Simple ring: ring and loading symmetrical about

one axis.--In the special case where the loads as well

_as :the ling. are sy_nmetrieal about the y axis, D_ is
also zero. Thus, in equations (17) and (18)

2(,= 0 (19)

In all other respects the equations of the preceding

paragraph apply. In the evaluation of the integrals,
however, it should be noted that, since both the ring
and loading are symmetrical about the y axis of coor-

dinates, each iLtegraI is equal to twice the value for
one-half of the ring.
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Simple ring: ring and loading symmetrical about In the evaluation of X_ by the summation process
two mutually perpendicular axes.---Occasionally there indicated by equation (20), the components of force

are aircraft structures built in which the hull or fuse- that act in the positive direction of x (away from the y
"..=: ]age shape is symmetrical about two axes.. Airship a_s) axe .considered as positive and those that act in

hullsformed by regular pblyg0ns with an even number I the negative .direction (t0ward/the _/axis) as neghtive.

.c-: '"" of sides-and fuselages:'bf circfilar_ ell_ptic,'and:rec-" :With'_the value Of X_ det6rmined, the value of X;_ may "
: .i'.: ' tangUlar 6ross sections are6xamples of •this type._: : I be obta:ined from the fi.rs_ eqfiation of (18). " " " '

:i"_:=:_'i'i_'_'" "/'-".::If'botli"the"ring:and:{he[o£ding'are symmetric-al"]". Rings withstruts or.stayS:-L:Cases_£re en_0hntered :.

. .:- - - about two axes, the labor re-quired to evaluate Xm, Xp, I of rings that contain one or mor_ struts, or stays, for
:i' "i:": 2.':-_::;::i: ). v,. agdi'Xt may be grg_tl_ reduce_[ o_er that :requi_o_;_heri {-:'.s%re_gth6ningand stiffening: ," In such" ring, s it is neces- .

) :::. ::. i: _ • " there is symmetry about only one axis." i_r'o_m'the dis: ] gary' to imag_e the ring c(_t "at" more tl_an one point.
£:./:::!. :_ i.,-" ":. c_ss..io_".of the pr.ec_ng section..w.here; both. the.ring[ Hence _ a.nd n in, the general, solution are both greater

'- ="" and loadihg are symmeti_'cal ab'6ut one a_s', it_foifbws ]"_hgnhni_y: :Althodgh i£is' problemseems'c0mplicatecl

tha_, for symmetry of the ring and loading about two
axes, the shear in the ring is zero at each end of the

two axes of symmetry. By a separate consideration

of the _(tuil'ibri_m.0f }h e right and.left Part=.off.t.he i-ing,.
it is possibl_ to write for this case

-X l_'_{x components of all forces or loads on'_
_72Z_/\ the right or the left part of the ring] (20)

. ..,.

. . .. _ //

because more than three unknowns are involved, it

may be reduced to a simple systematic solution.

From insp.ection of equations (8) it is possible to write
the f0i_ Of spIutign.fQr the case of n unknowns instead
Of r@eating tlle analysis and deriving it as a separate

case. Suppose there are m unkno_wns. Then, if the

integral sign indicates integration over the
structure, the m simultaneous equations are:

/'M_ ('M,M, • - ['M_M_- ['_11,2tI_.__o=2_,j-_- d_+X, 3 EI ds+ ..... j J E1

X F,II_M_ .... fMd M_M_
ds+ .... +X_f--E-_ ds+._ ... -t-A.,'" J['M"_I_ "--E_os= -- JI'M°M_--EIds

xo CMoM,. ,.
• . o=

x eM.M= _ rM,M..- .. rM.? ds=-f d=......

In the preceding system of simultaneous equations a

definite "pattern" exists. The terms in the maior di-
agonal row running from upper left to lower right con-

tain only integrals with M squared. All other inte-
grals in the pattern consist of prodticts of 31; on any

diagonal row running from the lower left to the upper
right the integrals symmetrically located with respect

to the major diagonal are identical. X short study of
the form of the pattern _-ill enable the reader to memo-

rize it and thus eliminate the tedious work of deriving
_ the ,equations each time that a least-work analysis is

-"i .... "mB,(te. 'i_he'Pattefn _s"a:resul't'0"f Max_:eli's':laW '-of

7"

_ "5

" ],

reciprocal deflections and always has the same form

regardless of how the energy is stored in the structure.
In order to illustrate the application of the preceding

general equations to a ring with a strut, or stay, the
problem shown in figure 4 will be considered. Since

entire

(2_)

the strut has been assumed to be horizontal it is con-

venient to cut the ring at the two points shown. Two

cuts having been made, there are six unknowns: X=_,

0
......... L'e?t par#

i I ,"

R,'gh / par

Fmua_ ¢,--Bracod ringswith one horizontal strut.

X_t, X,t, X_, v X_, and X, v The general equations
involving the unknowns ale therefore six in number.

From the characteristic pattern for the equations of
least work, it is possible to write directly

7 ::L I "

- ._,7. ¸

. .' :. ::1]
<] :
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+X,l +X°, +X.d
r MoM,,.,I

._ J_ds • .. ..• • - - -- : .. , ", .. " .

• :._v,..y,, .. rML.:'.... r "rioi_f"': :-'" :M,,,,'M,, .: "::_I.,,,i,,. " . :._1,,,i,, "-

• .:_ _; : .._ ... :,.. - " - .... i " .- ...:...i.. :..- ._M,,M_.- .:':..."'- ':..,;, :; _: .. :.. .......... .:,...-
:'4"':-- :_l" "-....... . . " J E1 ' " " " - "'.. .... • " "" "

,, ..,-X,,.--.L "- -...-. .,.";..':.":-:..;:,. -:: ::'_. , :v".: ..'. ':;: :=..'.:,.-:.: " .:...:::.. fM.,,M;i:.;:..:',..:-..-:::. . ..'.--;-: :':: .; '- • ..-.:. ..... --"
..... o........ , ... .. ...... 7j_,:,_

F-_fmMm, ' fMa._I. . _'MnM. , _ __ Fz'V[_2 l M,#I=, fAl,dil_, ,
• - - d,+X.,j EId'+X'd .... d'+:'r'd d,---

:'-"_" "'"-": ......,.,"-, " . . ," _'" , :-" "'" " ' _ ........ dg .. .... '

- . •. • 'rM,,M,, rM, M,, . rM,,M,, -. rM,,M,, . rM_ rMo:M,
xm,j X.dTd,+

::..... _, FMd_f,.

• .. " -,-7. "'z

. rM.,M,, • rM,,M,_ rM,,M,, rM.,M,, rM,_o, rM,:
: . xo,

•., i"M_r d _
...... .... .,. .. 3--EZ-- "

• _ " • J . .'% .,

i " " " '

./:2:: --

-Inspection of these equations shows that there is

always some path, section of the ring, or stay along
which the value of each integral is zero. For example,
._Ir_1 is zero from B to C. Hence, any integral involv-

ing _l_t is also zero from B to C. Since M,, 2 is zero
from A to C any integral involving M,,_ is also zero
from A to C and any integral involving the product of
M_ and ,_I,, 2 is zero over both AC and BC. The
fourth integral in the second equation

f M_,_Mat
EI ds

need therefore be evaluated only from C to D. In a
similar manner the paths for wbj'eh each of the or.her

" "intggrals _'eqfiati0ng (22) need to be evaluated'have"

been determined and are listed in the following table:

EVALUATION OF EQUATIONS (22) FOR FIGURE 4

Integrals not Involving loads, left-

hand side equations (22)

First 3 terms Second 3 terms

First 3 equations... ACand CD CD ACand CD

Second 3 equations. CD BC and CD BC and CD

Integrals Involving

loads, right-hand

side equations (22)

The integrals in equations (22) having been evalu-

ated for the paths indicated, the values of X,,,, X_,
X,,, X,. v X_2, and X,_ are obtained by solving the
simultaneous equations. The shear, axial force, and

(22)

moment at all stations around the ring may then be
calculated by statics and the stresses by the standard
beam formulas.

DISCUSSION

Simple rings.--The application of the general solu-
tion to problems in the stress analysis of rings and
frames makes it possible to simplify and systematize
the calculations for X,_, X_, and Xo in a way that is
not possible when starting from fundamental considera-
tions each time a ring or frame is stress-analyzed.
The procedure is first to locate the coordinate axes in
the most judicious manner considering conditions of
symmetry, and then to evaluate the integrals that
appear, in. the genera! equations.. If the evaluation of
the integrals analyticallyis difficult, standard numerical
or graphical methods may be used.

An examination of the integrals that must be evalu-
ated in order todetermine X_, X_, and 2(, shows them

to be of two general types. One type involves only
the stiffness El and the dimensions of the ring. The
other type involves the loads in addition to the stiffness
and dimensions. The .ollowing table giving the
number of integrations that must be made on the two
types of integrals for the various cases considered in
this report is presented to show in an approximate
manner the degree to which the labor is reduced by
conditions of symmetry. The evaluation of any
integral for one part of the ring is considered as one
integration.

Ill 1 _
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THE NUMBER OF INTEGRATIONS NECESSARY FOR

DIFFERENT CASES

_ _ ., ". _, . -. • . . , , . r, to_l o Integ/als ,
• " '" • ; - .; " " '" • " r " * * ," ". "; ' ' "_. ? "" not in- ".

_.. . :... ...-..._:. -: .... .. • ..'->."" ,..l°Y-d;.t _'
I

- .-, - -: O_ne_a) ca_ ring with any Variatiqn In loading matin'isle .. - : : :. | ; , :

:_. ." ,..,",'; • -'snd._ipaenSloh8:....... _..::...,......i,...,_:_;.u,--_. . .6 ..|_ - l_ '

: _ " '- _.= : "." Rin_.sYmmetrt_IM_utdne'axis--'-i:----'-_: .... -_ ..... : .:4" ."| : .:-¢_" ":"
. , " " Ring and lo_ding symmetri_il abofit one axis..." ...... "_.... 2. " ' | '". 3 ' ."

Ring and loading symmetrical about two axes ............ 1 [ 2

- , . ., • . - ,. •., • • . , , ,. • .., , .a . , 2, .

: :i " After a particular problem has'be'en'class_ed by'the

:! _" ':;'_'' :".." con ditions'.of ay_e_.ry, a_I,of, the.i_tegr.a4.._ involxe4i ._n
•"7 ' '_!_!:i" "that" ease must [_e evaiu_ted regardiess'of "_vhat meihod

_ "of analysis is used, unless" .perhaps. the shape of the.
ring is such as to lend itsel$ to some short'cut method.

.... If a stress analysis o_ a."givon ling is de_ired fo{ a se_es

.... "_" . 0f [load|fig :eofiditi_n_., :.i.t..sh9:uJ.d. be./no_ed tha,t __ly..

those integrals involving the loads (integrals including
...... • M0) mdst again be.evaluated for the different loading

.... " " zondition_.. Thus tlae.. !ah0.r..required to obtain X,,.
_: " X_/and X, is reduced to a minimum by application of

the general equations herein developed.

In certain cases where rings of identical size or of

the same relative shape may be encountered frequently,
it is advantageous to resolve all complicated loading

conditions into a few.simple ones. (See references 1 to
.... " 4.) Theshear,' axis| force, and moment for the simple

' _ " loading c0nditions may bec'alchlat_d either by Stand-.

ard methods or as outlined in this report and the

appropriate •values added algebraically to obtain the

. . shear, axial force, and moment for any complicate d
.: loading condition.

r.. : It is not probable that rings and frames of identical
size or of the same relative dimensions will he encoun-

tered frequently. The resolution of the complicated
loading conditions:into a few simple ones does therefore
not always result in the same advantage. Forrings

of oval and other odd shapes, it is probable that the
integrals involved in the general solution would have

to be evaluated by standard numerical or graphical

methods. If such be the case, it is just as easy to

consider the complicated loading condition as it exists.
With the work properly planned for this method, it is a

• simple matter..to obtair_:the momenL :axial..force, and..
.shear at a a_mber Qfstation's.around the ring after the .

.. B_aeed fingi--:-The gpplib.ation o.f the general equa- ' " -
tigristo t_e'ihn_aly._S'0f5ra'dbd_ings llas'been c£i_ried•

only:tq the extent of indies.ringa possiblesystematic

'solution." Four" each pt_rtieular ease th.e. designer ,_-ill:-

be able tominimize" the labor involved by a judicious

ekgi¢e.o:f axes; :rat_g .than by the. u'ae ofastandard:se t .: .• :.:
of" axes such as would be necessary to carry _he general-
solution to more detailed conclusions. In the present

pape.r" a sen.'es of braced rings with different conditions

ofsymmetry could have been assumed and the most
convenien_ a_6s',chosen. The general solution could
then have been completed and discussed in'a manner

similar to-that adopted for the simple, or unbraced,
ring.. As the bracing used isof such a variety of forms,

however, it was not thought worth while to attempt a
classification of each type and present its solution.

CONCLUSIONS

1. The shear, axial force, and moment at one point

in a simple ring subjected to any loading condition can
be .given by three .independent equations involving
certain integrals that must be evaluated regardless of

the method of analysis used. Symmetry of the ring

alone or of the ring and loading about I or 2 axes makes
it possible to simplify the three equations and greatly

to reduce the number of integrals that must be evaluated.
2. Application of the general equations presented

in this report to practical problems in the stress analysis
of rings makes it possible to shorten, simplify, and

systematize the calculations for both simple and
braced rings.

LANGLEY MEMORIAL AERONAUTICAL LABORATORY,

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS,

LANGLEY FIELD, VA., August 10, 193_.

.



.... . .... ._• ,.. .•. .: ..... APPENDIX .... : ._ _.. :• ._+.,: : .

,r-- _ :, f- , .- . • : ,In"or_er "t5 (lemons tkate t e:_pplication" ofthe ge_-. " .' ":' " ..... '• " - ....
" _i:':-;:_: ...... -. eral"ii_tuation to: _ specific"_examplei " -the 'values-,df-' :';•':". "" ...... ,. _rAt=z.'2r _ ,cos a'da , " , "

• - ' _, ' * : .' " LIe ". "-

" "¢ '_ " ." .:Xm_ X'_; and Xt w_.! be CalCulated for a circular rifig ..... :._.-..,. ,';.v . .... --. _,

-:-"f%: i; :" :- rnhd0 silff_le so that the'reader • w0h!.d'_ndt lose the
.... " perspective "Qf the _enerifl. solution..presen!bed, in the..

_!':":i-i_!ii}_,:;"_'' -report .proper.' ]_eeaiise tlie proDIems ate slmple; it

.may he that a shorter solution can be obtained by

some method other th_n the general method here used•

: . - .In'ttie majority of problems, •however,'it will dbubtless

- . _ ..:: _ .. . be f.0u,nd ad_antagebns to rise the ge'nerar s61utlon. "
PROBLEM A

::-,,. ..... A._irculax ring of constant cross section is loaded

::,,._ .... as.shown in figure 5. The y axis of coordinates is

" " ' W...... W

• . . • . • ,. .-, _ .

. leto_mg 3.--Problem A,

- made to coincide with the diameter about which the

• loads axe symmetrical. By this choice of axes both

the ring and the loading are symmetrical about the y
axj.'s. Consequently, X,= 0 and the equations for X_

and 2(= are (see equation (18)).

" , A_D_--A_D_"

X,,,= D_ + A_X_,

Evaluation of the integrals. It being assumed that
the material and cross section are constant at all sta-

tions around the ring, EI may be canceled from all

,i . : : • integrals in the numerator and denominator of the
..... i)receding e'quations for X_ and 2(=. Thus, the eval-

uation of the integrals is

A,-f d =fr( -cos
;. .. -

8

B_= fyMs= fr2(1--eos a)Ms

, . t]¢

9 1 1

=3_r _

,y :__;£, :"D_= Mod Wr (cos-B--cos a) rda

=2Wra[a cos ,--sin a_

=2Wr2[0r--_) cos B+sin B]

D_= f Moyds= f Mor(1--coso,)ds

=r f Mods--rf ioeos ads

=rDi--2r Wr(cos f_--cos a) cos a rda

• • . . - • ,: . • ;r
• " ::" " '" ..... =-:;'Di--2"Wr _ (cos _xcos_-- cos __,)-dot

:rD,--2W#[sinacos_ -1 a-- _sml" 2a;

=2Wr_[(_'-- f_)cos fl+sin fl]

--2Wr_[-sin fl cos f_- 1 (_- f_) + 1"sm _ cos f_]

1 _)]•=.2Wr_ [0r-- fl)cos B+sin _ + 1 sin f_cos/_ + _ (_r-

• . ,, . •

•" "" ":_:,'#"2;,.r'5.:":.'_.":"'': - "...,..7 _ ?:: ::..... - ':'.

I[VI_
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• Evaluation of X_ and Xm. Before the substitution I X°=0
: of the integrals in the equations for Xp and X,,, it is I .... _ ...... _;^_ (ore• . . Zp-_Wcu_ p t,ow _quauu_L _,,,j.]
• convement to summarize them as follows: I

•...". . •" ._ ._.",;. ".. :.'. . " • . .... " .'. _, - • . _'.: _. • " DI+A2Xp ...... . .

• " , * _ " _ 2 " " "" " • " -/ - "(ll " .
.::,: ,i-%-'_'. "" • ." ,.,:2-12_zwr :-.: ..' ,:: . "." ;.. :..... -,: , -- -- -[. . ".... ".,-' .- " -- • . .: • -"-. ' " • - -

. " :: "0_ -. 7'. :.B_=3_.3 :. . " • ," " !" .-:- " "-:.' • /: I", Since the ring. has not _ha'ngedfrom that considered ' ."
_;_:. ..-:'!.'" . "' r_"._.w#._' " -".; " . : ; .... ;- ' ":: I inurofilemXi the integrals A'_ and A_ have not changed, .

............:" < :':: '"_":-..:"."'_' ' "':":. '_""D2=2WrZ(_-.... "F_'_':'+6):" '" """ '-" ": .... "" "":.... : :;.'" ..[":"Th'6"mtegr_l Ol must agaila _e- e_'aluated'b_causetlae'"

..... "-': ":_; .... " -',he-a _"rtir- mcos'a4-sin al : . ; ....... - -.. '.. I loading has changed..- -. ..... ...--,. • . , , .. ....
¢? ,y;_ ,:,?:3 ." ":.: t . .%7_ - ,:,_._._...C'..:;.:7'-" " '!":':,: 7"4 v;.:-_" :-: ; ::"l _. : :-,:., -'""" .. :. ":: :,. :'::." :' " ', ', .: " : :: " ; "...... "

;_:;i_i 'and G=_[(r--fl!q:smBcosfl] . . .: ". "". "" . Dz-- fMods=2f :-Wr[1--cos(a--18)]rda
•V)4"(:'(,::;i .'.'-::':( ":-'"'::7 '_'.:.'-' '." :-.'.":'::'" ,.v.:-" ,...... .... .:. ._:';:..- 3 .... •., J_ ...... - ... ,.: _, :

--:- :::; Subs'tituting the values of the integrals in'the equation§ " : ' ' " ;:e- " .... "._ . " "

•., +2J,_aWr [1--cos(a r+/_)]rda:: for Xp and .Y_ gives

" 2.

• • •... - o....

k

: :.- :. :

- =:, . .

.. °

•-7•

- : .: '2

:°

°.

• "X_'_(2_)(2W r_F) 2-(2_)[2W/_(F:_G)] .
• . - (2rr)(3_r _)_ (2rr2) _ " ; .... : .....

• 2WG

.. -. "It , . . _....

(2Wr*F) + (2rr_)(--2_W G)

X_ 2_

" '_rWr(2aF) "

Wr (1 --cos _)0r--_--sin _)

PROBLEM B

In order to demonstrate further the application of

the general equations to a specific example and to
show how several of the integrals evaluated for prob-

lem A may be used in "other problems, the values of

Xo, X_, and X,, will be calculated for a circular ring of
constant cross section loaded as shown in figure 6.

W w

y
FmVRE 8.--Problom B.

In tl_is problem the y axis will be made to coincide with
the vertical diameter, one of the two diameters about

which the ring and loads are symmetrical. By this
choice of axes

I--.2W£ a--s a--

....... .*2Wr_[a'sin('_-r*B)]:-o.. _.

_. ='2Wr_(_'- _,sin _) +2Wr_(_-sin _)

= 2Wr _(2 #-- r)

Substituting the values of the integrals and X_ in the

equation for X,_ gives

X,_= Wr(1--2B--cos #)

•_ . .,. ....
. _ " PROBLEM C

In this problem a circular ring of constant cross
section is loaded as shown in figure 7. Both the ring

Y

W

and loading are sy about two axes so, if the

'y axis is made to with the vertical diameter

as shown,

X_=-- W sin/_

D,+A2X v
X,_-- A_

The integrals A, and A_ are still the same as for the

problem A. The integral Dt is dependent upon the
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loading condition and must be evaluated for the

particular problem•

-,_ : _ ... D_ ds=2 sin (a--_) rda .... , ..- .
• ° . " . °." ' - .... °

: " . . . ° f1¢ ? - . ," . : -. ".," ..!. '.: :' :-.'. " ::=t--9 "-.Wr _Sin (_-"*_-:0)rd&_ *"•- "', : ::• ':
-L i ::?' _ -•, "." • _'.'•: , J_-,8 •" "• ." ? . • •,' -. • .'." . :,•

] 4w, ........ ' ..... '.: .i:_ -*..: : :_'.'..- _._:..-_ ,'_ .7 •:'.' ",; :'--" ".'.i._*'"":'_.*'•',_::__::•.._.-'.':.:"

: '.. ',;.'!:',_ :" ._ Substituting the values of th4 integrals and Xp in

• ............ ' i ?'
[- 9-1

...... .,- ' It should be _,O_ed'in probleiks B arid 0 that •t_
• ": " " " integral Di ._¢a_ evaluated by taking"the gum:of two

i ; egr.Js;,e ¢k w 'ic eonsidekedthe's iia'  te"
: ' _. ments caused by the two fo_ces on'one part of the ring,

" = lit •Was found -that thi_ _e_h(_d ofevaluating the inte-

.... gral in/-olved fewer te_ms thkfi would have beOi
involved had the moment caused by the first force

/

' * been integrated between the limits B and _--_ and then
the combined moment caused by the two forces inte-

grated between the limits _-0 and _. This method
of evaluating the D integrals as a sum of the integrals
for the separate loads is often advantageous in,problems

"." •wlhere.tti_loadi'ngs are:likely t6.change. ,•" " " "
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