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AERONAUTIC SYMBOLS
1. FUNDAMENTAL AND DERIVED UNITS

Metric English
Symbol 7
: bbrevia- 3 Abbrevia-
Unit tion Unit tion
Length_____. 1 meter-sp i - s m foot (or mile) - ________ ft. (or mi.)
ime il e t gecond- i e i second (or hour)_______| sec. (or hr.)
Horge= 2 =% r weight of 1 kilogram____ kg weight of 1 pound_____ 1b.
Power w00 2 horsepower (metrie) - .. __|._________ horsepower_ _____.____ hp.
Seieed v {kilometers per hour.____ k.p.h. miles per hour________ m.p.h.
Heod et meters per second._ _ ____ m.p.s. feet per second________ f.D5:
2. GENERAL SYMBOLS
Weight=mg : : v, Kinematic viscosity
Standard acceleration of gravity=9.80665 o, Density (mass per unit volume)

m/s? or 32.1740 ft./sec.?
W’
Mags=—

Moment of inertia=mk?. (Indicate axis of
radius of gyration k£ by proper subscript.)
Coefficient of viscosity

Standard density of dry

air, 0.12497 kg-m*s® at

15° C. and 760 mm; or 0.002378 1b.-ft.~* sec.?
Specific weight of ‘standard” air, 1.2255 kg/m’ or
0.07651 1b./cu. ft.

3. AERODYNAMIC SYMBOLS

Area

Area of wing
Gap

Span

Chord

Aspect ratio
True air speed

Dynamic pressure= % A%

Lift, absolute coefficient CL:Q%’

Drag, absolute coefficient OD:g—%’

Proﬁle.dmg, absolute coefficient OD0=%

Induced drag, absolute coefficient CD‘:%’
D,

Parasite drag, absolute coefficient OD?ZES’

Cross~-wind force, absolute coefficient (Jg=§%

Resultant force

iy
(27

Q,
Q
1!

—
P

Angle of setting of wings (relative to thrust
line)

Angle of stabilizer setting (relative to thrust
line)

Resultant moment

Resultant angular velocity

Reynolds Number, where [ is a linéar dimension

(e.g., for a model airfoil 3 in. chord, 100
m.p.h. normal pressure at 15° C., the cor-

responding number is 234,000; or for a model
of 10 em chord, 40 m.p.s., the corresponding
number is 274,000)

Center-of-pressure coefficient (ratio of distance
of ¢.p. from leading edge to chord length)

Angle of attack

Angle of downwash

Angle of attack, infinite aspect ratio

Angle of attack, induced

Angle of attack, absolute (measured from zero-
lift position)

Flight-path angle
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By ABE SinverstEIN, S. Karzorr, and W. KexNETH BULLIVANT

SUMMARY

Liatensive experimental measurements have been made of
the downwash angles and the wake characteristics behind
airfoils with and without flaps and the data have been
analyzed and correlated with the theory. A detailed study
was made of the errors involved in applying lifting-line
theory, such as the effects of a finite wing chord, the
rolling-up of the trailing vortex sheet, and the wake.

The downwash angles, as computed from the theoretical
span load distribution by means of the Biot-Savart equa-
tion, were found to be in satisfactory agreement with the
experimental results. The rolling-up of the trailing vor-
tex sheet may be neglected, but the vertical displacement of
the vortex sheet requires consideration.

By the use of a theoretical treatment ndicated by
Prandil, it has been possible to generalize the available
experimental results so that predictions can be made of the
important wake parameters in terms of the distance be-
hind the airfoil trailing edge and the profile-drag coeffi-
cient.

The method of application of the theory to design and
the satisfactory agreement between predicted and experimen-
tal results when applied to an airplane are demonstrated.

INTRODUCTION

Rational tail-plane design depends on a knowledge of
the direction and the velocity of the air flow in the
region behind the wing. Numerous investigations,
both experimental and theoretical, have been devoted
to the determination of the downwash for wings with-
out flaps. The agreement between theory and experi-
ment has, as a rule, been only partly satisfactory, and
the comparisons have been inadequate as bases for
generalizations. The existing empirical equations for
downwash angles make allowance neither for variations
in plan form nor for the use of flaps. Only scant atten-
tion has been given to the important problem of the
wake behind flapped wings.

As the first part of a comprehensive study of tail-
plane design, the air flow in the region behind the wing
has been studied for the purpose of developing general

methods for predicting the downwash and the wake.
Much of the work on downwash was concerned with the
relation of the induced field in the region behind the
airfoil to the theoretical span load distribution and to
the corresponding vortex system. The basis for the
theoretical calculations is the Biot-Savart equation for
the induced velocities in a vortex field. Some of the
data were particularly useful in investigating the rate of
rolling-up of the trailing vortex sheet.

The wake constitutes a not altogether separate
problem. Its position and the velocity distribution
across it must be known in order to predict the tail
efficiency for cases in which the tail is withinit. Down-
wash and wake generally require simultaneous treat-
ment because the downwash determines the position of
the wake and the wake has, in turn, an effect on the
downwash.

The data used in this analysis were obtained mainly
in the N. A. C. A. full-scale wind tunnel with airfoils
and airplanes that were usually so small that the jet-
boundary corrections either were negligible or could be
accurately applied.

An obvious limitation of the present study, insofar as
its practical utility is concerned, lies in its neglect of
the interference from fuselage, nacelles, etc. Also
neglected is the small effect of the tail itself on the air
flow ahead of it.

EXPERIMENTAL INVESTIGATION
SCOPE OF THE TESTS

The airfoils, the airplane model, and the full-scale
airplane used in the investigation, together with a
synopsis of the downwash and the wake surveys made
in each case, are listed as follows:

1. A 5- by 30-inch rectangular Clark Y airfoil.
Downwash angles were measured, at three different
lift coefficients, in the plane of symmetry. Dynamic-
pressure surveys of the wake were made in the same
plane.

2. A 10- by 30-inch rectangular Clark Y airfoil.
Measurements were the same as for the 5- by 30-inch
airfoil.
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3. A 2- by 12-foot rectangular Clark Y airfoil tested
without a flap, and with the following flaps, each of
20-percent chord:

(a) 40-percent-span split flap, 6,=20° and 60°.

(b) 70-percent-span split flap, 6,=20° and 60°.

(¢) Same as (b) except for a 12.5-percent-span cut-
away at the center.

(d) Full-span split flap, §,=20° and 60°.

(e) Full-span external-airfoil flap, §,=20° and 40°.

Downwash measurements were made, at three lift
coeflicients, in the plane of symmetry of the airfoil and

FIGURE 1.—The U. 8. A. 45 airfoil mounted in the full-scale wind tunnel and the
survey apparatus behind it.

also in a parallel plane one-sixth of the span from the
symmetry plane.

4. The 45.75-foot-span, 2:1 tapered U. S. A. 45 airfoil
of aspect ratio 6 described in reference 1. Downwash
and wake measurements were made at five lift coeffi-
cients, in the plane of symmetry, and in planes 3, 8,
18, 21, and 24 feet from the symmetry plane at distances
of 10, 18, and 26 feet behind the quarter-chord point.

5. A model of 12-foot span of the 2:1 tapered U. S. A.
45 airfoil. Downwash measurements were similar to
those for the 2- by 12-foot rectangular airfoil.

6. The 8- by 48-foot rectangular Clark Y airfoil
described in reference 2. Downwash and wake sur-
veys were similar to those for the large U. S. A.45
tapered airfoil.

7. Three 6- by 36-foot symmetrical airfoils of N. A.
C. A. 0009, 0012, and 0018 sections. Detailed measure-
ments of the wake were made at a number of longi-
tudinal stations from the trailing edge to three chord
lengths behind the airfoils.

8. A small low-wing monoplane equipped with a 5:1
tapered wing of aspect ratio 10. The wing has a plain
sealed flap extending over 65 percent of the span.

Downwash and wake measurements were made with
the tail removed, in the region of the tail plane for a
number of different lift coefficients with and without the
flap deflected.

9. A midwing airplane model equipped with a 4:1
tapered wing of aspect ratio 8. The wing has a split
flap extending over 58 percent of the span. Down-
wash and wake measurements were made in the region
of the tail plane. Pitching-moment measurements
were also made with the tail at different settings and
with the tail removed.

APPARATUS AND METHODS

The experimental work was conducted in the N. A. C.
A. full-scale wind tunnel (reference 3) using the survey
apparatus that is part of the equipment of the tunnel.
Figure 1, showing the survey apparatus behind the 12-
foot U. S. A. 45 airfoil, illustrates the experimental
arrangement. For the 5- by 30-inch and the 10- by
30-inch airfoils, the measurements were made with a
small Y-type yaw head and a Prandtl pitot tube, as
described in detail in reference 4. For all other cases,
the measurements were obtained by means of the com-
bined pitch, yaw, and dynamic-pressure tube shown
in detail in figure 2. Force measurements were made
by the methods described in references 2, 3, and 4.

Angles of pitch and yaw are accurate to within about
+0.25°.  Dynamic-pressure measurements are accurate
to within about =1 percent.

Air-stream angles and dynamic pressures were meas-
ured without an airfoil in the jet, and these values were
applied in correcting all the measurements. Jet-
boundary corrections were negligible for the two small
Clark Y airfoils. Corrections were applied according
to reference 4 for the airfoils of 12-foot span and for
the two airplanes. For the large airfoils, the correc-

F1GURE 2.—Line drawing showing combined pitch, yaw, and pitot-static tube used
for the dynamiec-pressure and the downwash surveys.

tions are so large and vary so much from point to point
in the region behind the airfoil that a quantitative com-
parison between the theoretical and the measured down-
wash angles was not considered advisable.

CALCULATION OF DOWNWASH

The induced velocity at a point due to an infinitesimal
length of vortex filament is given by the Biot-Savart
equation, which may be written in vector notation

T dixa
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in which  is the induced-velocity vector at the point.
', the strength of the vortex.
dl, a vector having the direction and length of
the infinitesimal vortex filament.
a, the vector from the vortex filament to the
point.

The integration of this expression around a semi-infinite
U-vortex of semispan s and strength T', in order to
obtain the effect at a point z, z in the symmetry plane,
leads to the following expressions for the separate con-
tributions to the vertical component of the induced
velocity at this point.

sT z

2T (P +2) St 2

due to the bound vortex.

QI a7
)

due to the two trailing vortices.
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due to the U-vortex.

By means of equation (1) a computation of the down-
wash angle behind a monoplane airfoil can be made if
the load distribution, or circulation distribution, along
the airfoil is known. The wing is replaced by its lifting
line, where the bound vortex is considered localized,
and the vortex sheet that is shed from its trailing edge
is considered to originate at the lifting line and extend,
unchanged, to infinity. The strength I' of the bound
vortex at any section is related to the section lift co-
efficient ¢; by the equation

Wy =

in which V is the free-stream velocity and ¢ is the chord
length. The intensity of vorticity in the trailing vortex
sheet is —dT'/dy.

In a separate paper (reference 5) are presented, for
use in tail-plane design and stability studies, the re-
sults of extensive downwash computations based on the
foregoing idealized picture. These computations being
for wings of various aspect ratios, taper ratios, and flap
spans, it is essential to investigate the generality of the
method and to justify its application.

The validity of the foregoing concept as a foundation
for the computation of downwash angles is, indeed,
subject to objection in a number of particulars, which
have been separately studied and are discussed in the
following sections. The cases of wings without and
with flaps are separately treated.

WINGS WITHOUT FLAPS

Flow about an airfoil section.—An obvious objection
to the proposed method of calculation is that a vortex
at the lifting line is an inexact substitution for the

| actual airfoil. In order to investigate the order of

magnitude of the discrepancy, the theoretical two-
dimensional flow about a Clark Y airfoil at Cp=1.22
was obtained by a conformal transformation of the

\ \\\
NN \
2N \ 36°\
| >
/r / 48 f‘

FiGURE 3.—Theoretical downwash-angle contours for two-dimensional flow about a
Clark Y airfoil section. e, 5.43°; Cp, 1.22.

flow about a circle. The transformation was effected
by the method of Theodorsen (reference 6); the Clark
Y airfoil was chosen because much of the experimental
work was done with Clark Y airfoils and also because
the transformation had already been partly performed

F1GURE 4.—Theoretical downwash-angle contours for a vortex in a uniform stream
(two-dimensional flow). Vortex strength corresponds to Cr=1.22.

in reference 6 for this seetion. Four complex Fourier
coefficients were used, which, inasmuch as they sufficed
to transform the circle with good accuracy into the
Clark Y section, necessarily sufficed to transform the
flow at distances from it.

The results are plotted as downwash-angle contours
in figure 3. Comparison with the corresponding map
for an equivalent vortex placed at the quarter-chord
point (fig. 4) shows that, at a distance of about one
chord length behind the trailing edge, the difference is
less than 0.3°. Tt appears reasonable to assume that
the difference would be of this order for other airfoils.
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The conclusiveness of this result may be open to
question inasmuch as the actual flow about an airfoil
section only approximates the potential flow, owing to
the finite viscosity of air; the difference is probably

FIGURE 5.—Theorctical downwash-angle contours for two-dimensional flow about a
Clark Y airfoil section. «, —5.57%; Ci, 0.

slight, however, except in the vicinity of the wake
itself.

Figure 5 shows the theoretical stream angles calcu-
lated for the Clark Y airfoil at zero lift. The simplified
theory for this case predicts zero downwash at every
point in the field; and it can be seen that, at one chord
length behind the trailing edge, the difference from
zero is small.

Distortion of the trailing vortex sheet—The shed
vortex sheet does not extend unaltered indefinitely
downstream but, as a result of the air motions that the
vortex system itself creates, is rapidly displaced down-

Quarter-chord line

3 Positions of
| survey

< J <3, plares

FIGURE 6.—Isometric drawing showing the U. S. A. 45 airfoil and the distorted
trailing vortex sheet. Cr, 1.35.

ward and deformed. It curves into a channel of con-
stantly increasing depth and distends rapidly as it
proceeds to roll up like a volute about the tip-vortex
cores.

It is essential to know the rate at which this transfor-
mation occurs, for the difference in the tail-plane region

between the downwash computed for the unchanged
vortex sheet and that for the completely rolled-up sheet
is of the order of 20 percent. The surveys behind the
large U. S. A. 45 tapered airfoil are of particular interest
in this respect, because they were sufficiently extensive
to give quantitative information on the rolling-up proc-
ess. IFor this purpose, the case of the highest lift coeffi-
cient (C;=1.35) will be discussed, not only because the
greater magnitude of the measured pitch and yaw
angles increases the relative accuracy of the study but
also because the distortion of the vortex sheet at the
rearmost survey plane (26 feet behind the quarter-
chord line) represents the maximum distortion that will
have to be considered in practical computations of
downwash behind plain wings. The bases for this
statement are: (a) the aspect ratio is about the mini-
mum in common use; (b) the lift coefficient is quite
high, in fact, nearly the maximum for this airfoil; and
(c) the 26-foot survey plane is considerably farther

-2

_1 .
T
sk L -
s 0] \
\
| L

1
0 5 10 15 20 (55
Distance from center line,ff.

F1GURE 7.—Experimental span load distribution for the U. 8. A. 45 airfoil. Ci, 1.35.

behind the trailing edge than is the usual position of the
tail plane.

Figure 6 shows the shape of the airfoil and the posi-
tions of the 10-foot and the 26-foot survey planes.
Figure 7 shows the span load distribution for C,=1.35,
experimentally determined by means of pressure orifices
in the airfoil surface (reference 1). Figures 8 and 9
show the surveys in the 10-foot and the 26-foot planes,
respectively, the vectors representing by magnitude
and direction the inclination of the air flow to the tunnel
axis. In order to avoid confusion, vectors are not
shown for all points where readings were taken.

The line of intersection of the trailing vortex sheet
with the plane of the survey has been indicated in the
figures; it is the line across which there is an abrupt
change in the lateral component of the velocity. It is
also the line where the wake intersects the survey
plane, as was verified by the dynamic-pressure surveys.
The circles indicating the positions of the tip-vortex
cores are somewhat more arbitrarily located; they are
points that appear to be the approximate centers of
rotation of the air flow near them.
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Rolling-up of the trailing vortex sheet.— It was
possible to determine from the surveys the extent of
rolling-up of the sheet at each survey plane. From
Stokes’ theorem, the total strength of the vorticity I'
within an area S may be determined by integrating
the tangential component of the velocity along the
boundary O of the area. Thus, in the usual vector

notation,
= fsf('m'l V.dA— g\)\—n’/—

ol

where dA and dr are, respectively, vector elements of
area and of boundary, and V is the velocity vector.
Now, the circulation around the airfoil at, say, 18
feet from the center is known from the experimental
span load distribution and the air speed. This circu-
lation constitutes the amount of vorticity that must
be shed from the trailing edge between this point and
the airfoil tip. If the trailing vortex sheet extended
unchanged indefinitely downstream, the value of

§T’-d; along any path that enclosed the edge of the

sheet and cut the sheet 18 feet from the center, as, for
example, the path SPQR in figure 9, should equal this
circulation. Owing to the rolling-up, however, the
amount of vorticity within such a path exceeds this
amount, especially when the point at which the path
cuts the sheet is well back of the trailing edge. The
excess indicates the extent of the rolling-up.

Such integrations were performed along the rec-
tangular paths shown in figures 8 and 9. The integra-
tion along these paths is particularly simple, for, along
the vertical sides, V:dr=V sin 6 dr and, along the
horizontal sides, V-dr=V sin ¢ dr, where 6 and ¢ are
the experimentally determined pitch and yaw angles,
V is the local air speed, and dr is the length of the path
element.

From these integrations it was found that, at 10
feet behind the quarter-chord line, the total vorticity
in the area of integration was 1.024 as much as the
circulation around the airfoil at the 18-foot station;
whereas, at 26 feet behind the quarter-chord line, it
was 1.13 as much. These values correspond, respec-
tively, to the circulations that existed on the airfoil
at 17.2 feet and 14.3 feet from the center. It follows
that the vortex sheet leaving the trailing edge rolls up
at such a rate that, in the first survey plane, the vor-
ticity originally between 17.2 feet and the edge has all
been concentrated between 18 feet and the tip; and, in
the rear survey plane, the part originally outboard of
14.3 feet has been concentrated between 18 feet and
the tip. Integrations about the inner parts of the
vortex sheet showed, as expected, that the inner part
lost as much vorticity as the tip gained.

The rest of the sheet must distend correspondingly.
Thus, the portion extending originally between the cen-
ter and 14.3 feet from the center has, at the 26-foot

survey plane, become so distended that it reaches to
18 feet. Further evidence on this distention is found
in the surveys made in the vertical line 8 feet from the
center (figs. 8 and 9). The rate of outward displace-
ment of the vortex filaments 8 feet from the center is
roughly given by the average of the yaw angles just
above and just below the sheet. At the 10-foot and the
26-foot survey planes, these average angles are 2.5° and
3.5°, respectively. The mean along the path being thus
about 3° and the length of the path being about 19 feet,
it follows that a vortex filament leaving the trailing
edge 8 feet from the center has moved out to about
8-+19 tan 3°=9 feet from the center by the time it
reaches the rearmost survey plane. The paths of this
filament, the filament leaving the trailing edge 14.3
feet from the center, and the tip-vortex core have been
indicated in figure 6. The surveys in the symmetry
plane and in the line 3 feet from it are of uncertain in-
terpretation, because the pressure-orifice measure-
ments showed anomalous lift distribution near the
center of the airfoil.

It may be remarked that, although the distortion
and distention found are not inconsiderable, the rolling-
up process, by which the vorticity is eventually concen-
trated into a pair of tip vortices, appears to be still far
from complete. This result is evident from the position
of the tip-vortex core, located at the approximate center
of rotation of the air flow near the tip. It has moved in
only to 96 percent of the semispan whereas, for com-
plete rolling-up, it would be at 78 percent of the semi-
span. Figure 10 shows similar surveys behind the tip
of the 8- by 48-foot Clark Y airfoil. For complete roll-
ing-up, the tip vortex would be at about 87 percent of
the semispan, whereas the survey shows it almost at
the tip.

Further evidence of the displacement of the tip-
vortex core is found in the photographs obtained in
smoke-flow studies and reproduced in figure 11. The
visible flows were obtained with kerosene vapor flowing
past the tip of the tapered half-wing mounted on a re-
flecting board. The core of the tip vortex is easily dis-
cerned as far back in the mouth of the exit bell as can
be seen, a total distance of about 50 feet. This visual
method was not capable of yielding quantitative re-
sults although, qualitatively, it was clear that the in-
ward displacement of the tip-vortex core was small.

Kaden’s theoretical caleulations (reference 7) indi-
cate that the rolling-up process is not complete until a
distance of 0.56A4/C;, semispans behind the trailing
edge of the airfoil. For a lift coefficient (7, of 1.35 and
an aspect ratio A of 6, this value is 2.5 semispans, or
about four times as far back as is the usual location
of the tail. It may be remarked that, in Muttray’s
work (reference 8), the rolling-up, as determined by
the inward displacement of the tip-vortex core, was
found to be slower than is given by the foregoing
expression.
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The effect of rolling-up on the downwash.—It will be
recalled that, in the tentative scheme for calculating
downwash angles, the trailing vortex sheet is assumed
to originate at the lifting line and to extend unchanged
to infinity. The question now arises as to how seriously
such rolling-up, distortion, and distention of the trailing
vortex sheet as were found in the preceding study
affect the accuracy of the results computed on this

7

basis. For purposes of comparison, calculations were
made of the downwash angles in the symmetry plane
at a distance of 1.15 semispans behind the quarter-
chord line (corresponding to the rearmost survey plane
behind the U. S. A. 45 airfoil) using the theoretical
span load distribution for a 2:1 tapered airfoil of aspect
atio 6, for the following cases (fig. 12):

(a), (b), (e), (d)—Views showing tip vortex core forming at wing tips and moving downstream. Plain wing without flap.
(e)—View of flow at tip of the wing with 0.20¢ full-span split, flap deflected 60°. (f)—View showing flow at the tip of a part ial-span split flap.

FIGURE 11.—Smoke-flow pictures for the U. S. A. 45 tapered airfoil in the full-scale wind tunnel. Wing vertical,

113221 —39——2
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(a) The vortex sheet assumed to be distorted and
rolled up to the same extent as found at the rearmost
survey plane in the foregoing study and to exist in this
state from the wing to infinity. The actual vortex
sheet, of course, is distorted less than this amount
ahead of this position and more than this amount
behind this position. [t is very difficult to take this
variation into account in the caleulations, however,

consists of a relative vertical displacement. Thus,
curve ¢, which is the same as b but shifted ver-
tically by an amount equal to the displacement of the
center of the curved sheet, does not differ from that
for a by more than 1° in the region of interest and
differs from it hardly at all at small distances above the
wake. For low-wing or midwing monoplanes, the
tail will usually be at small distances above the wake
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A 00 5
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FIGURE 12.—Calculated downwash for the plane of symmetry, 1.15 semi-

spans behind the quarter-chord line of a 2:1 tapered airfoil of aspect ratio

6. Cr, 1.35. a, Vortex sheet distorted as found for the U. S. A. 45 tapered

airfoil; b, Vortex sheet assumed to extend unchanged straight behind the

quarter-chord line to infinity; c, same as b, but displaced vertically by an
amount equal to the displacement at the middle of the distorted sheet.

and the error involved in assuming the distortion to be
uniform appears to be negligible.

(b) The vortex sheet assumed to be neither dis-
torted nor rolled up but to extend straight behind the
quarter-chord line to infinity.

The curves in figure 12 show the corresponding
downwash angles, calculated for (,=1.35, plotted
against vertical distance from the level of the quarter-
chord line. The curve for b is distinetly separate
from that for a. Most of the difference, however,

and the downwash computed as for ¢ will therefore,
for these cases, correspond to the actual distorted
vortex sheet. Furthermore, it will be recalled that the
present example is very nearly a limiting, if not an
exaggerated case; for the more usual conditions, the
distortion will be much less, and the difference between
a and ¢ will be negligible.

The following conclusion is thus reached: In the com-
putation of downwash angles behind plain airfoils, it is
usually sufficiently accurate to neglect the distention of
the vortex sheet and to take into account the distortion
simply by considering the entire vortex sheet to be
displaced vertically by an amount equal to the displace-
ment of the center line of the actual distorted sheet.
This displacement, in turn, is readily calculated, for the
center line passes through the trailing edge and moves
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downward with the downwash itself. Its inclination
at every point is the downwash angle e at that point;
hence the vertical displacement from the trailing edge
is given simply by the expression

T
tan e dx
A 550 D

Influence of the wake.—The wake, which is the
rearward extension of the boundary layer and which
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FicURE 14.—Downwash-angle contours in the symmetry plane behind the 12-foot
U. S. A. 45 tapered airfoil. «, 11.5°% Cf, 1.175.

coincides with the trailing vortex sheet, affects the
motion of the air in its vicinity. There is a flow of air
toward the wake center, as will be obvious on consider-
ing that the velocity in the wake increases with distance
from the trailing edge, requiring that the stream lines
converge. The effect therefore consists of an increase
in the downwash above the wake and a decrease in the
downwash below it.

Some indication as to the magnitude of the effect for
airfoils without flaps may be obtained from the surveys
made in the symmetry plane behind the 8- by 48-foot
Clark Y airfoil. The dynamic pressures and the down-
wash angles in the wake region are plotted in figure 13
for five different lift coefficients. The effect at the two
lowest lift coefficients is too small to be detected. At
the next two lift coefficients (C,=1.02 and 1.44), the
downwash above the wake exceeds that below it; but
no quantitative information on the wake effect can be
obtained from these data, because the distortion of the
vortex sheet also contributes a disymmetry of the
same order of magnitude. The curve for the partly
stalled wing (C,=1.35) shows an effect amounting to
several degrees.

Theoretical calculations of the wake effect on down-
wash based on the wake description presented in a later
section of this report have been made. They indicate,
in agreement with these data, that the maximum effect
of the wake on the downwash angle at the tail is about
0.2° for unstalled plain wings. For wings with high-

drag flaps or for partly stalled wings, the effect may be
ten times as great. Details of these calculations will
be given after the discussion of the wake equations.
Sweepback and dihedral.—Wings with sweepback
introduce some complication into the theory, since the
component vortices for such a case do not have the
simple rectangular U-shape. Some computations made
for a wing with a normal amount of sweepback showed
the effect to be much too small to require considera-
tion. The lifting line may therefore be assumed to be
perpendicular to the symmetry plane and to pass
through the quarter-chord point of the root section.
Dihedral has an indirect effect on the downwash in
that it gives the trailing vortex sheet an initial distortion
which, however, is usually small. Thus, for the U. S. A.
45 tapered airfoil, the shed vortex sheet leaves the trail-
ing edge with an initial dihedral of about 3.5°, thereby

3
i bl
T
=il =
NL\
= i Sl
s \
]S ]
] el
0 \
Gl’° -
/= -\‘;
N | ;
|
|
!
o e 4 & & 1.0

Oistance from center line, semispan

F1GURE 15.—Theoretical span load distribution for the 12-foot U. 8. A. 45 tapered
airfoil and the equivalent stepwise distribution used in the downwash caleulations.
Cr, 1.175.

contributing only about one-fifth of the total distortion
found in the rearmost survey plane.

Span load distribution.—It may be pointed out that,
in order to carry out a computation of the downwash
angles, it will usually be necessary to use the theoretical
span load distribution as derived, for example, by the
method of Glauert (reference 9) or of Lotz (reference
10). The theoretical span load distribution thus derived
corresponds closely to the actual distribution, provided
that the airfoil has a reasonably high aspect ratio
and rounded tips, although its accuracy in the neighbor-
hood of discontinuities in either chord or angle is ques-
tionable.

Sample calculation of downwash and comparison
with experiment.—It may be desirable to illustrate by
an example the computation of the downwash angles
behind an airfoil and to show, by comparison with
experiment, the accuracy of the results. The experi-
mental downwash-angle contour map (fig. 14) for the
12-foot tapered airfoil at C,=1.175 was chosen for the
comparison,

For the theoretical curve of span load distribution
(fig. 15), an approximately equivalent, stepwise dis-
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tribution is substituted. A vortex of strength given
by the amount of the rise is considered to be shed at
each step, and the downwash angles are computed for
points in the symmetry plane by means of equation (1).
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It is assumed here that the trailing vortices extend
unchanged indefinitely downstream. The resulting
downwash-angle contour map is shown in figure 16.
Distorting this map so that the center line goes through
the trailing edge and has, at every point, an inclination
equal to the downwash angle at that point, leads to the
map of figure 17, which is now to be compared with the
experimental map (fig. 14). It will be seen that the

agreement is, on the whole, satisfactory, particularly
in the region where the tail plane is usually located,
namely, about 0.75 semispan back. The following
discrepancies may be noted:

1. The theoretical downwash angle approaches 7.8°
on the center line at large distances, whereas the experi-
mental downwash angle has already dropped to 7° at
two semispans back and appears to be still decreasing
rapidly with distance. This difference, as was shown
by computation, is due to the distortion of the vortex
sheet into a channel, the depth of which is about 0.4
semispan. It may be remarked that, for complete
rolling-up, with the two halves of the trailing vortex
sheet concentrated at their centroids, the downwash
angle would be 5.0° in this region.

2. There is a dissymmetry in the experimental down-
wash map at the farther distances behind the airfoil
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FIGURE 21.—Variation of maximum downwash angle in the symmetry plane with
Oy, for the 2- by 12-foot Clark Y airfoil.

in that the angles decrease faster below the maximum
than above it. This dissymmetry is also due to the
deformation of the sheet, as may be seen by referring
to curve a of figure 12.

3. There is a region of large downwash angles above
the center line, just behind the airfoil. This character-
istic is predicted by airfoil-section theory and may be
observed, for example, in the theoretical flow about the
Clark Y section (fig. 3).

Other less complete comparisons between theoretical
and experimental downwash angles are given in figure
18, where the maximum theoretical and experimental
downwash angles are plotted against longitudinal posi-
tion. The agreement is satisfactory, although the ex-
perimental downwash angles are somewhat larger than
the theoretical except where the distortion and the rolling-
up of the vortex sheet become considerable, as for the
10- by 30-inch airfoil at C,=0.91. Figure 19 shows
experimental downwash-angle contour maps for the
2- by 12-foot airfoil at two lift coefficients. Figure 20
shows similar contour maps for the 5- by 30-inch airfoil
and also shows the wake. This figure is of particular
interest, for it shows clearly that the downwash maxima
lie slightly above the wake.

If it is assumed that, for a wing without twist, the
span load distributions (or circulation distribution) are
similar at all angles of attack, it follows that downwash
should be proportional to the lift coefficient. Examples
of the proportionality between downwash and lift
coefficient are shown in figure 21,
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DOWNWASH AND WAKE BEHIND PLAIN AND FLAPPED AIRFOILS

WINGS WITH FLAPS

Provided that the span load distribution is known, the
downwash may be computed for a flapped wing just as
for a plain wing. It must be recognized, however, that
the inaccuracies discussed in the preceding sections,
which were concluded to have relatively small effect for
plain wings, here acquire increased importance.

The wake, in particular, is many times stronger than
that for a plain wing, and its effect in increasing the
downwash angles near its upper border and decreasing
them near its lower border is much more pronounced.
Figure 22 shows the wake profiles and the corresponding
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FIGURE 24.—Comparison of experimental with caleulated maximum downwash
behind the 2- by 12-foot Clark Y airfoil with full-span flaps.

downwash-angle plots in the plane of the elevator hinge
line behind the low-wing monoplane with flaps down.
The effect mentioned is seen to be considerable near the
middle of the wake but is small outside the wake. For
comparison, similar plots for the wing with flaps up are
shown in figure 23.

In figure 24, the maximum theoretical and experi-
mental downwash angles are plotted against longitu-
dinal position for two cases of the 2- by 12-foot airfoil
with full-span flaps. The excess of the experimental
over the theoretical maximum downwash is approxi-
mately accounted for by the wake effect, as will be
shown in a later section of this report. The experi-
mental downwash-angle contour maps for these two
cases are given in figures 25 and 26.

13

The deformation of the trailing vortex sheet for the
rase of partial-span flaps is also much more extensive
than for the plain wing. Such distortion is indicated
by the survey shown in figure 27, made in the vertical
plane containing the elevator hinge line, behind the
low-wing monoplane with flaps down. The trailing
vortex sheet has been swept down sharply between
the flap tip and the center. The origin of this pe-
culiar deformation will be obvious on considering
the direction of rotation of the flap-tip and the wing-
tip vortices.

Data with which to study separately the foregoing
influences are limited, and an exhaustive discussion of
their effects is therefore not warranted. It appears
likely, in view of the study for the plain wing, that no
large discrepancy need be expected between the actual
downwash angles and those computed by the previously
deseribed method, unless the flap span is inordinately
small.

Calculation of downwash angles.—The theoretical
downwash angles may be computed by the method that
was given for plain wings, using the theoretical span load
distribution, which, in these cases, consists of two parts,
that for the plain wing and that for the flap. The flap
contributions were calculated by the method of refer-
ence 10, sufficient data from lift measurements being
available in each case to furnish the variables needed
for the computation.

It may be desirable to state more explicitly the basis
for the computation of the downwash increments due
to flaps. The relative change in lift distribution on
lowering a flap is nearly independent of the angle of
attack, and the absolute change in the section lift
coefficient ¢, at any section is approximately propor-
tional to the total increase in the wing lift coefficient
Cr. The resultant loading and the resultant vortex

system are therefore the sums of those of the plain wing
at the given angle of attack and those due to the flap,
which are proportional to Cy,. The resulting down-
wash is, correspondingly, the sum of that of the plain
wing at the given attitude and that due to the flap, the
flap component again being proportional to (. The
vertical displacement of the center line of the down-
wash-angle pattern is similarly additive.

In these span-loading calculations, the Fourier coeffi-
cients for the chord distribution were found by Pear-
son’s system (reference 11) and the Fourier coefficients
for the angle distribution were found by the usual
method of integration. Ten terms of the series for the
loading were nsed except in the case of the flap with the
center cutaway, for which 20 terms were used. A
reasonable number of terms does not suffice to give
the shape of the loading curve very close to the edge of
a flap; the curve is therefore more or less arbitrarily
drawn in this region, the main condition being that it
be vertical at the position of the flap tip.
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DOWNWASH AND WAKE BEHIND PLAIN AND FLAPPED AIRFOILS 15

Sample calculation for flapped wings and comparison
with experiments.—Figures 28 to 30 illustrate steps
in the downwash-angle calculation for the case of the
2- by 12-foot airfoil with 70-percent-span split flap at
(0,=1.85. The lift coefficient consists of two parts,
Cp,=1.16 and OL,=0.69 ; the corresponding two con-
tributions to the span load distribution are shown in
figure 28. The corresponding downwash-angle pat-
terns, neglecting distortion or displacement of the shed

\_{?‘ AG. =6 T
2 \,:é_ |

|
fe,-0es) | TN
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FIGURE 28.—Contributions of plain wing and of flap to span load distribution on
the 2- by 12-foot Clark Y airfoil with 70-percent-span split flap. 7, 60% CL,, 1.16;

C1ry, 0.69.

vortex sheet, are shown in figure 29. Adding these
two contour maps and shifting the center line so that
its inclination equals the downwash angle at every
point gives the contour map shown in figure 30, which
is now to be compared with the experimental downwash-
angle contour map shown in figure 31 (a). The dis-
agreement between the two is not large and is quanti-
tatively attributable to the wake effects, as will appear
later.

Figure 31 contains experimentai downwash-angle
contour maps, in the symmetry planes, for the 2- by
12-foot airfoil with 40-percent-span and 70-percent-
span split flaps and with the 70-percent-span split
flap having a 12.5-percent-span cutaway at the center.
In figure 32, the maximum downwash angle is plotted
against the longitudinal position and compared with
the computed values. The difference between the
experimental and the theoretical values may be ascribed
to two effects: that of the wake, which increases the
downwash ; and that of the rolling-up, which, although
insignificant for plain wings, appreciably reduces the
downwash for short-span flaps. Thus, for the 70-
percent flap, the first effect predominates (fig. 32 (a));
whereas, for the 40-percent flap at the higher lift
coefficient, the second effect predominates (fig. 32 (¢)).

A discrepancy of the order of 4° exists in the case
of the 70-percent flap with the cutaway at the center.
Agreement can hardly be expected, however, for there
is little justification in using the lifting-line theory to
caleulate the span load distribution near a cutaway
that is smaller than the wing chord or in assuming
that the vortex sheet shed from the region of the cut-
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FIGURE 31.—Downwash-angle contours in the symmetry plane behind the 2- by 12-foot Clark Y airfoil with partial-span split flaps at various lift coefficients. 4/, 60°.

away would not be thoroughly distorted after a very
short distance. This case is of less practical impor-
tance than might be supposed, because the added lift
due to a flap appears to be carried across the fuselage
even though the flaps themselves may end at the
wing-fuselage juncture.

DOWNWASH BEHIND STALLED AIRFOILS

The matter of downwash behind stalled airfoils is of
importance from considerations of stability and con-
trol at the stall. The available data for such cases are
limited; hence an extensive treatment of the subject is
not possible. A discussion based on that for un-
stalled airfoils and in agreement with the small amount
of data available may, however, be useful.

The subject divides itself naturally into two parts,
depending on whether the wing stalls at the tips or at
the center. The effects of stalling on downwash fall
roughly under two heads: (a) effects of the strong
wake, and (b) effects of the change in the span load
distribution.

For a wing stalled at the tips, the span load distri-
bution may be compared with that for a wing with a
partial-span flap as shown, for example, in figure 28,
where the edge of the flap corresponds to the edge of
the low-lift stalled region. The downwash in the
region of the tail will therefore, for a given lift coeffi-
cient, be greater for the stalled wing than for the un-
stalled wing, because a substantial part of the vorticity
that, for the unstalled wing, leaves the wing at the tip,
now leaves at the edge of the stalled region.

T



DOWNWASH AND WAKE BEHIND PLAIN AND FLAPPED AIRFOILS 7

An example of this effect will be noted when the mid-
wing model is discussed. The wing being highly
tapered, the stall in this case progresses inward from
the tips. After the tips begin to stall, the lift remains
nearly constant with increase in angle of attack and,
correspondingly, so does the theoretical downwash
(as computed for the unstalled wing). The experi-
mental downwash, for the reason just given, con-
tinues to increase as the edge of the stalled region
moves inward.

Wings with low taper ratio, or with washout, will
stall first at the center. In addition to the change in
the vortex distribution, corresponding to the change in
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FIGURE 32—Comparison of caleulated and experimental downwash behind the 2-
by 12-foot Clark Y airfoil with partial-span split flaps at various lift coefficients.
37, 60°.

span load distribution, the presence of the wake close to
or passing over the tail is an important factor. The
wake is very wide, but the position of its center can
probably be predicted with fair accuracy from the span
load distribution by the process previously described.
As will be explained in a later section, the center of the
wake leaves the wing, not at the trailing edge, but at a
point about (¢/2) sin « above the trailing edge. In
general, when a wing stalls at the center, the center of
the wake moves upward. If the stall is gradual, this
displacement will be small; if the lift drops sharply
across the center of the wing, the vortices rolling off
at the edge of the stalled portion will rotate in such a
sense as to contribute an upward motion to the wake.
The curve of figure 13 for the Clark Y airfoil at « =17.6°
illustrates this effect. It will be seen that both the
middle position of the wake and the mean downwash
angle in the wake are approximately the same as for

a=1.4°, although the lift coefficient is three times as
much. The figure also demonstrates the other char-
acteristic of the air flow near a strong wake; namely,
that, because of the flow of air into the wake, the down-
wash above it is increased, while that below it is de-
creased. The effect in this case amounts to about 3°
or 4°.
WAKE

The wake may be defined as the region behind a wing
in which the drag due to skin friction appears as a de-
creased total pressure. Bernoulli’s equation does not
apply within it, for there is a gradient in dynamic pres-
sure, whereas the static pressure is almost constant.
Owing to turbulent mixing at its boundaries, the wake
widens with increasing distance downstream and at
the same time becomes less intense. Far behind the
wing, the wake becomes so thoroughly diffused with the
surrounding stream that its presence can no longer be
observed. Typical distributions of dynamic pressure
in the wake are shown in figure 33.

Calculations for tail-surface design require a knowl-
edge of the wake location, with reference to the tail,
and of the wake dimensions. It will be shown that the

rake location is dependent on the airfoil lift and that
the wake dimensions are functions of the profile drag
and essentially independent of the lift.

LOCATION OF THE WAKE

The wake behind a wing has been shown (figs. 8, 9,
and 27) to coincide with the trailing vortex sheet.
This coincidence is due to the common origin of the wake
and the vortex sheet at or near the trailing edge of the
wing and their equal freedom to move in the induced-
velocity field behind the wing. It has previously been
shown that the vertical displacement . of the vortex
sheet from an origin at the trailing edge is given with
satisfactory accuracy by

z
h=f tan e dr
T8,

for the cases of wings without flaps at low and moderate
lift coeflicients. The necessity for an accurate knowl-
edge of the vertical location of the wake requires that
further consideration be given to the case of flapped
wings and wings at lift coefficients at and above the
stall.

Difficulties in determining the vertical location of
the wake for the aforementioned cases arise, first, in
establishing the vertical location of the origin of the
wake at the trailing edge and, second, in evaluating the
errors introduced by the assumptions made in comput-

| ing the height of the vortex sheet. The simplified

trailing-vortex system that has been shown to give
satisfactory accuracy in downwash-angle computations
may lead to somewhat larger errors in estimating the
wake location.
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F1GURE 33.—Wake profiles showing dynamic pressure in the symmetry plane at three distances behind the U. S. A. 43 tapered airfoil at different lift coeflicients.
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DOWNWASH AND WAKE BEHIND

From the experimental flap data available, it was not
possible to isolate the discrepancies with the theory
caused by improper choice of the wake origin from those
due to the use of the simplified trailing-vortex system.
It was therefore necessary to resort to an empirical
method that fits the experimental data for full-span
flaps with considerable accuracy. For the cases of
partial-span flaps at high lifts, the wake will generally

(a)

-Separation

(a) A flapped airfoil.
(b) A completely stalled airfoil.
(c) A partly stalled airfoil.

F1GURE 34.—Streamlines illustrating the origin of the wake for flapped and stalled
airfoils.

be slightly above the values given by the empirical
expression.

For a wing with a deflected flap, it is apparent that
the origin of the vortex sheet and the wake is below the
original trailing edge of the wing. Inasmuch as the
flow over the upper surface and that over the trailing
edge of the deflected flap are separated by a distance
equal to about ¢, sin 4, (fig. 34), it was assumed as a
first approximation that the wake has this thickness at
the trailing edge with the center at a distance of
(¢,/2) sin 8, below the original trailing edge. With this
assumption of the position of the wake center and the
further assumption that the wake was deflected behind

z
the wing by an amount equal to f tan e dz, a large
T.E.

number of comparisons were made with available experi-
mental data on the wake location behind flapped wings.
A systematic discrepancy between the theoretical and
the experimental values was noted that was primarily a
function of the flap deflection. The type of flap (split,
plain, or external-airfoil) appeared to be of only second-
ary importance and has therefore been neglected.

PLAIN AND FLAPPED AIRFOILS 19

tion of the wake origin at the trailing edge, are given
in figure 35. Positive values of £ indicate downward
displacements.

The location of the wake origin behind a flapped
wing with reference to the original (flap up) trailing
edge of the wing is thus given as

h=(¢,/2) sin 5,+kc+f;Eta.n edr

Owing to the relatively slow change in e with distance
behind the wing, a graphical integration of tan e dz may
readily be performed. The values of e are obtained
from downwash-angle charts, such as figures 16 and 29.

When the wing stalls, the downwash at the wing
center may be either increased or decreased depending
on whether the wing stalls first at the tips or at the
center. The center of the wake in the region of the
trailing edge of a section is always raised, however,
when the section either partly or completely stalls.

.08
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o 40 80
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FIGURE 35— Plot of factor k for correction to the vertical position of the wake origin
at the trailing edge of a wing with a flap,

For cases in which the section is partly stalled (fig.
34 (c¢)) the wake center may be raised an amount equal
to (¢,/2) sin a, in which ¢, is the length of the wing
chord over which the separation occurs. Kor a com-
pletely stalled wing, ¢, approximately equals ¢. The
foregoing approximations for location of the center of
the wake with reference to the trailing edge of an
unflapped wing have shown satisfactory agreement
with the experimental data.

For the case of a flapped wing at the stall, the wake
center will be raised above the trailing edge by an
amount equal to (¢,/2) sin « and, owing to the flap, will
be lowered by an amount equal to (¢;/2) sin é;s0 that the
resultant displacement of the origin may be obtained as
the algebraic sum of these two terms.

The wake displacement behind the wing depends
directly on the downwash. It is not to be expected,
therefore, that the wake location for a stalled wing may
be predicted with great accuracy unless the exact nature
of the stall is known and the change in the load distri-
bution due to the stall is taken into account.

Values of %, which is the correction factor for the loca-
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WAKE DIMENSIONS

The profile drag of an airfoil section may be approxi-
mately equated to the loss of momentum in the wake,
as shown by Betz (reference 12) by the equation

(,0:pfw w(U—u) dz

in which 7 is the velocity in the free stream and % is
the local velocity in the wake. At distances behind the
airfoil comparable with the tail-plane location where the
static pressure in the wake has reached that of the free
stream, the momentum equation may be approximated
by the more elementary expression

B
5 _1f?<1~q~)dz 2)
II[)_C L5 Yo

7

in which ¢, is the section profile-drag coefficient, ¢/q, is

the ratio of the dynamic pressure in the wake to that
in the free stream, and B is the wake width. Experi-
mental investigations have shown excellent agreement
with this expression even for the cases of wings with
flaps (reference 13).

The wake may be completely described by the width
B, the loss of dynamic pressure at the wake center Aq.
and the shape of the wake profile.

As an aid in generalizing the results, the following
nondimensional ratios have been adopted:

dynamic-pressure loss at center line of wake Ag
— —— o 3 3 ————y ==
dynamic pressure in free stream 7o

q
Do

1 wake width B

¢ L WEEC WIGUD
$ 72 wing chord’ 2¢

distance behind trailing edge of wing
wing chord

e

o
¢

In a theoretical analysis of the wake behind a two-
dimensional body, assuming the turbulent mixing
length to be proportional to the wake width, Prandtl
(reference 14) has indicated the following relations:

.'(OCE;'(’@%

These proportionalities have been investigated by
means of the experimental data. The wake widths for
the three symmetrical airfoils at zero lift are plotted
against distance from the wing trailing edge in figure 36.
The curves are all parabolic, as indicated by the Prandtl
expression. The origin is shifted to £ = —0.15, which is
to be expected, owing to the already finite boundary-
layer width at the wing trailing edge. In figure 37 is
shown the variation of the wake width 2¢ with ¢q, for

a fixed value of £ (¢221.5). The predicted proportion-
ality with c,lo":‘ is verified, for the test points may be
fitted to a parabola, the equation of which is {=0.89
(ldoiv

From the same test data, corresponding values of the
relative losses in dynamic pressure at the wake center
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F16URE 36.~Illustrations of parabolic relation between wake width and distance
behind the trailing edge.

n are plotted against ¢, (fig. 38); the predicted propor-
tionality of » with ¢, ' is again substantiated. The
variation in 5 with distance from the trailing edge is
shown in figure 39 for the N. A. C. A. 0018 airfoil. In
contrast to the Prandtl relation, the variation in this
case appears to be with the inverse first power of ¢,
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FIGURE 37.—Illustration of parabolic relation between wake width and profile drag.
Distance behind trailing edge, £, 1.5 chord lengths. (Data from reference 13.)

rather than with the inverse } power. The discrepancy
is doubtless associated with the high values of 5 near
the trailing edge, for in Prandtl’s discussion it was as-
sumed that 7 is small. The inverse first power will be
tentatively retained, although it is recognized that an
obvious inconsistency exists for large values of £.
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Applying the proportionality constants derived from
the data leads to the equations

242 cq}
e

£=0.68 ¢4} (E40.15)" @

®3)

Curves representing these equations are plotted in
figures 40 and 41. Combining (3) and (4) leads to the
equation :

¢/n=0.28(+0.15)* (¢40.3)
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The ratio of the wake width to the deficiency of dy-
namic pressure at the wake center is thus shown to be
independent of the value of ¢,
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A complete description of the wake requires, in ad-
dition to ¢ and #, the variation of the relative loss in
dynamic pressure n” with the distance {’ from the
wake center line. The nondimensional wake profiles
measured on the three symmetrical airfoils at different
distances behind the trailing edge are shown in figure
42.  Although the profiles vary somewhat, in the
range of distances corresponding to the usual tail loca-
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L | Maca '
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Fi1GURE 42— Variation of dynamic-pressure loss across the wake.

b=l

tion the profile shape may be closely approximated by
either of the following empirical equations:

6T

5 T
77_ — (‘()H' __)g;
n =

%)

Equation (2) can be rewritten as

b
C(I():J N 77/(1(’
=<

Substitution of values of »” from equation (5) and
integration of the area under the wake profile provide
the interesting result that

('(Iog—ﬂg (G)

An expression for ¢; in terms of 5 and ¢ may also be
obtained from equations (3) and (4):

T n{(E+0.3) Sl e 7)
1.65(40.15)°

Values of K; from equation (7) are plotted against
¢ in figure 43. The value of Kj is unity at two chord
lengths behind the airfoil; accordingly, only in this
region are equations (6) and (7) in good agreement.
The differences at the other values of ¢ are attributed to
the changing shape of the wake profiles with distance
behind the airfoil and to the relative inaccuracy of
equation (2) at small distances behind the wing.

Wake of stalled airfoils.—Although the empirical
equations (3) and (4) for the wake dimensions were
developed from results obtained at lifts below the stall,
they apply with reasonable accuracy above the stall
provided that the profile-drag coefficient of the stalled
wing ahead of the particular region is known.

The rapid variation of ¢, with Oy, at the stall and the
inexact knowledge of the profile-drag coefficients of
stalled or partly stalled sections usually make an exact
calculation difficult.  When these data are available,

- satisfactory agreement is obtained, as shown by the

comparison of the experimental and the predicted wake
dimensions for the case of the stalled U. S. A. 45 airfoil
in figure 33.

Interesting comparisons of the wake of the U. S. A.
45 airfoil at lift coefficients slightly above and below the
stall can be obtained from a study of figures 44 to 47.
The wake contours are marked in fractions of the free-
stream dynamic pressure (1-7") and results are given
for surveys in planes at three longitudinal distances
behind the airfoil and in the plane of symmetry of the
airfoil.

It may be noted for the surveys at a longitudinal
distance of 1.18 chord lengths (figs. 44 (b) and 45 (b))
behind the trailing edge of the wing, which most nearly

20T 'r"’j T ( I 1
— 7177 + 7L/7]r f—T\;f 1 J

_ From integrotion of
woke profile /ven
K, - Ca, [ by equof/on
rjgr,A_, ,,T,, — 15 —
| il —1 |
1.0 F——+—+—1 i

-
{

R T
| | | | | | “From n and § values
T'_T lin equof/ons (3 and (4)
o 1 I ]
| | | | ]
= T =
L1 HEEN

0 / 2 3
Distance behind traoiling edge, € ,chord lengths

FI1GURE 43.—Relation between profile-drag coeflicient and the produet of wake half-
width by maximum dynamic-pressure loss.

corresponds to the usual tail location, that the dynamic
pressure in the plane of symmetry of the wing and at
the walke center line changes from 0.8 ¢, for the unstalled

condition to 0.5 ¢, at several degrees above the stall.

The value of  1s therefore increased from 0.2 to 0.5.
The corresponding profile-drag coefficients for the un-
stalled and the stalled conditions are 0.018 and 0.130,
respectively (reference 1).

Since 7 o« ¢q)’, it may be expected that

Nstatled (10 stalled
and

should be equal.

ﬂunslalled cllo unstalled

A fairly satisfactory agreement is found; thus, upon
substitution of the numerical values, the first ratio gives
2.5 and the second gives 2.7.
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FI1GURE 47.—Contour lines of dynamic pressure in the symmetry plane behind the U. S. A. 45 tapered airfoil. Dynamic pressures in fractions of free-stream dynamic
pressure; airfoil stalled; «, 18.5°; C, 1.00.

Calculation of the wake effect on downwash angle.—

7
From the equation n’=n (:03212%: and the definition of »’,
’ e
n=1— Vi

it follows that the velocity V at a point (£ ) in the
wake is given by

Vi R

Vo~\/ 1—n cos 2

The flow (in two dimensions) passing between a point
(£, 0) on the wake center and the point distant {” above

it (¢ '), 1s

g O
¢=0f Vd{’:cVof \/1—n cos?sdy’
0 0 25‘

in which » and {’ are functions of ¢z  and £, The stream
function ¢ can be evaluated from tables of elliptic
integrals; for a particular pair of values of ¢4, and £, it
is a function of ¢’. After this function has been com-
puted for different values of £, streamlines may be
drawn, for they are loci of points for which the values
of ¢ are constant. The inclination of the streamline
passing through any point is the wake effect on the
downwash angle at that point.
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The calculation, as here described, applies for points
lying within the wake (/¢ =1). The effect diminishes
with distance from the edge of the wake. Inasmuch
as the tail plane is not usually very far from the wake,
the effect at the tail may be considered equal to that
at the wake edge near it. Figure 48 shows the results
of the calculations for ¢, =0.1 and 0.2, for ¢=1.5,

which corresponds approximately to the usual longi-
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FIGURE 48.—Effect of wake on downwash at 1.5 chord lengths behind the trailing
edge,

tudinal location of the tail plane. At much higher
drag coefficients, the effect becomes so large that it is
not possible to predict, with any accuracy, the down-
wash in the wake behind completely stalled airfoils.
An example may be seen in the surveys behind the
stalled low-wing monoplane with flaps down (fig.
22(a)); the profile-drag coefficient of the stalled section
is about 0.5, and the maximum effect on the downwash
angle is about 15°.

APPLICATION TO AN AIRPLANE

In order to show the application of the method, it
will be applied to the case of the typical midwing-mono-
plane model, for which experimental data are available
for comparison.

The calculations are based on the theoretical span
load distributions of figure 49. For convenience, the
curve for the plain wing is shown for ;, =1.00 and that
for the flap is for C,‘f=0.64.
progress of the calculation for the case of flaps up, at
(p,=1.1. The downwash-angle contours are shown first
undisplaced and then displaced in the manner pre-
viously discussed, so that the center line passes through

Figure 50 mdicates the

the trailing edge and follows the downflow. For pur-
poses of comparison with piteching-moment results, a
correction factor of 0.95 should be applied in order to
obtain the average value along the span of the tail.
Incidentally, it may be noted that this center line and
the wake center line which coincides with it fall below

'EH\JR J
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Distonce from center line, semispan

Fi1GURE 49.—Contributions of plain wing and of flap to the span load distribution for
the midwing-monoplane model.

the tail and that the wake as computed by equation (4)
does not flow over the tail.

Steps in the calculation for a case of the airplane with
flaps down appear in figure 51. The undisplaced down-
wash-angle contours corresponding to the plain wing
(C1,=0.96) are shown as well as the contribution of the

Quarter-chord point at (@)
root section N 70°
: 90° 85° 80 75

N = >

%- e

kY Semispori————M

(a) Undisplaced pattern.
(b) Pattern displaced so that center line passes through the trailing edge and follows
the downflow.

FIGURE 50.—Theoretical downwash-angle contours and wake location for the mid-
wing-monoplane model. Flaps up; Cr, 1.1.

flap (CLf:().(M). Addition of these two contour maps
leads to the contours shown in figure 51 (¢).  When the
center line is so displaced that it passes through the
wake origin, which in this case is just below the middle
of the flap opening (see fig. 35), and follows the down-
flow, the contours of figure 51 (d) are obtained. The
edge of the wake, as found by equation (4), again falls
below the tail.
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FIGURE 51.—Theoretical downwash-angle contours and wake location for the mid-
wing-monoplane model. Flaps down; Cr,, 0.96; Crp, 0.64

The downwash angsle so obtained should, for pur-
poses of comparison with pitching-moment measure-
ments, be corrected by a factor of 0.9 in order to get the
average value along the span of the tail and by an
increment of 0.5°, which is the estimated effect of the
walke.

Experimental values of the downwash angles were
obtained by comparing tail-off pitching moments with
tail-on pitching moments obtained at different stabilizer
settings. The stabilizer settings corresponding to zero
load on the tail are found by interpolation or extra-
polation. From these values, the corresponding angles
of attack of the airplane, and the jet-boundary cor-
rections (veference 4), the downwash angles are de-
rived. The agreement between theory and experiment
is shown in figure 52 to be satisfactory, except
at the higher angles of attack, where the tips are
stalled.

This case may be considered a particularly favorable
one, for the model was well streamlined and had a
relatively small fuselage. It is likely, however, that,
as in the present example, interference will be small in
modern carefully streamlined airplanes.
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FIGURE 52.—Comparison of caleculated and experimental downwash at the tail of
the midwing-monoplane model.

CONCLUSIONS

1. The Biot-Savart equation, the theoretical span
load distribution, and the lifting-line concept provide
a sufficient basis for computation of the downwash
angle behind airfoils with and without flaps.

2. The concentration of the trailing vortex sheet into
a single pair of trailing vortices may be neglected for
purposes of downwash computations.

3. The potential flow about an airfoil section is
closely approximated by that about a vortex at its
lifting line for distances greater than one chord from
the airfoil trailing edge.

4. The vertical displacement of the trailing vortex
sheet due to the downflow must be taken into account
in the calculations.

5. The loss in dynamic pressure at the wake center
is directly proportional to the square root of the
profile-drag coefficient and inversely proportional to
the distance behind the airfoil trailing edge.

6. The wake width is directly proportional to the
square root of the product of the profile-drag coeflicient
and the distance behind the airfoil.

7. The wake profile may be accurately given by an
empirical expression involving as parameters only the
wake width and the loss in dynamic pressure at the
wake center.
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8. The wake parameters are relatively independent
of the airfoil lift, and the relations for the unstalled
airfoil apply with almost equal accuracy above the
stall.

LaANGLEY MEMORIAL AERONAUTICAL LLABORATORY,
NarioNar Apvisory COMMITTEE FOR AERONAUTICS,
LaNecrey Frewp, Va., June 23, 1538.
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Positive directions of axes and angles (forces and moments) are shown by arrows

Axis Moment about axis Angle Velocities
Force
3 (para.lle)l S . = : (Linear
. . ym- | to axis : . ym- ositive esigna- ym- compo-
Destpeation bol | symbol Designation bol direction tion bol |nent along Angular
axis)

Longitudinal. . _._| X X Rolling_____ s Y—Z Riellsr= = ¢ u P

Laterply =2 te " ¥ ¥ Pitehing. .| M |~ Z—>X Pitch o =0 v q

Noruvel- = sior L. zZ Z Yawing. .-} N ? X—>Y Yoaw hone ¥ w r

‘4
Absolute coeflicients of moment Angle of set of control surface (relative to neutral
O oL oM O Y- position), 6. (Indicate surface by proper subscript.)
' gbS "7 qeS * gbS
(rolling) (pitching) (vawing)
4. PROPELLER SYMBOLS

i : B
D, Dxamete%' : E; Power, absolute coefficient Cpr=—7;
P, Geometric pitch pnlDP

. 5 b
p/D, Pitch ratio G R Lr o
V. ity otin C: Speefi power coefficient Pt
Vs,  Slipstream velocity K Efficiency

T n, Revolutions per second, r.p.s.

4 Thrust, absolute coeflicient Cp=—7 :
2 oDt P, Effoctive helix angleztan“‘(.);:n)

Q, Torque, absolute coefficient quﬁ%

5. NUMERICAL RELATIONS

1 hp.=76.04 kg-m/s=>550 ft-Ib./sec. 1 1b.=0.4536 kg.
1 metric horsepower=1.0132 hp. 1 kg=2.2046 lb.
1 m.ph.=0.4470 m.p.s. 1 mi.=1,609.35 m=5,280 ft.

1 m.p.s.=2.2369 m.p.h. 1 m=3.2808 ft.






