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AERONAUTIC SYMBOLS 

1. FUND AMENTAL AND DERIVED UNITS 

Metric E nglish 

Symbol 
Unit Abbrevia- Unit Abbrevia-

tion tion 

Length __ ____ I meter __________________ m foot (or mile) _________ ft . (or mi.) 
Time __ ______ t second __ _ ------------- s second (or hour) _______ sec. (or hr. ) 
Force __ ______ F weight of 1 kilogram _____ kg weight of 1 pound _____ lb. 

PoweL ______ P horsepower (metric) ___ __ ---------- horsepower __ _________ hp. 
Speed ___ ___ V {kilometers per hOUL _____ k.p.h. miles per hOU L _______ m.p.h. 

meters per second _______ m .p.s. feet per second ________ f.p .s. 

2. GENERAL SYMBOLS 

Weight=mg 
Standard acceleration of gravity= 9.80665 

m/s2 or 32.1740 ft. /sec.2 

Mass=W 
9 

Moment of inertia= mk2
• (Indicate axis of 

radius of gyration k by proper subscript. ) 
Coefficient of viscosity 

v, Kinematic viscosity 
p, Density (mass per unit volume) 
Standard density of dry air, 0.12497 kg_m-4_s2 at 

15° C. and 760 rom; or 0.002378 Ib.-ft.-4 sec. 2 

Specific weight or "standard" air, 1.2255 kg/m3 or 
0.07651 lb. /cu. ft. 

3. AERODYNAMIC SYMBOLS 

Area 
Area of wing 
Gap 
Span 
Chord 

Aspect ratio 

True air speed 

Dynamic pressure=~p V 2 

Lift, absolute coefficient OL = :1 
Drag, absolute coefficient OD= :!s 
Profile drag, absolute coefficient ODO= ~S 

Induced drag, absolute coefficient ODi= ~s 

Parasite drag, absolute coefficient ODl1=~S 

Cross-wind force, absolute coefficient Oc= q~ 

Q, 
Q, 

Fl 
p-, 

Jl. 

Angle of setting of wings (relative to thrust 
line) 

Angle of stabilizer setting (relative to thrust 
line) 

Resultant moment 
Resultant angular velocity 

Reynolds Number, 'where l is a linear dimension 
(e.g., for a model airfoil 3 in. chord, 100 
m.p.h. normal pressure at 15° C., the cor
responding number is 234,000; or for a model 
of 10 cm chord, 40 m.p.s., the corresponding 
number is 274,000) 

Center-of-pressure coefficient (ratio of distance 
of c.p. from leading ~dge to chord length) 

Angle of attack 
Angle of downwash 
Angle of attack, infinite aspect ratio 
Angle of attack, induced 
Angle of attack, absolute (measured from zero

lift position) 
Flight-path angle 

R, Resultant force 
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REPORT No. 673 

EXPERIMENTAL VERIFICATION OF THE THEORY OF OSCILLATING AIRFOILS 

By ABE SILVEHSTEIN and PSHUH T . J OYNER 

SUMMARY 

M ea urements have been made oj the lift on an ai1joil 
in l)itchi ng oscillation with a continuous-recording, instan
taneous10rce balance. The experimental values JOT the 
phase difference betw en the angle oj attack and the lift 
are hown to be in close agreem nt with the theory. 

I TROD CTIO 

The theory for the lift of infinite- pan airfoils oscil
lating in pitch with mall amplitude in a uniform 
tream of perfect fluid has been exbausti vely tudied 

and now provides a ba i for the aerodynamic analysi 
of the flutter problem. Wagner 's theory (reference 1) 
for calculating tbe lift on an airfoil in nonuniform 
mo tion has been followed by tho e of Kus ner (reference 
2), Glauert (reference 3), and Theodor en (reference 4); 
Garrick has indicated (reference 5) that the everal 
theories are in agreement. Jones has given certain 
approximations (reference 6) to account for the effect 
of finite pan. 

At the suggestion of Theodor en , tests bave been 
made to obtain experimental data for a direct compari-
on of the measm-ed lift on an oscillating airfoil with 

that predicted by the theory. The accm-acy of the 
theory has been e sentially ub tantiated in a les direct 
manner by the agreemen t of experimental and theo
retically predicted flutter pbenomena. 

In a compari on of an oscillating airfoil with one in 
Lmiform motion, the theory indicate that the principal 
effect of the 0 cillation is to change the angle of attack 
at which a given lift occur ; for example, zero lift on an 
oscillating ymmetrical airfoil does not oCCUT at zero 
angl of attack. The phase difference between the lift 
and the angle of attack depen Is on the location of the 
axis along the airfoil chord and on a nondimen ional 
parameter describing the wave length of the oscillatilw 
vor tex heet in the airfoil wake. For an infinite fre
quency of oscillation and a forward 10 ation. of the axi , 
the lift would lead the angular di placement by 1 0°. 
\.t finite frequencies, the countervorticity of the 0 cil-

lating vortex heet produces, in general, a lag that 
oppose the inertia effect cau ing the leading force. 
At low frequencies, the lag predominates; and, at zero 
frequency (s teady motion), the lag again lisappears. 

It wa plan.necl to verify the theory by measurement 
of the pha e difference between the lift and the angle 
of attack for an airfoil in ro tational 0 cillation at vari
ou frequencie and air peed. For the e mea ure
ments, an instantaneou -force balance wa de igned 
with which the lift and the angle of attach: of an 0 cil
la ting airfoil could be continuously r ecorded. The 
measurements were made in a 2- by 3-foot tun.nel on a 
ymmetrical airfoil of about 5-inch chord and 1 per

cent thickness. The axis of rotation was located at 
the quarter-chord point of the airfoil. M easurement 
were taken for values of frequencies and air speeds that 
covered the u eful flu tter rang . 

YM BOLS 

a, angle of attack (a = ao sin pt ). 
ao, amplitude of 0 cillation. 
b, half chord of airfoil . 
v, air speed at infinity. 
p , 27r time the frequency of oscillation 
Ie, reduced frequency (pbjv); wave length m 

vortex sheet i 27rbJIe. 
a, coordinate of axis of oscillation. ee refer-

ence 4.) 
L , lift force on ai.rfoil. 
t, time. 

F and G, circulation functions. (See reference 4.) 
0, phase difference between angle of attack and 

lift fo r 0 cillating airfoil . Po itive value 
indicate a leading force. 

8, pha e difference due to natural frequency of 
recording in trument. 

n, damping constant of airfoil and balance. 
1', 27r times natural freq uency of vibration of 

air·foil and balance. 
A, a pect ratio . 
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PHA E RELA 1'10 FOR OS ILLATING AIRFOILS 

Followina the method of Theoclorsen (reference 4), the 
lift on an airfoil os iIlating in pitch , i.n a uniform stream 
of perfect fluid, with one degree of freedom a,bout an 
aX! parallel to the span i given (reference 5) as 

L = pb2(v7rOloP co pt+ 7rbaOlOp2 sin pt) 

+ 27r pvbF(vOio in Pt+b(~-a )OIoP co pt] 

+ 27rpvbG[ vOio cos Pt-b(~-a )OIoP in pt] (1) 

Regrouping term a,nd substituting k= pb/v and a= -}~ 
(ax! at quarter-chord line), the expre ion becomes 

L = 7rpbOl01P(k+2kF+ 2G) cos pt 

+7rpbOlov<-~P+2F-2kG) in pt 
(2) 

or 
L =Ao sin pt+Bo co pt (3) 

in which 

AO=7rpbOloV2
( -~k2+2F-21CG)1 (4) 

Bo = 7rpbOlOV2 (lc + 2lcF + 2 G) 

hxpl'e ion (3) may be l'ea,dily rewritten a 

in which 

and 

L = Co in (1Jt+o) 

o= tan- 1 (Bo/Ao) 

(5) 

(6) 

(7) 

The angle 0 i the pha e difference due to the oscil
lation, and 00 is a measure of the lope of the lift CUI've 
for the 0 cillating wing. It will be noted from equa
tion (4) and (6) that the value of the phase angle 0 i a 
flmction of lc, F, and G. The term lc i a fun lamental 
parameter that link together the frequency of the 
wing 0 cillation and the air speed. It may be noted 
that 27f,/k i the di tance between uccessiye wa e 
in the vortex heet in term of the half- hord length b 
as a r ference length. The function F and G deter
min e the circulation 0 a to sati fy the Kutta condition 
for the 0 cillating airfoil, and their values are given as 
functions of 11k for the ca e of an infinite-span airfoil 
in reference 4. For fu1ite a pect ratio, reference 6 
give certai.n approximate con ection employing "ef
fective" value of F and G, 

APPARATUS A D TEST METHOD 

The test were conducted in the }1s- cale model of 
the . A. C. A. full- cale wind tunnel, which is described 
in reference 7. The te t ection wa modified to a 
2- by 3-foot rectangle with ide but without top or 
bottom. The id wall erve 1 a end plates for the 
airfoil that spanned the 3-foot width of the jet. ur
veys acros the tunnel air tream showed variations of 
+ 2 percent in the dynamic prc. me and ± 0.6 0 in the 

air-stream direction, the effect of which were not 011-

sielereel important enough to warrant correction. 
A diagram and a photograph of tho al paratu us cl 

arc shown 'in fio-ures 1 and 2, respectively. The airfoil 
F (fig. 1) wa an 1 -percent-thick ymmetrical section 
with a chord of 5 ~{6 incbe and a pan of 36 % inche . 
It was of hollow con truction with 0.0] 6-inch beet
aluminum covering and weighed only 0.66 pound. The 
counterweight I, the end plate C, the mounting haft, 
and the elf-aIming ball bearing B brought the total 
weight of the oscillating assembly up to ] .52 pOlm Is . 
The airfoil projected tIn ugh the ides of the test sec
tion L, and separate end plate C wcre atta('h ~d that 
I'Otntecl with the airfoil to prevent ai l' lenknge through 
the walls dlle to the airfoil pressurcs. This arrange
ment was II ed to ac hieve an efi'cc{,ive aspeet ratio 
approaching that for an infinite-span airfoil. The axi 
of 0 cillation, i. e., the axi of the mounting haft, was 
locat d at the quarter-chord point of the airfoil. 

The in tantaneou force balance was desianeel to 
mea ure the force on one end of the airfoil by measurina 
the deflection of a stiff spring P to which the airfoil 
was attached. The attacimlent wa made by mean of 
a self-alining ball bearing, which pro\~idecl freedom for 
the wing to rota te abou t it axi and for the pring to 
deflect without restraint. In order to record the 
ddlection of the spring, two tylu were arrano-ed to 
rotate the mirror J and N and thereby eli place light 
beam that were focu ed on a en itized film. The 
spring deflection in both the lift and the hag direction 
were recorded by mirrors J and N. (This paper is 
confined to a discussion of the lif t force only.) In 
order to obtain a continuous record, the rec rding film 
was attached to a circular drum rotated by a syn
chronous motor H at a con tant film speed of 39 inche 
per second. The balance wa calibrated by mean of 
loads applied at the c nter of the airfoil. 

The design of the pring P was dictated by the con-
ideration that accurate measurement of the pha e 

difference by means of a prino. requir the natural 
frequency of the vibrating y tern to be con iderably 
higher than the impres ed frequency. The angle of 
lag 8 of the recorded force bellind the impressed force 
in term of the natural frequency of the vibrating 
sy tern l' i given (reference 8) a 

_1 2pn 
8= tan -2--2 

l' -p 

in which n, the dampina coefficient, i obtained from a 
measurement of the decrea e in amplitude of succe sive 
,'"ibrations. That is, 

in which Al and A2 are the amplitude of succe ive 
vibrations occurring in the period t. The value of the 
constant 1/ and 1'/27r for the wing and the balance are 

I 
I 
j 
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A, supports. 
B, seH-alining ball bearings. 
C, end plates on airfoil. 
0, direct-current driving motor. 
E, timing-unit contacts_ 
F, airfoil. 
G, film drum and record. 
H I synchronous-motor film dri ve. 

------
:G 

I, counterweight. 
J, lift mirror. 
K, light. 
L, sides of wind tunnel. 
M, timing unit. 
N, drag mirror. 
D, stylus. 
P, tubular canti lever spring. 

FIGURE 1.- Airfoil and continuously recording balance used in the oscillating-airfoil tests . 

l',a u RI~ 2.-A irfoil and b,\lance insl nllation used to measure the foret's on nn oscillnling nirfoil. 

3 
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FWl1RE ~.-'I'ypical pholographir rcrord ob l ained with oscillating-airfoi l bnlanrc. 
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FIGURE 4.-Comparison of experimental and theoretical values of the phase differ
ence 0 for various values of the parameter 11k . 
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FIGURE 5.-Lift curves for the airfoil tested in steady motion at fixed angles 
and for a test in wbich the angle of attack was suddenl y increased. 
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14. and 53.5, 1'e pectively. Tho value of 1'/27r for 
the pring P is 2 0 cycl per second. ince all the 
tests with the balance were made at oscillation f1'e
quencie lower than ] 7 cycles pel' second , the maximum 
pha 0 orror was l.8°, which is of the same magnitude 
as the experimental errol' . 

It was neces ary to balance dynamically tho oscil
lating mass about the aAi s of rotation. For this pur
pose, a weight I was placed ah ad of the axi of rotation 
to provido static and dynamic balance within he 
accuracy of the balance mea m·ements . 

Th e wing was oscillated in approximately in usoidal 
motion about it axi by the direct-cmrent motor D, 
which was controllable so that any desired frequency 
ould be obtained. The winO' wa oscillated at the 

end opposite to the one at which the forces were 
mea ured. A time hi to ry of the angul ar po ition of 
the airfoil wa recordcd on the same film that wa u cd 
to record the force. Thi record wa obtained by 
mean of a rotating con tact E attached to the driving 
motor. Once each revolution, thi contact energized 
nn electromagnet M, which deflected a mirror and 
moved a light beam on the film G. The lag of the 
timing system wa measured by an 0 cilloO'raph nnd 
found to be 0.0014 second. 

A typical record of the m a m emont taken photo
O'raphically with the 0 cillating-ai],foil balance is shown 
in figure 3. Line 1 (fig. 3) i a tationary reference 
line; line 2 is the record of the timing element; and 
line 3 i the trace of the deflection of pring P and 
therefore is a record of the lift on the airfoil. The 
o cillations occurring in th timing line 2 are of no 
intere t. 

If, for example, 0 cillation about the ailO'le of zero 
lift is a sumed, the inter e tion of the lift line 3 with 
the zero line 4 letermines the point of zero lift . By 

which may be compared with the geometric value of 
7.07. The leakage around tbe end plate of the airfoil 
prevented the realization of a higher vn,lue of the effec
tive aspect ratio . For comparison, the lift curve i 
given (fig. 5) for tho ea 0 in willch the angle of atta k 
of the airfoil is udclenly increa ed. Tho slope of tho 
curve is about the ame; the talling of the moving 
airfoil at tbe illgher angle of attack, however , doc not 
occur. 

The values of F and G corresponding to the efI'ectivo 
aspect ratio were obtained from reference 6 and aro 
shown in figure 6 again t 11k. Value for an infinite-
pan airfoil from reference 4 are also hown. The 

th oretical value of 0 computed by equation (6) with 
value of F and G from figure 6 are shown with the 
experimental resul t in fLgure 4. Consideration was 
given to changing the iner tia terms in equation (6) to 
take into account the decreased vir tual volume du e to 
the finite pan of the airfoil. Cnlculations indicate tbi 
effect to be inappreciable. 

The experimental and the theoretical value for the 
finite-span airfoil show pha e differences of no more 
than abou t 5°. The cOl'l'ection applied to the infini te
a pect-ratio theory to take the flJ1ite span into acco unt 
are in the direction of improving the agreement betw en 
the theory and experinl0nts. 

It is no ted that, at low frequencies of 0 cillation 
(large values of 11k, fig. 4), a lead that is con istently 
larger than expected appears. The tudy of the cau e 
of t hj di crepancy will be left for a fu ture investigation. 
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Positive directions of axes and angles (forces and moments) are shown by arrows 

Axis Moment about axi . Anglc Velocities 

Force 
(parallel 

Designation Sym- to axis) Designation bol symbol 

LongitudinaL __ __ X X Rolling ____ _ 
LateraL ___ ______ Y Y Pitching ____ 

J ormaL ___ ______ Z Z yawing ___ _ 

Absolute coefficients of moment 
L M 

Gz-':' qbS Gm=qcS 
(rolling) (pitching) 

Linear 
, 

Sym- Positive D esigna- Sym- (compo- Angular bol 

L 
AI 
N 

direction tioll bol nent along 
axis) 

Y----tZ RolL ____ 

'" 
u p 

Z----tX Pitch __ __ () v q 
X ----"> Y yaw _____ 

'" 
w r 

Angle of set of control surface (relative to neutral 
position), o. (Indicate surface by proper subscript.) 

4. PROPELLER SYMBOLS 

D, 
p, 
p/D, 
V', 
V., 

T, 

Q, 

Diameter 
Geometric pitch 
Pitch ratio 
Inflow velocity 
Slipstream velocity 

Tlu.'ust, absolute coefficient GT = fDt 
pn 

Torque, absolute coefficient CQ= 9
D

5 
pn 

P, 

Gs, 

Ti, 
n, 

q" 

Power, absolute coefficient CP = ~Ds 
pn 

5/115 
Speed-power coefficient= -y ~n2 
Efficiency 
Revolutions per second, l'.p .s. 

Effective helix angle=tan-{ 2:n) 

5. NUMERICAL RELATIONS 

1 hp.=76.04 kg-m/s=550 ft-lb./sec. 
1 metric horsepower = 1.0132 hp. 
1 m .p.h.=0.4470 m.p.s. 
1 m.p.s. =2.2369 m.p.h. 

1 lb .=0.4536 kg. 
1 kg=2.2046 lb. 
1 mi.=1,609.35 m=5,280 ft. 
1 m=3.2808 ft . 




