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TWO-DIMENSIONAL COMPRESSIBLE FLOW IN TURBOMACHINES WITH CONIC FLOW 
SURFACES 

By JOHN D. STANITZ 

SUMMARY 

A general method of analysis is developed for two-dimensional, 
steady, compressible $0~ in stators or rotors of radial- and 
mixed--ow turbomachines with conic flow surfaces (surfaces of 
right circular cones generated by center line of jtow passage in 
the axial-radial plane). The variables taken into account are: 
(1) tip speed of the rotor, (.2)$ow rate, (3) blade shape, (4) varia- 
tion in passage height with radius, (5) number of blades, and 
(6) cone angle of thesow surjace. Relaxation methods are used 
to solve the nonlinear diyerential equation.for the stream junction. 

The analysis indicates that: (1) The solution obtained -for a 
given turbo,machine also applies to certain other (epuioalen t) 
turbomachines with a larger or smaller number of like passages 
(same spacing of the blades on th.e conic$ow surface, same blade- 
thickness distribution, and so .forth) but with dierent cone 
angles; (2) for the same number of similar blades, the blade 
loading is less-for mixed-sow than-for radial--ow turbomachines; 
and (3) an‘y solution obtained-for an outflow turbomachine with 
shockless (smooth) entry is also the solutionSfor an inflow turbo- 
machine with shockless entry and with the Jrow direction and 
blade rotation (if any) reretsed. 

Two numerical exa,nplas are presented; one .for compressible 
and the other for irzcompressibleJYow in a centrifugal compressor 
with thin, straight blades. The solutions were obtained iti a 
region of the compressor, including the impeller tip, that was 
assumed to be unaffected by the inlet con$guration of the im- 
peller or by the difuser vanes (if any). Both examples are for 
the same impeller (18” included angle between blades on conic 

$0~ surface) with the same tip speed (equivalent to a tip Mach 
number of 1.5.for the compressible-sow example), with the same 

jlow rate, and with a constant $0~ area normal to the flow 
surface. The results of these examples are given by plots of the 
streamlines, constant velocity-ratio lines, and constant pressure- 
ratio lines. 

It is concluded -from the examples that, if the &id in high- 
speed, rotating, radial- and mixed--ow blade systems is com- 
pressible, irzompressible solutions give poor quantitative results 
(exception, the slip factor) and, in som,e respects, poor qualita- 
tive results. 

INTRODUCTION 

Increased knowledge of flow conditions within radial- and 
mixed-flow compressors and turbines should indicate means 
of improving performance of these turbomachines. For 
example, boundary-layer separation, which decreases the 
efficiency of these machines, can be minimized or eliminated 

by aerodynamic design based on knowledge of the velocity 
gradients that result from various design configurations. 

For a given set of operating conditions, the flow conditions 
within radial- and mixed-flow turbomachines depend on the 
geometry of the machine (three-dimensional-flow effects) 
and on the properties of the fluid (compressibility and vis- 
cosity) . Most treatments of the problrm have been con- 
cerned with the two-dimensional-flow effects for incom- 
pressible, nonviscous fluids. (For example, SW rrfcrcnces 1 
to 5.) 

In t,hc analysis rcportctl hcrcin, compressibility is consid- 
crcd. This consideration is rspccially important in radial- 
and mixed-flow turbomachines bccausr the large pressure 
ratios per stage result in density changes that greatly affect 
the fluid velocities, and so forth. The analysis is clcvelopcd 
for two-climcnsional, compressible, nonviscous, steady flow 
through stators or rotors of radial- and mixed-flow turbo- 
machines in which the center lint of the flow passage in the 
axial-radial plane gcnrratcs the surface of a right circular 
COILC when rotatcd about the axis of the machine. The two- 
dimensional-flow pattern is consitlcred to lir upon this surface. 

The solution of two-dimensional, comprcssiblc-flo-w eyua- 
tions can bc accomplished by relaxation methods, which 
were dcvelopcd by Southmcll (refercnccs 6 and 7) and 
which have been applied to comprcssiblc-flow problems by 
Emmons (rcfcrcncr 8). It is essentially the procedure out- 
lined in reference 8 that is employed in the numerical solu- 
tion of the differential equation obtained in this analysis. 

The analysis is developed for turbomachines with arbi- 
trary blade shapes ancl is applied, in the numerical examples, 
to a flow region, including the impeller tip, of a centrifugal 
compressor with straight, thin blades that lie on conic radii 
(elements). A simplified analysis for straight blades lying 
on conic raclii is developed that checks the results of the 
relaxation solution within the impeller except for the flow 
region near the impeller tip. 

This analysis was ‘developed at the NACA Cleveland 
laboratory in 1947. 

ANALYSIS 
PRELIMINARY CONSIDERATIONS 

This analysis develops a general method whereby the 
streamlines, velocity distribution, ancl pressure distribution 
can be determined for steady, two-dimensional compressible 
flow in stators or rotors of raclial- and. mixed-flow tmbo- 
machines with arbitrary blade shapes and varying passage 

1 
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heights. The radial component of the flow may be in the 
direction of increasing radius (outflow turbomachine) or in 
the direction of decreasing radius (inflow turbomachine). 

Direc fior of ro totion 
for rotor blades 

A---- . 

Conic flow surface--The analysis is limited to turboma- 
chines in which the center line of the passage in the axial- 
radial plane generates the surface of a right circular cone, 
with the cone angle QI (fig. l), when rotated about the axis 
of the machine. (All symbols are defined in appendix A.) 
The two-dimensional-flow pattern is considered to lie upon 
this cone surface (hereinafter referred to as “conic flow sur- 
face”). For mixed-flow turbomachines the cone angle LY is 
less than 180’ but greater than 0’. For the special case in 
which (IL is 180°, the conic flow surface becomes flat and is 
normal to the axis of the machine. Such turbomachines 
(a= 180’) are designated radial-flow machines. For the 
special case in which a! is O’, the conic flow surface becomes 
cylindrical and is concentric with the axis of the machine. 
Such turbomachines (a=O’) are designated axial-flow 
machines. Axial-flow machines are not considered in this 
analysis for reasons that are subsequently discussed. 

FIGURE Z.-Fluid particle on developed view of conic flow surface. This surface may be 
stationary (stator blades) or rotating (rotor blades). R and 8, dimensionless coordinates 
relative to blades; If, passage-height ratio normal to conic flow surface; Unnd I’, tangential 
and radial components, rwpectivrly, of relative velocity ratio Q. 

Coordinate system.-The developed view of a conic flow the bladts. The blades, and therefore the coordinate sys- 
surface is shown in figure 2. The dimensionless, conic tem, may be stationary (stator blades) or rotating (rotor 
coordinates R and e of this conic flow surface are relative to blades). The conic-radius ratio 11’ is defined as . 

FIGURE I.-Fluid particle on coordinate system relative to blsdcs. Blados nmy be statiomry 
(stator blsdcs) or rotating (rotor blades). Center lino of flow passago grnerates surface or 
right circular cone with cone angle a. 

where T is the conic radius (distance along conic element from 
apex of cone) and where the subscript Trefers to the blade tip 
(either the nose or the tail of the blade, whichever has the 
larger conic radius). The passage-height ratio H (figs. 1 and 
2) is normal to the conic flow surface and is a continuous 
function of the conic-radius ratio R 

where h is the passage height at any conic-radius ratio R. 
Velocity ratios.-A fluid particle on a developed conic 

flow surface has a relative tangential-velocity ratio U (fig. 2) 
and a radial-velocity ratio T’ (fig. 2) that are related to the 
relative velocity ratio Q by 

where 

where 

c local speed of sound 
P velocity of fluid relative to blades 
U tangential component of p (positive in direction of 

increasing e) 
V radial (along conic, clement) component of p (positive 

in direction of increasing conic-radius ratio) 
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Subscript: 
0 absolute stagnation condition in region of uniform 

flow upstream of blades 
The relative velocity ratio Q is defined on a coordinate sys- 
tem that is relative to the blades, therefore the velocity p 
(and u) is absolute for a stationary coordinate system (stator 
blades) and relative for a rotating coordinate system (rotor 
blades). 

Assumptions and limitations.-This analysis assumes that 
the flow varies only along the conic flow surface, that is, 
that flow conditions are uniform across the passage normal 
to the conic flow surface. In order to satisfy this assump- 
tion it is necessary that: (1) The gradient of h with respect 
to T be small; and (2) the cone angle (Y (fig. 1) be sufficiently 
large. The allowable variation in a! from 180’ will depend 
on the relative magnitudes of h and T and on the desired 
accuracy. For small values of a! the flow must be assumed to 
exist in concentric annuli, each with negligible passage 
height. For the hypothetical limiting case in which the 
ratio h/r approaches zero everywhere along the conic flow 
surface, the analysis is accurate for all values of a. 

The analysis assumes that steady flow exists relative to 
the blades. The relative motion bctwern stator and rotor 
blades introduces pulsations t.hat make the flow unsteady. 
These pulsations rapidly diminish, however, as the stators 
and the rotors are moved apart so that the relative flow may 
be treated as steady (between boundaries, which are far 
enough upstream and clownstream of the blades to obtain 
uniform flow) provided the stators and the rotors are not 
too close together. 

DIFFERENTIAL EQUATIONS FOR FLOW IN R&PLANE 

The differential equations for steady, two-dimensional, 
compressible flow are clevclopccl from the continuity cqua- 
tion, the equation for absolute irrotational motion, and the 
general energy equation. 

Continuity and stream function.-From steady-flow con- 
tinuity considerations for the fluid particle in figure 2 

(k VHR)n+(; UH)O=~ (4) 

where p is the weight density of the fluid, and where the 
coordinate subscripts (R and 0, in this case) refer to partial 
derivatives with respect to the coordinates. 

A dimensionless stream function $ satisfies the continuity 
equation (4) if defined as 

&,-; VHR (W 

and 
&=-t UH (4b) 

Absolute irrotational motion--In t.hc absence of viscosity, 
shock, nonuniform heat addition, and so forth, the absolute 
motion of a fluid particle is irrotational. The dimension- 
less absolute circulation dr about the particle in figure 2 
is therefore zero, and 

dI?=O=[(RM,+ u)Rde],dR-[VdR]ede 

where the blade-tip Mach number M, is defined by 

wr,sin? 
MT= e, 2 (5) 

where- w is the angular velocity of the rotor and where 
(RM,+ U) is the tangential component of the. absolute 
velocity ratio. (For stator blades M, is zero.) After simpli- 
fication, 

44+ &4 (6) 

Substitution of the stream function # as defined by equa- 
tions (4a) and (4b) gives 

where the double coordinate subscripts (RR and ee, in this 
case) refer to second partial derivatives with respect to the 
coordinates. 

General energy equation-The general energy equation is 
used to determine the density ratio p/p0 in the differential 
equation (7). When expressed in terms of the velocity 
ratios defined by equations (3b) and (SC), the general energy 
equation becomes 

. 

Jc~T+;;[(RM~+U)~+V~]=J~~T~+~(A-A~) (8) 

where 

J mechanical equivalent of heat 
GJ specific heat at constant pressure 
T static (stream) temperature 
Ir gravitational acceleration 
Subscript : 
U upstream boundary (boundary in region of uniform flow 

upstream of blades) 
and where the “whirl” ratio X is defined by 

x=R(RM,f U) (9) 

which is the whirl or absolute moment of momentum ( 
radius 

times absolute tangential velocity, r sin %X ( 
wr sin T-!-U 

>> 
divided by a constant ( 

rT sin ;Xe, 
> 

. The last term in equa- 
MA tion (8) is the work done on the fluid and is equal to - 

9 
times the change in whirl ratio. The total work done on 
the fluid is given by the last term in equation (8) with X equal 
to x0 (where subscript D refers to downstream boundary, 
the boundary in the region of uniform flow downstream of the 
blades). This total work is positive for compressors and 
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negat i ve  for turbines.  T h e  whir l  rat ios X U  a n d  xr, a re  con-  
stant in  the un i fo rm f low reg ions  ups t ream a n d  downs t ream 
of the b lades  (constant  abso lu te  m o m e n t of m o m e n tum). 

Y R e a r r a n g e m e n t  of equa t ion  (8)  wi th 

co*=  (y-l)Jgc,T, 

w h e r e  y is the rat io of specif ic heats,  resul ts in  

[ (RM,)2-Q2-2M,x, ]  

f rom wh ich  

(10 )  

Also,  f rom equa t ions  (3a) ,  (4a) ,  a n d  (4b )  

(12 )  

E q u a t ions (11 )  a n d  (12 )  t og&he r  wi th the gene ra l  difl’crcnt ial  
equa t ion  (7)  p rov ide  th ree  equa t ions  wi th th ree  unknowns :  
ti, Q ,  a n d  P I P ~ -  T h e  solut ion of these equa t ions  de te rmines  
the steady,  two-d imens iona l  f low of compress ib le  f luid 
th rough  tu rbomach ines  wi th arbi t rary b l ade  shape ,  wi th 
arbi t rary var ia t ion in  the passage-he igh t  ratio, a n d  with 
constant  c o n e  ang le .  

M E T H O D  O F  S O L U T I O N  

E q u a t ion (7),  wh ich  is non l inear ,  can  b e  so lved ( together  
wi th equa t ions  (11 )  a n d  (12) )  by  ee lasa t ion  m e thods.  

Re laxat ion  m e thods. -Va lues  of G  a re  es t imated at e a c h  
poin t  of a  g r id  system p laced  wi th in the bounda r i es  of the 
p rob lem,  a n d  the res iduals  R, which  resul t  f rom the es t imated 
va lues  of $, a re  compu ted  for e a c h  gr id  po in t  by  express ing  
the cliffcrential equa t ion  for #  in  f in i te-di f ference fo rm with 
the s u m  of al l  te rms equa l  to R  ins tead of zero.  T h e  so lu-  
t ion is then  ob ta ined  by  syst,ematical ly vary ing ( re lax ing)  
the va lues  of J, at the gr id  points  ins ide the bounda r i es  
unti l  the va lues  of R  a p p r o a c h  zero.  

T rans format ion  of coord inates . -For  the numer i ca l  so lu-  
t ion of this p rob lem by  rc lasat ion m e thods,  it is conven ien t  
(but  not  necessary )  to select  a  n e w  set of coord ina tes  ( refer-  
e n c e  8 )  so  that b lades  of arbi t rary s h a p e  in  the phys ica l  p lant  
( I?,0 coord inates)  bccomc  thin, straight, a n d  para l le l  in  the 
t rans fo rmed p lane  (( ,a coord inates) .  Thus  a  gr id  of equa l l y  
spaced  points  can  b e  p laced  be tween  the b lades.  This  t rans-  
fo rmat ion of coord ina tes  is rep resen ted  by  the gene ra l  
analyt ic  funct ion 

‘w, 0 )  + i l l !R,  0 )  = f [ R  e x p  m l  ( 1 3 )  

w h e r e  t,hr Car tes ian  coord ina tes  [ a n d  1 1  in  the ET -p lane  cor -  
r e spond  to velocity potent ia l  l ines ( .$=constant )  a n d  s t ream 
l ines (q=constant )  in  the X0-p lan t  for incompress ib le  f low 
past  the blaclcs, which,  for pu rposes  of the t ransformat ion,  
a re  cons idcrcd to bc  stat ionaly ( w = O )  a n d  to h a v e  a  con-  
qt,ant he igh t  ( H =  1).  E q u a t ion (13) ,  in  specif ic fo rm for a  

g i ven  b l ade  shape ,  de te rmines  [ a n d  7  as  funct ions of R  
a n d  0  

S = E ( R , ‘4  

I 
U W  

v=r l (R,  0 )  

E q u a t ion (7),  in  terms of the t rans fo rmed coord ina tes  4  
a n d  7  g i ven  by  equa t ion  (13a) ,  b e c o m e s  (append i x  B )  

% 2 *)~ [( log, H)  c vi- ( log,  H)nUi ]  

a n d  equa t ion  (12 )  b e c o m e s  

( 1 4 )  

Q  P = P ! 
P O  H  

(,Q + #  2) )s  
'I ( 1 5 )  

w h e r e  His n o w  a  funct ion of E  a n d  7 )  (g iven  by  equa t ions  (2)  
a n d  (13a) )  a n d  w h e r e  the coeff ic ients ui, ui, a n d  p <  a re  dcr iv-  
ativcs of equa t ion  (13a )  de f ined  by  

p i =  (q+vi”) 5 ’1  ( 16~ )  

w h e r e  the subscr ipt  i indicates that the coeff ic ients cor re-  
s p o n d  to incompress ib le  veloci t ies in  the X&p lane .  

For  cer ta in s imple  b l ade  shapes ,  equa t ion  (13 )  is a  s imple  
analyt ic  express ion  that de te rmines  E(R,o )  a n d  v (R ,O)  ( equa -  
t ions  (I 3a ) )  directly. Fo r  arbi t rary b l ade  shapes ,  however ,  a  
specif ic express ion  for rqua t ion  (13 )  is not  r radi ly  ava i lab le  
an t1  it is eas ie r  to ob ta in  g(R:e)  a n d  r l ( i?,e) by  re laxat ion 
solut ions of the Lap lacc  equa t ions  for $  a n d  7  in  the R e -  
p lane  (append i x  C). 

F in i te-di f ference equat ions. - In  orc ler  to so lve the system 
of equa t ions  (equat ions  (II), (14) ,  a n d  (15) )  by  re laxat ion 
m e thods,  equa t ions  (14 )  a n d  (15 )  must  first b e  c h a n g e d  to 
f in i te-di f ference form. This  c h a n g e  is accompl i shed  with 
the a id  of the fo l lowing equa l ions  ( rc ferencc 7, p. 19) ,  wh ich  
a re  b a s e d  o n  f i rst-order di f ferences:  (Not .e that h ighe r -a rdo r  
dif fcrcnccs cou ld  b e  used,  wh ich  wou ld  resul t  in  m o r e  com-  
pks  finit.c-diffcrcnre rquat ions  but  wh ich  wou ld  e n a b l e  
largr r  g r id  spac ing,  a n d  thcrcforr f rwrr g r id  points,  for the 
s a m e  clcgrcc of approx imat ion. )  

F:= $  (F,--F,) 1  
F, =  jb  (Fz-  F,) 

(17 )  
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+ + + + 

i 

=wT4 + + .# 
+ + + + __~ + 

FIGURE 3.-Sample grid showing grid spacing 0 and numrriwl subscript convention Ior 
adjacent grid points. 

where 

F any twice-differentiable function of two variables (E and 
7, in this case) 

b grit1 spacing 
Subscripts: 
I, 2, 3,4 grid points atljaccnt to point being consitlercd 

(F with no subscript) 

A sample grid is shown in figurr 3. The grid spacing b is 
arbitrary. However, the smaller the value of b, that is, the 
larger the number of grid points, t.he greater is the accuracy 
of the approximate, finite-difference equations (17). 

VCith the aid of equations (17), equation (14) becomes 

[O%t? IIt--log, H,)ViC (log, Hz-log, H4)Ui]- 

2iM,Hb* P = R 
pi2 PO 

(18) 

where the residual R has a nonzero value when the values of 
# do not satisfy the differential equation (14) from which 
equation (18) was obtained. 

P-4 
(b) Tmnskmned Emlane. 

Equation (15) in finite-difference form becomes PIGURE 4.-Boundaries of typical two-dimensional flow fleld for arbitrary blade shape. 

(1% 

After the values of # have been estimated at the grid 
points inside the boundaries, ,the system of equations (ll), 
(18), and (19) provides three equations with three unknowns 

AJ Q, and R at each grid point. Equations (11) and (19) 

determine the values of the density ratios in equation (18), 
which,is then solved for the residual R. 

BOUNDARY CONSIDERATIONS 

The values of # at the grid points inside the boundaries 
depend upon the values of # at the grid points along the 
boundaries. These boundary values of 9 are determined 
by the design characteristics and the operating conditions 
of the turbomachine. 

Location of boundaries.-The boundaries of the flow field 
in the R&plane (fig. 4(a)) are the blade surfaces and the 
upstream and downstream boundaries at constant values of 
R, which are any distance far enough from t,he blades to 
insure uniform flow conditions at these boundaries. The 
upstream and downstream hounclaries enclose all the blades; 

Downstream boundary for outflow 
turbomachine, or upstream boun- 
dary for inflow furbomochine, 

Ro or R ” ----I 

--- -Quasi boundaries 

L Neao 

Upstream boundary for oufflok Upstream boundary for ouffl&.-x 
turbomachine or ~downsfreom 
boundary for inflow turbo-- 
machine, R, or Ro 

(a) 1’hyslu;ll rwpw11c. 

---- Ouosi boundones 
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however ,  f rom symmetry  considerat ions,  the f low condi t ions 
a l ong  l ines of constant  R  a r e  cyclic wi th a  pe r iod  equa l  to 
the b l ade  spac ing  so  that the solut ion n e e d  b e  ob ta ined  on ly  
in  a  reg ion  that enc loses  the equ iva len t  f low be tween  two 
b lades.  This  reg ion  is b o u n d e d  by  any  two b lades,  the 
ups t ream a n d  downs t * ream boundar ies ,  a n d  by  quas i  b o u n d -  
ar ies  be tween  the two b lades  a n d  the ups t ream a n d  d o w n -  
s t ream bounda r i es  (fig. 4(a)) .  These  quas i  bounda r i es  m a y  
h a v e  any  reasonab le ,  con t inuous  s h a p e  but  must  h a v e  the 
s a m e  angu la r  spac ing  A 0  (fig. 4 (a ) )  as  the b lades,  w h e r e  

A l ? = %  sin t 

w h e r e  B  is the n u m b e r  of b lades  (or  passages) .  It is 
conven ien t  to select  as  the s h a p e  of these quas i  bounda r i es  
the incompress ib le ,  s tagnat ion s t reaml ines (constant  7 )  that 
a re  de te rm ined  in  append i x  C  with s tagnat ion points  at the 
n o s e  a n d  the tail of the b lade.  

In the [q -p lane (fig. 4(b)) ,  the b l ade  sur faces b e c o m e  l ines 
of constant  7  a n d  the quas i  bounda r i es  b e c o m e  ex tens ions of 
these s a m e  l ines. T h e  ups t ream a n d  downs t ream bounda r i es  
in  the to -p lane a re  straight (append i x  C)  but,  in  genera l ,  
a re  not  at r ight  ang les  to the l ines of constant  7. T h e  two 
b l ade  sur faces a re  genera l l y  di f ferent lengths  in  this p l ane  
(fig. 4(b)) .  

$  a l ong  b l ade  boundar ies . -The  b o u n d a r y  va lues  of #  
a l ong  the b l ade  sur faces a re  constant  a n d  can  b e  de te rm ined  
f rom the fo l lowing cons idera t ions  : 

T h e  di f ferent ial  f low rate be tween  ad jacent  s t reaml ines 
is s h o w n  in  f igure 5  a n d  is g i ven  by  

d w =  pvh , r ,HRd& puh , r ,HdR 

w h e r e  w  is the f low rate be tween  st reaml ines.  F r o m  e q u a -  
t ions (3b) ,  (3c),  (4a) ,  a n d  (4b) ,  

d w = p ,c ,h r r , (~~de+~RdR)  
o r  

d w =  p O c O h T r T d f i  (21 )  

If w  a n d  #J  a re  ass igned  va lues  of ze ro  a l ong  the posi t ive 
b l ade  sur face ( the b l ade  sur face in  the d i rect ion of inc reas ing  
o),  equa t ion  (21 )  can  b e  in tegra ted across  the passage  to the 
negat i ve  b l ade  sur face ( the b l ade  sur face in  the d i rect ion of 
dec reas ing  0 )  to g ive  

~ = p .cohTrTh (22 )  

w h e r e  W  is the total f low rate th rough  the tu rbomach ine  
a n d  the subscr ipt  n  refers to the negat i ve  b l ade  surface.  
E q u a t ion (22 )  can  b e  s impl i f ied by  the fo l lowing cons ider -  
a t ions : 

T h e  f low a r e a  a, of the annu lus  at the tip of the b lades  is 
g i ven  by  

a T =  2 r  s in  ; rThT  

f rom wh ich  equa t ion  (22 )  c o m b i n e d  with equa t ion  (20 )  
b e c o m e s  

*n=  + e  (23 )  

w h e r e  the f low coeff ic ient 4  is de f ined  by  

(24 )  

E q u a t ion (23 )  de te rmines  the b o u n d a r y  va lue  of 9  o n  the 
negat i ve  b l ade  sur face as  a  funct ion of the opera t ing  p a r a m -  
eter  4  a n d  the des ign  pa ramete r  A O . 

E q u a t ion (23 )  was  d e v e l o p e d  for t h rough  f low in  the 
d i rect ion of inc reas ing  rad ius  rat io (out f low tu rbomach ines) ,  
that is, for posi t ive va lues  of the radial -veloci ty  rat io V . 
For  th rough  f low in  the d i rect ion of dec reas ing  rad ius  rat io 
( inf low tu rbomach ines) ,  that is, negat i ve  va lues  of V , the 
magn i t ude  of #/, is g i ven  by  equa t ion  (23 )  but  the s ign  is 
c h a n g e d  f rom posi t ive to negat ive.  

I&  a l ong  quas i  bounda r i es  ex tend ing  f rom posi t ive b l ade  
sur face . -Because the quas i  bounda r i es  in  the [q -p lane en -  
c lose the equ iva len t  f low be tween  two b lades  ( see  sect ion 
Loca t ion  of boundar ies ) ,  the va lues  of 1c, ,at points  a l ong  the 
quas i  bounda r i es  ex tend ing  f rom the negat i ve  b l ade  sur face 
(fig. 4 (b ) )  a re  #, g rea te r  (out f low mach ine) ,  o r  $, less 
( inf low mach ine )  than  the va lues  of $J  at co r respond ing  gr id  
points  ( co r respond ing  to the s a m e  va lue  of R)  a long  the 
quas i  bounda r i es  ex tend ing  f rom the posi t ive b l ade  surface.  
There fore ,  the va lues  of $J  a l ong  the quas i  bounda r i es  ex tend-  
ing  f rom the negat i ve  b l ade  sur face a re  not  r eco rded  o r  
re laxed.  

Es t imated va lues  of the s t ream funct ion #  a l ong  the quas i  
bounda r i es  ex tend ing  f rom the posi t ive b l ade  sur face in  the 
& p l a n e  (fig. 4 (b ) )  can  b e  ob ta ined  by  assuming,  as  a  first 

F I G U R E  5. -F lu id  par t ic le  b e t w e e n  ad jacen t  s t reaml ines.  R a d i a l  c o m p o n e n t  of  f low rate,  
p v h T r T H R d 8 B ; t angen t ia l  c o m p o n e n t  o f flo w  rate,  - -psh,r ,HdR. 
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approximation, that the flow conditions upstream and down- 
stream of the blades in the R&plane (fig. 4(a)) are uniform, 
that is, the flow conditions are a function of only R. The 
variation in # with .$ along the quasi boundaries extending 
from the positive blade surface can then be determined 
(appendix D) from continuity and from the whirl ratios XV 
and XD, which for uniform flow remain constant upstream 
and downstream of the blades (conservation of moment of 
momentum). The whirl ratio Xv is specified and the whirl 
ratio X0 is determined, for a given blade shape and operating 
condition, by the Joukowski condition, which requires that 
the rear stagnation point occur at the blade tail (or, in the 
case of infinitely thin blades or blades with cusped tails, the 
flow must be tangent to the blade surfaces at the tail). The 
value of X0 can be estimated from considerations given in 
appendix D. 

The values of $ along the quasi boundaries extending from 
the positive blade surface (which values are obtained from 
the preceding variation in # with {) are estimated values 
and must therefore be relaxed. 

$ along upstream and downstream boundaries.- The 
value of $ at any point along thr upstream or downstrram 
boundary (fig. 4(b)) is drtcrminrd by the integrated varia- 
tion in $ along the quasi boundary from the fiscd (zero) 
value of $ on the positive blade surface and by the integrated 
variation in fi along the upstream or downstream boundary 
to the point in question. The variation in $ along the quasi 
boundaries was estimatecl in the previous section, and the 
variation in # along t.hc upstream and downstream bound- 
arics is constant (uniform flow conditions assumed at these 
bountlaricls) and is of such magnitude that the change in # 
from one quasi l~ountlnry to the next is tlqual to J/=. 

The vnlucs of # along the upstream and downstream 
boundaries ($U and +D, rcspcctivcly) arc considered fised 
during a relaxation solution. But these values of 9, for the 
initial relaxation solution, arc dependent upon the estimntcd 
vn.riation in $ along the quasi boundaries extending from the 
positive blade surface. In general, therefore, these values of 
tiU and Go clo not result in a solution that exactly satisfies the 
prescribed whirl ratio XU upstream of the blades and the 
Joukowski condition (which, together with the blade shape 
and the operating conditions, cletermines X,) downstream of 
the blades. It is therefore usually necessary, after the initial 
relaxation solution, to adjust (by methods developed in 
appendixes E and F) the values of GU and #D (keeping, 
however, the same uniform variation in $ along these 
boundaries). The relaxation solution is then repeated using 
these new values of $U and $D that satisfy Xv and the Jou- 
kowski conclition. 

ADDITIONAL CONSIDERATIONS 

Equivalent turbomachines with different cone angles.- 
The flow fielcl for the flow that passes between any two 
blades is the same for all blade passages in a given turbo- 
machine. Therefore, the solution obtained for the flow 
field in a given turbomachine also applies to certain other 
(equivalent) turbomachines with a larger or smaller number 
of like passages having the same angular spacing of the 
blades A0, blade-thickness distribution, and so forth, but 

893977-59-2 

with different cone angles CY. The cone angles for the equiv- 
alent turbomachines are determined by the number of 
passages B in the machine and are given by equation (20) as 

a=2 sin-1 Zi!!!! 
2lr 

Also, from equation (20), 

B,??! sin a! 

Ae 2 

so that a radial-flow turbomachine (a=180’) has more 
blades than an equivalent mixed-flow turbomachine 
(CX< lSO”), which has the same blade loading, and so forth. 
Furthermore, if the number of blades in the equivalent 
mixed-flow turbomachine is increased to equal the number 
of blades in the radial-flow turbomachine, the blade loading 
in the mixed-flow machine is decreased, so that, in general, 
for the same number of similar blades, the blade loading is 
less for mixed-flow than for radial-flow turbomachines. 

Equivalent outflow and inflow turbomachines. -Any solu- 
tion obt,ainccl for an outflow turbomachine with shockless 
(smooth) entry is also a solution for an inflow turbomachine 
with sl~ocl~lcss entry and with the flow direction and blade 
rotation (if any) reversed. The shocklcss entry for the out- 
flow machine corresponds to the Joukowski condition for the 
inflow machine and, vice versa. 

Axial-flow turbomachines.-For axial- flow turbomachines, 
the cone angle o( becomes zero and the flow field is assumed 
to lit on a cylindrical surface about the axis of the machine. 
For a cylindrical surface, the conic radius r is infinite ancl 
therrforc tbc angle e is zero. As a result, the cylindrical 
flow surface tlcgcnrrates into a single point (1,0) on the 
clcvclopcd conic flow surface (I?$) in figure 2, so that no 
solution can bc obtained for axial-flow turbomachines on the 
dcvrloped conic flow surface for which this analysis was 
clevcloped. 

NUMERICAL PROCEDURE 

A detailed outline of the numerical procedures for the 
relaxation solution of compressible-flow problems is given 
in reference 8. The emphasis is placed herein on those 
features of the solution that are peculiar to the flow in 
turbomachines with conic flow surfaces. 

The complete relaxation solution is conveniently divided 
into two sections. In the first section, the initial relaxation 
solution is obtained using approximate values of #D and & 
that are estimated to satisfy the Joukowski condition and the 
prescribed whirl ratio Xv. In the second section, the ap- 
proximate values of #D and I+%, are adjusted to satisfy the 
Joukowski condition and the prescribed xU, and the final 
relaxation solution is obtained. A brief outline of the nu- 
merical procedure for the initial relaxation solution follows. 

I-INITIAL RELAXATION SOLUTION 

Design characteristics and operating conditions.-In 
order to solve the system of equations (11)) (14), and (15) 
for the stream function #, it is necessary that the following 
design characteristics and operating conditions be specified: 
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- - - Quasi boundaries 

ve blade surface (& = pbe) 

Blade nose --, 
-. 

FIGURE G.-Grid layout for outflow turbomachine on translormod &mlanc. 

Design characteristics : 
(1) Passage-height ratio H, which is a function of the 

conic-radius ratio R 

H=f@) (2) 

(2) Cone angle a, which is constant (fig. 1) 
(3) ;Irbitrary blade shape, which determines (appendix C) 

t=NV) 
(134 

rl=rlW’) 3 

from which the coefficients ui, vi, and pi in equations 
(14) and (15) are obtained by equations (16a), (16b), 
and (16c), respectively. 

(4) Number of blades B, which together with the cone 
angle CX, determines the angular blade spacing A0 

Ae=@ sin 2 
B 2 (20) 

Operating conditions: 
(5) Whirl ratio upstream of blades XU, where x is defined 

by 
x=R(RM& U) KC 

The value of XU results from the configuration of the 
turbomachinc ahead of the blades (design character- 
istic) and from the flow rate through the machine 
(operating condition). 

(6) Tip Mach number iWT,, which is defined as 

wrT sin cy 
MT=pcT2 

For stator blades LW~ is zero. 
(7) Flow coefficient 4, which is defined as 

(5) 

(24) 

This coefficient is proportional to the standard equiv- 
alent flow-rate parameter WJi/S (reference 9) 
where 
o ratio of upstream absolute stagnation temperature 

to standard sea-level temperature 

6 ratio of upstream absolute stagnation pressure to 
standard sea-level pressure 

(8) Ratio of specific heats y, which for a given problem is 
considered constant 

Boundary values of J/.-The locations of the boundaries in 
the &l-plane are discussed under Location of boundaries in 
the section ANALYSIS. The boundary values of 1c, are 
determined by the design characteristics and operating con- 
ditions outlined in the previous section and by the Joukowski 
condition. The various boundary values of # are shown on 
the relaxation grid for an outflow turbomachine in the 
&plane in figure 6. The manner in which these boundary 
values are obtained is summarized as follows: 

(1) The value of the stream function along the positive 
blade surface in figure 6 is arbitra.rily set equal to zero. 
(See section # along blade boundaries.) 

(2) The value of the stream function along the negative 
blade surface in figure 6 is given by 

#,=4Ae (23) 

The st,ream fun&on 1c/1L is positive for outflow turboma- 
chines and negative for inflow machines. (See section # 
along blade boundaries.) 

(3) The values of the stream function along the quasi 
boundaries extending upstream and downstream of the posi- 
tive blade surface depend on t.he specified whirl ratio XU 
upstrea.m of the blades and, for a given blade shape and 
operating conditions, on the Joukowski condition downstream 
of the blades. The method for estimating $ along thcsc quasi 
boundaries is given in appendix D. Values of # are not 
recorded or relaxed along the quasi bounclaries extending 
from the negative blade surface for reasons given in the 
section fi along quasi boundaries extending from positive 
blade surface. 

(4) The values of the stream function along the upstream 
and downstream boundaries vary uniform1.y (steady-flow 
condition) in the direction of inc.reasing 17 at the rate of +/, 
per unit of r). (This rate is positive for outflow turbo- 
machines and negative for inflow machines.) The magni- 
tude of I/ is fixed at the intersection of the quasi boundaries 
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(extending from the positive blade surface) with the upstream 
or downstream boundary by the variation in 9 along these 
quasi boundaries. 

Grid layout.-A system of equally spaced grid points 
placed on the flow field in the [q-plane is shown in figure 6. 
The grid spacing b is selected so that an integral number of 
spacings occur between the blades. The smaller the grid 
spacing, the greater is the accuracy of the finite-difference 
equations (18) and (19), but also, the greater is the number 
of grid points and, therefore the labor involved in obtaining 
the solution. 

For reasons given in the section # along quasi boundaries 
extending from positive blade surface, grid points are not 
located on the quasi boundaries extending from the negative 
blade surface. 

It is convenient (appendix E) to locate the grid system so 
that a grid point lies at the blade tail on the positive blade 
surface. In this case, the grid point on the blade nose of the 
positive blade surface is generally not equally spaced from 
the interior grid points. Also, because t,he upstream and 
downstream boundarks are not normal, in general, to the 
E-axis (fig. 6), the grid points on these boundaries are usually 
not equally spaced from t,he interior grid points. In order to 
account for thcsc unequal spacings of the boundary grid 
points, the finite-diflcrcncc equations (18) and (19) must be 
modified at the adjacent interior grid points (to be subse- 
qucntly cliscusscd) . 

After estimating (or assuming) the values of # at the 
interior grid points, the problem resolves itself into two 
parts: (1) calculation of the residuals R at the interior grid 
points and along the quasi boundaries extending from the 
positive black surface (which residuals result from the 
estimatccl values of $ at thcsc points); and (2) relaxation 
(elimination) of these residuals by suitable adjustments in 
the values of # at thcsc grid points. 

Residuals.-The residuals at equally spaced interior points 
of the grid system are computed from equation (18). The 
density ratios in equation (18) are determined by equation (11) 
with the aid of equation (19). At the interior grid points 
adjacent to the blade surfaces, the solution of equation (18) 
requires the density ratios at the grid points on the 
blade surfaces; these ratios can bc cletcrmined by extra- 
polating the values of p/p0 obtained at interior grid points or 
by equations (11) and (19) at the boundary grid points 
using extrapolated values of + beyoncl the boundaries. 

In general, the grid points along the upstream and down- 
stream boundaries arc unequally spaced from the adjacent 
interior grid points (fig. 6) so that at these interior grid 
points the finite-difference equations (18) and (19) must be 
modified to account for the unequal grid spacing (reference 7, 
pp. 73-74). This unequal grid spacing also exists, in 
general, between the nose of the positive blade surface and 
the adjacent grid point on the quasi boundary (fig. 6). 

In order to compute the residuals at grid points along the 
quasi boundaries extending from the positive blade surface 
(fig. 6)) equations (18) and (19) require values of ti4 that lie 
outside the flow field enclosed by the quasi boundaries 
(fig. 7). From symmetry considerations and because the 
quasi boundaries enclose the equivalent flow between two 

blades (see section Location of boundaries), the values of 
+, equal ~/n less (or greater, for inflow turbomachines) than 
the values of 9 at corresponding positions (same value of 
R, that is, same increment of E from the tail, or nose, of the 
blades) along the row of interior grid points adjacent to the 
quasi boundary extending from the negative blade surface. 
That is, 

~4=~.4-~Ln, (25) 

where #*, corresponding to $4 for a given grid point along 
the quasi boundary extending from the positive blade sur- 

< A5 - 
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Flcum 7.-Relilsation grid in Eq-plane showing values of+ used in equation (27). 

face, is shown in figure 7. In general, fiA does not lie on a 
grid point and the value of #a4 is therefore obtained by linear 
interpolation between the adjacent grid points tiB and $e 
(fig. 7). Therefore, 

#A=$B+ (ik-h3) ; (26) 

where b’ is clefined in figure 7. From equat,ions (25) and (26), 

+4=k4+,+; k--~B) (27) 

Equation (27) determines the value of ti4 required by equa- 
tions (18) and (19) in order to compute the residuals along 
the quasi boundaries extending from the positive blade 
surface. 

If all the estimated values of 4 are correct, the value of R 
is zero at all grid points. If, however, the estimated values 
of # are incorrect, the values of R are finite and may be 
positive or negative. 

Relaxation.-After the residuals are computed, it remains 
to relax (that is, reduce) these residuals by suitable changes 
in the values of #. In order to determine the magnitude 
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of the required changes in 9 at the equally spaced interior 
grid points, all terms of the finite-difference equation (18) 
are assumed to remain constant except the terms I,& + & + 1c/3+ 
$,-4#. A change in the value of # therefore causes a 
four-fold change of opposite sign in the value of R, and this 
change in $ also causes an equal change in the values of R 
at each of the adjacent grid points (because relative to these 
points the change in $J amounts to a change in J/,, &, &, or 
fi4). At grid points that are unequally spaced from adjacent 
points (for example, at the grid points adjacent to the up- 
stream and downstream boundaries, fig. 6) a change in 
9 changes R an amount that depends on the coefficient of # 
in the finite-difference form of equation (14) developed for 
unequal spacing. (See previous section.) Also, the result- 
ing change in R at adjacent grid points depends on the coef- 
ficients for the terms #1, $+, fig, ancl #/4 in this finite-difference 
equation. In particular, it should be noted from equation (27) 
that changes in fiB and tic have a weighted effect upon 
the residuals at the corresponding adjacent grid points along 
the quasi boundaries extending from the positive blade 
surface, and vice versa. 

These changes in J, and R are recorded on the grid sheet as 
the work progresses. By continually reducing (relaxing) 
the larger residuals (any desired amount), the values of all 
residuals gradually approach zero. When this condition is 
reached, the residuals are recomputed using the complete 
finite-difference equation and taking into account the new 
values of the density ratio. After the new values of R have 
been computed, the relaxation procedure is repeated and this 
cycle is continued as often as necessary to achieve the dc- 
sired accuracy. 

II-FINAL SOLUTION 

The whirl ratio Xu upstream of the blades and the 
Joukowski condition downstream of the blades are governed 
by the values of the stream function specified along the up- 
stream and downstream boundaries (tiu and GD). In 
section I, these values of #v and qD were determined from 
the estimated variation in $ along the quasi boundaries ex- 
tending from the positive blade surface (see section 
Boundary values of #) and, in general, do not result in a 
solution that exactly satisfies the prescribed value of XcI and 
the Joukowski condition. In section II, #v and #D are there- 
fore adjusted to satisfy these conditions and the relaxation 
solution is repeated to obtain the final distribution of $ in 
the flow field. 

Joukowski condition.-If the Joukowski condition is satis- 
ficd, the rear stagnation point occurs at the tail of the blade, 
or, in case of infinitely thin blades or blades with cuspecl 
tails, the flow is tangent to the blaclc surfaces at the tail. 
In either case, from appendix E, 

0=41+5,~-6#~~+4#,i-&~ 03% 

where tii is the value of $ after the Joukowski condition is 
satisfied and where the subscripts a, b, c, a.nd d refer to the 

----Quasi boundary 
rl 

0 0 0 i 0 0 0 

r-Blade fail 

FIGURE S.-Relaxation grid in &I-plane showing values of $ used in equation (EZ) to check 
Joukowski condition. 

grid points along the quasi boundary extending from the 
positive blade surface on the <q-plane (shown in fig. 8). If 
equation (E2) is not satisfied by the values of $,, &,, tie, and 
+/d resulting from the initial relaxation solution (section I), 
the values of $D along the downstream boundary are acljusted 
by methods given in appendix E. As a result of adjusting 
#D, the values of # at all other grid points in the flow field are 
changed by amounts that are estimated by methods devel- 
oped in appendix E. 

Upstream whirl ratio A,.--Tf the upstrea.m whirl ratio is 
satisfied, the whirl ratio at any point in the region of uniform 
flow upstream of the blades is equal to the prescribed value 
XV, and 9~ at that point is given by equation (F2) developed 
in appendix B 

where I&* is the value of $Q if the specified value of Xu is 
obtained. In general, equation (F2) is evaluated at 
the upstream boundary where, because conditions are 
uniform, $5 is constant. If & obtained from the initial 
relaxation solution (section I) is not equal to the value #t* 
given by equation (F2), the values of tiu along the upstream 
boundary are adjusted by methods given in appendix F. 
As a result of adjusting fiv, the values of # at all other 
grid points in the flow field are changed by amounts that are 
estimatecl by methods developed in appendix F. 

It should be noted t.hat the corrections for xu affect the 
Joukowski condition, and vice versa. For low-solidity 
blacles these interrelations shoulcl be considered, but for 
high-solidity blacles the effect of changes in Go on Xu and the 
effect of changes in tiL: on the Joukowski condition arc gcn- 
crally small and can bc ncglcctcd. 

After the values of #D nncl tiV have been adjusted and t,he 
resulting changes in # at the grid points in the flow field have 
been estimated, the relaxation methods are repeated to 
eliminate the small residuals that result from the new values 
of II, at the grid points in the flow field. After the correct dis- 
tribution of II, has been determined, the pressure and velocity- 
ratio distributions can be obtained from the density 
ratio ancl equations (4a) and (4b). If more detailed infor- 
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mation of flow conditions in certain regions of the flow field 
is desired, the grid spacing b can be reduced and the relaxa- 
tion methods repeated in these regions. 

Accuracy.-No quantitative evaluation of the accuracy of 
relaxation solutions is available (reference 10, p. 176). 
Because the computed velocities depend on differences in 
the values of # at adjacent grid points, that is, the small 
difference of large numbers, however, it is important to know 
the values of 9 with sufficient accuracy to assure the desired 
accuracy for the velocity calculations. In the numerical 
examples of the present report, the values of + were computed 
to the nearest 0.00001 compared with the maximum value 
of (t, at the negative blade surface, of 0.15700. 

NUMERICAL EXAMPLES 

Two numerical examples are presented; one for compressi- 
ble and the other for incompressible flow through the im- 
peller of a centrifugal compressor. Both examples are for 
the same impeller geometry with the same tip speed and 
weight flow. 

Flow field.-A diagram of the impeller and vaneless por- 
tion of the diffuser is shown in figure 9. The cone angle o(, 
shown in figure 9, is 180’ (radial-flow compressor), but the 
solution applies to certain other cone angles less than 180’ 
(mixed-flow compressors) given by equation (20) for an 
integral number of similar passages B with the same included 
angle A0 between blades on the conic flow surface. (See sec- 
tion Equivalent turbomachines with different cone angles.) 
The solutions arc obtained in a flow field (fig. 9) that is 
considered to be unaffected by the inlet configuration of 
the impeller and by the diffuser vanes (if any); that is, the 
impeller inlet and the diffuser vanes must be far enough 
removed not to aflcct the flow appreciably in the flow field 
investigated. In this flow fkld, the impeller blades arc 
thin and straight and the passage-height ratio I$ varks in 
such a manner that the flow area normal to the conic flow 
surface remains constant. 

The values of the stream function along the boundary 
between blades (R=0.6752 in fig. 9) are determinccl from a 
simplified analysis (appendix G), which assumes that for 
straight thin blades the component of the relative flow 
normal to the blades is zero. This assumption is satisfactory 
(appendix G) at radius ratios within the impeller sufficiently 
far from the tip (at radius ratios less than 0.80 for the 
numerical examples of this report). 

Transformation of coordinates.-For thin, straight blades 
lying on conic radii (elements), t.he transformation of co- 
ordinates is given directly by the analytic function 

from which 

and 

t+iq=+e log, [R exp (iti)] 

&xe R 
A0 

e 
““L* 

863S77-50-3 

FIGURE 9.-Compressor-design characteristics for numerical examples. 

so that, from equations (Isa), (16b), and (16~) the coeffi- 
cients in equations (18) and (19) become 

‘Ui=O 

and 

1 vi=pi=~e 

Incompressible solution-The incompressible solution 
was obtained from equation (18) for the sa.me impeller-tip 
&Iach number M, and for the same flow coefficient c$ used 
in the compressible solution but with the density ratio p/p0 
consant ancl equal t.o 1.0. Because for incompressible fluids 
the speed of sound is infinite, MT, 4, and the velocity ratios 
for the incompressible solution are fictitious quantities, the 
definitions of which contain a constant, finite speed of sound 
that is equal to c, for the compressible solution. The same 
value of bhc impeller-tip speed (and of the compressor flow 
rate) therefore results from the same value of MT (and of +) 
for the compressible and incompressible solutions. 

Design characteristics and operating conditions-The 
numerical esamples have been computed for t.he following 
clesign chara.ct.eristics and operating condit,ions: 
Design characteristics : 

(1) Constant flow area normal to conic flow surface, 
H= R-1 

(2) Cone angle o(, 180’ (or certain other values of (Y less 
than 180” given by equation (20) for the same value 
of A8 but for different integral values of B) 

(3) Straight thin blades along radii 
(4) Number of blades B, 20 (or other integral values of l3 

less than 20 for the same value of A0 but for certain 
different values of (Y less than 180“ given by equa- 
tion (20)) 

(5) Whirl ratio upstream of blades X,, 0 
(6) Tip Mach number MT, 1.5 
(7) Flow coeihcient 4, 0.5 
(8) Ratio of specific heats y, 1.4 (for compressible solution 

only) 
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(a) Compressible-Bon example. 

FIC~RE ILL-Relative streamlines for flow through centrifuge1 compressor with straight 
blades. Streamline designation indicntcs ratio of flom- hrtwen streamline and positiw 
blade surfxe (right side of passage) to total flov through lxxsage. Angulnr blade spncinp. 
18”; imprllrr-tip SI:wh numhcr, 1.5: flea coefficicnl. 0.5: constant flow area. 

(h) Incomprcssihlr-flow example. (Tip Mach numhrr and flow coefficient for the incom- 
prcssihle r~aml~le are fictitious quantities hascd on the slwrd of sound rO for compressible 
rYaull,lr.) 

From equation (20) the included angle A6’ between blades 
on the conic flax surface is equal to IS’. The results of the 
numerical csumples are presented in figures 10 to 12. These 
figures are discussed in the following paragraphs. 

Streamlines.-Thr streamline configurations (relative to 
the impeller) for the tx0 examples are showy in figure 10. 
The streamlines are designated in such a manner (ti/$~,J that 
the value of a streamline indicates the ratio of the flow that, 
lies between the streamline and the positive blade surface to 
the total flow in the passage. For a given density ratio, the 
streamline spacing is indicative of the velocities relative to 
the impeller, with close spacing indicating high velocities 
and wide spacing indicating low velocities. 

rate increases (for the same impeller-t,ip speed) the eddy de- 
creases in size mltil it finally disappears. The flow rate at 
which the eddy disappears increases as the impeller-tip speed 
increases. The eddy does not exist in the incompressiblc- 
flow example (fig. 10(b)) b ccnuse, although the weight, flow 
rate is the snmc for both examples, the rmlume flow rate is 
higher for the incompressible-flow example as a result of the 
lower fluitl tlensity in the region investigated. 

In the compressible-floW esamplc (fig. 10(a)), a.11 eddy is 
attached to the positive blade surface. The fluid in this 
eddy rotates (relative to the impeller) in the opposite dirrc- 
tion to that of the impeller so that the absolute motion of the 
fluid is irrotntional. The size of the eddy (for a given im- 
peller) depends on the relative magnitudes of the rolumc 
flow rate through the coniprcssor ant1 the impeller-tip speed. 
If the flow rate is zero through the rotating impeller, the rtldy 
occupies the entire flow passage and a5 the co~n~)rcsso~~ flon- 

Tlic flon- tliwctions iu the vanelcss tliffuser arc greatly 
difYct*ent for the compressible- and i~i~ompl~cssil~lt~-~o~~- es- 
amples. (Compare figs. 10(a) and 1 O(b) .) This tlif7crence 
results from the highervolume flowrate for the incompressible- 
flow example. This higher volumc~ flow rate requires 
higher radial velocities so that for the same tangential 
velocities the flow directions are clifl’erent iu the two examples. 
(From considerations of constant moment of momentum in 
the vanclcss diffuser, the t anger t i al vclocit ies should be about 
the same in both examples berausc the tnugcutinl velocities 
nw about the smiic at the impeller tip. SW srllm~~qllrl~t 

swtiou Lines of constant pressure ratio.) 

Relative 
streomhne6 
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Relative 

Angle, deg 

(:I) Compressible-flow example. 

Lines of constant relative velocity ratio.-Lines of constant 
velocity ratio relative to the impeller arc shown for the two 
examples in figure 11. The constant c. in the denominatoi 
of the velocity ratio is the same for both examples and is 
equal to the absolute stagnation speed of sound upstream of 
the impeller for the compressible-flow example. The general 
characteristics of these plots are similar. The velocities 
along the negative blade surface are higher than along the 
positive blade surface except at the tip of the blade where 
the velocities become equal on both blade surfaces (as re- 
quired by the Joukowski condition). The maximum velocity 
occurs on the negative blacle surface at a raclius ratio well 
within the impeller and the flow decelerates along the surface 
of the blade from t,his point to the blade tip. This decelera- 
tion, which becomes rapid near the blade tip, is conducive to 
boundary-layer separation, which lowers t.he compressor 
efficiency. If the boundary-layer wake in the vanelcss dif- 
fuser is neglected, the velocities become essentially uniform 
at a radius ratio of about 1.15. 

In the compressible example (fig. 1 l(a)), the velocity 
ratios are low at the impeller tip because of the high density 
ratios that result from the high tip speed of the impeller. 
These velocities would be considerably higher if the effective 
flow area were reducecl by boundary-layer separa t,ion, which 
might be expected in a real compressor. 

-. -.---- - . 

13 
w 

Rebfive 
velocity radio, Q 

Angle, deg 

(b) Incompressible-flow example. 

FIO~RE Il.-Concladrd. Lines 01 constant velocity ratio relatire 1.0 impeller. 

Lines of constant pressure ratios-Lines of constant static- 
pressure ratio (local static pressure divided by absolute 
stagnation pressure upstream of the blades) are shown for 
the two examples in figure 12. The general characteristics 
of these plots arc the same. The pressure is higher on the 
positive blade surface than on the negative blade surface 
except at the blade tip where the pressures are equal. This 
difference in pressure accounts for the impeller torque. 

The higher pressure ratios in the compressible-flow example 
than in the incompressible-flow example result from the 
lower relative velocity ratios in the compressible-flow ex- 
ample and from t,he fact that for the same amount of work 
per pound of fluicl the pressure ratio is greater for compressible 
than for incompressible fluids. (That the work per pound 
of Auicl is about the same for both examples at correspond- 
ing points is seen from the last term in equation (8). This 
term is the work per pound of fluid and has about the same 
values for both examples because the whirl ratio X is deter- 
mined principally by the tangential motion of the blades, 
which is the same in both examples.) 

Slip factor.-The impeller slip factor is defined as the ratio 
of the average absolute tangential velocity of the fluid at the 
impeller tip to the impeller-tip speed. A method for com- 
puting the slip factor from a relaxation solution is outlined 
in appendix H. The slip factor is OS99 for the compressible- 
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Pressure 
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(a) Compressible-flow example. 

FIGCRE Il.-Lines of constant pressure ratio (local static pressure divided by absolute stagna- 
tion pressure upstream of impeller). 

flow example and 0.892 for the incompressible example. 
It is concluded that the slip factors are essentially equal 
for both examples. 

Compressibility effects.-Figure 10 indicates a large com- 
pressibility effect upon the streamline configuration in high- 
speed, rot.ating, radial- and mixed-flow blade systems. 
Figures 11 and 12 indicate large compressibility effects 
upon the magnitudes of the velocity ratios and pressure 
ratios, but the dist,ribution of these quantities is similar. 
(For example, the velocities accelerate and decelerate at 
approximately corresponding positions of the flow field in 
both esamples.) It is concluded that, if the fluid in high- 
speed, rotating, radial- and mixed-flow turbomachines is 
compressible, incompressible solutions give poor quanti- 
tative results (exception, the slip factor) and, in some 
respects, poor qualitative results. 

SUMMARY OF RESULTS AND CONCLUSIONS 

A general method of analysis has been developed for two- 
dimensional, steady, compressible flow in stators or rotors of 
radial- and mixed-flow turbomachines with arbitrary blade 
shapes, arbitrary variations in the passage height, and with 

Pressure 

Angle, deg 

(b) Incompressible-Ilow csamplr. 

FIGURE 12.-Concluded. Lines of constant pressure ratio (local static pressure divided by 
absolute stagnation pressure upstream of impoller). 

conic flow surfaces (surfaces of right, circular cones generated 
by center line of flow passage in axial-radia.1 plane). 

The analysis indicates that: (1) The solution obtained for 
a given turbomachine also applies t.o certain other (equiva- 
lent) turbomachines with a larger or smaller number of like 
pa,ssages (same spacing of the blades on the conic flow sur- 
face, same blade-thickness distribution, and so forth) but 
with different cone angles; (2) for the same number of 
similar blades, the blade loading is less for mixed-flow than 
for radial-flow turbomachines; and (3) any solution obt’ained 
for an outflow turbomachine with shockless (smooth) entry 
is also the solution for an inflow turbomachine with shockless 
entry and with the flow direct,ion and blade rotation (if any) 
reversed. 

Two numerical examples are presented-one for compres- 
sible and the other for incompressible flow in a centrifugal 
compressor with thin, straight blades lying on conic radii 
(elements). The solutions were obtained in a region of the 
compressor, including the impeller tip, that was assumed 
to be unaffected by the inlet configuration of the impeller 
or by the diffuser vanes (if any). Both examples are for 
the same impeller (18” included angle between blades on 
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the conic flow surface) with the same tip speed (equivalent 
to a tip Mach number of 1.5 for the compressible-flow 
example), with the same flow rate (flow coefficient, Oki), 
and with constant flow area normal to the conic flow surface. 
The following results were obtained: 

(1) In the compressible-flow example, an eddy is attached 
to the positive blade surface. The fluid in this eddy rotates 
in the opposite direction to that of the impeller. This eddy 
does not exist in the incompressible-flow example. 

(2) In both examples, the maximum velocity occurs on 
the negative blade surface at a radius ratio well within the 
impeller and the flow decelerates along the surface of the 
blade from this point to the blade tip. This deceleration, 
which becomes rapid near the blade tip, is conducive to 
boundary-layer separation, which lowers the compressor 
efhciency. 

(3) If the boundary-layer wake in the vaneless portion 
of the diffuser is neglected, the velocities become essentially 
uniform at a radius ratio of about 1.15. 

(4) The slip factor is 0.899 for the compressible-flow 
example and 0.892 for the incompressible example. It is 
concluded that the slip factors are essentially equal for 
both cases. 

(5) If the fluid in high-speed, rotating, radial- and mixed- 
flow turbomachines is compressible, incompressible solutions 
give poor quantitative results (exception, the slip factor) 
and, in some respects, poor qualitative results. 

LEWIS FLIGHT PROPULSION LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

CLEVELAND, OHIO, November 1, 1948. 



APPENDIX A 
SYMBOLS 

The following symbols are used in this report: 
aT 
B 
b 
c 
GP 
e 

exp 

P 

s 
h 
J 
MT 
Q 

i 

R 
r 

T 
u 
U 

V 
V 

W 
W 
ff 
r 

Y 
AB 

flow area of annulus at tip of blades 
number of blades (or passages) 
grid spacing (fig. 3) 
local speed of sound 
specific heat at constant pressure 
Cartesian coordinate in transformed ef-plane, 

equation (Cla) 
esponen tial, [exp (x) = eZ] 
any twice-differentiable function of two variables 
Cartesian coordinate in transformed ej-plane, 

equation (Clb) 
acceleration due to gravity 
passage-height ratio, h/hr 
passage height normal to conic flow surface (fig. 1) 
mechanical equivalent of heat 
blade-tip Mach number, equation (5) 
relative velocity ratio, n/c0 
velocity of fluid relative to blades, ~u?+v’ 
conic-radius ratio (coordinate of conic flow sur- 

face, R&plane) (fig. 2), r/rT 
residual 
conic radius (distance along conic element from 

apex of cone) (fig. 1) 
static (stream) temperature 
relative tangential-velocity ratio, u/c0 (fig. 2) 
tangential component of p (positive in direction 

of increasing 19) 
radial-velocity ratio, V/C, (fig. 2) 
radial (along conic element) component of p 

(positive in direction of increasing radius ratio) 
total flow rate through turbomachine 
flow rate between streamlines 
cone angle (fig. 1) 
dimensionless absolute circulat,ion 
ratio of specific heats 
angular blade spacing (included angle between 

blade camber lines in R&plane), equation (20) 
changes in I/ at grid points 
Cartesian coordinate in transformed &plane 

(corresponds to incompressible stream function 
in nonrotating R&plane with constant passage 
height, H= I), equation (13a) 

angle (coordinate of conic flow surface, R&plane) 
wk- 2) 

whirl ratio, equation (9) 
16 

E Cartesian coordinate in transformed ,+plane 
(corresponds to incompressible velocity poten- 
tial in nonrotating R&plane with constant pas- 
sage height, H=l), equation (13a) 

i 
weight density of fluid 
flow coefficient, equation (24) 

# dimensionless, compressible stream function, 
equations (4a) and (4b) 

cd angular velocity of rotor (in direction of increas- 
ing e) 

Subscripts: 
A,B,C grid points defined in figure 7 
a,b,c,d grid points defined in figure 8 
D downstream boundary (boundary in region of 

uniform flow downstream of blades) (fig. 4) 
i indicates that ui, vui, and pi, obtained from deriva- 

tives of E(R,e) and q(R,e), correspond to incom- 
pressible velocities 

n negative blade surface (blade surface in direction 
of decreasing 0) (fig. 4(a)) 

0 absolute stagnation condition in region of uniform 
flow upstream of blades 

P positive blade surface (blade surface in direction 
of increasing e) (fig. 4(a)) 

T blade tip (either nose or tail of blade, whichever 
has larger conic radius) 

u upstream boundary (boundary in region of uni- 
form flow upstream of blades) (fig. 4) 

RWv f 7 , f 7 partial derivatives with respect to these coordi- 
and f nates 

RR, ee, second partial derivatives with respect to these 
CE, rlrl, coordinates 
67, ee, 
and ff 

1,2,3,4 grid points adjacent to point being considered 
(fig. 3) 

Superscripts: 
b’ nonuniform grid spacing defined in figure 7 
A@ change in # (at any grid point) resulting from 

A#, required to satisfy Joukowski condition 
Agii change in # (at any grid point,) rwulting from 

A$D equal to unity 
v adjusted value of G (at any grid point) after 

Joukowski condition is satisfied 
k” value of I& (at any point in region of uniform flow 

upstream of blades) if specified values of XV is 
obtained, equation (F2) 



APPENDIX B 

TRANSFORMATION OF COORDINATES FROM R&PLANE TO &PLANE 

If the transformation of coordinates from the R&plane to 
the [q-plane is represented by the analytic function 

t(W) +~rl(R,e) =.f[R exp WI (13) 

where the coordinates E and 71 in the (q-plane correspond to 
velocity potential lines (t=constant) and streamlines (v= 
constant) in the R&plane for incompressible flow past the 
blades, which for purposes of the transformation are con- 
sidered to be stationary (w=O) and to have a constant height 
(H= 1)) then 

uf= -OR=- 
ii (164 

vf’rlo’~R 
R 06b) 

Also, if F is any twice-differcntiablc function of R and e 

From equations (16a), (16b), and (Bl), equation (7) 
becomes 

2M,H i= (#Ed+&,) (‘h2+Vr’) +!b (,mz+g+@+ 
rL.E (,R+g+g-i)- 
~~~t-h~3 [Ooge Hhvr (loge. HMil- 

[tit (log, g, ++, (log, fj,] w+vfT 

But, 
q.12=Ui2+vf (16~) 

and, because equation (13) is analytic, 

&+g+g2=0 

and 
q,,+g+g==o 

so that equation (7) finally bccomcs 

Equation (12) in like manner becomes 

Q ~o=Ip;(~12+ti:~ x (15) 

17 



APPENDIX C 
f(R,e) AND v(R,e) FOR ARBITRARY BLADE SHAPES 

The coordinates 1: and rl of the transformed &-plane are 
functions of R and 13 and correspond to the velocity potential 
,$(R,e) and the stream function TJ(R,~) for incompressible flow 
past blades of arbitrary shape in the physical R&plane, 
which blades are considered, for purposes of the transforma- 
tion, to be stationary (w=O) and to have a constant height 
(H=l). In order to determine [(R,e) and q(R,e), it is con- 
venient first to transform the blades from the R&plane to the 
ef-plane (ef Cartesian coordinates). This transformation is 
given by 

e+if =log, [R exp (ie)] 

from which 

e=log, R (Cl4 

f=e @lb) 

Equations (Cla) and (Cjb) relate points in t,he .$-plane to 
points in the R&plane and determine a new blade shape in 
the ef-plane (fig. 13) that corresponds to the original (arbi- 
trary) blade shape in the R&plane (fig. 4(a)). In effect the 
radial cascade in the no-plane is transformed into an axial 
cascade in the qf-plane. 

---_ Quasi boundaries 

RD or R, 

Ru or- R. 

FIGURE 13.-Relaxation grid in e/-plane used to obtain ?(e,f). 

The stream function T(e,f) in the ef-plane is determined by 
the relaxation solution of Laplace’s equation 

qee+ f/f’0 c4 

for the specified boundary conditions; and the velocity 
potential {(e,f) is obtained from T(e,j) by methods discussed 
in reference 7 (ch. IV). Finally, t(R,e) and T(R,e) are dc- 
termined from c;(e,fl a.nd q(e,f) and from equations (Cla) and 
(Clb). 

In order to solve equation (CZ), it is first necessary to 
determine the boundary conditions. Because the distribu- 
tion of the variations in 7 along lines of constant e in the 
ef-plane is cyclic with a period equal to the blade spacing, 
the solution of equation (C2) need be obtained only in a 
region (fig. 13) bounded by the surfaces of two adjacent, 
blades, by lines of constant e that correspond in the R&plane to 
the upstream and downstream boundaries of the compressible- 
flow field (fig. 4 (a)), and by quasi boundaries extending along 
lines of constant f from the ends of the blade surfaces to the 
upstream and downstream boundaries. (Note that these 
quasi boundaries do not generally, and need not. correspond 
to the quasi boundaries selected for the compressible-flow 
field (lines of constant 7). See fig. 13.) 

After the location of the boundaries has been determined, 
a grid of equally spaced points is placed inside the boundaries 
(fig. 13) and this grid is extended to points on the boundaries. 
The grid points on the blade boundaries generally are un- 
equally spaced from the interior grid points because of the 
arbitrary shape of the blades. Values of 11 at points along 
the quasi boundaries extending from the negative blade 
surface are directly related to values of 7) at points along the 
quasi boundaries extending from the positive blade surfacr 
(see related discussion in section # along quasi boundaries 
extending from positive blade surface) and, therefore, only 
the values of q along the quasi boundaries extending from the 
positive blade surface need bc recorded (fig. 13) and relaxed. 

The values of 71 at the grid points on the boundaries are 
next determined. The boundary values of 17 at grid points 
along the blade surface are arbitrarily set equal to 0 along 
the positive blade surface (fig. 13) and equal to 1.0 along the 
negative blade surface. The values of 11 at grid points along 
the quasi boundaries extending from the positive blade surface 
arc estimated in such a manner that t.he front and rear 
stagnation points occur at thr intersection of the mean 
camber line with the surface of the blade at the nose and the 
tail. The direction of the streamlines is then approximately 
equal to the direction of the blade camber line at the ends 
of the blade. This clircction is defined in the ef-plane by 

d.f tan p=z (C3) 
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But along a streamline, dq equals zero so that 

dq=O=q&+rl& 

df -=-- 
de i; 

Also, if uniform flow is assumed upstream and downstream 
of the blades, then from equation (Clb) and the specified 
boundary conditions 

Therefore, from equations (C3), (C4), and (C5), 

This variation in q with e determines estimated values of 7 
at grid points along the quasi boundaries extending from the 
positive blade surface and in particular this variation deter- 
mines the values of q at the intersections of these quasi 
boundaries with the upstream and downstream boundaries 
(fig. 13). Along these upstream and downstream boundaries, 
the values of q increase uniformly (steady-flow condition) 
in the positive direction off at a unit rate per blade spacing. 

After the boundary values of q have been determined, 
values of q are estimated at the interior grid points. These 
estimated values are generally in error and must be corrected 
by relaxation methods in which equation (C2) is used in 
finite-difference form to compute and to relax the residuals. 
In addition, the values of q along the quasi boundaries extend- 
ing from the positive blade surface were estimated values 
and must therefore bc relaxed. After the solution for the 
distribution of q has been obtained, the condition that the 
stagnation points occur at the nose and the tail of the blades is 

checked (by methods similar to those in appendix E) and, 
if not satisfied, the values of q at the grid points along the 
upstream and downstream boundaries are adjusted (by 
methods similar to those outlined in appendix E). 

The function q(e,f) is now known and E(e,f> can be deter- 
mined from q(e,f> by methods given in reference 7 (ch. IV). 

The functions q(R,O) and t(R,o) are obtained directly 
from q(e,j) and [(e,f> and-from equations (Cla) and (Clb). 
Also, from equations (16) and (Cl), the coefficients uf and 
vt in equations (18) and (19) become 

uf=-qR-Il- 
R (CW 

&LQU 
R R W’b) 

The relaxation solution of equations (11)) (14)) and (15) 
in the transformed .$q-plane requires less time than the solu- 
tion of equations (7), (ll), and (12) in the physical R&plane, 
because blades with arbitrary shape in the physical plane 
become straight and parallel in the transformed plane, 
which results in simpler finite-difference forms for equa- 
tions (14) and (15). The transformation of coordinates to the 
[q-plane is time-consuming, however, so that, if a solution 
for only one set of operating conditions is desired, it would 
probably bc faster to solve equations (7), (1 l), and (12) in 
the ef-plane where, although the finite-difference equations 
must contain coefficients to account for the unequal grid 
spacing along the irregular boundaries, the transformation 
of coordinates is given directly by equations (Cla) and (Clb). 
If, however, solutions for a number of different operating 
conditions for the same blade configuration are desired, then 
the transformation of coordinates outlined in this appendix 
is dcsirablc, because the same transformation appiies to all 
sets of operating conditions for the same blade configuration. 



APPENDIX D 

ESTIMATED VALUES OF # AT GRID POINTS ALONG QUASI BOUNDARIES EXTENDING FROM POSITIVE BLADE SURFACE 
IN &PLANE 

Estimated values of the stream function # at grid points 
along the quasi boundaries extending from the positive blade 
surface in the [o-plane can be obtained by assuming, as a 
first approximation, that the flow conditions upstream and 
downstream of the blades in the R&plane are uniform, that 
is, the flow conditions are a function of R only. From the 
conservation of absolute moment of momentum (whirl) 
upstream and clownstream of the blades 

x=R(RM,+ U) =constant (Dl) 

so that equation (4b) becomes 

where, from equation (3a), 

&‘= iyfJ.72 03 

&=; H(,,,-;) (D2) 

In addition, bccausc the flow is considered uniform 

*7L +O=constant=a% (D3) 

The variation in J/ along the quasi boundaries in the &plane 
(fig. 6) is then given by 

Y%=VWt+WE 

which, from equations (D2) and (D3) becomes 

where Rt and .9t are obtained from equations (13a) or ap- 
pendix C. Equation (D4) gives the estimated variation in 
$ along the quasi boundaries extending from the positive 
blade surface in the &-plane. 

In order to integrate equation (D4), it is ncccssary to 
know the variation in density with $. The density ratio is 
given by equation (11) 

P (11) 
PO 

But, from continuity considerations assuming uniform flow, 

so that, from equations (Dl), (D5), and (DG), 

P.2 

and equation (11) becomes 

P “I (D7) -= 
PO 

Bccausc R is a known function of t and 11 (equation (13a) or 
appendix C), the system of equations (D4) and (D7) can be 
solved by numerical methods to obtain the value of $ at 
grid points along the quasi boundaries extending from the 
positive blacle surface in the &plane (fig. 6). 

The values of # depend on the value of X. Upstream of 
the blades X has the specified value XV. Downstream of the 
blades X has the value X0, which for a given blade shape and 
operating condition, is det!ermined by the Joukowski condi- 
tion. As a result of the Joukowski condition, the average 
flow direction at the exit from the blades is approximately 
equal to the blade-exit angle (determined by the mean 
camber line). An average value of U, requirecl in equation (9) 
t,o comput,e an estimated value of AD, can therefore be 
obtained from this angle (adjusted as experience indicates) 
and from the average value of V given by continuity con- 
siderations (equation (D6)). 
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METHOD OF ADJUSTING VALUES OF fi ALONG DOWNSTREAM BOUNDARY TO SATISFY JOUKOWSKI CONDITION 

The Joukowski condition requires the rear stagnation point 
to occur at the blade tail, or, in case of infinitely thin blades 
or blades with cusped tails, the flow must bc tangent to the 
blade surfaces at the tail. (If the blade tail is somewhat 
rounded, the stagnation point is considered to occur at the 
intersection of the mean camber line with the tail surface 
of the blade.) In the &-plane (fig. S), this rear stagnation 
point occurs at the tail of the thin, straight blade. (See. 
appendix C.) This condition generally is not satisfied by 
the initial relaxation solution for $ in the ET-plane, because 
for this solution the values of # along the downstream bound- 
ary (gD) were obtained from the estimated variation in 9 
along the quasi boundaries (appendix D). In order to satisfy 
the Joulrowski condition, the values of $ at the grid points 
along the downstream boundary (GD) must all be changed 
the same required amount (A$D). This change in $. 
(denoted by A$n) results in changes in I& (denotctl by A+) 
at each of the interior grid points and at the grid points 
along the quasi boundaries. Tlic manner in which the values 
of $ arc chnngcd by tlic’ change in #,) must satisfy tlic difl(xr- 
encr equation (IS). ‘I’licrc~fore, 

whrrr thr chnngc~ in tlrnsity ratio resulting from A$ is con- 
sidered ncgligiblr. Subtracting equation (1 S) wit 11 R ~gual 
to zero (which condition has been satisfied by the initial 
rtkation) from equation (El) results in 

[(log, H,-log, H3)ui- (log, H,-loge HJu[]= R (Ela) 

Each of the last three terms on the left sideof equn.lt,ion (Ela) 
consists of the product of two quantities that approach zero 
as the grid spacing b approaches zero. For the small grid 
spacing used in relaxation solutions, these terms are there- 
fore of secondary importance and may bc nrglected so that 

The solution of equation (Elb) determines A# at every 
grid point for a specified value of AtiD. Because of the 
linearity of equation (Elb), the solution for any specified 
value of AfiD is equal to the solution for A#,= 1 .O multiplied 
by the specified value of A$/,. That is, A+ (at any grid 
point) resulting from a specified value of A#D is equal to A$ 
(at the grid point) resulting for A#D=l.O multiplied by the 
specified value of A#D. 

The procedure for the solution of equation (Elb) is the 
same as for equation (18). The boundary values of # along 
the blacle surfaces and along the upstream boundary (fig. 6) 
are not changed so that A# must equal zero along these 
boundaries. The value of A$ along the downstream bouncl- 
ary (fig. 6) is set equal to unity. 

The magnitude of AtiD required to satisfy the Joukowski 
condition can now be determined as follows: If the rear 
stagnation point occurs at the blade tail (Joukowslti condi- 
tion), then the extrapolated value for + at. the grid point on 
the blade tail of the positive blade surface obtained from 
the values of 4 at succcctling points along the quasi boundary 
starting at the blade tail must equal zero. The extrapolated 
value of $ at the blade tail using a third-dcgrcc polynomial 
and the first four points along the quasi boundary is given by 

where the subscripts a, b, c, and d refer to the grid points 
along the quasi boundary in figure 8. If #tail equals zero, 

O=4$ai-6#bi+41j/cf-$di 032) 

whrrc~ $” signifies values of # nftrr. the Joukowski conclition 
is satisfied. But, 

$i=#+A#i @3) 

mherc~ # is t.hc st mm1 function obtained by the initial 
relaxation and A#i is the change in 1c, that results when the 
Joukowski condition is satisfied. Also, from the first part 
of this appendix, 

A$‘=A$,Atiii (E4) 

wlw~ A$‘” is the change in $ (at any grid point) resulting 
from a unit change in tiD (AtiD= 1 .O) and A#D is the change in 
pD required to satisfy the Joukomski condition. Therefore, 
from equations (EL?), (ES), ancl (E4)) 

Equation (Es) determines the change in $D required to 
satisfy the Joukowslri conclition. The changes in fi at all 
other grid points are obtained by multiplying A#” at each 
grid point by AGD. Because the solution for A#” is approxi- 
matk, the resulting values of $’ must usually be relaxed to 
eliminate small residuals computed by equat,ion (18). 
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APPENDIX F 
METHOD OF ADJUSTING .VALUES OF # ALONG UPSTREAM BOUNDARY TO OBTAIN SPECIFIED WHIRL RATIO Xv 

In general, the specified whirl ratio upstream of the blades 
XU is not obtained by the initial relaxation solution, because 
for this solution the values of yi along the upstream boundary 
(&,) were obtained from the estimated variation in $ along 
the quasi boundaries (appendix D). In order to obtain the 
specified value of XV, the values of ir, at the grid points along 
the upstream boundary (tiU) must all be changed the same 
required amount (AtiU). This change in & (denoted by 
A$,,) results in changes in # (denoted by A$) at each of the 
interior grid points and at the grid points along the quasi 
boundaries. The effect of A&,, on the values of A$ is deter- 
mined in the same manner as the effect of A#D on the values 
of A+ (appendix E). 

The magnitude of A&, required to obtain the specified 
value of xU can now be determined as follows: Near the 
upstream boundary in the region where flow conditions are 
essentially uniform, the whirl ratio X is constant and equal 
to xv. In this region equation (9) gives 

Au= R (RibIT+ U) (9) 

where U is related to the variation in fi by equation (4b) 

But, 

where for uniform flow conditions 

so that, from equations (16a) and (lSb), equation (Fl) 
becomes 

#R=#$)%-$nui @ ‘W 
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Therefore, from equations (Fla), (4b), and (9) 

where &* is the value of & at any point in the region of 
uniform flow upstream of the blades if the specified whirl 
ratio XV is obtained and where pJpo is considered to be given 
by the initial relaxation solution. (In general, equation (FL?) 
is evaluated at the upstream boundary where, assuming 
conditions are uniform, & is constant.) 

If & is obtained by the initial relaxation solution at the 
point being considered in the region of uniform flow, the A$” 
required to obtain the value of &* (equation (F2)) corre- 
sponding to the specified value of XU is given by 

(F3) 

where (a$)~ is the variation in A# with t, at the point being 
considered, for a unit change in qv. Equation (F3) deter- 
mines the change in fiv required to obtain the specified value 
of X”. 

The resulting changes in $ at the interior grid points and 
at the grid points along the quasi boundaries are determined 
from A& in the same manner as the changes in fi were deter- 
mined from AtiD in appendix E. It should be noted that the 
correction for XU will affect the Joukowski condition, and vice 
versa. For high-solidity blades, however, the effect of AfiD 
on XV and the effect of AI+& on the Joukowski condition is 
generally small and can be neglected. 



APPENDIX G 
SIMPLIFIED ANALYSIS.FOR ROTORS WITH STRAIGHT BLADES ALONG CONIC RADII 

The relaxation methods used in this report are lengthy. 
It would therefore be advantageous to have a quicker, al- 
though less accurate, means of estimating the flow conditions. 
In this appendix, a simplified analysis is developed for rotors 
with straight blades along conic radii. 

Velocity-ratio distribution--This simplified analysis is 
based on the assumption~that for rotors with straight blades 
along conic radii the tangential component of the velocity 
ratio relative to the blades is zero within the rotor. Equa- 
tion (6) therefore reduces to 

Vo=2RM, (Gl) 

which, when integrated, becomes 

V=V,+2RM,e 03% 

where the subscript p refers to the positive blade surface at 
which surface the angle 0 is considered zero. Equation (G2) 
gives the distribution of the radial component of the velocity 
ratio across the passage at constant values of R. The con- 
stant of integration VP is determined at each value of R 
from considerations given in the next paragraph. 

Stream-function distribution.-From continuity 

or 
dw= pvhrde 

dw 
-=p VHRde 
PocJwT PO (G3) 

The density ratio is given by equation (11) with Q equal to 
V (because U is assumed equal to zero) and V is given by 
equation (G2) so that equation (G3) becomes 

d#=HR { I+G [(RM,)*- (VP+ 
1 - 

2RM,e) 2- Z-M&~] ‘-’ (V,+2RM,e)de (G4) 

where the left side of equation (G4) was obtained from 
equation (21). Equation (G4) is integrated from the posi- 
tive blade surface where $ and 0 are considered equal to 
zero so that 

#ZH 
Y 

2rM73 
1 $-y-l 2 [(RM,)2-VV,2-2M$,u] 

1+- ?ql [(RMT)2- (Vp+2RMTe)2-2M,x,] i,‘-’ ‘I (G5) 
Equation (G5) gives the distribution of fi across the passage 

at constant values of R. The velocity ratio VP varies with 
R and is obtained from equation (G5) for the condition 

when 
*=97l 

e= 8, 

If the fluid is incompressible, the distribution of # becomes 

#=HR(Vpe+RMTe2) 

Numerical example.-The simplified analysis has been 
applied to the compressible-flow example in this report and 
the results are compared with those of the relaxation solu- 
tion. The velocity ratio VP along the positive blade surface 
has been computed from equation (G5) and the results are 
compared in figure 14 with the relaxation solution. The 
negative values of VP occur where the eddy (fig. 10(a)) is 
attached to the blade. The agreement between the re- 
laxation solution and the simplified solution is satisfactory 
up to a radius ratio of about 0.80. For radius ratios greater 
than 0.80, the agreement is unsatisfactory because the 
assumption that U and its derivative are negligible is no 
longer valid. 
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FIGURE 14.-Comparison of velocity ratio along positive blade surface for simplifkd and 
relaxation solutions. 
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Ratio of distance across passage 
from positive blade surface 

The velocity-ratio distributions across the passage at radius 
ratios of 0.760 and 0.855 have been computed from equation 
(G2) using values of VP obtained from equat,ion (G5) and 
the results arc compared in figure 15 with the relaxation 
solution. At the 0.760 radius ratio, the velocity distribution 
is nearly the same for both solutions, but at the 0.855 radius 
ratio the simplificcl solution has begun to deviate from the 
more rigorous relaxation solution. 

.I8 
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0 .2 .4 .6 .8 I.0 

Ratio of distance across paSsage 
from positive blade surface 

FICUT~E l&--Comparison of strmm-function distrihut ion across pass:~gc for simplifiml and 
rckintion solutions. 

The stream-function distributions across tbc passage at 
raclius ratios of 0.760 and 0.855 have been computed from 
equation (G5) and the rrsults are compared in figure 16 
with the relaxation solution. At a radius ratio of 0.760 the 
stream-function distribution is nearly the same for both 
solutions, but at 0.855 the simplified solution has btgun to 
dcviatc npprwinl)ly from the rclasation solution. 



APPENDIX H 
PROCEDURE FOR COMPUTING IMPELLER SLIP FACTOR 

The impeller slip factor for centrifugal compressors is 
clerked as the ratio of the average absolute tangential veloc- 
ity of the air at the impeller tip to the tip speed of the 
impeller 

Slip factor = 
wrT sin%+u 

> 
wrT sin? 

(Hl) 
2 

The average value of the tangential-velocity ratio relative 
to the impeller at the impeller tip is obtained from 

or 

s 

&I 

%3,= % 
upvhTrT de 

s 
% 

0, pVhT?‘T de 

u =PO&T~T 6, av W s 
B, UVide 

77 

which, from equation (22), becomes 

Equation (H2) gives a weighted average value of c’. 
This weighted average is also equal to the unweightetl avcragt 

This fact can bc shown from considerations of the consc~~va- 
Lion of moment of momentum in the vanclcss difluscr, wllkh 

is based upon the weighted average of U and from considera- 
tions of constant absolute circulation in the diffuser, which is 
based upon the unweighted average of U. 

Combining equations (Hl) and (H2) results in the follow- 
ing expression for the slip factor: 

Lmm Slip factor= 1 ++,MT S en uJ,7: de 8, (H3) 

The value of the integrand is obtained from the relaxation 
solution. 
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