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SUMMARY

A method is presented which allows the use of nonlinear section
1lift data in the calculation of the spanwise 1ift distribution of
unswept wings with flaps or ailerons. This method 1s based upon 1lifting-
line theory and 1s an extension to the method described in NACA Rep. 865.
The mathematical treatment of the discontinuity in absolute angle of
attack at the end of the flap or aileron involves the use of & correction
factor which accounts for the lnability of a limited trigonometric. series
to represent adequately the spanwise 1ift distribution. A treatment of
the apparent discontinuity in maximum section lift coefficient is also
described. In order to minimize the computing time and to illustrate
the procedures involved, simplified computing forms containing detailed
examples are given for both symmetrical and asymmetricsel 1ift distribu-
tions. A few comparisons of calculated characteristics with those
obtained experimentally are also presented,

INTRODUCTION

Unswept-wing characteristics calculated by the method of refer-
ence 1, in which nonlinear section 11ft data are used, have been found
to agree much closer with experimental data in the region of maximum
1ift coefficient than those calculated by metheds in which linear section
1ift curves are used. It appears feasible that the similar use of non-
linear section data would yield improved results for unswept wings with
flaps or ailerons. The deflection of a partial-span flap or alleron,
however, causes discontinuities in the spanwise distribution of the
absolute angle of attack. If such discontinuities exist, an excessively
large number of spanwise stations must be considered in order to obtain
a solution by the method of reference 1 or by any other method in which
the 1ift distribution is approximsted by a trigonometric series. A
different method of treatment of the discontinuity is therefore desirable,
Developed herein is a new method of treatment involving the use of a
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correction factor which accounts for the inability of a limited trigo-
nometric series to represent adequately the spanwise 1ift distribution
of a wing with partial-span flaps or ailerons deflected. This correc-
tion factor is obtained with the aid of reference 2 and 1s used in con-
Junction with the gystem of multipliers of reference 1 to obtain the
induced angle of attack from the spanwlse 1ift distribution. The sub-
sequent calculation of the 1ift distribution by means of successive
approximetions 1s similar to that of reference 1. '

The mathematical treatment of the discontinulty in the spanwise
distribution of absolute angle of attack 1s only part of the problem
involved in calculations for wings with flaps or asllerons. The direct
use of two-dimensiconal 1ift data would indicate a discontimuity in the
spanwlse distribution of maximum section 1ift ceoefficient. Obviously,
the flow sbout the wing sections near the end of a flep or alleron 1s
not two-dimensionsl. A rational method of obtaining three-dimensionsal
section data from the two-dimensional data has therefore been devised
and 1s presented herein., This method is substantiated by experimental
pressure distributions. '

In addition to the presentation of the method of making the calcu-
lations, simplified computing forms are given and their use 18 illus-
trated by detailed examples for both symmetrical and asymmetrical dis-
tributions. A few comparisons of calculsted results with experimental
data are also given.

This paper and reference 1 are intended to supplement each other.

The reader is therefore expected to be reasonably familisr with
reference 1.

SYMBOLS

As used herein, the term "section" designates the characteristic
. of a section in three-dimensional. flow.

A aspect ratio

An coefficients of trigonometric series for 1ift distribution
Cpy induced drag coefficient

CL wing 1ift coefficient

Cy rolling-moment coefficient

induced yawing-moment coefflcient
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EI

Ca

of

Cdi

€1

Acy

€ lmax

edge-velocity factor for symmetrical part of lift distribution

edge-velocity factor for antisymmetrical part of lift
distribution

factor used in altering two-dimensional 1ift curves

Reynolds number

Total pressure - lLocal static pressure?
Dynamic pressure

section lift-curve slope per degree

pressure coefficient (

span of wing

local chord of wing

root chord

mean geometric chord (b/A)
section induced-drag coefficient
gection lift coefficient

stall margin

maximum section 1ift coefficilent

maximum two-dimensional 1ift coefficilent

increment in maximum lift coefficlent due to flap deflection
{two-dimensional data)

section 1ift coerfficient at either end of flap or aileron -

section 1lift coefficient for part of 1ift distribution
invelving no discontinuity in angle of attack

section Lift coefficient for part of 1lift distribution due to
discontinuity in angle of attack

sectlon 1ift coefficient for additional 1ift distribution

section normal-force coefficlent
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wing-tip helix angle generated by rolling wing
intervals used in integration
airfoll thickness-chord ratio

spanwlse coordinate
spanwise coordinate at either end of flap or alleron
angle of attack, degrees

correction for induced angle of attack, degrees

- effective angle of attack, degrees

correction for effective angle of attack, degrees
induced angle of attack, degrees

induced angle of attack for part of 1lift distrilbution
involving no discontinuity in angle of attack, degrees

induced angle of attack containing discontinuity, degrées
angle of attack for zero lift, degrees

angle  of attack for two-dimensional 1ift curves, degrees
angle of attack of root section, degrees

uncorrected induced angle of attack, degrees

multiplier for induced angle of attack for asymmetrical
distributions '

multiplier for induced angle of attack for antisymmetrical

”

distributions

magnitude of discontimuity, in absolute and induced angles of
attack, degrees

angle of twist, negative if washout, degrees

angle of twist at wing tip, degrees
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)

average angle of twist

faired angle of twist due to flap deflection

€8
€y average angle of twist due to flap deflection
1 ratio of actual two-dimengional lift-curve slope to
theoretical value of ﬁ2/90
Ny area multiplier for asymmetrical distributions
N area multiplief for symmetrical distributions
6 = cos™+ =X
b

0% = cos™t g%f

‘ Tig chord
taper ratio (Root chord)

multiplier for induced angle of attack for symmetrical
distributions

Interpolation multiplier

moment multiplier for asymmetrical distributions

- moment multiplier for antisymmetrilcel distributions

used as superscript to denote value at end of flap or aileron

DEVELCOFMENT OF METHOD

Lift Distribution

The method involving the use of multipliers to obtain the induced

angle of attack from the spanwise 11Tt distribution was presented in
reference 1. In this development, the 1ift distribution was approximated
by a finite trigonometric series

(E%S) = Ej%-An sin n %; | (1)

n p=t
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vhere cos %; = %% and m=1, 2, 3, . . .r - 1. From the values

of cyc/b for each value of m, the induced angle of attack could then
be obtained at the points kr/r by the relation

r-1 c,c _ . ' _
@%=2;GFLBm . (2)
m= .

where k=1,2, 3, . . . r ~1 and Bp denotes the multipliers for
asymmetrical distributions. The corresponding multipliers, Apy
and Ypi, are used for symmetrical and antisymmetrical distributions,

respectively. These multipliers are tabulated in reference 1 for r = 20.
The method can be used directly so long s there is no discontinuity in
the spanwise distribution of absolute angle of attack caused by the
geflection of a partial-span flap or aileron. '

Lifting-line theory requires that a discontinuity in the distribu-
tion of absolute angle of attack must be accompanied by an identical
discontinuity in the distribution of induced angle of attack in order to
avolid a discontinuity in the spanwise 1ift distribution., An analytic
expression for the 1lift distribution associated with a discontimuity in
induced angle of attack 1s presented in reference 2. The complete 1ift
distribution can thus be expressed as the sum of two distributions

c?,c Cllc, ‘ CZ2C
B T (3)

where czec/ba is the distribution due to a unit discontinuity in the
induced angle of attack and czlc/b is the remainder of the 1lift dis-

tribution, These distributions are 1llustrated in flgure 1. Since no
discontinuity is associated with the distribution czlg/b, the corre-

sponding induced angle of attack can be obtained by means of the
multipliers

' szl(cllc) Bu ()
G,i = / 5 mk .
Tk n=1 Fm :

By definition, over the flaﬁ span

a'iEk = & (53)
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and over the unflapped span
Oip = 0 | (5b)
The total induced angle of atta;k.is
Sy T My ¥ Mo (6)
If, however, the multipliers were used with the total distribution
r-1

r=l cic €11° ,r-l lp
) ) - ) () ()
m=1 m=1 'm=l

and aiek were added to both sides of this equation, the result would be

i

r-1 cqc r-1 €y.¢C r-1 €y,
E (nlm) B + = E = B + o + E 3] 2 g
b m mk iQk D m¥ igk b_6 " mk

m=1 =1 m m=1

r-i CI C
—2 )

1l
2
e
=
+
o

Rearranging this expression gilves

Oy Z( lc) B + 8] —5— miek Y l(c c) (7)

m=1

A comparison of equation (T), for a wing with a flap or aileron, with
equation (2), for a wing without flap or alleron, shows the addition of
a term which is proportional to the magnitude of the discontlnuity and
acts as a correction factor to account for the inabllity of a limited
trigonometric series to represent adequately the spanwise 1ift distribu-
tion of a wing with partial-span flaps or ailerons deflected. TFor
simplicity, equation (7) may be written as

= Oy * 6(“‘;_1{) (8)
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where the uncorrected induced angle of attack 1s expressed as

oy = E_ ("g— Pk | (9)
and the correction factor per unit discontinuity is given by the equation
e TG TR (CIEC) | (20)
= - \ Bmk O
5} B — b /n

The distribution cleﬁ/ba given in reference 2 may be expressed in

the form
CZC »® e
2 1 3 1 -cos(6 +68)  n6sin 6
e = = |{cOs & -~ cos 8 ) lo + (11)
bd 90 Fe 1l - cos(8 - 9*) 90
aj * ai % -
for —£=1, ®<8<6; for —-=0, § <0<180° and ¥

and & are in degrees, This distribution is dependent on only the
spanvwise position of the discontinuity and is Independent of aspect
ratio and taper ratio. The correction factor per unit discontinuity
ack/B given by equation {30) is therefore a function of only the span-

wise position of the discontinuity. The distribution of @12/5, for

which equation (11} applies, is illustrated in figure 2(a). Values of
czgc/bﬁ corresponding to this type of distribution are presented in

table I for various values of 2y/b and 2y /b. These valueg are
plotted agalnst 2y/b in figure 3 for even increments in 2y /b and

against 2y /b in figure 4 for even increments in 6 = cos~1 EZ In

table IT are given values of ao/® corresponding to the values of
c;ec/ba of table I, .

The distribution of a12/8 illustrated in figure 2(a) would be

applicable only for a wing with one outboard flap or aileron deflected.
For a wing with symmetrical inboard flaps, the distribution would be
obtained as illustrated in figure 2(b) and the values-of o¢/8 would
be obtained in like manner. For ixample, for a wing with flaps

. ¥* .
extending from g%~ = 0.6 to 2%_ = -0.6, the values of a./® to_be

used would be obtained by subtracting the wvalues of db/B for E%_ = 0.6
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*

from those for- 2%;_= -0.6. Since the resulting distribution would be

symmetrical, the values of o¢/d would also be symmetrical, Similarly,
an antisymmetrical distribution of aig/ﬁ and the corresponding values

of a¢/® would be obtained as illustrated in figure 2{c).

It should be noted that two values of oo/ exist at the end of

*
the flap, one corresponding to 2%_ + 0 (flap side of 2y*/b) and one

*
corresponding tg 2%_ - 0 (unflapped side)., Only the values corre-

sponding to 2%_ + 0 are glven in table II. For the unflapped side,

(‘.‘3) ) (1) L1
° 2%_-0 ® 3%_+o

These wvalues have no practical significance unless the discontinuity
occurs at one of the stations %? = CcOo8 %?. At thege stations, elther
of the twce values may be used so long as the value is used with the
proper section 1ift curve.

In the calculation of the induced angle of attack by equation (8),
the values of ack/S must be multiplied by the magnitude of the discon-
tinuity %. The value of 3 +to bg used 1s obtained from the section 1ift
curves at the 1ift coefficient ¢3 . If the discontinuity occurs at one

of the spanwise staticns %% = CO$ %?, the value of (czc/b)* is obtalned as

one of the values of clc/b computed. If the discontinuity occurs at
some other position, the walue of (clc/b)* must be interpolasted. This
interpolstion may be accomplished in the following meuner., Even though
the spanwise 11ft distribution 1s continuous through this point, the

point is singular, Its singularity is due to the singularity of the
corresponding point of the distribution of clgg/ba which has an infinite

slope but zero radius of curvature. At this point, from equation (11),

(12)

¥
CLEC) _ ﬂé*sin 6*
o) - 8100

Since both the distribution of cic/b and the distribution of czgi/bﬁ con-

tain the same type of singularity, a curve with c;c/b as the dependent
variable and clec/bﬁ as the independent variable would have no singular
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point and could be approximated by a polynomial for which Lagrange's
interpolation formila (reference 3) is applicable. From Lagrange's

formuls
*
cie cic :
(T) = ;(T)m”m (23)

where

= (14)

k=1
k#m

—-

The number (n + 1) of terms retained determines the degree (n) of the
polynomial used in the approximation. It has been found that using
four terms (two on each side of the desired point), which define a
third-degree curve, gives values at the end of the flap which agree
within about 1 percent with the values cbtained by means of the method
of reference 4 but with about 45 terms of a trigonometric series.
Values of the interpolation multipliers determined in this manner are
presented in table III for various spanwise positions of the end of a
flap. This type of interpolation is suitable only if the variableg are
single-vyalued in the range of the interpolation% Thig limitation pre-
cludes the determination of multipliers for E%_ = 0.1 but this position
is out of the range of practical flap spans.

The method of determining the 11ft distribution by means of succes-.
sive approximations is the same ag that of reference 1 with the added
step of determining the correction factor aor. For a given geometric
angle of attack, the 1ift distribution is assumed. The uncorrected
induced angle of attack is determined by equation (9) for asymmetrical
distributions or by a corresponding equation using My for symmetrical
distributions. The multipliers 7y for antisymmetrical distributions

can be used only if the 1ift curves are lineer aend the value of & is
independent of 1lift coefficient. The value of (czc/b is obtained by
means of equatlon*(l3) and is divided by (c/b)* to determine cz*. At
this value of c¢; , & is read from the section 1ift curves as the
difference between the effective angle of attack for the section without
the flap and that for the section with the £lap, both at the station at
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the end of the flap. This value of & 1s multiplied by the appropriate
values of - ay/® from table II to obtain ag. The values of o, are
added to the uncorrected values o to obtain the values of induced
angle of attack which are then subtracted from the geometric angle of
attack to give the effective angle of attack at each spanwise station.
At each value of effective angle of gttack, the corresponding value

of ¢ is read from the appropriate section 1ift curve and multiplied
by the value of c¢/b at that station to obtain a check value of clc/b.
If the check values do not agree with those originally assumed, a sec-
ond approximation is made and the process is repeated. Further approxi-
mations are made until one is found which is in agreement with the
check values.

Determination of Three-Dimensional Section Datsa

If the two-dimensional 1lift data were used directly, a discontinu-
ity in the spanwise distribution of maximum 1ift coefficient would be
indicated at the end of the deflected flap or aileron., Inasmuch as this
discontinuity does not exist in three-dimensional flow, some means of
altering the two-dimensional data must be used to obtain what may be
called three-dimensional section data. One method of alteration is
described in reference 5 for use with linear section 1ift data, In
order to use this method, the 1ift distribution must be broken up into
the basic 1lift distribution due to twist and the additional 1lift dis-
tribution due to angle of attack. When nonlinear section 1ift data sre
used, the lift distribution cannot be broken up in this manner and the
method of reference 5 is not applicable, For this reason, the method
hereinafter described has been developed. Althcugh this development is
not rigorous, the reasoning behind it is substantiated by experimental
pressure distributions.

The foundation of the method used herein is the calculation of two
curves for which linear section 1lift data are used. One curve, the
spanwise distribution of section 1lift coefficient for a wing with flaps
but no other twist, is calculated by the method described herein but
adapted for linear 1lift curves in a manner similar to that of refer-
ence 1. The other curve is the additional lift-coefficient distribution
(constant absolute angle-of-attack distribution) calculated as in refer-
ence 1, These curves may be calculated for any convenient angle of
attack and for any convenient value for the discontinuity in angle of
attack at the end of the flap. A typical set of curves 1s shown in
figure 5. It is reasoned that the root section of a wing with partial-
span flaps would be acting wmost nearly like that of a wing with full-"
span flaps so that the additional lift-coefficient distribution is mul-
tiplied by a suitable constant to give the same value at the root.
Likewise, it 1s reasoned that the tip section would be acting most
nearly like that of a wing without flaps so that the additional



12 : NACA TN 2283

lift-coefficient distribution is multiplied by another constant to give
the same value at the outermost station used in the computations (the
0,987T7-semispan station when 10 points on the semispan are used). The
differences between the values on the curves are then divided by the
difference between the values on the additional lift-coefficlent curves
at the end of the flap to obtain the factor F shown in figure 6 for
several wings. In order to interpolate for the points on the additional
lift-coefficient curves at the end of the flap, the multipliers up,
presented in table IV, have been determined. These multipliers were
obtained by using & as the independent variable in equation (14)
instead of czec/bﬁ. It can be resdily seen that the factor ¥ isg

independent of the angle of attack and magnitude of the discontimuity
used in the original computations, The factor F 1s also relatively
independent of lift-curve slope sc that it can be used near maximum 1ift
where the lift curves are nonlinear.

The maximum lift-coefficient wvalues are altered by means of the
factor F according to the relastion

o = (cl } + F(Acl* ) (15)
max maexf o max
The values of c¢; and o are then altered according to the equations

, (Cz)altered ©lmax
<) - (16)

<3
unaltered max o

o c
-1 i
Qe ¢ _ E max

oy = g c
© o ( 1max)o

The edge-velocity factor E I1s used in the same manner asg in refer-
ence 1. The value of E given in reference 6 is, however, probably
more accurate than the ratio of semiperimeter to span used in refer-
ence 1. From reference 6 for unswept wings,

(17)

E-_-H—‘% (18)
A

The foregoing description of the alteration to the two-dimensional
section data has been limited tc wings with symmetrical pertial-span
flapes. For wings with deflected ailerons, a similar method based upon
the game rezsoning could readily be devised.
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The reasoning behind the method of altering the two-dimensional
date is substantiated by the results shown in figures 7 and 8 and
cbtained from experimentsl pressure distributlons for a wing of aspect
ratio of 6.0, taper ratio of 0.5, and NACA 64-210 airfoil sections.
Chordwise pressure distributions were obtgined at six spanwise stations.
Two spans of flaps, 0.4%9b and 0.51b, were tested so that the pressure
distribution at %? = 0.5 was obtained, in one cmse, Just outboard of
the end of the flap and, in the other case, Jjust inboard of the end of
the flap. As shown in figure T, the pressure distributions at each sta-
tion are very similsr for the two flap spans, even at the station 0.5b/2.
Furthermore, there is & gradual spanwise change from the type of loading
assocliated with an airfoil section with flaps to the type assoclated
with a plain airfoil.-

For comparative purposes, the section normael-force coefficients,
cbtained by integration of the chordwise pressure distributions at each
spanwise station; together with calculated values of section 11ft coef-
Ticlent, Interpolated for the same spanwise station, are shown in
figure 8. The calculations for the flaps-neutral and full-gpan-flaps
configuration were made sccording to reference 1 and those for the
partial-span-£flaps configuratlion were made as described herein, For
the experimental data, Jet-boundery and stream-angle corrections have
been applied to the angle of attack, but no corrections have been applied
to the values of ¢, for the effects of the medel supports and the
boom contalning the pressure tubes. Although some of the disagreement
shown may be attributed to the assumptions involved in the calculations,
most of 1t is bhelieved to be due to experimental inaccuracles both in
the two-dimensional data used in the calculations and in the three-
dimensional data shown hereln, inasmuch as similear disagreement 1is
evident for the full-span configuration as for the partial-span configu-
ration. In general, however, the trends indicated in figure 8 serve to
substantiate the method used to alter two-dimensional data.

Wing Characteristics

Numerical integration.- In the numerical Integration described in
reference 1, the multipliers Ny o] and One  WETE determined

- ms? m’
by harmonic analysis. For example, it was shown that

J i f(%)d(%x) - E‘i o(F) & ¥ (19)
n= .

7 mn
where 7= sin T was designated as Tm. By Iinspectlon, it may be seen
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that equation (19} could also be obtained through the aspplication of °
the trapezoidal rule (reference 3) where f£(2y/b)y sin (mx/r) is the
function of ms/r and the interval between points is x/r. Although
equation (19) may be expected to give good results when f£(2y/b) is
approximately eliiptic, in general the application of Simpson's
(parabolic) rule to this problem has been found to give better results
for a wider variety of curve shapes. Since r was originally assumed
to be even, the interval m = O to r may be divided into r/2 regions,
the area of each of which is ‘

£ [r(B), on 2 ne(), e G (@), e (2200 ] (ay

3r|T\b i+l ¥ r

For the entire interval m = O to r,

1

~/:1 f(%[)d(%z); 2

£=1 2y bis i} . nm
. f(b )mg;[:-; - (—l)] sin —

m=

_2) ?_z)
=2 f(b N, (21)
m=1 m
where 1, is defined and used herein as
h1d m mi .
nm = -6—r-E - (—l):! Sin ":E"" (22)
The relations between T s’ O and q .. are the same as in’
reference l; namely,
by
Mg = 2Ny (m'#VE) (23a)
= =r
Tns = (m=3) (23b)
Op = —= cos %; (2k)
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2o.

Q
1]

ma. I
= 7 COS %? ' - {25)
Values of 7 , 7 ., O , and o are given in table V for r = 20,
m ms m ma,

For cases for which the end of the flap or aileron is at a point
where m 1s not an even integer, s special form of equation (20) is
reguired which gives additional multipliers for numerical integration
in the vicinity of the end of the flap or aileron. Such a case is 1llus-
trated in figure 9 and the individual areas are

Area (1) %%fl+s(—sz_tilf2~a——)——sittf?] (26)

3 . .
_gsfst+ 7y f1t us 2535 fp + té%: : E? fé]l (27}

Area (1) + (2) = %[ﬁEs - t%és + %) £+ (s ;tt23 £, + (et - gg(s +t) 5

(28)

il

Area (2)

It

Hia

where s and t are expressed as fractions of =n/r. It can be seen
that equation (28) is the same as expression (20) when s =t = 1. An
example of the computation of these speclal multipliers is given in
table VI for 0.5-span flaps. For the area B in the sketch accompanying

this table, equation (28) is used with =1 and t = %, and for the
and t = 1. Values of the

Mmg ®ultipliers are given in table VII for various locations of the end
of a flap. Values of the multipliers N> Oy and L. can be readily

s
area C, equation (26) is used with s = %

obtained from the values of mn,, by means of equations (23) to (25).

It should be noted that two multipliers are given at the end of the
flap., For distributions which are continuous through the end of the
flap, such as the distribution of c3¢/b, the sum of the two multipliers
may be used. For distributions which are discontinuous at this point,
such as the distribution of Cdic/b , each multiplier should Be used

separately with its appropriate value. For example, for 2%_ = 0.5, the
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multiplier  -0.03023 should be used with the value gt the outboard end

of the flap, and the multiplier 0.03930 should be used with the value
at the inboard end of the unflapped span.

Wing coefficients.- The formulas derived in reference 1 are
repeated herein for convenience. For asymmetrical distributions

C = Ai‘((—:%i)mnm ’ (29a)

m=1
For symmetrical distributions !
if(—czc) | (29%)
c. = A 291
L .
o) s
For asymmetricel distributions
nh €3¢ '
Cp, = ﬁ(—-a) n (30a)
Di 180 ) ) i n m
For symmetrical distributions
r/2 :
A ¢ )
o = Ef(-——cx 9 (30b)
D, —.18 i
i l0m=l b mms

For asymmetricél distributions

E“ JC.C
cl = <A (—%‘““) O'm (313)
m

m=1

For antisymmetrical distributions

fa
: ;e
Cy = -A (ﬂg*) Oma (31b)
m=1 m
For asymmetrical distributions
_qp Eolfcge )
Cn; = 185 ("‘E‘ %1 ) Om (32)
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The values of Mo Npgr %o and e should be used as defined herein,

and the summations should also lnclude the special miltipliers in the
vicinity of the end of the flap or aileron. '

ILLUSTRATIVE EXAMPLES

Symmetrical Distributions

The method described is applied herein to a wing, the geometric
characteristics of which are given in table VIII. The section 1lift
curves are shown in figure 10 as dotted lines before being altered and
as golid lineg after heing altered. The unaltered data are obtalned by
interpolation of two-dimensicnal data for the proper Reynolds number and
alrfoil thickness-chord ratic for each spanwise station in a manner
similar to that of reference 1. The altered curves are obitained as
described previously and are used in the calculation of the 1ift dis-
tributions in tables IX and X. These tables were designed for use with
calculating machines capable of performing accumulative multiplication.
The mechanics of computing are explained in the tables, but a few items
need additional explanstion.

The initial approximation of clc/b is obtained in table IX, The
computations in this table are based on the method of reference 6, the
pertinent equations of which are modified to suit the present purpose.
The spanwise stations, at which values of czc/b are computed, are
listed in column (1), Columns (2) to (4) are used to obtain the addi-
tionel 1ift distribution czalc/E for Cr, = 1 according to the

+§\,l - (&) (33)

Columns {5) to (7) are used to obtain faired values of the twist €3
due to flap deflection according to the relations

approximate relation

Czalc

[o]

ny
~

oy
oflo

. ¥
(0< %X< g{-—) . (34a)
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2
1 - &y *
6 = 21 1 - [~ (EbL<?.g.<1) (3kb)

This fairing is illustrated in figure 11. Columns (8) and (9) are used
to obtain the average twist €5 according to the equation

€5 =

r/2 czalc '
( = )mfamnms (35)

m=

The value of &g ‘obtained by this summation is given at the bottom of
the table. Columns (10) to (12) sre used to obtain an angle of asttack
o' defined, for the flapped span, as '

o =%{_‘96(55-€5) + 8 -5 +a (368)

and, for the unflapped span, as

al! = A@E%(EB - EB) + 35 + (36b)

The values of the geometric angle of attack o« in column (11) include
the values of continuous twist e Values of cj(yr) in column (13)

are c¢btained for the section 1lift curves at the angle o', In tge non-
linear range of the section 1ift curves, different values of c, (a')

are found corresponding to the two values of a' at the end of the
flaps. For the purpose of this table, the average value of Cl*(ai) is

used. Finally, columns (14) and (15) are used to obtailn the initial
gpproximate values of clc/b according to the relstion

: CI C
(E%E) = = AEal 5T C1(a) (37)
approx - &l + )
vhich was adapted from the equation
€1

c
¢ ~ Croo al
b AE + 2 ¢

(38)

if"l !
+
Bl
+|+
3%
[]
= |

given in reference 6.
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e value of & uged in table IX should correspond to the value
of ¢y obtained at the bottom of the table. Some walue of & must
be selected,*however, for the computations needed to determine the
value of ¢y . It is therefore advisable to omit the computations in
columns (lO% to (15), except the bottom row, until a value of & has
been found by trial and error which is conslstent with the value of cz .

If the 1lift distribution is to be obtained at a relatively high
angle of attack, as in the example shown, the values of o' may be in
the rapidly curving part of the section 1ift curves or even greater than
the angle of attack for maximum section 1ift coefficient. For the pur-
pose of this table, the section 1lift curves mey be extended in the gen-
eral direction of the nearly linear part of the curves in order to
obtain the values of C1{at)" This procedure is justified inasmuch as

the subsequent operation in column (15) will reduce the value of cy-

The approximate values of cjc/b (column (15}, table IX) are used
in column (3) of table X and the computations indicated are performed.
Except for the computation of o, the computations in this table are
the same as those in reference 1 for wings without flaps. The value
of* 8 used in column (16) is obtained at the section 11ft coefficient
c corresponding to the velue of (cic/b)” obtained by meens of the
interpolation multipliers wvp.

In this method of successive approximations, the value of clc/b
in column (22) will usually not check the initisl approximate values in
column (3). The values to be used in subsequent approximations may be

found by the equation
ZC
A(b) K> ( ) . (39)

m m+i

where A'{cjc/b) is the increment to be added 10 the approximate values
to obtain succeeding approximate values, clc/b is the difference
between the check values and the approximate values (column (22) minus
column (3)), and K and Xj are constants for any particular wing.
Equation (39) is derived in the appendix, and values of K and Kj

for r = 20 are presented in figure 12 as functions of AE/n. These
values compare favorably with those empirically determined in refer-
ence 1 (Ky =3, K3 =1, Kyyy =0, and K = 8 to 10). Although these

values were obtalned for elliptic wings, they can be used for wings of
other plan form. The number of terms of equation (39) needed for any
particular approximation depends upon the convergence of the approxims-
tion; fewer terms are needed when the differences A(cic/b) are small or
when positive differences nearly cancel negative differences. Values

of Ky for values of 1 greater than 3 are small encugh to be considered
negligible,
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Some additional explanation of the use of equation (39) may be .
desirable, For values of m from 3 to T, equation (39) may be used
directly if the constants Ki>3 are neglected. For values of m

from 8 to 10, equation (39) may be expanded as

AT (%3)8 = %‘-l}_g A(C—%E)5 + K A'(-C-%E)6 + Ky A(S%E)T +

CyC Czc

0 o8+ ) o), e o) ] ot

(KO + 1{.2) A(—%—) + ¥y A(E%i)lcj ‘ (hbb)

A (Czc) L2k A(CZC) 2K A(czc) 2K, /_\.(czc) (clc)

H—] =3z ] + —] 4 ——1 + Ky Al —

blOK3lb.-{ 2\ /g lb'9K0b10
(40c)

C4C CaC '
for symmetricael distributions, since A(—;—) = A(—L) . For values
J r-J

of m of 1 and 2, equation (39) may be expanded as

(), -3t - 10 o), + e -9 o),

o), 1 o), o Gas

el ) osoB), ] ow
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since

CchC CsC
%), - )
-J J
After convergence is obtained in table X, the values of czc/b
(column (3)) and aj (column (18)) are entered in table XI and the lift

and induced-drag coefficients are determined through use of the appro-
priate multipliers L

s

Asymmetrical Distributions

If the angle-of-attack distribution is not symmetrical, the asym-
metrical multipliers B, must be used in the nonlinear range of the

section 1ift curves. Typical asymmetrical distributions are those for

a rolling wing or for a wing with deflected ailerons. Illustrated in
table XII is the case of a wing with flaps but without deflected ailerons,
which is rolling at such a rate that the tip helix angle pb/2V gener -
ated is 0.01 radian or 0.5730. Added to the normal angle of attack

is an increment equal to %? g% (in deg), which is the equivalent

twist of the rolling wing. In order to reduce the size of the computing
form, the table of the multipliers B 1s arranged in the form shown.

The values of PBpy for a positive value of 2y/b are the reverse of
those for the corresponding negative value. Instead of reversing the
values of B,y 1in table XII, the values of czc/b are written in
reverse order in column (14). Using these values with the values of
Bmix &ilves the uncorrected angle ap for the stations listed at the
bottom of the table,

In general, the value of & will be different for the two sides
of the wing, so that the appropriate values must be used with columns (16)

and (17). The values of «_/b_ in column (16) are those for g%_ = -0.6

from table II, while the yalues of as/8, 1in column (17) are the
negative of those for 2%_ = 0,6,

Another modification must be made for asymmetrical 1i1ft distribu-
tions since the edge-~velocity factor E'- should be used for the antisym-
metrical part of the distribution (see reference 6), whereas the edge-

velocity factor E has been used to alter the two-dimensional 1lift
curves. From reference 6 for unswept wings,

Voo 16
E'=\[1+ (42)
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This value may be taken into account in the following mamner: The
symnetrical part of the effective angle distribution is

(G-‘ - q’i)k + (C(. - d‘i)r_k
2

which 1s used directly with the altered 1ift curves. The antisymmetrical
increment in the angle distribution is

(o - @i)k - {o - Gi)r—k

Y

Awhich muist pe mmltiplied by the ratio E/E‘ in order for it to be used
with the same 1ift curve. The effective angle i1s therefore

(o - “i)k + (o - ai)r-k - (a - ai)k - {a - mi)r-k
%e = B g 3

U

o - Oy - D - (43)

0

where

Loy = E_..éﬁ—EEa. - ay), - (o - a.i)r_J (44)

Equation (4k4) is computed in column (21) of table XII.

Other than these modifications, the computing réquired for table XIX
ig similsr to that for table X,

DISCUSSION

The 1ift characteristics of two wings without flaps and with
60-percent and full-span flaps have been calculated by the method
described herein and are presented in figure 13 together with experi-
mental results from reference 7. One wing had NACA 64-210 sections and
was equipped with split flaps. The other wing had NACA 65-210 sections
and was equipped with split, single slotted, and double slotted flaps.
For the split-flep conditions, the agreement between celculated and
experimental results 1s quite satisfactory, whereas the agreement is lesgs
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satisfactory for the single- and double-slotted-flap conditlons. Since
the discrepancies occur for both the 60-percent-span and full-span con-
ditions, they are probably due to differences between the two-dimensional
and three-dimensional section characteristics rather than due to the
method of calculating. Some of the discrepancies in maximum 1ift coef-
ficient may be due to the fact that the characteristics of these wings
were eXtremely sensitive to small surface irregularities,

The stalling characteristics of these same wing-flap combinations
are presented in figure 14 together with the calculated stall-margin
distributions. The stall margin Ac; is the difference between the
maximum section 1lift coefficient altered as described herein and the
section 1ift coefficient at the maximum wing 1lift coefficient. The
spanwise location of zero margin should correspond to the location of
initial stall, and the margin at other spanwise locations is an indica-
ticn of the manner in which the stall spreads. In general, the agree-
ment between the experimental and calculated stalling characteristics
is very good.

The foregoing comparisons between calculated and experimental
results were made for the same Reynolds number. If possible, such com-
parisons should be made at the same Mach number also, unless the Mach
- number is low enough to have a negligible effect. Even at relatively
low values of free-stream Mach number, adverse compressibility effects
on maximum lift coefficient have been noted (reference 8) when sonic
velocity is reached locally on a wing. Similar effects in two-
dimensional flow have not as yet been thoroughly investigated so that
calculations based on available two-dimensional data must be limited to
suberitical Mach numbers.

Langley Aeronautical Laboratory
National Advisory Committee for Aeronsutics
Langley Field, Va., November 13, 1950
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APPENDIX

DETERMINATION OF COEFFICIENTS USED TO

- OBTAIN SUCCEEDING APPROXIMATIONS

In the method of successive approximations to determine the 1ift
distribution, it is desirable to reach convergence with a minimum number
of approximations. This deslderation necessitates that each successive
approximation be obtained from preceding computations in some manner.
The mamner in which these operations were performed in reference 1 and
the coefficients used therein were determined empirically. It is shown
hereinafter, however, that the procedure and similar coefficlents can
be determined theoretically.

‘ In the following derivation, Alcjc/b) is used to designate the
difference between the check values and the approximate wvalues, and
A'(cyc/b) is used to designate the increment to be added to the approxi-
mate values to obtain the succeeding approximete values. The section
1ift curves are assumed to be linear and & to be zero. The operations
performed during the first approximation (table X) may then be repre-
sented by the equation

o C C. a.c CLC c C.
NN R R R
' m

If suitable increments A'(czc/b) are chosen so that the check values
become equal to the approximate values for the second approximation,

cyc cic anC cic cyc
% - —_—— Al —— —— = | —— + AT[— (A2)
- b |#) n b X b Kk b k :
The diff'erence between these equations is
L)V e () - o(F) - o)
Mg O = A - A2 (A3)
b k b m b k b k
From reference 1
180r
Mg = o (ab)

8x sin ket
T
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The lift-curve slope may be expressed as

HE }
8. = %—gg | (A5)

where n is the ratio of the actual two-dimensional lift-curve slope
to the theoretical thin-airfoll value. For elliptic wings,

(%)k - 2 ain XX o (a8)
Therefore

aoc

o _nr

) - B o

which, for constant 1, is constant for all spanwise stations. Sub-
stituting this value into equation (A3) yields

bo o), Lo, -2, w

Equation (A8) represents r/2 simultaneous equations which may be
repregented in matrix form as

- cic| am c3c
t — ] = == —
where [M] is a matrix with sll the principal diagonal elements equal

AR
o 1+ = and the other elements are M/ M. This matrix can

readily be put into a symmetrical form and its reciprocal obtained by
one of the standard methods presented in reference 9., Then

. Czc _ AR -l‘ Czc
o] (h0)

For a given value of AE/n, equation {AlO) may be expressed in the form

o) 25w ey
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because of the particular properties of this reciprocal matrix. For
cogvenience K; 1s made equal to unity and the values of K and Ky
are adjusted accordingly. The values given in table XIIT and’ figure 12
were obtained for various values of AE/n and r = 20,
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TABLE V.- WING-COEFFICIENT MULTIPLIERS
‘251 ’ n i s Im dma
~-0.9877 | 19 |0.01638 [-----=~ '=0.00809 | ~------
- 9511 | 18 | .01618 |--ennu- - 00769 | —mmmm--
- .8910 | 17 OL7sl | ------- - .02118 | -~-=----
- .8090 | 16 03078 |-~----- - 01245 | memee--
- 7071 } 15 07405 | ------- ~ .02618 | -------
- .5878 | 14 0236 | c-meee- - 01245 | ~------
- JLsho | 13 .09531 ------- - 02118 | cemee--
- .3090 | 12 .04980 | —=m=w-- - 00769 | —=mmmmn
- J156L t 11 R N1 3T T - 00809 /| -~-----
0 10 05236 | 0.05236 0 _ 0
156h | 9 .10%43 | .20686 .00809 .01618
3050 | B | .ou980 | .09960 .00769 .01539
Ai540 7 09331 18661 .02118 .0l 236
.5878 6 .oh236 08u72 .012445 .024490
.7071 5 07405 14810 .02618 .052%6 {,
.8090 I .03078 06155 01245 .024,90
.8910 2 L0758l 09508 .02118 0236
9511 2 .01618  03236 00769 .0153%9
.9877 1 .01638 03276 .00809 .01618
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TABLE VI.- CALCULATION OF AREA MULTIPLIERS WITH SPEGIAL
CONSIDERATION AT THE END OF A 0.5-SPAN FLAP
Factors for areas lndicated

%F n A B c D E P Potal | 35 9iR 3% g™
0 10 '% ’ % 0.157080 | 0.05236
1561 9 % % 1155146 ..20686
3091 8 % %% %% .1449392 .10513
sk |7 g% g% .139959 .16588
.500 6% %- &% %3 .136035 .00907
.588 | 6 %% % gg .127080 094153
7071 5 -ng % 176 111072 | - L1481
809 | 4 % % % .092329 .06155
891 | 3 %‘ % .071313 .09508
951 | 2 % .% % .048s40 .0%236
988 | 1 % '% 024573 .03276

10

0

|
9

.L L
8 7 6 5 Ly

m

~ 0.156 0.309 0.45L 0.5é8 0.707 0.809 0.891 0.951 0.988 1.0

2y
B
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TABLE XI.- CALCULATION OF WING COEFFICIENTS

FOR EXAMPLE WING

[l.: 9.021; ag = 10.0@}

(L) (2) (3 W e ]
2 Mult%pliers E%E o E%E X ay
ms ~ (table X) (table X) (3) x (&)
0 0.05236 0.277 5.96 1.651
.156L . 20686 . 264 b, Th 1.251.
.3090' 09960 242 : k. 3k 1.650‘
Asko 18659 .13 | 4 4o .937
5878 .04870 .165 6.59 1.087
.T0T1 .14130 .108 -1.19 -.129
8090 .06290 .086 1T -.015
8910 .09508 068 .67 046
L9511 .03236 .051 2.47 126
L9877 | .03276 .029 k.92 J1h3
.6 -0 . 00589 156 7.30 11k
.6+ 0 . 03560 156 -b.72 -.736
o =AY (2) % (3) = 1599

Cp; = = 0.1017
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TABLE XIII.- COEFFICIENTS USED TO OBTAIN

SUCCEEDING APFROXIMATIONS

o , )
Y K %) Ki" Ko K3
h 10.095 2,384 1.000 0.498 - 0.339
8 8.418 3.000 1,000 Btexl .258
12 I8.1hl "3.57L 1.000 .338 215
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(a) Asymmetrical distribution,

1T

B = 0.6

IT -1

(b) Symmetrical distribution.
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{c) Antisymmetrical distribution.
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Figure 2.- Method of combining distributions of a12/6.
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Figure 7.~ Experimental pressure distributions at an angle of attack
of 13.1° for a wing having NACA 64-210 airfoil sections, an aspect
ratio of 6.0, a taper ratio of 0,5, and partial-span split flaps.
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£y Area (1)

Area (2)

4
s
Y
J
ct
Y

Flgure 9.- Definition of symbols used in numerical integraﬁion'for unequal
Increments in independent variable,
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Figure 12.- Coefficients used to obtain succeeding approximations., r = 20,



56 , - - NACA TN 2283

20
Full-apan flaps
I8 : o)
. . MAQ,6~span flaps
. D
Al 7| °
1.6

1.4 f

, P
. . . )
: : C;Véilin wing
12 . §§V :

O

s
N
N

10

4
4 6)%r
0 .
- 0 4 é 12 16 20
a , deg '

(a) NACA 64-210 sections; split flaps.

Figure 13.- Experimental and calculated 1lift curves for wings with and
without flaps; aspect ratio, 9.021; taper ratio, O.4; washout, 2°.
Experimental p01nts designated by symbols.
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(b) NACA 65-210 sections; split flaps.

Figure 13.- Continued.
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(c) NACA 65-210 sections; single slotted flaps.

Flgure 13.- Continued.
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(d) NACA 65-210 gections; double slotted flaps.

Figure 13.- Concluded.
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