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CHARTS AND APPROXIMATE FORMULAS FOR THE ESTIMATION OF AEROELASTIC EFFECTS 
ON THE LOADING OF SWEPT AND UNSWEPT WINGS l 

By FR.~SKLIS IV. DIEDERICH and KESNETH A. Foss 

SUMMARY curntely 1a~owI-n in ndvnnce of its design, tlic ~elntircly lnlpc 
nmount of time ~equirctl for even tlic most efficient of these 
methods militntes ngninst tl1eir. usr in connection u-it11 
prelimimwy clcsign cnlculat,ioIis. ~1 need rsists, tlielefow, 
for mrnns of estimnting some of thr more important nelo- 
elnstic efiects 011 tl1r spnnwisr lift tlistIhutioIi quickly nncl 
wit11 nn nccwnry tl1nt is sufficirnt for prcliniinnqi tlrsign 
p11rp0scs. 

INTRODUCTION 

X liI1o~~lrtlgr of tlrc spnnb-kc lift tlistr~il~iition n.ntl of somr 
Of tl1r nrI~otlyI1nmic pnI*nInctrrs nssociatrtl wit11 it is wquiretl 
fOI* 111~ tIcsign of a wing strr1cturc. Untlc~ certnin contlit,ions, 
s11d1 11s high clynnmic p~‘cssu~~cs, thin wings, swy t. wings, 
Of’ \viIi,vs tlrsigI1rtl for low wing Iondings, tlic span\\-ise lift 
tlist1~il~11lio11 11121y br uffrctrtl to n significnnt. rstent by 
1lr1~0rlnsh rflrrts, l~~n1Isr n. wing wliich cnwics fl crdnin lift 
I1rcrssnI4y tlcfoIms untlrr hat lift. If tlic nnglcs of nttnclc 
rrlorlg tl1r spnI1 11rc changrtl ns :1 wsult of this tlefo1mntioIi, tlic 
lifl rl1I~I~irtl ly t,lie wiI1g is cl1angetl ns well; in twn, this 
d1nIyr iri lifl rn11ses n cl1nngc in tl1c dcfoIw1ntion of tlic wing 
:1I1tl lir11rr cunotlicr cl1nI1gr in lift, nnd so on, until nn equilib- 
1.iIII11 ro11cliliO11 is wnd1cd. Tl1r cl1angcs in tl10 mngnitude 
r1Iltl llir tlistr~il~11tion of tl1e lift :iuz wflcctetl in clinngcs of tl1c 
wiI1g lift-c11I.vr slopr, tlir win, m lwx~tliri,o nntl rolling momrnts, 
111r spc~n\~isr rrntrI* of pwssuw of tlic lift, find, on n su-cpt 
win.%, tl1c loI1pitr1tli11nl crntc~ of prrsswr. 

Clinds nntl npprosimn tr folmolns we pwscntetl in tliid 
wpol? for cstimntiug the clinngcs in spnn\visc lift tlistdution, 
lift-cuwr slope, wing 1~olliIi~-moI1ie1it coefficient, spnnwisc 
ccntrr of pwssiiw, ant1 nr~otlpnnmic center occnsionrtl l)?- 
ncroelnstic nction of sn-cpt nntl unswept wings nt sul)sonic 
nntl supwsonic sprrtls. ~11~0 incl11tlrtl wc sunimnq- cliii~ts 
which intlirntc \dietl1c~ the \-nrious neroclnstic pl1c11oIneIin 
consitleId nw lilirl; to nflrct nny given tlrsign. By Iiienns 
of thrsc cl1nds tlir con\-cntionnl p~ocetl11w of tlesiy1ing n 
wing on tlir bnsis of crrtnin stlengtl1 cdtehi, cl1ccltinp it for 
neloelnst ic pl1enoIlicnn, ant1 then ~eiiifo~cing it , \~11c11 I1rws- 
sny, to meet the stifiness ~ecti~iumcnts imposrtl by thrsc 
pl1rIiomenn. CilIl often be simplified grently, iI1nsI1iuc~l1 21s 
tl1e eH’cct of some of tliesc pl1rnomcnn rnn be estinin trd in 
ntl\-nnce of tlcsign. 

lIl~1s11111rl1 21s thr lift protlucctl by n, given clinngc in ilnglc 
Of 11 I rnc*k iS J~l~OJ~OI~~iOll~ll t0 thr tlynamic p.rsstIlv, tl1c Wl’iONS 

:1rIw~lnst ir rH’rrts trntl to incu.wse wit11 tlynnmic prcsswr. 
1 ti fart, for c.ri~lnin wings n srificiently lwgc tlynnmic prrssuw 
lllaly pi~otlllcc 11 cOntlit.i011 of illstilbility in d1icli the chnnge in 
lift c*:lrisrtl 11y tlrfo1mnti0n is grcntcr tl1nn tlir n1nount of 
lift I~rqiiiwtl lo p1~otl1Irc tlir tlrfoIwinti0n, so that n given 
tlrfOI~I11nt~ioI1 will trncl to incrensr until tlir structow fnils. 
Tliis plicI1oI11rI1oIi is nr1.oelnstic tliveIgence; sincr it involves 
011ly to1sioIinl tlefoI~nintions in tlie cnsr of unswyt winps, it is 
oftrn ~cfr~I*etl to as toIsionn1 tliwxgcncc. 

Tlw MC of the dlnrts is tlrscdml in the section Irc~atlcd 
“CnlculatioI~ of tl1c JVnl*iolls .-h~orlnstir Pl1rnoInrI1n,” nntl 
soinc coiisitle~nti0I1s involvrtl in tlir srlrctio1i of the iirro- 
tlynniir, sttuctrII31, nntl geoI11etG pnrnmctrrs are tliscussetl 
in soI11r detail ii1 the srction licntlrtl “Selection of Pawn+ 
rtrIs.” Tl1rse two srctions. ns wrll as the srctions I1e~1tlctl 
“11111st~ntiw Esamplr” nntl “PwliniinnIy Su~.vry of -\cro- 
rlnst ic E.r11n\-ioi.,” :lw likrl?- to prove of gwatrst intrwst 
n t n fi1st xntliy of tl1is wpoi?. TLC vn1.ious pnI.ts of tl1e 
srct ioI1 11rdrtl “Diswssion” nw concc~ncd u-it11 tlic limitn- 
tions of tl1r clial.ts. wit11 tl1r liglit tlicy sl1etl on such prnctid 
tlrsign problrms ns tl1c u2lntive significnnce of stwIigtl1 ant1 
stifinrss ns tlrsign uiteG, with efficiuit xays of stiffrninp 
n. wing tl1nt is strong but not stifi rnougli. nntl n-it11 tllc 
nclrirwmeI1t of nr~oisorlinic contlitioI1s. 

Srvrml nirtliotls n1.r avnilnblc for cnlc11latiiig tlirsr cflccts 
(wf. 1, for instnncc), but since these effects depend on tlic 
stmvlllr~nl c*hwnc*tcristics of tl1c wing, whicl1 nw not nc- 

II l)i.ief tlesrhption of tlic cnlcolntions (hscd on wfs. 1 
and 2) used in prrpnriiy tlic chnlts is coritninetl in tl1e 
npprntliscs. 
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SYMBOLS 

nspec t rn t io, b’/S 
sn-ept-spnn nspcc t rn tio, rl/fos’.\ 
cross-scctionnl nrcn of the (nssnn~ed) single 

torsion cell, set in. 
distnncr from lending edge to section nc~~ody- 

nnmic center, frnct ion of cliortl 
tlistnncc from lcntling edge of men~i ncrodymimic 

chord to wing acr~oclynnmic center, fraction of 
menn nerotlynnmic chord 

wing spnn, in. 
wing spnn less width of fuselngc, b-w, in. 
wing-root bending-moment coefficient, dAf,./qSb 
lift coefficient of wings nlone (esclusirc of fusc- 

lw), -LIqS 
wing lift-curve slope per rndinn 
eflectivc lift-curve slope per rntlinn (tlrfinrtl in 

eqs. 2 and 4) 
rolling-moment coefficient on both wings alone 

(esclusivc of fuselage), Rolling momcnt/pS’b 
win-g-root t\\-isting-momcrlt coefficient, 2T,/qSc, 
chord (measured pcrpcntliculnr to rlnsh ask), 

in. 
I 

nvcrn.ge chord7 5TY’, in. 2 
section lift-curve slope per rntlinn 
mean ncrodynnmic cl~ortl (pnrnllcl to plnnc of 

symmetry), in. 
Young’s modulus of elnsticit>F, lb/q in. 
distnncc from lending ctlge to elastic nsis, frnc- 

tion of chord 
dimensionless moment nrm of the scct,ion lift 

nbou t the elastic nsis, e-a 
efiectivc or nverngr dimensionless moment. arm 
nllownble bending stress, lb/sq in. 
root-stiflncss function 
nllownble slicnr stress. lb/q in. 
structurnl weight, function 
tlimensionlrss pnrnmeters used in npprosimn tr 

formulns for nnglc of nttncli due to acro- 
elastic tleformntion 

dimensionless functions of tlie clistnncc along 
the spnn used in npprosimnte formulns fol 
nngle of nttncli due to ncroelnst.ic defornlntion 

motlulus of rigiclit-, Ib/sq in. 
wing thickness, in. 
section bcntlirig moment of inertia, in.’ 
section moment of inertin in torsion, in.’ 
dimensionless pnrnmetcrs usccl in npprosimn te 

formulns for dimensionless tlytinmic prcs- 
sitrcs n t dircr.gwcc 

dimensionless swcp pnrnmeter, 5 ~~ (GJ)r 
P,C, (fu), tnt1 -I 

lift of both wings done (esclusive of fuselnge). lb 
lift per llnit tlistnticr along spnti, lb/in. 

bending moment nbout nti nsis pcrpcntliculn~ 
to elnstic nsis, in-lb 

free-strlxm ~lncl1 JlllJllbel 

design load facto1 
rolling nnguh Velocity, rntlinns/sec 
tlytinm iv p~‘rssure, lb/sq f t 
tlimctlsi0tllcss dynnmic presslIre~ 

q CLa f,C,‘.S,? cos .I 

114 ’ (GJ), 

tiitntnsiotilcss tlynnmic pressure, 
q CL,Ec7.sla sin .\ 

144 (EI)r 
totnl wing nrcn, sq in. 
tlistntlcc nlong rlnstic nsis mcnsurctl from wing 

root, in. 
tlimetisiotiless tlistntice nlong elnstic nsis, .v/.Y( 
tlistnnce from root to center of prcssurc of lift 

nlong clnst,ic nsis, in. 
ditlnctisionless tlistnncc from root. to crntrr of 

pressure of lift, S/S! 
:iccitmr~lnted torque about elastic nsis, in-lb 
thickness of most highly strrssrcl clement of 

skin, in. 
thickness of equivnletit~ skin which inclutlrs t,llC 

mn terinl in stringers ntitl spnr flnnges, in. 
distributed torque due to inertia landing, in-lb/in. 
free-stream velocity, ft/sec 
design gross wciglit of nirplntic, lb 
weight of primnry struchire of both wings, lb 
weight of both wings csclusivc of fusclnge, lb 
width of fusclngc. in. 
weight of primnty loncl-cnrryitig structure per 

unit. distnnce nlong span, lb/in. 
121 ted coortlinn te, in. 

tlimensionlcss Intern1 coordinntc, 1/ b/2 
Intern1 distance to center of pressure 
nngle of nttnck in n plnne pnrnllel to plnnc of 

symmctty, rndinns 
nngle of locnl tlilieclrnl, rndinns; or spnnwise 

slope of normnl tlisplncrmcnt~ of elnstic nsis 
density of the mnterinl of the primnry structure 

(or nti equirnlent density in the cnsc. of snntl- 
with construction), lb/cl1 in. 

In tern1 distnncc mensurctl from wing root., 

y-7 in. 2 

dimensionless Intern1 tlistnncc, L b’la 
fnctors defined in table 1 
fnctors tlrfitictl in equntions (lh) nntl (1511) 
rntio of lift-curve slopes, CLOI/C~a 
nnglc of sweepbnck n t clnstic nsis 
wing taper rn tio, cI lc, 
free-nil* density, slugs/cu ft 
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(3 angle of structural twist in planes pcrpentliculn~ 
to c&tic nsis, rndiatis 

w tip stiff’ticss ratio, (E~),/(E~)Ics 
ll,“.T tlimcnsiotllcss pnmmctrrs usrcl in npprosimntc 

formulas for lift, root bencling moment, nntl 
root twisting m0tllcnt 

SrIIw*ripts: 

z 
c011s1n11t St I’CSS 
nt. divcrgenw 

f elfcctivc 
P gCOJllCtriC (due to nirphnr nt titrdc Or built-in 

twist) 

‘ll 
incrth 
rigid wing (for q=O) 

I’ nt wing root 
s sl~wctit~~nl (due to structurnl or nrroelnstic 

tlcformn t ion) 
1 nt wing tip 
~Superscripls: 
.I/ tluc to 1,e11&11g 11101ne11t 
II J tlrtc to to1*qur 
r tluc to root lv2titlitig 
cp clue lo root twist, 

USE OF THE CHARTS AND APPROXIMATE FORMULAS 

SUMMARY OF METHOD AND SCOPE OF CALCUL.ATIONS ON WHICH THE 
CHARTS AND APPROXIMATE FORi%IULAS ARE BASED 

~Utliougl1 n detnilrd untlcrstnntling of the mctliotl nntl 
sc~opc of the dculntions on which the clinrts of this report nrr 
11~1sctl is not csscntinl to the use of the dinrts, n brief nccotttit 
of tlicse mnltcrs is given, primnrily to nit1 in the npptwin.tion 
of llic limitntions of tire clinrts. The 1iictliotI is described 
JJ1Ot’C fld~y ill np]WIldiS 11. 

Alost of tlic cnl~wlutiotis on \\-liicli tlir clinrts nrc based 
\v(‘rc mndc by thr JllrthOtl of reference 1, wliicli consists in 
solving the differentin equntions tlesrriptivc of nn clnst,icnlly 
tlefo1~mctl wing untlrr nerotlynnmic lontlitig by numcricnl 
~Jlrll~otk rtiiployitig JllRtliS trchJliqurs. Tren t et1 by this 
mc~tliotl were wings wit11 four taprt- mtios X (1.0, 0.5, 0.2, nntl 
O), two types of stifl’ncss tlistributi0ns (one pt~opo1tionnl to 
tlw fourth po~vrr of the chord ant1 one tlictntctl by constnnt- 
stwss c0nsitlrrntions), nut1 four vnlries of n s~vcrp pnrnmrte1 

k :iI severnl ~dues of tltr dynnrllic-I)rrssurc ratio -& Cnl- 

c1112itetl for- rndt utsr \vcre the dynnmic pressure at tlivcrgeticc 
nut1 the dintigcs due lo neroelastic nction in spnnwisc lift 
tlislribution, totnl witig lift, root l~cntlitig JllOI1lCtlt, rolling 
mo111ent, nut1 spnnwise center of pressure of the lift. Fox 
llie wings of constnnt cliortl nntl ronstclnt stiffness, cnlculn- 
lions wcrc nlso performed for sis vnlucs of k by n metliotl 
wliidi is 1111 estrnsion of tlint of reference 2 ant1 consists in 
solving tlic tliflcretit id cquntions csnctly for these rcIntivrIy 
simple cnses. 

Some npprosi1nntiotis linvc hen mntle in tlic calculations 
c~orrwrnitig the nerotlynnmic intluctioti cft’ccts, the root rotn- 
lions, nut1 the stilfncss tlistril~utiotls, !1rimnril>- in order to 
lioltl tlic nimilwr of vnrinblcs cotisitlcretl in tlie annlysis to n. 

minitll11Ill nntl to m&c the results more generdly npplichle. 
L~crotlynnmic induction dccts nt subsonic spcctls nrc 

tnlkcn into nccount by nn ovcrnll reduction of tlic strip- 
tlwory lontling mid, in tlic Inn tris cnlculntions, by rountling 
off the strip-theory 102ltlitig nt tlir tip (see rcfs. 1 nut1 3); fox 
supersonic spcctls, strip theory is used xitli n smnll reduction 
n t tlir tip in thr JllRtl’iS cnlc11lntions. This npprosimn tion 
hns mntlr it utinecessq~ to consider esplicitly the effects of 
nspcc’t ratio, weep, ant1 Llncli number on the rigid-wing lift 
distribution; the cflrcts of these pnrnmeters 011 the totnl lift 
nntl on the ncroclnstic increment to the lift distribution have 
bccti tdrrn into nccount. 

The rigid-body rotntions illlpn~trtl to n wept wing by its 
trinngulnr root portion vnt?: 2imong difierent. designs in n 
lnrgely unprecli~tnl~lc tiintitirt-. Tl1ey hnve therefore been 
tnlren into nccount only by the use of nn efiective root, the 
sclcction of dir11 in nny given cnsc is discussed briefly in n 
siibsequen t sect ion. 

Tllc spnnu-ise tlistribut~ions of the bending nnd torsionnl 
stiffnesses depend on tlic de tnilecl design of the wing nntl 
cnniiot be gencrnlizcd cnsilv. The stiffness distributions 
used in the cnlculntions of ncroclnstic efl’ects were obtnitirtl 
from the constnnt-stress concept outlined in nppenclis B, 
wliicli cotist~itutes nn effort to relate the stiflness of n wing to 
its strrr@i 011 tlie bnsis of tlic following assumptions: 

(I) The level of combined bending nrltl torsionzd stresses 
is cotistntit nlotig tlic spnn. 

(a) The structure is tlesignctl for combined bcntling nntl 

torsionnl skcsses in sucli a mnntw tlint the sum of the rn tio 
of the nctunl to the 13llonxblc bending stress nnd the ratio of 
the nctitd to the nllownblc torsion stress is equnl to unity 
n-lie11 tlic mnrgin of snfety is zero. 

(9) The structuJ’r is of the tllitl-skin, stIkgeweinfoJwt1 
shell type nut1 its mnin fenturcs do not vnty nlong the spnn; 
for instnncc, the numlx~ of spnrs nnd their cliorcl~vise locn- 
tiotls we coJlstnrlt nlotig the spnn. 

(4) At the design cotitlition the spntiwise clistriln1tion of 
the npplietl lontling is proportionnl to the chord. 

Also used in the rnlculn tions wrre stiffness distril~utions 
which x-w>- ns the fourth powr of the chord, ns do those of 
solid wings nntl wings wit11 gromctricnll~- similar cross sec- 
tions; ns poiJltrt1 out iJ1 n sitbscqucJit section. tllr I.esiilts of 
tlicsc dcuIntions cnn be usetl to estimate ncroehstic phe- 
nomrnn of some wings wliicli linve large cutouts or which 
for soJne other YensoIl do tlot llnve stifl’tless distributions 
~ept~cscJltetl fnidy closel>- b>- those of the coJlstzlJlt-Stwss 
type. 

All cnlrulntions nrc bnsetl on the nssumptions thnt twisting 
is resisted primnri1.v b?- the torsion cells of the xing structure 
nntl that the wing tlrformntions cwi be estimntetl by mews 
of the elemcntnry tlicories of bending nntl torsion nbout nn 
rlnstic asis. 

SELECTION OF PARAMETERS 

Geometric parameters.-The geometric psrameters used 
in t.lie nnnlysis nre defined in figure 1. The locntion of the 
eRective root intlicntctl in figure 1 is discussrtl in the section 
concerned wit11 tlie structuriil pnrnmeters. 
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Aerodynamic parameters.-Thr ac~otlynnmic lx~~~a~JJctr~~s 
which rntr~ the annI>-sis nw tlir I\-ing lift-curvr slopr :Jntl 
the location of tlw arrotl!-nsnlic crntrl~. TKO lift-cwwr 
sloprs nw used at. subsonic sprrtls: Tlw wing lift-crirvr 
slope CL, is used onI!- in conjrlrictioll \\-it11 atltlitioi~nl lift 
tlist~ibutions; for all otllrr lift (listt.il)utiolls-tlint. is, thosr 
tlur to built-in twist, tlur to roll. 01’ tlur to :~r~.orlnsl ic l\vist.- 
nn efl’ectivr lift-cuwr slope CL,, is usrtl. :Ippi’oxinia t c 
nlurs of t11rsc pfJJ*2lJllrt r1.s a I’(’ givrn for suhci~itic;~l sprrtls 
I)>- t lir relnl ions 

(1) 

(2) 

whew cl, is the lift-cw\-e slopr of tlw scctiori I,c‘l’l)c’iltlic,rrl:ii 
to the quarter-chord line at :i JIac11 ~~JiJnbrr c~c~Ji;il to -11, cos .\. 
An nppi~osiinnte w~luc is givcii h>- 

Equntion (1) is given in rcfrwncr 3 ant1 shown to br :lppli- 
cable 1IotJ~ to incornp~cssiblr nntl to snhih~l cornpwssihlr 
flow. Equation (2) is &en in rcfercnces 1 nntl 2 but, without- 
the term C,=/Zr in the tlrnorninnto~. This term is iJItro- 
tlucrtl into equfitioii (2) in oidrl to rstrntl its clpplicnhility 

lo c~onnpiws.iI~lr Ilo~\-s in tlir 52iiiir ni~niiri~ ns tllnt rniplo~rtl 
foi. tllr corfiic+lit of tlaniping in roll iii wfrwncr 3. (Tlir 
liftiiip-sui.f;l(,(~ c~on~~~tioJis given iii Jvf. 3 for the wiJJg lift- 
rJlJ’vc slope illltl for tlw corfiicirnt Of tlJJJiJpiIJg iJJ roll IlI‘v JJOt 
iric~lutlrtl iJJ eqs. (I ) :iJid (2) Iwc7~JJsc~ Ilicy nJx’ iJIipOJ?JJJJt. 
piGiiar4~ foi. n-hips of vrr?- low ~ispcct rntio, to n-liicli tlw 
riicthbtl of the present rrport is not npplicnlh.) 

At sripr’.soiiic sprrtls (iilo~.r sprcificnll~, for suprlsonic 
lrntling :uitl tr:liliiig rdgrs) hotli lift-cwvr sloprs are nppi~os- 
iIIliltrl>- rqu:ll to tlw rffcctivr srction lift-curuvr slop; tllllt is 

so tliat for snprrsonic sprctls c is eqJin1 to 1. 

‘I’lJr local :irI~otl?-nnmic c~rJitr~s~~iI~r~~ssrJJiir~1 to be at-n. 
constant f~:1ctioii of the chord from the lcntling edge, soctl;;;i 
thrir tlistmiccs from thr 1r:itlin g rtlgr (ns fractions of lhc 
1oc:il clio~~ls) 91.r all eqrinl to tlJe tlistnnw of tlir wiJJp Jir1’0- 
tl>-nniiiic: cc11 tel. fJ.oJii tlir lrntling cc1ge of tlie JJien.Ji Jiwotly- 
Iiiirnic c*l101d (ils .i friiction of thr inrnii :~rrotl~iiniiiic clloul). 
‘l’llr lll0lllcJlt ill’111 (! is tllcJ1 pivrii I)?- thr Jdnliori 

P,=c-il (6) 

‘I’llr lift-crirvr Slopes :lJltl tllr lO(*iJtiOJJS of tllr JirI~otl~JJ:iJJJic 
wntcr vn1.y \vi t Ii thr fwe-str~rnni .\Incli IiuJJIl~e~; 1JrJwe the 
n ppi’opI% t r \-:llues Jnust lw iisrtl n t cwli flipli t roritli t ion fo1, 
\I-liic*lJ :Iworl:Jst ic ~~i~l~lJl~~tiOlJS 21l’P lll2ltlc. For niq)lnnrs 
tlesignrtl to oprwtr 01 sril)sonic sprrtls. oill?- tlir IiigllrsL 
;\Iil(‘ll l luml)r~ nt tniiuiblr ill tllr higllrsl tlyiifiiiiic pJY~.;SJll~r is 
lil;rl?- to 1x1 c7iticnl froiii ~iri~orlaslic c,oilsitlri,fltioii~. b-01 

2Ii~plilJIrS tlcSi~JJctl t0 Opel’tJ t r fit sJJpcI3oJJic~ SpeetlS 110 sllc*ll 
grilrrnl stiltrIllrllt c;ln l)C lllatl~; IlO\\-rvrv, Ilt il. given nltilwlc 
ritlJw the IqiOJJ of 11ncli niiiiil~er~s nc:lr the tixnsitioii fi.orn 
tllr subsonic to thr t ixiisonic wgimr 01’ tlir liiglicst nt tnhihlc 
.\l:~cl~ JI~~JJJ~~I~ is lil;rl?- to Iw witicnl ns fnr fls tlir nc~orhistic 
plJr~io~nr~in c~onsitlcu.vl iii tllis wport nrr coiicrJnrt1. tsrc 
fig. 4 of wf. 1 ;Jiitl fig. .5 of wf. 2, for iJJstnJJw.) 

‘l‘llr ~iIqrctls at \\hic*li the \-aJ.iorJs nri~orlas~ic plJc~ioJiie~Jn 
31’~ of intrrrst cntrr tlic cnlciilntioiis in tllr form of thr (‘or- 
Iq~oJidiJi~ Cl>-IlillIliC pl’CSSllIY’S. Thrsr tl~Ji:JJJlic~ pwSs1Ji~~s, 

iii t 111’11. ;iw rsprrssrtl in ditnrnsionlrss foiw ns 
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for ~\~liicli IorsioJJal clrforJnJ1 t ions are prrtloJniJinn t ; the 
lJni*~JrJJrtcr q is lwimnrily llSrflJl for lJiglil?- swept wings, foJ 
wltic4J Iwntling tlefoJ~rJintioiis t1J.r lwxloJniJinn t. In grncrd, 
111~ pwrmrlc~- q* is usctl iJJ this wport iinlcss 6, is zero. The 
1’11 I io of tlirsr pn~n~1lete1~s 

is iJitIrIJcJJdriil of IlJr tl~J1il.Jlli(’ prrsswc nild tlcprntls otd\- 011 

~:c’oIllc~tr%! mtl StJYrc~t JJd purn111etcIs. Tliis ratio is vcq 
JisrfJrl for nnJil~ziiig the nr~orlnstic l~clia~io~ of swept wings. 

Structural parameters.-For the purposes of an ae~oelnstic 
ntldysis, the wing stwctrtJ~c is chwncterizctl by the locntion 
of tlir rlnslic nsis nntl tlir nqyiiitritlr rend distril~iitioii of tlJc 
hJItliJlg nI1d tOJSiOJlill StiffJlCSSrS (,!?I alltl GJ), 11s W?ll flS bj- 

IlJr JJJngJiitutlc of IlJr rigitl-hotly rotntions iinpnrtctl to the 
wiirg 1Jy its root. 

‘1’lJr rlnstic nsis is risuiill~ tlcfi1~2tl as tlir locus of points nt, 
\\~lric~li 110fxwl lads c:JJJ IJr npI~lict1 without r2lusiiJg tlic wings 
lo Iwisl. SUC~J n loc~us tlors not gc~JcJdly exist for lwncticnl 
wiiigs; liowrvri~, foi* uns~vrpt wings without cutouts a.11 axis 

ml1 lw tlrIcJ~JnitJrtl wlJirlJ nplwosinintrl~- sntisfirs this rotl- 
tlil ion. Siinilni~ly, for swrpt wings without cutouts ati elastic 
nsis (*tin lx tlrfiiird for thr outbond paid of the wing if the 
Will:: iS C~OlJSi<lCJ~CCI t0 t1C d~lJll]Wd dOIlg SOJllr SUC’l1 lille ilS thr 

rf1’rrt ive root shown in figJii.r 1 . In most arrorlnst ic cnlculn- 
IiOJlS IllC lOC*lJS of sllenr Wilt N’S for l,oth swrpt mtl unswept 
Wit1ps is assunirtl to IN thr rlnstic axis. If thr strr1ct11rc 11ns 
Irt~g:c~ culotrls which JYYXllt iti sutltleJJ chitigrs irJ tltc stir?- 
t~rssrs 11.1Jtl in thr shrnt* rrntrr nlong the spnn. tlJe chnrts of 
IlJis tx~I)ot*t t*tuJtJOt Iw Jlsrtl rsrrpt in n CIJJnlitntivr srtisr. 

TlJr JnngJJitutlc Jintl tlir spnnwisr tlist~ihitions of the 
IwJJ(IiJJg nJltI IoJsioJJnI sliffncssrs enter ne~ochstic cnlculn- 
t iOJ1S 11). Ill~‘J111S Of tlJC rlJc1J’tS nlld ~~~~~J~OXiJll: ltC fOlm~JhS ill 

tliIl’rJ?rJt wnys. Tltr imgnitutlrs, ns chrnctrdzrtl by the 
v:l~rlcbs of t1Je stifl’J1cssrs nt thr efirctkr 1’001, ltnvr to lx! 
~i110W11 ii1 OJ~~I~ t0 ]X~J~fOJ~J1l 2lI1y CillCllhtiOJlS; tllr t~iStriblJtioJls 

III? iJJJplicit ill tlir cltn~k Th root stiflnrssrs. if Jiot hiow~i 
oIl~v~~\visr, (xn 1~ rst ittJ:llrd either f1~0111 rspericJlcc I\-it,ll 

siJJli~~1J~ desigJls, froJJ1 tltc rc~siills of the coJlsttlJlt-stress coll~ept 
oJJl litlcvl in iJpp’Jl(lk B, OJ’ frOJJ1 11 ~OJllbiJl:l~iOJl of tllr t\\-0. 

‘I‘l~r JqiJiiwl IwJitliJig st iffJwss at the root (El), is propor- 
t ioJ~rJl lo the design locitl fnrtoi., the Wing lOiltliJlg, thr \\ill,O 
t~iic~kJu%+ Jxtio, tlw follJdJ powrl of thr J’OOt ChoJd, the 

SC~lllll?’ of tlir swrl~t-span nsprrt i~ntio (,-l/ros’.~). nJit1 the 
JXt io of tlJr JnotIJtlJJs of rlnstirily to the ZllIO\Vi>I)Ie l)rtltIitlg 
st ivss 211~1 tlrlx~ntls on tlJc taprr Intio nntl on tlw tlrtnilrtl 
tlrsigtr of tltr wing (srr nl~lxwtlis B). 13). nJr:lJls of this 
whit iml t11r brIlt~iJlg stin’nrss of onr wing CilJl h rstinlntrd 

fi*~iii llifit of 21 J~rnsonnl~ly similar wing. Or. I\-itli tlw coJl- 
S~~JIJIS of l~J*oI~oJ~lioJJnlit~ 71.~” ant1 Fw giVcJ1 in talh 1 nnd 
:tI)IwtJtlis 13, rrspectivrly, wlJiclJ tnlre into nccount soJiir of 
tlw tIrtJJilrt1 tIcsign IxitxJnctcw ns well ns tlw tnprJ’ rntio, 
tlJc st iffnrss rnn lx rst itnntctl tlilcctly. HowwJ.. in -view of 
tlir I’rJrl thnt thrsr constants 1lilVe hen tlcJkrtI 011 the basis 
of 11 liighlg itlrnlizrtl structuir nntl loatling condition the) 
IllliSt tW 1JSNI With (‘:llJtiOJl. Tlw rntio of tlJr root lxwtli~~g 

1 
tl4-. 

Ortlinatc of most, highlv stressed clenwnt 
“‘=.One-half oflthickrxas 

Xctual skin thickness of most highly stressed element 
q&Z Equivalciit. skin thickness of niost highly stressed element 

Cross-sect ional area of (assr~nwtl) single torsion cell 
rli = -.. Chord X \\ ing thickness 

Perimeter of torsion ccl1 
9s- Twice the chord 

Effective perinlcter j7 of torsion cell 
“- r\ctual perin~etrr oftGGiGGGi- 

?lO- 
\\-idtll of ccluivalcnt sheet 

Chord 

.kvci-age ordinafc of upper skin 
“‘=?GGGG~n ordinate of upper skin 

st,ifhcss to the root torsionnl stiffriess cnJ1 be rstinlatrcl 
by nirnns of qua t ions given in nppcntlix B or. p~efrJxld~. 
fJ.OJll esI~r~icJice with StluCtlJJX?S siiniln~ to tl1n t lJJlt~L~l 

ronskIrt t ion. 
The spnnwisr stiffJless distributions need not Iw ktJo\\x in 

detail iI OJYlel t0 1lSr tile ChJI.tS nnCl 2lI>~J’OSiJJliltC fOJ~JJlJJl~lS. 
If tlic wing is solid or nrnJ4y solid or if its cross srctions nrc 
gronicti~icall~- similnr nt nll points, the chnrts for stifilifss 
dist rihutions pI’oportioJlnl to the fowtli power’ of th chord 
nrc used. If the wing does not have Iorgc cutouts ant1 is 
tlesignrd for n coiistnnt shrss levrl, tlic rhnrts for the stiff- 
nrss tlist ~ibiitions nssocintrtl with constnnt stress nrr iisctl. 
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The USC of tlwsc chwts tc~ds to ox-cJvstimnte ncrorhstic 
rffects to some estent brrnJJsr, nltlJoJJglJ nctJJn1 wings n1’c 
designed for constnnt stJ.css ox-cr most. of thr span, thr por- 
tioJls ncnl’ their tips aYe tlrsigJwt1 011 tlir bnsis of other. roll- 
sideJations, such 11s 1JniitlliJ~g lontls 0~’ minimum stnJidnJd 
sliert tliicknrssrs; tlir~cfoJ~r. wings tcntl to br stiffrr Jwnl’ tlir 
tip than they woultl br if tlrsigJirtl 011 thr basis of coJistnJd 
stress tlwoughout. This tlif?rlmlcr in st 8Jlrss is pn~d icu- 
ldy lnlpe if the tnper Jxtio is zrY0. 

If tlw wing contnins l:irgr cutouts 01’ if, for nny 0tlirJ 
I’ensoii, tlir wing st ifhrss (list lil)ut ioil is Inloxn to br s;ub- 
stnntinll)- diRerent floJn n constnJit-strrss typr, tlir clJnlts 
cn11 be used to fuJnisl1 srmiqunlitntivr JxwJlts for tlw vnJious 
nerorlnstir plJenoJncnn by JJsiJl g firtitioiis stifliirssrs, pJ.o- 
vitlrtl tlic nctunl stiffness tlistJd~utioii is known nt lcnst 
nppJ.osimntel>-. The root stiffursscs of these fictitious tlis- 
t ributions ma>- be nssumrtl to be the ones that gi\rr Jisr to 
twist 01’ bending nngles nt the tip \I-hid1 n~‘r the snJnr us 
thosr of tlw actunl wing if the brJding Jnornrnts OL’ toJqurs 
\-nJy ns the SqiJnYc of tlic tlistnricc f1.0Jn tlir tip. For con- 

vrnirncc, the spnJiwisr tlistJibution of these fictitious stiff- 
nessrs may tlJrJi lx fissu~iJct1 to br p~oportionnl to thr fouJtli 
power of the clJoJd. 011 tlic bnsis of tlicsc nssuJnptions. 

wlir~e the subscJ.ipt c JvfcJs to tlir fictitious stiffness, nJitl 
wlir~e the intqynl JvpJxwJits tlir JnoJncJit of iJ1rJ.t ia of tlic 

nren uiidr~ tlic function & plottrtl ngniJist s* nhut the 

poiiit s*=l. Thr fictitioJJs torsionnl stifYJwss at tlw root 
cnn br obtninrd in thr sn~nr JnnJlJlrJ’. TlJr ncJ.oelnst ic 
phenomena cnn tlwn be rstirnntrtl b>- use of thcsc fictitiolls 
root stXJirssrs nritl tlic c.lJn~ts foJ. stiffnrss (list J.ibutioJis 
propoJ?ionnl to tlie fouJ%lJ powcr of tlic clio~d. 

In die tleJGvntioJl of tlir chnlts tlic wing is coJisitlrJw1 to 
bc clnmpcd nt the effective root prJyrJitliciJln~ to the rlnsh 
nsis. Prom the tlntn nJit1 nnnlysrs pwsrnted in Jvfercnces 
1, 2, 4, and 5 n sntisfnctoly locntiori of the cflective root 
nppenrs to be nt the intcJsrction of the rlnstic nsis nnd the 
sitlr of the foselnge. 

If the J+otntions nt, this rfYectivc loot wc 1~1iow1J ns n 
result of tleflectiori tests or n tletniletl nnnlysis such ns tlint 
of Jvference 5, the loot twist tlrJe to toJquc nntl tlw root 
bending due to bending JnoJiieJit mny lx tnltrJ1 iJit0 nrcount 
I>?- moving the ef?ective J.oot iJibod hy tlir rlistnncc 

A,,.‘= $ (GJ), 0 1) I 
01 

ry’f 
As“= T, (EI), (12) 

wliere pr T is the nnglc of twist n.t tdie root tlur to a J.oot 
torque 71, nnd wlie~e I‘ ” is the tlcflrction slope nt, t.lic 
efirctive J.oot due to a LJJtliJig Jnoinent 31,. SiJicr the 

tlistnncrs IsJ illltl 1.~~ 11111~ tliffcr fJ.0111 cnrh olhel, SOJJlC 

c~onnprolnisc bctwrn the t\vo must. 1~ InntIc; for unswrpt 
winps tlJc JJsr of As” npprnJs to lw iJitlirntrtl, wlicJws for 
hiplily swrpt I\-iJlgs tlir (Jsc of A.2 is JJi01x’ npproprinlr. 

PRELIMJSARY SURVEY OF AEROELASTJC UEHAVIOJt 

The iJlfot~JnntioJl coJltaiJlct1 in so~nr of t.lJa srJl)scqrJrn t 
scrtions lins hem siJJinmnJkd in figure 2 for tlic pJ”posr of 
nswJ?niJiiJig in ntl\-n~icc of 1110~2 tlrtnilctl cstiJJintrs, if tlrsiJw1, 
wlirtlir~ tlic ncJ.oclnstic plirJioJiirJ~n coJisitlcJd 1JeJviJJ nrc 
lilrrly to nffect the tlrsipJ1 of t,lJe wing stlucture. This pale- 
1iJJiiJinJy suwcy is not csstJJtin1 to nJJv of tlir fulllicv cnlcu- 
In tions l)rJt nin? slio~- tlirm to bc JJJiJirccssnJy in soJnc cnsrs. 

The rlJ:J~ks of fig111.r~ 2 (n) to 2 ((1) prrtnin to wings of 
tnpcr J3tios 0, 0.2, 0.5, ant1 1.0 nritl c*oJistitutr plots of the 
tl~JinJJlic-~~~~cssrJJ~c pnrnllletrr q* tlcfi~irtl by rqontion (7) 
ngninst. tlic w-ecp pnJ2Jnrtrr k tlrfi~irtl by rqiJnt,ioJi (0). 
TlJrse pnJxJnrtrrs contnin the J.oot stiffncsscs (GJ), nrltl 
(f3j7; if, n-lien n preliJJiiJinJy su~vcy of nc~orlnstic efl’rcts is 
to be Jnatlr, Jio infolmntioJi wlintrvr~ concelning the wing 
stiflJJrss is nvnilnblc. tlic followiJig Jvln tioJis for q* nJit1 k 
mny l,c 11sd: 

(13) 

wlJc~c F, is n root-stiffJless pnrnnirter tlrfiJict1 in n.pprJitlis 
n niitl plot ted iJ1 figiJrc 13, nJit1 wlJrJ’r qa aJit1 )7b nl’e tldiJJet1 by 

nntl 

(154 

iJi terms of soJnc of tlie fnct0J.s tlrfinrtl in tnblc 1. 
PigiJJ.c 2 (r) prrtnins to CJigs for. wliicli dir JnoJncJit nlm 

el is zero nntl, lJcJlcc, k is infinite; with tlir tlrqrc of nppros- 
imntion iJivolvrt1 in tlic use’ of figiJJvs 2 (n) to 2 (cl), fi.gJJ~z 
2 (e) co11 lw usctl foJ. wings with Ikj > 25. This figure ro11- 
sists in n. plot of tlir d~JiliJiiic,-1)J.rssuJ.c pnJxJnctw ij, tlrfiricd 
by eqiintion (S), ngnirist the tnpw Jatio X. If Jio iJJfo~Jnn- 
tioJ1 is nvnihblc concclnin g the J.oot. brntling stiffJJrss (D), 
contninetl in 5, the following leln.tion Jnny be usctl: 

TlJc various lines of the clJwts of fig11rr 2 dcsignntc the 
conditions at dJiclJ :I xing tlrsigJJct1 orJ. /he basis of strength 
co~~sidernlions crlone is lilrrly to rJJc0uJltcr clivwgrJicc 01’ span- 
wise shifts of the center of plessuJ2 by vnlious nJiiouJits; 
positive shifts :wr those towd the tip. Thcsc spnnwisc 
shifts fiJYnisli nJi rstimnte of tllc iJic*Jwisr in root lwntling 
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Sweep pornmeter, k 

(a) \Vings of taper ratio 0. 
I:tcune 2.-Chart8 for a preliminary survey of acrocla*t ic plre1101ncna. 

r11ol11rtiL tluc lo ncrochstic action ant1 fin rstimntc of tllc 
s!iift in wring nrrotlynnnlic center, since 

AZ=sin A $:; (1 i) 

Innsniucli as the paInmrtcrs q* nnd ij contain the tlyimnic 
pwssIi~‘c, the negalivc values of q* shown in figures 2 (n) to 
2 ((1) mny require some csplnnntion. Tbc four qundrnnts of 
~ndi of the chnrts of figures 2 (a) to 2 (tl) rnn>- be clinractcrizctl 
for prncticnl pu~‘poscs ns follows: 

Ic0r unswept wings k is npprosimntel\- cqunl to ZCL’O, nntl the 
~i~~ro&st ic p1~3~01ncnn rcfcwrtl to in the charts of figures 
2 (a) to 2 (cl) nrc sindnr to tliosc of swept wings defined by 
points in quntlrnnt 2 if p* is positive nnd by points in quntl- 
rnnt 3 if q* is nrgntiw. In other words, the ncroclnstir 

phenomtnn of unswcpt~ wings nre similar to those of swpt- 
fownrd wings if e, is positive nnd to those of sw~ptbilck 
wings if el is nrgntiw. The nelod?-nnmic-ccrite~ shift asso- 
c*intcd with the shift in die Internl center of prcssurc ij or in 
the spmiwisc center of pressure Z is nln-ii!-s f0rwm-l. wccpt 
for small positive dues of k (nssocintetl with sweep angles 
smnllcr thnn n crrtnin due), in both qiindrnnts 1 2rwl 1. 

The significnncc of negative vnlurs of p* is thnt P, is ncga- 
t.ive, rnthrr thnn dint, p is ncgat,ive. A negntivc vnlw of et 
1cn.y be obtained nt supersonic speetls, but under most con- 
ditions e, is liliel~- to be positive. Similnrl>-, in figure ‘I! (c) 
n negnt8ive v-ah of q implies dint .\. is ncgntivc (that is. that 
the wing is swept forwd), \dierens n positive dric implica 
tlint the wing is swept brick. 

In using figures 2 (n) to 2 (cl), estimntes must. be matlr of 
either the root. stifhrssrs (in conjunction u-itli cqs. (7) ilnd 
(9)) or of the efl’ediveness fnctors qa ant1 vb (for use in (‘qs. 
(13) n.nd (14)). The factor F, is obtninetl from figurr 3 for 
the largest ~nluc of e1 likely to be encountered nt the design 
lontl factor nnd for the given taper rntio A. The pnrnmeter 
q* is calculated for t.he combinnt.ion of tlynnmic prrssurc q, 
lift-curve slope CLaL, nntl moment nrm cl diich is likely to 

be criticnl from nn ncroclnstic point of vie\\-. For an r~nswpt 
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Sweep parameter, k 

If IlIP lllOI1l~~llt il1’1ll Cl is SO Stllilll 01’ tllC nnglc Of S\\‘C’l) SO 
laryc thu t tlIc> p2l1~~1lrtc1~ /: c~scwtls thr migc c~ovc~~wl by 
figrircs 2 (n) to 7 ((I), tlIc din1.1 of fiyiirr 3 (c) mny lw 11srt1 lo1 
tlicx l~i11posr of :i l~I~c~liIIiiI~nI~~ nc~roclnstic npprnisnl of tllr givr11 
wing. In this figwrc 01lly tllr lxIrnIIIrtrr Tj is mquiwd, sillcc 
k is coIisitlcIwl to lw infinite. ‘IYIP l~nmrnct~r ij c1111 lw olb 
tninctl from tcliintioIl (icij. ‘l?ir nnnlysis tlicI1 l~~~owrtls iI the 
sntn(- tnnfltier as for fiyriiw 2 (3) to 2 ((I) IIsifIg:, it1 tlic l~nI~nII~rlrI 
(I, tllc c~oIitlitioI1 f01~111nsi11~11111 TCLnc. 
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FIGURE 3.-The root-stiffness function F,. 
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CALCULATIOli OF THE VARIOUS AEROELASTIC PHENOhlENA 

Dynamic pressure at divergence.-Thr solutions for the 
divergence speed obtninetl by the direct mctllotl in wfrwncc 
2 nntl those obtained 1x7 the nulncCcn1 nlntris method given 
in nppendis h cnn be summn1ketl hy npprosimntc fornlulns 
which give the dimensionless pnrnnncters q”D nntl ijD (the 
values of the parameters defined in cqs. (‘7) nntl (S) thn t. 
co1~2spontl to the vnlue of the tlynnmic pressure q nt tlivel- 
gence) in terms of their rntio k defined 11.v equ3 tion (9). 

These npprosimntc forrnulns nre 

When tlic nngle of sweep is zero, cquntion (1s) rctluccs to 

2 D-- * -PC,, nncl when the moment nw1 c, is ze1.0, ns it niny l)c 
ICI 
I-<~ 

‘lk? 

constnnts K, nnd K2 nre given in tnblc 2 for wings with tiipet 
rntios of 0, 0.2, 0.5, nut1 1.0 for both types of stiffness tlistd~n- 
tions; the pnrnnieter qeo for uns\\-cpt wings :wtl the pn~x~nctc~ 
7jD for s\Wpt \Crlgs with e,=O arc plotted ngninst the taper 
ratio X in figures 4 (a) ant1 4 (I)). respecti\-cly. 

With the vnlues of pea or ijD &\-en I);\- cquntions (1s) 2nd 
(19) nut1 the definitions of these two p”lwiictcrs given I)?- 
cquntions (i) nntl (sj, the values of (2 rrcluirctl for tliw~gencc 
Inn>- be tlctclminetl. If tlcsiI4. tlir co~wsl’ontlinp nirspd 
niny lw tletcrniinetl from the rrln t ion 

l-D= iJD 
1’ p/2 

1.0 
.5 
.2 vary 3s Cl 

0 

other neroelnstic phenonlcnn. (If the ncgntive vnluc of qI., 
is veqv low in nbsolute m~ignitutle, tliwlpcncc in n high1 
mode nssocin tc(l with n posit h-r qD is concrivnble. HOWW~I’, 

LO- 

.O- 

.O- 

-l - 

2- 

3- 

6- 

3- 

(b 

>O 

,.Scf?ess proportional to c4 (motrix integration) ---_ 

Y--/- 
Stiffness proportional to c4 (analytic integration)-- 

\-Stiffness given by constant-stress criterion for $$ - 1.0 
r \ 

\ 

1. 
“1 

.\ ‘\ -1 -\ 

cw, 
r -Stiffness gwen by constonl-stress criterion for - 
II _ [h/cl, = ‘.’ 

.- 
,-I- 

---------- 
-- 

Stiffness proportional lo c4 (onolytic Integration) 

\ \ 

“:\-‘-::--- . . -.. :\L 
Shffness proporhonol to C4 (motrix h-degrolion~ 

d, I I , , ( , ( ( ( , , , , , 
.5 1.0 1.5 

Toper ratio, X 
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for llic oI*c]iIlaIg wings with straight lending and tm.iling 
c~lgcs ant1 substantinlly straight elnstic ases to hi& tllc 
analysis of this report is applicable, the mngnituclr of t’llc 
lowest positive qD is always much larger thnn the absohte 
Inagnilutlc of the negative q, nssocintecl with the first mode. 
Higher-mode clivergencc of a prncticnl wing for which a Ileg- 
ative QD is intlicatccl by the nnnlysis of this report is tliereforc 
very unliltcly.) 

The values of the constants KI and 1C, given in reference 2 
tlill’cr somcwhnt from the corresponding Vnlucs resulting frOI11 
the mntris solution in appendix A. The mntris results are 
p~~obnbly more significant becausr they arc l~nsccl upon more 
I&istic nrI~oclynnmic nssuInptions; the K, nncl 1C. values in 
~*cfcI~cIlcc 2 tcncl to give conservative results. 

Tllc vnluc of qD calculntcd for any given vnluc of Qua 01 
(ID tlcpcncls on the vnluc of the efiective lift-curve slope CLAN 

01’ Cl me nncl, lIcncc, on the X~lncli number. As suggcstccl in 

1~fcI*cIlcc3 1 nncl 2, the value of qD cnlculntecl at various 
.\lnc]i numbers may 1x3 plotted against. Jlnch number. If 
lines of the nctunl dynamic pressure ilt scvcrnl nltituclcs ns a 
lunction of Mncli niiml~e~~ nre clrawn on the same plot, nu 
intersection of the tlivergencc line with one of the lines of 
aclunl dynamic pressure clcsignates possible divergence at 
tlint vnluc of clynnmic p1Y5isurc, Mncli number, ant1 altitude. 
If lliis plot. is on log-log coordinates, the lines of nctun.1 dy- 
Iinmic prcssurc are strnight and tlic ratio of the clynamic 
pI*cssuI~e nl clivcrgcncc to the nctusl dynnmic pressure at a 
given Mnch number ant1 nltitutle can be scnlccl of? tlircctly. 
(See rcfs. 1 ant1 2.) 

Spanwise angle-of-attack distributions.-In appenclis ~1, 
an approsimntc expression is clrterminecl for the change in 
angle of nttack due to wing flexibility. For the ndditionnl- 
type all&-of-nttnck distributiorl (c+ is constant) the nnplc 
of nttnck clue to structurnl deformation LY, is given by 

‘he funct,ionsfi nnd Aj, of the spanwise coordinate s* ant] 
the function F, of the parameter k we given in figure 5 foI 
swept. wings with tnper ratios of 0.2, 0.5, and 1.0 nncl with 
Llic two cliffcrcnt types of stiffness distributions. For \viIlFs 
with zero taper rntio the st,ructural deformatioI1 cnnnot bc 
0l)taiIied from equation (20), ns is pointed out in appenclis 

A. However-, the ratio K t< ns a function of the spanwisr 

c*oordinntc J.* is shown in figure G  for the two tlifferent stifr- 
Iless tlistributions, severn] values of q/qD, nncl severnl vn.liies 
of the parnmcter k. 

Tlw spanwise distribution of or, due to a linenr twist 
(ax=s*cys,), which mny be either symmetric or antisymmetric, 
is npprosiInntcly 

dwre the functionsfz, Aj2, and .8’., nre given in figure 7 foI 
wings of taper ratios 0.2, 0.5, nnd I .o. The nnglc-of-nt tnck 
ratio is shown iI1 figure S ns a functioll of s*, q/qD, nncl li for 
wings of zero tnper rntio. 

The results of cquntions (20) nncl (21) mny be superim- 
posctl. -For esample, if the spanwise distribution of (Y, due 
to rolling is to be found, these equntions must be ndclecl in 
such pr0p0rtion tlln t. 

*P b 
%‘Y 57 

Eut 

b’ y*=;fT s* 

so thnt 
b’ b’ ’ pb 

ctt= l-b+7 s* 2Tr > 

~11erc pb/2T’ is the nngle of attack nt the tip clue to roll. 
The distribution of cr.< clue to roll is then 

$y!sL[L( b) I-6’ (f,+F, A.fJ-t; WF&~] (33) 

217 !lD 

Spanwise lift distributions.-If desired, the lift tlistribu- 
tions can he obtainccl for the angle-of-attack distributions 
given in the precccliI1g section by one of the commonly usccl 
metlIocls of cnlculnting spanwise lift distributions, such ns 
tllnt, of reference G  or by the npprosirnnte method of reference 
7. How-ever, the follow-in, e metl~otl is simpler and, Gtllin 
the npprosirnntion of tlic present report, as nccurnte pro- 
viclrt] the rigid-n-ing (q=O) loncling lo is cnlculntecl b>- the 
methods of reference 6 or 7 or is obtnined from the chnrts of 
reference S or, in gcncrnl, by an nccurnte nnnlyticnl methocl. 

Within the framework of the nssumptions mncle in the 
analysis the lift per inch of span is proportionnl to the locnl 
angle of nttnck, so that 

LlfK53 (“An) 
0 at 

for gcometricnl angles of attack which are constnnt along 
the spm, fillC1 

++:2 (24b) 
0 t Et 

for geometrical angles of attack clue to linear twist, where 

KZ mtl as/cYgl are obtained ns inclicatecl in the preceding 

section. 
If no better npprosimation is available for the loncllllg IO 

(which is likely to be the case at. Lrnnsonic. speecls), it mn> 
br cst,imatecl for geometric angles of nttnck which nre con- 
stant along the span from the relation 

1, = I?@ q CY, (%a) 

antt for all other geometric nngles of attack from the relntioii 

lo = cl.,ec q at (25b) 
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(b) Stiffnesses related to those given by constant-stress criterion for wings with taper ratio 0.5. 
FIGURE 5.-Continued. 
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Lift and moment coefficients.-The wing lift corffirirnt 
CL,, the wing-root l)rntliilg-moment cocficirnt CD, n.ntl tllc 
wing-root l~~istin~-momrrlt cocffiricnl C, ina?- lx obtninrtl 
in terms of tlirir rrsprrt iv rigid-wing rnlues I)>- Incans, of 
tlic folloning npprosimn tr rsprcssions: 

c l 4, 
-J-(1 -“> 

c 
-= 

Lvn 1-L 
(25) 

QD 

1 -‘(l-FY) 
(I”= rlD 
c 

(2i) 
& l--Q 

'lo 

wlicrc tlir corffiricnts Y. p. :iritl 7 tlcpr11tl 011 tllr type Of 
IontliIig. ‘I‘hr subsrript 1 is usrtl for atltlit ionnl-t?-pc snglc- 
of-nt tack clistrihutions n11tl tlir subsri~ipt 2, for lincnr-lwist- 
typr niiglc-of-nttnck distributions. ‘l‘lir rorfFiricnIs v,, p,, 
nntl 7, arc gi\-rn in figwr 9 ns functions of thr pnrnnlrtrr k 
for wings of taper ratios 0.3. 0.5. :1ntl 1.0. For wiiqs u-itli 
tnprr r:ltio zrro tlir rntios of thr lift, l~ri~tli~~~-nioI~lrIit, :Inrl 
t\\.istin~-liioriirnt rorffiricnts to tlirir rrsprrtivr rigid-wing 
values are givrii in figure 10 :ls :I frlnrtion of q/q” for SW-rrnl 
\-nlurs of tl1r pnKIIllrtr1~ k. ‘I’llC Yi1llIW Of Yz, p?. illl(l 72 ;lI’(’ 
given ili fipnw 11 for u-ings of t:1pri. 13 ties 0.3. 0.5. ;111tl I .O, 
nI1tl ratios of the lift, l~r~itliii~-mo~~i~~i~t. i11icl t\\.ialiIi~-I11OIii(~1il 
rorf6rirnts nrr givrn in fi~wc 12 for wings of zwo Inpw 12 tio. 
‘I’llr ntltlitionnl-twist ilIJ(l linrnr-twist wsulfs of rqru t ions 
(LX) to (2s) nin!- hr supwirnposrtl in tlir snme w:l?- 2s tl~osr 
of rquntions (20) ant1 (21 1. 

The n-irig rolling-niomrnt c~orfhirrlt C;,, is tlrfinrtl iis tlir 
rolling momrnt of tlir htls 011 I)otli winps ;11)011l tllr I’rIsrhgr 
rcnlcr linr tlividrtl I)!- qSb. ‘I‘l~rrcfow, 

‘I’lir ;iJlplr-of-ntt:ic.l~ clistril)rItioi~ tlur to rolling gi\-rIl ill 
rquntion (25) Iiiust lw 11sc~1 iI htliI1g 1liI~ v:1lurs of .\/,, ‘r,. 
:111tl L,, iI rquntion (29). 

Spanwise centers of pressure and aerodynamic centers.- 
‘1‘11r spnI1wisr locnlion of llir wntrr of pwssrwr is .gi\-rli I)?- 
tlir tlistnnre 

or the tliniriisionlrss clistaiirr 

(3 1) 

(JIlFISIllII~ll ilS q* is rC[II:ll t0 S* t)?- virlrlr of tlir tlcfinilions of 
those tliniriisionlrss ctunntitirs tsrr also fig. 1 j, rq. (31) cm1 
IIC ~oi1sitlrml to 11~ n11 rspIwsioI1 for ii* Ixtlir~ tlinn S*. if 
tlrsirrtl.) JYitli thr mlurs of thr l,rntlin~-monirlil mid lift. 
rorffirirnts givrii in llir prrrrtliiig srrtion, tlir rnlio of F to 
its Vi1lIlr for tllr ripit u-hip Ina?- l)r c*:llrrllntrtl fro111 rilliw of 
t lie rqr1a t ions 

s 
1 

-=- 
s 0 

1 

(32) 

wllrrr tlir shift in sp:inwisr wntrr of lxrsswr AZ is tlrhirtl 
ns S--S,, ant1 wl1r1~ p, :111tl V, nw usrtl for constnnt gronirlricnl 
niiglrs of :It tnrk ant1 1-1~ nntl Y,, for lirirnrl?- v:irying gromnlri- 
ml :111glrs Of ;1 t lncl;. 

‘l‘lir shift tlur to ar~orl:1stic~ ;irlion of ll~r lonpilutlirinl 
position of llir rrnlrr~ of ~WSSIIIY~ :tssorintrtl uilli n givrn 
sljift of thr spnnwisr wnlrr of prrssrn~ is rqI~nl lo sin .\ As. 
Tlic shift in arrotl?-nnniir rrntrr (positivr wlwn miIvn1Y1, 01 
Still)iliZi1lg) rnn c*onsrcturntlv Iw cxlrrhtrtl hv sul)slituting 
into rqwtiou t Ii) tlir vnlurs of _IS ohtninrtl froni rquntioii 
(32) willi \-;llurs of p, mitl Y,. 

Inertia effects.-So rlinrts nrr prcsr~itrtl in this rrport loi 
111~ c3cc:ts Of iI1wtin or1 qunsi-st:ilic. ncrorlnslir l~li~woI11rI1n~ 
tlinl is. :1c~~orhst iv l~11r110111rii;1 :~ssoc:intrtl wit11 Ilight 0 t 
ronsliint :irrrlrr:11 ion: lhr m1i111w iI wliirli niilss is tlistrilh 
rltr(l vnrirs so witlrl?- n111orig (lift’cwwl wings l11:1t prrpnrnlion 
Ol’ n gxwc~~xll~- :ippli~al~lr srt of c*l1;1Hs for hrrtin c~ffrrts 
npprnrs lo I)r innpxc~ticd at prrsr11t. l”urllIc~rnlolY~, rswpt 

for fi?iiig wings, tlir \vinp tlrfoi~nintions tlur lo incrti0 lolltls 
:iw sniall c~O111pc11~d with tliosc tlr~r to :1ri~otlyIi;iIiiit~ lontls, 
tlir tuw typrs of lontls IwiIip iii ;1l1011l tlir s:1I11c Ixtio 11s IlIr 
u-irig \vrigl1l to tl1r u+glit of tlic rntkr :iiq~lnIic~. lf tlrsirctl, 
11o\vr\-cr. iI1wtin rHrc.ts :111tl tlir nworhst iv iIic7wiirIit iI 
tl~rsr rffrcts wn 11~ rstininlctl in tlir 111nmic1~ tlrsc~~ilwtl i11 
l11r folio\\-ing pn~npixphs. 

F1vI11 Ilir knowi or rstini:itrcl ni:iss tlisti*il)rItion of thr 
I\-inp tlir inrrtin lontl Ii pry iIicl1 Of span niitl tlic iI1wtiri tolquc 
li pr1’ inrlj of sp:lll ran 1)r c*nlrlIl:lt rtl f01. nny given norninl, 
pilrlling. 01’ 1~ollily :1c~~~lr12 lion. Substitulioii of thrsr lontls 
;intl torqrlrs for lllr trrnis I :Intl la,C hi rquntions (A3) 01’ 

(b3(i) i111d rqo:it ions (82) or (.U:J). rrsprrti\*rl~, yirltls lllr 
\-:Ilucs of tlir accI1I11I1lntrtl hrntlh~g Iiiomrnt nI1tl toqur tluc 
to thr tlislril)utrtl inrrtin loads n11tl toqurs. In torn, sub- 
stit utiori of tlirsr nrruniulntrtl hiding moniriils llntl torqurs 
in rquntions (X4). (h5). nntl (X(i), or in rquntions (AX) 
n11tl (X3S) niitl tlir matrix rquivnlrnt of cqunlion (At?), 
?-irltls tlir nnglr-of-nl tack tlistribut ion tlur to llir tlrfornicl- 
lions cxusril by tlir inrrtia rffrrts :Issori:ltrtl with llir given 
n c~rlr~~ii t ion. 
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(c) Stiffnesses proport ional to c4. 
FIGURE O.-Concluded. 
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Dynamic-pressure ratio, q/qD 
.- .- 

(a) Stiffncsses proportional to cI. (b) Stiffnesses given by constant-stress critcrioll. 
FIGURE IO.-The lift- and moment-coefficient ratios for constant geometric angles of attack for wings of taper ratio 0. 
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(a) Stiffnesses given by constant-stress criterion for gg= 1.0. 
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(b) Stiffneases related to those given by constant-stress criterion for wings with taper ratio 0.5. 
FIGVRE 1 I.-Continued. 
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Dynamic-pressure ratio, q/qD 

(a) Stiffnesses proport.ional to cd. (b) Stitfncsscs given by constant-stress criterion. 
FICCRE 12.-The lift- and Inomellt-cocfficieIlt ratios for linearly varying geometric angles of attack for wings of taper ratio 0. 
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This angle-of-attack distribution can be considered as n. 
geomctricnl angle-of-attack distribution. For the purpose of 
calculating the increment caused by aeroelastic action, this 
distribution can be npprositnnted by a linear-twist angle- 
of-attack distribution with IL value at the wing tip which 
is such that the moment about the eflective wing root of 
the arcn under the linear-twist distribution equals the mo- 
ment of the wea under the cnlculnted angle-of-attack dis- 
tribution due to inertia efiects. (The moment, rather than 
the WXL, is suggested as n basis of correlation because the 
angles of attack near the wing tip are more important in 
ruxoelustic phenomena than those at the wing root,.) The 
juslificntion for this rather arbitrary approsimntion to the 
angle-of-attnck distribution is as follows: As previously 
mentioned, the wing deformations due to inert,ia loads are 
likely to be small compxed with those due to aerodynamic 
loads; furthermore, t#he correction to be applied to these 
dcfortnntions as a result of aeroelastic action is usu~~lly 
smclll compared with these deformations and, hence, is very 
stnnll in comparison with the total wing load, so that the 
correction need not be calculated as accurately as the cor- 
rection for ucroelastic efl’ects to the rigid-wing lift distribution. 

Thr angle of attack due to structural deformation as nsso- 
ciatetl with the linear-twist distribution can then be obtained 
from equation (21) and figure i or, if X=0, from figure 8. 
The lift distribution associated with the total angle-of-attack 
distribution due to the defortnntions caused b?- the inertia 
cfl’ccts, including the increment in this angle-of-sttnck dis- 
tribution produced by neroelastic action, can then be found 
from equation (24b), in which CY~ und lo pertain to the cal- 
culated angle-of-attack distribution due to the inertia effects 
(not the linear npprosimntion to this distribution). This lift 
tlistribution cnn be integrnted to obtain the lift, bending 
moment, rolling motnent, and nerodyrmmic-center position 
due to incrtiu. cfl’ects, as modified by aeroelastic action. 

The lift and rolling moment c&ulated in this mannet 
may then be combined with the lift and rolling moment for 
stcndy level or rolling flight calculated by the method out- 
lined in the preceding sections. For instance, if the con- 
tributions of the tail and the fuselage to the airplane lift 
can bc neglected, the wing lift can be written as 

bL 
n(W-Ml,)=& c!L&Yqs+ -Y$ ‘n 

( > s 

\\a e rr a-L 
( > TGC, is t.lic lot.al norms1 force per unit load factor 

due to inertia eflects, including neroelastic effects; it is equal 
lo - W, plus the lift on both wings due to inertia effects, 
as modified by acroelastic action, per unit load factor and 
is almost always negative. In the preceding equation CL as 
is a wing lift-curve slope which includes static neroelastic 
cfl’ects and is equal to CL, tnultiplied by the fact,or on the 
right side of equation (26). Then 

1 1 
‘1=144 

CL,*& 
______ 

where 

CL = 1 
as. f 1 bL % 

( > 
10 

l- I+‘- Jt;, an. s 

is a wing lift-curve slope which includes static aeroelastic 
efl’ccts, inertia effects, and neroelastic modification of the 
inertia effects. 

ILLUSTRATIVE EXAMPLE 

The parameters of a swept wing, which differs from the 
wing of the iIIustrative esample of reference 1 only in th 
width of the fuselnge to which it is attached, are given in 
table 3. The values of A&’ and Asr were calculated from 
the dimensionless rookrotation constants used in the 
example of reference 1, Qu,= 0 and or,=-0.25, by means 
of the relations 

Asp= &+w, 

Asr= Qr,w, 

where w. as defined in reference 1, is the distance along the 
span between the effective root and the innermost complete 
section of the torsion box perpendicular to the elastic usis. 
In the wing of the illustrative examples of the present 

TABLE 3.-PARAMETERS OF WING USED IN 
ILLUSTRATIVE EXAMPLE 

C..~~..........................O.~~~ 
(GA, Ib/sq in. ~_. __..._.. 8.94XIO” 
(EL lb/sq in. ______ . .._._ 9.56x109 
G.J/(GJ-l r____. ~. ._.. .__ = (C/C.,’ 
EII(El). ._._ _~ _. ._ _ _. o (c/c.)’ 

Subsonic 
(M<O.65) 

Supersonic 
(M= 1.5) 

0.42s 
0.019 
4.92 
1.00 

I 

Aeroelastic pnmmeters 
i- 

Subsonic 
L~1<0.&7 

t~.~..~- . . . ..___. . . ..__.... ..__.____ 7. 76 
hi...........-......---...-.-..----.--..- 2. S? 
ICI __._.__..___._..__._....__..____._.. ~. 0.4X 
* * D. . . . . . .._....._.___....~.~......-.... -1.053 
CJD, lb/sq It--.-.......-.-................ -6.400 
J,~.- _._..__._.___.. _ . . . . . . . . . . . . . . . . . . ~.. Fig. 5 (c) 
~~---.--.---..-..----...~~-....--..-.... Fig. 5 (c) 
IJ ,.-.---e--.. . . ..______.___ .___..... -.. -0.27 
Y,..-.--.---..--..---..-..-..-.------------ 0.655 
11,---..--..-...--.--.-.-.-....-----..-... J.3W 

CL” 
1 -o&l5 a 

D 
CL 

‘0 ,-I. 
PO 

l-O.l.I6 4 
Y =- _.__..__..__...__.._~...-.-.-.----..- -2 

80 l-0.345 2 

Burwsonic 
(M-=1.5) 

i9.0 ( 
2.S2 

0.474 
-0. oii4 

-2,700 
Fig. 5 Cc) 
Fig. 5 (c) 

-0.02 
0.662 I 
1.32 I 

I-u.33sQ ~ 
-pu 

l-; I 
I 

I--0.116 1 

I--0.333; 
-? I 

I 
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report and of reference 1, w, is 22.4 inches. Thew relations 
for Asy and As” cm bc obtnincd from cquntions (1 1) nncl (12) 
of t~hc present, report in conjunction with the definitions of 
the root-rotation constnnts given in equations (15~) nntl 
(15d) of reference 1; in the notntion of the present report 
the definitions are 

YrTITr 
(3,T= W,l(cJ), 

(jr,, = ,g!!!f 
c ,- 

The stiffness is assumed to wry as the fourth po\vc’r of the 
chord in the esnmplr of the present report. 

The subsonic and supersonic vnlucs of the pnmmetcr k 
were calculated from equation (9). By I~~~IIXS of ap- 
proprkte values of the constnnts IC, niicl 1C, taken from tnblc 
3, the values of Pan were wlculated from equation (1s) nnd 
included in table 3. From these values of q*D, the sub- 
sonic and supersonic dynnmic pressures n t. divcrgcncc were 
found through the use of equation (i) and nre given in tnblc 
3. These values of qD Ynry as the reciprocal of the ef?cct,ivc 
lift-curve slope, the corresponding rnlues of e, being nssun~ctl 
to remain constant. 

In order to find the angle-of-attack distribution fol 
additional-type lo~lings from quntion (20), the vnlucs of 
F, and of the functions f, nnd Afi were t&en from figure 
ii (c). The spanwise change in angle of attack is shown in 
figure 13 for diffrrcnt v-nlues of tlic clyiiclmic-prcsso~.e ratio. 

Dimensionless distance along span, S* 

0 .4 .8 I.2 I .6 
Dynamic- pressure ratio, q/-q0 

FIGURE 13.-EKcct Of aeroehtic action 011 SOlllC acrotlynamic I,lOI,C”- 

ties of the wing wrd in illustrative csamplc. 

The vnlues of IQ, 7,, and p, n-err ol~tnincd from figure o ((*,I 
and substitutccl into cctuntions (26). (Zi’), nnd (28). Tlw 
wing lift rocfficicnt, wing rolling-moment cocffkicnt, nntl 
spanwise ~rntcr-of-~)rcssurr rntios, ns well ns the shift8 iii 
ncroclynnmic center, wxc cnlculntccl by use of these np- 
prosinin.te cqun.tioiis in conjunction with equntions (17) 
nnd (29) nnd we sliowl ill figii1.c 13 ns functions of the 

Q clvnfllliic-PI.cssurc rn t io ~ . 
--Q0 

DISCUSSION 

LIRlITATIONS OF THE CHARTS AND APPROXIMATE FORMULAS 

The charts nncl the npprosimn tc formulns prcsen ted in 
his report n.rc subject to crrhin limitations ns n result, of 
the npprosimnti0ns mndc in the cnlculntions on which they 
nrc based. These limitntions tnke the form of restrictions 
on tlir plan form, on the spcetl regime, nnd on t.lie winy 
structure. The results ob tninnble by t,hc use of the charts 
arc likely to bc iinsntisfnctory for wings of very low nspcct. 
ratio or very large swep nnd rclntively uiisntisfnctoly for 
wings of zero taper ratio. 

Wings of low nspect ratio nre ruled out on three counts: 
(1) the cstcnt to which acrodynnmic forces are overestimntctl 
in rrphcing the wing by one with nil eficct.ive root nnd t,ip 
is lnlper for wings of lo\\- nspect rnt,io tlinn for wings of 
high aspect rn tio, (2) elementniy berm1 tliroiy is unsntisfnc- 
tory for calcuhting the deformntions of wings of very low 
aspect ratio (because the ef?ects of cncl constraint, shenr Ing, 
slwn1 deformation, nncl bending-torsion interaction nrc 
more important when the aspect ratio is low), and (3) the 
wsumptions made concerning the lift distribution of tllc 
wing nre more nearly true for wings of high than for tliosc 
of low nspcct ratio. 

For wings with very lnrge nngles of sweep, nlso, tlic use of 
nn effective root and tip introduces relatively large errors in 
the neroclynnmic forces. Furthermore, the root rotntions 
neglected in the calculations (bencling rotation due to tor- 
sion and twist clue to bending) nre likely to be important 
for wings with large n.ngles of swep. 

The neroelastic analysis of wings with zero taper ratio 
cntnils certniti mntliemnticnl difficulties which do not arise in 
the case of wings with nonzero taper rntio. The st,ifhess of 
such \vings is zero nt the tip nntl very low nenr tlic tip, so t,lint 
he bountlnry conditions for q n.nd I? given by equations 
(AlOn) to (AlOc) in nppenclis A n.re indeterminnte. As n 
result of the rrlntively lnrge rnliics of tlic reciprocal of the 
stiffness near the tip, the nunicricnl-i1itegrn.t ion met~liods used 
in tlir mntris cn.lculntions nre less nccurnte. These difficulties 
also 0cc.w iii other methods of solving tllc cwrorlnst.ic equa- 
tions, such 21s energy methods. Furtliermore, the struct~urnl 
behvior 11cla.r the wing tip is uot represented ndequntely b> 
rlenientnr~- beam theory. Finn.ll>-, tlint the ncrorlnstic results 
cxlculatetl for V-ings of zero tnpcr ratio nrr not ns relin.ble ns 
those for otlicr wings is c\-idenced nlso by the fnct. tlint they 
do not. lend themselves to systcmntizntion by means of 
n.pprosimntc formulns, as do the aeroelnstic results cnlculnt~etl 
for other wings. 

As a result of these considerntions deltn wings nrc unsuit- 
ahlc for iieroelast ic annlysis by- iiicniis of tlicsc chnrts bernuse 
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lliry Iinvr low nspxt l.nIios, 1n1.g~ nngles of su-ecp, nntl zero 
Illpcr JXliO. 

111 0Jdcr lo use tl1c ~1~13s two ne~otl~7lnmic Ixwnmctcls 
moist 1~ 1;1iowi for niiy given cusc: the effective u-ing lift- 
(~~irvc slope mltl tllc section nc~otlynnmic centw. From n11 
rir~wl~nnmic point of view the cllnds of this 1q)od inn>- be 
usrtl in nl~11ost nll cnscs for which these quantities nrr known. 
‘I’lrc rswptions stem from the fact that the spin-kc tlistCbu- 
Iioii of tlic lift. on the rigid wing is nssrmd to Ix proportional 
IO tlrr rlio1~1, nntl the distnncr from tlic section nci~otlynnmic 
w111(11* to tlic clnslir nsis (ns n function of the cl101~1) is 
ass11~11cd lo 11~ constnnt nlong tlic slmi. ‘I’hcsc nssuJnptions 

:II’C 11ol wlitl for wings with lnyge nngles of sn-erl) nntl wings of 
low nslwrt ukt io, ns implirtl lxrviousl~-. The?- nw nlso invalid 
to 21 g~mlcr or lcssc~ cstrnt fo1. most wings in tlic trniisonic. 
wgioii. C’onsccl1~e~~tl~, corn n-lwn the lift-cwvc slope nntl 
111~ scclion ~lwotl~nnmic cfntc~ nw 1~1~0~11, n.n?- I.esults 
c~cdculntcd for trnnsonic slwrtls Iiir~st lx usctl with cnution. 

RI1ol11c1~ nci~otl~nnmic assumption implirtl in the clinrts is 
lhl no c~oJiwJ1lIxtctl ncrocl\-mmic foxes, such nS those due 

IO II tip tnnk 01’ 11nc~~llr. ncL on the wing. Rrln.ti\-cl>- squall 
1~iiwllrs in the inhond Iinlf of the spin cxn prol~l~l~- 1x2 

igJ1oJwl for tlic pwposr of nn nrl.orlnstic: annlysis nt the 
pdi11ii1~~11:\. tlrsigii stngc. Ilowcl-rl; ln1.gc tip fa11ks ~nmlot~ 

uslhllly Iw ignO1wl c~c11 in il l~i~climinn1~y iWl’OClnSliC nnnl!-sis; 

lllv Jl(‘J’O(hlilSt iv pl1~~J1OIll~~Il:l Ill:l.)- iii SUCll C:lSCS 1x2 gl.c’:I,tl?- 

llI1~l~~J~~~SliJllill~‘~I I)?- ~~i1l~~lll~ll ions Ulil(lC wit11 tl1C clurts Of this 
J’Pporl. 

‘1’11r :issiiniptioi1 vonwl~lling tllc :~pplic2il~ilit~- of clrmcnt:1q 
lw:i~i1 t11cv~1~y to tllc ~~:1l~~11l:itioJ1 of \ving tlcfo1~mntions t111r lo 

:icwwl:1stic* iic*lior1 wJ3-(5 lo wstikt tlic wings tllnt (2111 12~ 

ilJllJl~~~‘~] I)? 111(‘:1115 Of IlIP (‘1lill’tS t0 tllOSr Of JllOtlPJXtC 01’ high 
nspw*l 1x1 io, i1S Stfitr(l lwcviOusl~-. Srplrrt Of clio~tlwisr 
Iwiitling trl:istic Cil.Illl)Cl’) rfl’rc*ts in tlic c~nl~*iJl:l.tiOns on \\-liic.11 
IIlP (*ll2lI.l~ :ll’C 11ilWtl SCI’VCS t0 impost il lo\\-Cr limit 011 t llr 
ll~i(*k1irss Of tlir wi1lgS for \\-llic*h the clin13s mn?- hc r~srtl. 

\\‘li(~tli(~~~ tl1is liJIiil is witl1iii tlic rcgioJ1 of l”nc.ticnl tl1i~kJ1css~s 

is ct1Jc~stioJ1nl1lc, ho\Vr~~ci~. ‘I’hc tliwJ~g:cnc~c trsts of rtfcrcncc? 

2, \vliicli wwc prJ~foImict1 011 hl plntcs Of niotlcr:ilcly liigl1 

~IS])cV:t I’il li0 1lJl(l will1 il ll~ic*l~nrss Of 2.5 l)rKN1t, sllO\\-et1 110 

olbvious c~llO1dwisc lwn(ling cn’ccts, nltliorigll tlic 1&1 tivcl? 

s111rlll clifl’rlw1crs l)rt\\-rr11 thr mrnsu~rtl nntl cnlcrilntrtl 
tlivrryynw sprrtls mriy li;ivc l~ccii tlrlc iii lxirt to s11c11 cticcts. 

As rnr1ilio1~r(l l~iy~vioiisly, for wings with tnlw Yntios 
l,Pl\\‘WI1 0 rllltl 0.2 tllc JY5llllS Of ncl.OelilStic~ calcJJl~I.tioI1s RIy 

likdy lo Iw JY~lilliVC~l~ lllllY~liill1l~. For tnpcr rntios gr?nteI 

1ll~lll 0.2, tl1C stift’J1css Of il(*tlJ>ll wings tclltls to l)c grcntpy 

11(wJ tl1(~ tip tlhln tl1nL givc11 I1y tlic! ~oJistnnt-slrcss CI*ittrioII; 

c~o~isc~c~1Jc~~1tl~, 21J1y givcii acroclnstic cR’cct is lilrcly to 1,~ SOJ~IC- 

Udlrl( lrss tl1n11 tllnt c*;1l~~ul:ltrtl On the his of a constn1lt- 
slows sliflilcss clist~il~r1tion I)ut. miicl1 lnrgrl tlln]l tIltit 
r~ilrulntr~l on thr his of n c4 tlistAl)ution. 

If Jl, givcrl stJWcluI~c c0JltiliIls lnlge cutouts A\-]lic]l gi\lC 

lkr lo clisconlini~itirs in tlic stiffness tlistd~utioiis, e~1JntioJ1 

(IO) WI1 IX 1lSCtl t0 CillCUlilLC 9, htvitious rOOt stifhess to 1)~ 
uscvl in c~onjrrnction \vitli chnds for c’-t>-lx stiffness tlistri- 
I)rll ions, p1~ovitlctl tllc mtlgni t u&s of tlic clisco1itii~11itirS are 
li~iown 0~ ran be csLirnnlct1. 

I’W Of t 11c C’lJill.tS of this leport is pwmisctl on tlie nss1~~IIp- 

lion Illnt tllr rlwtic asis is at. nn ,zpprosimatel~- consLnnL 

flaction of tlic clio~d. If tlic location of the elwtic axis 
vnlk sonicd~nt along tlw span, the 11s~ of iLn nvewgr \-nloe 

tends to girt sntisfncto1.y wsults for the nwoelnstic pile- 
nomcna of swept wings; for unsu-cp t, wings, howrve~. t11e 
wsults obtninctl on tlic bnsis of this npprosimntion lu~vc to 
bc usetl with cnution. If tlw clnstic nsis esllibits nbrupt 
shifts along the spnil ns n wsnlt of ln~ge cutouts 01’ fo1. othr1 
~cnsons, the clinrts sl~oulcl 1~ used only for motlctx trly 01 

liiglil~- swept n-iilgs. This wstriction iS mitigntetl to 11 
certain extent b)- tllr fact tllilt an nl~~~il)t shift in the loc11S 
of slienr ccntws does not nrccssnd~- imply nn cqunll~ 12irge 
01’ equnllj- ilb~ll~11 shift in tlic clnst.ic axis. 

RELATION BETWEES STRESGTH ASD STJFFXESS AS DESICS CRJTERJ.4 

The stwngth of n structuw is its nbility to withstnncl 
n.pplictl lo& without fn.iluw; the stiffness of n struct iwe is 
its nbi1it.y to tlcfolxi ~clntivrl~ little under the applirtl lo&. 
Tlw two terms a]~ dated (a fnct u-hicl1 founs tlrr basis of 
the constant-stress t>-pe of stiffness tlistAbutionS uScc1 in 
this wport) but arc not s?-nonymous. Tlw proldc~n of when 

t.0 &sign for st wngtli nntl when to design for stiffnrss nntl 
the whited I~roldcm of 110~~ to tlcsign 21 wing for St iffncss 
u\-hi wqui1wl to do so have brcn wcognizctl for 21 long t.ime. 
Becnusr of the con~plcsit\- of tlwsc p1*oblrms no grnc~xlly 

SiltiSf~lCtOl’>- solution csists ilt J~ITscIlt. bllt tllc cli;ll.ts pre- 
scntetl licwin Slwtl a ccdnin nniounl of light on the prol1lc~I1 

insofar ns stiffness u.quiwmrnts OCCilSiOllCtl 1)~ thr LlCI’O- 

chstir Ihcnomcnn c*onsitlrd iii this report illT CoJlc~r~~~~lct]. 

Tllc c:llnl.ts of fig11l.c 2 intliciltc tlic cstcnt to u-liicll iL wing 
is likrl)- to l,c ilff?CtCYl b?- nc~orlnstic plicnomcna-tl1:l t is, 
lion- far it. is flow tliw~gcnw nntl 110~ mucl~ its sp:inwiSr 
wntcr of ])I’CSSlJI’C is likcl>- IO shift ~1s il IYSlllt of il?~OPlilStiC 

action, prwidecl the rcing is designed on the basi.s 0.l’ .vtretlgttb 
co~lsitlemiions cllonr. If t]lc Jllil.IpiJl ilg:liJlSt di\-PJp~~JJc*~~ is 

too smdl, or if the spsnwisc center of l~rcssi~~c illltl tllc 
i lSSOCi;XtLXl shift in the ilC~Otl\TlilllliC ccntrr ill’c\ tlrr111rtl 
exccssivr, 111~ xing 1i:is to 1~ st iffcnetl bcyontl tlw :in101111t 

nSSOCiiltN1 with tllc tquilwl strength. Tllc ClliirtS 01’ lig11rr 2 
Ilw.cfo1y~ sew-r lo tlclimit tlic wgions in which it wing cur1 

lx> tlcsigrictl on the ])ilSiS of strc1igtli coiisitlcmtio1~S donr 
ant1 tliosc in \\-11ich stiffness COJlsitlCriltiOJlS l~w:lo11ii1i;~tc. 
at, hst Lo the estcrit of satisfying the stift’ness uxtr1i~cmt1its 
ilSSOCiiitCt1 wit11 tllr ilCl.OchlStic I~lirnomcnn conSi&rctl Iirwin. 

Tlw bentling moment of inwtiu 1q11i1~~1 I>>- consitlcrxtior1s 
of strength alone for the root section of ix wing is tliwctly 
p’.oportionnl to the design 102itl n( Ii-- II;), to tlic spn\viSc 
coodimitc of the wntcr of ~IW~III’C, :Intl to tlic wing thick- 
J~CSS nt. the root. arid is invrtsely I~roI~o~tionzil to the willow\-&le 
bcntliiig strrss II;. Al term t iwly, this bending mo111cnt 
of iJlCl.tiil mn,\- lx consitlruxl t0 l>r proportional to tlic tlcSigI1 

\\-ing lon(]ing ‘Eis) f to tlir squlile of the wing nwn. to 

the wing thiclrncss ratio nt tlic root, ant1 to n function of 

the tywl ratio 
( 

1+2x. 
which is ~ (1-l-X)” If strip thcoq- is nssumctl to 

i111111)- 
> 

; it is in\-ersrly pJ~opo~tionn1 to FB nntl intlcl~cn:lcnt 

Of tllc nspcct IYltiO. These wlntions for tllc lwntling 
niomcnt of inc1Yi:i wqui1wl by- consitlerntions of St 1.ength 
done we implied in the follow-ing discussion of striictural 
ux~iii~rineiits iniposrcl h>- consitlern tions of stifhess. 
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In gcnernl, a wing with n high vnluc of q+ (see cqs. (T) nncl 
(13)) is most likelp to be nft’ectetl by neroehislic~ity (sw fig. 2) 
and, for n given vnlrrc of q*, swcpl~ wings :iw mI1c~11 more 
likely to be oflcctrd by neroelnstkity thnn Ims\wpt~ ones. 
(See fig. 2 nnd eqs. (9) nntl (l-i).) CoIIscc~ucIitI~-, tlic follow- 
ing wings nre most lilwl~- to 1x1 subject to ncroelnstic plie- 
IloIneIin, provided they nrc clesipnrtl on tlic his of strength 
coIlsidernt.ioIls nlonc: 

(1) Wings oprrat ing 21 t n high HI-ing speed or liigll tlynnmi( 
pressure 

(2) Swept wings 
(3) Thin wings 
(4) Wings tlesignrtl for n low wing lontling 
(5) L-nwept nntl IIioclrmtcl~ swept wings wit11 nII rlnstic 

nsis rclntively fnr bncl~ on the cliortl or lil~cly to fly in 21 
conclition in diirll the section ncrotl~-nilmic renters nrc 
rchtively fnr fern-nrtl 011 the c1~01d 

(6) Wings opernting nt n .\lncll Il~IJllhr at wl~ic*lt tlw liff- 
curve slope is relnti\-cl? high 

For given wing Ionclings nnd giW11 \VlIlg :ll’(‘ilS, SOJllC 

27rroelnstic plIenoInrnn of wings dcsi~nccl On tlic his of 
strength consiclerntions nlone nppcnr to lw substaIitinll~- 
unnfl’cctrtl bg chnngrs in the tnprr ratio-for instnnrc. the 
spnnwise shift of the center of pressure nntl the tlyIInmic 
pI~rssurc rcqiiirecl for clivergcnw. (II1 the (‘nS(’ Of the (I>-JllllIli(’ 

pressure rcc~uirecl for clivcrgcncc~. tlie JMJ~JIW~~J* Yap (fig. 4), 
the root stiffness, ant1 the root chord tlccwnw u-it11 inrrensiiig 
tnpcr rntio, nnd the net cft’cct of tnprr is smnll.) On tlir othrl 
hnnd, the clinnge in the lift due to ncr.oclnstk nclion is more 
sensitive to the tnper rntio; it is mow significnnt for wings 
with liigli taper ratio tlinn for wings with low taper rzitio. 

The rf?ect of nspect rntio on ncroclnstic plwnomtnn tends 
to be smnll for unswept wings of n ’ gJ\-e11 wing nl’c:1, lxYillIsc~ 

these plIeI~on~enn nre detrrniiIirt1 lnrgrly by- the mngnitutlc of 
the pnrnmrter q*, which is iIIclcpcIiclent of the nsprct ratio foi 
n given wing nren. For the neroelastic pllcno~ne~ln of 1Iigld.v 
swept wings, however, the pnwncter ii is Inow significnnt. 
This pnrnmeter is proportionnl to the swept-spnJI nspect. 
rntio for wings of n given nrcn. CoIIsrqucntl~, with n given 
wing nrrn, tnper rntio, nntl design xing Ionding, the acre- 
clnstic el?ccts of swept, wings t cncl to he mow pro~~owicrtl fo[ 
wings with high nspcct Ixtio thnn for those n-itlt Ion- aspect 
rntio. This stntemrnt is pnrticulnrly true for the sllift of the 
nrrodyrinmic center, becnuse n given spnnwisr shift of the 
center of pressure results in n mudI grcntcr cliortlwisc shift 
in the cnse of n swept win g of high nspcct Intio than in the 
cnse of n swept wing with low nspcct rntio. 

STRUCTURAL WEIGHT ASSOCIATED WITH THE REQUIRED STIFb’SESS 

When n given wing has brcn s1lon-n to be subjcc~t to WI- 
desirnbly lnrge neroelnstic rfiects (I~?- nlcn~ls of tllc d~nrts of 
this report or b)- nny other method). the p~~ol~lcm arises how 
to distribute the nclclitionel rectuirecl stifl’ncss. If, fol 
instnnce, the clyinInic pressure on an unswept wing is \\-itliiu 

10 prrccnt of tlw tl~xci.mic presswe rquirrtl for tlivcrgrricc 
nncl n Innrgin of Xl percent is desired, nn incrcnsr of 10 pc~rwnt. 
iI1 the torsion~~l stifkrss nlong the entire spnn will produce 
the tlrsirccl result. Tlw quest ion wmnins, lIowe\.e~‘, whet her 
structural wcigll t cnn be saved I>>- incrensing the st ifhcss 
more tlinri 10 percent in some plncrs nncl less in others. 

Sornc iilsigllt into this problem mny be gninccl, at lrnst 
insofnr ns the ncroclnst ic plienomenn coI~siclrrcd liewin nrr 
con~er~ifd, from nerorlnstic nntl n-right cnlcidntions t,lint hnvc 
been mnclc for a farnil>- of somcwhnt nrbitrnrily srlcc~tecl 
stitfnrss distril~iJtioJls \dIiclI clifYrr from the (list ribulion 
required by the constnnt-stress criterion. The rntios of the 
locnl stiffnessrs to t1Iosc nssocintctl with constnnt st rcss nre 
slIowi nt the top of figure 1-I. Tlw st rwt wnl-wright fnrtoI 
F, is sl~ow~ for t.wo of these stiffness tlistribut ions ns n 
fwwtion of the tnper ratio. TIw fund ion F,, is proportiom~l 
to the wright 11; of the primnr~y lontl-cnnrrying stluct i~re nncl 
tlP[WJltk OJl the IllIlIlJlCL’ ill wliic~ll t11c wing stifhless nrul tlrick- 
iiess 211x’ tlistribrlted nlong tlir spl. (See npprntlis R.) 

T11c results of the neroehstic c~nlcuIntioIIs for wings with 
tii1)f?l' rntio 0.5, collstnnt wing tliichiess rntio h/c IllOIlg the 
SplIl, nntl these two stifllrss distributions nre inclutlecl iu 
table 2 n~ld figures 5 (h), 7 (b), 9 (I>), nncl 11 (b). The 
tlesign:It ion “esress sl rcngt 11” in the figures refers to the 
stifwss clist~ibiitioIis inrrensetl over the constnnl-slrcss 
Iwluirement, iIs sliowri iIi figure 14, with n vnlrlc of w=2.0. 
The results of the :Ieroelnstir c~~Ilcultrtions for the stifl’ness 
clisti~il~utions tlrc~rensrtl belo\\- the cohstnnt-stress require- 
JjlC’Jlt. t0 2l VdlIP Of W=o..s IIJY the S2lIIlC nS tllOSe fO1’ the 

coJlst:Iiit-stress stiftness clistril~iitions for wings with linenrlg 
VI/C), v:ir>-ing wing thickness rntio nncl ~---=0.5. 
(11 /CL 

The results of the u-eight rr~lculntions nncl the nrrorlnstic 
drulat i0Jis JIlil>- be coml~iIietl in se\-ernl ways. The tl?-IlnJniC 

prcssurc 21 t divergence, for instnncc, cnn lx vnriecl by clinnging 
the bencling il~lcl torsioiinl stiffnessrs uIiiforml~- nlong the 
spnn. l)>- lrn\~iJlg the stiffncsscs nt the root uIldlnnpetl n11tl 

v:Iq-ing the stiffness (list Abut ion in 21 mnnncr similnr lo thnt. 
indiwtetl nt the top of figi~~.e 14, or by n rombinntio~I of 11112 
processes. X specifiecl cl~n~IIIiic pressure nt tlivrrgenc~e rnn 
tllerefore be obtninrtl iIs the result of ninny coIIibinntions of 
root stiff’liesses nntl slifncss clistributioiis. Figure 1.5 (n) 
consists in essence of n plot of the structurnl weights nsso- 
chtrcl with coInl~inntioJls of this t>-pe ngninst the tip stin’IlcsS 

rn.tio w for n specificcl dynamic pressure nt divergence. This 
figure inclicntes thnt the lrnst u%glit is nssocintrtl with 
dues of the tip stiffness rntio grrntcr t,llnn 1. Similnrly, 
figures 15 (b) nnd 1.5 (c) consist in essence of plots of the 

jtrIlCttIYn1 weigllts nssocin ted with vnrious combinntions of 
root stiffnesses 2Incl stiffness tlist~ribut ions requirccl for shifls 
If & 10 percent. in the sp:~nwise center of pressure nt. n 
jpecifietl cl~nnmic pressure. Figures 1.5 (b) nnd 15 (c) nlso 

nclicnte tlint. the strnct8urnl weight is lenst for vnlues of the 
;tifYnesS rntio w gJ,enter tlinn 1. 
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Tip stiffness ratio 

Dmensionkss sponwise bistonce, S’ - 

Constant -stress 

II, I ,I I I I I I 
I I I 
I I I 

I I I I I I I 
I I I I I , 

1 .2 4 .6 .8 I.0 
Taper rotio, A 

FIGURE l-l.-TheStrrlctnrrtl-\\-eightlfunction F,. 
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1.4 
I 

I i t I i I I I II I I I 
, 

I I I I II I I 
I.3 

1.2 

I.1 

I.0 

.9 

.a 

, 

0 .5 1.0 I.5 2.0 
Tip stiffness rotio, w 

The significni1c*e of fipu1.r 15 is tllijt. if :1 givrn I\-it1g tlesignrtl 
on the hsia of St 1.engtl1 nlo11r 11ertls to h stifYrnr(l f01 
:ie~orlnst ir 1’e11souS, most of the stiffrning ni:~twi;~l sl~oultl Iw 
~ltlclccl in thr outbo:~~d l.egions. povitlrtl tile n-ei$t of tllr 
mntc~itll otbw than tllnt of the prin1:1r?- lo:1tl-m~1~~iiig stmc- 
tiu’c is unnfectetl I)?- tl1e stiffening pm~~-5s. In fact, on 111~: 
his of ne~oelnstic consitlenitions :rlour. wcigl1t mipllt Iw 
saved in come cases by 1~eniovinp niatr1~ial from the 1.0ot a~itl 

nclding n1nlc~inl nt thr tip; needless to sn?-, 11on-r\-w. at rrnpt 11 
~eclui~en~ents would be violntecl by this p~oc~~lu~~~. *IlIst 

wliere the ninte~inl sl1o1ilcl lx :~dclttl in tl1r out bo:id wgions 
cnnnot be wid on the his of tlir cd~wl;itior1~ 111:rtlr for 
fig111.e 15, since these cnlcul;itiof1s i lSSIIIllP ;1IIJ- IllOtlifiVilt iOIlS 

to the constnnt-stress stiffness clist1.ihutio11S to IN 111:1cle 21s 
i11clicnted at, the top of figwe 14. Ho\\-ever. it :1ppe:115 
u11likel~- tl1at great n-eight snvi11gS cali Iw llil(1 by using niotli- 
fications which cliflw substnntinlly fro111 thaw of fig1rl.e 11. 

SOME REMARKS CONCERNISG THE AEROISOCLISIC WIXG 

The tem1 “ne1~oisocliuic” 1.cfcr.s to wir1gS wliich tlefO1mi 
under an ne~ocly1nniic lontl in ~11~11 ii f:1sllio11 that tlie nn~les 

of 8ttilCk of 811 srrtions wlntirr t0 tlIr free stIT21111 w111nii1 
IlI~~llilll~~tl. SllCll :l wing 11x5 tllP ~ltl~~illlt~l~~ t1121t. its aiero- 
cl?11nmic lOi1tlS cl0 not rhngc uutler nc1~ocl:1stic nvtion eitllcl 
i11 111ngnitutle 01’ iii tlist~il~ution; its 21r~ocl~r1nn1ic~ criite~, fol 
itistnure, is uncl1nngecl, n11cl tlie \\-iug r:11111ot tlivwpr. The 
:1cl1ievenie11t of sucl1 “section nr~oisoclir1ickn~” is Vera- tlifFi- 
cIflt illltl ciiti be renlizetl only I)\- srpllr2~te v:iri:ltiou of the 
l~e11tli11g and to1sio11 stiffnesses: rvr11 so, tlir nrroisoc4i~iic~ 
conclitio11 obtains for 0Ill.v 0Ilc t>-pr Of il~~Otl~l~~lIlli~ loatli11~ 
cor1clitio11 nl one AInch Iiwnlm~. Ho\\-rw, nn ovr1~11 type 
of ne~oisorli11icis1i1 in ~vlikl1 l~e11cli11~ nutI torsion act ion trncl 

to cancel for the wing ns n wl1ole is 1.elntivel>- easy to nrliievc. 
Tl1is o\-era11 tj-pe lins, for p1xct icnl pu~~poses, tlic sn111c 
ndvnntnges as sxtio11 nr~oisodi11ic~iSn~, in tl1nt tlie nwo- 
rhstic phenonir11:i ~onsicle~ecl iii this 1*eport trntl lo he 

11egligibly sninll for sucli 21 wing. 
As InaT lx seen f~oni figure 2, fit n sninll positive vnlur of 

tlie pnr:1nirter k tlie v:1lurs of thr pnrnnirter q* for diver- 
me11cc ~11s well ns tliosr for given sl1ifts in tl1c sp:111wise cente1 e 
of pr~essur~c tend to inhit>-. This p:~1~ticul:1r ~allrc of k 
~ep~eserits nr1~oisoclifiic wings i11 the ovedl sense; f1.om 
equntio11s (IS) antI (IO) it rli;~~- Iw seen to be tllc 1.eciprocnl 
Of tl1c vnlur of I<? given it1 tnblr 2. I~cnw, from thr tlrfinitio11 
Of k (CC{. (9,). 

(33) 

\vitl1 the in1l~li~:1tiO11 tllilt the tlistt.il)utiol1s of the stiffness 
:lL’(\ Of ritliri. till? r” 01’ tllc C*OIlSt:IIlt-StI’CSS I?-])(’ ilIl(l tht I<? 

prI~t:lillS t0 c4tller Of tllrSC I>-prS ;ll1tl t0 tl1r :l~~~~I~O~~I~iiltP tIlpr1 

13 I io. Eqri:ltioIl (:<:<) iIltlic*iltcs tll:lt, for il gi\-rI1 pl:lll fOI*Ill 

\vit 11 ilSSigIl(?l \-:llIlrS Of .Y,, c,, :111d A, the tlisposnl~lr p:11~n111- 

cl ws for. t lie :1c*l~irvc1nrrit of ilrl~0iS0~~lilli~~iSIll :lw t lir rlwt ic- 
:1sis loc;itiOt1 P, \\-11irll clltcrs into tllc l)ill’3Illctc~ Il. :1l1tl tlir 

root-stin’ncss IXtiO ifi ‘; 
b r 

tllc :l~lWl~IlilI~~i~ wiitrr is 11ot 1111tlr1 

tl1r c*o11t1~01 Of t I1c tlrsignri~ to .?iIy ilppl’N~i:~l~l~ cstcnt. 

A tlf?Cl’CilSt’ it1 tl1r to1xionnl stifl’nrss mu sonirt inirs Iv2 
effrc.tc~l U-itlwut tlrc1~c;1sc i11 thr Imdii1g stiffnrss 01’ irnpnii*- 
111rr1l Of tl1r slwriptli c~l1ni~~1~~tcr~iSlic~s of tllr \\-ing, antI 01711all 
:Ic1.oisoc,li11i~isrn may Iw 21cl1irvr(I i11 tl1is 111:111nr~ for swrpt- 
I~ack wiligs. 01.. if :1woisodink c~o11tlitiOns n1.r cousitlc~etl 
al tl1r outsrt, il wil1g c:111 Iw tlrsi~11rtl xitli tlir rlnstiv-axis 
lOc.:1tiol1 I’Cli1 t i\-Cl?- f:1r bnck (iii t 11e c:1se Of :1 sn-rpt hick wing) 
or fOl’\\-ilIY1 (it1 f1.011t of ll1c ari~otl~11:1111ic~ w11te1.. if1 tlie c21sc 
Of a s\\rpt foi~wi~cl \viug) it1 odrl to :1rl1irve :ieloisoc~liriic:is111. 
I-Io\\-c\-cI~, tl1r fact tlint 011ly cwtnin types of :irf~orlnstic 
1~111~110111~~1lil :II’C couSitlcwtl it1 t 1:is ITport IlllIst l)C Itrpt i11 
mind. Imxting tl1r chstic axis filr back 01’ tlrciywsing Ilie 
tol.sio11al stiR’ncss, iOr iIlStilIlW, Illil?- lentI t0 flrrttw tlifiirul- 
ties, tl1r solution of wliic.11 Illily 1quim escrssivc 111~1s~ 
lxilnt1ci11g of tl1e wing as ;1 wl1olr. 

RELATIOX OF THE CHARTS TO UESIGS I’ROCI~I)URE 

Tl1r first strp in tl1c clrsign of ;1 wing sfmctuw, 011w the 
\\-i ng geomet rj- ilIlt IllC O\~~lXll ilil’pl:lIlC c1i:lr:lc.t wist,ics 
11nvr bee11 tlecitlctl upon, usunll~ consists of n ~ougli appor- 
tio11i11g of structurnl ni;~tc1Gd along the spa11 i11 11 ninn11ei 
i11trt1clctl to SiltiSfJ- strength ~ec~uiwnients approsi111ntely. 
At n htcr stage in the design pr~oceclu~~ t,lit structuw is 
cliecl~etl for :~c~orlnstic efects 2111~1 modified, if nrcessw~. 
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1‘11~ niotlilic~atiol~s iwr tlwi clwcl~etl qnin, nut1 so 011, until 
I)OllI slill’ljrss illl(l strrllgtll wquil~enients ~11.e Inet \vith Wll~lt 

is Iwlir\ctl lo be 21 ue2i~-optin~utn structure from wriglit~ 
c.olr~i(lrl.ritiolrs. Tl IC c*lui14s of this l.ep0l.t mny lx used to 
falc~ilitate tile pl~oceclul~e at seveml stnges. 

,\t 111~ vcf~y ou tsrt, tllr l~I~climinnI~~-sol~vey clinds can br 
usetl to (~stnblisli some ove19ll aeroelnstic rlinmctr~istics of 
the wing stfwcturtr Ihit \voultl be obtninecl by tlesigninp the 
wing f01~ stwngtl~ nlone. If these clin~nctrCstics nw sntis- 
fnclory, the design of the wing structwe cm proccetl on thr 
l)asis of stwngth I’eclrtil.cnlcnts alone. The final &sign cm 
111~11 1w c~l~wlirtl f01~ IIIC nrl~orlnstic effects consided in this 
1~~p01~t. hy mrtms of the dinrts contninetl Iirwin, nut1 for otlirl 
acm4nslic~ rflrcts, sueli ais flutter. ant1 loss of In trml control, 
I)y ertu~llly ~~ppl~osinmte nletllotls. Howevc~~, if the pw- 
liminnl:y suwey inthntes tlint a wing clesignetl on the bnsis 
of st~~rngtl~ nlonc would 1~ unsatisfactoqr from consitlrmtion 
of ael~orlnstki ty, sufKcirIrL ntltlitionnl stifincss nmy be incol- 
porxtrtl in tlir prelinninnly clesign stage, provitlecl the tn.pet 
mtio tlors no1 cliBer gwntly from 0.5 nntl the Gig thickness 
mtio isconstnnt nlong tlirspnn. Folinstnnce, tlieprrlirnina~y- 
SIII’\‘qv c~ll,ll*ts inn-y intlicntr n shift. in the spnnwisc 
welter* of prmsuw wllicli gives Gx~ to a shift of 4 percent in 
1110 ne~*odynnniic crntr~~; whe~~rns the clesiI*etl ninsimum shift 
is 2 prrwwt, so thnl tlir spnnwisr shift must lw ~etlucetl to 
50 pawn I of tlint intlicntetl on thr prrliminnly-sn~\-cy clind. 
The shifts in tlir spnn\vise center of pressuw for n. wing with 
iriew0srtl stifl’ness nt tlir tip (tlic “escrss stmigtli” cnse, fol 
wllivli w=3.0) nut1 fol. n wing xitli tlecwnsed stifness nt thr 
tip (tllr wing with w=O.5, for which the wsults of tlic cnse of 
(h k) , 
(11 /CL 

=0.5 mny be usrtl) cnii then be oh tninctl from figuw 

!) (I)) ant1 rclII~iLioIi (X2), in conjunction Kit11 the vnlur of tllr 
tlyirmlic~ pwssuw n t tlivcqenw estimn tctl fro111 rcluntion (1s) 

()I* (19). The fnct thnt the wings witI1 w=2.0 and w=O.5 
Iirive tlifl’ewnt tlynmlic~ pwssures nt tlivrqmlcr tlinn tlors 
I110 c.onsllint-st~.rss wing must 1~2 kept in mind. 

lq~~oln thr shifts of thr spnnwise ccntrl. of pressow cal- 

c*rll~itrtl iu tllis 1112innr1~ tllr vnlue of w for the tlrsid spnnwisr 
shift mu lw ol~tninrtl I)y inteq~olntion nntl, lwnw, tlir nppl.os- 
irnntr nir~gnihtion fwtoix to lx opplirtl to the stifl‘ness 
tlistr4~utiori for c~oiistnnt stwss an be ol~tninrtl fl*orn the 
di2ii.t 111 tlir top of figuw 14. Estimntcs for the otlirl 
r~c~fw~l~~st iv c~llrir~nc~trl.istic~s c*onsiclrwtl in this 1q01.t cnn then 
1w ol~tniwtl foi* tlir wing with this niotlifirtl stiffnrss distd)u- 
Iiorl I)y iutrq~olntin~ Iwt\vrrn the wsults gi\Yw for tlirsr 
c~ll~rf~~lc.t(~I~istic~s f01. wings \vitli w=O.5, 1.0, nnd 2.0; tht is, 
f01. I Ijr mses i~efr~wtl to, wspec’t ivrly. ~1s 

(h,‘c), 
(I/ T), 

=0.:5 

(h/c), 
(I/ ‘c), = 1.0 

i111tl 
(Ii !C’), 
(I/ Ic), 

= 1 .o (rsc~:~ss stIwlgtll) 

in tnble 2 nntl figuws 5 (I>), 7 (b). 9 (b), nnd 11 (b). Once 
the structure of sudi u wing Los been designed, tlic vACous 
nerorlnstic efrrts consideletl herein slioulcl be checked by ~1 
mow nccurnte metliod, such ns that of refewnce 1. nncl the 

loss of Intern1 contr~ol ant1 thr flutter clini*nctrl.istics sl~oultl 
be cnlculn trcl. 

CONCLUDING REMARKS 

Clinds liner l)rrn prrsentrtl fol* the rstinlation of nei.o- 
rlnstie effects on the spanwise lift. distd)ution, lift-cuve 
slopr, nr~otlynnmic center, nntl tlnniping in loll of swept 
nut1 unsvcpt wings n t subsonic nncl supclsonic spretls. 
Two types of stiffness tlistd)utions Iin\-r hen consitlel~etl: 
one ~vhicli consists of n vnAntion of the stiffness with the 
fori~~tli po\vrr of the cho1~1 nut1 is npproprinte for solid wings, 
nut1 our diicli is bnsrtl on nn itlenlizetl constant-stI*ess stmc- 
ture nntl is 1Aievetl to lw niow Ilend>- wplesriitntivr of 
nctunl stmctul.es. 

Thr limitntions of tllrse ellnrts nw that thry do not npp1.v 
to \vinss \\?th velg low nspect ratio 01‘ veq- Inlpr tinglrs of 
s\verp 1101’ to wing3 with lnlgr souwcs of concentrnted nrlo- 
dynamic forces. The hwts wc likely to 1~ less dinl)le 
for wings with ze1’0 tnpel mtio thnn for xings with othcl 
taper mtios nut1 less relinble when tlic component of the 
.\lncli number peq~rntliculn~ to tlic lending rdgr is tmisonic 
than \vlien this component is eitlirr subsonic 01’ supersonic. 
\\lings with lnlpe tliscontinuitics in the spnn\visr tlistd~ution 
of the brncling 01’ torsiorinl stiffnesses cmnot 1~ nnnlyzrtl 
tlitwtly by usr of tllr clinl.ts, but n nirnns of tnnliitig npprosi- 
mntr mlculntions fat. such wings hns hen prrsrtitrtl. SO 

dlnl.ts Iin\-r brrn prrsentetl fat. inrAin eflrcts hut ;I tnrtliod 

of estinintinp these rfl’rcts lens been outlined. 
In ntltlition to fncilitnting the cnlculntion of vn~ious static 

nri~oclnstic plir~ioIiiena, thr c.hwts serve to siniplif?- (Irsigti 
pt’ow~lrtt~c in ninny instnncrs, hcnitse they ctin be usctl 
nt the prr1inlinal.y tlcsign stnge to cstinlntr thr a1nount 
of ntltlitionnl nn;itrt%il wqitiiwl to stiRen a wing \vhirh is 
strong rnou,sli and lx~aosr tliry indicate tlint thr Iwsl \\-a>- 
of tlisttd~utirig Illis iitltlition~il niatrhil is to lomtr most 
of it neat’ the I\-ing tip. 

Also, tlw cluirts fncilitntr tllr nc.liirvrtnrtit of wt.oixo- 
clinic conditions. imisniucli ns they set’vr to tlrfinr ii siniplr 

tvlntiou ht\vccn the rlnstic-nsis lowtioti :lud tllr wing 
stiflnrss mtio which is t~eqitiwtl to ohtnin this c~otitlition 
for a givrti plntl fo~lll. Finnll~-, the c.llnt?s in(lic:i te th:lt il 

\vity n-likli is stt.onF enou& is most 1ikel.v to he ;lffwtrtl I)?- 
ncrorlnstic pl~rnomrt~n if it is to oprrntc nt Iligli (lynimnic 
pt~rssut~rs, if it is thin. if it Iins n lntpr nrigle of s\vrep. if it is 
tlrsignrtl fol. n lo\\- wing Ioncling, if it hns at1 rlnstiwisis 
locntioti t.rlntivrlJ- flit. Imel< on thr clio~d. ant1 if it is to 
opcrntr n t trntisotik 01’ high suprt3otiie .\l~ldi nuIlllwts. 



APPENDIX A 
JIETHODS OF CALCULATIONS ON WHICH THE CHARTS ARE BASED 

THE AEROELASTIC ERUATIOXS 

The methods of cnlculnting nerorlnstic pllrnomrnn used in 
preparing the charts of this report nre bnsril on tlic following 
assump hens: 

(1) Aerodynnmic induction is Inken into wcount by nppl?-- 
ing an overnll correction to strip tlieol:\- rind, whrn mat ris 
integrations are used, by- rounding off tlw wsulting load 
clistribution nt tlic tip. 

(2) Aerocl>-nnmic nntl elastic forces nw bnsctl upon thr 
nssumption of smnll deflections. 

(3) The wing is clnmped nt, the root pcrI~cntliculn~ to :I 
straight elastic nsis (see fi,. 0‘ l), and nll deformntions nrc con- 
sidered to be given by tlw elementnr~- theories of hntling 
nnd torsion nbout nn elnstic nsis. 

In keeping with nssumptions (1) nnd (2), tlie force prr unit 
width on n wing section perprndiculnr to the rlnst ic nsis is 

where (r, nricl erg nre, respectivcl>-, tlic nnglr of ilt hcli due to 
struct urn1 deformntions nnd the rigid-wing nnglc of n t t rick, 
in planes parallel to the plnnr of sytnmetr?-. (Th gcomctri- 
cnl angle of nttnck is considerrd to be coustnnt. ~ilong tlic spnu 
in equntion (Al); in the cnse of linenr twist the corfficirnt 
cL,. is used instencl of CL,.) Tlw torque of this force nhout 
thecelnstic nsis is le,c for uncnmbc~red sections. 

The integrnl equntions for tlw nccumulntcd torque :~ltl 
the bencling moment nre 

T= 
s 

” le,c ~1s (AZ) 
s 

nncl, insofnr ns nssumption (3) lioIds, tlir nngles of structural 
twist nnd bencling referred to axes pnrnllcl or pcrpendiculnl 
to tlir elnshc nsis nre 

(A4) 

(AS) 

The angle of nttnck clue to structural drformntiorls is rclntrd 
to cp nncl I’ by the equntion 

ff,=y cos A-r sin 11 (-46) 
38 

) gives two simult~nnrous C’ombinLng cquntions (al) to (A6 
difl’ewnt in1 equn 1 ions: 

Tlwsc rquntions nrc subject to the following bountlnry 
coriclit ions: 
Zero t\\-ist, nnil bending nt tlir root, 

Y(o)= 0 

I-(O)= 0 

Zrro torque. moment, nntl slienr nt tlir tip, 

(,A9n) 

(-49 b) 

(A 1 On) 

In the following sections, cqrtcltions (Ai) nntl (AS) nw 
solvrd rsplicitl>- for nn untnprt~etl wing wit.li constnnt. stiff- 
ness along its spnn nnd I)?- tnntris intcgrnt.ion for n. wing with 
an)- nrbitrnrY stilfncss nntl clioril \-nriation. 

SOLUTIONS FOR USIFORM WINGS 

Arbitrary geometric angle of attack.-If the t,orsionnl 
stifl’ncss, tllc bending stifhess. nut1 tlic chord of the wing 
hre constnnt vnlues (GJ),. (EI),. nut1 I’~, respectivclg, nlong 
the wing spnn. rquntions (Ai) mid (AS) become 

y” cos A\= - q* 
[ 

1 LY~+(~ ~0s -i-r sin A) 1 (Al 1) K 

~vlic~~c tlic differcnt~in t ion denoted by he primes is wi t.11 

respect to i== 1 --Is nntl the dimensionlrss pnwneters q* nncl 
SL 

(/ nre tlrfincd b? 

q*= 
c~,Cqe,c,2x,’ cos .I 

144 (GJ), 

CL,Eqc,.v,3 sin .\ 

‘==i22 (EI)r 

(A131 

(-414) 
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I)iffrl.clitiuling cquntion (Al 1) Once with respect to .$ nlld 

conibining it with cquntion (A12) yields the single differentin 
cqunlion 

&“‘+ q*a,‘-~a,= -q* $+ij T (Al5) 

(‘l’l~r f,iclor i is usctl with (Ye for the snkc of coiisistenc~-, 

tlcspitc ttic fnct thnt n geomctricnl angle of nttncti wliicli is 
constnnl over the spnn does not linve a spnnwise tlerivntirc.) 
ISquntion (h15) is suhjcct to the following bountlnr~- 
vontlitions: 
l~i~~iii quntions (A9n) nn(l (1191)) 

as(l)=0 (A161 

lTroxn cquntions (AIOn) nntl (AlOb) 

as’(O)=0 (Al ‘7) 

14*01JJ cqwtioiis (Al&) nntl c.411) 

as” (O)= -q* [ $~+, (O)] (AIs) 

whcrc func*tionnl notntion is risctl, so tht, for iiistnnw, (Ye (,l) 
iiuwis the vnluc of CU, nt E= I. 

The solution of cquntion (A15) cnn be cfectctl very ren.tlil~- 
hy inews of Lnplacc transforms. The complete solution of 
ttlis cquntioii is 

CY 5 (()=LQ, f (Q-I-I(t) 
.13(l). 3 (Alg) 

39 

C,=-C, 

‘he condition for divergence is that (Ye bc finite driw q. is 
ZPI’O  nlOJlg tile eJJtilY2 Spn.11. As cm be Seell fJ’OlJ1 cqwllions 
(A19) nnd (MO), divergence cnn occur only ~dlell 

.idl)=O (.wz) 

‘I’l~us. for n tx~i~ticiilnr vntiic of the prnmrtcr I;=-$ tt~i> vnlue 

of q* (or 2) nt divergence is the one which sntisfies equntion 
(A22). 

Constant geometric angle of attack.--For the ntlditional- 
t?-pc nagle of nttnck, ag(tj=Collstnnt: 

For lift clistrihutions 1xw.d on nssuinptioii (1 j given at the 
heginning of this nppaitlis, the lift per unit’ width of spnn 
niny then lx written as 

The wing lift coefficient, the xviug-root betltliIl,o-iiiolllel~ t 
c.oeffic.iclit, nntl the u-ing-root t\\-istiJJg-momeJJt coefficient nre 

given iii gfJJwn1 by 

(A%) 
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SIC, s, = c;. ~ a S/2 b,K! . 

p,= aT, 
qscr 
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(A 2 i) 

(A2S) 

(A29) 

Linearly varying geometric angle of attack.--For thr 
linenr-twist-t>-pc nngtr of nt trick, c+(t)= (1 -E)ql, tlic fnrlol 
h’ is 1, nntl 

II’1(5~=cu,c~)-l.j3(,t)-.~~(~jl %!, (A30) 
so thnt 

I a,(S) f ol,(EJ -= ~~ ~~~~~ 
I “I a 81 

(A3 1) 

'the JXtiOS Of tllc Wing lift. u%y-rOOt I\\-kthg 11lOl11Cllt, m~tl 

wing-root bending-iiioment cocfficicnts to thrir rigid-wing 
WItllCS nre thCl1. 011 the tJnSiS Of nSWmtJtiOll (1). 

SOI,UTlONS FOR SOXUSlFORhl WISCS 

Eqi~ntioii (-41) map lw \wittrn in the inntris iiotntion of 

(A341 

(A3G) 

wlirix~ t1ir mntris [I’] prrfolnls nil intcgrntion of th xwnniii~ 
toqi~i~ /f,c from the tip inbonxd, niid tlir mnti*is [Irl] prr- 
fornis n ilooldc intrgrntion of tlir running lontt from the lip 
inlwxlrit. Tlirsc mntrices fl1.r ttci~ivctt nwl given ill rrfrrencr 
1. Tllr- 2i1.r bnsctt upon Simpson’s lutr with n mottifir~~tion 
nt thl~ tit), \\-tlCrC ttlC tOntt ttiStI’itJUtiOl1 iS nSSlll~llYt to go to 

zrro with 1111 iiifinitr stop.? nl thr tip. 

(AX) 

(ASS) 
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l1~1-~*l-~ll I Ka~+ag}={ q.} (A42) 

Tltr srt of linens silnriltmcous equations rcpwscnlctl by 
qwilion (2143) mny t.hrn be solved for tllr totnl nnglc of 
11(1wl< m+ag in tr17iis of tlic values of cu, nloiig tlic spnn. 

The intcgrxtions in equations (AX), (A%), nntl (AZ) 
Iiuiy br pr~foimetl with thr fiist 1’ows of the [I’] n.ntl [II’] 
rnnt ruiws. Tllus 

Illltl 

‘1‘11~ nri.orlnstic clinrnctcristics of unifoim wings were 
cnlculntrd by both tlic cliwct metl~otl of the precctling section 
cd the ninth nletl~otl given in this section. The values of 
t11c tl i\wpmc pnm111etcr q*D, cnlculnted by the direct 
niclliod, \vrw found to IKS nbout 5 prrccnt greater thnn the 
c~oi.i~rsl)oiitlii~,v w~lucs cnlcrilnted by the rnnths method. 
‘I’llis tliscwpnnc~ cnii lx sliown to be nlrnost entidy tluc to 
Lliv iwuntling of? of tlir lontling of the wing tip in the mnth 
InclI~otl. The tli~riw~ws l~ctwcci~ co~wspontling dues of 

COhlUINATlON OF RESULTS 

‘l‘lir fo~mis of the upprosimn te fomuilns usctl in combining 
the wsults of tlir ninny computations intlicntcd iii the niinl~sis 
k7’1.e ol~h~inctl by consitlri.in, cr n highly itlenlizctl scniikgitl 
wing; tllrit is, n wiiig which is Cgid nloiig its entim spmi but 
cm hntl nut1 twist n.t tlic win:: root stibjcct to tllc wshint of 
11 Iwntliiig aid n tolsioii spring. 

If it is nssriinrtl tlin t the h-0 sphi g coiistnnts co~~spontl 
to W), nllt, W)r 

s , -7 tlic \-due of q* nt tlivcqyncc is given b?- .s I 
tlir siinplc loimuln 

K, 
Q*O= 1 -Ii& 

(114 6) 

~~~I~~IY~ tllcl fwt0i.s I(1 niitl I<? tlcpcntl on tlic taper latio nnd 
tile spnnwisc vnhtion of tlir stifhcss. As shown in mfcwncc 
2, this foimuln sewcs ns n good n.pprosinlntion to the cslcu- 
htrtl vnlurs of q*D. 

For the scmi~igid wing, the la tio of as to cu, is found to be 

propohionnl t.0 -rrLqL? . 
1-L 

In OIY~CY to ntlnpt this cspwssion 

QD 
to the flcsiblc n-ings consitlewtl in the present nnnl.vsis, the 
following npprosirnn.te esp~essioii wns found to provide 
sa tisfnctory cowcln.tioii: 

wlir1~2 j nnd A*! nw functions of the spnnwisc coortlimite S* 
md the wing-chold nnd stifl’ness mwintions; F is n function 
of the pnmneter k nnd tlir wing-chord and stifl’ncss \-nrin- 
tions. The functions f, Aj, nnd F also depend on the type 
of spnnwisc vndntioii of the geometrical angle of nttnck. the 
subswipts 1 and 2 being used to distinguish between the two 
types of interest. The nccumq- of equntion (h-17) is 
illiistmted in figures 16 and 17. 

If cquntion (-425) is used for tlic wing lift coefficiriit (with 
[ wplnced b\- s*) nntl equation (A4i) for the nngle-of-nt tack 
tlistd~ution, the \ving lift corfficient inn\- be expressed 115 

)- 

I- 

t 
t 

:t 
t 
t 

c 
1-k (l-v) 

L,c=-- 
c  

L440) 
L,O 

l-5 

E 
v .z .4 .6 .I3 1.0 

Dimensionless distance olong span, s  l 

J: IGVRE lG.-Comparison of angle-of-attack ratios calrulatctl by the 
matrix nwthod of appendix r\ \vith those calculated from equation 
(20) for constant geometric angles of attack at various tlynarrlic- 
premlre ratio5 X=0.5; k=S; ~tiffncm3 proportional to d. 
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.6 

0 .2 .4 .6 .a 1.0 
Oimensimless dislonce along span, s* 

FxCrRE 17.-Con~parison of angle-of-at tack ratios calculated by the 
matris method of appendix .-\ with those calclllatctl frown cquat ion 
(20) for constant geometric angles of attack and for various values 

of the parameter k. X=0.5; tD=i: Aifnrsacs proportional to c~. 

n-here the pnmmctcl 

s 
‘1; (.r+F al) h* 

vGLo 

s 
SIC Lu, 

(-450) 

60 that8 v n~~cl~~ nrc functions of k ant1 of the wing-chord nncl 
CL 

stiftiwss vnriatik ant1 clepcnd on the type of geomct,rirnl 
nngle-of-attack clist ribut ion ns well. 

-4s inclirnted b>- rquat,ion (A47), within the npprosimn.tion 
hlwrrnt~ in that8 equation. the shape of the spnnwise (list ribu- 
tion of as cloes not vnr>- with clynnmic pressure. Tlwwfore, 
to fl good npprosimntion, the Intern1 center of pressure of the 
lift due to LU, (ns well ns tht clue to cyg) does not. chngc its 
position along the rlnstic axis when the cl\-nnmic pressure 
chnngrs. The following npprosimntc formula for the wing- 
root bending-moment coefficient may tllertforr be tlrclucwl 
from equation (84s): 

(A.5 1) 

where ZS* n11cl Z,* nrr he climensionlcss moment arms nhou t 
the ef?rctivr wing root of the lifts clue to aS n1lc1 LY~ and arc 
clefinecl by 

:lJltl 

s,* 
P E-s,* (A53) 

c, . so that - 1s ii function of tlw pnrcwieter k, of the taper rnlio, 
C EO 

n1it1 of the st.ifYness clistributions; it, nlso tlrpencls on the type 
of gcomrt~Gxl nnglc-of-nt~t~ncli distribution. 

hi approsimn te formuln. for the wing-root txisting- 
moment coefficient may 1x2 dcclucctl from equation (-145) ns 
follo\vs: 

2.. 
CT=&/ ~~ ‘lo-- cL,o+41,cL,o (854) 

l-5 

\\-11cw 4,. n11cl ela nre the efiective climensionless moment 
arms nbout the elnstic nsis of the lifts clue to cyS nut1 ag nIld 
are defined by 

Tr* &*=- 
; L,G 

mtl 

TTk- &g=- 

; L,G 

Theu 

CT -= 
l-J& (1 -VT) 

C TO l--Q 
6455) 

wlierc 

c’, . so that - IS 21 function of I%, he taper ratio, nncl the stiffness 
cTo 

distributions and also depends on the type of geomctricnl 
angle-of-nthclr clistril>ution. 
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‘I’lle vnlucs of v, p, nut1 7 nre given for the t\\-0 types of 
gccomctricnl angle-of-nt tnclr distd~utions in figures 9 nnd 11. 

J:igurc IS sl~ows tlw npprosimnte formulns (X49), (AL32), 
nntl (1155) to lx in good ngreement. with mow nccwntclp 
~OJlJ~J~l td VfLl~ICS. 

‘I‘lrc foregoing npproximnte formulas for the structural 
nnglv of nttdc nut1 for the lift, l>endin,a-moment, and 
t~~~istir~~-lllol~lcnl cocfkicnts nrc not npplicnble to wings with 
zero lnpcr rntio. AI) nt temp 1 wns mnde to combine nntl to 
syslrmntize the results cnlculnted for such wings in t.hc 
mtlnner cmployetl for wings with other taper rstios, but the 
npprosimntc formulas obtninetl in this way were fOlJIlc~ to 

yirltl unrdifhlc results. Consequently they are not pre- 
scwlrtl in this report; instend, tlic results cnlculnted for the 
\ririgs with zero tnper rntio nre presented directly in figures 
G, S, 10, and 12. 
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F~ocaE lS.-Colnparison of lift.- and moment-coefficient ratios for 
consta11t geometric angles of attack calculated by the 111atris method 
of appendix A with those calculated flom equations (26), (27), and 
(3s). X=0.5; k=S; stifinesses proportional to d. 



APPENDIX B 
STIFFNESS DISTRIBUTION OF CONSTANT-STRESS WINGS 

OUTLISE OF C~~STAST-SCRESS c0h’cw-r 

In 01dcr to c~lcuhte neroehstic cHcrts, the lwntling ant1 
torsional stifl’nesscs of the u-ing st.IwctrIIr I:‘1 nntl GJ IIn\-e to 
be known. These stifhrsscs enter the c~n~cuhtions in two 
wnys . The root. stifhcsscs, as indices of the o\-eri>ll lx~ntling 
mcl torsionnl stiffncssrs. constitute prim~~ry pnI~n.mc~tcrS 
which nre rcqIIired in the use of the c*l~:rrts of this rcp01Y. hot 

\\-erc not rcquircrl in the pI’C’pilIXtiOI1 of tlic c.lI:I.rts. on t.hc 
0th linnd, tllc stiffness tlistt.il,utioIls-t.lI:~t is, the IXtiOS of 
the locnl stiffncsses nlong tlic span to the root, stiflhrsscs~-:wc 
sec0nh.v pnrnmeters wliiclI :Ire not wquiwtl in tlct2iil in tllc 
USC Of t1lC cllnrtS l)llt did ha\-c t0 l>O ilSSllIllCt1 in OrtIer to prc- 
pnrc them. 

In cnlculntions prcliniimir~y to the nctiinl design of l.lIc 
structure, tlw bending nntl torsionnl stiffncsscs of the strut- 
turc nw not ltnowi; the>- must. be estimated on the hisis of 
ritlwr past espcricnce or ConsitlrIxt.ions Of :in idenlizetl strr~c~- 
turc. For the purpose of cstimntin g stiffness tlistril~iItions. 
pnst esperiencc with similnr struct iIrcs is likely to 1~ :I. useful 
guide in fin)- specific case but does riot lent1 ikrlf to geIier:Ili- 
zntion ,znd lwncc to the prcpnIntioIi of ~encI~al1~ ~~pplic:~l~lc 
Chrts. The stiffness distrihIItions (0111cr t1Iil.n tllosc AiclI 
vnIJ- as t11r folll~tl1 po\\-cr of l1lC c~1lortl) usPt1 to pl’(‘plIY’ IllC 
C.llill?S Of I his ITpOrt 1lzlVc hen ol~t~ninrtl fro111 cOIlSi~l~~l~iIl ions 
Of fin idcnlizctl st.rrIctiire, i1S out.lincvl iI1 this nppcIi,lis. 

Thsicnlly, tlir IllctlIOd of this ;Ippentlis cnonsists in ilI1 cn’orl. 

10 rclntc lhc stif?ness of a wing to it:: strcngtli :intl to eslim;ttc 
tllnt strcngt,li on the hasis Of wrl:lin assrtmpt.ions. TlIc 
fUlltlZlIll~~Ilt~Il :IssrImplions :Irc 1lI:I.t tlIe hiding :l.Iltl lOl~SiOllill 

StWSSCS 2I.C COIlStZlIIt illOIl:: tllc St):I.ll ZIIltl t.llZll tllr ilj)plicVl 
loading is propoI.tiOn;Il 10 the lO(*iIl CIIOIY~. Tl~e 0t1Ic1. iISSIIIIll)- 

tions conwrn Ilro lwnding ilIlt tOl~SiOIli~1 slrrssrs c*nuwtl 1)~ 

Ihis lOat :IIltl tlwir relation to their :lllo~~~:Il~lr ViLlII(Y5. In 

estimnling tliese st~~rssrs 111~ st twct~~rc is ;~ssr~~ncvl to he 
cssrntinlly of 111~ thin-skin, sl ~in~cr-~c~info~c~~(l sliell TV-1x1. 
Ccrtnin rffrc.ti\-eIlcss fnc*tors :IrC lIsetl~--for iIist:~Iiw, tile l’iltio 

Of the nllO\\-:ll)le toIsional StITSS t0 tll(‘ iIllO\Vill~l~~ lwntling 
Stress, Or tllc ratio Of the CI’OSS-WctiOIIiIl iIre: of tllc effwtivc 
torsion cell to the product Of 111~ c~l~ortl :iIitl the u+ thick- 
ness. The root sliflncssrs rstiIII;Itctl l)?- tlIr rnctl~otl Of this 
ill)peIltliX dCpf?lltl tliIwtl?- 011 t lie \-:IlllW Of llIcSe I’illiOs. TllC 
stiffness .listril~rItions, 011 I.hC Otllcl. IIilIltl, :llT lill’gC’l)- intlr- 
pcntlcnt of tllcse Ixtios l,rIt imply tile ;issiiIiiption tllilt the 

13 tios arc nppI~oxiIIi:itrl~ constant along the spm. CoIlsr- 

qucntly, th constnnt-st L’CSS concept use.1 in this :Ippcutlis is 
mow likrl>- lo furnish useful wsults for sliffncss tlistrihutions 
thnn for the root slifYncsses, iIlltl, l)cCillISC Of tlIC t!-l)fJ Of 

structure :IssIImrtl, llic concept is not ilpplic:ll)lc to Vc’Iy- thin 
wings. 

14 

ASSUMED APPLIED LOADS 

If tile ill)l)lietl IloI~Illnl land is distril~utetl in aI mfiliner 
pI~OpOI~ti0Iii~l to thr rlioI~1, that is, if 

I = KC! (Bl) 
the trending rIIomeIit nt nny point on the span cn.n lx obtnincd 
ly integrating the chord distribution nsfollows: 

~-here s* is the dimensionlesS distnncr nlong tlir ~~cfcrcnce 

nsis mcns1i1w1 from the effective root. Similnrly, the totnl 
IlOl’lIlill lO:ltl 011 011e wing is given l)y 

If tlIr \viIIg is 1iIwnrl.v tapered, SO IlInt 

c=c, [I -(I -x)s*] 

N-IIPIT t11c tnper ratio X is tlrfi~irtl 1)~ 

tIleI tile ixlio Of Ille 1~rndiI~g 1110IIlellt ilt :lIly point Of tlic 
sp:lIl 10 IIIC prodrlrt. of IlIe lOtill IlorIIlnl lond nnd tile wing 
semiSpan less OllC?-llillf Of IlIc frtwlnpr width cnn be espivwyl 
:1s follow: 

\vllCrC lllc fuIictioIij6 Of .v* illlIZ X is tlrlinra l)\- 

(W 

Silllili~I~l~, if tile lllOlllPIlt i11’111 Of tllC IlOl~Illill 1O:ltl npplictl IO 
tllC \vitIg :It ill)\' StiltiOll is 2llsO pI~opOI~tioII:~l to tile rlIOrtl, tile 
COIlStilllt Of l~r0~~~~I~lioIl~Ilil~- l)eiIix c,, tlic tlislI~il~utrtl lorqur 

:lI ilIly SlilliOIl is IllCll P,C/. :lIltl tlIC r~crrIIIIrtlnlrtl tOr(lllC is 

\\-1IiclI IIliIy. iI1 tlII2I, be eXpresSed ns 

(13.5) 

(BG) 
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\V~ICIIY’ 111c function ,I; of s* n1It1 X is defined by 

*2 1 (l++) (By) 

nlitl the nvcrngc chortl C is defined by 

;= 
c,+ct 

-2 (BS) 

Tl~c function-fi is shown in figure 20. 

‘1%~ totnl ~iormd lond on one wing P c*n.n bc estimn ted 
from the design gross weight nnd the design lond fnctor of the 
nirplnnc in the following IIimIIe31’: 

P=i (L,- n WJ (W 

If the function of the wing lift to the totnl lift cnrrirtl by the 
nirplanc (including tlint of the fusclngc nntl tnil) is designnted 
l,y 111, so that 

?,= LA 
L lulnl 

.5 

0 

I.4 

.I .2 .3 .4 .5 .6 .7 .8 .9 I.0 
Dimensionless spanwise distance, S* 

I~Ic;I.~~ IO.-The I~rtldi~~g-l~~olneIrt. function js. 

.8 
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.6 
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Flr;rn~.; 20.-The t.\~istilig-rnolnent function j;. 

and tlic fraction of the wing weight (including the unmount of 
fuel, esternsl stores, nntl so on used in the criticnl design 
condition) to the total design gross u-eight is designated 1)~ 
12, 

ri, 
tlr= Ii- 

then cquntion (BO) mny lw writ ten ns 

With the vnhc of P given by cquntion (BlO), cquntions (B3) 
~~ntl (BG) serve to cspress the locnl bending nntl torsionnl 
moments in terns of known design pnrnnietcrs. 

EFFECTIVE SKIN THICKNESS REQUIRED TO RESIST APPLIED LOADS 

The wing stluctwc has to resist both the npplied bending 
moments mid the npplietl torques; in other words, the lond- 
cnry-kg members must resist combined nsinl nnd shesl 
stresses. A relntion commonly used in the design of wing 
structures londed b\- compressive nnd shenr stresses tlrw to 
bcntling nntl torsion moments is 

h+(L$1 

u-hrrc -fb is the npplictl bending stress, J, he npplietl shenr 
stress, FB the :tllownl~le (compressive) bending stress, und FT 
the nllownblc shenr stress. However, n similnr rein t ion, 

fe .ft zfz=l (Bll) 

is somcu-lin t ccmscrvn t ivc nnd much more convenient for the 
present, purpose nnd, consequentlg, is used BS the bnsis of the 
followhig development. If the margin of safety is not zero, 
equntiou (Bll) can be rewritten ns 

ftl .ft _ 
z+r;;l- ‘74 (Bl2) 

w11crc Q is m efl’ectiveness fnctor which cnn be expressed in 
terms of the mnrgin of snfet>- (11. S.) ns 

1 
q4=iJ+Al. s. 0313) 

The npplied bending stress is 

jb.- y” 0314) 

u+erc z is the mn.simum ordinn te on t.lie compression side 
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mensured from ant1 normnl to the chordwise principal ask. 
Similnrly, the applied shear stress is 

h=& (B15) 
di 

mliere A is the cross-scctionnl ~wrn of thr (nssumrtl) single 
torsion cell nnd t is the skin tliickncss on the compwssion 
side. Substitution of equations (B14) nntl (B1.5) into 
equation (B13) yields 

In order to relate tlic hiding n.ntl torsion stiffness of the 
wing to the skin tliicluwss t or to an equivdcnt tliickness f, 
which includes the mnt,erinl in the stringers nut1 spnr flnnges, 
the bending stress is nssumrtl to be crwrictl 1>\- n box cowred 
with sheet of nn cficctive thickness t,, the wchs nre nssumrtl 
to cnrry no bending stress, nut1 the torsion stress is nssumctl 
to be resisted by nn cquivnlent~ single cell, tlw two webs of 
which contnin n.11 the mntcrinl of the actual webs. The tor- 
sion cLntl bending moments of inertia may then Ix n-rittcn as 

where the effectiveness fnctors q5 to q15 arc clefinctl in table 
1. In the fnctor q9, the eflectirc perimeter F of tlic torsion 
cell is the sum of the lengths of skin nround t,hc perimeter, 
each w$litecl b>- the rntio of the tliickncss of tlic criticnll~- 
stressed element to the tliickncss of the given length of skin. 

\vlierc 

(1323) 

Wlicn the vnluc of 1 giveu by equntion (BlS) is substi- The function .fs is plot ted in figure 22. The vnlue (El), mny 
tuted into equntion (BIG), equation (BlG) mn~- lx written ns 1~ obtniiietl from equntions (BIS) nntl (IQO) ns 

t,= 1 (Bin) 
F 

By making use of equntious (B3), (B5), nnd (BlO), ns ~11 
as the effectiveness fnctors VI,, to VI9 dcfinctl iu tnblr I, 
equation (B19) cnn be written ns 

f = t/3115 /I w 

“f2 .f6 ( 

t11&l 1 

’ tlrqls F, c2 cos .i h/c I+~, /h ) 
(B20) 

The fnctorjs is defined in terms of the fnctors.f, nntlji gi\-en 
by equations (B4) nut1 (Bi) as 

.f,=; $y (B21) 
I. ( 

The function js is s1low-n in figure 2 I. 

.28 I I I I I I I I I I I I I I I I 
I 1 I- 

.08 

.I .2 .3 .4 .5 .6 .7 .8 .9 I.0 
Dimensionless sponwise distance. 5’ 

FIGI.RE 21.-The Inonwnt-ratio function .fs. 

BESDING AND TORSIOSAL STIFFNESSES 

Suhstitutiou of the vnlue of I, given by cqunt,ion (B20) 
into cquntion @IS) yields nn expression for the bcntling 
moment of inert in I or for the heiitliiip stifl’ness EI nt nny 
point nlong the spnn. The v-nluc of this stiflhess nt nny 
point on the span mny be diriclctl I)>- tlic stifl’ness nt tlic 
King root (E1),. This rntio cn11 then be expressed ns 

(1322) 

WllCIV 

The function Iz, is sho~vn in figure 3 ns n function of x with 
Tlgel 

~- as the pnrnrnrtrr. 
A., 

Similnrly he torsionnl stiflncss GJ mny lx obtninrtl by 
substituting the due of I c given by equntioii (B20) into 
equntion (B17). Ho\revrr, from cquntions (7317) nntl @lS) 
the rntio of tlic torsionnl st,iffIless to tlic lwncling stift’nrss 
mny be ol~tniiirtl in the form 

(B”6) 
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is  thnt whatever \-dues the efiectiveness fnctora hn\-e are 
newly constnnt along the span. In order to estinintc the 
value of (EI),, however, these factors must be lrno~-11, s ince 
they enter directly into equntion (B24). Estimntes of (EI), 
nnd (GJ),  obtnined in this manner are, therefore, subject to 
all tlic  limitations iniposed by the npprosimntions of the 
constnnt-stress concept. Hence, some judgment must be 
esercised in using these estimates, nnd, if possible, they shor~ld 
be modified in the light of esperience. 

.8 

.6 

0 .I .2 .3 6 7 .8 .9 
Dimension& spb5nwise ‘distance, .s* 

13c;rrnrs 22.-The stiffness-distribrltion function 19. 

This cquntion sho~vs thnt the rntio GJ/EI is  constant n.long 
tllc  spnn within t,hc frnmeworlr of the constant-stress con- 
ccpt. Equation (E26) mny, therefore, be interpreted as an 
esprcssion for the vnluc GJ/EI nt the wing root, thnt is, for 
the vnluc (GJ),/(EI),. The torsionnl stiffness at any otlwl 
point on tllc  sptui cnn then be obt~aincd from equation (B22), 
s ince 

G J  PI m,.-. -- 
(GJ),= (m), 

(DIZ 1) 

lwcnusc GJ/EI is  constant over the span. 
The stifl’ncss rntios GJ/(GJ),  nnd EI/(EI), cnn be ob- 

Lnincd tlircctly from figure 22 \vhen the thickness rntio h./c 
of the wing is  constnnt nlong the spnn; if the thickness rn.tio 
is  1101 constnnt., the fnctor f9 obtained from figure 22 must 

h/C 
1x1 nlult,iplicd by the rntio __ 

(h/4 
at any station to obtain the 

stiffness rntio al thnt stntion. As may be seen from figure 
22, Lhc function f9 does not vary much with the parnmetcr 
ywe1. mm-J tllis  pnrnmeter represents the ndditionnl nmount of 
A* 
sk in Lhiclincss rcquircd to early the torque (see eqs. @ IO) 
ant1 (B2O)), and this ndditiorlnl thickness is  small for most 
c~onvcntionnl wing structures. Consequently, nn avcmge 

vnluc of F&=0.03 wns used to obtnin the st.ifYness distri- 
A* 

bu tions used in t,he ncroclnstic cnlculntions 011 which the 
charts of this report n.re based. 

Equntion (B22) shows that, once a value hns been nssumed 

ror the trr111 F I the stiffness rntios EIJ(EI), and GJ/(GJ),  

nrc independent of the effectiveness factors used in this 
analysis. Therefore, specific  values of these pnmmeters need 
no1 be hewn in order to estimate the stiffness distributions, 
I)ut. one of the assumptions on which equation (B22) is  based 

STRUCTURAL WEIGHT ASSOCIATED WITH THE STIFFNESS DISTRIBUTION 

The incrense in structurnl weight associnted with a given 
increase in stifl’ness cnn be estimated on the bnsis of nssump- 
tions s imilar to those mnde in relating the stifkess nnd the 
strength. For the purpose of this nnnlysis the vnrious com- 
ponents of the win g structure, exc lusive of the cnny-through 
structure within the fuselage, nre c lnssified in two groups: 
one which contains the elements thnt tnke the bending and 
torsional lands due to the nssumcd loading nnd one which 
contnins all other components. In the first group nre 

(I) The nmount of top and bottom sk in that is  used in the 
estimn tion of the thkknesses required to withstand the 
bending nnd torsionnl londs, including stringers nnd spnl 
flanges included in the equivalent sk in 

(2) Kebs, including any web stiffeners 
In the second group are 

(1) Skin, stift’encrs, false spnrs, nnd so on, which are not8 
considered in the estimntion of the equivnlent thicknesses 

(2) Ribs, bulkhends, nnd posts designed to rnise the buck- 
ling strength of the cover sheets 

(3) Control surfnces and their supports. nttnchnlents, 
and actunting mechanisms 

(4) The supports of internnl stores 
This nnnlysis is  concerned only with t.he first group and. 

more specifically, with the relntive incrense in the weight of 
this group occnsioned by an incrense in stillness of the mnin 
structure. hIenns of estimnting the nctunl magnitude of the 
weights involved nnd of estimnting the weights of some of the 
items in the second group as well nre given in references 9 
and 10. 

The weight. per unit length of the structural elements of the 
first group cm be written ns 

w,=2Qjlj.‘,-f*ctc (B2S) 

x lirre ys  is  the density of the material of the primnry striic- 
ture (or nn equivnlent density in the case of snndn-ich con- 
struction), )721 is  the rntio of an equivnlent perimeter F  to 
t.he nctunl perimeter of the cell, nnd F  is  the sum of nll the 
lengths which constitute the perimeter, each multiplied by 
the ratio of its  equivnlent thickness to the equivalent 
thickness fL of the upper cover sheet. 

In v iew of the assumption mnde concerning the combinn- 
tion of bending and torsionnl stresses, the thickness f, re- 
quired in equation (BUS) cnn be obtnined from equntiou 
(BIS) ‘as 
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so that 

Ol- 

Consequently, the totnt weight (for both wings) of the struc- 
tural elements of the first group cnn be estimnted from the 
retntion 

Equntion (B30) serves to estinmtc relatii-e chnges ill the 
weight of the first group of structurnl elements. For instnnce, 
with n given distribution of I nnd h. ttint weight is directly 
proportionul to I, nnd inversely Iwoportionnl to ii,‘). Simi- 
larly, given two different. distributions of I and Ir. wit11 the 
snrne vntues nt the root, the ratio of the weig1tt.i: is equnl to 
the rntio of the two values obtnined hy wing the respective 
distributions of I nnd h in the integrnl of equntion (1~30). 

Although the net unl vnlue of 11; is riot relevnnt to this dk- 
CussIon, it niny he estininted by substituting tile previously 
cnkulnted stifiness distrit)utions into cqualioli (1330). and 
the result is given here as n nintler of penernl intrrest: 

where 

According to equation (B:31), the structurnl \veig:ht is di- 
rectly proportionnl to the design gross \vci.gtlt, lond factor, 

swept-spnu nspect rntio, spnn, nnd density of the niaterinl 
of the prinin.ry structure nnd inversely proportionnl to the 
nllownble stress nnd the wing thickness ratio. The depcnd- 
ewe of the weight 011 the tnper rntio (all other pmameters, 
notnbly the nspect ratio and span, nre the same) is illustrated 
in figure 11 by n. plot of the function F, ngninst. tnper rntio fol 

severnl values of the pnrmneter 2% nnd for several rntios of 
AA 

the wing thickness rntios nt the tip nnd nt the root. 
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