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ON THE DEVELOPMENT .. OF TURBULENT WAKES FROM VORTEX STREETS 1 

By ANATOL ROSHKO 

SUMMARY 

Wake development behind circular cylinders at Reynolds 
numbers from 40 to 10,000 was investigated in a low-speed wind 
tunnel. Standard hot-wire techniques were used to study the 
velocity fluctuations. 

The Reynolds number range of periodic vortex shedding -is 
divided into two distinct subranges. At R=40 to 150, called 
the stable range , regular vortex streets are formed and no turbu­
lent motion is developed. The range R=150 to 300 is a 
transi tion range to a regime called the irregular range , in which 
turbulent velocity fluctuations accompany the periodic formation 
of vortices. The turbulence is initiated by laminar-turbulent 
transition in the free · layers which spring from/the separation 
points on the cylinder. This transition first occurs in the 
range R=150 to 300. 

Spectrum and statistical measurements were made to study 
the velocity fluctuations. In the stable range the vortices decay 
by viscous diffusion. In the irregular range the diffusion is 
turbulent and the wake becomes fully turbulent in 40 to 50 
diameters downstream. 

It was found that in the stable range the vortex street has a 
periodic spanwise structure. 

The dependence of shedding frequency on velocity was success­
fully used to measure flow velocity. 

M easurements in the wake of a ring showed that an annular 
vortex street i; developed. 

INTRODUCTION 

It is always difficult to determine precisely the date and 
author of a discovery or idea. This seems to be th e c~se 
with th e perioclic phenomena associated with flow about a 
eylind er. Al tllOugh th e effect of wind in producing vibra­
tions in wires (aeolian tones) had been known for some timl' , 
the first experimental observations are due to ~trouhal (ref. 
1) who showed that the frequency depends on the relative 
air velocity and not the elastic properties of the wires . ~oon 
after , Rayleigh (1879, refs. 2 and 3) performed similar 
experiments . His formulation of the R eynolds numbt'l' 
deppn<lenee d('monstrates 11is rrmarkahle insight inl.o t.h(, 
p!'obkm, 

Thes(l pa!'liest observations W('J'(~ ('Olu'P!'IlPd wi I.h I.ll(' !,pln­
tions hetwppn vibl'lltion fJ'('qllt'IH'Y I1nd wind vp\o('ily, TIl(, 
pe!'iodin nntul'(' of the wake wns dis('ovPJ'(,d Ink!', nlt.hou~h 

L('OIlI1!'clo cla Vinci in t.lw {if\.l'pn\.h ('l'n\.ul'y 111\<1 1\1 "Plt<ly <lmwil 
SOIl1(~ ml,lln!' ILc'c'um\.e skpLl'lH'S of 1.1l!' vOl'kx fOl'llml.ioll ill I.hc' 
How bdlilul hlu!!' hodil'~ (rd, 4), How(\VPI', LI'Olul.l'do 's 

drawings show a symmetric row of vortices in the wake. 
The first modern pictures showing the alternating arrange­
ment of vortices in the wake were published by Ahlborn in 
1902 (ref. 5); his visualization techniques have been used 
extensively since then. The importance of this phenomenon, 
now known as the Karman vortex street, was pointed out by 
Benard (1908, ref, 6). 

In 1911 K4rman gave his famous theory of the vortex 
street (ref. 7) , stimulating a widespree.d and lasting series of 
investigations of the subject, For the most part these con­
cerned themselves with experimental comparisons of real 
vortex streets with Karman's idealized model, calculations 
on the effects of various disturbances and configurations, and 
so on, It can hardly be said that any fundamental advance 
in the problem has been made sinre Karman's stability 
papers, in which he also clearly outlined the nature of the 
phenomenon and the unsolved problems, Outstanding per­
haps is the problem of the periodic vortex-shedding mecha­
nism, for which t.here is yet no suitable theoretical treatment, 

However, the results of the many vortex-street studies, 
especially the experimental ones, are very useful for further 
progress in the problem. Attention should be drawn to the 
work of Fage and his assoeiates (1927, refs, 8 to 10), whose 
experimental investigations were · conducted at Reynolds 
numbers well above the ranges examined by most other 
investigators, Their measurements in the wake close behind 
a cylindel' provide. much useful information about the nature 
of the shedding. .More recently Kovasznay (1949, ref. 11) 
has conducted a hot,-wire investigation of the stable vortex 
stree t (low Reynolds numbers), 1.0 which frequent reference 
will b(' mad(, . 

Vortex-street pat.terns which are stable and well defined 
for long distances downst.ream actually occur in only a smull 
range of cylinder R eynolds numbers, from about R =40 to 
150, and it is to this range that most of the attention has 
been given, On the other hand, as is well known, periodic 
vortex shrdding also occurs at highet' Reynolds numbers, 
up to 105 or more, but the free vortices whirh move down­
strram 11.1'(' quickly oblitt'mt.ed , by turbulent diffusioll, and a 
turbulPnt wnkl' is ('stnblish ed . 

The pl'l'sl'nt int'('I'l'st in I.hl' vorl·px Stl'l'l' t is d ur to somc 
q ul'sl.ioIlS arising from Ow st.udy of t.urbulent flow bl'hind 
<'ylindl'I's and gi'ids, Such sl.udi('s are usually milOt' nt. R('vll­
ol<l~ Ilumht'rs for which ppriodi(' VOl't.t>x slwdding from thc 
cylilldc'r~ 01' grid rods might. 0('('111', Howl'vl't', Ihl' lllt'flSlIl'l'-

1Il!'llls lire Illways 1.llkl'll lioWllsl.l'l'alll flU' enough 1.0 insure 

I SIlI "' rSl'( I l!~ N A C:\ T N 24J1 :S. "011 Lill'I h'\'('loplIlI'lll or '1' lIrhlllt 'lIt W akt·s From \ 'ur lt'x :-> trt't' ls" hy A Ilatut Hushk o, H.I~. 
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that' the periodic velocity fluctuations are obliterated and 
the flow is completely turbulent. There are several 
important consequences of this limitation. 

First, the energy of the velocity fluctuations is quite low 
compared with the energy near the cylinder, and especially 
low compared with the dissipation represented by the form 
drag. In attaining the developed downstream state there is 
evidently not only a rapid redistribution of energy among 
the spectral components but also a large dissipation. Sec­
ond, the theories which describe these downstream stages do 
not relate the flow to the initial conditions except very loosely 
in terms of dimensionless parameters, and it is usually 
necessary to determine an origin empirically (e. g., mixing­
length t.heory or similarity theories). 

On the other hand, there is evidence that some features 
are permanent, so that they must be determined near the 
beginning of the motion. One such feature is the low-wave­
number end of the spectrum which (in the theory of homo­
geneous turbulence) is invariant. 

Another is the random element. It has been pointed out 
by Dryden (refs. 12 and 13) that in the early stages of the 
decay of isotropic turbulence behind grids the ' bulk of the 
turbulent energy lies in a spectral range which is well ap-

proximated by the simple function 1 + tn21 characteristic 

of certain random processes. Liepmann (ref. 14) has sug­
gested that such a random process may be found in the 
shedding of vortices from the grids. 

In short, there has been no description, other than very 
qualitative, of the do\'mstream development of wakes ,¥hich, 
over a wide range of Reynolds number, exhibit a definite 
periodicity at the beginning. The measurements reported 
here were undertaken to help bridge this gap. 

The main results show the downstream development of the 
wake, in terms of energy, spectrum, and statistical propertie's. 
This development is quite different in two Reynolds number 
ranges , the lower one extending from about 40 to 150 and the 
upper, from 300 to 104 (and probably 105), with a transition 
range between. The lower range is the region of the classic 
vortex street, stable and regular for a long distance down­
stream. The fluctuating energy of the flow has a discrete 
spectrum and simply decays downstream without transfer of 
energy to other frequencies. Irregular fluctuations are not 
developed. In the upper range there is still a predominant 
(shedding) frequency in the velocity fluctuations near the 
cylinder, and most of the energy is concentrated at this 
frequencYi however, some irregularity is already developed, 
and this corresponds to a continuous spectral distribution of 
some of the energy. Downstream, the discrete energy, at 
the shedding frequency, is quickly dissipated or transferred 
to other frequencies, so that by 50 diameters the wake is 
completely turbulent, and the energy spectrum of the velocity 
fluctuations approaches that of isotropic turbulence. 

All other features of the periodic shedding and wake phe­
nomena may he classified as helonging to one or the other of 
the two ranges. This viewpoint allows some systematization 
in the study of wake development. 

In particular, it is felt the possibilities of the vortex street 
are by no means exhausted. A study of the interaction of 
periodic fluctuations with a turbulent field ssems to be a 
fruitful approach to the turbulence problem it,self. It is 
planned to continue the present work along these lines. 

From a more immediately practical viewpoint an under­
standing of the flow close to a bluff cylinder is important in at 
least two problems, namely, structural vibrations in members 
which themselves shed vortices and structural buffeting 
experienced by members placed in the wakes of bluff bodies. 
Many of these are most appropriately treated by the statis­
tical methods developed in the theories of turbulence and 
other random processes (ref. 15). These methods are easily 
extended to include the mi.-'{ed turbulent-periodic phenomena 
associated with problems such as the two mentioned abov.e. 

The research was conducted at GALCIT under the spon­
sorship and with the financial assistance of the National 
Advisory Committee for Aeronautics, as part of a long-range 
turbulence study directed by Dr. H. W. Liepmann. His 
advice and interest throughout the investigation, as well as 
helpful discussions with Dr. Paco Lagerstrom, are gratefully 
acknowledged. 
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SYMBOLS 

constants 
major and minor axis, respectively, of corre­

lation ellipse 
drag coefficient 
form drag coefficient 

outside diameter of ring 
cylinder d.imension 
distance between free vortex layers 
diameter of ring-supporting wire 
wake energy 
components of wake energy due to periodic 

fluctuations 
dimensionless frequen cy, n 1d2

/" 

energy spectrum 
energy spectra of discrete energy 
continuous energy spectrum 
output of wave analyzer at setting nA 

lateral spacing of vortices 
initial lateral spacing of vortices 
lateral spacing between positions of u'm 
constant 
integer 
scale 
scale corresponding to Hz 
downstream spacing of vOl'ti('('s 
moment, of order k, of probahility cll'nsity 
"absolute" moment of prohahility density 
shedding frcqu enc.Y 

probahility (iistl'iuution function 
prohahilit'y density 
ama under responsc characteristic 
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q(r) 
q*=q(r*) 
R 
R(n) 
RD 
R.(T) 
Rzer> 
r 
r* 
S 

S' 

T 

U. 
U* 

Ur 

u'm 

v 
X,Y, Z 

r 
&en) 
E 

8 

jI 

p 

T 

w 

tangential velocity in vortex 

Reynolds number 
response characteristic of wave analyzer 
Reynolds number based on ring diameter 
time correlation function 
space correlation function 
distance from vortex center 
radius of vortex 
Strouhal number, based on cylinder dimension, 

nidjU. 
Strouhal number, based on distance between 

free vortex layers, nid' /U. 
time scale 
time of averaging 
time 
local mean velocity in x-direction 
mean stream velocity 
mean velocity at vortex center 
components of velocity fluctuation 
periodic velocity fluctuations, at frequencies 

ni and n2 
random velocity fluctuation 
peak root-mean-square value of velocity fluc­

tuation 
velocity of vortex relative to fluid 
reference axes an.d distance from center of 

cylinder 
flatness factor of probability distribution, 

M4/M22 
strength (circulation) of a vortex 
Dirac delta function 
positive number 
distance between two points, measured m 

z-direction 

- d' . nl f L ImensIO ess requency, U. n. 

dimensionless "time" in life of vortex U. ~ 
'U* d 

dummy variable 
kinematic viscosity 
a value of u 
density 
skewness of probability distribution, M3/M23/2 
time interval 
dimensionless spectrum, U.F,(n)/L 
half band width of wave analyzer 

GENERAL CONSIDERATIONS 

Except for the parameters directly related to the shedding 
frequency, the quantities measured were essentially those 
that are standard in turbulence invest,igations (cf. refs. 12 to 
14). These are briefly reviewed below with some modifica­
tions required to stu<ly the periodic features. 

REFERENCE AXES 

The origin ofaxcs is taken at the center of thc cylinclel' 
(fig. 1); x is measured downstream in the direction of the 

,Rectangular 
, Honeycomb ••• -Precision screen 'f ,.Adjustabte working ,' section 

" --- 18 mesh ( ~~ct~~~ :, section /:.' •• vanes 

Sol' """i 1;"1 ":1-: .-;:/'."w", ~ •• " 
, - i ----: "'Q;-20"-H±J " I -f-

6t !4J
arei L2'~I!~~er I Diffuser ---l 

55"-t- 3' -+---7.L-J 2 

FIGURE I.-Sketch of GALCIT 20-inch tunnel. 

free-stream velocity, Z is measured along the axis of the 
cylinder, which is perpendicular to the free-stream velocity, 
and y is measured in the direction perpendicular to (x, y); 
that is, y=O is the center plane of the wake. The free­
stream velocity is U. and the local mean velocity in the 
x-direction is U. The fluctuating velocities in the X-, y-, and 
z-direction are u, v, and w, respectively. The flow is con­
sidered to be two dimensional; that is, mean values are the 
same in all planes z=Constant. 

SHEDDING FREQUENCY 

The shedding 2 frequency is usually expressed in terms of 
the dimen.sionless Strouhal number S=n1d/U., where nl is 
the shedding frequency (from one side of the cylinder)" d is 
the cylinder diameter, and U. is the free-stream velocity. 
The Strouhal number. S may depend on R eynolds number, 
geometry, free-stream turbulence level, cylinder roughness, 
and so forth . The principal geometrical parameter is the 
cylinder shape (for other than circular cylinders, d is an 
appropriate dimension) . However, cylinder-tunnel con­
figurations must be taken into account, for example, blockage 
and end effects. In water-channel experiments surface 
effects may have an influence. Usually the geometrical 
configuration is fixed , and then S is presented as a function 
of Reynolds number R. 

Instead of Strouhal number it is sometimes convenient to 
use the dimensionless parameter F=n 1d2

j ll, wh ere 11 is the 
kinematic viscosity. 

ENERGY 

The experiments to be described are concerned mainly 
with the velocity fluctuation in the wake, and especially with 
the corresponding energy. 

The energy of the velocity fluctuation at a point in the 

fluid is ~ p(U2+v2+w2l per unit volume, wh<'l'c (u, v, w) is the 

fluctuating velocity und the bar denotes an averaging (sec 
the section "Distrihution Functions"). In thrse pxperi­
ments on.ly the component, u was measured, and the term 
"<'nergy" is used to dt'.note the energy in that component 
only. 

The · (mel'gy int(\Ilsity is ([ofilJo([ as Cui { ToY S!ll('(l tlw 
m('an flow is two (limellsional, thn intl'nsity do(~s not vary in 
the z-direetion. At any downstrnam position in the wake it 
vll.ries in the ?/-(lil'ection, nOl'llll~1 to the WILko. Th o iJltegml 
of tIle intensity OVer It plluw llOl'lllltl to tho froe stnmlll (P(']' 
unit spall) is cnlk<l the wnke energy ]1;: 

'1 TIlt' Lt: rlll "~IH'ddillJ.:" is II s(,t l LhrOIl~llOllt this n'{>ort., ror ('ull vt'nimu:C'; it i:-; nllL III t'alit 
to imply al1ythill~ ahulii. thu 'llIcchunis lIl or t he (ormatioll or (n'n \'o r t.i('l'S. 
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(1) 

The velocity fluctuation in the wake of a shedding cylinder 
displays a predominant frequency (as well as harmonics) 
which is the shedding frequency. However, except in a 
small Reynolds number range, . the fluctuation has random 
irregularities "superimposed" on it; that is, it is not purely 
periodic, in the mathematical sense. However, it is con­
venient to speak of the "periodic" and "random" or turbu­
lent parts of the fluctuation.3 The energy may be written 

(2) 

where u,2 is that portion of the energy contributed by the 
random (turbulent) fluctuation, UI2 is contributed by the 
periodic fluct;uation at the shedding frequency nl> and ~2 
corresponds to twice the shedding frequency n2=2nl' (The 
center of the wake feels the influence of vortices from both 
sides and ~ is prominent there, at least near the "beginning" 
of the wake. Higher harmonics are found to be negligible.) 

Equation (2) is a kind of spectral resolution, in which U 1
2 

and ~2 are the energies at the specific frequencies nl and ~. 
This type of resolution is called a discrete, or line, spectrum. 
But U T

2 is not a discrete spectral component, for it is the 
energy in the turbulent part of the fluctuation and contains 
"all" frequencies. It has a continuous frequency distribu­
tion of energy, for which a slightly different definition of 
spectrum is appropriate. This is postponed until the follow­
ing section. 

Corresponding to equation (2), an equation may be writ­
ten for the wake energy E and its turbulent and periodic 
components: 

(3) 

Of particular interest will be the fraction of discrete energy 
(E1+E2)/E at various stages of wake development. 

CORRELATION FUNCTIONS; SPECTRUM 

Definitions.-The time correlation function of the fluctu­
ation u(t) is defined by 

R,(r) 1I,(t)U(t+ r) 
u 2 

(4) 

where r is a time interval. The time scale is then defined 
by 

(5) 

The Fourier transform of H, ocfin<'s another function 

(6) 

Then, also 

(7) 

3: A turhulcnt fluctuation is an irregular variation, with respect to timo, which is charac­
t orizcd in particular by it.."i runuomllcs.~ Ilnrl ahsence of periodicity (cr. rrr. 13, p. iI). 

For r=O, equations (4) and (7) give 

R,(O)= l'" F(n) dn= 1 (8) 

where F(n) is defined as the energy sp'3ctrum ; tliat is, F(n) 
dn is the fraction of the energy in the frequency interval n 
to n+dn. It is the fraction of energy "per unit frequency, " 
as contrasted with the discrete energy spectrum discussed in 
the section "Energy." 

In studies of isotropic turbulence, at Reynolds numbers 
corresponding to those in the present experiments, it is 
found that the energy spectrum is well represented by the 
form 

A 
F(n) (9) 

I+B 2n 2 

or, what amounts to the same thing, that the correlation 
function is of the form 

(10) 

If the normalizing factor K= U./L is used in ,equation (10), 
L being a characteristic length, then equation (6) gives 

U.F(n) 
L 

4 
(11a) 

which may be conveniently written in terms of the dimen­
sionless parameters 

tp= U.F(n)/L 
and 

L 
7]=U. n (l2b) 

Then 
4 

(Ub) 1+(211"7])2 

It is clear from equations (5) and (10) that L is a length 
scale related to the time scale by 

L=U.T (13) 

Equation (lIb) is used as a .convenient reference curve to 
compare the measurements reported below. 

Periodic functions.-The energy spectrum F (n) is par­
ticularly w~ll suited to turbulent fluctuations, for which 
the energy is continuously distributed over the fre­
quencies. For periodic fluctuations the discrete, or line, 
sp<'ctrum is more appropriate, but in the present "mi.-xed" 
case it is convenient to write the discrete energy, also, in 
tl'rms of F(n). This may be done by using the Dirac delta 
function o(n). Thus the energy at the shedding frequency 
1/.1 IS 

UI2=UI21"'0(n-nl) dn (14) 

that is, 
FI(n) =o(n-nl) (15) 

Then the mixed turbulent-periodic fluctuations in the wake of 
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THE DEVELOPMENT OF TURBULENT WAKES FROM VORTEX STREETS 5 

a shedding cylinder are considered to have an energy spec­
trum which is made up of continuous and discrete parts 
(cf. eq. (2) and appendix A): 

u21'" F(n) dn=u/ 1'" FT (n) dn+u121'" F1(n) dn+ 

ul1'" F2(n) dn (16) 

that is, 

Space correlation function; phase relations.-The cor­
relation function defined in equation (4) describes the time 
correlation. Another correlation function which is useful in 
the present study is one which relates the velocity fluctua­
tions at two points in the wake, situated on a line parallel 
to the cylinder:. This is defined by 

R.(f) . u(z, t)u(:+ r,t) (18) 
u 

where ' r is the distance between the two points. The corre­
sponding scale is 

The function Rz should be particularly suited to studying 
turbulent development. Close to the cylinder it should 
reflect the regularity connected with the periodic shedding, 
especially in a regular, stable vortex street, in which there 
are no turbulent fluctuations. When there are turbulent 
fluctuations and, especially, far downstrea~ where there is 
no more evidence of periodicity, Rz should be typical of a 
turbulent flyid; that is, the correlation should be small for . 
large values of r. . 

Tho function Rz may be obtained by standard techniques 
applied to the two signals u(z,t) and u(z+r,t). One well­
known visual method is to apply the signals to the vertical 
and horizontal plates, respectively, of an oscilloscope and to 
observe the resulting "correlation figures" (or ellipses) on 
the screen (ref. 16) . If the signals u(t) are turbulent fh~ctua­
tions, then the light spot moves irregularly on the screen , 
forming a light patch which is ellip t ic in shape. The correla­
tion function is given by 

(20) 

where a and b arc the major and minor axes of the ellipse. 
If u(z,t) is a periodic function, in both time and space, 

then the cOlTclation figure is an elliptical loop (Lissajous 
figure) whosc' major anel minor axes again give Hz according 
to equation (20). Sueh a case would exist if the wake had 
a spanwis(\ periodic stnlCtlll'c. Then R z(r) would be periodic. 
A special ('ltRO of this is Hz(r) = 1, I1S woolel be l'Xl){'ctcd in a 
vortex stn'nt, lll'Ovidrd thn vortex fi\uIDl'nts arB straight and 
pltml\l'1 to tlw cylinder and do not "wohhh'." 

DISTRIBUTION FUNCTIONS 

Random functions,-The probability density p W of 
a random function uT(t) is defined as the probability of 
finding U r in the interval (~,~+d~). It may be found by 
taking the average of observations made on a large number 
(ensemble) of samples of uT(t) , all these observations being 
made at the same time t. This is called an ensemble aver­
age. If uT(t) is a stationary process, as in the present case, 
then appeal is made to the ergodic hypothesis and the en­
semble average is replaced by the time average, obtained by 
making a large number of observations on a single sample 
of ur(t). The probability density p(~) is the number of 
times that U r is found in (U+d~) divided by the total num­
ber of observations made. In practice, time averages are 
more convenient than ensemble averages. The averaging 
tim.e Ta must be large enough so that a statistically significant 
number of observations are made. This imposes no hard­
ship; it is sufficient that Ta be large compared with the time 
scale T. If necessary, the error can be computed. 

Experimentally, p(~) may be determined by the principle 
illustrated below: 

To 

Sketch 1. 

/' 
11 

L: tt 
p(~) ~ Ta (21) 

6~ 
tt= I dur/dt I (22) 

The most elementary application of this principle is a graphi­
cal one using a photographic trace of uT(t). More conven­
iently, electronic counting apparatus is employed (see the 
section "Statistical Analyzer"). 

The statistics of uT(t) are usually described in terms of 
the moments of pW and certain functions derived from the 
moments. The moment of order k is defined as 

(23) 

Another useful definition is 

(24) 

where Nt is equal to MI' for even values of k. If p(~) is 
symmetrical, t11l.'n 'fl.;ft is 0 for odd values of k but Nt is not. 

From t,he ocfinition of p(~) it follows that Mo= f-"'", pm d~= 
1; ~ will he\ normalized by requiring that jl,ft= 1/ 2, that 
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is, the mean-square value u/= 1/2 . 
Three useful functions derived from the moments are 

N zl/2 M21/2 
(25) 0=-=-

NI NI 

Skewness M3 
U=M

2
3/ 2 (26) 

Flatness M. (27) a=Mz2 

Periodic functions.-The above definitions may be ex­
tended to the case of a periodic function u\ (t). The 
probability density can be completely determined from a 
single wave length of UI(t); that is, it is sufficient to ~ke Ta 
equal to the period. This complete a priori information is 
a basic difference between periodic and random functions .4 

If UI(t) is measured experimentally then ttW in equation 
(21) can also be measured. If u\(t) is given in analytic 
form then ttW may be calculated from equation (22). Thus 
the distribution densities for simple wave shapes are easily 
calculated. Table I gives the probability densities and 
moments for the triangular wave, sine wave, and square 
w!J.ve. Also included is the Gaussian probability density, 
which is a standard reference for random functions. 

The moments of the probability densities of these wave 
shapes are shown in figure 2. The moments for the random 
function increase much faster than those for the periodic 
functions. This results from the fact that the maximum 
values of a periodic function are fixed by its amplitude, while 
for a random function all values are possible. 

1.2.------r- --.---.--,----r-----,------, 

o 2 4 

Triangular .• . 

6 
k 

... ·Sine 

8 

. .---SQuare 

10 

FlGUR),; 2.-Amplitude distribution moments . 

12 

, For a periodic (unction the ergodic principle may not be invoked; the ensemble aver­
age and the time avera~e are not thl) same (unless I.he membrrs o( the ensemhle huvo random 
phase differences). It is the time average that is computed here, (or com parison with the 
experimental results, which arc also time averages. 

--------

The probability density of a 'function which is partly 
periodic and partly random is expected to display the 
transition from one type to the other. The tendency toward 
the random probability density should be strong. For 
instance, random fluctuations in the amplitude of a sine 
wave result in a large increase in the higher moments. It 
is interesting to study the relation between probability 
functions and spectra, particularly the case where most of the 
energy is discrete but the fluctuation amplitude is random. 

EXPERIMENTAL DATA 

WIND TUNNEL 

The experiments were all made in the GALOIT 20- by 
20-inch low-turbulence tunnel (fig. 1). The turbulence level 
is about 0.03 percent. The wind velocity" may be varied 
from about 50 centimeters per second (1 mile per hour) to 
1,200 centimeters per second (25 miles per hour). 

CYLINDERS 

The cylinders used in the experiments varied in diameter 
from 0.0235 to 0.635 centimeter. Music wire or drill rod 
was used. The diameter tolerances are about 0.0002 centi­
meter. The cylinders spanned the tunnel so that the length 
in all cases was 50 centimeters (20 inches); the cylinders 
passed through the walls and were fastened outside the 
tunnel. 

RINGS 

Some sttldies were made of the flow behind rings . These 
were made up of wire. Each ring was supported in the 
tunnel by three thin support wires, attached to the ring 
circumference at 1200 intervals. Table II gives the dimen­
sions of the rings used (wh~re d is the wire diameter, D, the 
ring diameter, and d., the diameter of the support wire). 

VELOCITY MEASUREMENTS 

V clocities higher than about 400 centimeters per second 
were measured with a pitot tube, calibrated against a 
standard. The pressures were read on u precision manom­
eter to an accuracy of about 0.002 centimeter of alcohol. 
Velocities lower than 400 centimeters per second were 
determined from the shedding frequency of a reference 
cylinder (0.635 centimeter), as explained in the section "Use 
of Shedding Frequency for Velocity Measurements." 

Fluctuating velocities were measured with a hot-wire 
anemometer (1/20 mil platinum). Only u(t), the fluctuating 
velocity in the flow direction, has been measured so far . 
The hot-wire was always parallel to the cylinder. 

TRAVERSING MECHANISM 

The hot-wire was mounted on a mir.rometer head which 
allowed it to be traversed normal to the wake and positioneci 
to 0.001 r.entimeter. The head was mOllnterl on a horizontal 
lend screw which allowed " tl'aversing in till' flow direetion , in 
the center plane of the tunneL The posi t,ionill~ in thi 
dil'eetion was accurate to about 0.01 centimekr. Tho hori­
zontal lead sr.rcw could bo turned throll~h 900 to allow 
traversing parallel to the cylinder, for cO ('J"cll1tion 01' phase 
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measurements (see the section "Space correlation function ; 
phase relations"), For this purpose, a second m.icrometer 
head with hot-wire could be set up in a fL'Ced position along 
the line of traverse of the firs t hot-wire. Then correlations 
could be measured between this point and the movable one, 

ELECTRONIC EQIDPMENT 

The hot-wire output was amplified by an amplifier pro­
vided with compensation up to 10,000 cycles per second. 
The amplifier output could be observed on an oscilloscope 
screen or measured on a Hewlett-Packard Model 400c vac­
uum-tube voltmeter, Values of u2 were obtained by reading 
the root-mean-square voltage on the voltmeter. (This 
voltmeter is actually an average-reading meter; it reads 
true root-me an-square values only for a sine wave. A few 
of the indicated root-mean-square values, for turbulent 
velocity fluctuations , were checked against true root-mean­
square values as obtained from the statistical analyzer (see 
the section" Statistical Analyzer"); these may differ up to 
10 percent, depending on the wave shape, but, at present, 
no corrections have been made, since the absolute values 
were not of prime interest.) Usually only relative values of 

u2 were required, but absolute values could be determined 
by comparing the voltage with that obtained by placing the 
hot-wire behind a calibrated grid. 

The frequencies of periodic fluctuations were determined 
by observing Lissajous figures on the oscilloscope; that is, 
the amplifier output was placed on one set of plates and a 
known frequency on the other. This reference frequency 
was taken from a Hewlett-Packard Model 202B audio oscil­
lator, which supplied a frequency within 2 percent of that 
indicated on the dial. 

FREQUENCY ANALYZER 

Spectra were measured on a Hewlett-Packard Model 300A 
harmonic wave analyzer. This analyzer has an adjustable 
band width from 30 to 145 cycles per second (defined in 
appendix A) and a frequency range from ° to 16,000 cyeles. 
The output was computed directly from readings of the volt.­
meter on the analyzer. It was not felt practicable t,o rrad 
output in the frequency range below 40 cyrirs; therrfore, 
the continuous spectrum was ('xtrapolated to zero frequen('.y. 

To determine the discrete spedrum in the presen('r of a 
continuous background some ('arc was n'q uired. In su('h 
cases the analyzer reading gives t.J1(1 sum of til<' dis('r!'te 
spectral energy and a portion of that in thl' ('ont,inuous 
spectrum, the proportions b('ing determined by t.h(, l"eSpOIlSll 
characteristic of the wave analyzer. The valu!' in the ('on­
tinuous part was determin('(l by int.('rpolation h('t,w('('11 hn.nds 
adjacent to the discrete band and ·suhtm('\.(,d Ollt. \.0 ~ivc 

the discrete value, as olltlinr<l in mor!' det.ail in app('n<iix A. 

STATISTICAL ANAI.YZER 

The statistical analyz!'r, designpd \'0 obl.n.in prolJllhilit,y 
functions, operates on tho prillciplp d<'scl'ih('d in tlw seet.ioll 

"Distribution Functions;" here u(t) is a voltage signal. A 
pulse train (fig. 3) is modulated by u(t) and is then fed into 
a discriminator which "fires" only when the input pulses 
exceed a certain bias setting, that is , only when u(t»~. 
For each such input pulse the discriminator output is a pulse 
of constant amplitude. The pulses from the discriminator 
are counted by a series of electronic decade counters termi­
nating in a mechanical counter. 

The complete analyzer consists of 10 such discriminator­
counter channels, each adjusted to count above a different 
value of~. It will be seen that the probability function 
obtained is the integral of the probability densit,y described 
in the section "Distribution Functions;" that is, 

P(~)=Probability that u(t»~ 

= 1'" p(jJ.)djJ. 

It is possible to rewrite the moments (see the section" Dis­
tribution Functions") in terms of p(~), It more convenient 
form for calculation with this analyzer. These are also 
shown in table 1. 

"(/lT-~-~~1 
Turbulence signal 

Pulse generator output 

Modulator output 

Discriminator output to counter 

Flmr R~: ;l.-H('\ll'('~cnlul ivc :signal :scqll('n('c for ~tati~tiral analyzer. 
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~fore complete details of the analyzer and computation 
methods may be found in references 17 and 18. 

RESULTS 

SHEDDING FREQUENCY 

Since Strouhal's first measurements in 1878 (ref. 1) the 
relation between the shedding frequency and the velocity 
has been of interest to many investigators. Rayleigh (ref. 
2, p. 413) pointed out that the parameter n1d/U. (now called 
the Strouhal number S) should be a function of the Reynolds 
number. Since then there have been many measurements of 
the relationship (ref. 19, p. 570). One of the latest of these 
is the measurement by Kovasznay (ref. 11), whose determina­
tion of S(R) covers the range of R from 0 to 104

• Kovasznay 
also made detailed investigations of the vortex-street flow 
pattern at low Reynolds numbers. He observed that the 
street is developed only at Reynolds numbers above 40 and 
that it is stable and regular only at Reynolds numbers 
below about 160. 

The present measurements of S(R) are given in figures 4 and 
5. Except at Reynolds numbers between 150 and 300, the 

_22 0 

scatter is small , and the measurements agree with those of 
Kovasznay. The large number of cylinder sizes used results 
in overlapping ranges of velocity and frequency so that 
errors in their measurement should be "smeared" out. It 
is believed that the best-fit line is accurate to 1 percent. 

The measurements are corrected for tunnel blockage, but 
no attempt is made to account for end effects. With the 
cylinder sizes used no systematic variations were de.tected. 

NATURE OF VELOCITY FLUCTUATIONS 

It was observed, as in Kovasznay's work, that a stable, 
regular vortex street is obtained only in the Reynolds number 
range from about 40 to 150. The velocity fluctuations in 
this range, as detected by a hot-wire, are shown on the 
oscillograms in figure 6, for a Reynolds number of 80. These 
were taken at two downstream positions, x/d=6 and 48, and 
at several values of y /d . (The relative amplitudes are 
correct at each value of ·x/d, but the oscillograrns for x/d=48 
are to a larger scale than those for x/d=6.) The frequencies 
and amplitudes are quite steady; it is quite easy to determine 
the frequencies from Lissajous figures (see the section 
"Electronic Equipment") , which, of course, are also steady 
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(0) R =145 

(b) R =I SO 

(e ) R=500 L - 84890 

FIGURJ; 7.- tlimlillancoll'3 oscillogram R. d=O. IS ccntimctcr; r/cl=6; y/cl=l; r /cl=SO. 

Another example, at R= 145, is ho\\"n in figul'(' 7(a) . 
(The double' s ignal was obtained for corrdc tion tu(:ie rne! 
is rderre'd to lat!'r in the ('ction ":-)panwisl' orrdaLion [', nIL 

Phase' i\[easurements. " The dotted na ture o f thl' trac!' is 
clue to tIl(' method of obtaining two ig l1:tls OIl Ol\l' S('l'l'l' 11 , 

using an l'lectronie switch.) 
At R<'ynolcl numb('rs betw(,l'lt about 150 11,l1d ;300 thl'I'(' 

a I'(' irr('gular bur t in till' igll il.l. An l'x:,Jl1 ple i shown ill 
figul'l' 7 (b ), a t H= 1 Oltnd x/d= G. Th(' b ll's ts ;, 11<1 irl'('gu­
laritil'S h('come mol'(' vioknt as H il1('I'(':' s('s. It is m til('r 
difficult to e!l'tNrnirl(' till' fl'('qurrl( '.' -. Til(' Liss:t jous figur(' 
is unsll'ad .,· b('(,!wsl' of till' irr('gula rit,\' , hut , ill ;~cI<lition , till' 
fn'qul'n('., -, us ",PI I :1S it can 1)(' (ktl'rlllinl'd , ";t ril's :t lit til' . 
'fhi is tlH' r('a o n for till' sca tt(' r in thi s i{('.\'Iwlds Ilumb('r 
rangl' . Two s('p!1rnll' plot s of 8(10 obtainl'd in two dirr('['('llt 
runs aI'(' silown in figlll'l' 8. Thl'.'- illust rall' till' (,ITntil' 
hl'luwio l' of 8(10 in tilis mllgl'. 

AI RI'.nlOld s Illlllllwl's aho\'(' :WO, signals likl' th a I in figul'l' 
7 (') \\'('1'(' oht:1irwd (nl';1l' thl' hl 'ginning of Ihl' \\·ak(') . Tilis 
is typil'al of t 1\(, vl'l()('i I .\- flu!'! un,t iom; up lot ill' higlw5t vn,lu(' 
of If invl'sligall'd (aboul 10 ,0(0) . 'I'h('['(, a['(' irrl'gularili(' , 
hut thl' pn,dolllinn.nl (sIH'dding) f['( '(JIIl'Ill',\' is I'H S.' - 10 d('I<'I'­
mille from It Li ssajous figlll·P . 'I'll(' Lissn,jou5 figurl' in lhis 
ea e i not a slNlcly loop, as it is at. H = 40 to 150, hilt neit h(,r 

is it so capriciou a tha t at R= 150 to 300, and the matching 
frequcncy is quite easily distinguished from the nearby' 
freq llcncics . 

At x/d= 4 , in thi range, all traces of the pel'iodicit.'- have 
<Ii lt ppl'alwl and the fluctuations a re typ ically tu rb ulent. 
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REGULAR AND IRREGULAR VORTEX STREETS 

The above observations show that there are three charac­
teristic Reynolds number ranges, within the lower end of the 
shedding range. These will be called as follows: 

Stable range 40 < R< 150 
Transition range 150< R < 300 
Irregular range 300< R< 1O,000 + 

As noted above, the actual limits of these ranges are somewhat 
in doubt and may depend on configuration, free-stream tur­
bulence, and so forth. Also the upper limit of the irregular 
range is undoubtedly higher than 10,000. (Periodic fluctua­
tions in the wake have been observed up to the critical 
Reynolds number, about 200,000, but the present measure­
ments did not extend beyond 10,000.) 

In addition to the differences in the nature of the velocity 
fluctuations, the ranges are characterized by the behavior of 
the Strouhal number: In the stable range S(R) is rapidly 
rising, in the irregular range it is essentially constant, and 
in the transition range it is "unstable." 

It will be seen in the further results presented below that 
all phases of the wake development are different in the two 
ranges, stable and irregular, and that they are indeed two 
different regimes of periodic wake phenomena. 

RELATION OF SHEDDING FREQUENCY TO DRAG 

The relation between the Strouhal number S(R) and the 
drag coefficient CD(R) has often been noted (ref. 19, p. 421). 
Roughly, rising values of S(R) are accompanied b." falling 
values of CD(R) and vice versa. 

The relation to the form drag i3 even more interesting. The 
total drag of a cylinder is the sum of two contributions: The 
skin friction and the normal pressure. At Reynold3 numbers 
in the shedding range the skin-friction drag is "dissipated" 
mainly in the cylinder boundary layer, while the pressure 
drag (or form drag) is dissipated in the wake. It may, 
then, be more significant to relate the shedding frequenc~' 
to the form drag, both of which arc separation phellomena. 
The R-dependencc of the pre sure drag coefficient CDp, 

taken from reference 19 , page 425, is shown in figure 5. It 
has several interesting features: 

(n,) CDp is practically constant, at the value CDp=l. 
(b) The minimum point A is at a value of R close to that 

at which vortex shedding starts. 
(c) The maximum point B is in the transition range. 
(d) In the irregular range (lvp(N) is almost a "minor re­

fkction " of Sun. 
Since the drag corffieient is an "integrated" phenomenon, 

it is not expected to (lisplay so sharply detaill:'d a dependt'Jlct' 
on N as docs the Strolllud nllmbt'l', but these analogous varia­
tions arn helieved to 1)(' do t'ly rt'lnted to tIll' position of the 
bouJldl1ry-layPr st'parat.iOll point, to which both the slwoding 
fre(JuPIl(,Y and ttl(' pn'ssun' drag an' qllite sellsitiyt'. 

I1SI-: OF SI-IEI)DCNG ~'IlE<lU~:NCY ~'OR VELOCITY M EASUREM ENTS 

The n'Jlln,rk:tbk depl'lHI('jw(' of thl' shedding fn'qul'llcy 011 

t.11(· \"I·lo(·it.y and til(' possibili ty of accuratel.\' lllea ' uring Sun 

make it possible to determine flow velocities from frequency 
measurements in the wake of a cylinder immersed in the flow. 
At normal velocities the accuracy is as good as that obtain­
able with a. conventional manometer, while at veloci ties 
below about 400 centimeters per second it is much better. 
(For instance, at a velocity of 50 centimeters per second the 
manometer reading is only about 0.001 centimeter of alco­
hol.) In fact, in determining S(R) in the present experi­
ments, this method was used to measure the low velocities by 
measuring the shedding frequency at a second reference cyl­
inder of large diameter. The self-consistency of this method 
and the agreement with Kovasznay's results are shown in 
figure 4. 

For velocity measurements it is convenient to plot the 
frequency-velocity relation in terms of the dimensionless 
parameter F (see the section "Shedding Frequency") as has 
been done in figures 9 and 10. The points on these plots 
were taken from the best-fit line in figure 4. They are well 
fitted by straight lines 

(la) F=0.212R-4 .5 
(lb) F=0.212R-2.7 

which correspond to 

(2a) S=0.212 (1-21.2/R) 
(2b) S=0.212 (1-12.7/R) 

50<R< 150 
300<R< 2,000 

50<R< 150 
300<R< 2,000 

Line (2b) has been plotted in figure 4 to compare with what 
is considered the best-fit line. The agreement is bctter than 
1 percent. If line (2b) is extended up to R = 10 ,000, the maxi­
mum error. relative to the best-fit line, is 4 percent. 
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FIGII HI'; 9.-Plot of F nTH-ill :; ( H (50 < I? < 1~0). F= 0.212/{ - ~.5 . 
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FI (;U R," IO.-Plot of F again~t R (50< R < 2,000). 

The plot of F(R) is used as follow : The shedding frequ en cy 
is ob erved and F=n1d2/v is calculated (v is easily determined); 
R is found on the F(R) plot and the velocity is calculated 
from R= Uorl/v. 

WAKE ENERGY 

From the velocity traces on the oscil loscope (figs. 6 and 7) 
it is dear that in the regular range the flu ctuating velocity 
11.(1) is purely periodic, while in the irregular range some of 
the fluctuations are random. This difference is illustrated 
in figure 11 which shows the distribution of energy intensity 
(u l C o)2 across the wake at two R eynolds numbers, one in the 
regular range, at R= 150, and one in the irregular range, at 
11=500. Only half the wake is shown for each case; the one 
at R= 150 is plotted on the left side of the figure and the one 
fo r R=500 on the right. 

Th e total energy intensity (UIUo)2 at each point was de­
termined directly from the r eading on the root-mean-square 
voltmeter (see the section "Electronic Equipment"). The 
eomponents at the frequen cies nl and n2 were determined 
hy passing the signal through the wave analyzer. The curves 
in euch half of figure 11 satisfy the equalities 

H= 150 

H= 500 

TIlL' values of (UI ( 'o)2, (u1/ l 0)2, fLnd (~/ ( Y were obtained 
h~' measurement (and at R = 150 arc self-eonsist('nt) while 
(u,l ( '0)2 was obtained by difference. The ab olu t!.' vailIPs in­
<liCHtI'd arE' somwhat in doubt sim'c the va('uum-tuhr volt­
met!'r is not a true root-mean-square metL'l" hut an' helieved 
ucC'uratco to ahout 10 percent. 

TIl(' particular feature illu tratl'(l in figun' 1 1 (aln·lul." ob­
vious from th(· oscillograph ) is t he ubsen('(' of t UThuknt 
pnNg}, at /( = 150 a contrasted with th(' early appC'amll("(' of 
turhuiPnt rnergy at /( = 500. This ('ontrast i typi('al of th(· 
n·gular Stnd iJTPgular rangr . 

Th£' meaSUl'('ments shown wcre ma(lP at 6 dianwtl'rs dowll­
str('am , hut t hp samr fra t ul"{'s C'xif; t dospr to Lhp ('y lind (·r. 
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(a) R = 150. 
(b) R = 500. 

FIGURE] l.- Wak e energy. rL = 0.190 centimeter ; x/d = 6. 

DOWNSTREAM WAKE DEVELOPMENT 

The down tream development, for the ca e of figure 11 
(but R =500 only) is shown in figure 12. The distribution of 
total energy intensity (U/ U o)2 is shown on the left of th e 
figure and the discrete energy intensity (ul /U.F, at the shed­
d ing frequency, is shown on the right. Traverses were 
made at 6, 12, 24, and 48 diamet,ers downstream. The 
discret,e energy decays quite rapidly and is no lon ger m easur­
able at 48 diameters. (Tote that the plot of (uIIUY at 24 
diameters is shown magnified 10 t imes, for clarity. ) A plot of 
(U2/Uo) 2 has not been includ ed since it can no longer be 
measured at even 12 diameters. The distribution of (U,IUo)2 
may be obtained from these curves by difference. 

Figure 13 present the downstream wake development in 
another way . The wake energy E was calculated by in tegra­
tion of curves like those in figure 12 (d. t he s(>ction "En­
ergy") ; that is, 

E=f '" ( U)2 d (lL) 
-", rod 

Figure 13 is a plot of the energy ratio (E1+E2)/E, that is, t he 
ratio of t he discrete energy rrlative to the total energy. 

In the irregular range the energies were ('ompu ted in t hi 
way at H=500 and 4,000 (two cylinder siz(>s in I'ach ('ase) 
and /( = 2,900 (on£' cylind er) . Figure I :~ shows that t lw 
deeay in a ll these ('asrs is s imilar llnd t il(' wah is ('ompktely 
t urhuh'nt at 40 to 50 diamet£' rs. 

The valul' of .r.jd for whieb ''-'II I'" I)('('omp ,o;('ro was (kkr­
min(~d lor u. variety of ('ylinders , yar'\' ing in 8izl' from O.O(i 
to I. :~ ('entimeters and nt RpYllolds numlH'],s from 200 to 
10 ,000. 'I'll(' v!tllll' was found to IiI' Iwtwpcn 40 and 50 in all 
('asps. hut. dosl'r to 40 . A p)'e('ise determina tioll i' diffi n dt 
(and not. important) 1>1'('I1.\1S(' of t.1l(' as.\'mptoti(' ~tpproa('h of 
h'll ,~' to zero (h'2 is nln'lIdy zel"o nt, IPss t han 12 d iamd,(·rs). 

In ('ontrast with this. Lh!' stltl>l<' mnge (/{ = 50 and Ion ill 
fig . I:n hl1s no d(' v(~ l oplll(' llt, of t,llrhuleJl('1' lH'fo)"{' !in din"l('t{\I"~. 
'I'll(' plot:; fo r N= 1 !in It lld 20n illllst,mk tit!' I"ll,t il!'l" ~1)(\('t'll(, lllnr 

t.mnsit,ioJl frolll t h!' ~tllhl(· l"l\.Jlge t,o t,h!'. iIT!'gl tiHl" . 
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(a) Tota l energy in tensity (1. / Uo)2. 

(b) Discrete energy intensity (u';UoF. 
Curve for x/d= 24 magn ified 10 t imes for clari ty. 

F I GURE 12.-Wake development. d= 0.190 centimeter ; R= 500. 
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FIGU RE 13.- Decay of dL'crete eJlergy . 

For R = 50 and 100 the energy ratio r emained constant at 
unity up to x/d= 100 . B eyond that the energy in tensity 
is so low th at th e t unnel t urbulence cannot be n('gle('L<-d . 

MEASU R EMENTS OF SJ'ECTR UM 

F igw'e 14 shows spectrum mcasurem l'n ts at (j, 12, 24 , and 
48 diameters downstream at a R eynolds number of 500 , 
in th e irregular range. Th e lateral posit ion y/(l chosm for 
the measurement at eaeh x/cl is t he one fo,' whi 'h (1£,/ ( .)2 is a 
maximum (d. fi g. 12). The method of p lotting is as follows. 
Th e curve t hrough the experimental points is thn ("o ll t inllolls 
pectrum FT(n): plotted in nOJ'm tdiz('d coonlinat('. Thl' 

d iscrete en (' rgies F, = 8(n-n,) and 1<2 = 8(11, - 11,2) an ' i nd icated 
by na rrow " hands" which should have z{,)'o wid t h and infini te 
height h ut are left "open" in the fl gul'(" The rel ative 
('nergies reprc ented by the an 'as ullder t he cont inuous ('Ul'V(, 

and undC' (' t he delta func t ions, l'cs peetiveiy, art' rnark('d ill 
the fi gure wit h valu ('s of u//ut and U,2/ut, u//u2. 

o .2 

4 
--- Reference curve 'P : 1+ (2""'1)2 

(/,2 
- -=- : 0.89 

(/2 

;2 
_ 2 : 0.03 

1/2 

.4 .6 

X Y· (/,2 
- 6 -06 008 Ii - • Ii - . , (/2 : . 

-----

y (/,2 ft : 12, Ii : 0.8, (/2 : 0.5 

Y (/,2 
d : 1.6, (/2 : 0.95 

L _ 48 .l... _ 1.7 0 
d - 'd - 3.7 0 

.8 1.0 1. 2 1.4 

FIGURE 14.-Down t rea m development of spectrum. d= 0.190 
centimeter ; R= 500 ; n ,=440. 

To normalize the continuous spectrum the dimensionless 

paramet ers tp= ~o FT (n) and 71=to n are used. In each case 

the curve tp= 1 + (~7r71)2 is included for reference. The nor­

malizing coefficient L was det ermined as follows : 
(a) Fr(O) was found by extrapolation of the measured 

values to n=O. 
(b) Fr(O) and the oth er values of Fr(n) were n ormaljzed 

to make f F (n) dn= 1. 

(c) L was found from ~o Fr(O) = 4. 

In shor t, the m easured curve and 
made to ag ree in tpr(O) and in a rea. 
mine L. 

the reference curve worr 
This r equirem ent deter-

In these coo rdinates tb e sh edding frequ eney shows an ap­
paren t incr ease downstream ; t his is because th e normalizing 
paramete r L increases. For x/cl=48 t he shedd ing frequency 
(i. (' ,n,) is m arkrd wit h a dash ; it contains n o discr l'tp rnl'1'gy 
at this valu r of x/d. 

The ".bumps" in the con t inllous 'peetrllm, near n, and 
7/,2, indi cate' a f(,eding of energy from t lw dis('Teto to t lw 
eon t in Li oll s spectrum. The portion of the sp<'et1'um )1('a1' 
11, = 0 , which is (' tahlisIH'(1 early and whi ('.h ('on tains a 111rg(' 
pa r t of th(' tu rhul (, .11 t (' n('rgy , se('rns to h l' ullrel ated to t he 
shedding fJ'('quml('~ ' (d . fi g. 15) . Aa t he wak('. <I('vd o])s t h(' 
('nergy in t he bum ps is rapidly J'('d istri I)u t('d (part of it 
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--- Reference curve 'P = __ 4-,--~ 
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FlGURE 15.- Down tream development of spectrum. d=0.953 
centimeter; R=4,000 : 11, = 144. 

decays) to smooth the spectrum, which, in the fully de­
veloped turbulent wake at 48 diameters, tenos toward the 

I 
. . 4 

e laraderlstlC curve rp= 1 + (271"-;) )2" 

In figure 16 the spectrum f01" x/tI = 12 and y/d= 0.8 is 
plotted togetlwr with the one at, y/d, = O. The curves are sim­
ilar at low frl'quencies (largl' ('deli('s) anel at high frf'quE'lIci('s; 
they d ifl'(,J' only in the nrigh horhood of t il<' 0 is(,J'ete ballo. 
(The slight d iscrepancy in n, betwerll this figure and fig. 14 
is due to the fart that they were measured at two different 
timl's, when the kinematic vi cosity 1/ differed. This l"l'­

suited in different values of fll ILt tlw same N. ) 
A similar downstream d('vplopllwnt is shown in figure 15 

for H= 4,OOO . Here thl' SP('('tJ'um at -.r/d = () is smoothl'r nllw 
that in t Il<' previous l'xamp\{> (fig. 14) . This ('[('ct may bl' 
due not so much to tlH' higher Rl'YlIolcL numlw)" as to thl' 
fu('t that the she(lding fn'qll('Jl('.r is do::wr to tIl<' lo\\" fn'qu('n­
('i('s; t.hat is, the slwd (ling frl'qll('Il('Y is "(\1I11H'ddl'd'· in th(, 
low'-frequ('ll('Y turbuknt. hand . It S('l'ms to l'l'sldt, at 48 
diufll('t(,l"S, ill 11, much ('\os('r npproa{'h to til(' )"('[('1"('1\('(' ('un·('. 

FiguI"l' 17 shows tll(' s]wctra. n t 4X d ialll('t('1"s for tlm'r 
('ylilld('!"s and s('v('ml vnhl<'s of !lId. Jt. is ]"('l1ll1,rkablc that 
/{ = 4 ,OOO, d = 0.477 ('('ntim!'t('l" agn'('s lwtll'r with l/ = fiOO. 
d ~ O.l!lO (·PJltiml't.('r th:lll with H= -+,OOO, d = ().9!):l ('('llti-
1Il(,(,J". This s('ellls 1.0 b('ul" oul I,lli' nbo,·(' n'mll!"k about th(, 
["(,In Li,,(' in(\ul'1I('(' of H and II" for thl' l'('s]wdi\"(' sh('dding 
f["('qIIPn('i(':'; a!"(' fitifi, 440, llnd I ·H . 
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d 0.190 centimeter: R=5~0 ; 

Finally it may br noted that \"ll.lues of u/, which in figure. 
J L WNe obtained by difference, check well with the yalues 
comput.ed from 1L/ = f F,(n)dn (before normnliza tion of 
F,(n)). 

Spectra for the regular range aI'<' not presented, for tlH'Y 
are simple. discrete spectra. 

SPAN WISE CO RRELATION AND PHASE MEASUREMENTS 

The funetion Hz \\"as not measul'ecl , but the main features 
of the spanwisr correlation Ii are illustrated in figures 7 and 18. 

Figure 7 shows tlm'(' eXl1.mples, in (,l1.eh of which sim lllt~1-

neolls signals \\"('rr obtailll'd from t\\-o hot-wires at x/d=6 
and yld= 1 and ~ ('paraLrcl by 50 dianH'tt'J"s spn.m\-ise. The 
two signals w('rr ontll.in('(l Rimultaneo llsly on the oscillo ' eope 
scr(,(,11 hy mean:=:: of an ('lrctronic ' wit ch. This accounts for 
th(' elot I('d trac'('s. 

At N= 145 (fig. , (a)) Iiii' corrl'iation is prrfect. but tll<'J"(' 
is ll. pha"p shift. At H = 180 (fig. 7 (b)) tIll' corn'lation i~ 

8t.ill good, bill til!' indiyidmtl signal OCC3. ionnll~- break 

l In the rrmainof' r of Ihis ~t'rlion :\ dist.inrtion is lIlad(' hrtwl'l'Il ttw l\'rlJlS " corrC'intioll 

iunctioTl " and "(~()rrt'lation." Thu (ornH'r rc(cr~ to tbo (ullrtinn defined in th e: Sl'('lion 

"$p:u .. '{' corrr\ation rU11('lion: ph:\$4'- Tdali l)n~:' whih' the \:\t1\'r i::: U$\'\\ in :\ \oos\'r, dl·s(·rip· 
ti ,,'(, ~pn~. 
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FlUURI'; 18.-Correlat ion figure::;. d = O.158 ccnt illl c tel'; Tjd = (j; yjd = ] ; 
exposlIre, }~ "ecolld. 

down. Tll(' hrrakdowns arn 1I1l('orrelal<'d at. this dis tall<'(' of 
50 diameLl' rs. AL H=500 (fig. 7 (')) ('lwh si~lml s till show 
a predominanL fl'l'<1Ul'lu·y. T ]l('I'l'i som(' va riaLioll ill plnLsr 
beLween the Lwo signals. T]w amp litude irregulil.riLil's 
appHar Lo be unco rn'IaLec!. 

Figure 18 shows the correlation figures obtained by plac­
ing the signals of the two hot-wires on the horizontal and 
vertical plates, respectively, of the oscilloscope. 

For R =80 and ~/d= 100 a steady Lissajous figme is 
obtained, showing that the p eriodic fluctuations at the two 
points (1 00 diameters apart) are perfectly correlated (but 
they are not in phase). 

For R=220 and 500 there is good correlation only at small 
values of ~/d, that is, only when the two hot-wires are in the 
same "eddy," so to speak. For R=500 the figmes arc 
similar to those obtained in fully developed turbulen ce. 

In obtaining the e correlations a remarkable phenomenon 
was observed. The stable vortex street (i. e., R < 150) has 
a periodic span wise structure. This was shoWJl by a pbase 
shift on the Lissajous figure, as the movable hot-wire was 
traver cd parallel to the cylinder. From the phase coinci­
dences observed, the wave length parallel to the cylinder 
wa about 18 diameters at a R eynolds number of 80. It has 
not been determined whether this p eriodicity structure is 
due to a "waviness" in the vorLex filaments or whether the 
vor tex filaments are straight but inclined to the cylind er 
aXIs. 

STATISTICAL MEASUREMENTS 

A few amplitud e distribution functions were measured 
and ar e shown in figUl'e 19. One measurement is in the 
stable range; the oth er shows downstream development in 
tbe irregular range. 
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~ A 500 24 1.6 .44 1.23 2.90 
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" 500 48 2.5 .67 1.24 3.13 
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1'1( ; lJ RB ] D. - Dis' r iblltioll fllll('tioll ~ . d=O.190 celltilllctcr. 

TIll' table ill figurr 19 shows YfilllrS of C find a ('omplIll'd 
from till' l' ('lII'VC'S. Thr bl'ltiLyior, of ('ourSC' , i as rxpC'ct{'( l, 
but tilC' llumC'ril'nl Yfilu C' an' of some int('r('s t. These valu('s 
(and till' ('urVl's) show that at H= 100 thl' signal \,"as pra.c­
tically triangula r but hil.rl round ed " tops." At H=500 thn 
downs tream d('velopm('nt of mndollllle i shO\nl by th e 
lPnd('IH'y of c n.nd a towan[ thl' Gauss ian valurs. 

1'[1(' d i t ribu t ion is in fad not Gn,ussian, a may b(' se(,ll 
in !lIt' figun' , for its Skt',,'Ill'SS (T is quite lligh. 

VORTEX RINGS 

The flow behind ",in' rings WfiS br:,'fly invr tigatl'd. Thn 
dimensions of Lh l' rings used a rr giYell in table II. 
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With the ring of diameter ratio D/d=10 vortices are shed 
from the wire in almost the arne way as from the sLraight 
wire, and there is apparently an annular vortex street for 
some distance downstream. The trouhal number, meas­
ured from R=70 to 500, is lower than thaL for the straighL 
wire (about 3 percent at, R=500 and 6 percent at R = 100). 

Fluctuating velocity amplitudes were measured in the 
wake at several downstream positions. The results for the 
largest ring, measured along a diameter, are hown in figure 

20. It should be noted that .Ju2 rather than the energy 
has been plotted here (d. fig. 11); only relative value were 
computed. Close behind the cylinder the wake behind 
the wire on each side of the ring i similar to that behind the 
straigb t wire, bu t the insid e peaks arc lower than the out ide 
peaks. This may be partly due to the interference of the 
hot-wire probe, for a similar effect, much less pronounced, 
was noticed in the mea uJ'ements behind a straight wire. 

Farther downstream there was ome indication of strong 
interaction between the vorLires, for a peak could noL be 
followed "smoothly" down tream. However, the inve ti­
gations were not continued far enough to reach conclusive 
results. At about 40 diameters down tream the flow became 
unstable. 
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FIG URE 20.-Shedding from a. ring. d = 0.16 cent iltleler; D = 1.50 
centimeters; R = lOO ; nj = 4. 

The ring \\-ith Djrl = .5 he'lian'c! .0mrwJtaL cliO·c' rrnLly. 
The ohsr!'Y('c1 frrqucnC'il' . gave' vallie's of Stroulialllumhl'r as 
shown in tahlP III. TIl(' tahle shows valul'. of, and U 
ha. ecl on tltr wi 1'(' e1iam('(c'r, as w('11 as value'. of Sf) anel HD 
ha. ecl on ring cliam<'lN. D(,twe'e'n ft = ]ii:~ ancl ] 2 tlil'l'{' is 
It suclelc'n inCI'{'ase in S, and at higlic'!' Rc'ynolels llumhl'rs, in 
what C01T('Sponels to thl' i!'J'C'g ulnr rangl', Lll(' sllC'e1d ing is 
similar lo that from a. traight \yire' , while- in Lll(' s tahle range 
the' sllCelciing i. aL a mllc·h low('/' fr(,({lIl'llc·y. From the 
observations mack it sl'('m. likc'ly that ill th!'. table- range' the 
ring aels like' a clisk , . hl'dding tlte vorLl'x loops ohscrvecl hy 
Slanton ancl ~'[ar .. hall (rd. 1 , p. 57 , Itncl rd. 20). SLanLon 
anel Yfarshall do noL give their frecluenc·y -VC'lociLy observa­
Lions except aL Lhe criticn.! RD , whem . Iwdcling firsL . Larts. 

They observed this to be at about R D =200, with a corre­
sponding SD of 0.12. 

Again, the e experiments were too incomplete to warrant 
definite conehl ions, but the difference in behavior for D/d= 10 
and Djd=5 is interesting. This behavior is similar to that 
observed by Spivack (ref. 21) in his investigation of the 
freq uencies in the wake of a pair of cylinders which were 
eparated, normal to the flow, by a gap. He found that 

when the gap was just smaller than 1 diameter instability 
OCCUlTed. For larger gaps the cylinders behaved like indi­
vidual bodies, while for smaller gaps the main frequencies 
were, roughly, those corresponding to a single bluff body of 
dimension equal to that of the combined pair, including the 
gap. 

DISCUSSION 

The most ignificant results of this investigation may be 
discussed in terms of the Reynolds number ranges defined 
in the section "Regular and Irregular Vortex Streets," 
namely, the stable range from R=40 to 150, the transition 
range from R= 150 to 300, and the irregular range above 
R=300. 

STABILITY 

The transition range from R= 150 to 300 displays the 
characteristics of a laminar-tmbulent transition, and it is 
in tructiv.e to compare the stability of the flow around the 
cylinder with botmdary-Iayer stability. The flow in the 
irregular range has tmbulent characteristics, while in Lhe 
stable range it is essentially viscous. 

The Reynolds number regimes may be described as follo\vs: 
Below R=40 the flow around the cylinder is a symmetric, 
vi cous configuration, with a pair of standing vortices ~e­
hind Lhe cylinder. At about R=40 this symmeLric configu­
ration becomes un Lable. It changes to a new, stable con­
flguration which consists of alternate periodic breaking away 
of Lhe vortices and formation of a regular vortex street. The 
change at R=40 is not a laminar-turbulent instability; 
iL divides two different ranges of stable, viscous flow. In 
eiLher rangr, eli Lurbances to Lhe stable configmation will 
be damped ouL. 

On the oLhcr hand, Lhe tran iLion range from R= 150 to 300 
involves a laminar-turbulent transit.ion. To understan(l 
how Lhi LransiLion is relaLed to Lhe vorLex shedclinO', iL i 
nt'C(' a ry to know something about Lhc formation of t.hc 
vorLiC'('s. Involved in Lhis formation is Lhc cir 'ulaLing 
moLion heh inc! tlte cylinder as hown in L1H' following sketch. 
A fn't' vortex lay<'l' (Lhe eparakd hOllnclary layer) spring 
from ('aeh sc'parat ion point on thr C'ylinclc'l'. Thi fl'('e'layrr 
anel the' baddlow he'hind Lll(' cylincirr ('stahlish a circulation 
from wl,ich fluid "hreaks away" aL re'gular inte'rvals. 

{ 
Turbulent ·-·-.. 

Shear layer Laminar.- - -- --...... ---- "" "" \ 
r( --! ) ) 
/'-_/ 

':::::::::::...-.:.J ,) 
-------

Sketch 2. 
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The laminar-turbulent t.ransition is believed to occur 
always in the free vortex layer; that is, the circulating fluid 
becomes turbulent before it breaks away. Then each vortex 
passing downstream is composed of turbulent fluid. 

The poin t in the free vortex layer at which the transition 
occurs will depend on the Reynolds number. This transition 
was actually observed by Schiller and Linke (ref. 18, p. 555, 
and ref. 22) whose measurements were made at cylind er 
Reynolds numbers from 3,500 to 8,500. The distance to the 
transition point, measured from the separation point, de­
creased from 1.4 diameters to 0.7 diameter, and for a given 
Reynolds n.umber these distances decreased when the free­
stream turbulence was increased. Dryden (ref. 23) observed 
that at some value of H, depending on free-stream turbulence 
and so forth, the transition point in the layer actually reaches 
the separation point on the cylinder. Transition then re­
mains fixed and vortex shedding continues, essentially 
unchanged, up to Reynolds numbers above 100,000, that is, 
up to the value of H for which transition begins in the cylinder 
boundary layer ahead of the separation point. It is quite 
likely that even above this critical value of R the phenome­
non is essentially unch anged, but now the vortex layers arc 
much nearer together and the vortices are diffused in a much 
shorter downstream distance. 

In summary, vortex formation in the stable range occurs 
without laminar- turbulent transition. The circulating fluid 
breaks away periodically, and alternately from the two sides, 
formjng free "viscous" vortices which move downstream 
and arrange themselves in the familiar vortex street. In 
the irregular range transition occurs in the circulating fluid 
be.fore it breaks away, and the vortices arc composed of 
turbulent fluid. The transition range corresponds to the 
similar range in boundary-layer stability, and it displays a 
similar intermittency. The values R= 150 and 300 used to 
define the range are expected to be different in other experi­
ments, depending on wind-tunnel turbulence, cylinder 
roughness, and so forth. 

SHEDDING FREQUENCY 

The Strouhal number and Reynolds number dependence 
is different in the two ranges. In the stable range S(fn is 
rapidly rising, while in the irregular range it is practically 
constant. 

Fage and Johansen, who investigated the structure of tit 
free vortex layers springing from the separation points on 
various bluff cylinders (ref. 9), made an intc're ting observa­
tion on the relation of the sh edding frequeney to the distance 
between the vortex layers. This distance increases as Lhe 
cylinder becomes more bluff, while the shc·dding frcqueney 
decreases. In fact, if a new Strouhal number S' is (lrfinccl in 
terms of the distance d' between the fr('() vortex layc'rs 
(instead of the cylinder climen ion d) , then a un i ypr al 
value S' "",0.28 is obtained for a variety of (hluff) cylindpl' 
shapes. The measurements of ref rence 9 were mack at 
R=20,000, but it is belieyec[ that the similarity ('xisls OYPl' 
the whole irregular range. It cloes not extencl to L1l(' slablc 
range. To check this point the shcd<ling frequency was 
measurecl in the wake of a half cylinder placecl with L1lC f1 aL 
face broa(lside to the flow. It was found LhaL S(lO was 

rising for Reynolds nwnbers below 300 and then became 
practically constant at the value S=0.140. For a similar 
case, at R=20,000, Fage and Johansen found S=0.143. 

The universality of the constant S' is useful in systematiz­
ing the shedding phenomena (at least in the irregular range). 
It indicates that when the circulating fluid behind the cyl­
incler is turbulent then the formation of free vortices is 
similar for a variety of bluff shapes and over a wide range 
0'£ Reynolds numbers. 

Finally, the relation between Strouhal number and form 
drag coefficient has been mentioned in the section "Relation 
of Shedding Frequency to Drag." In the irregular range 
the slight variations in S(R) reflect slight variations of GDp 

and so, probably, of the separation point. However, con­
stancy of CDp is not enough to insure a fixed separation point. 
For instance, CDp remains practically constant down to 
Reynolds nwnbers below the shedding range, but the separa­
tion point there is farther back than it is at higher R eynolds 
numbers. It would seem worth while, and fairly easy, to 
measure the position of separation as a function of R eynolds 
number over the whole shedding range, that is, to complete 
the data available in the literature. 

DOWNSTREAM DEVELOPMENT 

The way in which the wake develops downstream is quite 
differen t in the stable and irregular ranges. 

When the circulating fluid brea}c away before the occur­
rence of transition in the free vortex layers (i. e., below 
R= 150), then the free vortices which arc formed are the 
typical vi cous vor tices . There is no further possibility 
for the fluid in them to become turbulent. The vortices 
simply decay by viscous difl'usion as they move downstream 
(sec the sect ion "~preacl of Vortex Street" in appendix B). 

When tu rbulenL tran ition clocs occur, then the vortices 
which arc formecl consist of tu rbulent fluid. They diffuse 
rapidly as they move clownstream and are soon obliterated, 
so that no eviden('e of the sheclcling freq uency remains. This 
development Lo a ('ompletely turbulent wake takes place in 
less than 50 diameU'rs. In terms of the d('('ay of the discrete 
energy (fig. 1 :3), LlH' c1e yelopmellt is roughly the same for 
Reynolds numbers from :WO Lo 10,000. This again indieates 
a remarkahle imilarity over the wltole irregular range. 

The stable' and irregular rangps arp also eharaeterizccl by 
Lltc dirrerrn('c in the (·nergy sp<'ctra of the velocity fluctua­
tions. It. has bpPIl pointc'd out that in thp irmgular rangc a 
('ontillllollS, or lurbtllplll, part of th(' sp('('\ rllm is establishcd 
at th(, he'ginning of [.11(' wake' cll'v(·lopment.. This turhulence 
is a rl'slI lt of t hc' [,rnn. it ion in til() fn'I' Yorli'x layers anel might 
he ('xp('cL('d to 1)(' indej)('Il.<i(·nL (at fir. L) or thp p('riocLie part 
of Lil(' f1l1d lIation, wh ich J'('slIl t S from t.1l() pniod ie shedding. 
IndC'('d, mosL of Lhe ('Il('rgy nL firs t, is l:on('(lnt,raLoll llcL thc 
shedding frpqlll'lH'Y fit (SOIn(' at 11 2) , and it. mlLy be repn'spnk(l 
as a discrete (dl'lLa flllll'lioll ) part. of the specLrum, wit.hin t,he 
IlCCtlrll(,y of the 1l1l'IlStln'JT)I'II t s ('f. append i x A). II OW('V(''', 

til(' l'ontillllOllS lUlil disCT('((' parts lin' HOt. (·Iltin·ly indcpelHl­
('nt, as shown by lh(' hlllnps Il('ar nl Hnd "'2 (fig. 14). This 
may bc' l'('gltrdl'd ItS a r('stllt. of C'IlC'rgy "f('('ding" from t.he 
disl'rl'll\ to thl' cO lltillllOl lS part. of tl1l\ s]lC'l'lrtlln, and it 
J)I'OI'p('(ls in It WHy whic h t('11I1s t.O sl1looth t 11(\ SllC'( :t rUIll. Stich 

'--~----------------------------~-------------------------------------------
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transfer of energy between spectral bands i a process de­
pending on the nonlinear terms of the equations of motion. 
The" activity" in the spectrum, at any stage of its develop­
ment, may be regarded as an equilibrium between the 
nonlinear and the viscous terms. It is an important problem 
in the theory of isotropic turbulence. 

The spectral activity near the frequency of discrete energy 
might be looked upon as a simplified case in which a single 
band has an excess of energy and the spectral energy flow is 
unidirectional, that is, out of it into the adjacent bands. 
However, the nonhomogeneous character of the field involved 
(the wake) reduces the simplicity, for it is necessary to take 
account of energy transfer across the wake. One interesting 
possibility is to superimpose a homogeneous (i otropic) 
turbulent field, by means of a screen ahead of the shedding 
cylinder, and to study the effect of this field on the spectral 
activity near the discrete band. Although the wake will still 
introduce nonhomogeneity (not even counting the periodic 
part of the motion), it may be possible to arrange the relative 
magnitudes to give significant results from the simplified 
model. 

To st,udy such problems the technique for measuring the 
spectrum (appendix A) near the frequency of discrete energy 
will be improved. 

To summarize, it is suggested that the initial development 
of the spectrum might be regarded as follows: 1'he conLinu­
ous and the discrete parts are established independenLly, the 
one by the transition in the vortex layers and the other by 
the periodic shedding. The turbulence due to the transition 
is the "primary" turbulent field and it pcctrum is the 
typical, continuous (turbulent) spectrum. (It has been noLed 
in the section "Measurements of Spectrum" that t.he low­
frequency end of the spec rum is e tabl ishcd early; it would 
contain only energy of Lhe primary field. 6) The discrete part 
of the spectrum is embedded in the turbulent part, and it 
thereby is "excited" into spectral tran fer. Some of its 
energy is transferred to the adj acent freq uency bands resulL­
ing, initially, in the development of bumps in thr continuous 
spectrum. Subsequently, as the spectral tran fer proeeeds, 
Lhe spectnlm becomes smooth. 

The above di cussion is an absLract wny of saying that the 
vorLice are diffuSE'd by a Lurbulent fluid (instead of a vis('olls 
one). The diffusion involves the nonlinear P1'O(,(, es typical 
of Lurbulenc(' i the study of these proces es, in (rrm of 
spectrum, is an important problem. 

There is a similar r.a e of turbulent, periodic struc(.ure in 
t hc flow field between Lwo cylinder , Ol1r of whi('h rotatrs. 
Taylor'S discovery of Lhe prrioC\i(' structure of thr flow is 
well known (ref. 24). When the inner ('ylinder rotates, it 
is possible 1,0 obtain a steae!y, reglllar !l.ITangemrllt of ring 
vorLices, enclosing Lhe inner cylinder, 11.11<1 having, alternately, 
opposite dir etions of eireulat ion. Above n ('rit ie'al vnlue of 

o In till' LllI ~C)ry of homoJ.!(·ncolls tllrblllcJtC'n it. i~ shown lhnl Iht· low-rn'qlH'IH'Y (,THI of 
thu slX'('trIlTll is invariant, a prorwrty rclatrd 10 thc' Loil si:U1Sk i ill\'ariallt . 

l __ _ 

the speed of rotation this laminar, periodic structure Ut:r 

comes unstable and the fluid becomes turbulent, but alternate 
ring-shaped vortices still exist at speeds several hundred 
times the critical speed (ref. 25). 

STATISTICS 

The probability distribution functions (fig. 19) display the 
characteristic which are expected, from the other observa­
tions. The contrast between the functions at R= 100 and 
R= 500, that is, in the stable and irregular range, respectively, 
is quite evident. In the irregular range, even at x/d=6, 
where mo t of the energy i discrete, there is a marked 
irregularity in the fluctuation, as shown by the high value of a. 

However, these descriptions are little beLter than qualita­
tive, and it i hoped to obtain more interesting results by 
extending the e stati tical methods. Of particular interest 
in the development of random from periodic motion would 
be the relation between the probability distributions and the 
the spectra. For in tance, it is plain that a purely periodic 
function (discrete spectrum) will have a probability di -
tribution with finite cutoff, while development of random 
irregularities in the function' amplitude is trongly re­
flected in (1) a "spreading" of the di tribu tion function to 
higher values of ~ and (2) the appearance of a continuous 
pectrum. However, the relation between the two is not 

unique; that is, the pectrum does not give (complete) 
information about the probability distribution, and vice 
versa. 

SUGGESTIONS FOR FUTURE INVESTIGATIONS 

Some further lines of inve Ligation indicated by these 
experiment are ummarized below. 

(a) The transition from the stable to the irregular range 
hould be invesLigated with controlled disturbances, for 

example, eylinder roughness and free- tream turbulence. 
It i expected that the limits of the tran ition range (roughly 
R= 150 to 300 for the experimental conditions here) will be 
lower for higher free- tream turbulence or cylinder roughness. 
The critical rylinder Reynold number should be related to 
corre pondinO' number for the tran ition point in the free 
vortex layers (ba ed on distan('e from separation point or on 
the thickness of the layer). 

Such studies of stability to different disturbance amplitudes 
and frequencies are well known in the ea e of t he boundary 
layer. A vnriation of the experiment of Schubauer and 
Skrfl,m tad (ref. 2(3), who used an 0 eillating wire in the 
boundary layer to produce disturbances of definite fre­
quelwies, wOllle! be to use!l. econd hedding cyline!er. 

(b) A sl udy of the speetral development in the neighbor­
hood of a e!is('rete band, the effect of a turbulent field on its 
nctivity,nnd so forth (dis('us. eo in thE' section "Downstream 
Development ") may he Ihp mo t· fruitful ('onlin1.la.tion of 
the e exp('riments. So far, the problem has been n.ppl'oH('heo 
only in thr thc'ory of i otropi(' turbulence, where it has not 
nd van ('eel much beyond I he similn rity ('onsidern.t ion of 
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Kolmogoroff, and very little is known about the form of the 
spectral transfer function. 

Interactions between di crete bands, · for example, at 
slightly different frequencies, can be studied by the use of 
two or more cylinders arranged to "interfere" with each 
other (some such studie have been made by Spivack (ref. 
21) but not from this viewpoint), or possibly by using one 
cylinder having diameter change along its span. 

(c) Townsend has recently used the concepts of intermit­
tently turbulent flow and local isotropy in his investigations 
of the turbulent wake and has obtained a new description of 
its structure (rcf. 27). His studies were made at downstream 
distances of 80 diameters or more, so that the wake was fully 
turbulent. Probabh' the structure he describes is essentially 
the same up to thc beginning of the fully developed wake 
(about 50 diameters), but then thcre is the qucstion of how 
it is related to the earlier developments. The most obvious 
"early developments" are the turbulent transition in the 
free vortex layers and the periodic shedding. (Although the 
shedding frequency is no longer distinguished far down­
stream, it is prominent in the early spectral developments 
and thus has an influence on the downstream wake.) 

Such tudies will involve considerably morc dctailed 
invcstigations of the wakc structure than were made here, 
possibly along the lines of Townsend's experiments and the 
classical measurements of ene rgy balance across the wake. 
The other two components of the energy if and w 2 will bc 
needed. 

(d) The nature of the circulating flow behind the cylinder 
and the formation of free vortices, that is, the shedding 
meehani m, should receive further atLention. 

(e) The spanwise periodic structure of the vortex street 
should be investigated, beyond the very cursory observations 
made here. In particular, a study of the stability of single 
vortex filaments seems important. 

(f) ?\feasuremenLs of the fluctuating forces on the cylinder, 
due Lo the hrdding, would be interesting and should have 
immediate practical applications. There seems to be very 
little information about the magniLucle of these forces. It 

might be obtained either by direct measurement of forces 
(on a segment) or pressures (with pressure pickups) or 
inferred from measurements of the velocity tluctuf!.tions close 
to the cylinder. In addition to the magnitude of the force 
or pressure fluctuations, their spanwise correlation is of 
prime importance. 

CONCLUSIONS 

An experimental inve tigation of the wake developed 
behind circular cylinders at Reynolds numbers from 40 to 
10,000 indicated the following conclusions: 

1. Periodic wake phenomena behind bluff cylinders may 
be classified into two distinct Reynolds number range 
(joined by a transition range). For a circular cylind er these 
are: 

table range 40<R<150 
Transition range 150<R<300 
Irregular range 300<R<lO,OOO+ 

In the table range the cll1ssical, stable Karman tI'eets are 
formed; in the irregular range the periodic shedding is 
accompanied by irregular, or turbulent, velocity fluctuation. 

2. The irregular velocity fluctuation is initiated b~' a 
l!1minar-turbulent transition in the free vortex layers which 
spring from the separation points on the cylinder. The 
first turbulent bursts OCCLlr in the transition range defined 
above. 

3. In the stable range the free vortices, which move 
downstream, decay b~r viscous diffusion, and no turbulent 
motion is developed. In the irregular range the free vortices 
contain turbulent fluid and diffu e faster; the wake becomrs 
fully turbulent in 40 to 50 diameters. 

4. A velocity meter ba ed on the relation between velocity 
and shedding frequency is practical. 

5. In the sta ble range a span wise periodic structure of the 
vortex street has been ob erved. 

6. An annular vorLex-sLreet structure has been observed 
behind rings having a cliamrler ratio as low as 10-

CALIFORNIA INSTITUTE OF TECHNOLOGY, 
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APPENDIX A 
EXPERIMENTAL ANALYSIS OF SPECTRUM 

These notes supplement tIn brief descriptions in the 
s('ctions "Frequency Analyzer" and "?\1ea.surelTIrnts of 
Spectrum." 

ANALYZER RESPONSE 

Con icier thl' rrsponsc of a sprctnnll anaJyzrr, su('h a 
that uBed in th(' prrsrnt rxp<'rimrnts, to a mixrct pel'io<iit'­
random input , and in pmticular considpl" t.IH' prohll'm of 
infl'lTing th<' input from th<' output. 

TIll' inpu t, fill enl'rgy or POWl'l", has it mndom <1,11<11\, p('1"iodi(' 
('ornpon<'nt: 

The corresponding sprctra are defined b~' 

(AI) 

(A2) 
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where 
(A3) 

and 5(n) is the Dirac delta function. 
The response characteristic of the analyzer may be ob­

tained by considering th effect of a periodic inpu t. When 
.. he analyzer setting nA coincide with the input frequency n 1 
the output i.> a maximum, and when the setting is moved 
away from nl the ou tput falls off. The response character­
istic is 

Ou tput at setting nA 

Output at setting nA=nl 
(A4) 

The output spectrum G(nA) of the analyzer is related to the 
input spectrum F(n) by (cf. ref. 15) 

G(nA) = 50 "" F(n)Rrn-nA)dn 

(A 5) 

Since R(n-nA ) is sharp, that is, almost a delta function (see 
the .>ection "Half Band Width"), FT(n) may be considered 
to be constant over the significant interval of integration in 
equation (A5) . Then 

(A 6) 

where 

ia the a rea under the l'espon e characteristic. 
Equation (A6) gives the output . for a mixed periodic­

random input. It i required to find the separate terms 
which make up this sum. The procedure is outlined in the 
section "Separation of Discrete Energy" below. 

HALF BAND wmTH 

The j'e ' olution of the analyzer is determined by its half 
band width w. This is defined as the number of "cycles off 
resonance" at which t11e output falls off to 0.01 percent; that 
)s 

H(n1-w) =0.000 1 (A8) 

For an ideal analyzer the respon'e characteristic would be a 
delta function, but even with half band widths from 30 to 
145 (which is the range of the analyzer u cd h re) the cha1'-

acteriatic is quite sharp, relative to the frequency intervals 
of interest. The values 30 to 145 seem quite high, but they 
are a li ttle misleading because of the high attenuation used 
to define w. For example, if the response-characteristic half 
band width w is 30 cycles per second, it has a total width of 
only 6 cycles per second at 50-percent attenuation . 

SEPARATION OF DISCRETE ENERGY 

To separate the discrete energy Ul
2 from the continuous 

spentrum the following procedure is used. 

Sketch 3. 

At nl +w and nl-W (sec sketch) the contribution from 'U1
2 

is only 0.01 percent, so the measured points there are assumed 
to lie on the continuous spectrum. It is assumed at first that 
the continuous spectrum between the e points may be det'er­
mined by interpolation, and its value at nl is calculated 
Then Ul

2 is determined by differen e and the last term in 
equation (A7) is calculated, since the form R(n) i known. 
The first term in equation (A6) then gives the values of 
G(nA) in the vicinity of nl; these should check the measured 
values. 

If, however, the continuous spectrum within the band 
width bas a bump, then the above calculation is not self­
consistent, and the true values can be determined by 
successive estimates of ut 

In principle the method i sati factory , but in practire the 
accuracy is low berause in the r~gions of intcrcst, t hat i , 
neal' peak frcquen 'ies, it depends on the differences of 
relatively large quantities. One of these, H(n), is known 
precisely, but the prerision is difficult to )'ealize sinee the 
settings on the analyzer rannot be read acc1Il'ately (·nough. 
For the spcctral investigations discussed in the section 
"Downstream Development" the terhnique will br impl'ov('d , 
by monitoring Lbe analyzer with a counL('l'. 

APPENDIX B 

NOTES ON VORTEX-STREET GEOMETRY AND SHEDDING FREQUE CY 

The regularity of the vortex shedding and its sensitivity 
to velocity changes have undoubtedly intrigued everyone 
who has investigated the flow past bll1ff bodies. However, 
as Karman pointed out in his first papers on the vortex street, 

- --- ----------

the problcm is inhc),Nltly diffieult, involving as it do('s the 
separation of the boundary layer from til(' ('ylinder, i\lHL 

there is yet no adequate theol'etiCtLl tn'atment of Lilt· me!'il­
ani m. 
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The following notes may be useful as a summary of the 
intere3ting features of the problem. They are based largely 
on the literature but include some results obtained during: 
the present experiments. Chapter XIII of reference 19 has 
a very useful review and list of references. 

IDEALIZED KARMAN STREET 

Kllrman's theory treats a double row of potential 
vortices, infinite in both directions. The distance between 
the rows h and the spacing of the vortices in each row l are 
constants. The vortices have strength (circulation) r which, 
with the geometry, determines the velocity T' of the street 
relative to the fluid. The theory shows that the configLu'a­
tion is stable when the rows are staggered by It half wave 
length and the spacing ratio is 

h 
7=0.281 (Bl) 

The circulation and velocity relative to the fluid are then 
related by 

r 
l1Z= 2.83 (B2) 

Two of the parameters (h, l, r, and F) must be determined 
from some oLher considerations . In the real vortex sLreet. 
they must be related to the conditions at the cylinder. 

REAL VORTEX STREET 

The real vortex street, even in the stable range, differs 
from the idealized one in the following points: 

(1) The street is not infinite. It starts shortly down­
stream of the cylinder and eventually loses its identity far 
clo\vnstream. However, the classical vortex- treet pattern 
extending for 10 or more wave lengths hould be a good 
approximation. 

(2) The vortex spacing is noL constant. In particular, 
the lateral spacing h increases downstream. 

(3) The real vorLices must have core of 'finite radius. 
These grow downstream, so that the vortices diffuse inLo 
each other and decrease their circulation. For the arne 
reason the velocity r is expected to cliffeI' considerably 
from the theoretical value, ince it is strongly dependent 
on Lhe configuraLion. 

RrlaLed to these consideraLion is the way in which Lhe 
vorlice are first formed. At Reynolds numbers below Lhe 
shedding range a symmetrical pail' of eddies is formed aL 
the back of the cylinder. As the Reynolds number in(,reases 
Lhese two eddies grow and become more ancl more elongated 
in the flow direction, until the configuration is no longer 
stable and become a ymmell'ic. Once Lhis OCCUI" Lhe 
circulaLing fluid bl' aks away 7 aItel'11alcl.v from ('a('h side 
to form free vorLice which now downstream unci url'llnge 
tfwmselves inlo the regular, table vortex streeL. 

7 Possibly the brea king away should be rC~"l'dcd u., primary. rcsllllinl: in asymml'lry. 

In the irregular range the process is similar, except that 
the fluid is turbulent (because of the transition in the free 
vortex layers). 

DOWNSTREAM VORTEX SPACING 

In the flow past a stationary cylinder the frequency with 
which vortices of one row pa s any point is given by 

Uo-V 
n1=- l-

This must be the same as the shedding frequency 

nl=SUold 

Two useful expressions result: 

or 

£=~(1-&) 

V Sl - =1-­Uo d 

(B3) 

(B4) 

(B5) 

(B6) 

l 1 
In a real vortex street, r~o far downstream and then d~' 

Or, if SLid is known from measurements, then rlUo may be 
computed. 

An example of measlU'ed values of lid i shown in figure 21. 
These were Laken from the streamline plot obtained by 
Kova znay (ref. 11) at R=53 (for which S=0.128). There 
is a little scatter, but l id docs approach the constant value 
I /S = 7 .. 

The scatter, while relatively unimportant in the case of 
l id, give very low accuracy for values of "VI Uo ca.lculated 
from equation (B6). These have also been plotted JIl figure 
21. It is surprising Lhat orne of the values, neal' the 
cylindC'r, arc negative (corresponding to values of l id higher 
than l /S); it is believed that this results from the combined 
difficulty of esLimaLing the vortex centers, especially neal' Lhe 
cylinder, and Lhe sensitiviLy of equation (B6). (Howeve)', 
it mLlsL be noted thaI, negative values of V arc not impo sible. 
t\" egative V simply means Lhat the vortex velocity i direcLed 
upsLream relaLive 1,0 Lhe fluid, while it is till down trcam 
relative 1.,0 L1Ie cylinder. Such a po sibiliLy exists at low 
values of xld, where the mean velocity at the edges of the 
wake is con icierably higher than Uo.) 

AnoLhe[' way to obtain V IUa is to as ume Lhat tIle vOl'Lex 
centers move wiLll Lhe local Im'an velocity. Kovasznay's 
p&pel' include measurements of Im'an velority profile . 
From hi I'e ults the mean vcloeity along the line of vortex 

. . V l * 
cenLel's U* has 1>('('11 deLermml'd aml from II, [[0 = 1- [fa 

has lH'en cal('ulated. TIl(' result is ploLte(\ in figure 21. 
Ncar tltl' cylinder it does not agn'l' with the valul's obLained 
by the pI'evious m('thocl; iL is beli('ved that this i principally 
clue to th(' difficultil's m!'lltiolle</ ahovl' and LhaL the </('tel'­
mination of V IUo from l - (U* /Uo) is more accuratl'. 
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reference 11. 

LATERAL SPACING 

alculated from data ill 

Thc lateral spacing, at least initially, must bc dcLcrminNI 
by conditions ncar thc cylindcr. The \vay in which th 
pacing incl't'asc downstrcam is di cus cd, for the tabk 

rangc, in the cction "Sprcad of Vort('X 8tl'ccl." 
In the irrcgular range, thc dependcncc of thc slledding 

frequency on the distancc bC'tweell thc fr"ec vortcx laycl's , 
noted by Fage and Jollansen ( N' tht, scction " 'heddin~ 
l?]'c<]ucncy"), lead to an inLel'e ling estimate of thc initial 
latcral pacing of the free vOl'tic('s. Thc maximum (listanc(' 
d' betwcen the fl'c(' vorLc'x layer, in tcad of thc cylind('1' 
dimen ion d, may be uSl'd to defi.ne' a new Stl'ouhal numlw\' 

<I' 
S' = nl l' 0 

(B7) 

Fagl' and .Tohansl'n fOllnd that , wlH'I'N1s k Vl1I'l(' con idel'il.bly 
with (,ylindl'l' shapl', S' is prnclint.lly ('Ollstl1nt for n vi1l'il,t:v 
of blu!\' ('ylilHkl's. ' ow the initial hl.tl'ral spn,('illg h' of the 
fn'l' vOl'ti('('s will lH' roughly thl' 11111(' as II' , possibly It lit tIP 
Sin 11. II C'I' : 

h' il' 
- = (l - f) -­

/, / 

Then, comparing with equation (B6) and (B7), 

h' I-f 
l l-ev/Uo) S' (B9) 

From the measurements of Fage and Jobansen, S' ",=,0.28, 
I-f 

The factor l-ev/U
o
) "'=' 1. Thus equation (B9) giyes h' /l= 

0.28 ; that is, the spacing ratio agrees with Karman' value, 
aL lel1st close to the cylind er. 

SHEDDING FREQUENCY 

Thcre is yet no adequate theory of the periodic vortex 
shcdding, and it i not clear whl1t is thc principal mcchanism 
which determines the frequency, 

Thc downstream spacing ru tio is relatcd to thc shedding 
frequency by equation (B3) and to the lateral spacing by a 
stability criterion (e, g., Ktlrm{tn's value of 0.2 for the 
idealized street). It might be conside[,cd that the hcdding 
frequency is detcrmined by the spacing reqllil'cment, or, 
conversely, that the shedding is primary ancl dctcrmincs 
thc downstrcam spacing. The lattcr viewpoint seems thc 
more plausible one; that is, thc hedding frequcnc." is c tab­
Ii hed by a mechanism wl1ich dcpends on featurc othcr than 
the vortex: spacing. It is necessar.'- to obtain l1 bctter under­
standing of the flow field Bcar the cylindcr, Onc of the 
elements involve the problem of scparation, particularly 
thc nonstationary problem. Anothcl' that requil'cs mol'C 
tudy is the flow ficld dircctl." behind the cylinder. 

With a bcttcr knowledgc of thesc , and po ibl,\' other, 
featurcs it may bc po, ible to ct up a model of the shcdding 
mechani m. In thc meuntime it i not clear \\"hcther the 
vortex spacing rcquil'cment is decisive in ddl'l'mining 'tIl(' 
frequency. 

DESTABILIZATION ' OF SHEDDING 

Thc' following cxpcriment illustratt's the clt'j)endel1cc of 
tIl(' pCl'iodic shcdd ing on "communication" Dct\n'cll the fl'cc 
vortex Ia."crs, that i , on the 00\\' fi('l<l directl,\- I)l'hin<l thc 
cylindcl'. A thin fll1t platt' wa mountcd lwhind the cyl­
indcr in thc ccnte r plane of the \\"Ilke (fig . 22). It \nl S 

completely effcctive in stopping titc pcriodic shcdding. 
pcctrulll mcasurcmcnts in the 00\\' on 011C sidc of thc pll1tc, 

nrc shown in figu'l'l' 22. "\t R = 7,500 JlO ignifi.cnnt fn'­
quencies could be epnrateel Ollt from thc continuous bnck­
ground. At R = 3,200 the 1'(' \\"('I'C t'\'cl'nl predominant fl'c­
quencics (all highcl' than the Iwelding fl'l'quelH'Y for thc 
cylindcr) , but , b.'· thc time the Oo\\" re'nchcd til(' end of thl' 
pl:~t c, 5 diamctcr do\\"n trea.m , it \\·n com pld('l,\' t ul'bu lcn t. 
(TIll' shNlding fJ'cquenC'y III fo\' thc c-,"lindl'r is marked ill 
til(' figul'l's. ) 

'I'll(' important, pn'('ct , 011 t hc h('dding. of till' (lo\\, fil'ld 
dirt,(,tl.\' [whind tit(' c.\"lillcier is appnn'llt. Prollnhl!· Ill! ('\"('11 

shortl'l' Il'lI~th of platl' \\'ould bl' ('O'l'elin' ill dl'stablizing 
til(' pl'l'iodic shl'dding, nnd th('l'l' lllay bc n most l'fl'l,ctin' 

' 'I'ht' :.; I:lhilit y (·( In :-: itlt·n·t l il l Ihi:, :->Pt'l iOI1 i ~ not with rt':o' lwrl t tl hmin~w ·t\llh\lh\nl tr:\I\~i­

lio lt ; i l ('O IIf'(' fl1:'; ,Ih' !.ilahilil r or lil t' pt' rind i(' :.;Ill'ddillg (d. llw !'('r l ioll"~t :l hi1 i t~ "). 
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FIGURE 22.-Effect of downstream plate on wake frequenciE'S. 

position for such an intcrference clement. Kovasznay 
remarks that the hot-wire probe used in investigating the 
vortex street must be inserted from the ide, for if it lies in 
the plane of the street it has a strong destablizing influence. 

A more complete study of the destabilization of shedding 
by such interference devices may be quite useful from a 
practical viewpoint. Structural vibrations and failures are 
often attributed to the periodic forces set up on members 
exposed to wind or other flow (smokestacks, pipe lines, struc­
tural columns, to mention a few). In many cases it might 
be possible to destabilize the vortex shedding by addition 
of simple interference elements or by incorporating them in 
the original designs. In the case where one member is 
buffeted by the wake of another the same principle might 
be applied. 

SPREAD OF VORTEX STREET 

It has been observed by most investigators that the spac­
ing ratio hll is Karman's value (0.28) close to the cylinder 
but increases rapidly downstream. The increase of hll is 
mainly due to the increase of h, since l changes very little 
(fig. 21). In the stable range this is tbe result of viscous 
diffusion of the real vortices. 

Hooker (ref. 28) has made an interesting analysis. First, 
a real vortex has a core of finite radius; its center is the point 
of zero velocity and maximum vorticity. Hooker shows 
that in a vortex street, where the velocity field of the other 
vortices must be taken into aCColmt, the point.s of zero 
velocity and maximum vort.icity do not coincide. The 
point of maximum vorticity is unchanged, but the point of 
zero velocity is fart.her away from the center of the street. 
As the vortex decays, the point of zero velocity moves 
farther out, its distance from the center of the street increas­
ing almost linearly with time. Thus the spacing based on 
vorticity centers remains constant, while the spacing based 
on velocity centers mcreases linearly. Hooker's calcula­
tion of the linear spread checks fairly well with some pic­
tUl'es taken by Richards (ref. 29) in t.he wake of an elliptical 
cylinder having a fineness ratio of 6: 1 and the major diameter 
parallel to the free-stream velocity. 

However, t.he spread of the wake is not always ob erved 
1.0 be linear. Among the different investigators there is a 
large variation of results, apparently dependent on the 
experimental arrangement. In Richards' experiment the 
cylinder was towed in a water tank and the vortex patterns 
were observed on the free surface. 

In Kovasznay's experiment the cylinder was mount.ed in 
a wind tunnel, the arrangement being similar to the one 
used here (see the section "Experimental Data"). On 
his plot of the streamlines at R=53 the dO\'v-ustream spread 
of the vortex street is parabolic rather t.han linear. It is 
possible to fit his results by a somewhat different applica­
tion of Hooker's idea, using decaying vortex filaments. 

Each vortex in the street is considered to behave like a 
single vortex filament carried along by the fluid, its decay 
or diffusion being the same as if it were at rest. The decay 
of such a vortex is described by a heat equation, whose 
solution is (ref. 30, p. 592): 

(BID) 

where q is the tangential velocity at the distance r from the 
center and at the time t. The circulation is r . This is 
essentially a vortex with a "solid" core and potential outer 
flow joined by a transition region in which the velocity has a 
maximum value. This maximum velocity is 

q*= 0.72 (r/27r7'*) (Bll) 

and occurs at the radial distance 

r*=2.24(vt)I/2 (B12) 

Here r* is defined as the vortex radius. 
Thus the radius increases as t'/2 and the maximum velocity 

decreases as t- 1
/

2
• In the vortex street, the time t is replaced 

by the downstream distance x. Since the vortices move 
with the velocity U* rather than U o, the dimensionless time 

6= g: a is appropriate, where U* also varies downstream 

( ee the section "Down tream Vortex Spacing"). 
When a pattern of such vortices is superimposed on a uni­

form flow, it is possible to calculate the velocity fluctuation 
at a point due to the pattern pa sing over it. 

ow the following hypothesis is added. It is assumed 
that the vortex radius r* is equal to the width II, of the street. 
Then the width of the street increases as X1

/
2

• 

A second result follows. The maximum velocity fluctua­
tion (observed by a hot-wire, say) will occur on the line of 
vortex centers and will have the amplitude 

1 u*=- q* 
2 

(BI3) 

that IS, the hot-wire encounters instantaneous velocities 
varying from U* (because of vortex centers passing over it) 
to U*+q* because of the fields of vortices on the other side 
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of the street). Relations (Bll) and (B12) .then give the 
downstream behavior of the maximum fluctuation amplitude. 

The results may be summarized as follows: 
(a) Wake wid~h h",,"(}l /2 
(b) The maximum ampli.tude of fluctuation u* occurs on 

the line of vortex centers C 0 there are two maximum points 
across the wake). 

(c) U*"""O-1/2. 
Cd) u *= 0.36 (r /27r-h). 
A comparison of the above predictions waa made with 

calculations based on Kovasznay's measurements which in­
clude profiles of velocity fluctuation amplitude (d. fig. 11) 
as well as the streamline plot. The following comparisons 
were obtained, item by item: 

(a') The time variation of hid, determined from the vortex 
centers on the streamline plot is shown in figure 21. The 
parabola h/d= 0.59(O-6)1 /2 is shown for comparison. 

(b') The line of maximum velocity fluctuation lies slightly 
inside the line of vortex centers and is fitted by h */d= 0.53 
(0-6)1/2. 

(c') The time variation of u* is also plotted in figure 21. 
(Actually Kovasznay's maximum root-mean-square values 
u'm are plotted, but these should differ from u* only by a 
constant factor. ) The curve u' m/Uo= 0.26(B-6 )-1/2 is shown 

·for comparison. The points could be fitted better, but the 
curve was chosen again to have the origin 8=6. 

(d') A comparison with (d) may be made by estimating 
the strength r of the vortices. Such a consideration, in fact, 
led to the present model, for it was found that the magnitude 
of the observed velocity fluctuations could be accounted for 
only by assuming that the radius of the vortex core is about 
equal to the width of the street. This observation had 
already been made by Fage and Johansen (ref. 8), for 
R",,"2 X 104• If the free vortex layer is represented by a 
velocity discontinuity U= Uo to U=O, then the circulation 
is Uo per unit length and "the circulation" flows with the 
velocity Uo/2. On the other hand, the rate at which circu­
lation enters one side of the street is n1r, where r is the cir­
culation per vortex. 9 Therefore 

r=Uo
2
=Uod 

2nl 28 

For Kovasznay's example, 8"" 0.13, so r """ 4 Uod. Then, 
comparing with (d), the maximum fluctuation in the initial 
part of the wake is 

assuming h""d at this low Reynolds number. The largest 
value of u'm/Uo in Kovasznay's example is 0.14 at x/d=7, 
corresponding to u*/Uo ",,"0.2. The order of magnitude of this 
estimate is quite sensitive to the size of the core relative to 

• The velocity at the outer edge of the ll\yer is actually about 1.5 U., but experiments 
indicate tbat only about haIr the vorticity of the shear layer goes into individual vortices. 
Therefore, the value U .d/2S is a lair estimate. 

the width of the street; if the core is assumed to be much 
smaller, the calculated velocity fluctuations are much larger 
than those observed. Also, if the cores were very small 
compared with the width of the wake, four peaks instead of 
two would be observed in the profile of the velocity fluctua­
tion amplitude. 
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TABLE I.-PROBABILITY FUNCTIONS 

_______ U_(t_) ______ I ____ P_(_E) ____ I. ___ P_(_E) ___ ~I.----N_1 __ . __ I ___ c __ .I_Q_ 

Random (unction (Gaussian) __ .... __ . 

Triangular wave ___________________ _ 

Ring 

I 
2 
3 

I '2 (I+er( E) E:;O 

.! (I-er! E) E~O 
2 

.!. COS-I E 
r 

I 
I.E< - .,[2 

'!,-""!"' < E<""!'" 
2.,f2 .,[2 

I 
o.E>7z 

1.3 . .. (2k-l) k even ---21--

....!... r(k+l) kodd 
.,f; 2 

....!.....(~)1" 
k+1 2 

r(HI) 
I . 2 

.,f; r(i+ly 

TABLE II 

RING DIMENSIONS 

rl. cm D i d. I Did 

0.168 -~;--T~I-9-. 5 
.081 . SI . 01S 10.0 
. 079 . 40 . 01S 5. 1 

TABLE III 

VALUES OF STROUHAL NUMBER FOR VARIOUS TEST 
REYNOLDS NUMBERS 

R S RD SD 
------ --- ---

S9 O.OSI 450 0. 26 
96 . 052 490 . 265 

103 . OS2 52.5 .265 
128 .057 650 .29 
153 .060 780 .31 
IS2 .147 
215 .IS9 
302 . 204 
366 . 211 
455 .212 

~-1.25 

2 
-{:i-J.l6 

~' -1.1l 
2.,[2 

3 

9/5 

3/2 
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• 

Positive directions of axes and angles (forces and moments) are shown by arrows 

Axis Moment about axis Angle Velocities 

Sym-Designabion bol 

LongitudinaL ______ X 
LateraL ______________ Y 
N ormaL _____________ Z 

Absolute coefficients of momont 
L l'v1 

0)= qbS Om= qcS 
(rolling) (pitching) 

Force 
(parallel 
to axis) 
symbol Designation 

X Rolling _______ 
Y Pitching ______ 
Z yawing _______ 

N 
On=qbS 
(yawing) 

Sym-
bol 

L 
M 
N 

Linear 
Positive Designa- Sym- (compo- Angular 
direction tion bol nent along 

axis) 

Y---+Z RoIL _______ 

'" 
'U P 

Z---+X Pitch.. _______ () u q 
X--+Y Yaw -------

'" 
w r 

Angle of set of control surface (relative to neutral 
position), o. (Indicate surface by proper subscript.) 

4. PROPELLER SYMBOLS 

D 
P 
pjD 
V' 
VB 

T 

Q 

Diameter 
Geometric pitch 
Pitch ratio 
Inflow velocity 
Slipstream velocity 

Thrust, absolute coefficient GT = ;D4 
pn 

Torque, absolute coefficient OQ=-Q2V­
pn 0 

Power, absolute coefficient Op= ~D6 
pn 

p 

O. Speed-power coefficient=~~~: 
Efficiency 

n Revolutions per second, rps 

Effective helix angle=tan-{2~n) 

5. NUMERICAL RELATIONS 

1 hp=76.04 kg-mjs=550 ft-Ib/sec 
1 metric horsepower=O.9863 hp 
1 mph=0.4470 mps 
1 mps=2.2369 mph 

1 Ib=0.4536 kg 
1 kg=2.2046 lb 
1 mi=1,609.35 m=5,280 ft 
1 m=3.2808 ft 


