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DETERMINATION OF LATERAL-STABILITY DERIVATIVES AND TRANSFER-FUNCTION
COEFFICIENTS FROM FREQUENCY-RESPONSE DATA FOR LATERAL MOTIONS !

By James J. Doxgcan, Samuer W, RoBinson, JR., and Orpway B, Gates, Jr.

SUMMARY

A method is presented for determining the lateral-stability
derivatives, lransfer-function coefficients, and the modes for
lateral motion from frequency-response data for a rigid aireraft.
The method is based on the application of the vector technique
to the equations of lateral motion, so that the three equations of
lateral motion can be separated into six equations. The method
of least squares is then applied to the data for each of these
equations to yield the coefficients of the equations of lateral
motion from which the lateral-stability derivatives and lateral-
motion transfer-function coefficients are computed. Two nu-
merical examples are given to demonstrate the use of the method.

INTRODUCTION

In the reduction and generalization of flight-test data,
whether for loads, stability, or control purposes, the airplane
stability derivatives and the coefficients of the transfer
functions are often required. A great deal of emphasis,
therefore, has been placed on the development of analytical
methods for reducing flight data to obtain these basic deriva-
tives and coefficients.

A number of recent methods, for example references 1 to
4, are now available for analyzing longitudinal maneuvers
and determining the longitudinal-stability derivatives and
transfer-function coefficients from flight data. References
1 and 2 present methods of determining the longitudinal-
stability derivatives and transfer functions directly from
transient data. Reference 3 reduces data for longitudinal
motion determined from the forced-oscillation technique by
means of circle diagrams to longitudinal-stability derivatives
and frequency response.” Mueller, in reference 5, was one
of the earliest to use vector representation in the equations
of longitudinal motion to represent the derivatives and in-
tegrals of the variables. ~Schumacher, reference 4, repre-
sented the frequency responses to longitudinal motion as
vectors and substituted them into the equations of longi-
tudinal motion and the transfer functions. He then applied
the method of least squares to these vector equations, a
method which he found very effeétive in determining certain
of the longitudinal-stability derivatives and transfer-function
coefficients.

The problem of analyzing lateral motions, however, has
not received the same amount of attention as that for longi-
tudinal motion, perhaps because it is more complicated.
Several analytical investigations have been undertaken and a

I Supersedes NACA TN 3083, 1954, -

few methods have been proposed such as the cirele-diagram
method (ref. 6), the step-function-response method (ref. 6)
in which the response of an airplane to a step deflection of
the rudder or aileron is analyzed, and the free-oscillation
method (ref. 7) in which the period and damping of the
free vibrations of the aircraft due to a pulse-type input are
analyzed. Since the usefulness of these methods is limited
by the number of derivatives which can be extracted, there
is still & need for a more general method of analysis that will
extract all the significant lateral-stability derivatives from
flight data.

Tt is the purpose of this report to present a method for
determining the lateral-stability derivatives of a rigid air-
plane and to illustrate its use by applying it to two examples.
The method is based on the vector representation of the
frequency responses to lateral motions. This vector ap-
proach permits separation of each of the equations of lateral

© motion into a real and imaginary equation. A least-squares

method is then applied to the data in each of these equations

. or combinations thereof to yield the coefficients of the equa-

tions of lateral motion. The lateral-stability derivatives

- and transfer-function coefficients are then determined from

these coefficients and the known aircraft mass parameters.
The method is applied to two specific examples, one in

- which the frequency responses to a rudder input are known
and one in which the transient responses to aileron deflection

are known. In the latter case, the frequency responses were
obtained from the transient motions by two methods and
the stability derivatives computed.,

An attempt has been made to schedule the procedure so as
to reduce the dependence of the results obtained from this
method on the derivatives that can be least accurately
obtained from the particular data being analyzed; however,
further improvements may be made as further experience is
gained in the application of the method.

SYMBOLS

ay lateral acceleration, ft/sec? ,
Ag, Ay, Ay, 4,,  parameters defined by equations (8)
By, B;, By, B, parameters defined by equations (9)
b

v .
wing span, {t

o lift coefficient, L/gS
o.=
L= q S
c. yawing-moment coefficient, N/¢Sb
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rolling-moment coefficient, L’ /gSh

lateral-force coefficient, Lateral force/qS

coefficient of transfer functions (defined
in table IT)

differential operator, %

natural logarithmic base

forcing-function coefficienis representing
rudder effectiveness (defined in table I)

forcing-funetion coefficients representing
aileron effectiveness (defined in table I)

acceleration due to gravity, ft/sec?

moment of inertia about stability X-axis,
mky?, slug-ft?

moment of inertia about stability Z-axis,
mks?, slug-ft?

product of inertia referred to stability
axes (negative when the positive direc-
tion of the X principal axis is inclined
above the flight path, i. e., when 7 is
positive)

stability-derivative coefficients of the
equations of lateral motion (defined in
table I)

radius of gyration about stability X-axis,
ft

radius of gyration about stability Z-axis,
ft

nondimensional radius of gyration about
longitudinal stability axis,

N (kx,/b)* cos? n-+(kz,/b)? sin? n

nondimensional radius of gyration about
vertical stability axis,
V (kzyfb)? cos? n+(kx,/b)? sin® 7
nondimensional product-of-inertia param-
eter, —[(kz,/b)*— (kx,/)?] cos n sin 7
radius of gyration about principal longi-
tudinal axis, ft

radius of gyration about principal vertical
axis, ft

lift, 1b

rolling moment, ft-lb

Mach number

aircraft mass, W/g, slugs

yawing moment, ft-1b

incremental rolling angular velocity about
N-axis, radians/sec

dynamic pressure, % V2, lb/sq ft

incremental yawing angular wvelocity
about Z-axis, radians/sec

amplitude ratio

wing area, sq ft

Laplace transform variable

time, sec

incremental component of velocity V
along the Y-axis, ft/sec

v true airspeed, ft/sec

w aireraft weight, 1b

XY, Z airplane stability axes (see fig. 1)

a angle of attack, radians

B angle of sidelsip, »/V, radians

b aileron control deflection, radians

5 rudder control deflection, radians

7 inclination of principal Jongitudinal axis

of inertia with respeet to flight path
(positive when the positive direetion
of the X principal axis is inclined above
the flight path)

o nondimensional mass parameter used for

lateral equations, m/pSh

air density, slugs/cu ft

time parameter, m/pSV’, sec

phase angle, radians

angle of roll, radians

angle of yaw, radians

angular frequency, radians/sec

€ &9 AT

Bar notation:

a bar over letter represents maximumn
value
la} bars on sides of symbol represent ab-

solute value

Matrix notation:
[] square matrix
{1 column matrix
The lateral-stability derivatives are expressed by sub-
seript notation as, for example:

2C, >C, .0,
OEﬁ:_SEI’ Onp= ‘a—p——é: and Uﬂr= —E—b_'
2V 2V

Phase angles are also indicated by subseript notation as
Bg;, is the phase angle between the input rudder deflec-

tion and the output sideslip angle.
DEVELOPMENT OF METHOD
EQUATIONS OF LATERAL MOTION

The equations of lateral motion based on the stability axes
(as shown in fig. 1) and on the usual assumptions of linearity,
small angles, and maneuvers which start from a level-flight
condition are usually written in the following form:

(a) For the sideslipping motion,

(D+K)—E:0+Dy=F15,(t) (L)
or, since a,=V(DB+Dy—K,4),
T+ KiB=F, () (10)

(b) For the rolling motion,
K:p+ (D + KDy~ (K D+ K D)= F8,(t) + Gida(t)  (2)

{c) For the yawing motion,

—Kif— (KsD*+ KDY ¢+ (D + Ko D)= F3s, () + Gada(t)  (3)
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Fraure 1.—Stability axis system showing positive directions.

where the K, F, and @ coefficients are defined in table I.
The forcing functions of these equations are written for rud-
der inputs and aileron inputs combined; for the sake of sim-
plicity in developing and demonstrating the method, only
rudder inputs F5.(f), Fys.(f), and F3s,(f) are considered.
The method, however, applies equally well to both aileron
and rudder inputs as is shown subsequently.

VECTOR INTERPRETATION OF FREQUENCY RESPONSE

In many current studies of airplane dynamics, the fre-
quency response of the aircraft is determined from flight data.
Having the data available in the frequency plane offers cer-
tain advantages over having the data in the time plane, since
use can then be made of the vector interpretation of fre-
quency response. The development which follows will as-
sume that the data to be analyzed are available in frequency-
response form. In the event that only transient-response
data are available, the transformation to the frequency plane
can be made from a selection of one of the several methods
compared in reference 8.

The vector technique is applied to the determination of
lateral-stability derivatives in the following manner. If an
input &, to a linear system (a system described by a linear
differential equation) is considered to have a sinusoidal vari-

TABLE I.—DEFINITIONS OF THE COEFFICIENTS OF THE
EQUATIONS OF LATERAL MOTION OF AIRPLANE

Stability-derivative coefficients: | Control-effectiveness coefficients:

—

K= 6[, %_=g/V

1
F1=OY5|» 2_1‘.

— 123
Fo=Cr, 3 hxrbyin

= S S— = S
Ks=Ciy [ ~g0ntyim] N D
_ _ 1 _ b
K“C’»[ 4f(kx/b)2] G”"C‘»u2(1cx/b)212

Ky=TIzz/I

il er=0., et

1
=0t eyt
— Kb
Kr=Cop 515,705
Key=1Ixz/1z )
KieC. L
ST 4r(ka/b)e

Kn=0Ch, [—Fklz_/b—)-’]

Imaginary oxis
oB---
R,
D8, = iw \
. @
\\
Rt ‘ S Tes, . Real axis
028, —" Y 8 =1
\DZB '\‘ ""038
b38, = -jw?
{a)

(a) Vector diagram showing relative magnitudes and positions of input
8, and output B, and their derivatives. «=0.7 radian/sec.

Ficure 2.—Vector representation of lateral variables.

ation of frequency w, it can be considered to be a vector of
unit magnitude lying along the real axis of the complex plane
as shown in figure 2(a). The first derivative of the sinus-
oidal input I)§, is then obtained by multiplying the amplitude
by « and rotating the resulting vector 90° counterclockwise
in the complex plane which is equivalent to advancing the
phase angle by 90°. Each succeeding higher derivative is
found by multiplying by « and rotating the vector 90° in
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the complex plane; thus,

5,=1 @)
Dé,—=tw (5)
D%, = —u? | ©)

The steady-state output or response of the linear system
to a sinusoidal input may be considered to be a vector of mag-
nitude equal to an amplitude ratio R and having a direction
angularly displaced from the real axis by a phase angle ®.
Thus, in the complex plane, the vector for sideslip may be
represented as

=l ity |
B= =ﬂ— e = _E (cos ®g, =1 sin @, )=A5+i35 (7
8, 8 r T
By definition,
8 $ )
Ag=|=|cos & A,=i=|cos B,
? 8 iy "5 i . @®
Ay= i cos d Ao, = & cos Pq
& ¥s, voo|g, y'ard
8| . 3. )
BEg—smrb By=|=|sin &
s 5r 55" ¢ 5,- %r . (g)
.B‘qu-lz'Sin(IJ Bsﬁsinfb
6r %" “ 6; @ rJ .
The derivatives of g are represented as
E ‘('Pﬁa,"';)
Dﬂ=w =|é
T
8 : :
=@ j=-| { —sin & cos &
@ é; ( b ﬂ"r+1l Bs’)
=—wBgt+iwds (10)
and
=] i 'I’ﬂ Tz
D2g=u? _.E e( ")
r
_ B L
=w 3 (——cos Py, — 1 8In ‘I’ﬁar)
=—w’dg—1i’Bg (11)

Similarly, for xoll (see fig. 2(b)), the equations corresponding
to equations (7), (10), and (11) would be

o=4ds+iB, (12)
D¢= —wB¢+'EwA¢ (13)
D2¢= —w2A¢—inB¢ (14)

for yaw,
y=Ay+iBy (15)
DYy=—wBy+tindy (16)
DYy=—o?Ay—ia*By (17)

.
' Imoginary axis

i B ‘\\_ o Real axs
I
t

;
| -
(b) '-

(b) Vector diagram showing relative magnitudes and positions of inpul
§. and response vectors 8, ¢, and .

Fiaure 2.—Concluded.

and, for lateral acceleration,

ay=Aq,+1B,, (18)
Substituting equations (4) to (18) into equations (1), (Ia),
(2), and (3) and equating the real and imaginary values in
each equation yields the following eight simplified equations:
From equation (1):

K\ Bs— KBy=—w(Az+.Ay) (19)
and
_ K As— KA, =F +w(Bs+ By) (20)
From equation (la):
VK By=—D,, (21)
VR, d3=VFi—4,, (22
From equation (2):
K;Bp+ Kiwdy+ Ko’ By— Kywddy =& B, (23)
and '
Kidg— KywB,+ KAy + KBy — In=w’d; (24)
From equation (3):
—KfBﬁ+sz2B¢“‘ ’gwxl.,-{-K;uw‘i\c,:wﬂBg, (25)
and
— K Ag+ Ko dy+ KywBs— Ko By —Fy=oly  (20)

In equations (19) to (26} the Aggy.q, and Bysy,q, terms
will be available at the particular values of w from the fre-
quency-response curves. It will be assumed that the K.
term is determined from the veloecity measurement and the
K; and K; terms, which are equal to the ratios Iy/fx and
Ixz/Iz, respectively, are known from ecither weight and
balance calculations or measurements so that only the values
of Ky 3487910 and Figg are to be determined from the data.
(It should be noted that even though K and Kj are assumed
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to be known a need still exists for a simple method of deter-
mining aircraft moments of inertia and the location of the
principal longitudinal axis.)

Equations (19) to (26) are now used to compute the K
and F coefficients. The advantage of separating each of
the equations of lateral motion into real and imaginary
equations now becomes apparent. The two derivatives
most difficult to determine are (i, and C,, contained in the
K; and K, coefficients, respectively. The Kj coefficient may
be eliminated between equations (23) and (24); similarly
the K, coefficient may be eliminated between equations (25)
and (26). The equations thus obtained, when used to
compute the unknown coefficients, result in better condi-
tioned matrices and more accurate results.. In the usual
case, it has been found unnecessary to perform the elimina-
tion of the K coefficient.

As a first step in solving for the K and F coefficients,
equations (19) to (26) are fitted to the frequency-response
data over a range of values of w by the method of least
squares. The theory of least squares is well known and is

derived in many textbooks (e. g., ref. 9) and no attempt is
made here to repeat its derivation.

The application of the least-squares method to equations
(19) and (26) converts these equations to their computational
form. It is recommended that, if the lateral-acceleration
frequency response is available, equations (21) and (22) be
used in preference to equations (19) and (20) for the com-
putation of K, and F,.

Equation (19) may be expressed simply as

Wa

20 [KeBy—w(Asg+A)l; (Bg)s
K== 27)

35 (B

J=w

and yﬁelds K;. Similarly, equation (20) can be expressed as

Wn

FF% 2 (Kuds—Kady—uBs—oBy), (28)

and yields Fj.

For the same variables K; and F, the least-squares forms of equations (21) and (22) for use with the lateral-acceleration

frequency response are:

35 (=B, (VB

K= (29)
3B
1 @n A‘zy
Fl:ﬁ ]_;m KlA,s—l--T/—, (30)

Equation (25) can be expressed as

wn an . W ' wn N
j=2 [(—Bpg)? J_§ (—wAy);(—Bs); j;m (wAy);(—Bg); K, j;m (w’By—K30*B4);(—Bpg);
DBu—oa)  Bleddl  Bedied) [$ K =1 SEB—KwB)(~edd r 6D
S Baed), B (—ads)eds), 2 led) Kol | 25 6Bi—KuB))(wAy)
and yields X, K,, and K.
Equation (26) can be expressed as
Fymi 35 (KAt Kool d o+ Koo Bo—KwBy—o'dy); (32)

=

and yields Fj.

In order to evaluate the remaining constants, K;, Ky, Ks, and Fy, the coefficeint Kj is first eliminated between equations
(23) and (24). This step is taken in order to obtain a more accurate value of the coefficient K, which is less significant under
these conditions, and to provide a better conditioned matrix of coefficients in the computation of K, K, and F;. Upon elimi-
nation of the K, term between equations (23) and (24), the following relation is obtained:

Ko(BsBy-+AsA )+ K w0 (AsBy—BoA)—Fody=o? BByt A A ) — K |E

2

(33)

5
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Upon the application of the method of least squares, equation (33) becomes

which yields K;, K, and F.

The K, coefficient may now be obtained from equation
(24) which, after the method of least squares has been
applied, may be expressed as:

3 Fot o*A s~ KA+ K wBy— K d9),(0By);
K= (35)

P ;PP

J=uw1

An alternate expression for K; may be obtained from
equation (23) which may be expressed as

35 KuBst K wd o+ Ky By— o*By) (wdy);
K= — (36)
35 LwA )

J=w

Values of Kj, which define the derivative (i, are important
in the spiral mode. In order to obtain accurate values of
K, airveraft motions which bring out the full effect of the
long-period spiral mode should be analyzed to obtain
accurate frequency-response data near @=0.

In the case where the solution for C,,ﬂ is found to involve
ill eonditioned matrices, K, should be eliminated between
the real and imaginary equations (25) and (26).

With all the K and F coefficients of the equations of motion
determined, the lateral-stability derivatives can be computed
from the K and F coefficients and the known aerodynamic
parameters by use of the definitions of table I. The transfer-
function coefficients can be calculated from the definitions
in table II and the transfer functions and modes of lateral
meotion can be obtained from the equations in appendix A.

SUGGESTED PROCEDURE

In order to aid in the application of this method to the
analysis of flight data, a suggested step-by-step procedure
which is presented in this section has been worked out. An
effort has been made to schedule the procedure so as to
reduce the dependence of the results on the derivatives that
can be least accurately obtained from the paiticular data
being analyzed. Alternate steps are suggested where it was
found that some particular derivative might be more
acenrately datermined by one or the other of two anproaches

2 (BB 4401 S ABuB AYBB+AA),  SANBBtded), | (K
;T;.l(BpB\b—I-A,sAw),-(wA,,,B,p—-mB,,A\;,), Jg; (wABy—wB, A, 5 (A By—oBads)y |4 Ko =
| D ANBB A, 35— A1) A By~ oBady), Si-dpr LA

( é:; W2B¢B¢+N2A¢Aw—sz2?—r2)1(3;53#-1'11;6“1#)1 ]
; Eﬁ w23£¢+w2A¢A¢—K5w2% 2)j(w:1¢B.p—wB¢:i¢), g (34)
2 a2B¢B¢,+w2A¢A¢,——-K5a“’.—5';;2)1(—:1\4), J

under certain conditions. No weighting of specifie groups
of data is employed in the least-squares procedure; however,
weighting can be employed when it is considered desirable
to put more dependence on data regarded as more reliable.

As a further demonstration of the method, two numerical
examples have been carried out according to this procedure.
In one example, presented in appendix B, the lateral-stability
derivatives are caleulated for an airplane whose transient
responses to aileron deflection are assumed to be known.
This example was chosen in order to gain some insight into
the dependence of the method on the accuracy with whieh the
frequency response can be obtained from the transient
response. '

The other example is for the hypothetical rigid airplane
whose mass and geometri¢ parameters aie listed in table 111.
The assumed frequency-response data of sideslip angle g,
roll angle ¢, yaw angle ¢, and lateral acceleration «, for a
rudder-deflection input such as might be obtained from
analysis of flight data are listed in table IV and plotfued
in figures 3 to 6. The analysis of these data has been used
to illustrate the following suggested procedure:

(1) Tabulate parameters and working equations

Tabulate the airplane parameters and any stability
derivatives that are known or can be computed directly
from those that are known as iflustrated in table III.
Tabulate the least-squares equations (27) to (32) and (34)
to (86) with any known terms on the right-hand side as huas
been done in equations (27a) to (82a) and (34a) to (36a) in
table V for the example. (Since () was taken to he zero
in the example, all terms containing K were dropped;
however, in the example of appendix B, (_"-',‘” was ineluded
and the K, term was determined.)

(2) Tabulate frequenecy-response data

Tabulate the amplitudes and phase angles of the four
lateral variables at the values of @ to be used in the analysis.
For simplicity in the example, as shown in table IV, [0
integral values of o, evenly distributed over the range of
the data, were chosen; however, in cases where more accuraie
points occur al non-integral values of w, it is advisable to
use such points where possible. The range of values of o
should be restricted to the rigid response.
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TABLE II.—COEFFICIENTS OF TRANSFER FUNCTIONS
[The equations for the transfer functions are given in appendix A;

the coefficients C, are obtained from the coefficients C»’ by dividing

c 4
by Cy (e.g., CI=C—;,>]

Co'=1— KK,
G =K+ K+ Kyo— K Ky— Ko Ks— K1 KK
Cy' =K+ K Ko+ K K+ KaKyo— K3 Kg— Ko Kg— K1 K5 Ky—
K K Ky
Cy = KyK3+ KuK;— KsKg+ K1 Ky Kg— K Ko Ky— Ko K Ky
Cif =K K3K 10— Ko KoK7
C'=F,(1— K;Ky)
Co' = F1Ky+ F Ky w— KeF;— Fy— F1 K;Ko— F1 KKy
Cy' =F\ Ky Kyy— F: Ko+ F3 K Ky — Fy Ky + Fo Ko — Fi KK
Cs' =F3 Ky Ko+ F3 K 10K
Cy =F,+F3K;
Cn' =F K+ F1 KsKy— F1Ks+ F3 Ko+ F3 K K+ FaKy
Cu' =Fy K1 Kyt F1 KKy + F3 Ko+ Fo K;— F1 K Ko+ F3 K1 K
Ci' =F3+ KyF,y
C' =F3K4+ F3K,— F1 K3 K+ F1 K+ Fu Ko+ Fo K1 K
Cuw'=F; K Ky— 1 K3 Ko+ FL K K+ Fo K Ky
Cy' =F KoK+ F3 KKy
Cw'=C/'VF,
Cy' =C/VF,—VEKCy
Cu'=VFC/—VEKCy
le=TrF103'—'VK1C7'
Co'=VF,C/—VEKCy

TABLE IIT.—AIRPLANE PARAMETERS USED IN EXAMPLE
GIVEN IN BODY OF REPORT

(a) Known

M=0.8 (evaluated for an altitude of 10,000 ft)
b=22.6 ft
8=130.0 sq ft
»=0.001756 slug/cu ft
V"=861.74 ft/sec
I'x=2062 slug-ft?
I7=18,298 slug-ft?

m=%= 295.03 slugs

I xz=157 slug-ft?
Cr,=0

(b) Computed

m
pSV

=1.5 sec

=

m
m=2g =57.2

>

= W
C’L—ES,—O.IIZI

K5=%f=0.07614

Ks=!ILZ 0.011806

z

K2=%=0.0374 per sec

W1749—56—2

TABLE IV—FREQUENCY-RESPONSE DATA FOR EXAMPLE

GIVEN IN BODY OF REPORT

(a) Sideslip, 8

‘o, ] g, , B K
radians l‘_i! 5 Ag= ]E- cos &g, Bg= ‘_2 sin &g,
sec o deg o " 3
1 0. 536 =0.1 0. 536179 =0. 000965
2 574 -11 574108 —.011025
3 . 650 -2.3 . 640929 —. 026083
4 . 197 —~4.1 . 794967 —. 056988
5 1.116 —8.2 1, 104368 —, 159108
8 2.105 ~20.8 1. 967417 —. 747357
7 4,338 —109.7 —1, 462174 —4, 083763
8 1,368 —158.1 —1. 268821 —. 510100
9 .715 —166.1 —. 693781 —. 171676
10 . 464 —169.1 —. 455533 ~—. 087720
(b) Roll, ¢
w, = N = =
radians .-‘_2 5’ Ap= _2 cos <I>¢ Be=|=|sin tI>‘°
sec 8 deg e i, 3 i
1 8.761 79.0 1. 676642 8. 598903
2 4,624 67.7 1. 754686 4, 278325
3 3.432 57.4 1. 850156 2. 801147
4 3.111 47.6 2,096761 2, 207576
5 3. 459 37.1 2. 760823 2. 084208
[ 5. 446 18.9 5.153317 1, 762687
7 9,719 —74.6 2, 578202 —9. 370572
8 2,729 —126.9 —1. 638908 —2, 181508
9 1,208 -138.2 —. 966715 —. 865863
10 . 780 —143.9 —, 630341 —. 45909
(¢) Yaw, ¢
@, v @y, , v vl .
radians = 4 Ay=|z|cos®, By=|={sin®,
sec & deg or o & i,
1 0.223 163. 4 =0, 213722 0. 063714
2 . 494 174.4 —, 401634 048463
3 .613 174. 4 -, 610140 059934
4 713 172.8 —. 767134 . 0967756
5 1.086 168.9 —1. 075250 . 210567
6 2,079 156. 2 —1.903128 . 837405
7 4,209 67.3 1. 656940 3. 966006
8 1.358 18.7 1. 285897 . 436504
9 . 710 10.7 . 668169 . 181797
10 . 462 7.1 . 458498 . 057029 -
(d) Lateral acceleration, ay
© o, % Aaﬁl? cos®, .| Ba,=|2|sin ®a,, i
radisns & ", B i, r
sec ft/sec? deg ft/sec? ft/sec?
radian radian radian
1 107. 67 179.7 —107. 6736 0, 564215
2 121. 70 178.2 —121, 6356 3. 628440
3 149, 83 176.5 —149. 5411 9. 277399
4 204, 00 174.0 —202. 8943 21, 205800
5 322.10 169.6 —316. 7986 58. 143795
6 691. 42 156.5 —634. 3160 275. 150748
7 1628.37 67.3 627. 9656 1502. 418071
8 587.34 18.6 556. 6625 187, 337711
9 350. 6 10.4 344. 9205 63. 200245
10 254, 54 7.2 252. 5535 31. 756508
=5
6 40 o
- O
° o
? 5 ‘o -
- ——— N
Phase angle, &g | of°
S 1 "B, N\ ]
2 4 : -40
A g
=)
c
§ 3 -80 &
3 \ 3
s 2 = -120 £
2 . 8] &
@ Amplitude, p=~~L
bt S D o
T f — > g 160 &
e o Sl
7 \ h
] ‘ ! ] -200
Y | 2 3 4 5 6 7 8 ] 10

Frequency of rudder-deflection input, w, radions/sec

Fieure 3.—Frequency response in sideslip due to rudder-deflection in-
put for rigid, high-speed airplane of example given in body of report.
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80
6 =t T p——— _—_|_"-""2m
\\ ) 40 % ) .[ﬂé Jf g
i 3 <
3 p 5 ; ~-—]160
Phase angle, ¢¢3r \\/ _;_3 g 5 Phase angle, q:‘,; ; 3
o® ° 8, i

g NTf g S
— = -

-40 ¢ = 2

\ / \ \ . o é‘ 3 - E 80 &

s 80 3 . ! o

- -

SSF \\\ £ 2 of H -{40 @

) ’ -120 _ S Amplitude, B i
Amplllfudel, }'—{r‘ \Q ;.: § | Sr . — 0 3

-160 ~ ' ] S
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Frequency of rudder-deflection input, w, radiansfsec > o ] 53 4 5 s 7 8 S 10
Figure 4.—Frequency response in roll due to rudder-deflection input Frequency of rudder—deflection input, w, radians/sec
for rigid, high-speed airplane of example given in body of report. Ficure 5—Frequency response in yaw due to rndder-deflection inpnt

for rigid, high-speed airplane of example given in body of report.

TABLE V—MODIFIED FORM OF EQUATIONS USED IN EXAMPLE GIVEN IN BODY OF REPORT

f—'—'i:ll [(BSB\V['A&A.\&)EF Jél (wA.ﬁB‘a—'wB¢A¢)j(BﬂB@+r15f1¢)j g (—Ii.p)j(BpB.,,-f-zlﬁrl \l«)j
3 (BeBytdsd)fwdsBy—wBoAy), 2 [wdsBy—aB,dy) ) 25 (— ), s By—wBycly)
25 (BeBot-dpd)i—4)) 3 @A By—uBAN—A); 3 =

[ @or]imi={ £ edod KBS Bﬁ)j}

J=w

nF=Z} (B As— KA y—wBs—wBy);

=wl

3 - vBor i ={ 5 ), -vBa }

f=w

Wn AG
nF=3} K1‘415+T;)f

S IBaP 5 4B, {K7 } £ (B, —Ku?B),(~B),
gl (—Bg)fwdy); J_ét [(wdy)? Ky jé; (’By—K’ By) (wad y);

nF3=g”": (—Krdst+Ksold y— Ko By—od,);

ﬁ (w2B¢B¢+w2A¢A¢,—K5w2 :‘:

= T

r N

2
) (BsBy+ Apdy);
¥

Wn 7 12
J JZ (w2B¢B¢+w2A¢A¢—K5w2§— ) (wA¢B¢.—wB¢,A¢)f o
=awl T i
@ lg I?
Z (wQB¢B¢,+w2A¢A¢,—-K5w2=a.— ) (_fj.‘&)j
. j=m rl /1 /

3N (Fototdy— Kyt d )+ KB, — KA (B,

Ku =
2 [@By)?

=

. g: (KBt K wd s+ Ky By— B wAy);
e Wy
27 [(Ap?

F=an

K,

27a)
(28a)
(29a)

(308)

{31a)

(32a)

(34a)

(352)

(362)
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1.2 - - 200
o |
3 Sy 2
= 107 160 ©
E > Phase angle, d:;y \(\ So

8 1]

°I 8 z 120 §°
S = N
2 / \ © =
o—F— | s 8
Sls © \ 80 $6
[/} Q-
8 g 4 40 72
3 § Amplitude J / \§ §§
5 2 i l?fl - — o3¢
© [ ey -
3 — | -

0 | 2 3 4 5 6 7 8 9 10

Frequency of rudder-deflection input, , radians/sec

Ficure 6.—Frequency response in lateral acceleration due to rudder-
deflection input for rigid, high-speed airplane of example given in
body of report.

(3) Compute vector components of data

Compute the vector components from the dats listed in
step (2) and tabulate them as shown in table IV. It is
advisable to use at least 5-place tables of sine and cosine
values in this computation. Additional columns of wAs,
wBg, wdy, . and w?ds o?Bg, ?4s . . . will be
useful in subsequent operations but are not listed for the
example,

4) Compute K,

Compute K, from equation (27a). (See table VI (a).)
In this step and in subsequent steps, summation of the
corresponding elements of the indicated products of the data
columns evaluates the matrices of coefficients and knowns.
The resulting simultaneous equations are readily solved by
any standard method.

(4a) Alternate step 4
Compute K, from. equation (29a).
(5) Compute F}

Compute F; from equation (28a) with the values of K,

from step (4). (See table VI (b).)
(52) Alternate step 5

Compute F; from equation (302) with the values of K

from step (4a).  (See table VI (d).)
(6) Compute K; and K;,

Compute K; and K, from equation (31a).
VI (e).)

(7) Compute F;

Compute F; from equation (32a) with the values of K;
and Ko from step (6). (See table VI (f).)

(8) Compute K3, K, and F;

Compute Kj, K, and F; from equation (34a). Because
of the combination of two equations to obtain equation (34)
in the method, the combination of data columns is more
complicated in this step than in others. (See table VI (g).)

(9) Compute K;

Compute K, by one of the following methods:

(a) If F, has not been eliminated, calculate K; from
equation (35a) with the values of K, K|, and F; from step
(8). (Seetable VI (h).)

(b) If F> has been eliminated, calculate K; from equa-
tion (86a). (See table VI (i).)

(10) Compute stability derivatives

Compute the lateral-stability derivatives from the
relationships in table I and the now complete set of values
of Kand F. (The computed and known values of the K and
F coefficients and the stability derivatives for the example
are given in tables VII and VIII, respectively.)

(See b'able. VI (c).)

(See table

(11) Compute transfer-function coefficients
Compute the transfer-function coefficients from the
relationships given in table IT and the values of K and F.
(The computed and known values of the transfer-function
coefficients for the example are given in table IX.)
(12) Compute the modes
The modes of lateral motion may now be computed, if
desired, by use of the equations in appendix A. (The values
of the lateral modes for the example are given in table X).
(13) Accuracy check
‘When the true derivatives are unknown, the check on the
computations is obtained in the following manner: Calculate
the frequency response from the equations in appendix A
and the computed coefficients of step (11). Compare these
values with the data of step (2).

DISCUSSION
DATA REQUIREMENTS

The method of this report is based on the assumption that
equations (1), (2), and (3) represent the lateral motions of
the airplane. These linear differential equations are satisfied
by small variations in roll, yaw, and sideslip but will not
necessarily hold for large changes in these variables or in
regions of flight where nonlinearities occur. It is therefore
desirable to obtain data for transformation to the frequency
plane from small motions recorded within ranges of Mach
number and other variables in which the coefficients are
constant; also, the range of frequency-response data to be
used must be limited to values for which the aircraft acts as a
rigid body and higher frequency instrument inaccuracies are
avoided. Thus, the assumptions of the method will be most
nearly in accord with the true physical nature of the problem.
In any case, experience has shown that the derivatives
obtained by this method of analysis will accurately reproduce
the frequency response from which they were extracted.

Since the present method requires flight data in frequency-
response form, either the forced-oscillation technique or the
technique of oscillating the rudder or aileron at various
frequencies and measuring the steady-state response in g,
D¢, Dy, and a, must be employed or the transformation of
a tr-nsient response from the time plane to the frequency
plane must be made by an appropriate method. A compre-
hensive survey of methods for effecting this transformation
from time to frequency plane is given in reference 8 which
evaluates the Fourier integral method as well as the use of
devices such as the Fourier synthesizer, Coradi harmonic
analyzer, and IBM machines for obtaining frequency re-
sponse from transient-response data. -

If, as is usually the case, the transient responses in roll
and yaw are measured in the form of time histories of D¢
and Dy rather than of ¢ and ¢, it is recommended that these
time histories of D¢ and Dy be converted to frequency
response initially and then the frequency responses of ¢ and
¥ be computed from the frequency responses of D¢ and Dy
by use of the relations

D¢
5

¢D¢5r =¢¢5r+ 90°

7

8,

2

8,

= =w

Dy
3,

an 5
‘Ppwar:q)‘bar'}'go
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TABLE VI—LEAST-SQUARES SOLUTION OF EQUATIONS
FOR DATA OF EXAMPLE GIVEN IN BODY OF REPORT

REPORT 1225-—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

(a) K,, equation (27a}

10
E (—wds—wAy+ K2B,) Bs="17.378

w=1
10
(Bg)?=17.562
1

w=

17.662K,="7.378

(b) Fy, equation (28a)

10
> (Kidsg— KyAg—wBs—wBy) =1.061
w=1

10F,=1.061

Fy=0.1061

(e) K, from lateral-acceleration data, equation (29&)

10
> (— VBa)2=13,042,324

w=]

10
2. (Bs)(— VBs) =5,567,902
w=1

13,042,000K,= 5,568,000

(d) F from lateral-acceleration data, equation (30a)

(e oo A\ 1035059
> I\IA,—;-?)— .

10F,=1.035
Fi=0.1035

(e) K; and K, equation (31a)

10
S (— By)r=17.562397
=

1¢
>3 (—Bpwdy=44.47131

w=]

10
> (wAy)2=473.928987
w=1l

10
> («3By— Ky By) (— By) =856.325838
w=] o

:201 («?By— Ks?B,) (wAy) =2356.791416
K3=0.011806 Ky=0 ‘
17.56 Ky 44.47K y=856.3
44.4TK;4473.93K,,=2356.8
K;=47.443

K1p=0.5217

(f} F3, equation (32a)

10
10F3= 21 (— Ky Ag+ Kyt Ay — KBy — oA Ay) = — 251,87

Fy=—25.187

TABLE VI—LEAST-SQUARES SOLUTION OF LEQUATIONS
FOR DATA OF EXAMPLE GIVEN IN BODY OF REPORT-—

Continued
l (g) K, K, and F; equation (348)
10
> (BaBy Aply)?=371.762380
w=]
.10
> (BsBy+ A Ay) (wA By —wByAy) = — 3617.677605
w=1
10 .
> (BaBy+ Agcly) {— Ay) =28.184790
w=]

10
S (wAsBy —wB,.1y)2=35284.438875

w=]

10
S (wAgBy — wBaudy) (— Ay = —200.210323
w=1

10
> (—A,)2=11.122853

w=

© 10 it
Z‘,(:.,zBﬁB‘; F it Agady — Ky? E'ﬁ )( — Ay)=2422.633922
a=1 )

- 28.18479K,;—209.21932K,+ 11.12285F, = 2422.633922
K,=138.272 K.,=5.212 F,=27.636

w=1
10 Z12
S w2BeBy+ utdy Ay — Kyt f| )(B,,B, + Agdy) =33187.734509
w=1 1
10

1712
sz¢B¢+w2:1,zl\;—lf,,u;2i%]l )(w;l.,Bw—wB.,A;): —322314.219155
1

371.76238K;—3617.67769K ;1 28.18470F, = 33187.7315}
—3617.67769K;+ 35234.43888 K, — 209.21932F, = — 322344.21915

(h) K, equation (35a)

10 ’ .
S (wBy)2=811.55627

w=1

w=1

811.6K:=235.1
K4=0.290

(i) Alternzte means of obtaining K, equation (36a)

10
> (wAy)r=173.928083
w=1

473.9Ky=137.77
K;=0.201

10
D (wBy) (Fatatdy— Kyt dy+ KiwBy — Kyl gy =285.117592

10
> (KBt EywAyt+ K By — w?B,) (wAy) = 137.774056
w=1

TABLE VII.—COMPARISON OF COMPUTED AND KNOWN
'VALUES OF COETFFICIENTS OF EQUATIONS OF LATERAL

MOTION FOR EXAMPLE GIVEN IN BODY OF REPORT

Coefficient 1 C°mp&;tfg from | Ii"l‘l’l:‘l;‘
. I <

w.imps |

K ‘{ oikst o oam

E; 138.272145 | 138.245

&, [ 5212568 , 521

K ) 0.200 i 0.3017

3 413802 | 4n4l

R 0.521467 0.5272
20, .

roo 5% :{ 0.104

Fa 27.636187 | 27.65

Fs ~%.18001 | ~2.22

»From sideslip data. |
bFrom lateral-scoeleration data.
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TABLE VIIL—COMPARISON OF COMPUTED AND KNOWN
STABILITY DERIVATIVES FOR EXAMPLE GIVEN IXN
BODY OF REPORT

e |
dsefx;-%;léit\!:e i Computed Known
Cys —1.259 ~-1.28
Ciy —0.1400 —0.149
Cip —0. 4280 —0.428
Cir 0.02359 0.0248
Cus 0.3202 0.320
Cn, —0.2732 —0.279
Cy, 0.3183 0.312
r

oy 0.02979 | . 0208
r

Cas —0.1748 —0.175
r

TABLE IX.—COMPARISON OF COMPUTED AND KNOWN
COEFFICIENTS OF TRANSFER FUNCTIONS FOR EXAMPLE
GIVEN IN BODY OF REPORT

H I Computed from
Coefficient , data (least-squares Rnown
; value,

Cy 0. 999101 0. 999101
cY 8. 150763 6. 160254
Cy 50, 934260 50, 972855
(% 253. 483361 253. 2143
[e/¢ 2. 183801 * 2, 190861
Cs' 0. 105995 0, 103997
Cy 25, 488778 25. 48086
o4 132. 544801 132. 64415

! Cy 0. 267223 {. 260611 *

| o 25.718442 25. 729749

| Ci' 3. 636361 3, 952748
i’ —2174. 851610 —2178, 769199
C’ —24. 860818 —24, 893564
Cv' —136. 884812 —137. 264852
Cu! —28.978823 —30. 417543
Cis' —81., 654072 —81. 36040
Cie' 89, 111765 80. 62096
Cw’ 509, 187633 514, 350717
Cis' —4822, 026985 —4815. 419162
Cie’ —26127. 620554 —26138. 324577
Ca' 97. 287337 100. 542037

TABLE X.—COMPUTED LATERAL MODES FOR EXAMPLE
GIVEN IN BODY OF REPORT

[Charaeteristie equation is equation (A16) of appendix A}

Damping-in-roll mode, M. __ .. _______.____
Spiral mode, g oo ooe o ..
Dutch roll mode, k- T

—5. 393
—0. 008668
—0. 381 +4(6. 84)

Flight data are usually measured about the body axes;
before they can be used, however, cither they must be con-
verted to a form corresponding to the stability axes or the
development must be restated in terms of body axes. The
following equations are presented to be used in transforming
to the stability axes:

¢=c¢, cos at+y¥; sin «
Y=y, COS a—a¢, sin «

where o is the angle of attack (angle between the body X-axis
and the stability X-axis) and the subscript b refers to the
body axes. In addition, the sideslip-vane measurements
can he converted to the corresponding values at the center
of gravity by means of the formula

(s

COS &

where the subscript » refers to the vane and g is the distance
from the center of gravity to the sideslip vane measured
along the body X-axis.

If the lateral acceleration @, as recorded by an accelerom-
eter is used, it must be corrected for any components of
angular velocity and acceleration present in such records
because of the displacement of the accelerometer from the
airplane center of gravity.

SENSITIVITY OF THE METHOD AND POSSIBLE SIMPLIFICATIONS

Even though the foregoing general rules are observed, the
question arises as to how the derivatives obtained compare
with the actual derivatives of the airplane and how sensitive
these derivatives are to inaccuracies in the frequency-
response data. These inaccuracies stem from several sources
such as measurement of the transient motions, transformation
from time to frequency plane, and reading errors. Care
should be exercised to keep these inaccuracies to a minimum.

No attempt is made to present a comprehensive error
analysis in this report, but several general remarks appear
to be in order. A comparison of the values given in tables
VII, VIII, and IX for the coefficients of the equations of
lateral motion, the lateral-stability derivatives, and the
transfer-function coefficients indicates essentially no errors
due to the method itself. It has been found, however, that
the derived values of Cy, and Cy; are sensitive to slight
variations in the quantities Ag, Bg, A.p, and By (see eqs. (27)
and (28)). This sensitivity is due to the fact that the air-
plane angle of yaw is very nearly equal to the negative of
the sideslip angle and hence accurate determination of the
lateral acceleration from measurements of ¢ and 8 is diffi-
cult. This difficulty can be obviated by a direct measure-
ment of the lateral acceleration with an accelerometer and
more accurate values determined for Cy, and Cy, by means
of equations (29) and (30).

As brought out in appendix B, the accuracy with which
the values of the derivatives C,,, Cy,, and Cy, can be deter-
mined from frequency-response data appears to be depend-
ent upon the inclusion of data for frequencies near the natural
frequency of the airplane. This fact is brought out further
by some unpublished results that indicate that derivatives
such as €, and Cy, are very sensitive to varidtions of the
frequency responses near the airplane natural frequency.
Iun the case of O, the conclusion is obvious since this deriva-

tive is known to contribute largely to the airplane Dutch
roll damping and it is also known that the peak value of the

8

frequency-response amplitude ratio, say ‘—, is highly de-

)
pendent upon the airplane Dutch roll damping. It appears
therefore that an accurate representation of the frequency
responses at frequencies near the airplane natural frequency
(for instance +50 percent) is probably very important in
the determination of the lateral-stability derivatives.

In general, when the number of unknown derivatives can
be reduced, the remaining derivatives can be determined
with greater reliability. For this reason, several possible
simplifications are presented for the calculation of the
derivatives g, Ona,’ C.,,, and Ola,,- The airplane natural
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frequency is, for small values of the product of inertia, well
approximated by the expression

2. gSbh
Wy ~0"ﬁ 'I—z
If the natural frequency wy is apparent from the available

transients and the inertia parameter is known, a very good
value of C,, can generally be obtained from this expression.

8

b
may afford & means of obtaining the derivative Cy subse-

Extrapolation of the amplitude ratio || to zero frequency

quent to determination of (', from the preceding frequency
|

relation. The value of !6E at w=0 obtained by this extra-

polation is not indicative of the actual static sensitivity,
but rather of the apparent static sensitivity which includes
the very lightly damped spiral mode. This apparent steady-
. . . ‘g
state response is approximately equal to the ratio — 4l 4

-'ﬂﬁ

from which C,, can be estimated if (', is known.

?Eﬁ
The actual static values of some of the lateral variables

may be found theoretically by taking the ratio of the integrals

of the time histories of the output and input; for example,

Probably in certain cases these integrals could be evaluated
accurately enough to yield a good approximation to the actual
static sensitivities. Some of the stability derivatives
influence greatly the values of the transfer functions for
w=0, and use of accurate zero frequency data would
undoubtedly lead to better estimates of these stability
derivatives.

The transfer function which relates the rolling velocity to
aileron deflection is well approximated (particularly at low
frequencies) by the expression

Gz Gg —{ tan-1 %

b ‘
% (tw) “K.+ie (K42+w2)1,’2e

Therefore, 3, (w)=—tan™! I—"{u— from which K, and subse-
@ 4

quently €y, can be determined. Also, by extrapolating the

. . e
amplitude ratio [? to w=0, the parameter G, and henee € "%
@

can be obtained once K, has been determined. As was the

case for 6E , this extrapolation does not vield the true value
r
of 5 at w=0, which is actually zero, but gives the apparent
a

value due to the lightly damped spiral mode.

CONCLUDING REMARKS

A method has been presented for extracting lateral-stability
derivatives from frequency-response data which have
been derived from aircraft transient responses to arbitrary
control inputs. In order to demonstrate the use of the
method, the lateral-stability derivatives have been ecaleu-
lated for two hypothetical airplanes for which the frequency-
response data or transient-response flight data were assumed
to be known. Simplifications were proposed for obtaining
certain of the derivatives, and although no error analysis is
presented in this report, some general observations can he
made concerning the sensitivity of the method to inaccuracies
in the original data.

In view of the limited experience in the determination of
Iateral-stability derivatives from flight data, and particularly
in using the present method, it appears that an investigation
should be made to determine the effects of some of the errors
inherent in analyses of transient responses, such as recording
accuracy, reading accuracy, and so forth, on the derived
frequency responses and hence on the computed lateral-
stability derivatives. It is noted here that, although the
methods presented in this report for the extraction of lateral-
stability derivatives from frequency-response data are
theoretically correct and mathematically sound, the aceurary
with which the lateral-stability derivatives of an airplane
can be determined by this method is directly dependent upon
the accuracy with which the frequency responses of the air-
plane are known. Also, some consideration should be given
to the types of iuputs likely to afford good frequency-re-
sponse data and to testing procedures whereby some of the
stability derivatives that are most difficult to determine may
be accurately obtained. In addition, accurate frequency-
response data for speecific ranges of frequency may yield
more accurately certain of the stability derivatives and this
possibility should be investigated.

LANGLEY AERONAUTICAL LABORATORY,
Natroxar Apvisory COMMITTEE FOR AERONAUTICS,
LancLey Fievp, Va., February 16, 1954,



APPENDIX A

DEVELOPMENT OF EQUATIONS FOR TRANSFER FUNCTIONS, MODES, AND FREQUENCY RESPONSE FOR LATERAL MOTION

In this appendix the transfer functions are derived from the
equations of lateral motion end the modes and frequency
response are expressed in terms of the transfer-function
coeflicients.

EQUATIONS OF MOTION

The motions of a rigid aircraft resulting from a rudder-
deflection input are assumed to be expressed by the following
thiee standard linearized equations of lateral motion:

(D+K,)B—K,0+Dy=F15,(t) (A1) .
K8+ (D*+ K D)p— (K;D*+ K D)yy=Fi5,(1)  (A2)
—Kip— (K D*+KyD) o+ (D*+ K\ D)y=F35,(t)  (A3)

where the K and F coefficients are defined in table I. The
axes and the sign conventions employed are shown in figure 1.
On applying the Laplace transformation
Fs)= f " f(De-ridt (Ad)

0
(where s=c¢-+iw) to both sides of equations (Al), (A2), and

(A3) and assuming the initial conditions to be zero, there is
obtained

s+ K, —K, s 16} Fi5,() (A5)
K; s+ K., 38°—Kgs o(s) =+ Fad:(s) - (A6)
—K; —K&'—Kyp 4+Kies ¥(s) F.(s)J (A7).

TRANSFER FUNCTIONS

By solving the three simultaneous equations (A5), (A6),
and (A7) for 8(s) there is obtained

(G54 Cys*+ Oy 8+ Cy's*+ Cy/8) B(s)
= (Cy's*+ Gy’ + (/' s*+ C'2)8,(s) (A8)

where the G, coefficients are defined in table II. Dividing
equation (A8) through by ()’ and using the unprimed
coefficients O, to designate the ratio of the primed coefficient

14 ’

to Gy <e. g, 01:% and Oz=%) results in the following
(1] -0

transfer function for 8 due to a rudder-deflection input ,:

ﬁ__ 05s3+ 0582+ 07S+03
6, &0+ Cos?+Cos+C,

Determined in a similar manner, the transfer function for

¢ 1is

(A9)

¢ Cos®+Cros+-Cuy

6 s+ COis*+COs?+Cis+C, (A10)
and the transfer function for ¢ is
¥ Cra8* 4 C158*+Cri8+Cis (A11)

O S(S4+ 0183'1‘ 0232+ 035‘+ 04)

The lateral-acceleration transfer function may be developed
from the sideslip transfer function in the following manner:
The lateral acceleration is usually defined as

=V(DB+Dy—K;¢) (A12)
Substituting equation (Al) into (A12) yields
a,=VF5 @) — VK, (A13)
Therefore,
al/_ _ﬁ(s) >
E:—VFL 55) VK, (A14)
or
Qy C18*+ Ciys®-+Cies®+ 0193+Qp (A15)
) g+ 083+ s+ Cis+ O
MODES

The characteristic equation of lateral motion is obtained
by expanding the determinant of the coefficients of equations
(A1), (A2), and (A3) and is

s(st4C18*+ Cps*+ Cps+ C) =0 (A16)
This equation can be factored as follows: '
s(s+ M) (s Np) (s+E—1n) (s+E+in)=0 (A17)

where the root s=0 indicates that the aircraft is insensitive
to azimuth, the root ); is the damping-in-roll mode, the root
Xz is the spiral mode, and the root —£z4n is the Dutch roll
mode, an oscillatory motion composed of roll, yaw, and
sideslip. The modes of this airplane are indicated in table X.
An approximate expression for A\, which gives excellent re-
sults is

O,_0C/
[PAeX

FREQUENCY RESPONSE

A= (A18)

The frequency response which is the steady-state response
to a sinusoidal input consists of an amplitude-ratio and phase-
angle relation between inputand response for various values
of w. It is determined by substituting s=iw into equations
(A9), (A10), (A11), and (A15), respectively, for g8, ¢, ¥, and
ay and is a complex expression. The amplitude ratio is the
square root of the sum of the squares of the real and imagi-
nary parts of the complex expression and the phase angle
® is the arc tangent of the ratio of the imaginary part to the
real part.

The a.mplitude ratio for sideslip angle 8 is

\/ (Os (stz 2+(07w—05w3)2 ( A19)
5r (wi—Cow®+ O+ (Csw—Cio®)?
and the phase-angle relation between 8 and &, is
C Cyu—C
5, =tan~’ C’,w 06 )—tau“ 3“’0 wz_fo (A20)

13
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The amplitude ratio for roll ¢ is

(011 — 09w2)2+ (01060)2
(et — Cae®+ O+ (Co— Cru)

F; (A21)

¢
and the phase-angle relation between ¢ and s, is
Crow Yo— ot

By, =tan! (011 o )—tan-l (w s (u) (A22)

The amp]it,ude ratio for vaw ¢ is

(Ol &
(01 (&}

013w2)2+ (O'“w— 012013)2
— 030"+ (0 — Cp®+ C0)?

6, (A23)
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and the phase-angle relation between ¢ and 3, is

014,, Coi® )_t . _1( o

P, — an—1 —
“’6" tan - 013&) 01(0"_' (_,’3(0

The amplitude ratio for lateral acceleration «, is

~CwHCa)

|- /((71501 —Cige®+ 020)2+(019w— S ) (_4@5-)
r (@*—Co?+CP+ (Coo— O ¥
and the phase-angle relation between a, and 3, is
0196'-‘“‘01760 ) - Czw—(—?'zwa )
-1 —tan-tf 39w
<I>ay =tan Crawt— '18“’2_'}'(- 20 tan (wq“‘ Cho?+

(A26)



APPENDIX B

DETERMINATION OF LATERAL-STABILITY DERIVATIVES BY USE OF FREQUENCY RESPONSES DERIVED FROM CALCULATED
TRANSIENT RESPONSES TO AILERON DEFLECTION

Transient responses in roll, yaw, and sideslip to a square-
pulse aileron deflection were calculated for the sirplane
whose mass and aerodynamic characteristics are given in
table XI. These transients and assumed aileron time his-
tories are presented in figure 7.

TABLE XI—PARAMETERS OF AIRPLANE USED AS
EXAMPLE IN APPENDIX B

Altitude, ft. ..o S 30, 000
‘Wing loading, Ib/sq ft_ - - .- 65
Vs f/880 e o e e e m 797
by Bt e 28
Cn e e e e e e e e ————— 0. 23
BB o e e e e e e e e e e 80. 7
Kgl e o e 0. 0097
Koz e 0. 0513
B Xz e e e 0. 00145
Ciyperradian. ... —0. 40
Cr.perradian_ .- e .. 0. 08
Ca,perradian. ... —0.02
Cp, perradian. _ ... —0. 40
Cyy perradian. .. —1.0
Crg perradian. ... 0. 25

Cyp perradian_ .. —0. 126
Oy perradian. . ____

05

[S]

S 0
~

£ -05 .
8 c

o :lO 2

2 S

. :l5 25 04

S 20 85 o[ 1

S . € ~.04L L L |

g 25 e % e B 12

L -30 = Time, sec

g <

-35

(=]

£ -40 .
©

€ A5 Y 0 v b

O 4 8 12 1620 24 28 32 36 40 44 48 52 56 60 64 68 72
Time, sec

(2) Rolling velocity.

Fraure 7.—Calculation of transient responses to a square-pulse aileron
deflection for the airplane defined in table XI.

The frequency responses Dg¢/d,, Dy/8,, and B/6, were ob-
tained from analysis of the calculated transient 1esponses
D¢, Dy, and B to the assumed aileron deflection by use of
the equation

f TP dt
0

=G0
j e~Sq@di

0
The Laplace transforms of the responses were obtained by
fitting various functions, such as polynomials or trigono-
metric functions, fo finite sections of the respective output

8x10™>

4_

A

[e]
P

o—L

-04———1
28} tp) = 0 48 12
Time, sec
[ ¥~ S A S N U NN SN S OO Y N N N R Sy LS N B
0 4 8 12 16.202428 32 3640444852 56606468 72
Time, sec

g» radians

Yawing velocity, DY, radians/sec
X
r

Aileron deflection,

(b) Yawing velocity.
Ficure 7.—Continued.

O ® O
T T
Aileron deflection, >
84, radians
o
5 >

VAN

O

Angle of sideslip, 8, radians
AL,
O v P O ®

T 1 T T

L (e) % a8 12
.48 | ISR N SN SN SN N U HNNO N SO DOy N Tlmel, sec i
O 4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 64 68 72

Time, sec
(¢} Angle of sideslip.
Figure 7.—Concluded.

curves and thus performing analytically the required inte-
grations from 0 to « in finite time intervals as described in
reference 8. These transforms were then evaluated for a
number of values of iw (where s=i{w) and frequency-response
data, were obtained. These data have been plotted in
figure 8 where they are represented by the triangular test
points.

For puiposes of comparison, the frequency responses for
the airplane were calculated from the basic mass and aero-
dynamic characteristics and are also presented in figure 8 in
the form of curves. The agreement between these two sets
of data is seen to be excellent.

In addition, the frequency responses were obtained from
the calculated transients by use of IBM equipment. The
Fourier transform of each transient was obtained from a
numetical evaluation, by means of the IBM equipment, of
the integral

Se et F ) di
15
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(a) Amplitude ratio

Ficure 8.—Frequency :responses due to aileron-defleetion input for
the airplane deseribed in table X1,

250 T T T T T 1
Calculoted from mass and cerodynamic

200 characteristics of girplone
a Transient analysis, curve—fitting method
150 o Transignt onolysis, 1BM equipment
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I
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b 0
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-200
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B2 3 4 5 6 ¢ 8 9 D

w, radians /sec
(b} Phase angle &3 i

Fraure 8.—Continued.

between the limits of {=0 and #=6.9 seconds to which was
added an end correction based on an analytical expression
of the transients from ¢=6.9 seconds to infinity. A time
interval At=0.05 second was used in the numerical integra-
tions. The frequency responses thus obtained are shown in
figure 8 as squere points and appear to be in excellent agree-
ment with the frequency responses calculated from the basic
mass and aerodynamic characteristics and with those derived
from the transients by the curve-fitting method.

By use of equations (27), (31), (33), (35), and (36) of the
body of the report and the frequency-response data derived
from the transients by both methods, the coefficients K, K,

K, K;, @, K;, Ky, and K, were obtained, and hence the

20 R
| T T T T
Calculated from maoss and gerodynomic
8 characteristics of airplone i
& Transient onalysis, curve—fitting method
16 a Tronsfent analysis, 1BM equipment =]
g (Af=005 sec}
® |
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g‘ 12 :‘\D\ ' — : !? R E— -
'.o. I \ P/
‘.Qildc? h\'l
10 - —_—
< é\
[=]
= 8 . e b [N QR
‘f:'f \m\
g e i g
g —~——]
4 —rr— e
2 ERpENY S WP SRR P S —
) )
0 [ 2 3 4 5 6 7 8 9 o
w, radians/sec
(¢) Amplitude ratio Qfl
a
Ficure 8.—Continued.
| [ I T ™1 |
Caleulated from mass ond aerodynamic
200 characteristics of airplone S
4 Tronsient analysis, curve~fitting method
A’ﬂ‘—" o Transient analysis, IBM equipment R
(Af=0.05 sec}
g 150
r Y L
!_S? h%?a/‘ o - '—1r-:}—-__1
& 100 U R B
=)
5 N
g —
g 50
(d} N

a ] 2 3 4 5 6 7 8 9 10
w, radions/sec

(@) Phase angle 'I»pq‘a,‘.

Freure 8.—Continued.

stability derivatives Cy, Cy, Cp, €, C’;,a, Cy Copp and
C.. These results are presented in table XII along with
the values assumed for the calculation of the transient
motions. Results are also presented for the case where
equations (1), (2), and (8) of the body of the report were
not separgted into real and imaginary parts but were treated
as vector equations and the method of least squares applied
in a manmer similar to that deseribed in reference 4. The
amount of work required in the least-squares process as
shown in appendix C is less when these equations are treated
as vector equations, but a limitation is introduced in that
a parameter such as K; which is difficult to extract with
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ST 1T T T T T T ]

\ Galculated from moss and aerodynamic
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a Transient anolysis, curve-fitting method

o Transient analysis, IBM equipment
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Ficure 8.—Continued.
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Fieure 8.—60ncluded.

good accuracy cannot be eliminated as it was in the body
of the report when the equations were separated.

A comparison of the values of the derivatives based on
frequency responses obtained by the curve-fitting method
and obtained from the two methods of treating the equa-~
tions of motion indicates very good agreement for all the
parameters except C,. The poor agreement for C; is felt

TABLE XIIL.—COMPARISON BETWEEN STABILITY DERIV-
ATIVES USED IN CALCULATION OF TRANSIENTS AND
THOSE DERIVED FROM TRANSIENTS FOR EXAMPLE IN
APPENDIX B

Transient analysis, curve- | Transient gnalysis, IBM
- fitting method equipment
Derivative | Assumed = — .
velue From eqs. of | From eqs. of [ From egs. of | From eqgs. of

present motion as present motion as

report veetor eqs. report vector eqs,
Cz, —0.400 —0.378 —0.397 —0.388 —0. 391
Ci, " 0,080 0. 0882 0.110 0.130 0,099
C'x', —0.126 ~0.127 —0.134 —0.129 —0.128
C“a ~0. 100 —0.100 —0.100 —0.098 -0.099
Ch » ~0.020 —0.020 —0.021 —0.029 —0.025
Cr, —0. 400 —0.382 —0.397 —0.786 —0.646
C"g . 0,250 0.253 0. 257 0.213 0.258
Cfr, —1.-000 —1.050 —1.003 —0. 600 1.260

not to be significant since C; generally makes a neg11g1blo
contribution to the lateral motions of an airplane and is
important only in the lightly damped spiral mode of motion

“which is very difficult to define accurately from a transient

response.

A similar comparison of the two sets of values based on
frequency responses obtained with the IBM equipment
shows good agreement except for the derivatives Cy, C.,
and Oy, The poor agreement between the initially as-
sumed values of 0y, C, » and Cy, and those calculated from
the frequency responses obtained with the IBM equip-
ment is probably due partly to the fact that data were not
obtained for frequencies near the natural frequency of the
airplane with the particular routine wused for the IBM
equipment and partly to small inaccuracies that exist in
the data at the frequencies that were included. These
small inaccuracies undoubtedly could have been reduced
somewhat by the use of a smaller time interval in the numer-
ical integrations performed by the IBM equipment.

The use of the frequency-response data which were ob-
tained from the transient responses by the curve-fitting
method and which included frequencies mear the natural
frequency of the airplane resulted in good agreement for
these derivatives. Therefore, it appears that further investi-
gation into the effects of the choice of the frequency
range to be used in extracting stability derivatives from the
frequency-response data is warranted.



APPENDIX C
LEAST-SQUARES VECTOR SOLUTION OF THE EQUATIONS OF LATERAL MOTION

Some of the results shown in table XII were obtained by (Q_ﬁ e (E K (c_i: (Q_\f Py, (1=
applying the method of reference 4 to the lateral equations 8 ;+ No:/y NG, 1+ 5 )y T (=G w3, - - @n)

of motion (appendix B). The important details of this Dg 8 C2)

method are illustrated in this appendix by applying them to | where T)' (3-) . . . are the airplane frequeney re-
. . . T T.

equation (1) which is sponses expressed in vector form, and the residual #, is a

_ vector at each frequency. In this treatment K, is assumed

Dp+Eof— Ko+ Dy=F3 5 (1)) C1 | to be known and the most probable values of the unknowns

If the tlight data are expressed in frequency-response form, K, and F, are such as to make the sum of the squares of the

that is for every frequency w; there is an amplitude ratio and | residual a minimum; that is, ;Z (v,)? is equal to a minimum,
. . . . . ==t .

& ph'a. se-angle relationship, then. the lateral va.rm.b!es can be The square of the residual vector is obtained from the seala:

considered to be constant-amplitude vectors rotating in the | . 4ot product of the two vectors, namely

complex plane with fixed phase relationships for any given ’ o _

frequency. Equation (C1) can be expressed as op0y=(2y)? (C3)

The values of K, and F, which satisfy the condition that wE (v;)® be & minimum are obtained from a simultancous

J=w

solution of the equations

a Wn .
BEJT;M(’D;"?);)=O (C‘L)
2 }w—‘_n, (;-v)=0 (C5)
F

These equations after expansion are written in matrix form as follows:
(a) For the sideslipping motion

n Sh(—4d || B jﬁ (—wBs—wBy—F,A,);
J=w =wi
o =3 (C6)
Sican B(E) || &) | DedsioBarEdbdd o,
J=an J=au vl /s =wr
(b) For the rolling motion
_ [ n wn = r N
n Eﬂ (_'AB)! J_g (WB:»)ar j§ (—wBy); F,
Wa i ) 2 W W
Bea 25(E) S u-aBaAB),  BedB-AB) || K
=wl =w1 HVE =t =y
S =
wn ™ tn T2 '
Swby,  Beabtasy,  H(«F) oM Audi+BBY; | | Ko
w1 =w] = ] =
Wn (o5 n Wn 7|2
S(-uBl B aldB~4B); 3 —eAA+B.B), (< ) K,
| j=w =aw =ewi =0 rl /7 A\
s W N
2 wf (— A+ Ky
J=un
i‘ o (Apcdy+BeB,— K dpdy— K BsBy);
J=w
< - (CD
j;ﬂ}l Kyw(d4By—Bydds),
2 wA(A,By—AuB),s )

18
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(¢) For the yawing motion

J=wt J=an J=w

n j:z; (49, _Zm (—wBy);
Wn rit We
_Ewl (Ag); J.;m ( Sﬁ )] j=zm wi(—AsBs+A4Bg);
—Zan (—deﬁ)J jg.;‘: wj(—‘AﬁB¢+A¢B5)_1 jé‘;x .5— )

2«»3», SN ofdsBy—AuB); 3 —wM(AAy+BBy);

Z‘, (wBy); Fy

J=w

> w,<AﬁB¢—A¢Bp>1 K,

J=wt
. < - =
=Zw‘i —w(AsAy+ByBy); K,
_Z E" ) Ky
= rl /4 i I
. "

Z w.12(_A¢+KsA¢)J

J=w

2 wi(—ApAy—BsBy+KoAsAys+KsBBy);

J=w

< i} - (C8)
2 wja(—A¢BlP+A¢B¢)J

J=w

3% Koo (44By—BAy),;

=y J

-

where n is the number of frequency points and the definitions of Ag, Bs, Ay, By, A4, and By are given in equations (8) and (9).
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