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SUMMARY

The various equatlons for computing profile drag by
the momentum method are examined, and the errors arising
from complete or partial neglect of compressibility ef-
fects in the Jones equation (R. & M, Ho. 1688) and the
Bicknell equatien (NACA Rep, No. 667) are evaluated. The
integrating method of Silverstein and Katszoff (Jour., Aero,
Sciences, vol, 7, no. 7, May 1940) is shown to be accurate
over g wilde range of Mach number and wake shapes,

INTRODUCTIOX

Iquations for the computation of the profile drag of
a body from an integration of the momentum defect in its
wake were developed independently dPy A, Betz 1in 1926 (ref-
erence 1) and by B. M. Jones in 1936 (reference 2). Some
of the assumptions made in the equations are not rigorously
correct, but 1t has been shown that the errors involved
are small- (references 3 and 4). Both Jones and Betsz ne—
glected compressiblilty effests, and 1t wae necessary to
adapt their equations to compressible flow because of the
high velocltids encounteréd in modern wind-tunnel and
flight testing, Thie adaptation was made by Blcknell
(referancea 5), by Silverstein and Ketsoff (referencs 6),
and by Wright in some unpublished notes. One of the pur-
poses of thies paver is to compare the rFesults obtalned
from each of these methods and to investlgate the veria-
tion caused by the differences in assumptions and pro-—
cedure. . : :

The use of any of the momentum drag equations cor—
rected for compressible flow involves a great many compu-—
tatlions because a rather complicated expresslon must Dde
calculated at a number of peints in the wake. Consider-
able computation time mdy be eliminated by use of the
integrating method outlined ip reference 6. This method




evaluates the proportionality factor that exilsts between
the drag and the average total head loes in the wake, =
value which can be readilly determined from graphical or
numer ical integration of point-by—point measurements, by
use of an integrating manometer (reference 7), or by
meang of the averaging rake described in reference 6.
Certain aesumptlons, principally that of a predetermined
vake shape, are necegsary for the evaluation of the pro-—
Portionality fecter. It is the purpoese of thie paper to
determine experimentally the error entailad in the uee of
this method over a wide range of Mach numbers and wake
shapes,

COMPARISOF OF THX EQUATIONS OF JCNES, BICKNELL,

‘WRIGET, AND SILVERSTEIN A"D KATZOFF

The equations of Betz and Jones differ because of the
original essumptions, but there 1s no significant differ—
ence between the resulte (reference 4)., Jones' method has
teen used in the further develooments because of the
greater elmplicity in computation procedure.

The defect in moxentum caused by the drag of an air-—
foll 1is: : ’

do = o _/ jrva(Vb—Vz)dS (1)
w

assumling that the statlc prescsuree at stations C and 2
(fig. 1) are equal, which is true if station 2 is an in-
finite distance downstream. (A1l symbols used in this
report are defined in figure 1 and in the appendix.) As
the measurement of velocities at- great distances from a
body 1s impraectlical, it 1ls necessary to convert equation
(1) into one with terms that are measursble, In order to
do this, Jones made the assumptlon that there is .no mix-—
ing in the tubes of flow between plaaner 1, g measurement
Plane close behind the airfoll, and plane 2. This aesunp—
tion permits the apvlication of Bernoulli's equation be-—

tween the two planes.
2

v
Then Ho—pez = DE; = Hy-p, (2)
end equation (1) reduces to
/“ o . 'Jh N\, '
e = 2 1—P3 1 - 1—Po d (3)
d —_— v
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. As the Jones equation. is applicable oanly to inecom—
pressible flow, thé& next rbfinement was to adapt 1t to
compressible flow. Bicknell (reference 5) shows how
Bernoulli's equation for ‘compressible flow 1s applied to
determine q and how the ohange in density caused by the
statle pressure. differerce Fetween stations O and 1 ‘ngy -
be takon'into acecunt by the assumption of ediasbatie
variatlions. With these modificétione, Jones' equation

Po : /HQ—PO o Po l+m,
. 1+n° . v . i (5)

Bicknell did nnt consider the incresmse in temperature
in the wake and the cohsequent denslty changes, an effoct
which 1a appreciable at high Mach numbers. This tempera-—
ture rise was taken into account by Ray H, Wright 1in some
unpublished work ‘and by Silversteln and Katzoff in refer—
encd 6, 'The same assumptlione are made In both develop—

A

ments, and the methods differ only in procedure.

On the asgumptlion that the flow-in each streamline

‘tube ih the wake between plancs -l and 2 1s I1sentropic; tho

tomperature rise in each 'lamina -ie equel to the éhattgy dif—-
forance between the work expﬂndod pn? unit time in_over— .
coming the drag and the kinetlc .encrgy produnnd in' the wake.

- The Adssumption of - ieentropie flow 1s analogous to the as—

* dumption made 1in the dnvelopment of the inqompreeeible flow

eddation that there 1s no mixing in'the tubes of flow boe—
tweern planee 1 and 2‘ dnd, coneequently, that the total head
rnmaine constant (rafnfenun 9). penimentel verification
of the isentropic nature of the wake flow ie. glven in ref-
erente 10~ ‘the results..f -which 5hov 4that: & constant stag—
nation’ temperature exiete acroe% the yake, Uelng ths rela-
tions given in reference 6, the fo;leuing equation can be
developed’ for the profile drag coefficient. (See appendix.)
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/ Pa 7.(31*P1)(1+n°)
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e
»

Hykpo) (1+n,)
—/ 1Po %o dy (6)
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1

-Wright develqped a aimilar equation, h?i 1ntroduc9d the

factor G to define the relation = 1-8(l-ga/a,)

where :
. Ly _/ﬁo.eqau“ qg/qo
; 1+0,202M3 -
. G = —
, ' : 1l - QB/Qd' : .
Kpl\x (B3-py) (1+n,) o Hypo 1+n°>
1-G1(1 -
/P Po (Hg=pg ) (1+7m,). Ho~Po l+MNg
. f{l—p-'.1+no SR .
- .—/ — - ay ¢ (7)
s -.:__Hé-Po lng _ '

G 1s.primarily a function of Mach number, and secondarlily
a function of (l-qpfq,). The varlation.of G with these
two factors is shown in figure 2., .:

Table I and figure 3 compare the profile drag.coef—
ficients a8 computed from point-by—polnt methods .from wake
meagurements on a 66,3—-420 airfoil (reference 7) through—
_out .an extensive Mach number range. As expected, the
'Jonae equation for incompreseible flow gives the highesnt
drag coefficient at any Mach number. Bicknell's equation
is intermediate between compreséible and .incompressidble.
flow because ‘the temperature risq in the .wake was neglected.
The two corrected methods of. computin the drag in com~
pressible flow (equations (6) and (7)§ ‘give results which
differ only because of inaocuraoiep in. plotting and com—
puting. . .

A comparisen of the drag coefficients at a high Mach




number gives an indication of the magnitudes of the various
- correetions, .At. .H = 0,6, the percentage difference be—
tween Jones' and Bicknell's equations 1s 7 percant, 1ndi-
cating the effect of compreesibility, the inelusion of the
l1+n factor, and the density changes due to statlc pressure
differences. The effect of tha temperature rilee in the

wake on the density causes a further correction of 6 per-
cent, as shown by the percentage difference between
Bicknell's and the Silverstein-Katgor’'f or Wright equation.
The total value of the corrections to the Jones equation

at this HMach number 1s 13 percent. ALseuming that equationes
(6) and (7) give fully corrected resulte, the error from

the Jones esquation will exceed 2 percent if it is used avove
8 Mach number of 0.1, and the error from Bicknell's eguation
wlll exceed 2 percent if used above a Mach number of 0.25.
The error in the Joneg ecuation inereases roughly as M!-3;
that of the Bicknell equation increases approxiuately in
proportion to M.

It should be noted that the drag results determined in
KAiChk high—speed wind tunnels by the momentum method have
included all of the comuwressibility and temparature correc-—
tiong outlined sdove,

INTEGRATIYG METHCDS

Equations (6) and (7) are somewhat unsatisfactory for
wind—-tunhel or flight test work because of the lengthy com—
putations involved; the equations must be evaluated for a
number of points throughout the wake, and the raesults
graphically or numerically integrated. As develoved in
reference 6, a simplification results from the fect that
the profille drag coefficient 1s roughly proportienal to
the average totsl-head loes in the wake,

[ Ho=-H, '-
Cdy = °[w Hoopy dy (82)
or
"w (Ho=H ' : a3 '
cq. = F, ¥ {Bo—Hi)gy (incompressible flow) (8b)
1
‘I-O c HO-PQ . i
: Ho—Hy )y T
cqg. = F, = £—$—~ilﬁ! (compressible flow) (8¢c)
° ¢ '{O—-PO ) . st e

The value of (H;—Hl)k? may be determined frow a graph-




ical or numerical average of point—-by—point measurements,
directly by use of an integrating manometer (reference 8),
or by the averaging rake described 1n reference 6, F,; 18
a proportionality fa?tor fgr incompressible flow and is &
P1~P Hy—Hy '
° 0 _max' and wake shape, It 1is

function of ’
Hy—po Ho—Do

evaluated 1n reference 6 on the assumption that the wake con-—

forms to a cosine-squared curve. Equations (3) and (8d)

are evaluated 1n terms of this assumption and equated; then

Fy 1e determined for a range of values of Dp,-DPo/H,—p,

and (Ho~H,)pax/Ho—Po. The variation of T3 with these

two factors in the range normally encountered is shown in
figure 4.

To correct the integrating methnd for compressibility
and temperature effects, Silverstein and Katzsoff (reference
6) determined F., the proportionality factor in compres-~
gible flow, by evaluating equations (6) and (8e¢) in terms
of the assumption of a cosine—squarad wake form, equating
and solving for PF,, Values of Fy/F; so determined are
presented in table I or referesnce 6 as g function of
-(H'O—Hl)max b I—Po

’ » and Mach number,
Hy=Pq Ho-Po

In ueing this method in wind-tunnel testing, it has
been found eonvenient to determine F; first and then
modify 1t by the ratio F./Fy for the Mach number of the

test veloelty. Thus,

6q =¥y X (Ho—H,)py (8c)
° ¢  Hy-po
¥ r - 7
=_° ri‘_'.ﬂ_“f_llu | (9)
"1 L ¢ Ho—-po o

The variation of ¥_,/F, with the three varilables iavolved
is given in figure b,

It 1e ovident from equation (9) that any error in-—
volved in the assumptlon of a coslne—squared wake form is
primarily a function of ¥F; and secondarily a function
of F,/Fy. In order to eliminate any error im F,, the

following equation may be used since F¥,/Fy; shows the
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relation between compressible and incompressible flow!

- r . - R -- .- R
o Drag as deternlnea by the 110
°a, * Fq LJonoa equation (equation (3)) (20)

The accuracy of the ;ntegrating method was investi-
gated from the wake measurements obtained in reference 7,
The profile drag coefficients were determined dy point—
by—point computations and the integrating method from the
wake ‘surveys which were made through a Mach number range

‘of 0,188 to 0,668, Tadle II compared the results and

shows that the coefficients determined by egunation (9) are
the same as those obtained in equation (10)., In other
words, Ii sontains very little error for the wake form
encountered in the tests, Comparisen of the results of
equations (10) and (6) show that the .arror in T /I is
also negligidle, At all speeds below the critical. the
greatest difference between the integrating method and the
point--by—-point computation of equation (6) was 1,7 percent,

Wakes may vary considerably in shape} so several 4if—
ferent formes were assumed,to determined the effect of ex-
treme departures from the cosine-squared assumption. The
profile drag coefflcient for an-unsymmetrical, a trlangular,
a rectangular, and a true cosine—squared wake form (fig., 6)
wvere computed by the point—by—point methods and by the in—
tegrating method using Ii and T /Ii. The unsymmetrical

wake is the type found behind a wing—nacelle Junction and is
due te the comdbingtion of the wakes of each., Table III
shows that the actual shape has little effect upon the
error 1n the profile drag coefficient as ceomputed from the
cosine—-squared assumptisn. The percentage errers between
the integrating and the point—~by-point computation methods
show the error in F,, F,/F;, and the product ef the two,

There appears to be no consistency as the wake form departs
moreé and more from the cosline—squared shape; the major por-—
tion of the error is predadly due to inaccuraocies in plet-—
ting and cemputing,

’

CONCLUSIONS

1, The Jones -quation has 1esa than a B—percent error
due te compressibility effects, up to a Mach number ef C,1,
This error incraasel rapidly Hith Mach number, roughly 1in
proportien te MN:+3,




2, The Bicéknell equation.has less than a 2-percent.
error up to a Mach number of 0.256 due to compressibility
effects, This error.increases approximately in proportion
'to Mach number. , :

3. The integrating method of Silversteln and Katszoff
gives results which agree within 2 percent with the.re—
sults of the integration of point-by—poiant coumputations
.(corrected for compressibility effects) at least up to the
critical Mach number for normal wing wakes, The additieonal
error “due to extreme variation in wake shape is less bthan
1.5 percent .

-

Ames Aeronsautical Laboratory,
National Advisory Committee for Aeronautics,
v Moffett Field,’ Calif, .’
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APPENDIX
I o ’
e h F EAE )
Definitions of symbola used in this report '
dynamic pressufe — 1/2p7' < B-p .' 5':15_,_ C
L s
P atatic pressure o
', tqtal pressure C DR “o ;
v 'kelzcity o - S :.qi: | ‘
.o .4 . R ..
o] density .
e '
T absolute temperature,

as 'élementél a;ea: e s

y vortical distance from wake center

w wldth of wake
c airfoil chord

¥* 'ratio of specific :heat at cdnstant pressure to ﬁhe.
' spegcific heat at constant volume



M Mach number, the -ratioc of the stream velocity to the
local velocity of sound

R proportlonality factorv - The subecript 1 -denotes - -, .
incompressible flow and ¢, compressible flow -

4, sectlon profile drag coefficlent .

l+n a compressibllity.correction factor

‘g = P1; E:E qQ¢« 1Iin ezmpreesible flow
a . 0 . -
where 14 = 1 + %r + %3 b

.The subscripts o, 1, and =2 denote the location
of the measured or computed values: o denotes the free
i stream; 1 denotes the measurement plane, close behind
the alrfoll; 2. denotes the value at the plane located
an infinite distance downstream from the airfoill,

The derivation. of .equation (6), according to the
relations set up in reference 6, 1s as follows:

[ psV5(Vo=V3) aya ()
w

2 pa¥ v, o
c = - 2 (1 -2 ‘d}'a ' . (b)
do_' ¢ v Povo vO } ,

For continulty: p,V, dy1 = paVadya

3

) i v Ton. . . .
L 2 pl 2 - 2" 4y, (e)
o~ of po Vo,

The difference betweenr the work expénded per unit
time and the kinetie energy produced in.the wake lse:

PaVaVo(Vo-Veldya - —Pav (Vo-Ta) dYa = “Pav (v, —Va )dYa

v wiene = o *‘hoh-r- PN S " -,. ..—-

If thie difference remains in the lamina as heat the tem—.
perature rise {e:- . .

w
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R
ol cp paVadya a

-

where .

T absoluts temperature, deg. C
: woLL .

cp specific heat at constant pressure

Substitution of the pumerical Va1u§ of o, and division
by P, = 0.000231 V, 2 leads to

o .
P.-T v. 3 v.%
2 8 = 0,202 _£_i 1 - —:3 ).. ) (e)
To Ve, Yo
. H
. Po Ta L V. .\ .

Since p. = pg, — = —=1 + 0,302 —25 (1 - & ()

o 2 Pa To . ,vca . 705 /
XE = /22 (Ha—Pa) (1+n0) = &Q (Hl—po) (1"’710) (g)

L P33 (H ~p ) (1+nj) pa (Hy=py) (14ng)

Solving thesé two equations simultanecusly for Po/Pa

Po 1+ 0,202 M°
-2 = : (n)

H,-Dp 1+
1+ 0.202 u"( 170N f '°>
) Eo-poj \1+'na

Pa

where N = VO/Vco and is the .Mach number,

I& =;//22 (Hl_pl)(1+n°). and ﬁiZl =~//Ei (B3—p,) (1+n,)

Vo p1 (Hg=pp) (14m;) PoVo o Po (Ho=Po) (147,)
1 _P1, P3 e P

P, B2, B2 (5)

To Pa Ro_ !

Since the flow between planes 1 and 2 18 1aentropic=.

. oy -

(1)
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Substityting equations (k) a.nd (f) 111 equa..tion (J)- and
(J) into (1): - .

1 — y Wals p°><1+n )
P17 P1nyY (Hy—p,3) (1+4n,) -x +0.3023M ( o—Pq l+ng

Po¥o p,/ (E >, )(1+n1) : 1 + 0.202M3
81\ ¥ (E,~p,) (1+n,)
/F ( (BEg~P,) (1+71,)

: . H,-p; \\/ 1+n0\\ .
+0.2024% (ﬁ"oiif J\ Tina / /Hl—po)(l+ﬂ )
1+ 0.202 M3 (B —po)(1+ﬂa)

dy (6)

Wright used the relation vpg/p, = 1 — G(l—qa/qo)

where _ 1 ~/{ + 0.202M% qp/q,
Ry Y P 1 + 0.202M3
6 = =
1—‘12/‘10 ' 1 —q_a/qo

to obtain equatioen (7).
- 3 P1 # (E3~p,) (1+n,)-
ot [ )
[+] c w . p (Ho“‘Po) (1+ﬂ 1) .
1 _ G( Hl-—po 1+n ) Al"l’o‘l"'ﬂo

1 - —2
" Egmpo 1tns

iy
"po l'l"ﬂa
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TABLE I
cs ve M as computed by the varilous momentum drag
o) methods from tests on a 66,2-420 airfoil
ach Jones ! Bicknell's | Silversteln— Wright'se
mumber | equation | equation Kat zoff equation
(3) (5) equation (6) (7)
C.188 0,00568 0.00564 0.00566 0.C0556
271 . 00637 .00628 . 00616 .00618
.328 .00629 . 00622 .00612 .00613
.383 . 00637 . 00623 . 00607 .00603
.515 , 00698 .00659 ,C0633 , 00637
.594 .00756 .00703 . 00662 . 00656
.638 .00888 .00838 , 00773 .00771
\.658l .01218 .01152 .01066 ,01031
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TABLE II |
{
cq, ve& M to determine the error in 'F; and Fo/Fy |
! |
Mach | Integrating Jorses! Sllverstein—
number method X equation !Katzoff .
Fy x F /Py X Fo/Fy iequation (6)
equation (9) { equation (10)|
0.188 0.00559 0.00560 ! 0.00556
|
271 .00621 .00618 i .00C16
328 . 00604 . 00€02 b Looe12
. 383 .00599 .00600 ' .008G7
|
.515 .00632 .00629 | .00623
.594 . 00662 . 00559 | .oo0e62
!
.628 .00758 .00759 | .oc7a
i
.658 .01010 .01034 . .01066
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TABLE III

|cq ~ve wake form to determine the error in F, and rc/ri
o
Take Bilversetein—|{Jones! Percent] Integrating |Percent
f orm Katzoff equation|error method arror
equation (6)[*X Fo/Fy x FofFy
equation equation (9)
(10)

cos?® O 0.00898 0.00899 +0.1 [0.00904 +0,7
Trian—
lgular . 00912 .00902 -1.1 .00904 -.9
Wing—
nacelle .01314 .01295 ~1.4 .1308 -5
Kectan— . .
gular .01786 . 01773 -~.7 ,01807 +1.2




Incomprbssible flow

PO'HO'TO.'OO'V Hllpl!vl E]_.PO.VZ
"H -PO To ’ po To ! P
9=H0-py 9 H1'1’0

— | <j""-—_———_*-"“““-~\\\\\\\»1::5532

Planc O Planc 1

Planc 2
Comprassiblo flow T = Vortieal distance
. ) from wako conter
Poro T°'p° Pps7y PorV3
+n° H~
—1"P) Hy-p
U T4ny - Qz=i:;;“

Figuro l.- Dofinition of torms uscd in the momontum oquations.
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