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"ETHOD O?' CALCULATING P R E S S U R E  D I  STRI BVTIO?? 

By Theodore Theodorsen 

A method, based d i r e s t l y  on t he  s o - c a l l e d  €-curve 
method publ i shed  o r i g i n a l l y  i n  1931 i n  N 4 C A  Report 
h'o. 4-11, i s  p r e sen t ed  f o r  use  i n  making mod i f i ca t i ons  
t o  the  shape and p r e s s u r e  d i s t r i b u t i o n  of a  g iven a i r -  
f o i l .  I n p a r t i c u l a r ,  i t m a y  be d e s i r a b l e  t o  remove 
exces s ive  i r r e g u l a r i t i e s  o r  l o c a l  peaks i n  t h e  d i s -  
t r i b u t i o n .  In t h i s  p roces s  i t  may be r e q u i r e d  t h a t  
c e r t a i n  parameters  of t h e  a i r f o i l  be kep t  unchanged; 
f o r  i n s t a n c e ,  t h e  angle  of ze ro  l i f t ,  t h e  i d e a l  l i f t  
c o e f f i c i e n t ,  o r  t h e  niorrient c o e f f i c i e n t .  From an aca- 
demic viewpoint ,  an a l t e r e d  d i s t r i b u t i o n  cannot  be 
" p r e ~ c r i b e d ~ ~  because c o m ~ l i a n c e  w i t h  t h e  requirement  of  
n a i n t a i n i n g  a  Laplac ian  f low f i e l d  i s  invo lved .  A 
p r e s c r i b e d  d i s t r i b u t i o n  can t h e r e f o r e  no t  be ob ta ined  
by f t e r a t i o n .  The p roces s ,  however adequate ,  i s  
n e c e s s a r i l y  one of q u a l i t a t i v e  mod i f i ca t i ons .  Seve ra l  
numerical  examples i l l u s t r a t i n g  the  use  of t h e  method 
a r e  g iven  i n  the  apnendix. 

I NTRODUCTI  ON 

I n  1931 t h e  au thor  i n t roduced  t h e  s o - c a l l e d  e-curve 
method f o r  c a l c u l a t i n g  t h e  p r e s s u r e  d i s t r i b u t i o n  on a i r -  
f o i l s  of a r b i t r a r y  shape.  (See r e f e r e n c e  1.)  The 
m e r i t  of t h i s  method depends e s s e n t i a l l y  on t h e  f a c t  
t h a t  the  r e s u l t i n g  i n t e g r a l  r e l a t i o n  can be so lved  by a  
r a p i d l y  convergent  p roces s .  I n  t h e  ? r e s e n t  paper tho  
problem of e f f e c t i n g  changes i n  a  g iven  p r e s s u r e  d i s -  
t r i b u t i o n  i s  cons idered .  The method i s  based d i r e c t l y  
on t h e  important  v e l o c i t y  formula (XTI) of  r e f e r e n c e  1 
rewrd t t en  a s  f ~ r m u l a  ( 3 9 ' )  i n  r e f e r e n c e  2 ,  a  l a t e r  
r e p o r t .  Reference t o  t h e s e  gape r s  i s  made r e p e a t e d l y  
h e r e i n  w i t h  subsequent omission of t h e  d e t a i l s  con- 
ce rn ing  the  use  of the  €-curve method. 
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Consider  a  g iven  a i r f o i l .  Prom the  €-curve of 
r e f e r e n c e  1, and E a r e  ob t a ined ;  and from formula 
(XII) of  r e f e r e n c e  1 the  p r e s s u r e ,  o r  t he  e q u i v a l e n t  
v e l o c i t y ,  i 3  found . '  The v e l o c i t y  may be  w r i t t e n  i n  
t ~ r r r s  of  t he  q u a n t i t i e ~  , c ,  d ,  do, a + c T ,  and v 
a-s i n  formula ( 3 9 ' )  of r e f e r ence  2: 

? i n  (a + m) + s j n  (a + ET) v  - $0 - - v e 
n 

( 1) 

\ Einh2  $ + s i n  

where t he  r eade r  l c  r e f e r r e d  t o  r e f e r e n c e s  1 and 2 f o r  
t b e  meaning of t he  v a r i o u s  symbols. 

Now cons ide r  a  s l i g h t l y  a l t e r e d  p r e s s u r e  d i s t r i b u -  
t i o n .  Th i s  nsw ?re,qeare d i s t r i b u t i o n  i e  obvious ly  
r e l a t e d  t o  a new a i r f o i l  con tour .  It  i~ p e r t i n e n t  t o  
remark he re  t h a t  from a p u r e l y  mathemat ical  vlelmpoint 
t he  new d i s t r i b u t i o n  cannot  be "preacr ibed ' '  u n l e s ?  t he  
new a i r f o i l  con tour  a l s o  i s  p r e ~ c r i b e d .  I n  a  p o t e n t i a l  
f low wi thout  s i n p l a r i t i e s  t h e r e  e x i s t ?  a  unique re la -  
t i 9 n s h i p  between t h e  contour  and the '  p r e s s u r e  d i s t r i -  
b u t i o n  i n  the flow f i e l d .  A p r e s s u r e  d i s t ~ i b u t i o n  
cannot t h e r e f o r e  be  p r e s c r i b e d  (mathemat ica l ly )  f o r  
t he  simple reason  t h a t  t h e  a s s o c i a t e d  con tour  must be  . 
given  i n  o r d e r  t o  p r e s c r i b e  it. Thus t h e  problem of 
s p e c i f y i n g  r i g o r o u s l y  a p r e s s u r e  d i s t r i b u t i o n  i s  
reduced "ad absurdum." From an  acadenic  s t andpo in t  the  
s o - c a l l e d  inver3e  problem t h e r e f o r e  does no t  e x i s t  a s  such. 

C e r t a i n  a l t e r a t i o n s  o f  a  q u a l i t a t i v e  n a t u r e  may be 
performed i n  s p i t e  o f  t he  f a c t  t h a t  a  preFYure change 
cannot be p r e s c r i b e d .  I t  i s  t h e  purpo3e of t h i z  paper  
t o  i n d i c a t e  a method by which q u a l i t a t i v e  a l t e r a t i o n  
may be performed. I t  w i l l  be no t ed  t h a t  t he  p r e s e n t  
method of con tour  m 3 d i f i c a t i o n  w i l l  s e rve  t he  in tended  
purpose o f  the i nve ree  method. 

NATURE OF ALTERATIONS 

1t- i s  u s e f u l  t o  observe t h a t  s e v e r a l  types  o f  
independent a l t e r a t i o n  a r e  p o s s i b l e .  By r e f e r ence  t o  
t h e  v e l o c i t y  formula (1) , , f o r  i n s t a n c e ,  a chang i n  do 
w i l l  appear  mainly i n  t h e  m u l t i p l y i n g  f a c t o r  e  and 
w i l l  t hus  e f f e c t  an i n c r e a ~ e  o:r a dec rease  i n  t he  veloc-  
i t i e s  everywhere on t he  contour .  Th is  change r e s u l t s  



s imply  i n  a  s e r i e s  of  a i r f o i l s  of d i f f e r e n t  t h i c k n e s s  a s  
the  niajor e f f e ~ t .  I t  i s  i n t e r e s t i n g  t o  obse rve  t h a t  
r i e i t he r  t h e  ang le  of  ze ro  l i f t  n o r  t h e  i d e a l  ang le  o f  
a t t a c k  has  been changed i n  t h i s  o p e r a t i o n .  The q u a n t i -  
t i e s  and o c c u r r i n g  i n  t h e  v e l o c i t y  formula  a r e  
zons lde r ed  a v a i l a b l e  f o r  t h e  o r i g i n a l  a i r f o i l  con tou r  by 
t he  c-curve method of r e f e r e n c e  1. 

The e f f e c t  of a  change i n  t he  ang le  o f  a t t a c k  a 
i s  w e l l  known and need n o t  be d i s c u s s e d  he r e .  I n  f a c t ,  
t h e  main i n t e r e s t  l i e s  i n  i ~ p r o v i n g  t he  p r e s s u r e  d i s -  
t r i b u t i o n  a t  and n e a r  t h e  optimum, o r  idea l ,  a n g l e  of 
a t t a c k .  I n  the  fo l l owing  d i s c u s s i o n ,  t h e r e f o r e ,  t h e  
proposed changes a r e  performed a t  t h e  i d e a l  ang l e  o f  
a t t a c k  on ly .  I n  o t h e r  words, t he  p r e s s u r e  d i s t r i b u t i o n  
i s  examined a t  t h e  i d e a l  ang le  of a t t a c k ,  t e n t a t i v e  
changes a r e  proposed,  and r e s u l t s  a r e  compared a t  t h e  
i d e a l  ang le  of a t t a c k .  The r e s t r i c t i o n  t h a t  t h e  a n g l e  
of ze ro  l i f t  r e n a i n  unchanged may o r  may n o t  be imposed. 
For  a i r f o i l  con tou r s  o f  z e ro  moment c o e f f i c i e n t ,  a s  used 
i n  h e l l  c o p t e r  b l a d e s ,  t h e  r e s t r i c t i o n  may b e  im3osed t h a t  
t h e  noment c o e f f i c i e n t  remain zero .  I n  t h e  fo l l owing  
s e c t i o n  t h e  n a t u r e  o f  such changes i s  exarnined w i t h  
s e v e r a l  t ypes  o f  r e s t r i c t i o n  used t o  f u l f i l l  s p e c i f i e d  
r eq u i r emen t s .  Such changes may be 2 e r f ~ r r n e d  i n  t h e  
p r e s s u r e  d i s t r i b u t i o n  s u b j e c t  t o  any one r e s t r i c t i o n  o r  
t o  a  c o m ' ~ i n a t i ~ n  of s e v e r a l  s imul taneous  r e s t r i c t i o n s .  

YETHOD OF C H A N G I N G  THE € -CURVE 

The c-curve  con r e a d i l y  be o b t a i n e d  a s  ) by t h e  
method ~ f  r e f e r e n c e  1. In  most c a s e s  i t  i s  d e s i r a b l e  
t o  keep t h e  i d e a l  l i f t  c o e f f i c i e n t  c o n s t a n t  i n  o r d e r  t o  
o b t a i n  in!;3rovernent a t  t h e  e x a z t  v a l u e  o f  the  l i f t .  I n -  
asmuch a s  t h e  e x p r e s s i o n  f o r  the  i d e a l  l i f t  c o e f f i c i e n t  
c o n t a i n s  t h e  f a c t o r  

t h i s  restriction i s  e q u i v a l e n t  t o  ma in t a ln ing  a f i x e d  
d i f f e r e n c e  between c and c m ,  t h e  v a l u e s  o f  c a t  

I I I 

t h e  nose and a t  t h e  t a i l ,  r e s ~ n c t i ' v e l ~ .  The a b s o l u t e  . 
v a l u e s  inay o r  may no t  be k e p t  t h e  same. Tf b o t h  c N  
and E T  a r e  kep t  c o n s t a n t  i n  t h e  p r o c e s s  of  change,  
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t h e  i d e a l  l i f t  c o e f f i c i e n t ,  t h e  i d e a l  ang l e  of  a t t a c k ,  
and t h e  ang le  of ze ro  l i f t  a r e  r e t a i n e d .  This change 
i~ oure ly  l o c a l  and extremely r e s t r i c t e d  i n  n a t u r e ;  on ly  
r r < n o ~  changes w i l l  submit  t o  t h i s  s t r i n g e n t  type o f  
r e s t r a i n t .  I n  o rde r  t o  make a  l a r g e r  change, t he  con- 
d i t i o n  of cons t an t  ang le  of  ze ro  l i f t  may be r e l a x e d  bu t  
t h e  requirement  of a  cons t an t  i d e a l  l i f t  c o e f f i c i e n t  
r e t a i n e d .  

An impor tan t  case  of a l t e r a t i o n  i s  the  , case  i n  
which t h e  moment c o e f f i c i e n t  i s  kep t  c o n s t a n t .  I t  i s  
shown i n  r e f e r e n c e  2 t h a t  t he  moment depends on the  two 
lowes t  harmoniss i n  t h e  E ( 9 ) - c u r v e .  By p r e s c r i b i n g  an 
a l t e r a t i o n  A c ( 9 )  c o n t a i n i n g  h i g h e r  harmonics t han  t h e  
second t h e  p r e s s u r e  d i s t r i b u t i o n  may be a1 t e r e d  wi thout  
a f f e c t i n g  the  moxent c o e f f i c i e n t .  Iiere, a1 so, fu r ther .  
r e s t r i c t i o n s  may o r  may n o t  be imposed. I n  g e n e r a l ,  
the  more r e s t r i c  tl .ons imposed, t h e  more manipu la t ions  
a r e  r e q u i r e d  t o  a d j u s t  the  c-curve.  

TENT AT1 VE PRESS3RE SHAKGES 

HOW a t e n t a t l v e  p r e s s u r e  change i s  t r a n s l a t e d  i n t o  
a  change i n  t h e  c -curve w i l l  now be i n d i c a t e d .  The 
c ( 0  ) -  and c l9 ) - cu rves  a re  assumed t o  be a v a i l a b l e  from 
t h e  method of r e f e r ence  1. 

A n r e s su re  v a r i a t i o n  Ap along t h e  con tour  may be 
t e n t s t i v e l y  p r e s c r i b e d ,  S ince  t h i s  e x a c t  change i s  n o t  
expected anyway, exac t  r e l a t i o n s h i p s  i n v o l v i n g  ~p need 
no t  be used.  I t  i s  seen from the  v e l o c i t y  formula t h a t  

o r  i t s  e q u i v a l e n t ,  t h e  o r e s s u r e  p ,  measured from FV 
t h e  s t a g n a t i o n  p r e s s u r e ,  i s  g iven  very n e a r l y  a s  . 

where A i s  a f u n c t i o n  of p o s i t i o n  on ly .  With s i m i l a r  
Rccuracy, t h e r e f o r e ,  . 



end,  f i n a l l y ,  

weere t he  i n t e i y a l  i s  t o  be ta'cen over  t h e  range i n  
which the  t e r i t a t j v e  p r e s s u r e  change I s  g iven .  Because 
t h i s  p r e s s u r e  cliange i s  irn7roperly chosen,  t h e  va lue  of  

f o r  the whole ral-lge i n  which t h e  change i s  g iven  w i l l  
n o t ,  i n  gei leral ,  become ze ro  n o r  w i l l  t h e  a r e a  under  t h e  
A 6-curve 

becorns zero  a s  r e q u i r e d  oy t he  c o n d i t i o n s  on E g i v e n  
i n  r e f e r e n c e  1. I t  i s  of paramount impor tance  a t  t h i s  
p o i n t  t o  r e p e a t  t h a t  t h e  o r i g i n a l l y  p r e s c r i b e d  p r e s s u r e  
i s  n e c e s s a r i l y  m a t t a i n a b l e ,  a s  i s  shown by t h e  f a c t  t h a t  
t h e  two f o r e g o i n g  i n t e g r a l s  a r e ,  i n  g e n e r a l ,  d i f f e r e n t  
from z e m .  I t  w i l l  be n o t i c e d ,  however, i n  t h e  follow in^ 
? - i s cus s ion  t h z t  t he  e s s e n t i a l  "shane"  e f f e c t  may be r e -  
t a i n e d .  The Drocess i s  s i ~ p l y  t o  make t h e  A€-curve 
c o n f o m  t o  t he  g iven  r e q u i r e r e n t s  by a s u i t a b l e  a d j u s t -  
ment fnvo lv in ,  the  l e a s t  n o s s i b l e  chanpe i n  the  ~ e n e r n l  
f o r a  o f  the  A €-curve .  Th i s  ad jus tment  i s  made by 
c h a n g l n ~  t h e  l o c a t i o n  o f  t he  maximum and minimum p o i n t s  
on t h e  curve  o r  by ex t end ing  t h e  curve  beyond t he  
o r i g i n a l  r ange .  The a r e a  under  t h e  A€-curve can a l s o  
be made ze ro  b y  changing t he  r e f e r e n c e  o r  mean va lue .  
T w 9  b a s i c  c ~ n d i t i o n s  must t h e r e f o r e  be imyosed on t h e  
€ - cu rve ;  namely, t h a t  the  two f o r e g o i n g  i n t e g r a l s  be 
ze ro .  S e v e r a l  examnles a r e  t r e a t e d  i n  t h e  appendix.  

T i n a l l y ,  a g r e s s u r e  change f o r  c o n s t a n t  moment coe f -  
f i c i e n t  must be cons ide r ed .  I t  w i l l  be seen  from r e f -  
crenqe 2 t h a t  the  noment depends on t h e  two l owes t  
harmonics i n  t h e  c ( a )  -curve  and t h e  va lue  o f  CT. The 
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?recess i s  a s  fo l lows :  P r e s c r i b e  a  t e n t a t i v e  p r e s s u r e  
change n p ,  f i n d  t h e  corresponding A € ,  a d j u s t  t o  comply 
v:ith t h e  two b a s i c  c o n d i t i o n s  p r e v i o u s l y  mentioned, and 
r ' c  ter;r,lne the fo l lowing  f o u r  i n t e g r a l s  , 

Ar s i n  cp dq, 
* 

.q2 = L$" v A <  s i n  2cp dcp 

A~ s i n  c~ + B~ cos  o + A s i n  2 9  + B cos  2~ 
2 2 

from t h e  i n i t f  a1  A € - f u n c t i o n ,  t he  r e s u l t i n g  A c  i s  made 
f r e e  3f t h e  two lowest  h a r ~ o n i c s .  

I n  g e n e r a l ,  CT w i l l  be changed s l i g h t l y  by the  
removal of t he  two lowes t  harmonics. By adding a t h i r d  
harmonl. c 

bo th  t he  magnitude and the  s lope  o f  c a t  t h e  t r a i l i n g  
edge may be l e f t  unchanged, Tkis end i s  a t t a i n e d  by a 

choosing t h e  prower va lues  o f  "3 and B Thus, i n  the  
?unct ion 3' 

I 

d l €  = -AL  s i n  T - BL cos  9 - A, s i n  2Cp 

- B cos  2 ( ~  + A s i n  3~ + B cos  3q  ' c 

2 3 3 
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t h e  c o n s t a n t s  A, and B a r e  determined by making 
/ 3 

f o r  

where 

To t h e  second o r d e r  i n  3 ,  t h e r e  r e s u l t s  f o r  A and 

B, 
3 

Thus , the  s i x  c o n s t a n t s  a r e  l-tnown and t h e  d e s i r e d  change 
i n  t h e  LC-curve  i s  g iven .  

C ONC LUDI NG RE!JARKS 

I t  ha s  been po in t ed  o u t  t h a t  t h e  s o - c a l l e d  i n v e r s e  
problem does no t  e x i s t  i n  a  s t r i c t  s e n s e  of t he  term,  
because a  p o s s i b l e  p r e s s u r e  d i s t r i b u t i o n  canno t  be ? r e -  
s c r i b e d  u n l e s s  t h e  new a i r f o i l  con tour  i s  a c t u a l l y  g iven .  
An a i r f o i l  co r responding  t o  a  g i v e n  p r e s s u r e  d i s t r i b u t i o n ,  
t h e r e f o r e ,  cannot  i n  g e n e r a l  be a r r i v e d  a t  by an i t e r a -  
t i o n  9 r o c e s s  o r  by any o t h e r  method, I t  i s  shown t h a t  
on ly  c e r t a i n  q u a l i t a t i v e  m o d i f i c a t i o n s  may be e f f e c t e d .  
Such a l t e r a t i o n s  f a l l  l o g i c a l l y  i n t o  s e v e r a l  independen t  
g r ?u?s .  A t t e n t i o n  i s  g i v e n  t o  l o c a l i z e d  v a r i a t i o n s ,  i n  
which n o t  only  t he  t h i c k n e s s  f a c t o r  b u t  a l s o  t h e  i d e a l  
angle o f  a t t a c k  and the ang l e  o f  ze ro  l i f t  a r e  k e p t  con- 
s t a n t .  , O f  i n t e r e s t ,  a l s o ,  a r e  t h e  p r e s s u r e  changes  
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performed w i t h  t he  r e s t r i c t i o n  t h a t  the/moment c o e f f i c i e n t  
and t h e  ang le  o f  zero  l i f t  remain unchanged. This casel 
i s  o f  i npo r t ance  f o r  a i r f o l l s  used i n  h e l i c o p t e r  blades:  

Langley hfiernorial Aeronaut ical  Laboratory  
Nat ional  Advisory Committee f o r  Aeronautics 

Langley F i e l d ,  Va. 
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APPENDIX 

EXAMPLES 

Five c a s e s  a r e  t r e a t e d  a s  examyles o f  t h e  a i r f o i l -  
con tou r -mod i f i c a t i on  ne thod  o f  c a l c u l a t i n g  p r e s s u r e  d i s -  
t r i b u t i o n :  

I .  R. A.F. 15 a i r f o i l  ( s e e  t a b l e  I ) ;  l o c a l  changes on 
lower s u r f a c e ;  angle  of z e ro  l i f t ,  i d e a l  ang le  
of  a t t a c k ,  and i d e a l  l i f t  c o e f f i c i e n t  k e p t  c m -  
s t a n t  

I T .  2 ,  A , F .  1 5  a i r f o i l ;  l o c a l  changes on lower  s u r f a c e ;  
moment c o e f f i c i e n t  and ang le  of  zero  l i f t  k e p t  
c o n s t a n t  

0 
T I I .  A i r f o i l  con tou r  gene ra t ed  from E = 0 . 1  s i n  ( a  - 45 ), 

$, = 0 . 1  ( s e e  t a b l e  I T )  ; i d e a l  l i f t  c o e f f i c i e n t  
kep t  c o n s t a n t ;  ang le  of  zero  l i f t  and i d e a l  ang l e  
of a t t a c k  changed 

I V .  A i r f o i l  con tour  same a s  i n  c a s e  111; ang le  o f  z e ro  
1 i . f  t kep t  c o n s t a n t  

V .  A i r f o i l  con tou r  same a s  i n  c a se  111; r e s t r i c t i o n s  
same a s  i n  c a se  T a s  an  example of too  s e v e r e  
r e s t r i c t i o n s  

Case I i s  based on t h e  Q . A . F .  15 a i r f o i l ,  f o r  which 
f i g u r e  1 shows t h e  shape and t he  p r e s s u r e  d i s t r i b u t i o n .  
The purpose  of  t h e  i n t e n d e d  a l t e r a t i o n  i s  t o  remove t h e  
wavy l i n e  on t h e  bottom s u r f a c e .  The f i r s t  s t e p  a s  
i n d i c a t e d  i s  t o  draw a t e n t a t i v e  p r e s s u r e  d i s t r i b u t i o n .  
I n  t h e  cLrve a t  t he  t op  of f i g u r e  2 t h e  co r r s spond ing  
t e n t s t i v e  change i n  p r e s s u r s  i s  p l o t t e d  a g a i n s t  t h e  
r e  C P .  Thr; nex t  s t e y  i s  t o  draw the  a d j u s t e d  curve  
f o r  which t h e  n r ea  

Thus a c l o sed  Ac-curve i s  a s su r ed  f o r  c a s e  I ;  t h i s  curve  
i s  c a l l e d  t h e  a d j u s t e d  curve  and i s  shown i n  t h e  c e n t e r  
of  f i g u r e  2 .  T t  i s  a130 n e c e s s a r y  t o  make t h e  a r e a  
under  t he  Ac-curve , 
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This  can be done r e a d i l y  wi thout  a l t e r i n g  A cN o r  A c T ,  
a s  shown by t he  l i n e  f o r  case  I, f o r  which 

The corresponding A@-curve i s  shown a t  t he  bottom of 
f i g u r e  2 .  The mgdif ied  a i r f o i l  shape and pressure  
d i s t r i b u t i o n  f o r  ca se  I a r e  shown i n  f i g u r e  1. Note 
t h a t  the  p r e s s u r e  d i s t r i b u t i o n  a c t u a l l y  ob t a ined  d i f f e r s  
from the  t e n t a t i v e  Dressure  d i s t r i b u t i o n  and t h a t  no 
change has occur red  i n  t h e  ang le  of zero l i f t  o r  i n  t he  
i d s a l  angle  of a t t a c k .  

Case T I  i s  a l s o  based on the  9.A.F. 1 5  a i r f o i l ,  
with t h e  requirement imposed t h a t  t he  moment c o e f f i c i e n t  
and t h e  ang le  of ze ro  l i f t  .remain c o n s t a n t .  The t e n t a -  
t i v e  p r e s s u r e  d i s t r i b u t i o n  i s  the same a s  t h a t  used i n  

case  I .  The &-curve a d j u s t e d  f o r  zero  a r e a  and the  
ps  

Ac -curve a d j u s t e d  f o r  ze ro  a r e a  a r e  t h e r e f o r e  i d e n t i c a l  
w i t h  those  of  case  I .  I n  t h i s  ca se  i t  i s  necessary  t o  
comply w i t h  t he  requirement  t h a t  t h e  f i r s t  and second 
harmonics be removed and t h a t  some t h i r d  harmonic be 
added t o  r e t a i n  the va lue  o f  c T .  As shown i n  the  d i s -  
cussf  on,  the  f u n c t i o n  

ale = -A1 s i n  cp - B1 cos CP - A2 s i n  2~ - B2 cos  2rp 

+ A j  s i n  3P + B3 cos  3 q  

i s  t o  be added, where 



2rr 

= i S  A. s i n  P q  d0 

and 

By adding A E t o  A c  of c a s e  I ,  t h e  a r -curve  c a l l e d  
1 

case  I1 and t h e  cor resnonding  A$-curve i n  f i g u r e  2 a r e  
ob ta ined .  The r e s u l t i n g  modif ied  a i r f o i l  con tour  and 
p r e s s u r e  d i s t r i b u t i o n  a r e  shown i n  f i g u r e  3. This  case  
i s  b e s t  s u i t e d  f o r  main ta in ing  zero  moment c o e f f i c i e n t  
in a i r f o i l  s e c t i o n s  used i n  autogyros  and h e l i c o p t e r s .  

The fo l l awing  t h r e e  c a s e s ,  cases TIl to V, a r e  based on 
the  a i r f o i l  s e c t i o n  gene ra t ed  f ~ o m  = 0 .1  s i n  (cp -45'1, 
9, = 0.1. The o r i g i n a l  and the  t e n t a t i v e  Dressure  
d i s t r i b u t i o n s  a r e  shown i n  f i g u r e  4 ( a ) .  Tn f i g u r e  4 ( b ) ,  
AP/?, i s  shown p l o t t e d  a g a i n s t  t h e  ang le  g. The 
t en t s . t i ve  p r e s s u r e  curve i s  a d j u s t e d  f o r  zero  a r e a  a s  
be fo re .  The cor responding  AC-curve  i s  marked "Case 
T T T n  i n  f i g u r e  5 and t h e  corresponding A@-curve i s  
marked tfCase T I T f 1  i n  f i g u r e  6 .  Thus f a r  t h r e e  cho ices  
have been t r e a t e d :  

(1) The exac t  shape of  curve  I11 i s  r e t a i n e d  by 
changing the  zero  l i n e ,  o r  r e f e r e n c e  l i n e ,  f o r  A € ,  
which changes bo th  c 

and rr bu t  r e t a i n s  t h e  d i f -  
T 

ference and t h e r e f o r e  t h e  idea l i f t  c o e f f i c i e n t ,  The 
r l e su l t fng  a i r f o i l  con tour  and p re s su re  d i s t r i b u t i o n  f o r  
case  IT1 a r e  shown i n  f i g u r e  7. 
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( 2 )  I n  case I V  t h e  a rea  under the  A€-curve cor- 

responding t o  t h e  t e n t a t i v e  &-curve has been made zero 
p s 

by extending the range a f f e c t e d  beyond the nose. In  
t h i s  case ,  only the angle of zero l i f t  i s  kept  cons tan t .  
The r e s u l t  a s  compared with  the  o r i g i n a l  i s  shown i n  
f i g u r e  I .  

( 3 )  I n  case V the  r e s t r i c t i o n  i s  purposely made 
too severe  by spec i fy ing  t h a t  no change s h a l l  occur 
e i t h e r  i n  the  i d e a l  l i f t ,  the  angle of zero l i f t ,  o r  
t h e  angle of i d e a l  l i f t .  

Case V i n  f i g u r e  5 becomes d i s t o r t e d  i n  a t tempting 
t o  f u l f i l l  t he  zero-area requirement and the  f i n a l  r e s u l t s  
shown i n  f i g u r e  9 a re  corresdondingly u n s a t i s f a c t o r y .  
The conclusion from t h i s  example i s  t h a t ,  al though c e r -  
t a i n  requirements a re  d e s i r a b l e  o r  r equ i red ,  i t  i s  no t  
always p o s s i b l e  t o  o b t a i n  a good s o l u t i o n  wi th in  the  
l i m i t a t i o n s  of such requirements.  I n  such a case  an- 
o t h e r  b a s i c  t ~ p e  more s u i t a b l e  t o  the purpose must be 
s e l e c t e d .  

1, Theodorsen, Theodore: Theory of VYng Sect ions  of 
A r b i t r a r y  Shape. NACA Rep. Xo. 411, 1931. - 

2. Theodorsen, T . ,  and Garr ick ,  T .  E. : General P o t e n t i a l  
Theory of Arb i t r a ry  Wing Sec t ions .  NACA Re?. 
NO.  .!-52, 1933. 
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TABLE I 

F ~ O D I F I C A T I O N S ,  CASES T AND I1 

[ s ta t ions  and o r d i n a t e s  i n  percent  
of  wing chord  

- - -  - - - 

N A T I O N A L  AD711 SORY 
C O m I  TTEE F O R  A E R O N A U T I C S  

- 
I 

U p e r  s u r f  ace 
S t a t i o n  l 

0 
1.25 
2.5 
5.0 
7 * 5  

10 
1 5  
20 z-: 
50 
60 

9'3 
95 

100 
+- 

Lower  surf ace 

Case I1 

0 
- .63 
-.G2 
-.99 

-1.30 
-1.02 

-3: - 
-2," -. 
-.6a 

1:68 
-*i9 
-:g - 
0 

4 

Or ig ina l  

0 
1 .65 
2.50 
2.68 

8 

Orig ina l  

0 
-.70 
-.96 

-1 . 
-1.25 
-1.25 
-1.05 

-.75 
- 2  
2 
- .47 - $71 

-:$ - 
1:2: 
0 

Case I 

0 

- - 1  
-1.03 
-1.13 
-1.23 
-1.27 
-1.25 
- 1 . 3 3  
-1.17 
-1.04 

-.be 
-.35 
0 

Case I 

0 

;:.$; 
2 : ;  
h.74 

Case I1 

0 
1.69 
2.59 
2 .78  

8 

3  -05  
2.01 
1.38 
0 

, 

3.00 
1.98 
1.35 
0 

3.12 
2.09 
1.36  
0 



TABLE IT 

ORDINATES F O R  A I R F O I L  ?ONTOUR GENERATED FROM 

E = 0.1 sin (9 - L5'), $, = 0.1, AND 

B f O D I F I C A T I O f ? S ,  CASES 111, I V ,  AKD V 

?TAT1 ONAL ADVT SORY 
COD.Q'II T T E E  FO!? AEFOFATJTI CS 

Station 

m 

0 

Upper su r f  ace 

Original  

0 

Lower surface 

-1.33 
-1.76 
-2.31 

-2w74 -5.07 

-3.92 -J*60 
-3.98 
-3.62 
-2.76 
-2.00 
-1.1Lt 

- * %  .I 
.18 

0 
J 

1.25 1-94 -1.11 
2 -  5 2.80 
h o  

-ln4t 

7.5 5 -25 -2.95 -1.97 
10 6.06 
1 5  
20 

1: -1. 
50 
60 7 32 

2: 2-87 
19 

90 2.32 
95 1.33 1.L2 1.39 1.14 -. 12 - .50 
100 0 0 0 0 0 0 

i 

Original 

0 
-1.07 
-1.39 
-1.63 

- l a g 6  -1. 3 

* -2.0 
-2.17 
-2.17 
-1.9L 
-1.61 
-1.6 

- 54 
-933 
0 

C a s e  111 

0 

C a s e  V 

0 

C a s e  I V  

0 

Case I11 

0 

V 

0 

C a s e  TV 

0 
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NATIONAL ADVISORY 
COMMITTEE FOR AERONAUTICS 

Percen f  chord 
figure / . - Shope and ,ore ssure d/stnbuf/h,  cose I . (@A,[ /5 o/rfo//) 



- Adius fed 

fiqure 2 .  - Pressure , A €  - , and a (Y -curves, coses I and N . (4.A.E IS airfoil.) 

.04 ----- cAo1 . 

.02 

A€ 0 

-.02 

/ 
---- -. - 

-- Case IY 
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NATIONAL ADVISORY 
COMMITTEE FOR AERONAUTICS 

Percent chord 
fiwe 3 . - Shape and pressure distribution , cose fi . 

(R.A..F /s airfail.) 
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Origin a/ . 

- - - -  Ento five 

F i g .  4 

kmenf chord 
(a) Oriqinol and fen to five pressure di5 fribution~ . 

- - - - Enfa five 

9 
(6) Tentofie and adjusfed pressure changes 

NATIONAL ADVISORY 
COMMITTEE FOR AERONAUTICS 

figure 4 . -  Pressure disfribufions and pressure changer, case I,/ 
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Figure 5. - A< -curves for cases I . ,  N, and V. 
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figure 6 .  - n 'Y - curves for coses I l l ,  N, and V 
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- Or/g/nal  
- - -- Modified 

Percent chord 
fiqure 7 .  - Shape and pressure d/;rfr/Zluf~on , case/// . 
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NATIONAL ADVISORY 
COMMITTEE FOR AERONAUTICS 

k r c e n f  chord 
Figure 8 .  -Shape ond pressure d/sfr / 'bu/ /on,  case N. 
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Modified 

NATIONAL ADVlSORY 
COMMITTEE FOR AERONAUTICS 

Percent chord 
f i9ure 9. - Shape and pressure d/itr/'buflbn , cose Y . 




