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By Robert S. Swanson and Stewart M. Crandall
SUMMARY

A method is suggested for making lifting-surface
calculations by means of magnetic measurements of an
electromagnetic-aneslogy model. The method is based on
the perfect analogy between the strength of the magnetic
field around a conductor and the strength of the induced-
velocity field around a vortex. Hlectric conductors are
arranged to represent the vortex sheet. The magnetic-
field strength is determined by measuring, with an elec-
tronic voltmeter, the voltage induced in a small search
coil by the alternating current in the wires representing
the vortex sheet.

Solutions of nonlinear lifting-surfece problems may

be obtained by placing the conductors representing the
trailing vortices along the fluid lines (Helmholtz con-
dition). A potential-flow solution for the distortion

and rolling up of the trailing-vortex sheet may be obtained.
By use of the Prandtl-Glauert rule, the lifting-surface
theory msy be adapted to include first-order compressibility
effects.

A comparison wes made of the downwash determined by
means of a preliminary electromegnetic-analogy model with
the downwash obtalned by calculation for en elliptic wing
having an aspect ratio of 3. The.accuracy of the magnetic
measurements compared satisfactorily with the accuracy of
the downwash calculations.

INTRODUCTION

There are many important aerodynamic problems for
which solutions by lifting-line theory are inadequate.
These problems can be solved much more satisfactorily by
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a lifting-surface theory; that is, a theory in which the
lift is assumed to be distributed over a surface instead

of along a line. The calculations necessary to determine
solutions by lifting-surface theory, however, are rather
lsborious even for the simplified case in which the vari-
ation in incremental pressures with the effective camber or
the angle of attack of the surface is linear. A more exact
nonlinear solution is very nearly impossible to calculate
except for a few special cases. A few of the aerodynamic
problems for which solutions by lifting-surface theory are
desired are: the plan-form corrections necessary for the
prediction of finite-span hinge-moment characteristics
from section daete; the determination of spanwise and chord-
wise load distributions of wings with low aspect ratio,
wings with sweep, wings in sideslip, wings in roll, and
wings in turning flight; more exact solutions for the
unsteady 1ift of finite wings; end an improved theory of
the field of flow near propellers,

In reference 1 it was shown that the plan-form correc=-
tions determined from lifting-line theory are inadequate
for hinge-moment predictions. The plan-form corrections
determined by a lineer lifting-surface theory (reference 2),
however, were shown to be quite satisfactory for the pre-
diction of hinge moments at smsll angles of atteck. For
wings at larger angles of attack, especlally for wings with
square tips, a nonlinear lifting-surface theory 1s required.

The electromagnetic-analogy method was developed in
an attempt to make calculations by both linear and non-
linear lifting-surface theories practical. The time and
expense required to build and test an electromagnetic-
analogy model of a wing and wake were expected to be small
compared with the cost of applying other methods available
at present, even for the linesr case. The electromagnetic-
analogy method is based on the fact that the magnetic
field around a wire carrying electric current is perfectly
analogous to the velocity field around a vortex. It has
also been shown (reference 3%) that the lifting surface and
wake may be represented by a vortex sheet and may therefore
be replaced by conductors arranged in the configuration
of the equivalent vortex sheet. Simple measurements of
the magnetic-field strength then replace the difficult
induced-velocity calculations.

For nonlineesr solutions of lifting-surface problems,
the trailing-vortex sheet represented by the wires is
rolled up and distorted instead of lying in a plane as it
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is usually assumed to do. In figure 1 is shown a simplified
picture of a rectangular wing of low aspect ratio at a large
angle of attack with a rolled-up and distorted trsasiling-
vortex sheet. O0f the various features of the distorted
voertex sheet that contribute to the nonlinesrity, the most
important is the vertical spacing of the trailing vortices.
The increase in verticel spacing as the angle of attack is
increased results in a decresse in the vertical component

of induced velocity at the surface, especially near the

wing tips; thus the slope of the 1lift curve is increased

as the angle of attack increases (see reference li) and the
slopes of hinge-moment curves are more negative (refer-

ence 1),

The present report describes the basic theory of the
electromagnetic-analogy method and the general procedure
by which various serodynemic problems may be solved by this
enalogy. A few preliminary results for the linear case
are presented for an elliptic wing having an aspect ratio
of 3, as well as a comparison of the results obtained by
the present method and the results calculated by the method
@f reference 2.

SYMBOLS

L vortex strength

=g

max maximum vortex strength

Ap pressure difference across lifting surface

4 free-stream velocity
M mach number, ratio of free-stream velocity to sonic
veloelty

P fluld density

X distance along free-stream direction from leading
edge of wing

y spanwise distance
z vertical distance above plane of vortex sheet

H megnatic-field strength
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al current in conductor

e induced voltage

2 length of conductor or vortex

r distence from element of conductor or vortex to point

in question

v induced velocity
w verticel component of induced velocity (downwash)
u horizontal component of induced velocity (free-stream

direction)

K constant
t time

b span

c chord

]|
5
(e N
<y

Bar sbove symbol indicates a vector, as H, 7,

BASIC THEORY
Solution of Aerodyneamic Problems by Available

Lifting-Surface Theories

The distribution of 1lift over a 1lifting surface cennot,
in general, be expressed in any simple mathemstical form
such as cen be obtained by lifting-line theory. This state-
ment is especislly true for nonlinecar lifting-surface
problems. Except for a few special plan forms (references 5
and 6), the method of determining the induced downwash for
a2 given lift distribution elso is too complex for expression
in mathematical form. In order to obtein an exact, complete
enalyticael solution, however, such expressions must be known.

The determination of the surface to sustain an arbi-
trary 1lift distribution may be accomplished by means of
the electromagnetic-analogy method described herein or,
for the linear case, by the semigraphical method of refer-
ence 2. The inverse problem, determining the 1lift distri=-
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bution over an arbitrsry surface, may then be solved by a
process of successive approximations., A reasonable distri-
bution of vorticity is assumed or calculated from the

simple lifting-line and thin-airfoil theories, end the
induced velocities corresponding to that wvortex distribution
are determined by making en electromagnetic-analogy model

of the vortex sheet snd measuring the magnetic-field strength.
If the induced velocities do not satisfy the boundary con-
ditions - that i1s, the shepe of the lifting surface - the
vortex sheet 1s sulitebly altered and the process repeated
until the boundary conditions are sstisfied. For the non-
linear problem, not only must the inducecd velocities satisfy
the boundary conditions of the wing shape but also the
trailing vortices must satisfy the Helmholtz condition,
namely, thet the vortices must trail along fluid lines,

(See reference 7.) In practice, satisfying these simple
conditions may require a considerable amount of work unless
the first aspproximstion is fairly accurate. In order to
obtain a somewhat more general solution, for the linear

case at least, the surfaces required to supvort several
different 1ift distributions msy be determined so that the
shape for a particuler 1lift distribution may be estimated

by a process of interpolation or superposition.

There are, however, severasl problems for which a com-
plete notential-flow solution of the inverse problem is not
necessary. For example, in order to include the main
effects of viscosity, the estimation of the hinge-moment
parameter for finite-span wings should be made by applying
theoretical aspect-ratio corrections to experimental section
hinge-moment parameters. For such problems the additional
aspect~ratio corrections may be determined simply and
accurately from the surface required to support a given
1lift distribution (reference 1) as found by lifting-surface
theory.

The results of the electromagnetic-anelogy solution
of the lifting-surfece theory may be corrected for first-
order compressibility effects by a simple applicetion of
the Prandtl-Glsuert rule (reference 8). The method consists
of determining the incompressible-flow characteristics of
an equivalent wing the chords of which are increased by the
factor ==—=—=. It 1s therefore necessary only to build

N1 -

an electromagnetic-analogy model of a wing of this slightly

lower aspect ratio (lower by the factor -f:::£:: e to
N1 - u2/
test models of several aspect ratios and interpolate. The
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pressures (or vorticity) acting upon this incompressible
equivalent of lower aspect ratio, however, must be increased

by the factor v:::::g. In order to find the 1lift, these
e NI

increased pressures are referred to the original wing and

integrated.

Vortex Sheet

Inasmuch as the equivalence of a lifting wing and wake
to a vortex sheet mey be considered to be well established
(reference %), only the important cheracteristics of the
equivalent vortex sheet and the reletions between the lifting
wing and the vortex sheet will be given.

The part of the vortex sheet representing the lifting
wing consists of a2 sheet of bound vortices. The strength
of the vortices is directly associated with the 1lift distri-
bution of the wing. The product of the alr density, the
free-stresm velocity, the vortex length perpendicular to
the free-stresm velocity, and the vortex strength of each
elementary vortex equals the 1ift contribution by that
elementery vortex (Kutta-Joukowski law)., If the 1ift
distribution of the wing is known or assumed, therefore,
the equivalent vortex distribution may be easily obtained.
A continuous 1lift distribution (as measured by pressure
distribution Ap) mey be integrated to give a continuous
vortex distribution. The integrstion formula (reference 2)
for obtaining the vortex distribution is

P =/ %% dx ey
0

where pV 1is the product of the density and the free-
stream velocity and the integration is msde in the free-
streem direction. Equation (1) zives the chordwise
T-function at each section. The values of [' at the
trailing edge of the wing at each section also give the
spanwize vortex distribution of the wake. The bound
vortices may be assumed to lie along a mean surface, half-
way between the upper and lower surfeces of the wing.

The part of the vortex sheet representing the waxe
consists of the so-called trailing vortices. As the name
implies, these vortices originate at the trailing edge of
the wing and merely trail behind the wing. These vortices
are free to move and thus lie along the local stream lines,
or fluid lines. This simple kinematic condition, the
Helmholtz condition (reference 7), determines the confiligu-
ration of the trailing-vortex sheset.
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The trailing vortices for lightly loaded wings usually
lie very near a plane; that is, these vortices travel
almost straight back from their origin at the trailing
edge of the wing. For highly loaded wings, however, the
trailing-vortex sheet is known to be considerably distorted,
rolled up, and inclined with respect to the free-stream
direction. (See fig. 1l.) The chearacteristics of the air
flow behind wings are described in more detail in refer-
ences 9 and 10,

Electromagnetic Anzlogy

The perfect analogy that exists between the strength
of the magnetic field sround conductors and the strength
of the induced-velocity field around columnar (finite-
diameter) vortices is well known. In fact, ‘the phenomena
of the induced velocities around vortices are usually
explained in aerodynamic textbooks by the analogy with
electromagnetic phenomena. Both phenomena are potential
flows.,

The vector form of the differentiel equation for the
magnatic-field strength dH at any point caused by the
current 1 flowing in an infinitesimal length d7 of
wire is (from p. 22 of reference 11)

- d7 x ©
dH = i<z 2
7|5 (2)
where T is the vector from the current element to the
point in question. This equation is usually called the
Biot-Savart law in aerodynemic textbooks.

The same form of equstion (2) but with different
constants applies to the induced velocity dv at any
point caused by an infinitesimal length dI of a vortex
of strength [I' (reference 9); thsat is,

v = = S22 (3)

l L= |
o
o~
X
3

The units in which the various quantities in
equations (2) and (3) are usually measured are widely
different. In equation (2), for example, H 1is usually
given in gauss, i in abamperes, and 1 and »r in
centimeters. In equation (3), v 1is usually in feet per
second, I' in feet squared per second, and | and r
in feet.
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Small search colls ere used to measure the strength :
of the megnetic field. These search coils must be cali-
brated in magnetic fields of known strength -~ for example,
in a Helmwholtz coil (fig. 2)., I the vortex equation (3)
end the usual vortex units are used to compute the induced
velocity in the Helmholtz coil (p., 269, reference 11) -
that is, are used es the calibrating unit - and if the
ammeter measuring the current in the Helmholtz coil is
considered to read vortex strength, conversicns of electro-
magnetic to aserodynamic units will not be necesssry. All
conversions end constants become merely a part of the over-
all calibration constent of the sesrch colls,

CONSTRUCTION OF RELECTROMAGNZTIC-ANALOGY MODELS

Approximate Representation cof Continuous Vortex Sheet

The replecement of a continuous vortex distribution
by a finite number of conductors must, of course, involve
some approximetion. Two orocedures for constructing models
have been tried. For the preliminary electromagnetic-
analogy model, set of 50 circular electric wires carrying
the same current (connected in series) reprecenting
50 columnar vortices of eqgual strength were distributed
over the wing and wake., (8ee fig. 3.) The arrangement
of the wires was determined as follows: Fifty contour A
lines of I' were calculated from equation (1). (See
roeference 2.) Each wire was placed halfway between two
adjacent I'-contour lines and thus represented
AT /Tpex = 0.02. In order to illustrate the degree of
the approximetion involved, the continuous chordwise
IP-function at the plane of symmetry and the stepwise
distribution of wires used to represent the continuous

distribution are given in figure l.

The posesibility-of errors resulting from the use of
an incremental distribution is, however, more serious than
simply the possibility of not_ebtaining a good represen-
tation of the distribution of vorticity in the -continuous
wake. The induced velocity resulting from-an incremental
vortex pattern may vary greatly about the msen value that <
would be obteined by the-comtinuous sheet, beczuse the
magnitude. of' the induced velocity varies inversely with

distance. from.the vortex core and becomes higher than the .

meen value on one side of esach stepwise vortex increment
end lower then the mean valus on the other side. The
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effect is 1llustrated in figure 5« It is thus necessary
to use as many wires as practicable to epproach as nearly
as possible a continuous sheet and to measure the induced
velocities at a great number of points so that the mean
value of the induced velocity may be obtained more easily
and more accurately from faired curves.

The preliminary model, constructed of 50 wires, gave
satisfactory results and it is believed that 50 is about
the optimum number of wires. Construction difficulties
are too great if more wires sre used, and the accuracy is
not great enough if fewer wires are used. Another, more
complex method of construction was adopted for a few
models pbut the results obtained were not much more accurate
then those obtained with the simpler wire construction
metihiod. The other construction method was to use tain
aluminum strips (resulting in "flat wires”) rather than
circular copper wires (fig. 6), the resson for this type
of construction being thet a more nearly continuous distri-
bution of vorticity and a corresvonding smoother induced-
velocity field could be obtained. The effect of eddy |
currents in the aluminum strips proved to be more important

\

then was originally expected, however, and the induced
magnetic field was only slightly smoother than with
circular wires end was not so regular; thus difficulties
in fairing the measured induced magnetic field proved to
be sbout the same for both types of model.

Correction for Finite Thickness of Wires

Calculations by the lifting-surface theory are usually
made for points in the plene of the vortex sheet. Because
the wires representing the vortices sre of finite thickness,
the msgnetic-field strength must be measured at several
vertical heights and extrapolated to zero, that is, to the
center of the wires. Except near the wing tips and the
leading edge of the wing, this extreapolation is usually
linear and can thus be made quite accurately. The fact
that measurements 2re made above the wires simplifies the
fairing problem, because the variation in the magnitude
of the vertical component of induced velocity about the
mean value (fig. 5) decreases with increase in vertical
height.
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Correction for Finite Length of Trailing-Vortex Sheet

For the steady-state condition of & finite-span 1lifting
surface, the trailing-vortex sheet extends from the trailing
edge of the wing infinitely fer downstream. It is necessary
to determine corrections for the finite length of trailing-
vortex sheet of the electromagnetic-aneslogy models. The
wires representing the incremental vortices were connected
in series; the closing loops were about 0.7 span behind the
wing for one model and gbout 2 spens behind the wing for
another model. (See fig. 3.) Becsuse the correction for
the zpproximation of the infinite length of the trailing-
vortex sheet is fairly small - about a 5-percent correction
for a O0.7-span wake and less than l-percent correction for
a l.5- to 2.0-span wake - it appears that wakes need not
be longer than 1.5 spens. DMore downwesh is contributed by
the closing loops than by the missing trailing vortices.

The correction is simply the difference between the down=-
wash contribution of the closing loops and the contribution
of the missing pert of the trailing-vortex sheet. The
corrections are smesll and can usually be estimated by
assuming that the spean loading is a simple rectangular
loading or the sum of two rectanguler loadings.

The corrections mey also be determined from measure-
ments of the induced field at a distance behind the closing
wires equsl to the length of wake revresented. That is,
if a messurement is made at the corresponding spanwise
point 1 wake length behind the model, the effect will be
the same as if a measurement were made on the wing of the
downwash due to a mirror imege of the model reflected from
the closing loops. Such an image would cancel the effect
of the closing loops snd would double the length of the
wske., The remaining error is reletively small.

SUGGESTED METHOD OF MEASURING MAGNETIC-FIELD STRENGTH

Seversl methods of measuring the magnetic-field
strength were investigated. The fundamental principle of
the method selected as belng the simplest and &s requiring
the least special equipment and the least development work
is given herein. This method consists in passing alternating
currents through the wires representing the vortex sheet
and messuring the magnetic-field strength by means of the
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voltage induced in a small search coil. A discussion of
other possible methods of measuring the magnetic-field
strength is given in the appendix.

Baslie Principles

According to the principles of electromagnetic
induction (reference 11), the electromotive force induced
in a fixed circuit (the search coil, in this case) by
changing the msgnetic flux through the coil is equal to
the time rate of change of flux linkages with the coil.,
If an alternating current is passed through the wires
representing the lifting wing snd the wske, the meagnetic-
field strength will slso be alternating at the same
frequency and with the same wesve shape. This fact may be
seen from equstion (2), because the instantaneous value
of dH 1is provortionsl to the instantaneous value of 1.

A simple method of determining the magnetic-ficld
strength, therefore, is to measure with an electronic
voltmeter the voltags induced in a small search coil (fig. 7)
when alterneting current is vassed through the wires
representing the vortices (fig. %3). The seerch coil is
directional; that is, this coil measures only the component
of magnetic-field intensity along the axis of the coil.

Practicel Problems

Upper-frequency limit.- Because the voltage induced
in the search coil Is proportional to the rate of change
of flux, it would seem desirable to use a very high-
frequency current so thet the voltage induced in the
search coll would be very large and thus somewhsat easier
to measure. The meximum frequency that may be used,
however, is about 300 cycles, because the capacitance
between the closely spaced wires in the model representing
the vortex sheet becomes important sbove this frequency.
If greaster frequencies sasre used, capacitative reactance
becomes sufficiently low to have perceptible effect. When
the capacitative reactance between wires becomes small,
the current is not the seme in all wires even though they
are connected in series. The maximum allowasble f'requency
wes determined from measurements of the capacitative
reactance of the elsctromagnetic-analogy model used for
the preliminary tests, to be described in the section
"Preliminary Tests with Electromagnetic-Anslogy Kodel.®
The capsacitative reactence, and thus the leakage current
of this model, became measurable above about 300 cycles.
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Several other models tested have had about the same or a
higher limiting -frequeneys  therefore, g 300-cycle limit 3
is believed to be conservative.

Wave shape.- The fact thet the frequency is limited
to about %500 cycles slso requires that the wave shape of
the current in the vortex sheet be very nearly sinusoidalj;
that is, any departure from a simple sine wave mesns that
higher harmonic frequpncieo sre also present. Usuelly the
most nearly sinusoidel wave shape is obtained by putting
enough condensers in series with the model to balence the
inductance of the model; in this way a pure resistance
loed is put on the guneratoL.

The easiest way to determine the wave shaepe is to look
at the voltage output of the search coil by means of an
oscillpsgopes - This weve shepe ds nobt that of  the currensd
in_the wires but depends on the rate of change of current 1
with time t - that is, the induced voltaze e 1is equal to
K Q% The amvlitude of the third hermonic as seen on the
ogellloscoper is; then, three times the.amplitude of 'the
actual third harmonic of the current. In other words, the
wave shape of the voltasge output of the search coil looks
much more irregular than the wave shape of the current in
the wires actually is. If the filters that are added to .
the circuit meke the voltage output of the search coil
appear satisfactory, no further test is necessary.

Practicelly all alternators have wave shapes that are
not sinusoidal and that change with losd. The wave form
of the current in the Helmholtz coil, used to calibrate
the search coil, must be identical with that of the current
in the electromagnetic-analogy model. Probably the easiest
way to make these wave forms identical is to connect the
Helmholtz coll and the electromagnetic-analogy model in
series. The Helmholtz coil and the electromagnetic-
anelogy model should be placed as far apart as possible
and should be oriented in such a way that downwash measure-
ments on the analogy model ere unaffected by the field of
the Helmholtz coil and that the Helmholtz field is unaltered
by the enalogy-model field while the search coil is being
calibrated. It would z2lso be advantageous to effect an
arrangement such that the search-coll calibration could
be checked frequently. A feirly satisfasctory arrsngement
was employed for the preliminary tests. (See fig. d.)
The leads from the search coil were long enough to go to .
either the Helmholtz coil or the analogy model.
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Search coils.- The optimum size of the search coil
depends upon two factors. First, the search coil must be
small enough to meke “point" measurements possible., If
the coil is too large and the magnetic-fisld strength varies
noulinesrly with position, the effeetive center of the
coil may be too fer from the geometric center. If the
coil dimensions are kept small relstive to the wing, little
error due to this cause will result. Thes size of the
search coil therefore depends upon the size of the
electromagnetic-analogy model, The second consideration
is that, for accurste voltage measurements, the voltage
outout of the sesrch coil should be at least 0.0001 volt
end a minimum value of .0.001 volt is preferable.

Several sizes of coil were tried with the preliminary
model, and it is felt thst the meximum-size search coil
that gives measurements fairly close to point messurements
is one with a diemeter about 1 percent of the wing semi-
span and & height about 0.5 vercent of the wing semispen.
In order to get the desired sesrch-coil voltage output,
the model semispan must be at least 3 to || feect and the
search coil should hsve sbout 1000 turns and be wound with
about No. L3 wire (0.0022-in. diam.). If a larger model
is used, larger wire may be used to wind the coil, although
wire as small gs 0.001 inch was wound satisfactorily for
the coil used for the preliminary tests. It is probably
desirable to have a number of search coils fLiE. T) of
various sizes, however, to meel any specisl conditions.
Smaller coils ere desirsble near the leading edge and the
tips of the wing snd in other places where the flux field
varies rapidly.

The search coil must be wound rather carefully so
that e1l loops ere as nearly perpendicular ss possible to
the axis of the coil in order to maintain the dirsctional
properties of the coil. The coil rmust then be carefully
mounted on the survey spparatus. A test for the correct
mounting (or alinement) of the coil is to read the voltage
output of the small coll when mounted with its sxis vertical
at a position on the electromagnetic-snalogy model where
the horizontal component of the magnetic field is stronger
than the vertical component. Regardless of how the search
coil is turned sbout its vsrticel axis, the voltage out-
put should be the same if the search coil is kept at the
same vlace on the model.

The lseds from ths search coil to the electronic
voltmeter must be twisted so thet no large loops sre present.
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Otherwise, the voltage measured by the electronic volt-

meter will not only be the voltaze induced in the search -
coil but will aslso consist of the voltage induced in these

leads. The errors resulting from pickup in the leads may

be made negligible by tightly twisting the leads, by

msking the number of turns in the search coll large so

that the lead pickup gives a small vercentage error, and

by bringing the leads in pcrncndicuIJr to the vortex sheet

so that the leads will be in the region of low magnetic-

field strength.

Extraneous fields.- O of the most important problems
in measuring the magnetic-field strength is to filter out
all extraneous fields. It is desirable to make the tests
in a wooden building feirly far from electricesl distur-
bances such ss electric motors and computing machines.
Reasonably satisfactory results may be obtained in spite
of these disturb nces,lf nscessary, by the use of an
electrical filter in the circuit of the search coil and
electronic voltmeter., Sueca & fl‘t‘“ suppresses any voltage
of frequencies other than the one passing through the
vortex sheet. Beceuss the filter may act =5 a search coil
itself, it must be located some distance from the model,

b!j
-\’D

] current should be drawn. in
measur L £ hich 1s. of. the owrder of
only 1 1 1111\ lt. Commercial el ctronic voltmeters combine
the higa sensitivity and high resistance demanded. Small
amounts of power-supply anp1° usuglly exist in thes _ 2
voltmeters. This power-supply riople intérferes with

messurements made &t integral multivles of the line fre-

quency, eand cere. should be taken to avoid use of these

freguencies in testing.

PRELIMIN ARY TESTS WITH EL&ECTROMAGNZTIC-ANALOGY MODEL

In order to check the accuracy of the elﬁctrcmagnetic-
anzlogy method of solving lifting-surface problems, a
vortex pattern for which the induced velocities had already
been cslculated by the methnod of reference 2 was inves-
tigated. Calculations were made of the vertical component
of the velocities induced by a plane vortex sheet repre=-
senting the 1ift distribution estimated from the two-
dimensional theories for en =lliotic wing having an aspect
rabiioNe iR
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Equipment

A small model of the plane vortex sheet was constructed

of 50 wires representing 50 incremental vortices. This
model (fig. 3) represents about the smallest model (wing
span of 3.3 ft) that will yield satisfactory results. A
small search coil (fig. 7(e)) of 1000 turns was used to
measure the magnetic-field strength. A Helmholtz coil
(fig. 2) was used to celibrate the search ccil. The power
supply was a 500-cycle alternator driven by a direct-
current motor, the speed of which was controlled so that
the frequency output was held at 270 cycles. The direct-
current field of the alternstor wes adjusted to give a
current output of 8 amperes. The wave shape was very
nearly sinusoidal (third harmonic, less then L percent of
the first hermonic).

Some trial tests were made in the workshop of the
Lengley Atmosvheric Wind Tunnel Section. The results
vroved unsatisfactory, however, because of excessive elec=
tric and magnetic interference. The apparatus was then
moved to a lerge wcoden building, in which there was very
1ittle electric and msgnetic interference. The setup is
shown in figure 8. The smsll amount of 60-cycle electric
interference thst was still present was eliminated by
using a 100=-cycle high-pass filter in the electronic-
voltmeter circuit.

Results

A complete survey was made of the induced-velocity
field (both the horizontal and vertical components) at
from 50 to 100 chordwise points at each of 15 spanwise
locations on the model and at several verticeal ‘heights.
Near the leading edge and the tips of the modesl, the
effect of vertical height was very large and, at all
locations, the effect was lerge enough to require surveys
at several heights in order that the results could be
extrepolated to zero vertical height.

The most imvortant component of induced velocity

computed by lifting-surfece theory is the vertical component.

The only reason for measuring the horizontal component is
to check the arrangement of the wires representing the
vortices. According to the assumptions of thin-airfoil
theory, the horizontesl component of induced velocity is
proportionel to the pressure distribution. Values of the
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horizontal component u .Jof the induced velocity

Z a
measured at a relative vertical height of 575 = 0,003

are shown in figure 9 along with the theoretical velocity
distribution that the wing was built to represent. The
agreement is satisfactory and indicates that the model
was constructed with sufficient accuracy.

Chordwise surveys of the measured value of the ver-
tical component w of the induced velocity are presented
in figure 10 for several spanwise locations and vertical
heights. (Not all of the data are presented.) These and
similar deta were extrapolated to zero vertical height
(fige 11) and corrected for the finite length of the
trailing-vortex sheet (correction, about one-hslf of 1 per-
cent) and are summerized in figure 12, Included in fig-
ure 12 are the calculated vselues. The agreement between
the two sets of results may be seen to be satisfactory.

The time and labor involved in obtaining the solution were
considersbly less (spproximately one-third the man-hours)
by the enalogy method than by calculation, after the proper
experimental technique had bsen determined.

CONCLUDING REMARKS

A method for msking lifting-surface calculations by
means of magnetic measurements of an electromagnetic-
analogy model has been developed. The method is based on
the perfect anslogy between the strength of the meagnetic
field around a conductor and the strength of the induced~
velocity field around a vortex. Electric conductors are
arrsnged to represent the vortex sheet. The magnetic-
field strength is determined by mesasuring, with an elec-
tronic voltmeter, the voltage induced in a small search
coil by the alternating current in the wires representing
the vortex sheet.

A comparison was made of the downwash determined by
means of a preliminery electromagnetic-analogy model with
the downwash obtained by calculation for an elliptic wing
having an aspect rstio of 3, The accuracy of the megnetic
measurements compsred satisfactorily with the accuracy of
the downwash calculsastions.

Other sapplications of the method include solutions
of nonlinear lifting-surface problems obtained by placing
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the conductors renresenting the trailing vortices along

the fluid lines (Helmholtz condition). A potential-flow
solution for the distortion and rolling up Jof the trailing-
vortex sheet may be obtained. By use of the Prandtl-
Glauert rule, the lifting-surface theory may be adapted

to include first-order compressibility effects.

Langley NMemorial Aeronsutical Laboratory.
Naetionel Advisory Committee for Aeronautics
Langley Field, Va.
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APPENDIX

ALTERVATE METHODS OF MZIASURING MAGNETIC-FIELD STRENGTH
By R. A. Gardiner

Several methods could be used to make the measurements
desceribed in this report. The methods that were considered
are:

Pickup Device Measuring Instrument
l. With d-c. field on wing

a. Search coil (flip Bellistic galvenometer

coil or collapse
of field)

b, Rotating search coil

With slip rings A-c. electronic voltmeter
With commutator D-c. amplifiler and voltmeter
c. Saturated-core Sultable electroniec
magnetometer equipment
d. Torsion-type Suitable optical equipment
magnestometer

2. With a-c. field on wing

a. Saturated-core Suitable electronic
magnetometer equipment

b. Bismuth bridge Wheatstone bridge

ce Sesgrch coil A-c. electronic voltmeter

The considerations that led to the choice of the
method used (method 2c¢ in the foregoing list) were the
simplicity, the sturdiness and svailebility of the equipment,
the development work required, the probeble success and
accuracy, the megnitude of field strength required, the
minimum possible size of the pickup device, and the free=
dom from interference of stray fields. The outstanding
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advantages or disedvantages of the various methods may be
summarized as follows:

Method la.- The use of a search coil and ballistic
galvenometer is the esteblished method of magnetic-field
messurement. In order to secure the necessary sensitivity,
however, a rasther delicate galvsnometer would heve to be
used end would probably require a special vibration-free
supvort. The flip coil would require tare readings of the
earth's magnetic field. With a stationary coil and
collapsing field, the inductance of the wing would prevent
the desired instantaneous collapse, the galvanometer would
not be used in a true ballistic manner, and errors would
result.,

Method lb.- A rotating search coil and associated
equipment heve been used to make magnetic measurements;
however, the induced voltages to be measured are lower than
those wususlly measured by this method. The necessary
gliding contacts would probably introduce thermal
electromotive forces and veriable resistance and would be
subject to corrosion. Precision machine work would be
necessery to minimize difficulties from the motor and
bearings.

Methods lc and 2a.- It is known that a coil containing
a high-permeability metel (Permalloy or Mumetal) will have
a large induced voltage across its terminals as the core
becomes magnetically saturated. This induced voltage is
due to the great change in inductance that occurs at the
saturation point. This orinciple has been used in the
measurement of megnetic fields; the field to be measured
is superimposed upon s field set up in the core and the
change in voltage due to saturation is measured. Although
this method can be made very sensitive, a lerge amount of
electronic equipment is necessary and the presence of a
ferromagnetic substance might cause distortion of the field.

Method ld.~ The use of torsion magnetometer is an accurate
method of meesuring the esrth's field., A smsll magnet
suspended by a suitable fiber is deflected by the earth's
field. This deflection is measured and, from the known
magnetic moment of this magnet, the earth's field may be
determined. The meesuring element 1s very sensitive and
the time necessary to take one reading is rather long.

In addition, such en instrument would probably be of
delicate construction.
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Me thod 2b.~ Resistence change due to the presence of
magnetic lines tsgkes place in bismuth. Measurement of the
resistance change by use of a bridge is a possible method
of measuring the megnetic-field strength. At present a
powerful magnetic field is necessary in order to make
practical meassurements. Considerations of the available
power supply eliminated this method.

Method 2c.- The method finally selected - that using
an a=c. voltmeter, an a-c. field, and a small search coil
for the pickup device - zgpneared to be the means which
would be least troublesome and which would use easily
avaeileble and simple components. Details of this method
are given in the report.
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Electric wires wound around these hoops

Distance. between coils
equals radivs of cotls -

Twisted |leads

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS

Figure 2.— A Helmholtz coil . The search
coil to be calibrated |s located 1IN
‘the,lgeome‘t ric. center of the Helmholtz
Coitl .
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Figure 3.- Preliminary electromagnetic-analogy model of elliptic wing
of aspect ratio 3 with flat-plate-type loading. (Wake represented
for distance equal to about twice wing span.)
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Figure 6.- An electromagnetic-analogy model constructed of flat aluminum
strips. (Model represents one semispan of an elliptic wing having an
aspect ratio of 3 with elliptic chord loading.)
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Figure 7.- Representative search coils.
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