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ADVALCE RESTRICTED REPORT

STRENGTH TESTS OF TEIN-WALL TRUNCATED CONES
OF CIRCULAR SECTION

By Eugene E. Lundquist and Bven H. Schuette
SUMMARY

The ends of thin-wall truncated cones of circular
section were clamped to rigid bulkheads and the cones
subjected to strength tests. The results from torsion
tests of five, compression tests of three, and tests in
combined transverse shear and bending of 18 truncated
cones are given herein. The results of the tests are
correlated with the previously published results of cor-
responding tests of circular cylinders and are presented
in charts suitable for use in design.

INTRODUCTION

The strength of thin-wall cylinders has been under
investigation by the National Advisory Committee for Aero-
nautics for a number of yeers. Previous papers have given
the results of various strength tests of thin-wall cylin-
ders of circular and elliptic section.

Because monocogque fuselages usually have some taper,
tests were also made to determine the strength of thin-
wall truncated cones of circular sectioan in torsion, com-
pression, end combined transverce shear and bending. A
preliminary summary of the results is given in reference 1.
The present report gives these data in further detail and
with greater attention to the conclusions.

MATERIAL

The 178~
tained ia she
O 08 s and. O

T aluminum alloy used in these tests was ob-
et form with nominal thicknesses of 0.011,
.022 inch. The properties of this material
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as determined by the National Bureau of Standards from
gpecimens selected at random are given in reference 2.
Because all the tegt cones failed by elastic buckling of
the walls at stresses congiderably below the yield-point
stress, the modulus of elasticity E, which was substan-
tially constant for all gshest thicknessesg, is the only
property of the material that need be considered. For
all sheet material used in these tests, an average value
for B of 10.4 % 10° pounds per square inch was used in
the analysis of the results.

SPECIMENS

The test specimens were truncated cones 7.5 inches
long with end redii of 6.0 and 7.5 inches. (See fig. 1l.)
The taper of the cones was selected to agree roughly with
the taper of a monocogue fuselage. The cones were con-
structed in the following manner: An aluminum-alloy sheet
was first cut to the dimensions of the developed surface.
The sheet was then wranped about and clamped to end bulk-
heads. When the truncated cone was thus agsembled, a
butt strap 1 inch wide and of the seme thickness as the
sheet was fitted, drilled, and bolted in place to close
the seam. In the assembly of the specimen, care was taken
to avoid having either a looseness of the skin or wrinkles
in the walls when finally constructed.

Each of the end bulkheads, to which the loads were
applied, was constructed of two steel plates + inch thick,
separated by a plywood core ly inches thick. These parts
were bolted together and turned to the specified outside
diameter. Steel bands approximetely 4inch thick and ma-
chined to the same diameter as the bulkheads were used to
clamp the aluminum-alloy sheet to the bulkheads. In or-
der to keep the bands from sliding parallel to the axis
of the cone, a tongue and groove was provided between the
bulkhead and the band.

APPARATUS AND METHOD

The thickness of each sheet was measured to an esti-
mated precision of *£0.00048 inch at a large number of sta-
tiong by a dial gage mounted in a gpecial jig. In general,

the variation in thickness throughout a given gheet was

S




not more than 2 percent of the average thickness. The
average thicknesses of the sheets were used in all calcu-
lationsg of radius-thickness ratio and stress.

The loads were applied to the truncated cones with
the same apparatus as that used in the corresponding tests
of cirecular cylindersg. Descriptions and photographg of
the apparatus used in the torsion, compression, and com-
bined transverse shear and bending tests are given in ref-
erences 2, 9, and 4, regpectively.

In all cases loads were applied in increments of 1
percent of the estimated load at failure.

DISCUSSICN OF RESULTS

FProm the photographs cf figures 2, 4, and 4, it will
be noted that failure always occurs over a large area of
the cone wall and not at some particular station Dbetween
bulkheads. The gymbols appearing in figure 4 will be de-
fined later in thig report. The properties of the cone
and hence the computed stresses for any loadiang condition
vary from point to point along the cone. Thugs s dhe
presentation of the test results for each of the loading
conditions coansidered, a curve is drawn thst describes the
stress condition throughout the full length of the trun-
cated cone.

Torsion

The shear stress
i

at failure £g  4in  the piene of) the
skin at any station a

s assumed to be given by the formula

T
St
where
T applied torgque at failure
r radius at the particular station
t thiekness

where the radiusg is Ty s

At the large end o ’
" o gnated fsl. Then, it follows

the walue of f
from equation (

B
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Results of the torsion tests are presented in figure
5, which is the same type of figure as that used by Donnell
(reference 5) to present torsion data on circular cylinders.
In this figure, ( 1is Poisson's ratio for the material.
The data for cach truncated cone tested are represented by
a short line that describes the variation of stress along
the length of the cone according to equation (2). The re-
sults of torsion tests of circular cylinders, taken from
reference 2, are also plotted in figure 5.

The lines reoresenting the truncated cones in figure
5 lie across the band of points representing the circular
cylinders. The endg of the lines marked with large cir-
cles, representing the large ends of the truncated cones,
lie approximately along the curve that has been recommended
in reference 5 for design of circular cylinders with clamped
edges. If the torsional streangth of a circular cylinder is
assumed to be established by this curve, the shear stress
at failure fg, at the large end of a truncated cone ia
torsion is equal to the shear stress at feilure for a cir-
cular cylinder of this radius and of the same length as
the truncated cone. The shear stress at failure for any
other station along the length of the truncated cone is
then given by equation (2).

Compression

The ccmpressive stress at failure f,, directed along
the conical surface, is assumed to be given by

fc = ~EL— sec o (3)
2mret

where P is the applied compressive load 2nd o 1is the
angle between the axis of the cone and the longitudiral
elements of the surface. At the large end of the cone
where the radius is r,, the value of f¢ may be desig-
nated fg,. It then follows from equation (8) that

fo Wil NE (4)

b T




Resultg of the compression tests are presented in
figure 6, which ig the same type of figure as that uged
in reference 3 to present compression data on circular
cylinders. The data for each truncated cone tested are
represented by a short line that describes the variation
of stress along the length of the cone according to equa-
tion (4). The results of compression tests of circular
cylinders, taken from reference 3, are also plotted in
figure 6.

L-l2

The lines representing the truncated cones in figure
6 lie essentially parallel to the band of points represent-
ing the circular cylinders. Conseguently, if the strength
of the truncated cone is to be computed, for purposes of
design, on the basis of an equivalent cylinder, either end
of the truncated core may be selected. The assumption that
the compressive stress at failure foy .8t the large and
of a truncated cone is equal to the compressive stress at
failure for a circuler cyliader of this radius and the same
thickness as the wall of the truncated cone is, however,
somewhat conservative. The compressive stress at failure
for any other station along the length of the cone is given
by equation (4).

Combined Transverse Shear and Bending

The maximum bending stress at failure fy in the
plane of the skin at any station is agsumed to be given
by the formula

£y = %; gsec Qo : —f% sec (5)

)

=

where M 1is the applied moment at failure and I 1is the
moment of inertia of the cross section at any station,
ﬂrst. The maximum shear stress at failure fy 1in the
plane of the gkin at any statior ig essumed to be given
by the formula

-1 a8 1
F2.5 012 0 (6)

where o I Trt

i V! effective shear st failure (V - Ty)

Vv applied transverse shear
& Vo shear registed by bending stresses M _tan a
r

Equations (5) and (6) are derived in appendix A..
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For the analysis and the presentation of data on com-
bined transverse shear and bending, a parameter is desired
that ig descriptive of a definite loading condition as well
as a definite stress coundition for the specimen in the same
menner that torsion or compression .is descriptive of def-
inite loading and stress conditions. Such a parameter is
obtained if equation (5) is divided by eguation (6). Thus

fy M

—= = ——— ge {7

7, T gpqr e @ (7)
M . . . .

The term ,—— gséc o .is, physically, the digtance glong

TV
an element of the cone from the section under dinvestiga-
tion to the plane perpendicular to the axis of the cone
in which the resultant shear force V acts, expressed in
termg of the radius of the cone at the plane of this re-
sultant shear force. In order to show that this interpre-

M

tation of _Y®_ sec o is correct, refereace may be made to
rv‘
figure 7. At station =x, the moment M = V(h-x). From
. - 2 L M tan a
the definitions that folliow equation (6) V' =V = .
r

Substitution of these valucs for M and V' in the right-
hand side of eguation (7) gives

M sec o = V(hh%) gec g (8)
rV! rV - V(h-x) tan o
< (h-x) sec o (9)

r - (h-x) tan o

= B (10)
To
Thug, & particular value of M gec o is descriptive of
rV!

a definite loading condition as well as of a definite
stregs condition. In the analysis of the results of the
tegts, the variation of the stresses at failure with

M - :

S22 gee o 1s sthudied.

U7

Results of the tests in combined shear and bending
are given in figure 8, which is similar to the figure uged




in.reference 4 to pregent data for thin-wall circular cyl-
inders in combined transverse shear and bending. The data
for each truncated cone tested are repregented by a line
that describes the variation of bending stress in termg of
the modulus of elasticity E® and the ratio t/r along an
element 0of the cone. An inspection of this figure and of
the photographs of the types of failure (fig. 4) reveals

a transition from a shear type of failure at small values

of _M_ gec @ to a bending type of failure at large wvalues
v

of M_ sec a. 1In the following digcussion separate con-
TV

sideration will be given bending failure, shear failure,
and the transition from bending to shear failure. \

Bending failure (liarge values of M sec a).- At
ol
large values of _Y_ gec o, failure occurs by a sudden
P

collapse of the outermost compression fibers in the same
manner as in the pure-bending tests of circular cylinders
reported in reference 6. It is therefore reasonable to
suppose that, at these values, the bending streangth of a
truncated cone should be comparable to the strength of a
cylinder of gsome gimilar dimensionsg in pure bending.

For comparison of the present results with the results
of the pure-bending tests of circular cylinders reported
in reference 6, lines a and b have been drawn on figure
8 repregenting the upper and lower limits of the strength
in pure bending of circular cylinders. These limiting val-
ues represent the digpersion of the results of the pure-
bending tests of cylinders and were ootained from figure 5
of reference 6. Use of the expression 2? % as ordinate
in figure 8 makes the location of the limiting lines a
and b independent of r/t, provided the maximum bending
stress at failure in pure bending is given by an equation
of the type

S, = kB b (11)
r

where k is a coefficient, the variation of which describes
the scatter of tesgt. data. Phe lines &8 a8d. +b vinsfaecnne 8
simply repregsent the limiting values of this coefficient.




Equation (1l1) may be congidered valid over the small range
of values of r/t represented by the truncated cones
tested. Hence the lines a and b should represent rea-
sonably well the conditions for bending failure over the
full length of a truncated cone. The condition of pure
bending for a truncated cone is, from considerations of
internal stresses (V' = 0), given by a transverse shear
force V located at the apex of the cone. Figure 8 shows
that the test results represented by the bending-stress
diagrams lie between lines a and b at large values of

% sec «.
7!

T
Shear failure (small values of _%T sec ).~ At
T
small values of _MT gee "o, failure ‘oceurs *in "shear by
rV

the formation of diagonal shear wrinkles on the gides of
the cones. (See fig. 4.) It is therefore reasonable to
suppose that, at thess values, the shear strength of a
thin-wall truncated cone should be closely related to the
strength of a truncated cone of the same dimensions in
torsion (pure shear).

For comparison with the results of the torsion tests
included in the present paper, linegs ¢ and d have been
drawn in figure 8 representing the strength in pure shear
for the small and for the large ends of a cone, respec-
tively. These lines were obtained by plotting the equation

£ S »
) A e Ma, sec q (12)
B B &

U

o M

Equation (12) is obtained from equation (7) by trans--

posing terms, multiplying by and substituting Sg

for fy, where S, 1s the shear stress at failure for a
truncated cone of the same dimensions. in torsion. The g
S

lines ¢ and 4 1in figure 8 represent the values of 3 %

determined from figure 5 for the two ends of the truncated
cones of the same thickness as the cones tested in combined
transverse shear and bending.

For low values of ;%T gec (0, the bending-stress di-

agrams lie above lines ¢ and 4. Thig fact indicates
that the transverse shear stress on the neutral axig at




failure ig higher than the shear stress at failure in tor-
sion. - The relation determined for circular cylinders in
combined transverse shear and bending (reference 4) can be
used to take account of thig difference. If Sy 1is the
shear stress on the neutral axis at failure in pure transg-
verse shesr and 8, ig the shear stregs at ' failure for a
cone of the same dimensions in torsion, Sy and Sg may
be related by the approximate eguation

8. = 1.20 8, (13)

Trangition from shear to bLending failure (intermediate

values of M _ gec a).- figurcs 4 and 8 reveal that the
rV!

transition from shear to bending failure is not so abrupt
ag.the intersecetipng®oflines 8. with:. ¢ eand: b! with d

indicate. At the intermediate values of M. sec a, the

2 AT
transition from failure by shear te failure. by bending is
accompanied by a reduction in strength that is of the same
order of magnitude a2s the corresponding reduction for thin-
wall cylinders in combined transverse shear and bending.
(see reference 4.) An analysig similar to that used for
thin-wall cylinders reveals that the design chart oresented
in figure 8 of reference 4 also applies to thin-wall trun-
cated coues in combined transverse shear and bending if

~% ig replaced by —%T sec . Thig design chart i1s pre-
T - 5
gented in figure 9 of the present report.

In figure 8 the two lines e and f were obtained
. : g .
from figure 9, in one case the value of _L2 corresponding
v
to lines a and ¢ Dbeing used and in the other case the

S _
value of _2 corresponding to lineg b and d. Inspec-

tion of the figure indicates that these two curves repre-
sent reasonably well the limits of the experimsntal data
plotted.

In order to use the curves of figure 9 in design, it

is necessary to know the loading condition —%T gec o and
T

to be able to predict the values of §y and Sy forxr the




cone. The wvalue of _%T sec @ 1ig estabplished by the di-
i

mengions of the truncated cone and the external loads.

The 2llowable stress in transverse shear §y depends upon
the allowable stress in torsion, that is, pure shear, ac-
cording to eguation (13). 1In the absence of test data on
the strength of truncated cones in pure bending, the value
of Sb to be uged should be based upon test data for thin-~
wall cylinders of comparable r/t ratio in pure bending.
Such data are contained in reference 6. These data scat-
ter widely and gome Jjudgmeut must therefore be exercised

in the gelection of a valuve for S8y.

-If the three guantitieg ”%T sec o, Sy, and S, are
vV

known, the maximum slliowable moment or the bending stress
on the extreme fiber can te read from the chart of figure
9 as a percentage of the value for pure bending. The
strength in shear, then, need not be investigated because
its effect has been taken into account by a reduced bend-
ing strength. '

When the strength of any section between adjacent
bulkheads is to be checked, the largest absolute value of

gsec. & should be uged to enter the chart of figure 9

vy

whenever _M_ sec o lies between =csc 00 and +o. Por
rV!

values of M gsec o Dbetween -csc o and =—eo, the low=-
V!

est absolute value should be ucsed. Trhis procedure gives
conservative values and may be verified from appendix B.

CONCLUSIOXNS

The strength of thin-wasll truncated cones may be com-
puted by the formulas used for thin-wall cylinders, if
proper account is taken of the angle o between the ele-
ments and the axis of the cone. For cylinders, a = 0.

itk
e
In the tests reported herein, o = tan kb). The follow-
ing conclusions may therefore be considered valid provided

f _1(10
that o does not exceed tan Gisks

Torsion.~- For torgion, the shear stress fg in the

plane of the skin at any station ig given by the formula




L-hly

it il
m
2, L
fg = —=p=—
211r= t
where
5 applied torgque
T radius at the perticular station
t thickness
The shear stress at fasilure fg4 at the large end of a

truncated cone in torsion is eqhal to the shear stress at
failure for a circular cylinder of this radius and the
same length as the truncated cone. The shear stress at
failure for any othsr station along the length of the

|

truncated cone is given by the formula

N\ @
£ -l {f.].'_.\
8 w, \ o/
where r, ig the radivs at the large end of the cone.

the assumption that the internal
;e in the direction of the

Compression.- O
compressive siress
elemnent,

Hhy 3
Q

® o

Q

=i

2 P
£5 = e S &
217rt
where P ig the applied compreéssive load. The compres-
sive stress at failure f, at the large end of a trun-

cated cone is equal to the compressive stress at fallure
for a circular cylinder of this radius and of the same
thickness ags the wall of the truncated cone. The compres-
sive stress at failure for any other station along the
length of the cone is given by the formula

; d. benddng.~ If the bend~-
umed to act in the direction of the

£ the transverse shear V 1is resigted
> A moment M on a truncated cone
tion reducss the shear by an amount

ercse_ghear an

ing stresses are as
elemsnts, a port

by the bending st
of cirecular cross
Vb where

H
©n o
m
Q0

O

w

M tan ¢

i

<
=
ll



In combined transverse shear and bending, the effective
shear V' ig, therefore,

A= V.b
The effective transverse shear causes a shear stress fv

in the plane of the skin at the aneutral axis that is given
by the formula

Sl e S
.LV- T ity
Tirt
The bending stress fy 1in the plane of the skin at any
station ig given by the formula
fb = -"M"— sec
2]
i
- - fr . .
For large values of _M_ gcec CLy failure oceurs in
rV!
bending. TFor small valuves of “MT gec @,  failure oeccurs
rV
in shear. ©TFor intermediatec values of _M_ gec «, the

failure is a combination of shear and bending. The allow-
able strength in combined transverse ghear and bending is
given by a design chart similar to that previously pub-
lished for thin-wall circular cylinders.

Langley Memorial Aeronautical Laboratory,
National Advigsoryv Committee for Aeronautics,
Langley Field, Va.

APPENDIX A

BENDING AND SHEAR STRESSES IN A CONE

The relationg between the internal stress and the ap-
plied forceg in a tavered beam are glightly different from
the corregponding relationg for g uniform beam. In this
appendixz, formulas for the bending and shearing stresses
due to the application of a single transverse force on a
hollow circular cone are derived.
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Figure 10 showg a truncated cone of constant wall
thickness with the lerge end fixed in pnosition and with a
transvergse force V applied at the small end. At any
typical gtation, the mean radius of the cone is r.

The assumptiong are:

l. Bending stresses are directed along the surface
of the cone toward the apex

2. Bending stresses are proportional to the distance
from the neutral axis, as in the ordinary the-
ory of bending

3. Shear stregses are directed parallel to the gur-
face of the cone

Bending stresses.- An element of area of the cross
section rt 46 locate=d at an angle O meastred from the

neutral axig, as shown in figure 10, is considered. By
assumption 2, the stress on the element is fy sin 8,

r

where fy3 1is the stress on the extreme fiber. The force
dF on this element is, therefore,

dF = (fy sin 8) rt 48 | (A1)
The moment of 4dF about tha neutral axis is
dM = (cos a)(r sin A)(fy sin 8) rt 4B (A2)

The total moment M ig obtained by integration around
the circumference of the cone. Thus,

a1
M= f,r°t cos n,/ sin® 8 a8
JO
= fbﬂrbt cosg (A3)

Thus, the bending stress fy at the extreme fiber in terms
of the applied bending moment M is

£ = ~—;—£E——~— = UT sec o (A4)

e~ L cen ¢

where I is the monent of inertia of the cross section
at any station and eguals r' t.
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Shear stresses.- From the agssumption that the bend-
ing stresses are directed along the surface of the cone
toward the apex, it follows that the bending stresses
have a2 eomponent in the divection of ‘the shear fHowee . Vs
This component resists a part of the shear force ¥V and
therefore reduces the shear stresses.

The shecar force resisted by the bending force d4F
in an element ‘of Stlie eore ig

dvy (sin o sin B8) 4F

(sin o sin e)(fb gin g) rt 4 P (A5)

The total shear resisted by the bending stresses is ob~-
tained by integraticn around the circumfereace of the
coile. Thus,;

e
= .[‘.a
fy rt sin q gin 6 48

t%
f, Trt sin a (46)

il

Vb

Il

Substitution of the value of fy from ecuation (A4) in
equation (AB8) gives '

Vy = M tan o (A7)

The effective shear V! that causes sheear stresses in
the walls of the cone is therefore the total applied

gshear V minus the shear resisted by the bending stresses
Vys that is,

Vi =V -~ Vy (48)

In order to determine the sgshear stresses in a cone,
the part element of & cone shown in figure 11 is consid-
ered. The x-components of the forces due to bending are,
at station x, '

Tifa

(Fb) = F fy, sin 8 cos a rt de (A9)
%

gand, ot statton L xirdx,
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r 4T dx)t d g

/e
B af,
(Fb) = ] (fb + -2 dax) ' sin 8 cosja (2 +
Qq ool s Jy d.x dx
= (410)
=
By virtue of symmetry the shear stress at the extrene
The x-component of force due to shear is
(A11)

fiber is zero.

therefore
(Fv)6 = 4L dp t (dx sec a) cos Q
eguilibriuvm fior the forces in the x-dipcc=
order are neglected,

The equation of
if terms of higher

tion ig therefore,

/2 Tmilz
i g
(£,). sec a + 2 ain @ v a8+ [ £, sin sl glsiD
v ) A - 'J,Q : dx
(A12)
from which
A ry
(£.) = nooe G 008 Bl P 2 4 h i?) (413)
8 LR 2 dx
By differentistion of equation (44),
i i 2u 4
= i =~ __.__.__.gﬁ_._. \A14)
nrd3t cos o R

mr2t cos a
At station x, the moment M = V(h - x). Therefore
(A15)

M
6'}1—‘ b —‘f

dx
Also
(Als6)
Substitution of equations (Al4), (Al15), and (Al6) in
equation (Al3) gives
\
Vi M tan a)
- —————— cos O

(T ) =
6 Lt ot
(A1l7
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The maximum shear stress fy, which occurs at the neutral axis, -
ig given by the formula

o S i i A (418)
mrt I

APPENDIX B

EFFECT OF VARIATION IN THE POINT OF APPLICATION OF

THE SHEAR FORCE ON THE BENDING STRESSES IN A CONE

Beuding-stress diagrams for cones in combined trans-
o

verse shear and bending for which the value of M sec O
ol
is positive are shown in figure 8. Reference to figure 7 Gl
and equation (10) shows, however, that the guantity
-—-M—- . .
ry! sec a can also have negative values. These negative X
values ocecur when the resultant shear force V 1is located
either to the right of the apex of the cone (negative r

< T o 2

0
or to the left of staetion x, the gection at which bend-

ing stress is determined (negative s).
A diagram similar to that of figure 8 but including

the negative values of _%T sec @ 1is shown in figure 1l2.
A few hypothetical bending-stress diagrams for cones of
the type studied in this paper are plotted in figure 12

to indicate their shapes. The boundary lines correspond
to the two lines e &and f mused in figure B to represent
the scatter of test data.

Three distinct regions can be defined in figure 12.

W

The region in whkich *MT sec & wvaries from O to +o
T
ig the same as that shown in figure 8 and corresponds to
a variation in the location of the resultant shear force >

from station x to the apex of the cone. As the shear
force moves from the apex out to infinity on the right,

G Bl e e e e e e et



rV!
tihaa
12,

L

sec 0 varies from = to a value of -csc a (in

s case, =5.1) and defines the left-hand region of figure
in which the bending strecses are shown asg positive.

As the shear force moves to the left from station ' to

inf
fimn
are
whi
tail

-~

L 1% 4

e s

3.

inity, _M_ sec a varies from C to =-csec a and de-

es the region in figure 12 in which the bending stresses
shown as negative. The pure-bvending condition, for

ch the effective shear V' 1ig equal to zero, is ob~

ned by placing the resultant ghear force V at the apex

£

the cone; that ig, ”ﬁT s8C O 5% o
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Figure 7 - Sketch of cone and resultant shear force.
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Figure 4.- Truncated cones after
failure in combined
transverse shear and bending,
showing transition from shear to
bending failure as(M/rV')sec q
varies from small to large values.
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Figure 6.- Plot of fc/E against r/t for truncated cones in
compression. ( Data for circular cylinders obtained
from reference 3.)
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Figure 9.- Chart for bending strength of thin-walled fruncated cones in combined

transverse shear and bending. (See fig. &, reference 4.) m
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Figure I0.- Truncated cone subjected fo combined trans-
verse shear dnd bending.

Figure Il. - Part element of a cone, show-
ing longitudinal stresses due to
shear and bending.
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Figure IZ- Otrength of thin-walled truncated cones in combined fransverse shear and bending,

for various positions of the resultant shear force.
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