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BENDING AND SHEAR STRESSES DEVELOPED BY THE 

INSTANTANEOUS ARREST OF THE ROO'T OF A 

CANTILEVER BEAH l1HTH A MASS AT I'1'S TIP 

By Elbridge Z. Stowell, Edward B. Schwartz, 
John c. Houbolt, and Albert K. Schmieder 

SUMMARY 

A theoretical and experimental investigation has been 
made of the behavior of a cantilever beam in transverse 
motion with a mass at its tip when the root is suddenly 
brought to rest. Equations are given for determining the 
stresses, the deflections, and the accelerations that arise 
in the beam as a result of the impact . The theoretical 
equations , which have been confirmed experimentally, reveal 
that for a beam with a given cross section and velocity at 
impact and for a given ratio of tip mass to beam mass , the 
bending stresses for a particular mode at a given percentage 
of the distance from root to tip are independent of the 
length of the beam; whereas , the shear stresses vary 
inversely with the length. 

The addition of a mass to the tip of a cantilever 
beam increases appreciably the stresses produced by the 
first mode of vibration but changes only sli ghtly the 
stresses contributed by the higher modes . The tip mass 
increases the maximum bending stress much less than might 
be expected on the basis of experience with the static 
aCltion of structures . For practical engineering analysis 
tHe maximum bending stress developed in a suddenly arrested 
cantilever beam can be found by a simple addition of 
stress amplitudes in the first few modes without regard 
to phase relations between modes. 
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INTRODUCTION 

- hen an 8irpllHle lands, the vertical component of 
the velocity is rapidly l~d~ced to zer0. The shock of 
the sudden change in motion gives rise to vibratory 
s tresse s in the ai.l'plane . As a beginning in the study 
of t~ese stresges a previous report (reference 1) dis ­
cussed in detail the behavior of a cantilever beam in 
translational motion when its root is suddenly brought 
to rest. In that paper eQuations are given for deter­
mining the stresses, the deflections , and the accelera­
tions that arise throughout the bean, as a result of the 
impact. The pre sent report extends the basir~ problem of 
reference 1 to include the effect of a concentrated mass 
at the tip of the cantilever beam. 

As in reference 1, the present paper is based on the 
usual engjneering b eam theory. In this theory the 
deflections are considered to be the result of bending 
alone , shear deflections neglected. The theory as applied 
to ordinary beams gives reasonably good results so long 
as the distance between inflection points is greater than 
a few times the depth of the beam . When this theory for 
beam action is used in vibration problems, such as that 
in the present paper, the results are satisfactory for, 
those modes of vibration for which the :1odes are not too 
close together . 

This report summarizes the results of a theoretical 
solution given in appendix A and presents an experimental 
verification of these results. A numerical example for 
the calculation of the maximum stresses near the root of 
the cantilever beam is given in appendix B. 

SYMBOLS 

E modulus of elasticity 

~ weight density of material 

'A. coefficient ' of equivalent viscous damping of 

c 

material 

j'EO' 
velocity of sound in m~terial\ ~ 

y 'Y 
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g acceleration of gravity 

L length o! beam 

I moment of inertia of cross section of beam about 
neu tral axi s 

A cross - sectional area of beam 

p radius of gyrati on of cross section of beam 

x coordinate alon g beam measured f r om root 

y distance from neutral axis of beam to any fiber 

t time , zero at impact 

p 

n 

r 

W I 
n 

v 

o"gerator 

integers 1 , 2, 3 , etc . , designating a particular 
mode of vibration 

nth positive r oot of equation 1 + cos e cosh e 
+ re (sinh e cos e - cosh e sin e) = 0 

ratio of tip mass to beam mass M 
m 

undamped natural angular frequency of nth mode , 

radians per sec ond ~ ·~l) 
damped natural angular frequency of nth mode, 

{ 1 - -"'4
2V

E) n22~ radians per second ~n ~ 

Chere 
f..2w 2 

n >1 , the t1 frequency ll is defined 
4E2 \ 

0 f...2~ 2 
by W , = wn _ .lL 

n 
4E2 

velocity of beam p r ior to impact 

3 
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w(x,t) deflectton of beam at station x and time t 

wn(x,t) deflection of bea.m at station x and time t 
for the nth mode of vlbratioll 

a (x,t) acceleration of beam at station x and time t 

an(x,t) acceleration of beam at stetion x and time t 
for nth mode of vibratlon 

o(x,y,t) bending stress in beam at station x, distance 
from reutral axis y, and time t 

0n(x,y,t) bending stress in beam at station x , distance 
from neutral axis y, and time t for nth mode 
of vibration 

T(X,t) average shear stress over cross section of beam 
at station x and time t 

Tn(X , t) average shear stress over cross section of beam 
at station x and time t for nth mode of 
vi brati on 

bending- stress coefficient for nth mode of 
vibration 

shear- stress coefficient for nth mode of vibration 

deflection coefficient for nth mode of vibration 

RESULTS AND CONCLUSIONS 

Theoretical 

men a cantilever beam with a ITass at its tip is under 
uniform translation in a direction perpendicular to its 
length there is excited a theoretically infinite number 
of modes of vibration when its root is instantaneously 
brought to rest . With .each successive mode , damping has 
an increasing influence upon the frequenci es and amp I i tudes 
of vibration and, for sufficiently high modes , even changes 
the type of motion from oscillatory to nonoscillatory 
motion. In the lower modes , however , damping has l i tt l e 
effect and only terms of the .first order in damping need 
be included in the equations . Only the equations applicable 
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to the lower modes , which alone are of importance in any 
practical case, are prssented in this sectio~ of the 
paper . For a more complete treacwent of damping, see 
appendix A. 

The ang111ar freque:1cies (2TT tin:.es the frequencies 
in cps) are given by the equation 

8 2 
n 

? 
L~ 

where 8n is the nth positive root of the equation 

(1) 

1 + C0S 8 cosh 0 + r8 (sinh 9 C03 8 - cosh 8 sin 8) =0 (2) 

In this equation r is the r atio of the tip mass to the 
mass of the beam . The values of 8 n for the first three 
modes are given in the following table for several values 
of r : 

! 

r:- 81 8 2 
8
3 

t- 0 1.8751 4. 6941 7·8548 
1 

1. 5738 4 .2250 7·2813 4 
1 

1.4200 L .. I105 7·1904 I -
2 
i 1. 3202 I D .. 0602 7· 1539 h I 
1 i : ~~~~. I 4.0)1J. 7·1339 
2 I 3.9326 7. 1026 

~ 91 "'L I 3.92~7 7. 08 59 • J. I I • 

. 8328 
I 

3.9 0 7·0802 
'--

Figure 1 shows graphically the variation of 8n wi t h the 
mass ratio r for n = 1 , 2 , and 3. For each value of 
n the value of 8 n , and consequently the frequency , 
decreases with increasing values of the mass ratio r . 
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Expressions for the bending stresses, shear stresses, 
deflectionJ and 8.cc.eJeratlons a2.~e the same 8S the expres ­
sions given in rerere~~e 1 :cr thRse quantities except 
that the coeffic-l_vrts Jl n , brl' 9.110 Cn , w.hich cha::t>acterize 
each mode , nre fll!lctton::. of &n additional variable r, 
the mass racjo. 'l'he oending stress, average shear stress, 
and detlection are, respectively, for the nth mode of 
vibration~ 

an ( :x, y , t) 

Tn(x,t) --

wn(x,t) --

2 
f.W ___ n_t 

= v y 
A.ll - - E e c p 

2E 

A.W 
2 

__ n_t 

En 
v p e 2E sin - - - E 
c L 

A.W 
2 

L2 
n 

11 ---t 
e 2E Cn sin W 

c r--

wn t 

n t 

The acceleration for the nth mode, when damping is suffi ­
ciently small, is 

( 6 ) 

The variation of the dimensionless coefficients An' 
Brl' and Cn wi th pos i ti on along the be am x/L is gi ven 
in figures 2, 3, nnd u; respectively, for the first three 
modes, n = 1, 2, and 7 and for values of r from 0 to 6. 
Figures 2 and 3 ir.dicate that for all values of the mass 
ratio I' the highest values of An and Bn and hence the 
highest stresses occur at the root of the beam. These 
highest or root values of An and En are shown for 
I' = 0 and r = 6 in figure 5 for the first 5 modes. Root 
values of An and En for mass ratios between 0 and 6 are 
given in figure 6 for the first 3 modes . Both figures 5 
and 6 show that the addition of a mass at the tin of the 
beam (r >. 0) increases appreciably the values of'the stress 
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coeffi ci ents An and 1\1 for the first mode (n = 1 ) but 
has a very small effect upon these coefficients for the 
second and higher modes . 

The tip mass increases the maxLnum bending stress 
much les~ than might be expected on the basis of static 
considerations . For example the addition of a tip mass 
6 times the mass of the beam increases the mass moment 
about the root 1200 percent whereas the first mode 

7 

bending stress coefficient Al is inc r eased only 184 per-

cent (from 1. 566 to 4 .450 ). (See fig . 5.) 

The max ' mum values with respect to time of an(x,y,t) 
and Tn(X,t) associated with the nth mode of v~bration, 
when the effects of dawping are neglected , are 

= v Y E An . c p 

.EE 
L 

( 8 ) 

Equations (3) ~Dd (4) for bending and shear stress , 
fram which equations (7) and (8) are obtained , and equa ­
tions (5) and (6) for deflections and accele r ations give 
the values associated with the nth mode of vibration . 
Since all modes of vibration occur simultaneously the net 
results are the superposition of the effects of all modes. 
This superposition gives the following equations: 

a(x,y , t) 

2 A.W 
__ l_ t 

2E . t 
e Sln WI 

A.W.
2 

) -~t 

2E SJn 0.)2 t + • •.• 



8 MR No. rlt K30 

Por average shear stress, 

T(x,t) , 

_ A.W1
2 

t 

= ~ 2 ~ B e 2E . I,' t c L ~ 1 Sln ~l 

For deflection , 

v L2 
w(x,t) = --

c P 

2 
A.W 

__ l_ t 

+ B2 e 2E 

( 2 A.W
l - '--t 

e 2E 

A.W 2 
2 - --t 

+ C2 e 2E 

sin wI t 

sln w
2 

t + . . ) 

( 10) 

I 

(11) 

Fo r acceleration, when damping is sufficiently small , 

v L2 
a( x t) = - - -, c p 

( ' A.W
1

2 

~ 
2. --t 

C W e 2E 
1 1 

_ A.W2
2 

t ) 
2E " , e Sln w2 t + •.. ( 12) 

For a beam with a given cross section and velocity 
at impact , the equations for bending stress reveal that 
at a given oercentage of the distance from root to tip 
and for a given mass ratio , the bending stress for a 
particular mode is independent of the length of the beam . 
The equations for shear stress revea l that the shear 
stress at any station varies inversely with the length 
of the beam. 
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Experimental 

The apparatus w~ich was used to provide for the 
instantaneous arrest, of a cantilever beam is shown in 
figure 7. In th5 s apparatus two cantilever beams are 
formed by cent:;:>aJ.ly clamping a steel tube in a heavy spli t 
block. The block is attached to a carriage which is 
permitted to run with known velocity over a horizontal 
track. The carriage is accelerated by a weight acted 
upon by gravity in the initial portion of the run and is 
kept in a state of unlform translation by an additional 
small weight used to overcome friction in the latter 
portion of the run. Instantaneous arrest is achieved 
by permi tting a tapered plug projecting from the 
carriage to ram into a fixed chuck. The effect of a tip 
mass was studied by increasing the weights on the tips 
of the beams in successive tests. The velocity at impact 
and the dimensions of the cantilever beams are given in 
appendix B. 

The apparatus described herein provides for a much 
more rigid clamping of the tube and gives a better control 
over the instantaneous arrest than the apparatus described 
in reference 1. Wi th the more rigid clamping, less 
oscillatory energy was lost by the cantilever beams to 
adjacent parts of the apparatus. The damping present, 
therefore, more nearly approached the damping of the 
material of the beam. 

Extreme fiber bending stresses near the root of each 
cantilever beam were measured by means of electrical 
strain gages and a recording oscillograph as described 
in reference 1. A typical record of the bending strains 
at the roots of the two cantilever beams with the mass 

1 
ratio r = 4" is shown in figure 8. No measurements were 

made of the shear stresses sinGe their values were too 
small to be measured accurately in the presence of the 
vibrations set up by the rolling of the carriage. 

The three quantities that v!ere obtained from the 
tests - the frequencies of the first three modes, the 
maximum Gontribution of the first mode to the total 
extreme fiber bending stress at the root, and the 
maximum extreme fiber bending stress at the root -
are plotted against the mass ratio r in figures 9 
and 10 for comparison with the theoretically computed 
values. Since inherent local variations in the beam 
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nroperties do not appreciably affect the frequencjes, 
whi h are associated with the ove r-all action of the 
beam, and since frequencies are easy to measure, it is 
r e asonable to expect the observed good agreement between 
theoretical and experimental freqnenc i es. ( See fig . 9.) 
llhe n consideratio n is gi veil to the fact that stresses are 
directly affected by the loasl variations in the beam 
prope~tles and are not read~ly susceptible to instantaneous 
accurate measurement the observed agreement between the 
experimental and theoretical stresses is also considered 
to be satisfactory. (See fig. 10.) 

The contribution of the first mode to the total 
stress was estimated frorr the records. (See fig. 8. ) 
It is clear from figQre 10 that the first mode contributes 
more than half of the total stress. It is also clear from 
figure 10 that for pr~ctical eng ineering analysis the 
maximum bending stress developed in a suddenly arrested 
cantilever beam can be found by a simple addl tion of 
stress amplitudes in the first few modes (in this case 3) 
without regard to phase relations between the modes . 

Langley rv~emorial Aeronautical Laboratory 
National Advisory committee for Aeronautics 

Langley Field, \'a., Tovember 30, 19hL. 
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APPENDIX A 

'YEEOR1TI C A.L DEP'} VATI OlT 

Gene ral analysls.- C0!lsider in equilibrium a uniform 
cantilewr b~av;;v'ltha mass at its free end, If the root 
of the b<3aI'l is sl".CJ.de111:v disturbec., as hy a shock, in a 
direction perpel1c.ic1l12r to its J.er..gth, the beam will be 
set into dan.peLl 1jendil~g oscillat~ons . The equation of 
motion for t~ese bendipg oscillations is given by the 
diffe~ential equation (reference 1) 

i.;i th the use 

be written 

I 

22Pw + "l.p2 EP -1- f\ 

ox'-1-

of the notation 

04w 
c: 

A. (j./w 

~x4 
-I- ---

OA4" t E 
' .. 

c 2 = ~E equation ( Al) 
*{ 

o2w 1 
+ - 0 

? 
-

p2 c2 2 t~ 

This partial different al eC,uation is reduced to an 
ordin&.ry d:!.ffc ..... vI't ia:i. equation of the 1..t.th order by 

writing 

u2 
-"'--- w = 0 

2 2 
P c 

The gene:i."al solution of equation (A31 is 

(AI) 

may 

(A2 ) 

w - Pc') st. e ~ .;... Q s ~ nh 8 ~ + Ii cos 8 x + S sin 8 ~ ( A4 ) 
L L L L 
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v.' here 

The coefficients P, Q, R, and S are to be determined 
from the boundary conditions . The case under considera ­
tion 18 thqt of a cantilever with a mass at its free end 
moving with uniform velocity v and having its root 
b rought in -tant aneoudJ-y to rest, '1'he bOUl"luary conditions 
for this C1:l. f-e are 

(~~) -
p(w)x=O vi .- = v -

x=o 

(9~) - Clw\ 0 - -/ = 
o x=o OX

2
) x=L 

d3Wj ~fa2~~ li p2(w) _ EI - = 
g~t2 x=L 

= 
OX3j x=L 

g x-L 

The fourth boundary condltton , which is an appli ca ­
tion of Ne~ton's third law, equates the shear force at 
the tip of the bearr. to the jnertl a force of the tip mass . 
~he velocity of the root as given by the first boundary 
condition ~s represented graphically in figure 11 . 
~ollowing the procedure adopted in reference 1, the 
solution will be obta-ined for the boundary condi tion 

(~:)X=O - p(w)x=O = -vi 

and to the resulting velocity will be added the constant 
velocl ty v . 
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Wi th the application of the boundary conditions to 
equation (114), the operational solution for the velocity 
(that induced by -vi) is found to be 

pw = 

where 

-vi _________ f(eEL. 
2 1 + cos e cos h e + r e ( sinh e cos e - cosh 8 SJ, 

(A5 ) 

r(er) z:: (1 + cos e cosh e)(~osh ef + cos e~) 

+ sin £1 sinh e (COSh e f - cos ei- ) 

+ (sinh e cos 8 + cosh e sin e) (sin ef - sinh e~ ) 

+ 2re [sinh e cos e cosh ef - cosh 8 sin 8 cos ef ' 

+ cos e cosh 8 (sin ef - sinh 8 f ~ 

and r is the ratio 
N 
IT] = Tip mass 

Beam mass 
Interpretation of 

this operational expression and addition of the con­

stant veloci ty v g i ves for the total velocity 

ow(x,t) 
ot 

0:> 

V - vi + 2v 2.= 
n-1 

2 
A.Wn A.w 
--- --t n 

x 2E 2E. 

( A6) 
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where 

8n nth posi tj ve root of the frequency equation 
1 + cos8~o'&'18+ r8(sinb8cos 8 - cosh8sin 8)= 0 
(all roots , namely ±8D , ±i8 D , have been considered 
in the interpretation) 

8 2 
D = pc 
L2 

w n 

undamped natural frequen cy of nth mode , 
rRQj an!'3/se c 

0-.artl';)e0 natura l angul ar frequen cy 
of nth mode , radians/se c 

Integration of equation (A6) ~ith respect to time wi t h 
the condi tion (w)t=O = 0 give s for the deflection 
when t > 0 

w(x,t) 

2 (, X2 A.W ~ F ,,8n r~ _ --IL t 
= 2VL --'-- e 2E sin W , t 1 

W ' n n 
n= l 

1 
2 

1v.JJ2 
-~t 

e 2E sin wn ' t l 
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where 

2F (en I) 
Cn = ---­

e 2 
n 

15 

is 
The contr.1.bution of the nth mode to the deflection 

Wn(x,t) = 
2 v L 

c P 

AW 2 
n ---:-- t 

e 2E sin w , tl 
n 

AW 
Vmen ~> 1 equation (AS) may be put in the form 

2E 

v L2 
= - -

c p 

where now 

(" 1 

Vn t::~2 - 1 

e 

AW 2 
n --t 

2E 
sinh wn ' t j 

The form indicated by equation (AS), where 

(AS ) 

(A9 ) 

is 

characteristic of the lOVier modes and represents damped 
oscilla~8ry motion. The form indicated by equation (A9), 
where -~ > 1 (damping greater than critical), is 2E 
characteristic of the higher modes and represents sub ­
sidence motion . 

From equation (A6) for the velocit y and equation (A7) 
for the deflection , the complete behavior of the cantilever 
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may be determin~d. The quantjti~s of interest are the 
bending stresses, the shear stresses, and to some extent 
the acce le rat,i ons . 1 !here damping is pre sen t J the equa­
~ions represerting th8 contrjbut~on of the nth mode to 
these quan~ities may ~e given i~ ~he two fo~me indicated 
by equat!ons (AS) and (£9). Tn subsequent 8quations, 
ho~ever, only the form irdi~ated ~y (AS) is given , because 
it is characteristic of the mcjes v~ich are of practical 
importance. 

Bonding stresse~. - The bending: stresses o(x,y , t) 
at any fiber a di~t8nce y from the neutral axis are 

AW 2 
2 00 __ n_t o w v 

~L o( x , y , t ) = Ev -_.- - E, - An e 2E sin wn't l -.; 

ox2 c 
n=l 

where 

r ( x X) I ( 1 + cos en cosh en) \cosh en i-cos en =s 

+ sin en sinh en (COSh 9n f + cos en Eo) 
-( sinh en C03 en + cosh en sin en) (sinh en f + sin e ~) n L 

sin en cos en 
x 

11 
J 

+ 2ren ~inh en cos en cosh en ~ + cosh en 

- cos en cosh en (Sinh en f- + sin en [.~ 
2 r --------~~---------J 

e nl (1 + r)( sinh en cos en - cosh en sin en> - 2r en sin en sinh8n 

The contribution to bending stress of the 

A.W 2 _,_oIL t 

nth mode is 

( t ' -_ v v 2~ on x, y , ,' E c p An e .l-" sin wn ' t 1 

~yerage shear stresses.- 1he average shear stress 
on the cross section is 
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where 

2 

AW 2 
_--IL t 

.£.) B e 2E 
LL-_ n S 'nw 't..L~ J. n 

n=l 

pJ. + cos en cosh 8n )(Silih8 n [+ sin 8
nr

) 

I + 'in 8n 'bh 8n C'inh 8n f - 'in 8n t) 

1-< ,inh 8n co, 8 r. + co,h en ,in 8n ) (CO'h 8n t + co, 8n f) 

l+ 2r80 rinh 8n co, 8n 'inh 8n t - co,h 8 n 'in 8n sin 8n t I 
- cos en cosh en (COSh en r + cos en 8J J 

(1 + r) (sinh en cos en - cosh 8n sin 8 n ) - 2r8n sin en sinh en 

The contribution to average shear stress of the nth 
mode is 

AW 2 
v P --1Lt 
~ L ~ e 2E sin WIt 1 n 

Accelerations .- From equation (A6), with the aid of 
the rela ti on 

pF(t)l = F(O)pi + F'(t)l 

the acceleration anywhere on the beam is found to be 
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a(Y,t) 
2 _ 0 w(Y,t) .- ---:s--- = o t~ 

+ 

r-.----- ... 
. ~u.ln l{l _ I' 2~l L~ 

E I I L'r.:. 
..j r.:; 

':., -2--
I '-'-n 

1 - ---.-
2E2 

l 
1\ vpJ 

I 
-I 

COR 

~) I t 
n 

Wi th the at d of t;he orthogoYlal pr0~e rt.:. es 0 f the func ­

t.Lons F ~n L) it is p08 si ble to show that the quanti ty 

At x 
L 

reduces to zero wben 0 < ~ ~ 1. 
.u 

ex:> 

~- ) 
2 L_ li'(8n t 

n=l 

equal to zer o the quantity i s zer o 

and only the te r m -v'J.i remains. This term indicates 
that at t = 0 there ts at the root an inf:nite accelera­
tion of zero duration. 

The contribution to acce l eration of t:1e nth mode is 

an(x , t) = 

+ W I 
n 

AW 2 
_ __ n_ t 

2E 

1 

\ 
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Comparison with the expression for wn(x,t) (equation (AS)) 
shows that the acceleration of each mode is out of phase 
ith the deflection . 1IVhen damping is sufficiently small, 

however , the relation between the acceleration and the 
deflection reduces to the well knoVlm result for undamped 
vibration 
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APPEWD!X B 

Numel·ical Example 

Problem. - 'To calculate the theoretical bending and 
shear stress at the posi ti o'1 of s crain ~ages on the steel 
tube beam used in the expertmentgl inv8Ptigation of the 
presen t paper for a mas Rat the ti p equ[.(l to the I!1'lS s of 
the be<,m , r = 1 . 

Length of beam, L, in . 
Outside diameter of tulJe, in, 
Di sta:1co to f'xtre~ne fi~)er, -na::;"irr'lm value 

of y , in. . .. . . . 
Wqll thickness of tube , in. 
Radius of gyrction of c~oss section, ~, in . 
Distance from roat of beam to strhjn 

gages, x, in . . . . . . .. 
Moculus of elasti ci ty , E (assumed) , psi . 

29.84 
. 1. 003 

. 0. 502 
• • O. 02Q 

. .. 0.345 

O . 5~ 
29 x 10 

Velocity at impact, v , fps . .... .. . . . 1. 78 
16 , 600 Velocity of sound in steel , c, fp~ . . 

The effe8ts of damping will be ne (~ lected so tha t equa ­
ttons (7) end (8) may be use~. FroM the for0going data 
of this problem 

v ~ E = L50C psi 
c P 

'!.. £. E = 35.8 pSl. 
c L 

The val ues of An 8.nd Bn for the different modes are 
obtained frOll'! figures 2 and 3 for r = 1 and t = 0 . 0 1 67 . 

The computed stresses are given in the following tab l e 



MR Eo . LL.\jO 

I I a I 1 
Mo de, n An Bn I ( psi ) I ( psi ) 

1----l--jth500 -X~An) T05 
0 
S-:- En) 

1 2 .13 2.40 I 9300 I 86 

2 . 89 4.1 I 4010 i 144 

3 .48 )+<O! 2160 I 1_4_3 __ _ 

Sum of first three 
stress amplitudes 

373 

An approximation of the maximum total stresses can be 
obtained by adding the stre."s ampli tudes for the first 
several modes as indicated. 
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