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EFPECTS OF HEAT-CAPACITY LAG IN GAS DYNAMICS

By Arthur Kantrowitz

SUMMARY

id3

The existence of energy dissipations in gas dynamics,
which must be attributed to a lag in the vibrational heat
capacity of the gas, has been established both theoreti-
cally and experimentally.

The flow about & very small impact tube i1s discussed.
It is shown .that total-head defects due to heat-capacity
lag during and after the compresslon of the gas at the
nose of an impact tube are to be anticipated. Experi-
ments quantitatively verifying these anticipations in
carbon dioxide are discussed. A general theory of the
dissipations 1n 2 more general flow problem 1s developed
and applied to some speclal cases. It is pointed out
that energy dissipations due to this effect are to be
gnticipated in turbines, Dissipations of this kind might
also introcduce errors in cases in which the flow of one
gas is used in an attempt to simulate the flow of another
gas. Unfortunately, the relaxation times of most of" the
gases of engineering importance have not been studied.

& new method of measuring the relaxation time of
gases is introduced in which the total-head defects ob-
served with a specially shaped impact tube are compered
with theoretical considerations. A paranmster 1s thus
evaluated in which the only unknown quantity is the re-
lexatlion time of the .gas. This method has been applied
to carbon dioxide and aas gilven consistent results for
two impact tubes at a variety of gas velocities.

INTRODUCTION

he heat content of gases is primarily three forms
of molecular mechanical energy. FPirst, there 1s the

; y f )
translational kinetlc energy which 1is gRT, where R




is the gas constent and T 1s the absolute temperature.
Secondly, there is the rotational kinetic energy. For

all gases near or above room temperature, the n rota=
tional degrees of freedom involving moments of inertila

due to the separation of atomic neuclel have energy states
close enough together that the rotational internal energy

is close to the classical value %RT. The third prin-

cipal form of internal energy is the vibrational energy
of the molecules. If the frequencies of the normal
modes of vibration of the molecule are known (say, from
spectra), the vibrational heat capacity can be computed
by the methods of statistical mechanicse. (See, for
example, reference 1l.)

The possibility of dispersion and absorption of
sound due to parts of the heat capaclty lagging behind
the rapid temperature changes accoumpanying the propaga-
tion of a sound wave in a gas wag first discussed theo-
retically by Jeans and Einstein, Dispersion and ab-
sorption in carbon dioxide observed by Pierce were shown
by Herzfeld and Rice to be attributable to lagging of
the vibrational heat capacity of the gas, Kneser was
able to account gquantitatively for dispersion and
absorption in CO, and oxygen on the assumption that the
vibrational heat capacity lagged.

The dispersion and absorption of sound in several
gases have been investigated and a fairly complete
bibliography is available in reference 2. It 1s found,
in general, that dispersion end absorption many times
larger than those attributable to vicosity and heat
conduction are to be expected In gasez with vibrational
heat capacity. These effects can be described by rela-
tions such as those given by Kneser and can be attributed
to the vibrational heat capacity of the gas.

A1l the measurcments of dispersion and absorption
have demonstrated that most impuritles markedly reduce
the relaxation time of a gas; for example, Kneser and
Knudscn (references 3 and 4) concluded that the adjust-
ment of the vibrational heat capacity of oxygen was
dependent entirely on the action of impurities.

Various experiments with CO5; have shown that, at room
temperaturc, collisions with water molcculer apre 500
times as effective as collisions with COp-molecules in
exciting vibration in COg-molecules, This strong
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dependence on purity has produced great dlscrepancies
arong the relaxation times measured by the various workers
dn this fleld. There has been muech better agreement
smong the measurements of the effectiveness of impurities.
Sonlc measurements in C(COg are discussed in appendix A.

A quantum-mechanical theory of relaxation times developed
by Landau and Teller is discusgsed fnsSppenciss BS Two
conclusions, which are verified by the sonlec work in COg,
are important to the present paper: (1) All the vibra-
tional states of a single normal mode adjust with the same
relaxation time and (2) the logarithm of the relaxation
time (expressed in molecular collisions) is proportional

ol T ©, Verification of conclusion (2) is presented

iRaRiicure 1,

(NI

Dr. Vannevar Bush helped to initiate this work by
asking the writer a stimulating question, The author
also is very grateful to Pro fessor 7. Teller for helpful
giscussions.

EFFECTS I GAS DYNAMICS

In the flow of gases about obstacles, compressions
and rarefactions accompanied by temperature changes
OECUT . The time in which these te nperafure cuanges
takke place is controlled by the dimensions of the ob-
stacles and the velocity of flow,. )i o thene time inter-
vals are comparable with or shorter than the time re-
quired for the gas to absorb its full heat capacity,
the gas will depart from its equillibrium partition of
energy. In this case, the transfer of energy Trom parts
of thie heat capacity that have more than their share to
parts that have less than their share will be an irre-
verslible process and will increase the entropy of the gas.
If the time intervals involved are comparable with the
relaxation time of the gas, this lncrease in entropy can
be used to measure the relaxation time of the gas (refer-
ence 5).

Turbine-working fluids such as steam, air, and ex-
haust gas have appreciable vibrational heat capacity at
high temperatures. If these gases have relaxation times
comparable with or shorter than the intervals during
which temperature changes occur in the gas, losses
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attributable to heat-capacity lag must be anticlpated.

A rough estimate has indicated that, unless the relaxa-
tion times of the working fluids are very short, the
losses at high temperatures due to heat-capacity lag can
be comparable with the losses due to skin friction.
Unfortunately, no measurements .of the relaxation times
of the usual turbine-working fluids exist.

Various persons have proposed, in wind-tunnel tests
and in tests of rotating macliinery, the substitution of
gases that have properties ensbling tests to be made more
conveniently at a given liach number or Reynolds number
then with the actual working fluild. In such cases,
care must be taken to ensure that an error due to dif-
ferences in heat-capacity-lag behavior of the fluld used
and the working fluid is not introduced. For example,
according to a rough calculation, & wing in pure COg
might have a drag coefficient twice as large as the same
wing in eir at the same llach number and Reynolds number. '

In the following discussion, the existence of these
dissipations in gas dynamics is dermonstrated and a gas- s
dynamics method of measuring the relaxation times 1is
developed. The application of this method to the meas-
urement of the relaxation times of gases of engineering
importance is proposed.

FLOW ABOUT & VERY SMALL IMPACT TUBL

As a first example of the energy dissipations to be
expected from heat-capaclty lag, consider the total head
measured by an impact tube in a perfect gas. For defi-
niteness, consider the apparatus illustrated schematically
in flgure 2. The gas enters the chamber and settles at
the pressure py and the temperature ThHe. It then ex-
pands to a preasure pq and a temperature Tl out of the
faired orifice, which is designed to give a temperature
drop gradual enough that the expansion through the orifice
is lsentropic. The gas that flows along the axial stream-

line of the impact tube is then brought to rest at the o
nose of the tube and, during this process, its pressure
rises to 'ps and its temperature rises to Ts. If this 1

second process is slow enough to be isentropic also, the
entropy and the energy of the gas that has reached equi-
librium at the nose of the impact tube are equal to the
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values in the chember and hence the pressure Po equals
P, &and the reading on the alcohol manometer is zero.

)

Consider, however, the other extreme casé in which
the compression time - that is, the time required for the
gas to undergo the greater part of its temperature rise -
at the nose of the impact tube i1s small compared with the
time req’irod for the gas to absorb its full heat capacitye.
The orifice 1s considered large enough that, during the
expansion through it, the gas maintains equilibrium. !
part of the heet capacity of the gas cyyp does not follow
the rise in temperature during the eompression as the
gas 1s brought to rest at the nose of "the impect tube and
adgusts irreversibly after the compression 1s over. The
resultant increase of entropy in this case means that the
pressure Do is lower than pn. This increase in entropy
is.now celculated, All tempnvatuve changes are assumed
smell enough that the heat capacities.of the gas céan e
taken as conntantq.

At the beginning of the adjustment, the lagging part
of the lieat capacity cy sy 1s still In equilbrlwm with
a thermometer at the terperature T, while the transla-
tional and ofncr derrecs of freedom with heat capaclties
totaling cp', the relazation time of which ean bé neg-
lected, are in equilibrium with a thermometer at some
higher tecmperature - T. Frergy then flows from the heat
capacity cp' to the heat capaclty. cyiyp, increasing
the temperature T assocliated with Cyib from T;.
bonithe final equill
ne
i

pe
c

O‘

’

brium temperature, which is Tgye
Conservation of energy gives the f0110f°"g relaetion
between T and s

“
o
&5

CyipTyip * Cp'T = CpTo (1)

where cp 1is the total heat ce wpacity at constant pres-
sure.. The entropy increase when an element of energy
dg- flows from T = to  Tygp 18

ds = -
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Eliminating T 1in equation (2) from equation (1) and in=-
tegrating over the whole process gives

S0

. 'I 4 / —CD' 1
= Cyib a o - s >
‘ IAPl e Vlb(SpTo = CyibTvib DVlb>
! (6] 1 0
| LR gy el vib
Cvib To
o= 108 e T]_ (-T-I (5)
R e
Cvib To

Equation (3) gives the entropy difference between

i the gas in the chamber and the gas at equilibrium at the
nose of the impact tube. Because the energy and hence
the temperature 1is the same at the beginning and at the
end of the process, the ratio of chamber pressure to
impact-tube pressure can readily be computed from the
perfect gas relation

S = ¢y log T -~ R log p + Constant

-+

which gives

3 Po
AS = R lcg 55
and
%' Cvib
FEn e Ry e
o B0 i2;> (4)
Do CE Tl Tl

o F‘q‘—_
Cvib 10

Tt may be instructive to derive this relation by
considering the isentropic parts of the process. During
the slow expansion, the enthalpy theorem (see appendix C)

2
gives cpT + %u = Constant (u is. flow velocitl) and,

i 1
during the instvantaneous compression, cp'T + su = Constent,
~
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Cyip VPelng omitted because it takes no part in the com-
pression. Combining these equations gives

Cp(TO - T1) = Cp'(Tg . T7) (8)

where To 13 the temperature reached by the translational
degrees of freedom before the adjustment period starts.
The adiabatlic-compression relation can be applied to both
the expansion ard the compression with the appropriate
heat capocities to calculats pos thus,

P R
(2050 _ 7o o5 _To
Py / T -\ Ty

(o)
—~
O
~

Combining equations (5) an gives, after several

manipulations,

!
v °p *lih
Po_ [ %p = Sviv  THE ( __\
™ { imn
o T =wvib e
\..
which i1s of course identical with equation (4).
PO = 3
The percentage fotal head defeet ' 1CO- is
: 20 T By
plotted against chember pressure pg/p; 1n figure & for
cp' = 3.5R. The apparatus schematized in figure 2 was

used to check equation (4) for COs where the wibra-
tional heat capacity would be expected to lag. The

orifice was a hole in 2 i—inch plate with ites diameter
variation designec for constant time rate of temperature
drop. The last 1/16 eru of the 1 low passage was
straight in order that the streamlines in the jet would
be straight and axial and liencs the static pressure at
chiei orifiice exlt would egual dtmospheric pressure. The
glass impact tube was 0.005 inch 1In diameter and its end




(48]

were between 300 and 600 feet per second, The expansion
therefore took place in times ranging between l.4 X 1074
and 2.8 X 10"‘l second, The compression at the nose of
an impact tube takes place while the gas flows a distance
of the order of 1 tube radius. (See fig. S.) The com-

pression times then ranged between 7 X 107 and

2 ’~Y‘ -
14 % 1077 second. Commercial CO, was used and, be-
cause it-was fairly dry, a relaxation time of the order

of,10'5 second was expected, It seemed likely, therefore,
that this setup would approach the case of an isentropic
expansion and an instantaneous compression closely enough
for the results to bear at least a qualitative resemblance
to equation (4).,

Preliminary to the investigation of heat-capacity
lage, it was necessary to make sure that hydrodynamic
effects other than heat-capaclity lag would not produce a
reading on the alcohol manometer. Air and later nitrogen
at room temperature were therefore substituted for COo
at the beginning of each run. It was always found in
these preliminary tests that, vhen the tube was properly
alined, the differcnce in pressure measured by the alcohol
manometer was, very small and could be accounted for
entirely by lags in the small vibrational heat capeacity
of air (about 0.02R).

Carbon dioxide was then introduced into the apparatus
and the observations shown in figure 4 were made., The
gas was heated before entering the chamber, and its
temperaturse was measured by. a -amall thermocouple inserted
in the jet close to the impact tube. In accordance with
aerodynamic experience, the temperature measured by the
thermocouple was assumed to be 0,9Tg + 0.1Ty. The dif=-
ference betwcen TO and Tl was always less than S0P P,
corresponding to a difference in cy3p ©of less than
8 percent, and was thus considered accurate enough to
assume a constant c 4 and to compute this value at a
] y o M
temperature T = O "1
(o]

The pressure. pg = Py Was read by the mércury
manometer, Py by a barometer, and Py = Ps by -the
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alcohol manometer, which was fitted with a microscope to
make possible readings to 0.001 inchs

In figure 4 the reading of the alcohol manometer is
plotted against the chamber pressure pp/pjs The ex=-
perimental values at both temperatures agree with the

heoretical values more closely than could have been
anticipated.s It will become clear later that the theo-
Eetical and experimental valuc g agreed so closely because
small entropy lncreases in the orifice, attributable to
too-rapld expansion, Ju st about compensated for the fact
that the compression was not quite instantaneous compared
with the relaxation time of the gas. It should be
oo“nted out that ordinary hydrodynamic effects such as
galinement of the impact tuwe would be expected to pro=-

duce a total-head defect which would vary directly as
Po

——

Pq

GENERAL THEORY OF ENERGY DISSIPATIONS IN GASES

EXHIBITING HEAT-CAPACITY LAG

In the general case in which the temperature changes
may be neither very fast nor very slow compared with the
relaxation time of the gas, the temperature history of a
gas particle as it flows along a streamline must be con-
sidered. The problem 1s greatly simplifled 1f the effect
of heat-capacity lag on velocity distribution is

neglected in order to get the effect of the lag on energy:

dissipation. This nrocedure can be regarded as the
first step in an iteration process and is probably ade-
gquate for the avplications now contemplated, The re-
striction that the temperature changes involved in the
flow are small cnouia for the heat capacities to be con=-
gidered constant is also retained.

Assume, theroforo, hat the velocity distribution in
the field of flow 1s determined by standqrd gas-dynamlcs
methods. The velocity distribution is usually given as
a function of space coordinates u(x,y,z) or along the
O-streamline as wug(s), wherec s 1is the distance along
the streamline. ihjs cxpression can be converted‘ig a
function of time wu_ (t) by iIntegration of dt sl

(@)
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along a streamline., The functbion ug(t) 1is taken for ' .
granted and the entropy increase in the flow along a
streamline is determined.,

By introducling the variable €, which represents
the excess energy per unit mass in the lagging heat
capacity over the energy at equilibrium partition at the
translational temperature T, it is seen that

(]
c§?+%u“+ €= Constant (7)

The assumption is now introduced that there is only
one type of heat energy in the gas Evib which lags
appreclably behind the translation temperature and that
its time rate of adjustment 1s proportional to its de-
parture from equilibrium; that is,

This assumption is in agreement with the spnic theories
previously discussed, From the definition of ¢,

e = F -

. Ci
vib vib

because cvibTvib is.tbe eguilibrium value ?f. B ib
(measured from an arbitrary zero). By combining these

equations, Eyip Con be eliminated to yield
de aTr
. o - s = -
at Wb TR RS (8)
The meaning of Xk can be made clear if the variation of ,J

¢ with time is examined for the case in which the total
heat energy of the gas remalns constant. In this case,

oDT + € = Qonstant
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Equation (8) then beccmes

de _ Svib de e
dt gt Mo
p (W8
or
& o el
L8 = Al
at cp

X cp ., ' 4
from which kE*T is the recivrocal of the relaxation
p
time T of the gas. It will be seen that these equa-
tions are restricted to gases with only one relaxation
time.

In order to simplify later expressions and to
clarify their physical meaning, there are introduced the
dimensionless variables

t ™
1 = -_..._._S.__.__.. e
i Cyib Ue C R W
'Elj"" =
4 (9)
.1 8.0
U.' e U K - TU

where h and U are a typical length and a typical
velocity in the flow and K 1is a dimensionless parameter
that is a measure of the ratio of the times in which
temperature changes occur in the gas to the relaxation
time of the gas. It will be seen later that €! 18 de-
fined to make 1t become unity after ean instantaneous ex-
pansion which starts from rest with equilibrium energy
partition and ends with the velocity U. Eliminating T
between equations (7) and (8) and introducing the non-

dimensional quantities gives
2
Ye ! 1171
dE + Ke! = cu'” (10)
sl ag?

If u'(t') 1is known, the integral of equation (1C) can
be written as
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) o ‘
dut? /rat! N
e att + Constan?/) (11)
L

- JKat! {
L =6 !
Nl

€

The rate of enbtropy increase in the flow can now be calcu-
lated from equation (11). The rate of heat flow from the
temperature Ty4p tO T 31is ke; hence,

@:ke(%-
~J.

Al

3 ) (12)
vib

Now & = c._. @‘. - T} and equation (12) can be written

1 X
d.t Ak T + .._E..._)
\ Cvib

The entropy increase along the streamline in question
between the starting time t and the time t 1is

0
i 1 10
A8 = / ke R \ dt (13)
. L’O \ Y mp /
\ CVib/

In order to obtain the total entropy increase, equa=-
tion (13) would have to be integrated over all the
streamlines in the flow with the use of equation (7).

Similarity Law for Low-Velocity Flows

The calculation of energy dissipations can be simpll-
fied if the restriction to flows involving pressure and
temperature changes that are small compared with ambient
pressure and temperature 1s adopted. The greatest ad-
vantage of this procedure is that the flow pattern ob=-
tained in an incompressible fluid can be used as an ap-
proximation, This fact is important because few compres-
aible fluid flows are known accuratelye. If this
restriction is accepted, %k and hence K can be assumed
constant for the flow, Equation (11) then becomes

~-Kt! /;ﬂdu'z eKt'

€' = ¢ e
W dag!

at' + Constan%) (14)
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Now both e and variations of T are small compared
with T and equation (13) becomes
17 g :
A5 s 2 qat (15)
Cyipt o

It is now shown that there is a simple relation
among the dependencies of the energy dissipation in a
low-velocity flow on the scale of the flow, on the typical
velocity, and on the relaxation time of the gas. This
relation is that the .entropy increzse, reduced to non-
dimensional form, depends in geometrically similar flows
on & single parameter K. .

Equation (15) can be rewritten as

- o) sk
1l C.D'Ix /]:\'2 Cvib\é (‘ o
AS = S LBy i ,v/ €150 ARY >
Cpcvibfa‘\\ p / t'0

Introducing the nondimensional entropy increase AS' Dy
dividing AS by the entropy increase following an
"instantaneous" compression gives

*=

my -

From equation (14), it 1s known that ¢! and hence AS!
depends only on K for s B
)

Approximations for Large and Small Values of K

The integrations of equations (14) and (16) are
sometimes difficult to perform analytically and laberious
to evaluate numerically. For the special cases in which
the relaxation time 1s either long or short compared with
the times in which temperature changes take place in the
gas, it is possible to use approximations that consider-
ably recduce the numerical labor. In these cases, it is
possible to express AS!' in terms of integrals in which
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K does not appear under the integral sign; thus, these
integrals need be evaluated only once to deterane AS!
for all values of K for which the approximation is
valid.

The case of short relaxation time, when K 1s large,
will be treated first. In order to avold confusion, the
symbol t's 1is introduced into equation (14), which
becomes £

P a
2
1“ ~K(ttg=-t!
/ du'® (tta=t')

1
= dt (17)

¢! (‘t'a)
t'y

For a large value of K, most of the contribution to
this integral cormes from values of t!' so close to t'g

that the following approximations can be made:

2

e
1\172 <d].l‘b _ u! = u'a

1 . g1, = -
gt dt' /a a du'®
dt? Ja

and the lower limit of the integral in equation (17) can

be replaced by o . Fquation (17) then becomes

(Rl T s
o Wf - wg®) faw
(&), )

where the sign of the lower 1imit 1s opposite that

u'2
e Hence, for K >> 1,

2
= it L u'f
€‘(t'a/ —'?<dt )a AS = YJ <dt' > BT (18)

The case of long relaxation time, when . K 1iIs small
compared with 1, is now considered. In the usual flow
problem, the pa° velocity changes appreciably during a
certain time interval - say, from O to t'; - and then
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settles to a new steady value, The "problem can be
aivided inta two partsi' O < 1 <N TN SEEE TR
If K. 1s small enough, the change in €' due to the
¢'=term in equation (10) is small compared with the

l)
change due to the %ﬁ%—— erm and can be neglected in
the calculation of the entropy increase ASty- "during

tiie first interval; thus,

e! = 1112 3 U.'Og
where u‘o2 13 the veloclty squared at ¢tt' = 0. Hence,
Af At
[ = (e o
oty = 2K J el gt —ien / Gﬂg - u'02)2 dat!
“0 e

In order to compute the value oX €% at  tiy, “the

total contribution of the ¢€t-term in equation (10) is

added to the total change in the square of the welocity
[>)

during the first interval Aui®, Thius
2

2 b 2) 1 2 2\
€1y = Au! -KJ €' dt! = Aut™eg (u’ + uhgt Jat?
0 0

In the perlod after t';,

I Gy

and the entrcpy increase in this second period AS's 1s

,’\oo

! ~2K (L -tt o
AS’2:2K6712 l' eé‘(t tl) A= Erl

uftr_‘

The total entropy increase in the flow 13 therefore, for
S
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t'l
)
AS!' = 2K b(‘ (u'Oz o u12>~ at!
0

o
]

+rI’ ft’l( 1 2 12 2
i i« algl = 0 ) A UEEN A
0 .

o

Calculation of Total-Head Defect in Flow
about a "Source-Shaped" Impact Tube

The total-head defect to be anticipated in a com-
pression at the nose of an impact tube of a special shape
is calculated to be used in the measurement of the re-
laxation time of gases. The restriction to low veloci-
ties adopted previously is retained, chilefly to permit
the use of incompressible-fluid theory and of the simi-
larity theorem.

The flow about bodies of revolution in a uniform
stream 1s usually calculated by considering the flow

about sources in the fluid. (Compare reference 6,
De 146.) Tt is possible to find a surface in the flow
across which no fluid flows. If a s0lid body shaped

like this surface is substituted for the 'sources, no
alteration outside the surface occurs; the Tflow about
the solid body is thus identical with that about the
sources. The flow about a single source in a uniform
flow is calculated in reference 6 and the corresponding
shape is plotted in figure 5. The total-head defect
to be anticipated for a tube of this shape 1s calcu-
lated as follows:

The velocity along the central streamline 1s re-
quired. This velocity is given on page 147 of refer-
ence 6 and is plotted in figure 5 as

2

a
4 X - U — me—————
J.( ) < 16X2>
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where:
5.< distance along central streamline from source
U veloclty far from body
a ‘dilameter of impact tube

This expression can be converted to the following non-
dimensional form by using U  as the typlcal velocity
and ‘d as the typlcal dimension:

1 3

16x! ey
X

uldxt) =4 -

The next step 1s to find - u' (V)5 The quantity &' can
be found as a function of u' by integrating

)
ati = B o L

du!
ne ) 2

1.0 u,)S/z

The choice of the zero of t!' .is arbitrary. For con-

venience, if t' = 0 when u' = 0.99, then
,Jl!
1 du!
El = =
5 Jpooo L - w2

= Llog (L LovTI=u), 2 _ 2| (20
8;_ ° l+\,/l—u‘/ vl - u'

The next step is to determine ¢€'(%t') from equation (14).
Then, by use of equation (19),

2 <
du! 2 du! 2 8
e 1 et S Y 1 . 1 v
o 2u o 16uEo 1 u') | (81)
Because ¢! 1s zero initially (t' = -») and remains zero

until u' begins to vary rapidly with time, if K 18 not
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too small, the lagging heat capacity can be assumed to
follow the temperature changes in the gas up to the point
u! = 0,99 that is, €! = O can.be uped for 4= 0.
Combining this fact with equations (14) and (21) yields

t!
e'(t') = ~e~Kt! t[ﬂ 16u'2(1 - u')a/EeKt' at! (22)
0

In view of the partly transcendental nature of equa-
tion (20), it was necessary to integrate equation (22)
numerically. Equation (20) was plotted (fig. 6) in
such a way that the values of u' corresponding to
regularly spaced values of 't' could be found easily.
By Simpson's rule, ¢€f(t') was then found for a series
of values of K. An example of the result of such a
calculation is given in figure € for K = 3. The
entropy increase along the central streamline was then
found from equation (16).

Values of AS!'  found from integrating equation (22)
by Simpson's rule and equation (16) with a planimeter
are plotted in figure 7 and are given in the followilng
tables:

RESULTS OF NUMERICAL CALCULATIONS OF AS!

FOR SOURCE-SHAPED IMPACT TUBE

! AS!

=

0.1685
«405
«516
« 676

) . 868

o1 . 952

HMN WO

For large and small values of KX, the approximations
developed earlier were used to reduce the labor of cal-
culations and yielded the result AS' = 1,743/K when

K 1s large and AS' = 1.452K + (1 - 1.008K)2 when K

is small. These results are plotted in figure 7; this
figure thus indicates the range of applicabillty of these
approximations.
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Calculation of Entropy Increase in Flow

through a Nozzle of Special Design

For the measurements of the relaxation time in COp,
a nozzle is employed in which the gases expand and ac=
celerate before meeting the impact tube. This expansion
cannot always be made slow enough = that is, the nozzle
large enough = that the cxpansion through the nozzle in=-
volves a really negligible entropy increase; hence, the
results of figure 7 must be corrected for the entropy:
increases in the nozzle. In order to simplify the cal-
culations, the nozzle was so designed that the time rate
of temperature drop was constant. It can be shown that
the entropy increase in a nozzle of this design is

; ot ;
pSt = o 25 6 . e"é'"{N\ + 2= - o5H)
Ky oy N\ /T ook

dik

where Ky = and U 1is the final velocity attained
by the flow In the nozzles It must be remembered that
the calculations for the impact tube presumed ¢! to be
zero initially. This condition 1s the case only if

Ky o> 1 and hence the calculation given here is valid
only for this case.

l=
o }

From the definitions of K and Ky, it is seen

that Ky = €I< and hence the total entropy increase

AStp = ASTL .+ AS'y

can be expressed as a function of K alone for a given
1/d. This total entropy increase is plotted in fig-
ure 8 against K for the two values of 1/d used in
these experiments and for 1/d =e, v

MEASUREMENT OF RELAXATION TIME OF 002

The theory will now be applied to the measurement
of the relaxation time of COoe This work was
undertaken both to test the theory and to develop a
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technique that would supplement the sonic methods pre-
viously used for measuring relaxetion times, The

method essentially consists in expanding the gas through
a known pressure ratio in a nozzle and compressing it
again at the ncse of a source~shaped impact tube. 'The
resultant total-head loss is divided by the total-head
logs ‘that would be obtained in a very slow expansion and
a fast compression (equation (4)). This nondimensional
total~head loss 1s compared with a theoretlcal result
such asg is shown in figure 8 and the value of = K . appros=
priate to the flow 1s.found, From this value of K,

the .relaxation time of the gas can be easily computed if
the velocity before compression and the diameter of the
impact tube are know.

During the compression of the gas, the temperature
and pressure rise from Tl and Dy to T2 and Pos
respectively. The relaxatlon time and the heat capacity
of the gas thus change along a streamline., - The pro-
cedure previously-outlined then gives an average relaxa=-
tion time for the flow, It is assumed that this average
relaxation time 1s the relaxation timec appropriate to
conditions halfway betwcen compressed and expanded con=-
ditions. -Because p le elese to .p and T, = TO’
these conditions P &nd T can be found from

D = ;?JD_._+__lp

2

and -
e 4

L= R

~

The errors introduced in this way certalnly are no
greater than those due to the low=-velocity assumption
introduced in the theory upon which figure 8 is based.

Gas
The gas used in these experimcnts was commercial

"wone~dry" COy. This gas was dried by passing it
through calcium chloride and then dehydrite while it
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was at a pressure greater than 40 atmospheres. The puri-
fication procedure was not so thorough as methods used.

in some previous investigations, and it is to be expected
that somewhat shorter relaxation times would be obtained.
The primary object of this work is to establish the self-
consistency of this test method rather than to obtain ‘an
accurate relaxation time for pure COg.

Apparatus

The apparatus used is essentially the same as.that
schematized in figure 2. 4 longitudinal section through
a chamber of the most recent design is shown in figure 9.
(The chamber used in the tests discussed in the next sec-
tion did not incorporate the liner and the gas entered
from the bottom.) The gas enters through three holes
that were made small to stabilize the gas flow into the
chamber. The glass wool is necessary to remove turbu-
lence from the gas in the chamber and contributes materi-
ally toward reducing the total-head defects obtained in
gases without heat-capacity lag. It was found that
total-head defects traceable to nonuniformities in tem-
perature existed. and could be reduced by the use of the
lined chamber shown. The fact that the gas flows around
the "inner chamber before entering helps to keep the gas
in the inner chamber at uniform temperature,

The temperature nonuniformities can be almost elimi-
nated if the gas entering the outer chamber 1s at the
same temperature as the chamber, A mechanism was used
to adjust the alinement of the impact tube without moving
the tip from the center of the nozzle. The impact tube
must be adjustable in order that small errors in shape
near the hole will not give spuriocus total-head defects
(in helium, for example). The gas and the chamber were
heated electrically and a thermocouple inside the chamber
was used to measure the gas temperature.

The nozzle used had a circuler cross section, was
1,6 inches long, and was designed according to the methods
previously described to give a constant time rate of

%%— = Congtant Torssh@ Tirst

1.5 inches, the last 0,1 1inech beling straight. The
radius of the nozzle r 1is plotted against the distance
along the center line x in figure 103

temperature drop; that 1is,
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Two impact tubes with diameters 0.0299 inch and
0.0177 inch were used in these experiments. They were
made by drawing out glass tubing until a plece of ap-
propriate diameter and hole was obtained. The hole was
kept larger than about 0.004 inch and the fine section
not too long (=1/4 in.) to prevent the response of the
alcohol manometer from being too sluggish. The ends
of the tubes were ground to a source shape {fig. B) on
a fine stone. Durlnp the grinding process, a sllhouette
of the tube was cast on the screen of a prowectlnv micro=-
scope and the contour superimposed on a source-shaped
curve, By this technique the contour could be ground
to the source shape within 0.0005 inch, except for the
hole, in a short time.

Tests and Computations

The total-head defect in COp was measured with the

two 1mpact tubes over a range of chamber pressures. The
consistency of relaxation times obtained at various pres-
sure ratios and with various 1mpact tubes serves as a
check on this method of measuring relaxation time and on
the theorv on which the metkod 1s based. v

Before each series of mea%urewentq altrogen, which
has only a négligible vibrational heat content at room

”temperature, was run through the chamber to be sure that

no spurious effects and leaks were present. In the re=
sults reported herein, the errors due to these effects
were kept to 1ess than 0:01 percent of the chamber pres-
sure; therefore, the resultant error in relaxation time
due to these canses was less than 4 percent. In sub-
sequent work (not reported herein), it was found that
most of these total-head aberrations could be eliminated
by enqur*ng uniform temperature-in the issuing gases.

'If care is taken to eliminate temperature nonun¢formities,

tube misalinements, and turbulence in the c¢hamber,” the
total-head aberratlonq can be fauuced to O 002 percent or
Lesss !

The total-head defects obtained were divided by the
result of eguation (4) to reduce them to nondimensional
form. The appropriate value of K was found by refer-
ring to the appropriate curve in figure 8. The gas
velocity was computed from the reading of the mercury
manometer by the enthalpy theorem with adiabatic expansion
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assumed. The relaxation time was then computed from the
definition of X by equation (9). The relaxation times
thus obtained were expressed in collisions per molecule.,
The nurber of molecular collisions per second in COg

was assumed to be 8.888 X 109 at 16° ¢ and & atmosphere
by combining tables of pages 26 and 149 of reference 7.
At all other temperatures and pressures, the number of
collisions was assumed to vary inversely with +/T and
directly with pressure. The number of molecular colli-
slons per second and the heat capacity of the gas were
computed at temperature T and pressure p. The data
obtained are given in tables I and II for the 0.0299-

and 0,0177-inch tubes, respectively.

The results are plotted in figure 11, which indi-
cates that the relaxation time in collisions is nearly
independent of pressure ratio and impact-tube size.

This consistency constitutes the desired verification

of this test method. It was expected that a variation
at high pressure ratios would appear in view of the
assumption of low velocity made at several points in the
theoretical development.

A large part of the scatter of the results in fig-
ure 11, in particular the apparent drop at low pressures,
is attributed to the fact that in the tests the average
temperature (halfway between chamber and expanded tem-
peratures) was not held constant during the run.

The average number of collisions obtained with the
0:.0299~inch tube was 33,100; with the 0.0177-inch tube,
32,000, The final result at 105° F thus is 32,600,
which is somewhat lower than the result of recent inves-
tigations in which the (0o has been much more carefully

purified than in the present investigation. (Compare
with fig. '1.)

IMPACT-TUBE METHOD OF MEASURING RELAXATION TIME OF GASES

The Impact-tube method of measuring the relaxation
time of gases rests essentially on the fact that the
total-head defect not traceable to heat-capacity lag can
be reduced to a very small value - say, 0.002 percent.
Very small dissipations due to heat-capacity lag are
therefore measurable. For example, a gas having a
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lagging heat capacity O.1R with a relaxation time of 10=7
second could give a total-head defect of 0.05 percent.
If the gas had a lagging heat capacity as large as R, &

relaxation time as short as 10"8 second weculd be meas-
urable.

This method seems to be easier to carry out than the
sonic methods previously discussed and can be used to
measure relaxation times with comparable precision. The
quantity of gas required to make a measurement will be
larger than for the sonic methods (a standard tank of COg2

lasts about 5 hr in this apparatus) and thus may make it
more difficult to attain high purlity.

If the gas to be studied has a long relaxation time -
greater than 50 microseconds, for example - it should be
possible to measure the relaxation time in an apparatus
similar to the one discussed by comparing the total-head
defects obtained with a calculation of the entropy in-
crease in the nozzle. In this case, the time taken for
the gas to flow through the nozzle is compared with the
relaxation time of the gas. The shape of the impact
tube would be unimportant in this case as long as 1t was
small enough that K << 1.

CONCLUSIONS

The existence of energy dissipations in gas dynamics,
which must be attributed to a lag in the vibrational heat
capacity of the gas, has been established both theoreti-
cally and experimentally.

An approximate method of calculating the entropy in-
crease in a general flow problem has been developed. The
special case in which a gas at rest expands out of a
specially shaped nozzle and is compressed at the nose &/

a source-shaped impact tube near the mouth of the nozzle
has been treated, and the dependence of the resultant
total-head defect on the relaxation time of the gas has
been found.

The total-head defect in this flow has been applied
to measure the relaxation time of COo. " The results

obtained with two impact tubes were in agreement within

\
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about & percent. The consistency of these results is
regarded as a check on the general theory developed and
on this measuremsnt method.

Langley Memorial Aeronautical Laboratory,
National Advisory Committee for Aeronautics,
Langltey Fleld, Va.
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APPENDIX A

SONIC MEASUREMENTS IN CARBON DIOXIDI

Much careful work has been done on the lag in the

vibrational heat capacity of CCo. Carbon dioxide is a
linear molecule and thus has a translational and rota-

=
tional heat capacity of %R. It has four normal modes

in vibration that are dlagrammed with their frequenciles
a3 follows (data from reference 8):

0 c &0 vy = 4,164 X 1015
T
0 C 3 Uy = 3,003 X 101° 2 modes
ot Csbtl ) By = 72050 X 101%

The heat capacity of COo 1is somewhat complicated

by the fact that the second excited state of the oscil-
lation vy has almost the same energy as the first

excited state of vy . The near resonance results in a

strong interaction through the first-orcer perturbation
(the first-order departure of the potential energy from
the square law) between the two states involved, as was
pointed out by Fermi (reference 9). hig_perturbation
produces significant disturbances (=E0 cm’l) of the levels
involved but does not have a large effect on the heat
capacity of the gas. The heat capacity of COp was

computed by Kassel (reference 10) and his results are
used in the present calculations.

Fucken and his coworkers have carefully studied over
a period of years the dispersion of sound in COg
(references 11 to 15). One conclusion of this work -
that the vibrational energy levels in COp adjust with
the same relaxation time - 1s demonstrated by showing that
the dispersion curves obtained fit a simple dispersion
formula such as Kneser!'s.

Kiehler;, for example, obtained a simple dispersion
curve at 410CS C, at which appreciable heat capacity due
to all three normal modes would be expected. Richards
and Reid (reference 16) and others (see bibliography of




L-457

27

reference 2) have maintained that the symmetrical valence
vibration v; of (O, does not adjust at 9 kilocycles
in some dispersion measurements made near room tempera-
tvre. As they point out, this fact is remarkable be-
cause the second excited state of v, strongly perturbs

e flret excited state of V,;. In any case, the con-

tribution of this normal mode to the heat capacity
very wmu11 at rcom temperature and the effects found are
near the 1limits of the accuracy of Richards and Reide.

The relaxation time of COs in molecular eollisions,
as given by Eucken and his coworkers, is plotted against

T 3 (T in ©K) in figure 1 for comparison with the theory
discussed in appendix B. Van Itterbeek, de Bruyn, and
Mariéns (reference 17) measured the absorptlon at 599 kilo-
cycles in very carefully purified COg. Their measure-
ments, which are also given in figure 1, show a longer re-
lexation time than the measurements of Euoken and his
coworkers. They attribute this increased relaxation time
to careful p”?‘flCdL*)ﬂ of the gas.

All the measurements with CO, have indicated that
the relaxation time is inversely proportional to the
pressure of the gas, This uuvlt shows that the process
responsible for thc int crcbaupe of energy between vibra-
tional and other dcgrees of frecedom is bimolecular.




APPENDIX B )
THEORY OF EXCITATION OF MOLECULAR VIBRATION BY COLLISIONS

Landau and Teller (reference 12) have given an ap=-
proximate calculation of the probability of the excita-
tion of a-vibrational quantum in a molecular collision.
Assuming that the interaction energy which induces the
vibration depends linearly on the &o”nal coordinate of
a2 harmonic wvibration, tuﬂ' méke a first-order perturba-
tion calculation. WHG maurlx clement for the transi-
tion from the th to the (1 + 1)th or from the
(2 + 1)th to the 1th vibrational stete iz then pro-

portional to V1 + 1. The transition probabilities
kis are proportional to the sguare of matrix elements
and therefore

k.o tk

01 2k

12:]&2(5 = Kqp8 :kzg = 131245

8 1 (O

and, when 1 - j £ #1, kij
in reference 18 to lead to the prediction that all the 4
allowed Lran31u1~nq in a given normal mode have the same
relaxation time. ILandan and Teller next examine the
collision process claqq*CQWI assuming the interaction
energy ucfweor translation amd vibra tlon to be propor-
—-—h
tional to e %, where x 1is the ¢istance between the
molecules and a is an undetermined constant. They
also agsure that the translational energy of the mole-
cules - that 1s, the collision - is adiabatiec, The
ameunt of energy transferred to vibration in a collision
1s then calculated and used to estimate the transition
probability to1 @and the relaxation time of the gas.
They conclude that the temperature variation of the ro-

laxation time expressed in molecular collisions is given
by

—

O« This result is shown

, S
.

1l
mauv
Collisions = exo( Zn 5\@/(~._L__
\ \/ & 4

‘~‘__.._¢/’

where M 1s molecular weight.

In figure 1, experimental results for the relaxation
time in collisions of €Oz and nitrous oxide N0 are
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1

plotted against T 3, The theoretical results are seen
to be straight lines, within experimental error. The
value of a can be found from the slope of the stralight

line. For €0z with v = 2.003 x 1015, a=0.22x10"8 em

and, for Ng0 with v = 1.773 x 10%%, a=0.36x10"° cm.
These reasonable values for a are a further check on
this theory.

It should be pointed out that the temperature varia-
tlon of catalytic effects is quite different from that of
pure gases, the number of colllisions required being nearly
independent of temperature. (See Kuehler, reference 15.)
Various attempts have been made to associate the effective-

-ness of catalysts with their rhysical or chemical proper-

ties but no generally successful rule seems to have been
proposed. Gases that have some chemical affinity, gases
with large dipole moments, and gases with small moments
of inertia are usually most effective.
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APPENDIX C

THE ENTHALPY THEOREM

#\

“If no energy 1s transmitted across the walls-of.a
stream tube, the total energy (Internal energy -E plus

\ .
Kinetic energy per unit mags %11 I plus the work done by

" ’ N T, v /
pressures pV must be the same at any cross section of .
the tube; that is, ‘

S % Fia pvV = Constant s vy Q)
5 < ] . ;

'In the case of a perfect gas with constant heat capacity
and with equilibrium partition:of cnergy, equation (C1)
becomes

e
cDT + 511 = Conatant (c2)

where o is the heat capacity at constant pressure and

T is the absolute temperature., Whenever equilibrium
partition exists, even though nonequilibrium states have
been passed through, equation (Cl) is applicable in the
absence of viscosity and heat conduction and equation (c2)
can be applied to perfect gases, provided the heat
capacity of the gas can be considered constant.
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TABLE I.- DATA AND CALCULATIONS FOR 0.0299-INCH TUBE

1 2 3 4 5 6 7 8 9
Total-head Total-head
defect, defect
Chamber p Average |from inst. Total . | K Gas Relaxa- Collisions

pressure, 0 . 1 tempera- {compression AS? (from velocity tion (r X Collisions

po/p1 Po tBre, theory, <§ol. 2) flgs B)pat snd of}l Lime, per molecule
{atm) lOOp g Po Cols 4 nozzle, _— a per sec)

0 _ 4] M 7o — 1 U Tk
Dy 1 - (in./sec) | (nicro-
Po ] sec)
(percent) Py
(percent)

14185 Qeol 115.0 OebB11 0.526 2.03 5640 2«81 24,000
12588 .482 109.8 «815 + 591 1.58 6464 2495 27,800
1,383 669 107 .5 1.024 .663 1.23 7188 . 3.38 33,200
1,388 . 805 100.7 1,198 872 115 i - e & - 3042 34,700
1.464 « 266 101.6 1l.412 .684 1.07 8336 5435 35,100
1.82% 1.088 98.2 1. 57 .690 1.05 8761 3.25 38,000
1.580 15195 96.1 1,706 699 1.02 9090 3.26 35,900
1672 1.344 93.9 1.934 «+895 1.025 9611 3.04 34,700.
1.734 1.445 92.6 2+078 .696 382 9936 295 34,500
1.738 1.467 92.4 2.084 704 «982 9955 3.06 35,900
1,298 .586 107.8 941 623 1.38 6910 4,17 30,400
1.380 721 105.4 1.098 656 1.21 7423 3.33 33,100
1.364 . 758 111.5 1,158 . «688 1.21 7591 3.25 32,400
1.422 . 880 107.2 1.312 671 1.14 8001 .26 33,300
1.499 1.025 99.2 1,802 .682 1.075 8573 5485 34,500
1.552 1.130 98.1 1.641 . 688 1.08 8926 3.19 34,700
v, 33,100




TABLE II.- DATA AND CALCULATIONS FOR 0.0177-INCH TUBE

) 2 3 4 S 6 A 8 9
Total-head : Total-head
defect, defect
Chamber 5 Average |from inst. Total K Gas Relaxa- Collisions
pressure, ST 1 |[tempera- compression AS!? (from velocity tion (v x Collisions’
PO/Pl Po ture, theory, (Col. 2) figs 8)]at end of time, per molecule
100 T P Col. 4, nozzle, P rer sec)
omm; Po _ 4 | °F) 2.1 U T= T
Py 10025“____ (in./sec) |(micro-
(percent) e 1 sec)
. : P1
(percent)
1.442 1.014 97.7 1.34%2 0.756 0.73 8146 2.98 31,700
1.315 765 el o 1.041 735 81 7232 3.02 29,700
1.53 .748 106.1 1,08% .708 .92 7289 2.64 26,700
1.389 . 900 98.8 1.196 753 74 7723 3.11 32,400
1.278 633 100.8 +876 .723 .85 6687 P i R 30,800
1.289 1§ 3.9 110.1 742 +699 - 97 6182 2.90 28,400
1.205 .480 12%.1 . 683 .704 .83 £2490 3«20 30,200
1.467 15360 - 1100644 1.429 ol 70 67 8377 3.15 33,7CC
1.686 1.521 95.2 1.9%2 1l BT 9703 272 32,00C
1.612 1.383 96.0 1.788 174 a7 9283 2.85 32,800
1.665 1:495 95.0 1,929 i 2 .65 9585 2.84 33,100
1.581 1.317 95.1 1,708 s {74 .67 3088 2.91 32,800
1.5566 1.283 96.1 1.644 .780 .64 8937 35.09 34,500
1.548 1.276 99.2 1.637 .780 64 8912 3.10 34,400
1.531 l.244 100.9 1.594 781 .64 8807 S.14 34,600
1.515 1.216 104.3 1,564 178 ,65 8728 3.12 34,000
Jl«482 1.123 102.9 1.468 « 765 «69 8482 3.00 32,600
1.417 «986 107.3 1,298 » 150 PR | 8013 3.11 32,500

4%

Av. 32,000
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