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INTERNAL AND EXTERNAL AERODYNAMICS OF DUCTED
BODIES AT SUPERSONIC SPEEDS
By Clinton E. Brown

SUMMARY

A method for calculating the 1lift, moment, and
vressure drag of slender open-nose bodles of revolutlion
at sumersonic speeds 1s described. An avplication of the
methol to & typlcel ram-jet fuselage 1s shown to give
excellent egresment wvith available experimental data.

A drag comperison was omltted because of the presence

of sltin-Triction drag 1n the experimental drag data.

The nroblem of obtaining high total-pressure recovery at
supersonic speeds 1s élscussed &nd some exnerimental
data obtained at the lLangley Memcrial Aeronautical
Laboratory of the NACA on circular diffusers is pre-
sented. Tt 1s oointed out that variable-pgeometry d4if-
fusers might be designed to glve high 4iffuser efficlen-
cles over a wide range of Mach number.

INTRODUGCTION

Work on ram-Jjet housing bodles was started at the

NACA in the summer of 1943. At that time, no experi-
mental data of any kind were available in this country
on ducted bodies at supersonic speeds. As work pro-
gressed, an open-nose body of revolutlon was selected
as a fuselage for a possible supersonic alrplane. A
test progrem was started in the I.angley model super-
sonic tunnel and a 5-1nch model of the fuselage selected
was tested at several Mach numbers. (Curves from these .
data were obtalned of 1ift, moment, and drag coefficients.
In cnnjunctinr wlth the test program, an investigation .
was begun to find means for calculating the aerodynamle
characterlisticas of thesse bodles. As & result, a method
was found (reference 1) which, for the body tested,
%ave excellent agreement wlth the experimental results.

revious to this worl, a series of tests were conducted
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in a l-inch supersonic jet at the Langley Memorial
Aeronautical Laboratory-on-clrcular diffusers having a
small contractlon just benInd thé duct entrance (refer-
ence 2). Some of- the results obtailned are presented
ané discussed.

The discussion given in the present paper was
originelly presented at a Symposium on Sunersonic Flow
held at the Johns Hopkins Unlversity, Appllied Physics
Leboratory, Silver Spring, ¥d., on Dec. 6 and 7, 19L5.

SYMBOLS

x, r, 8 cylindrical coordinates

X distance along X-axis measured from nose of
body

length of body

R radius of body

B Mach angle (sin"l%{)

g(x, v, 6) nerturbation potential
#(x, r) perturbation potential for axial flow

¢2(x, r, 6) perturbation potential for cross flow

Vy " axial veloei ty increment (-6-2)
dx
Vi radial veloclty increment (%g)

v velocity in undisturbed stream
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veloclity of sound in undisturbed stream
M Mach number.in undisturbed atream (V/a)

density in undisturbed stream

Ap incremental surface pressure due to angle of
attack

P, local pressure

o] - pressure in undl sturbed stream

.4 ratio of snecific heats of alr (1.4)

a angle of attsck, radians (except where otherwise
noted)

6 angle betweenr surface of body and X-axis

Cy; 1ift coefficient Lift
ghzwnna

c drag coefficient [ —DX8& )
D P 2
2V2ﬂRN

c mowent coefficient Yoment
m
VawR

u variable of integration

& =x - Br cosh u
Jg = % - BRy :

po=2 0t
1 BRp

Ai = f'(§)1
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Subscripts and supdfscribth:“-

N refers to nosé ' -t

n refers to nth 1ntegrat16n-stat15n;'summation
varliable . .

1 refers to ith integration station, sumration’
variable

mex meaxlmum

deg in degrees

YATHEMATICAL' ANALYSTS
Pointed Bodles of ERevolutlion

The analysis that 15 orasented herein is essentlally
that found in refersnce 1. The mathematical methods used
were first develonsad by von Karmén end’ Foore (refer-
ence -) and aoplied to the cone probletr amni to sharps
nose projectiles. Tf the problew 1s reatricted to
slender bodles, the differential eguation of motion for
a compressible fluld can be linezrized to give, 1n
cylinirical coordinetes, the simple form

2 Y 2
9__2+l92+_1__2 (Mad.l)u (1)
r

where g is the potentlal function assumed to represent
the effect of a small disturbance set up by the slender
bodles being considered. The problem 1s, therefore, to
find a solution of equation (1) that will sstisfy the
¥nown boundzry conditions at the surface of the body.

A general solution of the differential equation (1)
when ¥ > 1 for Alverging waves has been found by Lamb
(reference ') to be, with a slight chenge in notation:

- E 8 8.
g = Qgr cos s8 + P_r-sin 80
]
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where B -
) b . ﬂ
% = (32) %
A (2)
o)
p, = (=
3 \pdr
J
and
(o -]
Q = Jr f(x = Br cozh u) du
0
Py = erg(x - Br cosh u) du
0
where

The part of Lamb's general solution corresvonding to
converging waves does not anply to tho» pres,uu 9roblem
since all disturbsances orlgirats on the body ar} dlvsrge
Iinto the flow fleld 1ntestigated Von ¥érmén and Koore
have investigeted the problem cf the reslstance of pro-
Jectilea and cones (reference 3) and have found a
solution for the case of axlal syrmetry

ﬁ:-f f(x - Br cosh u) du (3)
0

which can be seen to be a speclal case of the goneral
solution with s = 0., TIn thelr analysis 1t was found that
the body, 1n thls case a sharp-nose projectile, could be
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represented by g distribution of sources along the l-axia’
starking et x = 9, the nose of the body. 3y a numerical
method &f ;,pt_:egratzl'.qp the equations for the velocity
increments VF. and v, could then be written

n SN 1
Yry T 'B; By [\/(Tin)E -1- J@i-ln>2 il IJ (h)

n

vx_n =; Ay [cosh-l (Tin) - cosh_-l (Ti_ln):] (5)
where
- J
Ttn - anRn i
and

Ay =10 (E)y

with the boundary ccnditions

—E—= (6)

These three equations in three un¥nowns (A y Vo s V !)
n’ ‘r,* 'x

were solved at each statlon on the body for Vn and Vo
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The pressures were then found from the Bernoulli egquation
in the form-l

P - v v, 2 4 v, 2
i x=-1 O X T (7)
p 2 a a2

Ferrarl (reference 5) and Tsien (reference &) have
independently found solutions for the case of polnted
bodies of revolution at small angles of attack. It was
shown that the potentiel could be expressed in two terms:
the first, from equation (3),

o
ﬁl = -jr ri!x - Br cosh u) du
0

1s the solution for the nure axial flow already described,
send the second

¢2 = -3 cos © j‘ fz(x - Br cosh u) cosh u du (8)
0

represents the cross-flow potential of an arbiltrary
dlstribution of doublets along the axls of the bvody
starting at the nose of the cone or projectile. The
form of equation (C) 1s such that the cross flow is
from the direction 6 = 0,

By neglecting the small effect of the axial flow
on the lifting pressures, Tslen obtalned for the pointed
projectile of arbltrary shape the equations:
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2a Xn+l = *n Rn+1+F B Ky [\/7 2
- —— T -
B ; _ Rbase Boase g 2av (1-1 )

_ | : .

- \/(Tin) - 1} (9) .
H + 2 E V. _'
c. =28 xn.+1 xn xn+1 ‘n+l |
- BZ Rn+1+ J

(i ) -2 e

Base Base

(Tin)z - 1] (10)
2 P
1= Z 20.‘.} [cosh':-L (Ti-ln) - cosh'l(Tin)

i=1

+ (Ti-ln) '\/('1‘1-11&)2 -1-1" V(Tin)a il 1:} (11)

The values K; 1in these equations are assumed to be
constants for each interval of the step-by-step process.
The moment coefficient of equation (10) is assumed posi-
tive for nosing-up moments, the moments being taken
about the nose.
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Open-Nose Bodies

- The flow-conditions over an open-nose body differ
from those of pointed bodies in that, for finite angles
of the.nose lip, the flow 18 two-dimensional at the lip.
This problem was not considered in references 3, g;

and 6, and the general solution should therefore
examined to determine 1ts applicability to this special
case., 1t has been shown by b (reference l;) that a
‘sufficlent requirement for the existence of the general
solution to the differential equation of motion is that
f(x - Br cosh u) be zero for all values of the argument
less than some arbitrary limiting value. The determina-
tion of f(x « Br cosh u) such that the boundary condi-
tions at the open-nose body are satisfied assures the
fulfillment of this genmeral requirement. For the usual
case of supersonic flow into the nose, the boundary
condition requires the surface of the body to be a
continuation of a ocyllndrical stream surface of radius Ry
in the undisturbed flow shead of the body, as shown in
figure 1. The perturbation potentials (equations (3)

and (8)) muat thersfore be zero at the cylindrical stream
surface ahead of the body. Substituting £ = x = Br cosh u
in equations (3) and (8) gives

x~Br
g = -f fa(glaz (12)
- ¢(I - §)2 - ?‘lz

and

(13)

g < ooséj*‘m' £2(E)(x - E)AE
2 = - -
T e V(x- 22 - a2

The boundary condit!..ona are obvliously satisafied when
£1(&) = £5(&) = 0 for all valuses of £ < xg - Hig,

where the point (x5, Rg) is at the lip of the open-nose
body. Values of f3(5) and f3(Z) for £ > x5 - ER,

}
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then remain to be determined so that the body surface
is s continuation of this stresm surface. From physical
considerations, " f. (§) and f (§) may be regarded as

an axial distribution of sourcas and doublets, respec-
tively, where ¢ 1s measured along the X-axls. As the
effect of a source or doublet can only be felt along or
behind its ¥Kach cone, the source distributlon must begin
a distance BBO ahead of the, nose. This point 1s

chosen for the origin of the coordinate system. It must
be emmhasized that the source and doublet' distribution
determined by satlsfying the boundary conditlions at the
stream and body surfaces shown in figure 1 does not
represent correctly the flow inside that stream surface.
This result corresponds to the physical fact that the.
sctual supersonlc flow into the nose does -not affect

the flow external to the body.. The basic assumptions
.of potential flow and small JFlsturbances are valid
provided the slope of the 'body.surfece is small. Actually,
for finlte angles of the nose 1lip, a nonconical shock
wave 1s formed which causes & loss in total head and
produces rotation in the fileld.. )

Numerical integration of equation.(lz),-wbth cohq
stant values of fl'(g) over the integration lntervals

assumed, results in the same expressions for vr and vy

as those obtained by von Kdrmédn ‘and Xxoore (equations(h)
and (5))., These-censtant values of fl'(g) are deter-

mined by satisfylng the boundary conditlon:

n

Vp

—_— = tan 6
V o+ v, n (1)

where tan &, 1s the slope of surfaée of the body at
the n'® interval of integration.

By following the method of reference 5, the 1lift
and moment coefficlents for small angles' of attack
based on the area of the nose may be written
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) S Z+BI-'_1N ) -
Cy, =-—)=|'E—f f E’-’1-6-3-'005 6 d8 R dx (15)
TRy "V ox
¢} BRN

7 ,l1+BR N . } 6¢ .
c =——,+— (x-;-.!.-BR —g-cose de R dx (16)
m 2 2 N ax :
R, IV
N 0 VBRyx

where 1 is the length of the body, Ry 1s the nose

radius, and the moments are taken about the midpoint of
the body. Substituting the expression for 6¢2/éx in

eyuations (15) and (16) gives, for Cr, end G

!Jml
GL=——L§-—fcos‘Bd9f- R dx
My V Jy BR

N

(17)

f"'BR £21(2)(x - g)dz
e BE \/fz -2)2 - B2

o™

' 1+BR..
N
Gm=-—l+—'f cos20 def (x-é--BR) R dx

2
TRy VI
N BRy

(18)

Jpx'BR £51(E)(x ~ £)ag
0

BR \/(x - 2)2 - PR

The distribution function f2(§) must be determined by
the boundary condition
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LT

Va ¢on 8 = Eﬁé) (19)
r=K

which assumes that the radial velooity i1s normal to the
surface., A more rigorous boundery condlition taking

into acecount the slope of the hody was given by Terrarl
freference 5). For swall surface angles, however, equa-
tion (19) is within the accuracy of the small-perturbation
assumptlona. The expbression

(é_ﬂ_Z) -~ COB8 8 x-BR_ia'_(i)(x - §)2d§ (20)
r=F o

or 2
R V(x - 22 - B°R®

ls iantegrated numericsal for constant values of
fz'(g) = K; over the 1 interval of integration to

obtain the sum

R 1=1

+ (1.17) \/(Ti_ln)a -1-1" \/(T_*_“)a - (21)

Substituting thls egquation in equatlisn (19) gives

p2w -
l= 1 cosh'l(T n) - cosh l(& ﬁ)
2va 1-1 1
1=1

+ (111" \/(Ti_ln)z -1-m® \Knjn)a -1 (éz)



<
Bz?.'j_ g
¥ith-the values of o determined, egquations (17) and (18) become 2
g
Z("n "nl)(B + Ry 3 2av[\/ 11 - 1= \/(m"). '1:, %
i=1 . o
BzKi 2 I'
n- -1 - n-1\}" _
2aV B/ \/(T’ ) 1] : (23)
* RNZBL Z ;
> 4 x.n \ : 2 n\2
- j(xn xn_ R + Rn_ ){ 2av 'L_L l") -.-1-¢(T1~) -1]
i=1 .
2 :
n-1 -1
EEET TS s
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In equations (23) asnd (2l}) the pressure used for a
given integration interval is the average of the pres-
sures at the beginning and at the end of the interval.
This scheme of using average lifting pressure ls particu-
larly necessary in regions where the pressure is rapidly
changing. The method does not glve the pressure at the
beginning of the first integration interval, that 1is,
at the point n = 0. It can be shown that,as the first
interval aporoaches zero, the nressure at ths .lip (n = 0)
13 obtained by letting the expression in ejuations (23)

and (2l)

St [V - - )

i=1

have the value 0.5 when n = 1,

COMPARISON OF THEORY AND EXPERIMENT

Caleculations were made to-obtain the pressure drag,
1ift, and moment of the open-nose body on which tests
had been made. Figure 1 shows a diagram of the body
for which the calculations were made, wlth the integra-
tion stations at which the boundary conditions were
applied. The comvnutations were made for the Mach
mmbers 1.L5, 1.60, 1.75, and 3,00,

The experimental drag results had a considerable
amount of skin drag and a drag comnarison wes not there-
fore conclusive. Estimates of the slkin-friction coeffi-
clent showed, however, that the calculated drag was of
the right order. The agreerent of the e:perinental 1lift
and moment coefficlents with the calculated results was
quite good. Figure 2 gives a comparison of the 1lift-
and moment-coefficlient curves with the experimental
data. The effect of the internal flow on the 1ift can
be seen from momentum consideratlions to be AC = 2a,

whereas the moment which is taken about the mldpoint of
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the fuselage 1s AC, = a. These increments have been

added to the calculated results for the comparison. In
the tests, a tall-surface supporting ferrule was placed
over ‘the’ tall sectiomn,” and no experimental differences
1n 11ft end moment could be detected. It was concluded,
therefore, that the thickening of the boundary layer
ahead of the shock at the trailing edge was (in effect)
forming a ferrule tail when the ferrule was not actually
in place. 2ddltional calculations were then made for
the shape with the ferrule tail and, as can be seen in
figure 2, the agreement with experiment was improved.

The Zeneral results of the computations'are inter-~
esting as they show the effect of Mach number on the
body characteristics. In figure 3 the lift-curve slove

c /adeg shows an lncrease with increasing kKach number

as 18 the case wilth projectliles, tests of which were
made in Gerrany and Italy and reported in reference 7.
The pressure-drag coeffleclent CD drops off, as would

be expected. The effect of iach number on moment and
11ft can be better 1llustreted by plotting the effective
lifting pressures for different ¥ach numbers. In flg-
ure I, the distribution of incremental surface pregsure
coefficlents Anfag.; cos 8 1s plotted for M = 1.6

eand M = 3.0. As e Mach number increases, a greater
proportion of the 1li1ft 1s shown to be carried over the
coenter sectlion of the body and, as a result, a rearward
shift occurs in the center of pressure. Figure 5 shows
the distribution of drag pressures over the body. It
can be seen that over the conical nose sectilon the pres-
sures fall from the lip-wedge pressures (pressures on a
two-dimensional wedge of ths same sngle, reference () to
approximetely the pressure expected on a cone of the
same spex angle (reference :). At the corners the pres-
sures fall approximately 1in accordance with the Prandtl-
¥eyer relation for flow around a corner (reference ?3).
The methiod of calculation nresented hereln is glven in
more detail in reference 1.

Ferrari (reference 10) has developed the method of
characteristics for determining the flelds of flow about .
arbitrary bodies of revolution. BHlis method conslists of
a step-by~step determination of the pressures and veloci-
tles at all polnts ir the field starting from some lknown
boundar y. The work involved 1n obtaining 1ift and
woments is, however, esneclally tedlous as the step-by-
step process must be carried out along and around the
body.
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DIFFUSERS

The problems of obtaining high rem recovery in
supersonlc flows l1s of great lmportance. At high Mach
numbers the pressure recovered by a normal shock wave
becomes & small fractlon of the total pressure 1n the
stream; the total pressure losses through shock waves
can be reduced only by a reductlon in the Mach number
normal to the wave. Interest 1s therefore centered in
the design of dlffusers in which the intensity of the
-8hock waves 13 kevt to a minimum. Theoretically a
diffuser could be so shaved as to allow smooth isen-
troplc compression through the speed of sound; however,
Kantrowlitz end Donaldson (reference 2 ) have shown that
such 8 flow 1s unstable and unatteinable In practice.
If, however, a reversed Laval nozzle in which such a
flow exists were consldered, the Mach number at the
minimum-ares soection would then be unity, cerresponding
to a maxlirum mass flow per unit area. Any disturbance
in the stream causing a gain in entropy (loss in total
head) ahead of the minimum will cause a decrease in the
quantity PVpax. This decrease 1r mass flow at the

minimum leads to an accumulation of fluld which wlll
Immedlately cause a normel shock to progress uvstream
and the mass flow into the diffuser wlll thus be reduced.
If the area of the minimum section is increased, the
mass flow can be increassed and the shock wave out in
front will move down to a position in the divergling
paasage.

Clrcular diffusers.- The work of Kantrowltz and
Donaldson (reference 2) was done on clrcular diffusers
for the purvose of obtalning designs which, for a
sveclfied Vach number, would allow the shock to occur
in a region of reduced Mach number, thereby reducing
the total-pressure losses through the shock and giving
more efficient dilffusion. The results of the teats
showed that by a sultsble choice of contracticon ratio
(ratio of entrance area to minimum area) the efficiency,
even with a long subsonlc diffuser, could be made to
equal and to exceed, at hlgh Kach numbers, the efficlency
obtained by & normal shock alone. Figure 6 shows the
test results on three diffusars.of different contraction
ratios. The efficlency shcwn 1n this figure 1s defined
as the ratlo of the kinetic energy thst the diffused air
would have after lsentroplc expansion to free-stream
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pressure to the kinetic energy of the free stream before
entering the diffuser. The curvesa for the diffusers

that are designed for thé lower Mach numbers fall below
the normal shock lide. Thls result, however, 1s prabably
the effect of the larger ratio of friction loss to shock
loss in the lower supersonic Mach number range. The
curve lebeled "Crocco's résumé" is one given in refer-
ence 11 as the probable efflclency of diffusers for
supersonic wind tunnels that have large, well-established
boundary layers aheed of the shock. .

Annular inlets.~ Several proposals have been made

for missiles with annular inlets located back on a
projJeectile~-shaped nose. Tnlets of thia type seem to have
several outstanding disadvantages. The most serious 1is
the large boundary layer which, in passing through the
shock wave 1n the diffuser, will most certainly cause
serious senaration. Another problem is that the inlet
may be located 1n a high local Mach number region in
which the diffuser efficliency would be agaln imnpalred.

A preliminary test of such a diffuser has been made 1n
the Langley model suversonic tunnel. As the tests were
cut short, only a few polnts were obtained:; however, the
best efficiencles found were consideravly below those
obtained by Kantrowltz and Donaldson. Total-head
recovery of the model was 70 oercent at a khach number

of 1.55. In the work of Taylor and saccoll (refer-

ence 12) on flow over cones, it was found that for large
cone angles subsonic flow was produced on the surface of
the cone. This result 1mmediately suggests the possibllity
of ean annular diffuser built around a cone. At present,
further work 1s 1n progress at the Langley Laboratory of
the NACA on diffusers of this type. Recent renorts of
work done in Germany on similar diffusers have 1ndlcated
that substentlial gains in efficlency have been obtailned,
especlally at high Mach numbers.

Variable-area diffusers.- The use of constant-
geometry dIffusers operating at other than deslign con=-
ditlons will probably always result in reduced diffuser
efficlencies. If a variable minimum i1s orovided in the
diffuser, the local Mach number at which the shock wave
occurs can be controlled and %ept as close to 1 as
stabllity conditions will nermit. It appears that the
pressure fluctuations in the combustion chamber of Jet-
propelled supersonic. aircraft will probably limlt the
shock NMach rmumber to some value slightly above 1 where
the shock losses are still insignificent. The exact
value of this local Mach number must be determined by
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tests of the burners and all components in the ducts
behind the shock wave. A movable cone in, 6 a fixed
cylinder simllar to the area-changing device used on
several Jet-motor exits appeers to offer possibilities
for use as a variable-geometry diffuser; it is also
possible that a rubber sarea-changing device similar in
operation to wing de-~icer boots would make a simple
easily controlled varlable diffuser.

CONCLUDING REMARXS

Flight 1n the supersonlc speed rsnge will undoubtedly
require alrplanes of high aerodynamic refinement. At
present, a lerge and lncreasing amount of theoretical
work 1s avallable on thls subject. The 1lift and moment
characteristics of ducted bodles et sunersonlc speeds,
obtained by the wmethod presented, were shown to glve
excellent agreement with avallable experimental dsta.

A great need 1s evident, however, for more test data at
high Mach numbers, since theory ln this field 1s well in
advance of experiment.

Langley Memoriel Aeronautical Lsboratory
National Advisory Committes for Aeronsutics
Langley Tleld, Va.
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Figure 1.~ Location of integration stations and intervals on ram-jet body.
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Figure 2.- Comparison of calculated 1ift and moment coefficients with experimental

data, M = 1.45.
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Figure 3.- Theoretical variation of lift, moment, and drag coefficients
with Mach number.
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Figure 5.- Calculated pressure distributions for a = 0°,
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