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SUMMARY

The natiure of nonadlabatlo, frictionless, steady flow of a come
pressible fluid in a pipe of constant cross sectlion 1s summarized,
The flow conditions can most convenlently be described in terms of
the local Mach number M. It was found that steady flow cannot
occur when heat 1s belng added to the fluld at a point where 1lis
veloclty equals the local velocity of sound (M = 1), eand that the
maximum temperature of the fluld occurs at M = 1/A/7 where 7 is
the ratio of specific heats. These results are 1llustrated by
application to high-speed flow through combustion chambers,

INTRODUCTION

: The study of combustion phenomena in a flowlng gas must include
conslideration of the thermal and the dynamical properties of the
fluid as well as of 1ts chemical nature. The flow pattern of a
burning gas, for example, is dependent upon the gquantity of heat
liberated at each 1ntermal point by the combustion of the moving
fluid.

The purpose of this report is to summarirze, without extended
proofs, the results of a study of a simplified model of nonadlabatic,
ocampressible fluid flow, both subsonic and supersonic, and to state
these results in a form that wlll meke them immedlately useful in
providing a theoretical background for current technical problems of
high-speed combustion. The model chosen 1s the flow, in a tube of
constant cross section, of a compressible fluld to which heat i1s
belng added. This model is a natural gemeralization of fluld-flow
models commonly used and offers a loglcal polnt of departure for
more advanced caloulations. .

In the present treatment, the local Mach number M of the
flow 1s extensively used as & varlable and the effects of heat addi-
tion upon the limiting conditions of flow of a campresslible fluid
are emphasized. Apparently these effects have not previously besn
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explicitly described in the literature in terms of M, although
related subjects in one-dimensional compressible flow have been
treated using M by Bailey (reference 1) and Nielsen (reference 2).

THEORY
Statement of the Basic Equations

The characteristics of the model of nonadiabatic compressible
flow, which were chosen in order to restrict and simplify the treat-
ment, may be stated explicitly as follows:

1. The flow is steady (independent.of time).

2. Pressure, temperature, and velocity do not vary within any
section normal to the flcw. The rate of heat addition to the fluid
is therefore constant within a section.

3. The coefficients of viscosity and of thermal conductivity
are equal to zero; hence, the fluid flow 1s not affected by fric-
tion or by conduction of heat in the direction of flow.

Li. The fluid obeys the thermul equation of state far a perfect
gas. )

5. The values of the specific heats and of the gas constant
are invariant throughout the flcwi.

With these restrictions, the fluid must move in accordance with
the follnwing equations, which describe its nonadiabatic frction-
less flow in a pipe (fig. 1):

cp T1 + lvlz +Qmcp Tp + lV22 (conservation of energy) (1)

2 2
D+ Py Vl2 = Py + Po V22 (equation of motion) (2)
pi V, =p, Y, (conservation of mass) (3)
Pl P2 .
= (thermal equation of state) (L)

Ty P2 T
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The symbols p, p, T, ¥V, and Cp in these equations represent

pressure, density, temperature, veloclty, and spegific heat at
" cons$tant pressire with consistent units used-throughout. The sub-
scripts 1 and 2 indicate that the symhols refer to sections 1
and 2 of the flow pictured in figure 1. The sysbol Q represents
the heat added per unit mass of fluid Letwesn sections 1 and 2.

A more convenient form of the equations is obtained by intro-
ducing the local Mach number M = V/y/YRT in place of the velocity
where E 18 the gas constant. Equations (1), (2), and (3) thun

become
- Y -
T1(1+q+Y21M12)-T2(1+ 211&22) (5)
P (1 +YM12\-p2 2 +Y1422) (6)

o WS - 2 T (")

The quantity q 1s equal to Q/(cpTl) amd Y 18 cqual to cp/c.v.

Throuzh tmltiplication and aivision of cqaations (5), (6), and
(7) 1t is poscible to derive the fmndamental eguation that Aescribes
the addition of heat to a compressit*lc [luid in one-dimensional
motion.

Y-1 2 Y~-1.,24%, 2
(l + Qo+ M‘l )“Il (] + 5 -‘..2 ’: th ()

Application of the Second lLaw of Thermodynamics

An important charact.ristic of the model duscribed by the basic
equations can bs derivced dlrectly from the Second Law of Thermo-
dynamies. The change in entroiy pur unit mass A3 of a perfect gas
betwean the two thermodymamic states in whieh it exists at sec—
tions 1 and 2 (fig. 1) is given by the exprecsion

1-Y

T Y
= c, logg —g<p2\ (9)
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By use of equations (4), (6), and (7) the specific-entropy change
of the fluld Iin passing from section 1 to section 2 may be rewritten
in terms of the Mach numbcrs M, and M, as

Y+l

Y

AS = Cq log,, ¥iI (10) -

T
w2 (1 .Y L{22>

It is secen that tho entropy chanse of the movineg fluld depends
only upon the Mach number. Detailsd axamination of equation (10)
discloses the fact that the entropy when consldercd as a function
of My possesses only one maxiwum, which occurs at My = 1.

When MNp = 1, therefore, the entropy camnot incressa. Because

the entropy change of a systrm that bshaves in accordance with the
Second Law of Thormodynamics must ba positive wheun the quantity of
heat added to it is positiva, it is concludiud that addition of a
nositive amount of hecat to the fluid ie impossivle when Mp = 1.

NESULTS AND DISCUSSIOH

From equation (8) and prcvicas egeations, 2 number of detailed
characteristics of th:2 stwady nonziiatatic flow of a pas in a pipe
of constant section (fig. 1) may b: dorived,

Mathematical Description of the Flow

The heat added q = Q/(cpT]_) and thc¢ changes in prussure,
tcmperatore, dencity, and velocity betwecn sections 1 amd 2 may
gach be oxpressed ag 1 einple rotional function of M7 ond My,
15 was done for q in equation (8). Onsa physicslly significant
value of My oxiste for cach Y3 and >0 i1 Mj<1l and two

Y -1
2¥ (vq + 1)’

such values if LMj>1. Tf I5< tiere 1s only one

real value of Moy 1if 12M;> ,\/ there ar2 two real

2y (vq + 1)’
values of U5, one of which corrssponds to an cxponsion shock and

may be shown to be impossible on thervodynamic grounds. For M;> 1,
transition from ths larger of the two possible values of M, to tho

fmaller one corresponds to thc formation of a compression shock.
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The direction of change of the quantities p, p, T, and R
between sections 1 and 2 can be specified by the signs of the deriv-
atives of.these quantities with respect t© M. For the entire range
of M from zero to infinity

P < av . de ¢ o
a = 0 o = 0 aM =
-1 33 -1 gr (1)
- 2> - a >
(1 - ¥2) 520 (1-Y ) 520

As heat is added to the compressible fluid, the Mach number
will increase for all values of MN<]l; on the other hand, the tem-
perature will rise only for M<I \/"?'J or M>1 but will fall in
the range of Mach number 1>M >1/V¥. This behavior can be derived
directly from equations (11).

Iimiting Flow Conditions

If the valuas of M?z given by equation (8) are to be real,

q must be limited snd therefore the iwwat that can be added to a
fluid moving with Mach number M; 1is limited; the linit is

expressed by the inequality 5
1

M - )

< (_Ei

- 1= 2(F + 1)—
Thueg, in agrsement with the cunclusion based on the Sccond Law of
Thermodynamics, the heat added gq = 3 QT]_ cannot he positive for

P

My = 1, that is, for flow velocity equal to the local veslocity of
gsound. The quantity of heat indicated by the equality sign in
equation (12) is the quantity that is necessary to increase or
decrease ths Mach number to urity from its initial value M;. If
heat is added to but not removed from the £luid, this value of
unity for the Mach numbher will occur at the dommstream end of the

tube, provided that the heat is supplied entirely by heat transafer
from the wall of the tube.

(12)

The limlt to heat addition for a given entrance Hach number
may also be thought of as a 1imit to the entrance Mach number for
a given heat addition. The effect of heat addition upon the limit
to entrance Mach number is represented in figure 2 by the curve
for M, = 1.
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Because the mass flow is proportional to (Mipy)//T1, the
1imit to heat addition may be alternatively described as a 1limit
to the mases flow for a given amount of heat added. If M;<1
and M does not exceed unity between sections 1 and 2, there will
be an upper limit to the mass flow, as discussed in reference 3.
It may be shown that the same upper limit exists for M; <1 if M
does exceed unity between sections 1 and 2. If Jf; >1, a lower
limit to the mass rate of flow without shock exists, which is the -
same whether or not M4 is everywhere greater than unity between
sections 1 and 2. The possihilily of conlinuous transitions from
E<l to ¥>1 and vice versa are dlscussed Iln the next section.
In 211 instances the limiting flow conditions can be most easily
expressed analytically in terms of My as the Independent varible.
There 1ls greater physical reality, howrver, in the expression of
the limiting flow conditinns in tewms of a 1imit on the nass flow.
Ccnsequently M;, which always bears a simple relatior to the
mass flow, has been taken to be the dependent variable in figure 2
and in other similar figures.

2

T, (1 .Y 1.{12>

The tempcrature ratilo T carmot excead 5 and
hy M;

attains this maximum value at My = 1/ Y¥ for all values of My

and q. This limitation can be expressed alternatively as a limit
to the entrance Mach number, which is then a function of Tp/Tq

alone and which occurs whaen M, = 1/V Y. A graphical representa-
tion of tne limiting M; 1s given in figures 2 and 3 for both

M, = 1/VY and M, = 1. If the temperature ratio T,/T is spsc-
ified, the maximum entrance Mach wumber (My<1l) is larger for

¥y = 1/V/¥ than for Uy = 1. If q rather than Tp/T7 is spec—-
ified, the limiting entrance Mach mmber (M3<1l) is less for

¥p = 1/V¥ than for My = 1, as is evident from figure 2 ‘and
the previous discussion,

The minimum value of the pressure ratio p2/p1 corresponding
to the maximum allowsble heat addiiion and to Mp = 1 1s equal to
1+ ¥ iy / (1 + ¥) Tfor subsonic flow. If the prassure ratio is

decreased below this limit by decreasing p,, the flow will not
change hecause the elfects of the prescure ruduction cannot be
propagated uostrean through the reyisn where My = 1 at the down-
stream section 2. I'or supersonic rlow, the same expression gives
the maxinum pressure ratio that can occur with steady flow.
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Transition between Subsonic and Supersonic Flow

The theory indicates that a continuous transition from sub-
goriic to siupersonic Flow of vice versa can be effected by addition
of heat until M = 1 followed by removal of heat. If heat is
added to but not removed from the moving fluid, such a continuous
transition 1s not possible. A discontinuous transition from sub-
senic to supersonic flow (adiabatic or nonadiabatic expansion
shock) may be shown to be impossible on the basis of the Second
Law of Thermodynamics. A discontinuocus transition from supersonic
to subsonic flow is, however, always possible through the action
of a compression shock, whether the heat added is posltive, zero,
or negative. The action of viscosity or of thermal conductivity,
which are omitted from consideration in the present treatment,
would provide the mechanism whereby such a discontinuous transition
would be effected (reference li).

Thermal Choking

It hos been shown that steady f{low cannot occur unless the flow
conforms to limitations on the pressure and temperature ratios.
When conditions that exceed these limitations are initially imposed
on the flow, the flow will adjust itszlf in such a way as to again
reach conformity with the limitations. Thils self-adjustment of the
flow is =somewhat similar to the adJustment that occurs when a per—
fect compressible fluid flows (1) iseniropically through a tube of
varying section, (2) adiabatically with frictional pressure drop
through a tuhe of constant section (refercnce 5), or (3) isother-
mally with frictionsl pressure drop turough 2 “ube of constant
section (reference 6). By analogy with these types of flow, the
term "thermal choking" might be appropriately applied to the phe-
nomenon of limited mass flow discussed in the present paper. The
similarity between the various types of choking phenomenon is belng
investigated in more detail.

APPLICATIONS

The theoretlical resilts indicate that the mass flow of a com-
pressible fluld cannot exceed a limit that is fixed by the values
of p3, T1, and q. For each value of M; or for glven values
of P and Ty, at the first section, there is only one value
of q or of Q, which corresponds to the limiting flow condition.
These results can he applied to the flow of a burning mixture
through the combustion chamber of a Jet-propulsion power plant.
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It is assumed that the cross sections of the ducts which will
ve considersd are constant and that frictional effects, change of
gas constant and of Y can be neglected. The meximum mass flow G
for subsonic velocitles throughout the chamber has been computed
for the inlet conditions p; = 15 pounds per square inch and

= 500° F absolute and is plotted in figures L, 5, and 6 for
T
M, = 1/Y¥ and M, = 1. The curves in figures L and 5 were

obtained from figurwe 2 and 3, respectively, by changing the scales
in accordance with the chosen entrance conditions. The dgta in
figure 6 were derived from the expression ?—2-) 2,‘-]-'-—"5-—?-—!—‘1—, which
\pl l+¥
1s discussed in a previous section. Because the fuel-air ratio
determines the value of Q, +thse h2at relsased per pound of mixture
for complete combustion of a given fuel,points can be specified on
the curves of maximum mass flow that correspond to a rango of values
of fuel-air ratio. Although the very lean mixturen corresponding
to fuel-air ratios less than sbout 0,02 would not burn under ordi-
nary circumstances, the valuee of fuel-air ratio car still be used
as 2 convenlent measure of heat rclease. In figurer L, 5, and 6
the fuel-air ratlos are indicated for a fuel wanse heal of combus-
tion is 18,000 Btu per pound.

The determination of the conditions for maximum flow for com—
plete combustion (Mp = 1) will c2rvn to illustrate the use of
the figures. If the limit on the total gas outflow (including
secondary air) from the combustion chamber is desired, an over-all
fuel-air ratio of avout 0,02 is appropriate. The limit on the gas
flow through a burner duct contairing a richer mixture with fuel-
air ratio equal to 0,05 is calculited for comparison. From the
curve for iy = 1 (fig. 4), the maximum flow rates for these two
fuel-air ratios are found to be 22.2 and 1.8 pounds per sguare
foot per second, reSﬂectlvely. The final temperatures determined
from figure 5 are 16307 and 3,40° ™ sbsolute, and the final pres-
sures from figure 6 are 6.80 and .48 pounds per square inch. The

entroncc Mach nuibers I = ﬁéLB corresporiding to these flow rates

ars 0,250 and 0.166 or, bacause the velocity of sound at the entrance
temperature of 500° F ahsolute is 1096 feet per second, the entrance
velocities arc 27 and 182 feet per second. The values of My can

be cnacked by calculating thse values of q = —s 0, which are

12
2.94 and 7.1y, and hy readinz the valuzs of Mi (fig. 2). It is

evident that the mass flow of burning gasss can be considerably
restricted by the eflects of thermal choking,
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If the upstream pressure 1s increased above 15 pounds per
square ineh, the .downstream pressure and the flow should increase
'proportios:ately with the pressure because M; and M rem.in oon-
stant, If the downstream pressure is decreaged while 1 ‘remains
equal to 15 pourdds per square inch, then M;, My, and the flow
should each remain constant, The 'bheoretical limlits placed by the
ocourrence of thermal ochoking on the flow are therefore simllar
to those found for isentropilc flow from converging nozzles,

Aircraft Engine Research Laboratory,
National Advisory Committee for Aeronautics,
Cleveland, Ohilo,
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