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e

By Carl Kaplan
SUMMARY

The Ackeret iteration prﬁce»o is utilized to obtain
higher approximations then that of Prandtl and Glauert
for the flow of & compressible fluid past a circular arc
profile. The procedure is to expand the velocity poten-
tial in a power series of the camber ccefiicient. The
first two terms of the development correspond to the
Prandtl-Glauert aprORLmath“ and yield the well-knowr
correction to the circulation ebout the profile. The
second epproximatiocn, involving the squars of the camber
coefficient, improves the velocity and pressure fields
but yields nc new resulbs with regard to the circulation,
since the circulation sbout the gPOille is an odd func-
tion of the cember coefficient. The third approximation,
invelving the cube of the camber coefficient, psrmits
the use of higher velues of the camber coefficient and
furthermore vields an improvement to the Prandtl-Glauer
rule with regard to the effect of compressibility on the
circulation of the circular arc nrofile. Numericsal

examples with tables and graphs i1llustrate the results
of the analysis. ' '

INTRODUCTION

The calculetion of
of a compressible fluid pe e
performed by & method in scovered by Janzen
(reference 1) &nd by Ray e 2), which con-
sists in deVLWOping the iel or the stream
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tne succeeclng app;owa9tlons rabrasenﬁ the efLuct of
compressibility. The msthod has in recent years been

[



r

&
‘trailing edge tangentlally. The

i

2 NACA ARR Ho. L4G15

successively 1moroved by Poggi (reference 3), by Imai

4Lihara (reference i), &nd by the present author (refer

ence 5). Although the method car: be applied to an &r
trict

S i
to small stream lach numbers, because appro»iratiors
beyond ths second or third entall & prohibitive
labor. ) ‘

For the flow past a profile of small thickne
camber, and angle of attack, FPrandtl (reference %
Gleuer: (reference 7), end Ackerst (reference 8) oltabned
by various means an approximation that applies to the
entire subsonic range cf V61001Lv. The present ?uubor
(reference ¢) extended thv method of Ackeret by an itera-
tion process that takes into account the effect of thick-
ness and applied the method to a particular femily of

ss,
)5

v
symmetrical profiles. In the present paper, the effect
of camber 1s investigated by & similar applic at’on of
the method of reference @ to & ciecular arc profile. In
the application of the method, it is desirasble to avoid
+dgnabion points so tusat. the.variation of the local
elocity from thet of the undisturbed stream can be made

Small For this reason the direction of the undisturbed
stream is chosen parallel +to the chord of the circuler
arc (ideal angle of attack) and the circulation sbout the
profile is determined in accordance with the Kutta condi-
tion; namely, that the flow past the profile leave the
ne flow is symmetricel fore
and aft and the veloclty remains finits at all poin

The circulation in & compressible Plow will be ssen to

be an odd function of the camber ¢ “flﬂﬂeﬁb. In order,
then, to obtain an improvement of ‘he Prandtl-CGlsuert .
rule, 1t is necessary to carry ths ite watxor process
through three approximstions.

b
S

)

J

THE ITERATICN PROCES

n

he velocity potentisl (X, ¥) of the
Cimensionesl, steady, irrotational flow of 2 c i
fluid satisfies the following differential equstion o
the second order:

5 ] 2 L2 5N Ay ‘ |
(2 - zXf_’ P g% (2 v?) Lo g (1)
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N

where

X, ¥ rectangular Cartesian coordinates in plane cof flow

_of o _op

u===, Vv L fluid velocity components &along X
3 J (o)

= £ Y
oX oY . axes, respectively

o)
3
(o8

c local velocity of sound

The local velocity of sound c¢ 1is expressed in terms of
the fluid velccity g Dby means of Bernoulli's equsation

np
dp 1 5
Tt 59%=0 | (2)
Je1
the eguation defining the velocity of sound
2 - 9
T = 3=
2 (3)

and the adisbatic relation between the pressure and the
density

P (il \ (1
Py p1> Vi)
In equations (2), (3), and (L),
p static pressure in fluid
Py static pressure in undisturbsd stream at infinity
p density of fluid |

undisturbed stream at

iy
cr
e
b
L)
|
3
}_‘-
ct
o

Py censity o
q magnitude of velocity of fiuid

¥ adiabatic index (approx. 1.l for air)
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For the adlabatic case, equation (3) yields

o

{!
=
yeYie;
—
uh
N

Ry means of equations (li) and (5) Bernoulli's eguation,
equation (2), yields the following relations:

. X -
- 2
c? = c12 1 - l~§—} My© g? - %)
L U —
- L
- 2 \|7I
o=p |1 - T5—= 3% - 1}' > (6)
[t TV
ona - /
- X
o 2 N\ Y-+
= 1 - v 1 1 2(49_ _ 1)
P=P 2 M1\ 2 /!
- ‘~ /]
y,
where
U velocity of undisturbsd streem at Iinfinity

cy . velocity of sound in undisturbed stream &t infinity
i Mach nuwsber of undisturbed stream at infinity

Now, 1f the profile is held fixed in the uniform
stream of velocity U and if a characteristic length s
is assumed to be the unit of length and the stream
velocity U 1is assumed to be the unit of velccity, the
fundamental differential equation (1) and the flr%t of
equations (6) become

2 2 ? OIA
C 1\1'1 2\6 g( 2.\\{ ZU.V : % emmastaling M_levh :—-(12 0 (7)
S 6X5Y 2 2
1 / éX < tcl /OT
and
° /
¢ - - Y - &+ i 2 - Q
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where X, ¥, u, v, g, é&nd 4 now denote, respectively,
the nondimensional quantities X/s, Y/s, w/U, v/U, q/U,
and ¢/Us.

The iteration process consists in developing the

velocity potential 7 in powers of a parameter h, the
camber of the circular arc profile. Thus

. ¢ 2 %
# =-X-hffy -0 -n7f; - ... (9)

v = -1 - n ~%? - e
he dX aX
. > (10)
- s N
@] CH~ 2 Dy
v = - h ‘_‘J‘l—" - A2 "‘"“d‘ - h) "‘/ .- * o
oY Y oY J

4.

When these expresslions for ¢, u, and v, together
with the expressiocn for 02/c12 given by eguation (8),
are introcduced into the fundemental differential equa-
tion (7) end when the coefficients of the various powsrs
of h are ecquated to zerc, the following differentiel
equations for ﬁl, ﬂe, 0% 5 ... mrTesult:

- 2 W2
(l --I’[lcla g_:l.-_.i,g-g.lzo (11)
\ I 52 .
5 2
<-aq2‘)é{—ﬁ2+c’¢_2:
Yk 3¥°

oty 0%y, o B o

' (12)
5% 0x< oX dye OY X &Y
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oY / oX ov*©
ARG A 227, |
+ —=l{y+1 + (y=-1 =
ox | S T Pz
_ , .
& 0%, e<d,
(D) —2 + (-1 —
oX dX¢ OY |

[ 2 2
g,oyfl 39, 52;51 . 3o 379, . 3, 0¥ ‘!
X oY SXOY oY oxov oY oxdv/[

o

+

(13)

These differential equations may be put into more familiar
forms by the introduction of a new set of independent
variables x and 7y, where
X l o
(1h)

y = fY |

H

X

and

oW
[

=(1- Mf)l/e

For M; < 1, equation‘(ll) then beconmes a Laplace equa-
tion and equations (12) and (1%) become Poisson equations.
Equation (11) replaces the fundamental differential
equation (7) for flows that differ only slightly from the
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undisturbed stream, and its solution yields the well-
known Prandtl-Glavert result. The solutions of equa-
tions (12) &and (1%) provide successive improvemsnts in
the approximation to the sclution of & compressibla-flow
problem.

For the prssent problem, the procedure to be fol-
lowed in solving equations (11) to (13) is first to
obtain the velocity potential Tor the incompressible
case in the form of a power series in the ceémbesr coeffi-
cient h of the circulisr arc profile. The solution for
the first approximation ¢1 of the compressible flow is
then obtained by analegy from the form of the coefficient
of h of the incompressible velocity potential. The
solutions of equations (12) end (13) feor the second and
third approzximations Qé and ﬁz follow by a straight-
forward procedure. The boundary/conditions - that the .
flow be tangential to the profile and that the disturb-
ance to the main stream vanish at infinity - &re satisfied
to the same power of the camber cosfficient h thet is
involved in the approximation for the velocity poten-
tial @. The caliculations are laborious when more than
two steps in the iteration process are involved but tas
third step is nscessary to obtain results that extend
present-day knowledgs. Most of the details of calculation
are given in eppendixes in order not to obscure the
presentation of  the maln results.

T TRTTT MO -1 YT 7 N A (el al
;‘L.{:JDJ 1S O il ANI’LLYD el

Expression for ths velocity potentiel.- The choice
of the circular arc as the solld boundary was made for
two reasons: (1) the solution of the incompressible flow
can be easily expressed in a closed form, and (2) when-
the circular arc is fixed in a uniform stream flowing in
a direction parallel to the chord and when the Kutta
cordition - that the flow leave the trailing edge tangen-
tielly - is applied, the velocities at the nose and the
tail are finite and different from zero. No stagnation
points occur, therefore, on the boundary or in the flieid
of flow and a greater degres of accuracy in the lteration
preccess is assured. Appendix & contains the calculation
of the incomgressible flow past the circular arc preofile
and appendixes B, C, and D contain ths detailed calcula-
tions for @y, #», &nd ﬂ5, respectivaly. .The final
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expression for the velocity potential ¢ takes the
following form:

# = - cosh & cos q - hf] - h°F, - h5¢5 - (15)
where, from equation (BR9),

g1 = % (e"{jsul 2n - ;n)

from equation (Cl3),

— ~ _\»’ f , ’I— - _f
Qfe= <2DL(Y+1) D+LiZe S+ 2pe™P s 3 Di(y+1) D+ LL_;} e 5)003 n

/ . ’ .
1 2 -5 1 1. ., 7 R
*(-E“(Y+ 1) p%e '3+-é-4112_+ 1D -D v+ D+ M} e ?é) cos 37
and from equation (D183},

Qé = G1(&) sin 2n + Gp (&) sin k4

3 24 o ‘
/1 sin 27 R e
§) ——-e""% gin 2n-&""% sin In
2 cosh 2§ -cos 2n
i

e’

2Gy{0) + 1+'1 (e )'IIT}

F"'"l

In these equations

£2

D = =—

Gy (&), Go(&), anda G(E) Cfunctlons of & given by equa=-
tions (D12), (D1%), and
D19), L,;yectl’ely

1

—

&, n elliptic coordinates related to re ctangular
Certesian coordinates X, Y by equestions of
transformation:
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The circulaticn correction formula.- Equéa
represencs the solution ol th ie fundanont dif
i

4

the surfece of the circular erc prefile end at Infinity
insofar a&s the terms inclusive of the third powsr of the
camber coefficient h are concerned. Tech of the
expressions @1, @, and ¢5 are obtained in closed
form and are finite for all vealues of the stream lfach
number ¥y from zero up to but not including unity. The

Kutte condition, which determines the circulation
uniquely by stipulating a Tfinite velocity at the shearp
trailing edge of the circular arc, vxelcb the foilow1rg
circulation correction formula (see equation (D36):

. 1 2
P . i J/ a /_‘ - ‘?‘ 4 2
oL, - 7 Ly gy Bm B (84 5p2)
ri P |3 & 57 ’
5 _ @2\2 1,
+ = (y + 1) ( —-,?—g——)—- (1 + pa)i he (16)
[48 ‘3 .J

where I, and Ty are, respectively, the circulations
in the compressible and incompressible fleows. The income-
pressible circulaticn T3 1is proportional to the first
power of h so that the compressible circulation PC

is an odd function of h. The second approximation of T
is thereiore identicel with the first approximation and
no departure from the Prandti-Glauert rule 1s obtained
until the third power of h is included. Tuis res:lt
explains why the simple Prandt]—“Wa“mr+ rule for ti
effect of compressibility on the ci Vu7atlon or 11f of
an airfoil has bsen very satisfact

&

“\

>

For comparison, a formula analogous to equation {16)
has been obtained by epplving the von Kdrmén-Tsien
velocity correction formula to the circular arc profile.

¥
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From reference 10
B¢ _ _1-p
93 i - uqi2

where
qq velocity of compressible fluid

s velocity of incompressible fluid
1 o

i iy : «] e
u =
B (1 - 312)1/2

By an el emen*ary 1nte gration arouﬂd the circle, corre-
sponding conformally to the circular arc, the following
relation is then obteined:

.

c 1 - u ! 1 - p1/2 c0s°8

3

Ty hpl/z $in®s i}l - 2p1/2 (1 +_sin26) + o cosh“);l/2

1+ pl/a cquﬁ

[1 + 2172 (1 + s1028) + g Lcs%]l/z

|
!
l{ (17)

where the angle & (see fig. 1) is related to the camber
coefficient h by means of the eguation

ten & = 2h

Table I gives values of the ratio PC/Ti for various

values’of the stream Mach number and the camber coeffi-
cient h, calculated by means of equations (16) and
(17). Figure 2 shows the graphs of Pc/Pi as functions
of My for vawlous values of h. The curves based on
the von Kerman-Tsisn velocity correction feormula lie
between the Prandtl-Glauert curve and the curves based
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[a
shows the graphs of \ﬁg -1 as functions of M;
1 max
for the three approzimations for various vaslues of the
camber coefiicient h.

The critical velocity 9q,,, defined as the vaiue
for which the velocity of the fiuid equals the local
velocity of sound, is obteined from the first of equg-~
tions (6) by putting q = ¢ = G,,.  Thus

1/2
/14 I~§~5 TR
{ .
Q.n‘n . = ~ (25 )
o (\ t{——‘}-‘——:-l:- My © //
\\ 2 1 vd

The values of q,, are given in. table V in the column
for which the local Iach number is unity. The ratio
Qop/q; 1s easily celculated for the various approxima-
tions. The graphs of only the third approximation of
Ger . s a s . . < .
Tl 1 sare included in figure L, Table VI lists the
i

first, second, and third approximate values of the

’ b M
critical stream Mach number My , and figure 5 shows

cr

the corresponding grephs as functions of the camber
coefficient h. ‘

The graphs of the third spproximation of the maximum
and minimam values of q., obtained from tebles ITI
and IV, are shown in figure 6 as functions of the stream
Mach number My;. The ¢ nstant local Mech number lines
shown in figure 6 are cbtained from equation (8) by
introducing the local Mach number M in place of the
local velocity of sound c¢. Thus
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M = 1. Table V contains values of q for various
values of W and My -

A comparison of the results of reference 9 on the
compressibiliity effect of thickness and the results of
the present peper on the compressibility effect of
camber is of Interest. For this purpose, a symmetrical
shape of reference 9 was compared with a circular arc
profile with the same Incompressible maximum speed at
the surface. Results of this comparison for several
corresponding thickness and camber coefficlents are given
in table VII. The dashed curves in figure 6 are asso-
cisted with the various symmetrical shapes. For moderate
values of camber -and thickness the difference may be seen
to be negligible cver the entire subsonic range. This
observation indicates that, at lsast to a very good
approximétion, the effect of compressibility in the
subsonic range can be considered to depend cxﬂlicitlv
only on the incompressible.fliuild veWOCLfy and the stre
Mach number and to ba independent of the shape of the
profile, This result therefore substantiates the use of
velecity correction formulas suci a&s the Prandtl-Glauert,
the von Ke&rmén- Dulen, the Temple-Yarwood, and the Garrick-
Kaplan (reference 11) fox mulds, which depend only on the
incompressible fluid velocity and on the stream Mach
number, '

In gensral, the velocity gq

at the surfe
circular arc prof'ile may bes writt s

en a
g =1+ ajh sin 3§ + h2<a2 + ag cos 2%)
+19(a) sin 3 + a5 sin 33) + ... (25)

~r

where, from equation (18),

!

i
=

al = B

5 1 - 2\
a, = =2 + + (v = 1) = )
2 '\' ]

ol e/
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Values of a5, 25. a5, &;, and

C’
‘*5 -
"~

of the stream Mach numi

As an exsmple of the bahavior
>

OD
ticn over a circular arc proille

nunber is varied, the case of

B4 i 1L , agurfaces
profile, h = G.05H,
given in table IX ard
distribution curves ars shown

The pressurs coefiicisnt.-
flow st a fixed boundery, ths

(D *O

a
d

4

defin

w

S

|
CPx”l >\

% £ oor o
ths cEBS

incompressible

a andc
alculated

or the verious

-r“eSpond

nres

G, (0) + zc~2<0)—{

2p(2D + 3) + uo(a\]

5

are given in
the velocity r
as the stream Mach
= 0,05 wi

compars

values

of the

In the cease of
sure coegffi

for various value

va.

o}
i

3
teble VIII.
1

éist
th Ml =

with the irnom—
he velocity .

(@]
o
-

d‘

ircular arc
ues of Ml

~
are

ing velocity-

in figure 7.



For the sonic case, q = ...,

( . A

| 7T |

> 2+ (y - L)l T

(Coumy) =34l o
L of ¥ S ! F
»Lep iy ! Y+l A {

]

Table X gives as

pressure coelf or varions values of the

8 of the velocity and the

stream Mach number H,, and figure § shows the corre-
sponding graphs. By means of table X and figure 8, the
velecity readings from figures & and 7 can bs replaced
; Lo oo 11 cressure JL#\J-I.*’:. I’lu..:.

by the corresponding pressure coefficie

Langley Memorial Aeronsutical Laboratory
National Advisory PomW1ttee for Aeronsutics
Langley Fleld, ,a.,
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APPENLIX &

DETERMINATION COF THE COMPLEX PCTEHTIAL FUNCTICN

The Incomprescible Flow past a Circular Arc Profile

Consider the mapping of a circle €' in the Z'-plane
into & circuler arc C in the Z-plane. (See fig. 1.)

h
If the center is at (O,m) cn the Y'-axis and the circle
passes through the points (s8,0) &nd (-a,0) on the
Xt-axls, then the Joukowski transformation

)

[
a2
——

=T (AL)

3

m&ps the ciivcle €' in the Z'-plane into a circular
arc C in the Z-plane. The equation of the circuler

arc 1is
2} N /o SN2
2 ., e - w2 Y {me + a2y )
=+ iy + e B Ul (42)
\. "1 ’ \\ lTl /
Whe parts of the ¢ircle C' 1lying above and below the
-axis correspond, respectively, to the uprer and lowe
surf““es of the circular ar C The end peinta A and
n

[ Y
B of the circulzr arc are the voi

©
3
joN
)
@
=
&
ri
[N
c
=
9
=3
Qu
p
’:
:D
o
&)

= Znm
The camber ccefficient h is defined as the ratio of
the maximum crdinate to the chord, or

h = ==

|
i
+
jav]
=3
(4]
=
AN
N—
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The complex potential of the flow past a circular
cylinder of radius R fixed in a uniform flow of
velocity U at zero angle of attack and with a circu-
lation I 1is given by

2 s 1t
R .LP Z 1
" J<Z ! zvr> TR (A%)
where
Zz% = Z' - ia tan &

For the purpose of the present paper the circulation T
must be so chosen that the stagnation points on the
circle C' lie at the points X! = %a corresponding to
the leading and trailing edges of the circular arc (;
that is,

I' = 8nUah
= LinUR sin 6§ (A5)
With this value of the circulation inserted in equa-

io
tion (&) and with 2Z" replaced by Re , the complex
velocity at the surfacs of the circular arc C becomes

- . '. + S' 4 N .,
%% = 2j’.Ue"le 31?;3 in 0 - (ele + 1 sin 5)2
1 - 2161 gin 5 - 218

The magnitude of the velocity is
aw aw\H/2
az aZ

U(l + 2 sin 6 s8in & + sin26> (AG)

It is recalled that the upper suvrface of the circular
arc is traversed in a clockwise sense as 0 geoes from
-8 to wm+ & and the lower surface, as 8§ goes from
-(m - 8) to =8. The veloclty at the nose or tail is
then given by ‘
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min

_ -7 2
unose — Qtail = U €056
. . ¢ 1 . v .
The maximum end minimm velocities occur at 8§ = 5 and
T . . .
at 8 :-53 espectively, and are given by
.‘\
o
= 17 + 4 5)c !
Upay = U(1 Sin 0 i -
n P (A{)
a = U{1l - sin 8)¢ |
H

Eguation of Circular Arc as Powsr Series in h

The eguation of circular arc, obtained from
equation (A2) for the entire circle, is
(2 2R .
+A\rT - X% (A8)

N

m2 + g<
where r = —— ig the redius of the circle. Expan-
m
sion of tiie radical in eguation (A8) according to powers
of = X/r yields

Z b L

N

, 1 X A L X
Y= 2m - 2R o il L (£9
' m
By use of h = —
2a
& _ 2h
S B RS

2 -
= 2h - 80 + zzn? - ...

Then ‘equation (A%) bescomes

2\ / e vb’\‘- ‘ —e ‘,L;, JHN
Y=<l;a-§—-/'h+' ) X-‘--i::}h3 * \/—16-{;-+12 o-2 it IR
a \ O \ a o3 a5/

——~
o)
(-
<

St
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- X 4
Now, put Sa = cos ¥ and replace b

X

— b X
2a 2a v
and Y, respectively. HEqueticn (AL0) then bscomes

Y =2h sin$ +2nd sin22$+8h5 sinc2% cos 2% + ... (A1)
and

ﬂ—-hb cos V- 16h/ cos ¥ cos 2%-16n cos (1+3% cos ¥ -... (412)

dXx
Bguation of w as a Power Series in h

Consider equation (AlL) with T = 8nUsh and
5\
2 a2<1 + uhaj. Then

/ 2 =1t
/ +J}ﬂ | 4
w=-ulan et ) - hiveh log = (£13)

Z R

Now

Then by expanding the right-band sids of equation
according tc powers of h &and replacing 4! Jy

+ (22 - ua2>l/2

(413)

obptained from the Joukocwskl transfor-

mation (A1), it fellows that

( 2 haa)l/é-! 1
5 -2 log 5
La ,

\~
If w/2aU and 7/2a =are written, respectively, .
Z, then

/

w= «1Z + 2iath <i1

3\
r 1/2]° \1/2]l

=-Z+1ih 1-22-(2‘2-1) J -2 log z+<z2-1) {\/+ eee (a1
[} c ) }
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From equation (41ly) for w and a corresponding equation
for the complex conjugete w, the nondimensional velocity
potential becormes :
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APPENDIX B
DETERMINATION OF THE FIRST APPROXIMATION #

By means of transformation (1), equation (11) Tor

g, becomes _
29, 0% .
St =g = 0 (B
ox" .0y

A comparison of the expressions for ¢ given by equa-
tions (9) and (Al5) suggests the assumption

']; - (# - 1>1/i§2 - Ez“ - (@ - 1)1/2]2

N
2° - 131/2{ (r2)

— 'y
NL/2 !
- 1)

-4

+ 2 log

SF

+

{
N

7N PN
3

where 2 = x + 1y, Z =x - iy, &and k 1is an arbitrary
coenstant. Since this expression for ﬁl_ is the sum of

a function of 2z only and a function of 2z only, it
satisfies Laplace's equation (Bl). The arbitrary con-
stant k 1is to be determined from the boundary cerndition

O avy _ o7
dX dx ~ 8y

I
i
]
}
n

or
off dy _ .2 Qg (B3)
0x dx T dy i
The expression for @, insofsr as the first power in h

is concerned, is

g = -x - hify
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and, to the first power in h, from equation (412),
dy -

a%-z -ligh cos
The boundary condition, equation (B3}, then becomes
Ligh cos & =-.E::2h Q—/-{-]—
oy
/
=-52h(§gi_?é£\
\dz a7/ )
.'/ “‘2 - \
(e 20 o2 )2F
o2dla-(s2-1) -1 {77 -1 _]-1
= 21kng" ¢ & e > (8
g (ze-l“).l./'a /;2-1\1/2 f
] / \ / \
. ~
By definition X = cos ¥, and from equation (All), to
the first power in h, v = 2¢h sin2%. Hence, to the
first power in h,
2 = cos ¥ + Zifh sinc s
= 2
Zz = cos % - 2igh sin™d
]
22 = coses + Lifh sin®y cos &
— o
22 = coszé - hifh sin®y cos &
<z2 - 1}1/2 i sin & (1 - 2ifh cos 3)
= \i/2 . s . ,
\zd - 1>L/ = -1 sin (1 + 2ifh cos 3
Then
> c21d =218
Lgh cos & = -2iknps
, 1 osin %
— _l:uwpe 8in 23
= -nikhps =l
Hikhp sin %
= -8ikh(“ cos %
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or

The expression for the first approximation of ¢ 1is then

N X LY G I RN CRV

(B5)

This expression for ﬁ can bte simplified considerebly
by introducing slliptic coordinates ¢ &and 7. Thus,
let : -

z = cosh ( (B6)
where
£ =&+ in
Then
x + 1y = cosh (& + in)
= cosh € cos m + 1 sinh & sin nm
so that
' A
x = cosh € cos 1 |
> (B7)
y = sinh ¢ sin n |
i
/

Equation (B5) can then be written

Q::-%(cosh ¢t +cosh () -%%-@“2§~e”2§'F2 log e§'§> (38)

or

g = -~ cosh & cos 1 - = (7S sin 2n - 2n> (89)
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n
W

From a compearison of equations (A15) and (B5) note
that, ir Pj and I dencte the circulation in the
incompressible case and the coupressible case, then

"J, 3
= o

-1
6

= = - (R10)
NV
(1 - Mla) /

Equation (B10) is the well-known Prandtl-glauert riale

connecting the circuletions (or lifts) in the incom-
pressible and compressible cases.

In order to utilize equation (89) for the csleula-
tions, the equations of transformation (RB7) wust be
inverted. Thus,

-
Y
2 z
X — Y. 5= = 1 ,
cosh™®  sink g |
o _
5 s (B11)
2
x P
- T ]
cos™n sin“m |
J
From equations (Bll),
; . 1/2’
= ' O\
2 sinh®E = b + (b2 + by )
‘ (B12)
2 S1n2n = b + <£2 + hy2>l/2 (

where

By means of trensformstion (1ly),
1 /5
2 sink®E = b + @2+im%@)/c

°n

2 sin

5 _2\L/2
b+—@4+lm?f}
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vhere

In terms of the complex varisbles { and {, the
velocity components in the direction of the coordinate
exes are

™
og 1O 1 ¢
0X  sinh { ¢ sink ¢ o¢

>

t
TN
{" J
]
1o
SRS
i
|
}._J
Qo
RNy
\\—_//

v = — o
oY sinh { of sinh { of
-
et ¢ be given by equation (83); then,
Ih e ~
u=-1-"T-e¢"2sinn
b , (21l)

Now, to the first power in h, at the bcocundsry,
, : n
Hence, if 4. and q; dencte the magnitudes of the
veloclty at the surface of the circular arc profile for
the compressible and the incompressible cases, respec
tively, then
Gl

g, = 1 <= g8in %
c { "
e L (315)
q, =1 + L sin & !
1 )
or, when h sin?® is eliminateg,
Aa H : 1
C BN A
- = = - <';; - l) —— (Blé)
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where

6 = (1 - M12>1/2

Equation (E16) represents the velocity-correcticn formula
for the Prandtl-Glauert approximation.

can a2lso be weltten as follows:

Bauations (B15)

qc"l_l
qi‘-l 5

Since the Prandtl-Gleuert spoaroximation is strictly true
for infinitesimel disturbances to the uniform stream,
equation (Bl6) may be renlaced by the dirferentizl coef-
ficient (from reference 11) _

(B17)

wil

/ A
“aq, \
(REE"_ )i = % (R1&)
\©& L /=1
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APPENDIX
DETERMINATION OF THE SECOND APPROXIMATION §,

By means of transformation (14), the symbolic
relations,

N
Q.....: é..—..-}- a’_—.—
Ox 0z Gz
02 _ 9B, 5 2%, 08
x 328 0zdz 57
& . f0_ .0~ .
57 <éz 5% 7 (C1)
- R
3y 52° 520F 07
AXDY - W02 dz= Y

and ths equation of transformation (EH)
z = cosh ¢
or

cosh ¢

o]
It

differential equation (12) for ¢2 can be expressed in
terms of the complex variables { and t as follows:



$s3INssa N& J0J uoigsnbe TeiiusIS]
~JTP BUTMOTTOJ 9y3 ‘(z0) uorgenbe Jo 8pIs pusy- QUSTJ 8713 OQUT POONPOJIUT ST

“(gg) uorgenbs woay pouteiqo ._w& JoJ uotsseadxs eyl ueyuy

(
L/ JQ J.,Uuis _3Q J_uurs
ANOV n.w..”..l Im + c N -
ge ] Yo T
I0Q Mmﬂc.,.ﬁm NMA M sgm UIS 70 ] yuts

R 1703 usoo H&N@ \ﬂrNo T - g0 T mnm -
m
=
H \Mo Jcuuts 19 wmﬂsﬂm JQ 3 uuts
w /4&@ M ysoo a&mo T + ﬁ&@ 7 ysoo
3 _bmo H \ Hmc T lge 1 _w T+ _ -ﬁ m&m@ i
- .
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5%, 1-;32I

..__—- = __._.---

Stor v(f 1) - (v- 1”’2'( L. '§><e"§ sinh T - ™" sinn ¢

_8B2< §_e§>( gswh§+e S sinh g)lL

Finally, by putting { =% + in-and ¢ = & - imn,

5%, &2« e/ r - .
2,520, - \.{ D) = (=302 | e B igfeE R cos
88 an° g \L | |
fly+ (- 82) e oos 3n\, (c3)
/

The right-hand side of equation (C3) suggests a solution
of the form

=

o = F(&) cos m + Ff(é) cos 3m (cly)

< R

Ry substituting this erprsssion for %2 . into equa-

tion (C3) and by equating the coefficients o cos m and
cos 3m to zero, the following differential equations
for Fq(&) and b5(5) are obtained:

-

a“my 1 -2 J 2 2,-3&
-y = LT (D) - (v =307 S+ p2emIS) (05)
PR ol . l' i J
G _ 2N,
? -~ 9F3 = h(r+l)<—~"§2—> e™> (c6)
ag e s

The solutions of these eguations are



1 /-‘ - 4\2 -3E o
—'5(Y+1) < + g0 ) (c8)

where Ay éend A, are arbitrary constants to be deter-
J

minzd by the boundary condition at the surface of the
profile. The other two arbitrary constants are taken
ecual to zero since Fy and hb must vanish at infinity.

In terms of the variables & and m, the boundary
condition (B3) takes the form

(81nl“ cos néz-coshc‘isl*ln gj -—X Ba(cosné sin nég
dE og

. 3
+sinh & cos n%) (C9)
wherc the velocity potential @ has the form

g = - cosh € cos 1 - %(é'2§.3in 2n - 2ﬂ>

- h2<31 cos m *+ F5 cos 5n t P?n) | (C10)

and where P2 is en erbitrary circulation to be deter-
minad by the Kutte condition at the trailing edge of the
ci

CUlaf arc profile.

In older to meke use of the boundary equation (C9),
the verious functions of & and m @appearing in equg-
tion {ClD) must be expressed as funvcﬂono of ¥ evalu-
ated at the boundary. From equations (A11) and (Al2),
the boundary and its slope &are now given by

v = 2n sin®d + 8pn0 sin®y cos®y + ...

—"l‘..!.ﬁh COS$" [
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At the boundary then, with x = cos $, when powers of h
above the second are neglected,

b=1-(x2+3°)
}
sin®y - MBZhZ sin“$

1]

Then, from equations (Bl2)

sin?s (1 + 4e%n° cos™s)

2
sin™n

coszn cos®s <1_ hp ! sin2$>

sin n = sin % <1 + 2(321'12 0082$>

¢2h2 sinZS)

t
[\S]
T

cos n = cos ¥ (1

2.2

a2
h™ sin™)

[¢]
@]
n
5
s
i
',..J
+

28
6% = 1 - 2ph sin & + 2p°h° sin®y

& = 28h sin -

When these cxples310bs, with equations (C7),
(cl0), are utilized in the boundarv equation
fo‘low1q5 results are obtained:

oN e
(NoRes]

), and
), the

o
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2 58 )
ZE—ZIL—@-—A]_:_%+2(ﬁf+1)<—————l" £ \;
B © 52 /-
2 >’ (c11)
2 2
- I_.ij’-—-?—,—?——\ A :_22-‘-5 {.}.(v}.l)Q__ >

The value of the arbitrary constant I5 1is deter-

mined in the following way. The magnitude of the velocity,
when terms containing powers of h hlgher than the second

gre neglected, 1s given by
/é%) AR
\ OX

or, in the variables & and mn,

aru ‘

qg=1+h ¢1 + 1
OX

g=1+ eh sinh & cos m gg}-— cosh & sin n —= ¢1
cosh 28 - cos 2n 0g ~ On
2
+ ch sinh & cos né.g(g_— cosh & sin n _;_){_2. )
cosh 2&-cos 2n o0& on /
50232 \2
+ 2f™ ‘cosh sin m gl +sinh & cos 7 @,1/\ ... (C12)
(cosh 2&-cos cr) \ = on

From equations (B9) and (Cl0),

gy = (3'2g sin 2n '<2ﬂ>

™ |-

and

=
V)
1

Fy cos m + Fz cos 3n + I'om (C13)
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"

(ST

For the position of maximum velocity, ¥

Ln 2]— 1 2 1 2
1+ ==+ n"|-8+3=5+1) + 3y[—=-1
g L <B2 ) ca )

Qe
g - > (C17)
-1 (1 + 2h)
For the position of minimum velocity, & =- g—,
-~ 2 2

1l - %1—+ h -8 + z_<_:,L2-+1>. + 5«{(—1?-”.
q B y G J |
E?' = b — . . (c18)
1
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0N

1/2
+ £52 - 1) ’ -
+ 2 log (D2)

P (- )Y

|

Introduce new com lex variables A and A where
3
N\,

S O A ST ) Ll G
rN= 7+ <Z° - 1‘)1/2 —;\-_ z - (Z?- - 1)1/2 )

The relations between the complex variables A and A
and the complex variables { and t, respectively, &re

T ha
A= ec N o= e ‘
> (Dh)
AN = e2é él = ~17 J |
A%
Then
l \,
- -2 log (D5)
e c1p(7 - >\>' - g
Similarly, the express;on for obtalnad from equa-
tions (Cl), ), (c8), and 011
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where
2 2\8
C =<1 - g 1-8 +-3; (Y + 1) 1- B‘\
p, 2 12 2 )
g p
D=l-b2
e2
E =~ I+l<1“'@>
and

From equations (D5) and (D6) with the use of equa-
tion (D3), the following relations are cbtained:

21
ST
_L 1
Q/].Z‘Z iB kZ'_ 1

-1 A -1 72X—<7\2 - l>
P
+ 2(3C -D +58) +28 -6C L
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59

A3 +X) , A =) —‘l

X(x2 - 1)? X(xZ - l>2J

z 25 5
+ 8D Ao+ BTN - N 8(3¢ - D + 5E) A

12<A2 - 1)5

()

5 253 5 2
g M= R+ S

'12<L2 - 1)5

- 8D<~—1— -1) -
o) D

MAZ - 1)5

. (>\+7\)_(>\._">\)2
w02 -1)(32 -1)

and expressions for the corresponding conjugate complex

quentities.

When the foregoing expressions are introduced into

equation (DL),

the various quentities in tersn
the following differential equation for

and m,
obtained:

and when equations (Dh) are used to express
s of the variables &

is

%
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- -192pD° - 32pD° (y + 1) + 12pDH (¢ + 1)°
gl = -60pD7 Gy + 1) - 156DH (¢ + 1)2

A2 = 96pD° + L8eD> (v + 1) + 6eplt v + )
AELL = B2 (y + 1)2 (15D + 8) + LEDP (y + 1)(7D + 9)
ALLL‘r = 9.6@1)2 - 16003 (y + 1) - 108Dl (y + 1)2

Aéh = L8ED° (y + 1) - SBD"“L (y + 1)°

Agbr - ~221,gD° - 16@.05 (v + 1) + 22&13}Jr (y + 1)°
Ayl = -BLeDY (v + 1) - 216Dl (y + 1)°

Alabr = 128pD° + 6ug.D5 (y +1) + 86Db‘ (y + 1)2

B,2 = -8p0° [(y + 1) D + 1}°
Blg_z = -:L«?.,%D5 (¢ + 1) :(9( + 1) D+ ‘LQ

842 = 16ED° [(y +D D + ‘4]2
Bl = 12607 (y + 1) [y + DD+ U
B\bf = -16@1)2[(«( + 1) D + l;]z

Bél‘F = -208D7 (y + 1) [(y + 1)D + L

Bl = 2lpo® [(y + DD+ 1)

_ Boap(D + 1) + 8D (v + 1)(AD + 1) + PO (y + 1)2
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¢y = LppP [y + 1D "'2*}{_'(_*{'* l)fola
2 |

C, = 8@D _(y+ 1)D + LU'

D1=L’r@2:(‘Y+ VD + 2}

Dy = 0% (y + 1)[(r + DD + 2

Dz = 8ep°

D, = 2pD° (y + 1)

Note that

- 2 - 2 h_1 2
B2 = -2, = Bt = : Bt = 285" = 7 Ay
and
2. b3 b, L_obh,2
Bh = -52 T B6 = 7 AlO = 3 A8

Tne right-hand side of equation (D7) suggests a
solution of the form
-2

¢5::Gl(§) sin 2n+ Gy (&) sin hn*-\‘ G, (&) sin 2nm (D8)
n—} :

fihen this expression for #z is inserted in the left-
hand side of equatlon (D?) and the coefficients of

sin 2m, sin Ln, &nd sin 2nnm are equated to zero, the
following differentisl equations for G (L), Ga(é),

and Gy (§) result:

d—-—G}- - Loy = (A, 2§>e‘2§ + (ALL2 + Eh2§>e_)*§> + (Aée + B62§>e'6§

+ Ag e T+ ApTe T ' (D9)
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ag - faz + 209 - SNHT S5° WAmo - Hovm « Yoz - Sz + 2ot + Hn&; +

P

N,
O L (U

— 4 N =
MAmo + HQVN + oz - fa9 - Ca9 + Tog-| +

| -l~

wm-o.@mmo + Ho.v + Ama - Hov@ + Aqm v fq + %« .EVN +

mw-mm&m - fag + a6 - Ham.v ¢ .0

|

$2°

.

(o1a) | Sz1-%1

so-2 G’ ¢ ) + %-*(37¢ * ) sr-2(3 + 7)) + (3 - 1) = o9 -

WANU + .mouv + ag + & + cal - ,ﬁm:u_ +m¢m@o - m@i\ - Uy m?mv -

3P

<

wmv

=
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(21a) , mmlwax + moa..mmoﬁ@ .m% +
mm-o%@ b% * wm-mAmmm mmm + 57 wm * ma-mAmnm mw ¥ _Nf wm/\ *
59-°%2 "™ Z e T gp (R E g - oo e -2 (@)
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moﬁm.+ (T ++) (ad2¢ + (T + A) ﬁamﬁ

(T +4) Q99T + (T + ) ﬁau

(11Q) , mcmwmﬁx + mw:mqmlm ”rm
MQIMCNI w.ﬁ +%v m@uj + NAH +% QQ_ T M.J MQNI

| | g
m:-mgm-o_ﬁmam (T4 @+ (T ) 4 & *gz-gue-

Sg-Suz-"°

- A el o
m:+ ) f,o@

1
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mzm:omm

mgmsom _vmna 9T - (T + Ay moum +5(1 +4) aam. T mm+mgm..

Fc+UCT

o[ (14 ) @+ (144 ﬁ_ma.'

[T
\

hao <
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oNA T+4) .JQ&
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. 2
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Dy - D3 = LD (y +1)
Do -Dh'—‘BD’*(Y*'l)z
D) +Dp+ D3 +D) = aD“<Y+1>2f8aD5 (y+1) +16@D2=§(01+Ca)
Dy +Dp = D3 = D), = BD* (y + 1)2 4+ 4pD° (v +1) =%;(cl - 3)

The arbitrary constants kj, kp, and kj(n 2 %) are

to be determined by the boundary condition at the sur-
face (the boundary condition at infinity is taken care

of by putting equel to zero the other set of arbitary
constants that normelly appear in the solutions of linear
second-order differential equations with constant coerl-
ficients). It is now anticipated that the arbitrary
constants k, are independent of n and equal to Kk,
say. Then ’

= 1 sin 2
R ——— . . [y [
> Gy sin 2nm = Giz s
n=>% 1c cocsh 2& = cos 2n

28 -
- &7%% 3in 2n ~ e 4 sin h% (D15)

where



“(6d9) uotaenbe woaj ‘saeum
(91a) - oo o m&ms - m&ug - HNQ - W soo § usoo - = ¢

meu ST 7 TeTausq0d L£qT00TsA 213 JO] uorssaadxs Ul

42

> |, ﬂ Nz r
@ﬁgwmasﬁ+AH+>Vm5m+.aﬁ+>:mﬁm.+mwbmwﬂ+>vma;+ (k) ad] -

ﬂlwl. 7! -~ , -
L N R ARG P e T
S SN \
[ - A
E ORI + A) g + _( Ay odd - ﬂa - iy e TS
mw R u. acll > T+ VJL mm|®_mLumr + (1T + bvamuw + uAHJ.:vj@c-ﬂw +
2 RERP Ju g
[ ~ - ., AN N y _
e 9 Mr ’ vmmqs vl }\nm@ T~ 3-° mmgmA (T+ M) a8 + (T + >v:mu ot
m oo (T + M)A = 50 (T + 4) (@3 + (T + 4y dd U + 50 (T + %) 508 T, 4% =n
= ELA L ¢ Tz LA I g ED
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from equations (C3), (C6), (C7), and (ClO),

-t

. _ ' ]
Qz(2= <2D ky+ 1)D+Ltiée-§+ 2De'3§ + 2<{3 -D+D£(~,-+1)D+}J£|’ % e-§> cos m

~
~

-@_ (v +1) D29-§’+% 124120 - D[ (y+ 1)D+Lﬂ > e 35> cos 3 (D17)

i

\

P
AN

and, from equatiohs (D8),
¢3 =3 (£) sin 27}.+G2(§) sin LLT]+G(;E)<

sin 2n
2 cosh 2¢ -cos dn

- 6™% gin .21’]--&3"l'*é sin un> *+ I'ym (D18)

where Gl(é) and G,

() &re given by equations (D12)
and (D13), respectively

, and G(&) can be written

N 17 ST A SRS B -
(HQ—HJg -/JK &e +\J+va) E@hh HO?
+ K2° Je2é-vmfée£§-%@-2J-u\ﬁf>elﬁ
+ = K& -hg 1 VIK e~b% +£f6— Ke~O% + k - (D19)
with
7= gDty + 1)°
k= o [(y + 1D + L

VIR = D3 (r + L)[(y + 1)D + L}
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The arbitrary constants k,, kp, and k appearing in
the expressions for Gy, Gp, and G, respectively, are
determined by the boundary condition at the surface of
the circular arc profile. The value of the arbitrary
circulation F5 is determined by the Kutta condition at

the trailing edge - that the velocity there be finite.

In order to evaluate the various terms appearing
in the boundary condition, equation (C9), the following
relations are necessary: From equations (A11l) and (A12)

y = ﬁ<2h sin®y + 8n7 sin®s cos2$) + oo
%% = =lifh cos % - léﬁh5 cos § cos 2% - ...

From equation (Bl2)"

b = sin®s - B2<hh2 sinty + 52h)‘L sinh$ cosgs> + ...

> o
sinh £ = 2fh sin 5]£'*hh2 cos®y - 62h <é cosas-Fsian>

|+
- ‘-‘ LN
2
cosh & =1 + 262h2 sin d + ...
: -
e = 1 + 2¢h sin ¥ + 2@2}12 sin“s
+ 2pn? sin S|L cos®y - @Eézamzs ~+sinh$> T

e=€ = 1 - 2¢n sin 5 + 2¢°h° sin®y

N 2 p }
- 2gn® sin s |k cos?s - §7(2 cos®s + sin4sj] -

£ = 2ph sin & + 2ph0 sin s[% c0s®s

- @2 (%‘Sin2$ + 2 cos®y + SinuS)} + ee

sin m = sin » (1 + 2(%n? 0052$> + o

cos 1 = cos » (l - 2@2h2 sin2$> oo
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When the expressien for ¢ given by equation (D16)
is substituted into une voundary condition, equation (C9

the coefficient cf h on the left-hand side is

~

D!(Y+1)D+LL_| L;5+6f‘3l( cos $+)l ZRD%7y+1)D+ !+2B 5&} cos %%

1
- -

\ r -
159Lv+1)n+u' +28 - &‘; cos 59 | (D20)

\

and the coefficlent of h5 on the right-hand side 1is

P

-6-~—-D+5 -l P ye)) -2 Py 1) - 2% (y+ )%

,,)

2 +2— DE(Y-P 1)

. i - -
.L-‘ ; 3!—;2 92 {

-} cos & + 12 +%=-D=---D
b FITE

i

cos 3%

oy 7 ‘ -k 2k~ - 4
c‘?D’(Y+1)+QD3(Y+1)2+5?—.D1*(Y+1)2+< — k>

o 3 )
P y+r1) + =D (Y+1)2+1gD4‘(Y+1)2

2l + 2k i -
+ | ——= cos 5% (p21)

2}
©
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W]

In obtaining ezpression (D21), the following rela-
tions were utilized:

\
1l 2 \
§363+?fﬁm2+:'mﬁ(v+l)+g ﬁf(Y+l)

G, (0) =

+ D 5
5 b >
BTN < -
- é‘ f,JD'\,,-'!”l) +kl

. . 2. 1 .
6,10) = fT° = 320D° (v + 1) -5 BD° [y +1)

2 ,- ’ 1'-9 nl ?!/ \P‘
"3 @Dﬁky'+*)“-'Lm EDY (y + 1)+ Xk

1,8 2

S 255 L2
+"BD9(Y-L‘L) -‘-5—2-[:D('\[r+l) “—Lkp

g?\l = U
& 4 /

5 &%, cos 3%,
20) and (D21),
y constants kq,

- e L2 - ey o

Ev soveating the coal

! o " T A, 2
ani 0+ BL avpearing in
the Iollowing squations

ko, and k are chieaired:



G15

i
i
Lt

52 _ NiCA AER Yo. LY

g 20 7 2,17 .2
= - = ..._ -+ '\ + - __ + 9 + - —

4

+%5-D)(v+1)+2')3(~{+“‘ 55D4(Y+1)2 (D23)
48
1/ . N_ _ 2D 1.2 432 T 2
ﬁ\-k1+él{2—k/——ﬁ2L7+l)D+L~J+62 18 -2=D+5 D
o 2 z Z
-?,_'D"(Yu)-g;,iD9(Y+1)-1-7£D9(Y+1)2
2 ) O J ,
[ ! )
£(-2k2+21{>=—D-.-Ry+1)9+lﬂ+—%~+6+MD-)_\LD2(Y+1)
(5\ 62’- bt BL-
—D5W+1)‘-’%DB(wl)?‘-%DL*( +1) (D25)

Note that the sum of eguabions (p2h) and (D25) ylelds
equztion (p23), so that these eguations for XKq, k2,

and k awve nnt u*“h“ﬂd”ﬂ* Jence, ons of the constants,
say Kk, is entively srbitrery. 1t will be sesn in the
fol‘ﬁv1n“ QlS‘u”blon tnat the arbitrary disposal of k

is necessary in orde: that no infinite veloclties occur
on the circular arc oroti-e

The velocity components along the X @&nd Y axes
are given by

o 2 - o , ¢\
u === sinh & cos m ——= cosh sin n =~
0X cosh 2&-cos 2n ( S néé s & )
> (D26)
o /
V=6L= 2f {cosh & sin nb—d+51nh & cos n%z\
9Y cosh 2&-cos 2n og T))/
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Along the chord of the circular arc profile, & = 0;
equations (D26) therefors become-

. 5

Y
sin n on

v = B oF
sin 1, 0&

A

By means. of equation (Di6) for ¥ and the expressions
for ¢l’ fn, and QB’ it follows easily from equa-
tions (DE7) that

»”*

Lih i 7 -
u=-l~%l sin 73+.h2 <12 cos 2n+DBA{+l)D+L¢.,(2 cog 2n-1
= L -]
4 w B {G) cos '3n+‘).;G>(O) coz Lin +I‘-
A il TR § C0s < \ COG !
- sin n’ 1 2 A 2
+ —— G(O)(-E cas 27 -1 cos }_m-coszfq
~sin 7 L
coa 2 1 I N :
vl T | o (o28)
2 3in“r -

v=1lh cos "r;+4ﬁh (ZT)+9) sin 2n~ 2;311) cos m /_—....)

\ag /,
+ 2 g-?—) +<dG>’ — -1 -2 cos 2n>
as /g a& y\L sin®n :

+ 2G(0)(1+l cos2n)| + ... (D29)

At the trailing edge, v = 7 or -3in n1 = 0. IiHence

according to equations (D2 2E) and (D29), an infinite

velocity seems to occur there. The Kutta condition at
f . ’

(D27)

X

|
J
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5

the trailing edge, however, 6Qmands thst the velocity be

. . X . - . aG _
finite. From equations (D22) it 1 tern that (E? =
'.: O

so that the velocity component v 1is Sinite on the
boundary. The velozity component u can be rendered

finite by showing that the coefficiernits of -Tgum in

equation (D28) can be made to equal z.ero when n = 0
or w. Thus, since the constant k weccurring in equa-
tion (D15) is a‘bltrary, it can be cricsen so that
G(02 = 0. Agein, if the first coefficient of

h”

- in equation (D28) vanishes for* mn = ™, then the
sin 7

circulation const

Iy = -26,(0) - s, (0) (D30

where G;(0) and G5(0) are given ™My equations (D22)

The arbitrary constant k has .Jesn determined by
the condition G(Q) = 0. From equﬁ*iLonq (D22), tnererl

=§D“~w+1>2-é-m5w+ 1) + p? (D%

e oy

N

and from equatlons (D23) and (D25), r°espectively

Ui . T 20 o2 17 .2
el (o + 1) +fL!-*'—-+ + Sl T D+ + 1
‘32[_(* LD+ % 12 ; D - 5 D 5 D (y+1)

o]

[h)
N

+

L D2 (y+1) + 207 [y +1)

=~

0

~
J

ore,

1)
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Note that, hsd the incompressible flow past & circular
arc profile been determined &according to the methods of
the present peper, a discussion similar to the Toregoing
would have been necessary, with the result that k; = g
ko = -y, k =0, and T5 = 0.

3

Substituting from equations (D21) for G1(0) an
G,(0) into equation {D%0) gives

[o¥

20 o 26 2 16 z
r,=- 2 pp-20 P - 22 B0 (p+ 1) - PO (y+ 1)
j 3 5 7 0
51 )_;, - 2 8 . 5 2 z )
-;EﬁD(Y+U -ng(Y+H (D344)

The circulation Pi in the incompressible case, obtained
from equation (45%), 1s

_.Eé‘__.. = 2h
LnUa

The circulation Iy in the compressible case, lnclusive of
terms containing the third power of h, 1is obtained by '
adding the circulation term from equetion (B9) to the
value of l"5 given by equation (DZl4) and multiplying

the result by LnUa. Thus, if D 1is replaced by =—Tx=.

14
52
2\2
" o1 (-2
‘C =S h+ %115“ +§(Y+1) E' <8+5@>
hage B - c 2 g
2\5 7
1 (l—'.‘:{' ~ e % 2
B —-(5:1.+p“3);h? (D35)
i1 :6‘ {
-]

The circulation correction formula then becomes

Te 1 [&\1 8 1 1 - ) ?>
Cot 4l 2P 4+ (\f"'l) : ‘ <8+c)"e“
3 55 p,

——
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The first term on the right-hand side is .the familiar
Prandtl-Glauert term so that the second term represents
the first departure from the Prandtl Glauert rule.

The magnitude of the vel oc:ltv at the surface of the
circular arc profile is calculated by the use of equa-
tions (D26). Thus

S
~ Ty r_{ L — 7 P =
a=1l+h TR <éy x| T T S

- + e o & D 7
dy ¢y ¢&x : (37)
where, symbolically,
0 2 . ¢ . -
— " - /31nh & cos M O __cogh & sin n Q—
dx  cosh 2& =cos 21 \ o0& o
o 2 . o . O
—= — ([ cosh & sin m Ty +sinh & cos n =
3y cosh 2& -cos 2n \ og on,
nd the expressionz for § g5, end @, are given by
) 2

2
equstions (B9), (D17), and ( 8). When 21l the functions
of & and m are expressed as functions of ¥ &t the
surface of the profile and terms involving powers of h
higher than the third are neglacted, the expression for
becones -

q
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- TABLE 1
. ”
RATIO OF CIRCULATIONS FOR COMPRESSIBLE AND INCOMPRESSIBLE FLOWS
/R
Myi0.10 0.20 0.30 0.40 Q.45 04,50 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90
Approxi- .
mation
Prandtl- E
Gladert 1.0050} 1.0206(1.0483] 1.0911{ 21,1198 1,1547( 1.1974] 1.2500|1.3159] 1.4003( 1.5119{ 1.6667 1.8983|2.2942
b = 0.010
Third _  }1.0080 1.0206(1.0483|1.0912| 1.1200| 1.1550{ 1.1978] 1.2508|1.3172| 1.4029} 1.5170] 1.67688 1.9348[2.4603
von Karmén |1.0050|1.0206|1,0485]/1.0911] 1,1199{1.1548( 1.1975 1.2503|1.3165| 1.4013] 1.5135] 1.6692 1.9025[2.3030
b = 0.015
Third. 1,0081{1.0207} 1.0484|1.0913] 1,1202(1.1553, 1.19841 1.2517|1.3189( 1.4058| 1.5234] 1.6940| 1.9804|2.6680
von Karman [1.0080|1.0207}1.0484[1.0913] 1,1202]{1,1553} 1.1983] 1.2511/1,3175] 1.4026| 1.5152| 1.6720{ 1.9078]2,3142
h = 0.020
Third 1,0061]1.0207|1.0485|1.0915| 1.1806 1.‘1553 1.1992] 1.2530(1,3212] 1.4102| 1.5323| 1.7153 2,0441]2.9588
von Karmén }1,0051(1,0207|1,0485(1.0915(1.1808|1,1557|1.1987| 1.,2520[1.3187|1.4043| 1.5179| 1.6763f 1.9163{2.3301
h = 0.025
Thira 1.0051] 1.0207 1.0496 1.0918] 1,1209{1.1565 1.2002.1.2561_ 1,3242{1.4158| 1.5438{ 1.7427 2.1262 | c=ww==
von Kérmin [1.0081|1.0207|1.0486}1.0916)1.1206|1.1560]1.1996| 1.2551(1.3208|1.4066| 1.5213|1.6818 1.9250 |~we=-=
h.= 0,030 i B
Third 1.,0081{1.0908{ 1.0487|1.0921{ 1.1214{1,1572{1.2015] 1.2568]1.3278| 1.42268| 1.5578| 1.7762} 2,2264 |~~=~~~
von Kirmén |1.0051|1.0208]1.0486)1.0920 1.,1812]1.1570| 1.2006| 1,2544|1.3222]1.4094] 1.5256| 1.6683| 1,9370 fa=e=- -
h = 0.035
Third | 1.0061|1.0208 1.6488 1.0925/1,1220/1.15811.2030| 1.2593|1.3321(1.4307} 1.5744(1.68157( £.3449
von Karmén {1.0051|1.0208|1.0486(1.0922(1.1818[1,1575(1.2017)1.2560]1.3245(1.4127|1.5306|1.6966| 1.9514
h = 0.040
Third _ [1.0051}1.0208]1.04901,0929| 1,18261,1592| 1.2047 1.2621)1.3371|1.440011.56936]1.8613
von Kérmén [1.0061]1.0209|1.0488{1.0926|1.,1220|1.1588}1.2031|1.2579}1.3271|1.42861.5364]1.7060
h = 0,045 '
Third , |1.,0081(1,0210]/1.0492|1.0934/1,1234]1,1604(1.2066 1.2683(1,3427]1,4805(1.6153{ 1.9130| <veccn [emcean
von Karman [1,0051/1.0210(1.0490(1.0930/1.1228}1.,1599]1.2046[1.2600(1.3301]1.4209(1.5430[1.7168( ~w=re=|cram-e
h'=s 0.050
Third | 1,0051(1.0210|1.0494 1.0939 1.1242[1.1617[1.2087] 1.2680(|1.3490{1.4623]1.6396{1.9708( ev=wwn [cmceea
von Kérmén |1.0051/1.0210]/1.0492]1.0936/1.1238(1.2611]1.2063| 1.2824(1.3335|1.4258(1.56505!1.7290| -eeeee camecax
h = 0.060
Third | "11.0082]1.0212{1.0499]1.0952| 1.1262[1.1648/1.2137}1.2773{1.3636]1.4895{1.6088 emcace| eccvnne|ananas
von Karman [1.0062{1.0210{1.0486{1.0950|1.1260[1.1640[1.2102}1.2679|1.3413{1.4373/1.5681]| e=wvma| ~anm=e ——even
h = 0.070
Thira _, [1.0052 1.0214]1.0505|1.0967}1.1285/1.1685|1.2196{1.2871{1.3808/1.5218|1.7622
von Karman [1.0052}1.0212(1.0500./1.0960[1.1281|1.1673|1.2148]1.2744]1.3507(1.4511{1.5895
h = 0.080
Third | 1.0058]1.0217|1.0512 |1.0984]1.,1312|1,1727|1.2265|1.2985|1.4007(1.5889} ~=ave=|=~ vcma| mcmaaa ccmana
von Kérman |1,0052/1.0215[1.0510[1.0976]1.1289]1,1711|1.2202|1.2820|1.36168(1.,4873|~=wwwn|accccs|cacene PRSI
h = 0.090
‘Thi);d . 1.005311.0219(1.0520 [21.1003]1.1542[1.1775]1.2342|1.3144(1.4232]1.8011( «eevce)evcnac]| camccajanaaan
von Kérman [1.0052[1.0217/1.0515/1.1001|1.,1340[1,1755|1.2263|1.2907(1.3741(1.4861(~=c~ae|cccca| cscaan cesaca
* h = 0.100
Third 1.00841.0222|1.052811.1025{ 1,1376]1.1828|1.2428(1.3258 (). 4484{1.6482
von Karman [1.0088]1.0220/1.0526(1.1020}1,1370|1.1804|1.2332|1.3004|1.3883{1.5076
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ARR No. L4G15

NACA .
TABLE I1 !
RATIO OF VELOCITIES AT LEADIRG OR TRAILING EDGE FOR COMPRESSIBLE AND INCOMPRESSIBLE FLOWS
g
qc/'li
¥1l0.20 |0.20 [o0.30 |o.40 [0.45 [0.50 [0.55 |o0.60 [0.65 [0.70 |0.75 {0.80 [o.e5 [o.90 |o.95
Approxi-
mation
:
b = 0.010; (qy), ., = 1/1.0004 -

First 1.0000{ 1.0000| 1.0000f 1.0000[0.9999{0.9999 0.9999/ 0.9999] 0.9999] 0.9998} 0.9998) 0.9997|0.9996|0.9995|0.9991
Third 1.0000( 1.0000f 1.0000] .9999| .9999| .9998| .9998 .9097] .09996| .9994| .999I .9985| .9973| .9939| .9757
h = 0.015; (qi)ex-ct = 1/1.0009
Pirst 1.0000| 1.0000f 1.0000/ 0.9999/0,9999{0.9999| 0.9998/ 0.9998| 0.9997| 0.9996 0.9995| 0.999¢ |0.9992{0,9988 |0 .9980
Third 1.0000(1.0000[ .9999( .9998) .9997| .9996| .9995| .0993| .9991| .9986| .9980 .9967| .9940| Jose3| .9454
b = 0.020; (qq) . * 1/1.0016
Pirst 1.0000|1.0000(0.9999{0.9999{0.9998|0,9998] 0.9997|0.9996/ 0.9995] 0.9994(0.9992| 0.9989 |0.9986{0.9979]0.9965
Third 1.0000( .9999( .9998! .9997( .9995| .9994] .9991| .9988| .9983] .9976( .9964| .9041{ .9893]| .9757| .9028

\ b = 0.025; (qg), . . = 1/1.0025 .
Pirst 1.0000|1.0000(0.9999(0.9998/0.9997|0.9996( 0.9995| 0.9994] 0.9992| 0.9990| 0.9987 0.9983 |0.9978|0.9968|0.9945
Third 1.0000| .9999| .9997| .9995| .9993| .9990| .9686| .098)| .9974| .9962{ .9943] .9908| .9833] .9620| .8480
n = 0.030; (qg), ... = 1/1.0036 .

First 1.0000(0.9999| 0.9998|0.9997|0.9996|0.9994( 0.9993| 0.9991] 0.9989{0.9986| 0.9982( 0.9076 |0.9968(0.90530. 9021
Third 1.0000| .9999| .9996( .9992{- .9990| .0986] .9980| .9973 .9982{ .9945( .9918| .9867| .9759| .9452| .7808
B = 0.035; (Q1) gypet ® 1/1.0049
First 1.0000]0.9999}0.9998(0.9996 [0.9994{0.9992( 0.9990] 0.9988] 0.9985]0.9980 o.9975|o.9967 0.9956(0.9937|0.9892
Third +9999| .9998| .9995| .9990| .9986| .9980| .9973| .9963| .9948| .9925| .988B; .9819| .9672| .9253| .7013
b = 0.040; (q1),,,., * 1/1.0064
First 1.0000/0.9999(0.99970.9994 [0.9992|0.9990 0.9987] 0.9984 0.9980] 0.9974| 0.9967| 0.9957 [0.9943]0.9017 |0. 8859 |
Third .9999] .9997| .9993] .9986| .9981| .9974| .9965 .9982 .9932| .9903| .9853| .9763| .9570| .9023| .6092
h = 0.045; (qi’exacc = 1/1,0081
Pirst 1.0000|0.9998(0.9996(0.9993|0.9990|0.9988| 0.9984|0.9980( 0.9974[0.9968{0.9959] 0.9946 [0.9927|0.9895{0.9822
Third i9999| .9997| .9991| .9983( .9976| .9967| .9955| .9939( .9914| .9876( .9814| .9700] .9455] .8761] .5046
b = 0,050; (ay), ... = 1/1.01
Pirst 1,00000.9998|0.9995|0.9991 [0.9988|0.9985/0.9980(0.9978] 0.9968|0.9960|0.9949| 0.9933|0.9910/0.98710.9780
Third .9999] .9996| .9989| .9979| .9970| .9960| .9945| .9924] .9894| .9847| .9770| .9629| .9326| .8468| .3872

. h = 0.060; (qi)exacc = 1/1.0144 -

First 0.9999{0.9997(0,999310.9987 |0.9985|0.9978]0.99872|0.9964 0.9955|0.9942(0.9926| 0.9904 |0.9871(0.9814 |0.9683
Third .9999| .9994{ .9985| .9969} .9987] .9942| .9920| .9890| .9846| .9779| .9667] .9463| .9025| .7784| .1137
h = 0.070; (q3), .., = 1/1.0196
First l0.9999|0.9996|0.9991 |0.9982|0.9977 [0.9970[ 0.9961| 0.9951{ 0.9938] 0. 9922 0.9900| 0. 9869 |0.9824 0. 9746 0. 9568
Third .9998| .9991) .9979| .9958( .9942| .9920| .9891| :9850] .9790) .9697| .9545| ,9266| .8666| .6968|-----
h = 0.080; (qi)um-t = 1/1.0256
First 0.9999]0.9995|0.9938(0.9977{0.9969|0.9960] 0.9950{ 0.9936] 0.9919| 0.9898] 0.9869| 0.9829|0.9770/0.9669|0.9436
Third .9997] .9909| .9973| .9944] .9923| .0895 .9856| .9802] .9723] .9602] .9402| .9035| .82¢47| .6015|--e--a

b ® 0.090; {q)g ¢ * 1/1.0324 -
First 0.9998(0.5993|0.9984(0.9971(0.9961(0.9950| 0.9936]0.9919( 0.9898] 0.9870| 0.9834| 0.9784 {0.9709(0.9581|0.9286
Third .9997| .9986) .9965| .9920| .9902| .9866| .9817| .974B! .9648] .9493| .9237| .8770| .7766| .4921|------
h = 0.100; ( = 1/1.04 ;
3, e /
First 0.9998)|0.9992].0.9981|0.9964|0.9952|0.9938] 0.9921| 0.9900| 0.9874) 0.9840| 0.9795| 0.9733]0.9641)0.9482[0.9119
Third .9996| .9982| .9956{ .9912| .e878( .9833| .9772| .0687| .9561] .9369| .9051f .8469| .7221| ,3680|------
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TABLE III
RATIO OF MAXIMUM VELOCITIES FOR COMPRESSIBLE AND INCOMPRESSIBLE FLOWS

qmsxc/Qmsxi ’
~ -
Approit- M31l0.10 |[0.20 jo0.30 |0.40 |0.45 [o0.50 Jo.55 lo.60 [o.65 [0.70 [0.75 [0.80 [0.85 [0.90 [0.95
mation
h = 0.010; (q1)y = 1.04; (qy)p = 1.0404; (qg)g = 1.0404; (Qy) gpaey = 1.0404 -
Pirst 1.0002| 1.0008 1.0019 1.0035}1.00461.0060(1.0076}1.0096|1.0122[1.0154[1.0197|1.0256]1.0346(1.0498|1.0847
. Secsnd 1.9002( 1.0008] 1.0020( 1.0037}1.0049{1,0064|1.008211.0105[1.0134|1.0171]1.0223 (1.0299]1.0422|1.0673|1.1547
, Third 1.0002 1.0008| 1.0020| 1.0038{1.0050|1.0064|1.00831.0105|1.0135|1.0172[1.0227 |1.0307|1.0446| 1.0779[ 1.2829
h = 0.015; (q1); = 1.08; (g1}, = 1.0609; (qq)y = 1.0609; (q1) gpgey = 1-0609
First 1.0003! 1.0012| 1.0027! 1.0052|1.0068|1.0088|1.0112{1.0142(1.0179(1.0227(1.0290{1.0377|1.0509}{1.07235|1.1247
Second 1,0003] 1.0013{1.0030| 1.0057! 1.0075]1.0098|1.0126/1.0161]1.0205(1.0265[1.0247 |1.0471{1.0678|1.1118{1.2790
Third 1.0003] 1.00123(1.0030|1.0057]1.0076|1.0098(1.0127{1.0162(1.02091.0271|1.0359|1.0498|1.0758[1.1469(1.7034
h = 0.020; (qi)1 = 1.08; (q1}, = 1.0816; (qi)s = 1,0815; (ql)e“cc = 1.0815
First 1.0004{ 1.0015 1.0036}1.0068]1.0089|1.0115{1.0146{1.0185[1.0234 [1.0267]1.0379[1.0494]1.0665(1.0957|1.1631
Second 1.0004} 1,0017|1,0040{1.0077{1.0102|1.0132|1.0170{1.0218|1.0280[1.0363|1.0480 [1.0656]1.0961(1.1630|1.4321
Third 1.0004|1.0017(1.0041} 1.0077{1.0103|1.0134{1.017%{1.0222 |1.0288 [1.0377[1.0507 {1.0720(1.1146(1.2448(2.4191
h = 0.025; (q1)y = 1.30; (qg)p = 1.1025; (qg)y = 1.10245 (Q1) gppey = 1.1024
First 1.0005] 1.0019| 1.0044]{1.0083{1.0109{1.0141(1.0179|1.0227|1.0287 {1.03641.0465(1.0606(1.0817]1.1177|1.2002
Second 1.0005| 1.0022| 1.0051{1.0097{1,0129{1.0168|1.0216|1.0278[1.0358 {1.0466{1.0616 |1.0855]|1.1269|1.2206|1.5308
Third 1.0005| 1.0022| 1,0052{1.0098{1,0130(1.01711.0221 |1.0286 |1.0372 {1.0492]1.0671 |1.0976|1.1624|1.3772] 5.4221
h = 0.030; (q1); = 1.12; (qg), = 2.1236; (qg)y = 1.1224;5 (91) .., = 1.1234
First 1,0005{ 1.0022 1.0052|1.0098{1,0128(1.0166(1.0212|1.0268|1.0339 |1.0429|1.0548|1.07141.0963| 1.1387]1.2360
Second 1.0006| 1.0026{ 1.0062]1.0118{1,0156 {1.0204{1.0263|1.0339{1.0439{1,0573]1.0766 |1.1065|1.1601|1.2840]1.81583
Third 1.0006| 1,.0026] 1,0062|1.0120{1,0159 [1.0209{1.0272[1.0353/1.0462(1.0616]1.0854 |1.1271|1.2203|1.5496}5.0253
h = 0.035; (qg); = 1.145 (qg)p = 1.1449; (qg)y = 1.14465 (qQ1) gpp0yp = 1.1446
Pirst 1.0006/1.0025{1.0059{1.0112|1,0147|1.0190|1.02421.03071.0388 [1.0492|1.0629 [1.0819{1.1103|1.1589| 1,2705
Second 1.,0007/1.0031{1.0073|1.0139[1.0184 [1.0241]1.03121.0402{1.05622 {1.0684]1.0918|1.,1287[1.1955(1.3530(2.0483
Third™~ 1,0008|1.0031{1.0074]1.0142{1.0189 [1.0248|1.02241.0423{1.05658 {1.0752{1.1056 |1.1608|1.2894|1.7670(7.0467
- - h = 0.040; (ag); = 1.18; (qy), = 1.1664; (ag)y = 1.1659; (qg) ..\ = 1.1659
First 1.0007|1.0028]1.0067|1.0126[1.0165[1.0213{1.0272|1.0345(1.0426 |1.0552|1.0706 |1.0920(1.1239|1.1785|1.2028
Second 1.0009{1.0035]1.0084|1.0160(1.0213/1.0278{1.0361|1.0467|1.0607 {1.0798{1.1077 {1.1519[1.2330| 1.4272]2.3007
Third 1,0009} 1.0036]{1.0085(1.01651,0220 [1.0290{1.0379 |1.0498{1.0660 [1.0898]1.1279(1.1990[1.37C6(2,0339]9.6255
) h = 0.045; (q5); = 1.18; (q3), = 1.1881; (Q1)y = 1.1873; (ay) .y = 11874
First 1.0008[1.0032|1,0074|1.0139/1,01835(1.02361.0301 (1.0381{1.0482 [1.0611]1.0781|1.1017/1.1270]1.1974] 1.3360
Second 1,0010[1.0040|1.0095[1.0182]1,0241{1.02161.0411{1.0533|1.0694 [1.0916]1.1241|1.1762[1.2725] 1.5063(2.5745
Third 1.0010|1.0041|1.0097|1.0188(1.0252 /1.0332{1.0437 |1.0576 |1.0769 [1.1055]1.1523 |1.2420(1.4649|2.3545[12,8152
h = 0.050; (qq), = 1.20; (a1}, = 1.2100; (qq) g = 1.2090; (@) gpqop = 1-2089
T
First 1.0008{1.0034(1.0081{1.0152]1.020011.025811.0329|1.04171.0527 |1.0667{1.0855{1.1111]1.1497|1.2167|1.3671
Second 1.0011}1:0045[1.0106[1.0203]|1,0270{1.0355{1.0462 |1,0600 (1.0783 |1.1037{1.1411|1.2013{1.313911.5900|2.8682
Third 1.0011]1.0046{1.0109]1.0212|1.0284 [1.0377|1.0497 |1.0658|1.0884 |1.1224{1.1791 [1.2900{1.5731(2.732716.6647
h = 0.060; (qi)1 = 1.24; (qi)2 = 1.2544; (qi):5 = 1.2527; (qi)exact = 1.2525
. First 1.0010(1.0040{1.0094/1.01761,02321.0299{1.0382 [1.0484 {1.0611 {1.0775{1.0991{1.1290|1.1739|1.2505|1.4263
. Second 1.0013(1.0054]1,0129|1.024711,0330/1,0424{1.0566 |1.0737|1.0967 |1.1288(1.1764 [1.2541|1.4016|1.7700|3.5106
Third 1.0014|1.0056]1.0135|1.0262{1,0353 |1.0470 [1.0625|1.083511.1136 {1.1599{1.2398{1.4021|1.8341}3.6761/26.5210
- h = 0.070; (qg), = 1.28; (a3), = 1.2996; (ag)y = 1.2969; (a1} gpnoy = 12965
Pirst 1.0011{1.0045]/1.0106{1.0199{1.0262 [1.0328{1.0432{1.0547 {1.0691 [1.0876(1.1120{1.1458{1.1965|1.2831]1.4618
Second 1.0016{1.0064[1.0151|1,0292]1.0391{1.0514 [1.0673 (1.0879]1.1157 |1.1548{1.21231.309911.4954}1.9651]4.2193
Third 1.0016{1.0067[1.0161{1.0315{1.0426 [1.0570|1.0763 {1.1028{1.1416 |1.2027|1.3106 [1.5371|2.1589] 4.8892 59,5150
h = 0.080; (qq)y = 1.32; (q3),.= 1.2456;5 (qy)y =.1.3415; (Q1) gpacq = 1.3409
First 1.0012/1.0050{1.0117{1.0221(1.0290 [1.0375(1.0479 |1.0606 |1.0766 |1.0970/1.1241|1.1616|1.2178(1.3137]1.5329
Seconad 1.0018/1.0073]1.0175|1.0238(1,0452 |1.0596 [1.0761 ]1.1024{1.1352 [1.1816]1.2617 |1.23682]1.5944(2.1735| 4.9863
Third 1.0019{1.00781.0188{1.0371)1.0504 [1.0678{1.0912 [1.1240|1,1776 |1.2508|1.3922 |1.69632.5522| 6.3927/58.9220
. , h = 0.090; (ay); = 1.365 (qy), = 1.3924; (qq)5 = 1.38663 (qg) .. = 1.3857
First 1.,0012{1.0055]1.0128]1:02411.03171.0409|1.0522 [1.0662[1.0836 [1,1060}1.1255{1.1765/1.237811.2426( 1.5830
Second 1.0020!1.0082|1.0198)1.0384]1,0514[1.0679]1.0892{1.11721.1552 |1.2092{1.2913 [1.4288/1.6975]2.2934] 5.8044
Third 1.002211.0090{1.0217]1.0430(1.058611.0792}1.1072 [1.1470{1.2068 {1.3047|1.4851|1.8810{.0178(8,.2079|75.974C
h = 0.100; (qi)l = 1.40; (q1)2 = 1.4400; (qi)3 = 1.4320; (qi)exact = 1.4207
First !1.0014|1.0059 1.0138(1.0260{1.034211.0442]1.0564{1.0714|1.0903(1.1144]1.1462]1.1905{1.2567|1.3697]1.6293
Second  '1.0022!1.0092|1.0221|1.0430|1.0577|1.0763{1.1004 {1.1221{1.1755(1.2374|1.2320|1.4914,1.8054 2.6225} 6.6672
Third i1,0024/1.010211.02471.0491[1.0672|1.091211.1244 |1.1718[1.2442|1.3643|1.5696 [2.0923| 3. 5591{10.3480/99 .8730
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TABLE IV
RATIO OF MINIMUM VELOCITIES FOR COMPRESSIBLE AND INCOMPRESSIBLE FLOWS

qmlnc/qming - .
AppSxt- {010 |o.20 [0.30 |0.40 [0.48 f0.50 [0.55 [0.60 |0.65 [0.70 [0.75 |0.80 [0.85 |0.90 [0.95
mation : N B
h = 0.010; (qq), = 0.96; (qy), = 0.9604; (qy)g = 0.9604; (qg), ., = 0.9604
First 0.9998| 0,9991|0.9980]0.9962| 0.9950(0.993610.9918] 0.9898(0,.9868]0.9832[0.9787 0.9722 0.9626|0,9461 |0.9082
Second .9998| .9992| .9981| .9965| .99854| .9941] .9925| .9904| .9882| .9852| .9815| .9768| .9709| .9651| .9841
Third .9998| .9992| .9981| .996S5) .9954| .9940| .9924| .9904| .9881| .9850| .9812| .9759 .9683| .9535| .B451
h = 0.015; (qi)1 = 0.943 (qi)2.= 0.9409; (q1)5 = 0.9409; (qi)exact = 0.9409
First 0.9997| 0.9987(0:9969|0.9942| 0.9924(0.9901}0.9874|0.9840|0.9798|0.9745[0.9673|0.9575| 0.9427|0.9174 [0.8594
Second .9997 .9988| .9972| .9948; .9932| .9913} .9900| .98680| .9829| .9788| .9739| .9680| .9619| .9605|1.0336
Third 9997 .9988| .9972| .9948] .9932| .9912} .9889| .9858| .9825| .9780| .9726| .9650| .9529| .9214| .5551
h = 0,020; (qi)1 = 0.921.(q1)2 = 0.9216; (qi)3 = 0.9217; (qi)exact = 0.9217
First 0.9996|0.9982{0.9958|0.9921|0.9896|0.9866|0.9828| 0.9783|0.9725|0.9652|0.9555] 0.9420 029219 0.8875
Second .9998| .9984| .9964| .9932| .9911| .9187| .9857| .9818} .9781| .9731| .9674; .9613| .9568| .9667
Third .9996f .9984! .9963{ .9931| .9910| .9885| .9854| .9813| .9772] .9718| .9643] .9538| .9350| .8708
h = 0,025; (ag), * 0,903 (ay), = 0.9025; (qq)4 = 0.9026; (qy), . . = 0.9026

First 0.9994|0.9977/0.99460.9899| 0,9887[0,9828/0.9781|0.9722{0,9649|0.9555/0.9431| 0.9258] 0.9002( 0.8562 |0,7553

Second .9995| .9981| .9955|-.9017| .9892| .og62| .9827| .9779| .9738| .9682| .9622| .9567| .9559| .9827
Third .999s! .0981| .9955| .991s| .9889| .o8s8i .0e21| .o7e®| .9721) .9651| .9559| .9418] .9126{ .7914
h = 0.030; (qz}, = 0.883 (ag), = 0.8836; (qg)y = 0.8838; (ag), .. = 0.8838

First 0.,9993/0.9972[0.9934(0.9876|0,9837|0.9788|0.9731|0.9659|0.9569|0.9454/0.9302{0.9091/0.8775)0,8235 |0.6997

Second .9904| .9977! .9947| .9902| .9873| .9839| .9799| .9742( .9700| .9642( .9583| .9544| .9595
Third .9994| .9977| .9946| .9900| .9869| .9833| .9789 .9728| .9670] .9587| .9472| .9282| .8830
h = 0.035; (aq); = 0.86; (qy), = 0.8649; (qq)y = 0.8652; (qg), .., = 0.8652
Pirst  |0.9992(0.9966|0.9921|0.985210.9808/0.9748(0.9679]0.959310.9486(0.9348(0.9167|0.8915| 0.8538| 0.7893
Second 9994 .9974| .9940| ,9889| .9886| .9818| .9773| .9709| .9668| .9610| .9559| .9545| .9680(1.0483
Third .9994| .9973| .0938| .9885| .9849| .9807| .9757| .9681| .9620] .9521| .9377| .9121| .8439| .5008
h = 0.040; (q1),=0.843 (Qy)p = 0.8464; (qy)g = 0.8469; (qy) gypoy = 0+8469
First  |0.9990}0.9961|0.9908|0.9827|0.9772|0.9705(0.9624| 0.9524|0.9398| 0.9238| 0.9025(0.8730( 0.8289|0.7535
Second .9993| .9971( .0033| .9876| .9840| .9798| .9751| .9679( .9642| .9687| .95491 .9573| .9815(1.0994
Third .9993] .9970| .9930| .9870| .9830| .9783| .9726| .9637| .9569| .9451| .9273| .8926| .7922| .2645
h = 0.045; (q1); = 0.82; (qg), = 0.8281; (qg)g = 0.8288; (ag)y .., = 0.8288
First  |0.9989|0.9955|0.9894|0.9800(0.9737(0.9660|0.9567| 0.9451(0.9307|0.9121{0.8876| 0.8537( 0.8028
Second .9992| .9968| .o926) .oge4| .9826| .9781| .9731( .9853| .9622| .9574| .9556| .9629(1.0005
Third .9992| .9967| .0922| .9865| .9811| .9758| .9695 .9592| .9516| .9377| .91s4| .Be88| .7251
h = 0.080; (qq); = 0.80; (q3), = 0.8100; (qg)y = 0.810; (qy) . ., = 0.8109
First 0.9987]0.9948/0.9879(0.9772{0.9701]0.9613(0.9507(0.9375(0.9210( 08999 0.8720| 0.8333( 0.775¢
Second .9991| .9965| .9920| .0854| .9813| .9766| .9715| .9631} .9610| .9573| .9580| .9715(1.0253
Third .9991| .9963| .9914| .0841| .9703| .9734| .9664| .9545| .9461 .9296( .9016| .8395( .6392

b= 0.060; (q1)y * 0,783 (ag)p = 0.7744; (ag)y = 0.7761; (1) ggaey = 07759

Pirst 0.998410.9935{0.9848(0.9712(0.9622{0,9512{0,9377/0.9211{0.9002{0.8736|0.8384|0.7895/ 0,7163|0.5913 {0.3045
Second .9990! .9960| .9909| .9836| .9792| .9744| .9693| .0645{ .9608| .9604| .9684| .9984)1.0937
Third .9989| .,9957| .9900]{ .9813| .9756] .9686] .9601| .9491| .9339| .9105) -.8666; .7600] .3964

h = 0.070; (ag); = 0.72; (a3)p = 0.7396; (Q1)y = 0.7423; Q1) greee = 0-7419

0.6507

First 0.9980|0.9920/0.9812|0.9646}0.9534(0.9398(0,9232|0.9028)0,8772|0.8443]/0.8010|0.7407
Second .9989( .9956| .9901| .9824| .9779| .9732| .9687, .9652] .9641| .9689/ .9873711.0397
Third .9988| .9951| .9885( .9788| ,9719| .9637| .9534| .9396| .9195| .8859 .8181| .6438

h = 0.080; (a1}, = 0,685 (q), = 0.70565 (qg)y = 0.7097; (4g) grqey = 0+7090

‘Pirat 0.9976|0.9903|0.9773[0.9571{0.9436(0.9272|0.9071}0.8824|0.8513| 0,.8116/0.7591| 0.6863
Second .9988| -.9953| .9895| .9818{ .9775| .9734| .9700| .9685| .9713| .9833)1.0158|1.0976
Third .9986| .9945| .9871| .9758| .9681] .9585| .9459| .9285{ .9016] .8537] .7515| .4790

h = 0.09b; (q;)l = 0.64; (qi)a = 0.6724; (qi)5 = 0.6782; (qi)exnct = 0.,6771

First 0.9972]0.9884({0.9728{0.9488{0.9526|0.9130|0.8890) 0.859410.8223 0.7748 0.71é1 0.6250| 0.4947| 0.2720
Second .9988| .9951f .9893| .9819| .9782| .9750] .9733| .9749| .9831]1.0046/1.0552|1.1742) -
Third 9088 .9939] .9857] .9730] .9842| .9528] .9375 .9152| .8790| .8113; .6611 «2520) «ee=n

h = 1.000; (qi)1 = 0.60} (qi)2 = 0.6400; (qi)3 = 0.6480; (qi)exact = 0.6462 ) -
First 0.9966)0.9863[0.9678]0.9393(0.9202(0.8969|0.8684| 0.8333(0.7894(0.7331(0.6588( 0.5555| 0. 4011 0.1372}0.4684
Segond 0088 .9951| .9895| .9829| .9800| .9783] .9791| .9848/1.0000{1.0338|1.1071 cecema
Third .9984] .9933| .9843| .9700| .9599| .9464] .9276| .8990| .8504 .7559] .5407| -ce--ef emescs| ecconnfonconn
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NACA ARR No.

VALUBRS OF CRITICAL STREAM MACH NUMBER FOR

L4G15

TABLE VI

VALUES OF CAMBER COEFFICIENT

- LS
h ‘Approximation
First Second Third
0.02- { 0.848 0.832 0.825
oL LT170 .7h6 - .738
.06 .T16 .682 . 672
.08 .670 . 628 . 620
.10 .625 .585 574
TABLE VII

VARIOUS

VALUES OF MAXIMUM VELOCITY FOR CORﬁESPONDING BUMP

AND CIRCULAR ARC PROFILE

Amax

Camber coefficient h

Thickness coefficlent t

o

.02

0.0l

0.06

0.08 |{o.

10 |0.052

0.100 {0.145

0.186

0.226

N -0 N oW N

H O e s e R e e

.0815
.083)
.0859
.0899
.0960
.1056
1223
1594
.2055

1.1659
1.1701
1.1759
1.1851
1.1997
1.2239
1.2705
1

-—m- o=

7{1.3415]1.4320]1.0816

1.3520|1.14.66]1.083L
1.3668)1.4673|1.0859

1.391%3]1.

11.Lk32k|1.

1.5078|1.

cacnne | e

502l1[1.0900
5627(1.0959
6780]1.1052
--=-]1.1213

---=1.1557
--==11.1960

-1.1660 }{1.2527
1.1701(1.2595
1.1757(1.2689
1.1847(1.2840
1.1988(1.3084
1.2217(1.3492

'1,2640 11,4298

1.3k
1.3513
1.3651
1.3876
1.h2h5
1.4879

1.4320
1. L5k
1.46k41
1.4950
1.5467
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pressible cases as a function of camber coefficlent.

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS



NACA ARR No. L4G15 Fig. 4a

28

26 ' : :
Approximation
24 — @) h=00z 3

22

20

-/18
) 16 A , l 2
¢ Imax /4 | Sonic //

i | - | _ _ \ //
ol L Y

0

s
1

(

~0

08

wl | %
o AR

-02 | ‘ //
====5j COMuAHONA. ADVISQRY

ITTEE FDR AERONAUTICS |
o 4 .2 3 4 S5 6 7 8 .9 0o

Figure .- Ratlo of velocities for compressible and incom-
-pressivle cases as a functlon of stream Mach number.

0



NACA ARR No. L4Gl5 ‘ Fig. 4b

.24 -
22 (b) h=0.04. .
Approximation
20 : 3
p |
Al | Sonic /
16 |- | \ :
14 - : /

‘?‘f‘ -’-/Z $ 1 \// !
HER i
o A
D ZA
pZanl

7
' // NATIONAL | ADVISORY
0 COMMITTEE FOR AERONAUTICS

o 4 2 3 4 .5 6 .7 88 9 0

Figure l.- Continued.



NACA ARR No. L4G15

32
30
28
26 |

24

20
18

16.

14

12

10

.08

06
04 |-

02

FigA.

4c

Approx/gn ation

il

1 (e h=o.06.

\
1\

TIONAL { ADVISORY
COMMTTEE FO

R AERO

UTICS

o .Jd 2 3 4 5 & 1

- Plgure li.- Continued.

8

9

- L0 .



NACA ARR No. L4G15

28
26
24
n
20
18

16

412
10

.08

06

Fig. 4d

ApL)roxlgn OI)‘/On
() h=00s_ 500/6/
|/
|
/)
§/a
i
Y
.// -
| WA |
BT L
0. 2.3 4 .5 6 T 8 .9 10

Figure .- Continued.



NACA ARR No. L4G15 : Fig. 4e

34- R— : —
2 Ap,orom'rjnof/bn
, | |

18 _ ' | l
ol il

24 | / ?

22 __(e)/')=0./0. / /
i

8 | '50/?/'6/ /

i T

=L I\

| / /

o | // \/

0b . // /] \/
74

04 / //
0l 1 /,//
o fffff:»”/r NATIONAL ADVISORY
0 — COMMITIEE FOR AERONAUTICS

0.0 2 3 4 5 b6 7 8 .9 0
.. MI .

Figure l.- Concluded.



NACA ARR No. L4G15 | Fig. 5

/1 '

: , ‘
Approximation
10 3\ 2 |

NI
NN
L
REEAN
M \\\\

| A
TR

5 b 7 8 9 LO

‘MCI‘ » NATIONAL ADVISORY
o COMMITTEE FOR AERONAUTICS ;
Figure 5.- Critical Mach number as a function of camber coefficient.




NACA ARR No. L4G15 ' Fig.

}.a | donic Circular arc
LT —— iy
o L AN | gt st
L5 \ \ \\ AXXAN 4|
t=.22 0
* e ) o /
- /415‘\ J_, A
2 —..IOIO \\ \*\;_x__.- )q %Z:V\\ M
1 By S@ O, >k\ﬂ
VERVEAVEAWAWE N
1.0 ~ w
? 9 \ \\ \\ IRNIAN .Qﬁ‘: \\\él\\\\
8 \\ \\ ﬁ_~‘*-§::;§§§;\ | ~\Y§\\\R
7 X :ES%\& \i\
6 SRR
6 _ s 6
4 \ IR\ T~
3 _ '\\\ 3] |
) T~ 2| ,
0 1 2 3 4 SIVEIE G IR RN
! !

Figure 6.- Maximum and minimum velocities as functions of
: stream Mach number.



NACA ARR No. L4G15 : . "~ Fig.

~

/.50
: o
— (pper surface
| | | I
----- Lower surrace
"“‘-\\\\\< ' NATIONAL ADVISORY
s - | COMMITJEE FOR |AERONALITICS
\\
125 S — I
3 N
~—_| \\\\
v \\\\\:::::\\\\\ \\\
| Upper svrface U N
. ~ N
N
\\ |
‘Z0 :
//
7/
- //¢//
’////
- C; //
| Lower surface 4+ = 1
_ j: /// //,
_,-L "4—’/;:/'/ //
E [ — ] T L — T —
7l d —+—T" ‘ . .
0 .Z 04 - . '6 4 8 /oo
X

Flgure T.- Velocity distribution at upper and lower surfaces
of circular arc profile, h = 0.05, for various values of
stream Mach number.



g

© Fig.

L4G1S

NACA ARR No.

-

SOUNVYNONIY 404 I3LLINKOD
AYOSIAGY TYNOLLYN . *b 4£3700Tea pInlJ Jo.

sonTea enotaea 303 TR Joqunu wosm weeazs 3sursde Mdy  auerorsrecs emssedd -°g owmIid

0cZ- 92— 08/- 091~ o¥/- 0Z1- .03.. 08- 09- 0v- 0p2- Qe.o,w 07 _e.v., 09 08 007 07 Q.v_.\g

, —or

, ,/ Rl .

/ \| RN T

N T T
NEw _ e

// | 0%

// S...

/ /, ch%

NV
_\//// ,, _

»h’d—

\ ob
b_.\VV‘__ e/ﬂ Lo!/h.\ &M._ ot 02 .2.\ c..\ ob | S |59 s¢ ?..vm.nﬂ/onw

00l



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92



