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DETERMINATION OF GENERAL RELATIONS YOR THE
BEHAVIOR OF TURBULENT BOUNDARV LAYERS

~By Albert E. von Doenhoff and Neal Tetervin
SUMMARY

. An anzlysis has been made of a considerable amount of
data for turbulent boundary lavers along wings and bodies
of various shapes in order to determine the fundamental
variables that control the development of %urbulent bound-
ary layers. It was found that the type of velocity dis-
tribution in the boundary Layer cculd be expressed in
terms of a single parameter. This parameler was chosen
as the ratio of the displacement thickness to the momentum’
thickness of the boundary layer. The variables that con-
trol the development of the turbulent boundary layer appar-
ently are (1) the ratio of the nondimensional pressure
gradient, expressed in terms of the local dynamic pressure
outside the boundary layer and boundary-layer thickness, to
the local skin-friction coefficient and (2) the shape of
the boundary layer. An empirical equation has been devel-
oped in terms of these variables that, when used with the
momentum egquation and the skin-friction relation, makes it
possible to trace the development of the tu*bulent bound-
ary layer to the separation point,

INTRODUCTION

A good measure of the understanding of the general
problem of the flow of a real fluid about a body of arbi-
trary shape can be taken as the degree of apprcximation

" with which the aerodynamic characteristics of the body can

be calculated on the basis of existing knowledge. The

flow in regions removed from the wake and from the surface
of a body obeys very closely the laws for perfect fric-
tionless fluids at 2ll reasonably large Ecynolds numbers.
This type of flow is well understood, althcugh the detailed
computations may be difficult in some cases. Departure of
the flow of real fluids from that of the frictionless fluid



"is caused almost entirely bty the failure of the idealized

fluid to reproduce the actaal flow conditions at the sur-
face of the body.

Because the theory of perfect fluids gives zero drag
for 211l bodies and gives no infermation ccncerning =on-
ditions that lead to separation of the fiow from the sur-
face, these pheromena must be almost entirely associated
with the behavior of the flow at the surface or, in other
words, with the boundary layer; that is, all drag, with
the exception of induced dragz and drag due to shock waves,
all cases of flow separaticn such as occur at maximvm 1ift
or at high aileron deflections, and &ll Reynolds number of-
fects are entirely dependent on the behavior of the bound-
ary layer,

Because the flow of ideal fluids is well understood,
the problem of calculating the actual flow rescives it-
self into a study of boundary layers. There are three
general types of boundary layer: laminar, transitional,
and turbulent. In most cases, the important laminar
boundary-layer characteristics - thickness, skin friction,

and point of separation - can Te est'mated with sufficient
accuracy from methods described in references 1 and 2. If,

‘in unusual cases. mors detailed information is required,
‘one of the methods of calculation given in reference 3 may

bs used.

Experiments in low-turbulence wind tunnels and in
flight have shown that extensive laminar layers may be
maintained in the presence of a favorable pressurs gradi-
ent. Although little is knowa abcut methods of determin-
ing the position of the transition point, transition must
oceur either associated with laminar separation or at some
position upstream of the separation point. The position
of the transition point varies widely within this region
because of changes in stream turbulence, surface condition,
and Beynolids number.

A considerable amount of progress has been made in
determining turbulent skin friction in pipes and along
flat plates with zero pressure gradieunt. Ags a result of
the development of the "mixing-length®™ theory, notably by
Prandtl and von Kidrman, reliabdle rules that should be ap~
plicable throughout an extremely wide range of Reynolds
numbers have been found for calculating the skin friction
and velocity distribution in the boundary layer along
fiat plates and in pipes. '



In order to find the effect of varying pressures
on the boundary-layer characteristics, von Ké4rmén applied
the momentum theorem to the boundary layer and derived
the so-called "momentum equation" that gives the rate of
thickening of the boundary layer if the type of velocity
Gistridbution within the boundary layer, the external pres-
sure distribution, and the skin friction are known. It
was found in a number of cases that, if the shape of .the
boundary layer and the skin friction were assumed to be
the same as in pipes, good agreemeat was obtained between
the calculated and experimental boundary-layer thickness
and skin friction. This procedure, however, fails to
.-give any information concerning the changes in: boundary-
layer characteristics that lead to separation of the flow
from the surface. In addition to the momentum equation,
a relation is needed between the shape of the velocity
distribution in the boundary layer, the skin friction, and
the pressure distridbution. .

Several attempts have been made to find such a rela-
tion.. From experiments in converging and diverging chan-
nels, Fikuradse, using water (reference 4), and Dénch,
using air (reference 5), found that, in cases in which the
boundary layer along the walls met in the center of the
channel, the velocity distridbution across the channel was

4 - :
a function of ¢ ~/R,' where o«. is the angle of diver-~
gence of the channel and R is the Reynolds number based
on the chanrel width and average velocity. Buri, whose
work was discussed by Prandtl in reference 6, used the
results of HNikuradse and Dénch in an attempt to calculate
the general behavior of turbulent boundary layers.. Buri
assumed that the shape of the boundary layer was always
given by the parameter of Nikuradse and Dinch. Cne of the
weaknesses in Buri's calculations was the assumption that
the shape of the velocity distribution depended only on
the value of this parameter and was indevendent of the
rrevicus history of the boundary layer. It may be pointed
out that the parameter of Nikuradse and Dénch is not essen-
tially a shape parameter dbui represents a function of the
pressure gradient and skin friction which is assumed to
determine the shape of the velocity distribution,

Gruschwitz (reference 7), using a parameter dependent
upon the type of velocity distribution in the boundary
layer, found a relation between the pressure gradient and
this parameter. This relation, with the momentum equation,
was sufficient to determine the development of the turbu-
lent boundary layer along a surface. Although Gruschwitgz



obtained good agreement with experlment for tne data pre-
sented in his paper, other investigators who have tried
to use the method reported poor agreement for caces in

~which the turbulent boundary layer separated from the sur-

face. Petecrs (reference 8) conducted an investigaticn

for the specific purpose of testing the ‘Gruscawitz method
of calculation and concluded that the Gruschwitz method
cannet be used to_determine the location of the separation
point nor even, in many cases, to.predict whether sepa-~
ration will occur at all. C

The purpose of the present investigation is to deter-
mine the important variables that control the behavior of
turbulent boundary layers and to develop general relations
in terms of these variables that describe the boundary-
layer motion. The fundamental variadles must, of course,
be expressed nondimensionally in terms of local boundary-
layer quantities. '

The quantities\at a given station along a surface
that were felt to have the most important effect on the
further development of the boundary layer are the follow-~
ing: . : '

(1) Shape of the boundary-layer profile

(2) Rate of change élong the surface of the dynamiec
pressure ovts*“e the boundary layer

(3) Skin friction

Data from various published sources and from tests in the
WACA two-dimensional low-turbulence %tunnel made specifi-
cally for the present investigation were analyzed in terms
of the foregoing variables in order to find the needed
general relation for the rate of change of shape of the
boundary-layer profiles.

SYMBOLS
a angle of divergence of channel; also, angle of attack
R Reynolds number
D minor axis of ellipse

u velocity within boundary layer
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free~streanm velocity
distance along surface
chord

distance perpendicular to surface
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A u
momentum thickness | / T (l - E) dyJ
L . '

o)

3 0
velocity outside boundary layer
gskin friction per unit length

dynamic pressure outside boundary layer

-shape parameter

, @ :

: L - oa\ b

displacement thickness <} - Ej dyJ
Yoo

dersity '

p&U
W

viscosity

boundary-layer thickness

"kinematic viscosity

constant -

equivalent length of flat plate before pressure re-
covery begins ‘

width of channel
total pressure at distance ¢ from surface

free~-stream total pressure

~ (R
shape paramneter Ll - Cﬁj .}

velocity at distance € from surface
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%o initial value of ¢
C, constant

eo initial value of " 8
Rg, imitial value of . Ry
E = 2.557 loge 4.075 Re
F =

5.557 <9l + 1>
5C

EXPERIHVEINTAL 'DATA -

The data used in the analysis were collected from the
available literature and from tests performed in the NACA
The following ta-~

two-dimensional low-turbulence tunnel.
ble shows the data used in the present analysis:

Reynolds Angle of
Model number, R attack Reference
(deg)
0.9 % 10° 10.1
. 1.5 10.1 ,
NAC4 66,2-216 2.2 10.1 9
2.5 10.1
2.6 10.1
.02 8.1
1.81 8.1
WACA 65(216)-222 2.67 8.1 Fresent
(approx.) .92 10,1 " report
: 1.51 10.1 -
2.87 10.1
HACA nose- 1.46 9.1
opening 2.39 9.1 Prifegzt
airfoil shape 13 4.18 9.1 P
Channel | «emecmmmmee— Run 2 7
HACA 0012 7.6 O 10
Symmetrical 3.8 (approx.). 9 8
airfoil :
Blliptic cylinder .118 0 11




N
D
)

The paper by Gruschwltz (reference 7) contained’ data on a
ving’ and on channel wa]ls obtained from tests at Gottingen.

-The data from run 2 on. the ~hannel wall in the form of
“poundary-layer veloclty profiles, pressure dlstrlbuulon,
;.and curves of the momeéntum thickness and the shape param-

eter plotted dgainst distance along the plate were used.
From Peters' paper,(reference 8), data were taken -in'the

‘form of curves of thé momentum tthkness, shape garzmeter,

and pressure coefficient against the position aleng ther
airfoil chord,. These tests were made in order to.check
the method of calculation proposed by Gruschwitz. -The
Reynolds number of the test was not given explicitly and
was Jjudged. to be slightly less than 4,000,000, The re-
sults from the tests at an angle of attac. of 9° were used
because thée data for this urngle of attack were presented
in a convenient form and Dbecause separation of. the flow
had taken place at the rear of th wing.

A few points wore obtained from the boundary-layer
velocity profiles and pressure distribution contained in
reference 11, The datz were obtained from a test of ‘an
elliptiec cylindar at an angle of attack of 0° ana a
Reynolds number of 118,000 based on the minor axis D of
the ellipse., The ratio of major %o minor axis was 2.96,
making the Reynolds number based on the maJ or axis equal.
to 349,000.

¢he data on turbulent bound“ry layers involving sep-
aration obtained from the NACA two-dimexnsional low-
turbulonce tunnel werec collected from previcus tests and
from tests performed specifically fer the present investi-
atlon.

A few turbulent boundary-layer profilas that were not
clese to separation were obtained from g*ev1ous4v published
ata on the NACA 0012 dl?fOll (reference 10). These points
were used in the anslyels mainly because the bouadary layer
wves far from Sendfaklgu aud the use of theso peints helyped
to give a bebtter diss *?bution of date. 'The data ottalned
on itkhe NACA 66,2-216 alrfoil are given in reference 2. Or-
dinavas fer this section can be found by methods described
in reiference 12. '

Tests of a thick airféil, the NACA 65(216)-222 (ap-
prox.) were made at taree Reynolds numbders at two angles
of atvack. The methods of obtaining the .data were the
same as those described in reference 9. A1l the tests of
this airfoil involved turbulenf spparatlon.ﬁ The data



from these tests are presented in the férm of boundary-
layer velocity profiles for a number of stations along
the chord (figs. 1 to 4). The pressure distributions are
givén -in figure 5. The region of turbulent separation is
indicated in the pressure distribution as the flat region
at the rear of the airfoil. The chord of the airfoil was
24 inches and the airfoil was finished as described in
reference 9. The ordinates can be derived by methods ex-
plained in reference 12. The finish was free from all
surface imperfections that could be felt by hand dbut had
a strip of carborundum-covered cellulose "Scotch" tape.l
inch wide on the upper surface near the leading edge.

The other model tested in the NACA two-dimensional
low-turbulence tunnel for data to bz used in the present
analysis was the NACA noss-opening airfoil shape 13. The
model had a chord of 36 inches and was finished in the
same manner as the NACA 66,2-215 (reference 9). The sec-
tion ordinates for the NACA nosoc-opening airfcil shape 13

~are given in reference 13, The wing was tested at an angle

of attack of 9.1° at three Reynolds numbers. The turbu-
lent separation obtained in this test was not so marked as
that obtained in the tests of the NACA 55,2-216 and HACA
65(216)~222 (approx.) airfoils, although tufts placed at
the rear of the wing on the upper surface indicated sepa-
ration. The data from these tests are presented in fig-
ures 6 and 7 in the form of boundary-layer velocity pro-
files for a number of stations alcng the chord. The pres-
sure distributions are given in figure 8. The beginning
of separation is indicated in the pressure distributions
by - the flattening of the curves at the rear of the airfoil.
The small flat region in the pressure distribution at the
nose of the airfoil is an indication of laminar separa-
tion. The boundary-layer velocity profiles for the region
at the nose of the airfoil are shown in figure 6. The pe-
culiar shape of the velocity distribution for some of the
stations, particularly in the curves that show increasing
velocity with approach toward the wall, is probably caused
by spanwise flows over the airfoll. 'The poundary-layer
thicknesses obdtained in these tests ware much larger than
those usually obtained for airfoils of 36-inch chord.

ANALYSIS

The equation that gives the rate of change of the mo-
mentum defect in a boundary layer, criginally derived by
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von Kéruwdn, may be written in the following form for two-
dimensional flow:

6 _(E + 2\ 8 dq _ 7,

ax 2 q dx 2q

where
(0]
g f u uy L
0 momentun thickness '_j g 1 - T ) &y
Lu-

u velocity within boundary layer
U velocity outsids bvoundary layer
y distance perpendicular to surface
T skin friction per unit length
q dynamic pfessure cutside boundary layer
X distance aleong gsurface
H shape parameter

“ *
The shape parameter ¥ is defined as the ratio 5 /6
) oo .
. v/ u .
where § = / <1 -7 dy. The difference between the ac-
. . ?0 .

tual flow of momentum in the boundary layer and that of

the same quantity of fluid flowing with velocity U 1is
puze. From this relation, the length § is given the

name momentum thickness. The length 6*, called the dis-
placement thickness, is the amount by which the stream-
lines Jjust outside the boundary layer are displsced because
of the reduction of welocity within the boundary lzyer,
Because § depends on the second power of the velocity
distrivution, whereas §* depends on only the Tirst power,
the ratio §%/6 deponds on the manner in which u/U var-
ies with y - that is, upon the shape of the bourdary-layer
profile, §

The momentum oquation in the form just given contains
only local boundary-layer quantities. The local skin-
friction coefficient is 1T,/q. The nondimensinnal pressure



8 4 . .
gradient is = E%’ where 6 is the unit of longth and
¢ 1ig the unit of dynamic pressure,.

Although it has .been shown that the shapée of the
boundary—layer profile determines H, the converse ca not

be proved from methemetical considerations alone, If H
dces actually determine the shape of the bouvndary—layer
profile, then all points of u/U plotted ggainst H at a
constant valus of y/6 should fall on a single curve, A
collection of such curves for various values of y/6 is
shown in figure 9., The data presented in figure 9 repre-—
sent the collection of gll the “oundarV—lawer,profiles

thet enter into the analysis., Figurs 9 shows that /U is
o function of H alone for a given value of v/ 0. This
conciusion is inportant because it means thet turbulent—
boundary—layer nrofiles form a singlc~na*dﬁot9r family of
curves, The complete veloeity distribution in the bound-
ary layer is known when 9 and H have been dotermined.
Figure 10, which is a cross plot of figure 9, gives turbu-—
1cnt—‘wubndnrv-—laver valocity profiles corresponding %o
various values of- H. As ithe separation point is approached,
the value of H increcases. Becaouse the turbulent separs—
ticn point usually is not very well defincd, it is not pos—-
sible to give an exact value of H corre %pondlﬂg to scpng—
ration. The wvalue of H wusually varice so rapidly near
the separation point, however, that it is nct nccessary
fix accurstcly the valuc of H corresponding to separa—
ticn. Separation has not been obhgerved for a value of H
less than 1.8 and swpears definitely %o have occurrad for
a value of H of 2,6. Gruschwitz's criterion for immi-—
nont scparation is equivalent to a value of H of 1.85,

£

¢ 0

The fact that the type of velocity cdisgtribution in
the boundary laysr can be given in terms of o single pa—
ramcter greatly simplifices thu study of turbulent boundary
layers It is now necessary to detormine only the manner
in hnlnh this parameter varics along the surface as a
function of the external forces acting on the boundary
layer, ' :

The external forces -acting on the b

oundsry layer at
any point are the pressure gradient, expre 1 20

sscd nondimen—
. . 9 dg T el s LR e | -
sionrally as ” and the skin Iriction, exprassed non-—
R ) A . s . .
dimensionally as T Tre assunmption is made that the
rate of change of HE rather than E itself ig related to
the locel forces. This assunaption 1s desiradble in order
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that the boundary-layer conditions downstream from a peint
shall be definitely connected with the conditions upstream
cf the point; that is, a sudden change in the pressure
gradient should not produce a discontinuity in the type of
velocity distribution in the boundary layer. Prandtl (ref-
erence 6) has pointed out this difficulty %oth in the Pohl-
hausen theory for laminar boundary layers and in Buri's
method for calculating turbulent boundary layers. ZExpressed.
in nondimensional form, the rate of change of H is given
dE

as © ax
In the early stage of the analysis, the experimental
ﬁ afa .

ax
Fair correlation was obtained for a limited amount of data.
As the analysis was extended to include more data, syste~
matic variations with Reynolds number were noticed. When

data were plotted in the form of 6 Q% against

42 d .
E; Was plotted against g di fq, the consistent varia-
tion with Reynolds number was ellmlnated The skin fric-

tion was tentatively assumed to be given by the Squire
and Young formula (referunce 14)

-

2q -

T = [5.890 1og10 (4.075 Re)]

where

_ p8U

% =

This formula was chosen because of the good agreement ob-

tained between the experimental drag coefficients for air-

foils and those calculated by the Squlre and Young mnethod.

It was felt that the local skin-friction coefficients thus

determined were probably more accurate in most cases than

those determined directly from the boundary—laJer surveys.
8 dag 2¢q C

The quantity — 24 —=, or a quantluy,dlfzcr¢ng only

q dx To

by a constant factor, has frequently been used as a param-—

eter for boundary-layer phenomena. For example, the Pohl-

. < T
hausen parameter for laminar boundary layers %; %%’ where

§ 1is the boundary-layer thickness and v the kinenmatic

viséosity, can be shown to be equivalent to ) %% %g, For
' 9. 0

a laminar boundary layer, T, = <du‘ and <%§> is pro-
(o]
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V3 .
portional to 5 It thus follows that Y is nroportion-
T Q
el to 2. Substituting —2 for —— in the Pohlhausen
U U P8
. au . U dq
parameter and replacing ix b( its equivalent 5q ax
gives & quantity proportional to the Fohlhaussn parameter
s %g %L, which in turn is equal to some constant times
q dx
dg 29 g oss of ing, th £
Feleak v a sinilar process of reasoning, the parameter
o ,
QH' whére g8 1is the equivalent length of the flat plate
dx .

¢ Qe Al

before pressure rebovery is bagun,'whvcb determines the
amount of pressure that can be recovered in a laminar layer
wlth a stralght line velocity gradient as given in refer-

d
ence 1, can be shown to be proportlonal to 5 da E&,

q dx T,y
Nikuradse (reference 4) fournd that his results for turbu~
lent flow, which give the velocity distribution across
diverging or converging channels agreed with similar meas-
urements made by Doénch (reference 5) when a 4/R had the

same value. For a given type of velocity distribution

_across the channel, ® %ﬂ at the center is proportional
q ax :

to the angle of divergence, where b is the width of the
channel. Withkin the range of Reynolds numbers covered by
the investigations of Hlxuradse and Donch, the skin-fric-
T .
.tlon coefficient -2 &t the wall was inversely proportion=
A A
al to the + R. For a &ivcn tyve of velocity distribution,
‘ j 6 da 2qg

4
R 1 - S T 4' — — — . 2
o 2 is therefore proport ional to 3 ax T, It day bc

pointed out that, "lthouzh in Buri's theor; of turbulent

boundarv layers and Pohlhaqun s theory of laminar boundary
£ 89 29
‘ g dx T4
.1001ty alstrlbutlon in tbm boundarv layer, 1n the present

analy51s it is assumed that E dg 33
qd,c Tr

: rate of change of/the type of velocity dlstrlbutlon.

layers was aqsumod to determine the type of ve-

affects only the

. ' It seemed highly probabdble that the rate cf change of
H should: depend ‘not only on the ratio of the pressure.
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gradient to the skin friction but alsoc on the value of ¥H -

itself, Plcots werc therefore made of @ a8 against ﬁ‘hlzq
dx qQdx T,

at 0,1 intervals of H for all the data entering into the
prgsent analysis, These plots are given in figure 11
Although the points show considerable scatter, definite

trends for thzs variation of 8 %% ‘with both hJ E&'Eﬂ and

g dx T

s

E are observable, It may be pointed oﬁt, however, that

dH a '
both e and E% were the slopes of experimentally deter—
mined curves, Large scatter of the data therefore is to bo
expccted, The large scatter of the points in figure 11,

consequently, does not necessarily indicate any serious in—'

adequacies in the present analysis, From a study of the
available data, it was found that the variation of ¢ iﬁ

with .-e. .d.'g. zq and B ould Db fairl ax
q4&x T, could be fairly well represcnted by

the equation

" (8 -2 2 -
g 42 _ 4-e80M +975) I 544 éﬂ - 2.035 (E - 1.286)1
ax L q dx 7 |

The exponentiaL forn of the factor multiplying the
second member of this equation was chosen because the data

for high values of E, although not very complete, never-
theless indicated that %ﬁ was large. It may be noted

that 1.286 is the value of H for the-%—power distribution
of velocity in the boundary layer. It is seen from the
foregoing equation that no change in H is indicated for
the case in which %é = 0 and E has the value 1.286.

H
The degree to which the equatlon for 6 iz appreximates
the experimental data from which it was derived may be

seen in figure 11. Xach of the straight lines in figure

11 was obtained from the squation for € gi by giving H

successive values of 1.35, 1.45,.1.55, and 1.65. The slope

r 9m 5 )
of these lines is given by the fector 94'68061—2'97°’.

and the intercept for 6 di = 0 1is given by the term
-2.035 (H - 1.286).
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COMPARISONW OF PRESENT.ANALYSIS WITE
GRUSCHEWITZ AFNALYSIS

In reference 7, CGruschwitz analyzes the behavior of
turbulent boundary layers in the following manner: :

8 db,

—= = F (N, B
q dx E 9>

where

[ (%)
N shape parameter |1 — €?~ _j in ths samxe senss as ¥

y S .

ug velocity at y =8 ‘
and
h, ‘total pressure at distance 6 from surface (g, in

reference 7)

In writing this relation, it 1s implicitly asdlimed that

6 an, is independent of o E&. Because of this assump-
dx . g dx

tion, the Gruschwitz analysis is. subject to the same crit-
icism as are the Buri and Pohlhausen methods for making
boundary-layer calculations. Xow

Ma = hg - hy

o-

where hg (go in reference 7) is the free-stream total
pressure; hence, ' "

6 dh, _ .o 816 da,
‘ dx dx q dx
and therefore
an 6§ da
. == -Z228 L F (N, I
ix 7 ix (n 9)

‘ 2 :
Except for the factor TgsAuthis relation is similar in-
0 ' :

form to ﬁhe relation found from the present investigation;
namely, . ' '

o 3 _ 5 (6 da 3&,_H>
dx q éx T,
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The Gruschwitz relation, however, is very restricted in the

form of the dependence of - 8 %ﬂ on % %% in comparison

with the type of relation used in the present investigation.

Furthermore, no variation of § %ﬂ with Rg 1is indicated
. X .
in the final equations given by Gruschwitaz.

In the Gruschwitz analysis, the ardbitrary function
vhich was to be determined experimentally contained only
one variable T; whereas, in the present analysis’, theé

. . : . € da 2¢g
arbitrary function contains two variabdles, E E§ - and H.
‘ 0
Apart from the neglect of RG one reason for the failure
of the Gruschwitz analysis is that a correlation of all
turbvlenu—boundarv—laver data in terms of a function con-
taining only one independent variadble was not possibdle.

METHOD OF CALCULATIONW

For calculating the characteristics of turbulent bound-
ary layers, the following information is required: The in-
itial values of 6 and H, the preubuz distribution over
the beody;, and the Revnolds number., The eqwations that are
-used in making a computation are

ao E+a-
a8 | 26 dq T

2 ) . ) B
- = 32 == - 2.035 (H - 1.286)

-

29 . ; ( 5 i
T = [5.890 log, \4.070,39)]

-

-In order to reduce ths work of computétion, ;Q ‘was plot-

ted against Rg in figure 12 and the factor e%-660(H-2.975)
12 the equation for '%% was plotted against H in figure
] ‘ .

(e}

H
The momentum equation and the equatlon for %} are
simultaneous first-order differential equations that can be

solved by a step-by-step calculauion It is usually neces-
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sary to use such a method although, for some particular
cases, the equations may be integrated directly. The meth-
od of calculation is as follows: The values of the var-
jables entering into the computation at the initial sta-
tion are substituted in the momentum equation and the equa-

tion for SH. TValues for 48 anda SE are thus obtained
ax ax dx

at the initial station., An-increment of the length along
the surface of the body =x 1is then chosen and multiplied
. H . .
by 46 and (] to give A8 and AH, respectively.

dx dx ' : .
These increments of ©® and H are added to the initial
values and resvlt in. values of € and H for the new
value of =x. The process is repeated until the desired
result has been attained. Separation may bve considercd to
have ocecurred when H rises to azbout 2.6.

The choice of the increment of x 1is a matter for
the judgment of the individual investigator. As a genecral
rule, the increments of x should bp¢ made small when

(o] or 48 changes rapidly from one value of x to the
ax dx .

next. In order to decrease the length of the calculation,
the increments of x must be chosen as large as is com-
patible with the accuracy desired. TFor the computations
that were made in order to check the rethod of calculation,
the increment of x for one step was so chosen that
é<dH\\.\ < 0.0025 N AT 4 Y : ¢
>\ gx/ Ax .0025, where dx) is the change in aix
between two successive values of x and' Ax 1ig the incre-
mnent of x. This criterion fiurnishes a measure of the
maxinum error that can be expected in AH for one step of
the computation. When the flow approaches separation, H
usually increases very rapidly ard, in ssuch cases, the
foregoing criterion may be disregarded without appreciable
error in the position of the separation point. By disre-
garding the criterion when the flow is close to separa-
tion, the length of the computation may be reduced.

A gample calculation for the NACA 65{216)-222 (approx.)
airfoil section at a = 10.1° and at R = 2.67 X 105 1is
given in table I.

If the gquestion of separation is not involved and if
the variation of H along the surface is not of interest,
..reasonably accurate values of 6 may be-obtained by assum-
ing a constant value of H and merely using the momentum
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equation together with the skin-friction relation to de-
termine €. This procedure is substantially the same as
that of reference 14 where a constant value of H of 1.4
was chosen for calculating the profile drag of airfoil
sections.

TESTS 0F METHOD OF CALCULATION

In order to obtain a general check of the method of
calculation and to determine whether the scatter of the.
points in figure 11 was primarily due to the difficulty in
obtaining the slopes of experimental curvss or to serious
inadequacies in the analysis, computations wers carried
through for eight cases. TFer all these computations, the
initial values of H and 6 were obtained from experi-
mental data. ‘

A comparison between the calculated and experimental
variations. of HE and 6 along the surface is shown in
figures 14 to 24. A computation made by the Gruschwitsz
"methcd (from reference 8) is included in figure 17. For
some of the cases, comparisons of the calculated and ex-
perimental boundary-layer profiles at one or two positions
are also presented. In general, the calculations are in
good agreement with the experimental curves. Yo systemat-
ic differences were found between the calculated and ex-
perimental curves of H. Although the azreemeant between
the calculated and experimental curves of & (figs. 14 to
24) is good in most cases, some consistent differences are
apparent as the separation peint is approached. In this
region, many of the calculated values of € are less ‘than
the experimental values. One explanation of the discrep-
ancy, of course, is that the Sguire and Young skin-friction
relation is in error in not indicating an increase in skin
friction as the boundary-fhyer velocity profile approaches
the shape for separation. This tendency, however, is con-
trary %o the gensral impression that the skin friction
should decrease as the separation point is approacked, A4s
the flow approaches separation, the fluctuations in the d4i-
rection of flow increase. Such fluctuations make a pitot
tube read velocities higher than the actual velocities.
These fluctuations are a large proportion of the mean flow
close to the surface where reversed flow first bsgins.
This behavior of a pitot tube may explain why the turbdbu-
lent veloccity profiles, which are close to the separated
state,; all have the characteristic hump at small values of
y/c. The velocity profiles for large valuss of H are
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therefore in error in the region close to the surface. The
error in profile shape affects 8 as well as H. ZReading

. u :
velocities too high for all points where T < 0.5 makes
:; 8’/c o
the integral for 8, which is J/). % <l - %) d.<§>, larger

0

than it actually is. It is to be expected, taerefore, that
values of B " determined by'pitbt-tube readings should be
higher than the true values under conditions of unstesady
flow. On the other hand, as separaticn is approached, the
relatively gréater velocity fluctuaticns near the surface
may cause the skin friction to be higher than when condi-
tions are far from separation; and the sffect of the lower
average velocities near the surfacse, such as occur for
higher values of . H, may thus ve compensated and possibly
overbalanced. An attempt was made to correlate the local
skin~-friction coefficient with H, dut no consistent re-
sults were obtained. Although there still is considerabdle
doubt concerning the true value of the skin-friction coef-
ficient for conditions approaching sevaration, it is in-
teresting to note that the Squire and Young skin-friction
relation was used through a raange of Rg from 500 to
48,000 and apparently gave good results for most of the
regicn covered by the turbulentv boundary layer.

In making a calculation, the initial condition of
the boundary layer must o6 known. Ccmputations which have
been made do not indicate that the calculation for the H-
curve is especially sensitive to the initial wvalue of 8.
When the calculation is to be made for a case in which the
boundary layer is in & strong adversc pressure gradient -
a

' . dg 2 . :
that is, when © dq 2g is of the same order or greater

than 2.035 (H - 1.286) - the initial value of H must be
accurately determined. This fact is obvious because the
value of E determines how close the flow is to separa-

"tion. If the calculation is begun in a region where
6 dg =2q

E iz ;j is very small or positive, the boundary layer is

not very sensitive to the initial value of H. For example,
dq : ) :

if el 0, H will eventually have the value of 1.286 re-

gardless of its initial value.
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The boundary-layer thickness is not particularly sen-
sitive to the initial value of H. This seffect is easily
verified from the form of the momentum equation. The ef-
fect of changes in the initial value of © on the bound-
ary-layer thickness further downstream depends on the rel-

d T .
ative magnitude of % =2 ana Ei. If the pressure. gradi-

5

ax
ent is large in comvarison with the skin friction, a
change in the initial value of 6 will produce a propor-
tional change in the subsequent values of © whereas, if
the pressure gradient is small in comparison with the skin
friction, 2 change in the initial value of 6 will pro-
duce a constant increment equal to the initial change.

The initial value of 8 ordinarily may be taken the
same as the value for the laminar boundary layer at the
transition point. HWot encugh is known abeout the mechan- -
ism of transition to be able to state in general what the
initial values of H should be. If transition occurs
in a gzero or "favorable" pressure gradient or if the
soundary layer is sufficiently thin at the transition
point, in accordance with the foregzoing discussion, the
position of the turbulent scparation point will not be _
greatly affected by the choice of the initial value of H.

PRESSURE RECOVERY WITHOUT CHANGE IN

BOUNDARY-LAYER SHAPE

The equation for 8 %g indicates that, for each value

LA i . ‘ o d ; € dq " [oR:
of H, such a value may be assigned to q ix that 0 dx

=. 0. Pressure may be recovered, therefore, without a .
change in boundary-layer shape if the correct pressure dis-
tribution is used. The nccessary pressure distribution

can be obtained by using the equations for %% and %%.

These equations can be integrated directly if H is as-

sumed to have a constant value. When %& = 0,
dg 2
§ da 2q 2,035 (H - 1.285) = C, (1)

where C; is a constant. The momentum equation then re-
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duces to the form

hak Y R} o o)
dx © 29 : (2)
where
C =1+ 2.035 ( ) (5 - 1.286)
' s To ' . \ .
Elimination of - EE "between equations (1) and (2) gives

the relation

Upon integration, .

_(}.e_e;f -2 (3)

vhere €, is the initial wvalue of ©§ and gq, the initial
value of q. The relations between € and x and, con-
sequently, between q and x are obtained from integra-
tion of equation (2)
T 0 ' . .
For 5 the Squire and Young skin-friction relation
a - .
will be used

T |

. N
24 [2,557 log, (4.075 Rg)]

/
Rg, (") \Qo ¥ 2_.

where RG is the initial value of Re or
5

Cy
2C
g\ &
R, = R ) [ =
& 60 <eo/ <eo>

——— e —— e e

2q f r ) G, 3 g 1
T 23 } L
<L2.557 Lloge 4,075 Rgo + < ¢ + l/ loge €, f



21

a6 C

dx ¢ f
. 1
{2,557 [loge 4.075 Rg_ + <2C + 1) loge ] {

J

The variables are separadble, Let
F o= 2.557 (<X 4+ 1 EE 557 1 4.075 R
= 2. 20 + «= 20 Oge * . 80
5 x
and, when éL =1, N =0
The final equation then becomes
¢ X o <_§_ - 1><E2_-. 2EF + 2F > +2< € 1og _@_> (EF - F2>
5o 6o ‘ o

+ F° (é%>.<log ;ﬁf (4)

where

H + 2
C =14+ 2.035 ( > )

(H - 1.886)

By the use of equations (3) and (4), curves of '
g

and 5 against gi» which indicate the manner in which
)

pressure can be recovered without a change in boundary-

layer shape, may be plotted., Figure 25 is a plot of %A

against " B, vhich shows the amount of pressure that can
be recovered for a given change in 6 as a function of
the shape profile to be maintained. The -plot indicates
that pressure can be recovered a% phe most rapid rate for
a value of H fairly close to the value for separation; «
that is, about 2.3. 3Because the flow with such a high
value of H 1is apt to be unsteady, a good compromise be-~
tween steady flow snd minimum incresse in €& with de-

erease in  q would seem to be a value of H of 1.7 or 1.8.
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CONCLUSIONS

An analysis of a considerable amount of data for tur-
bulent boundary layers collected from the available lit-
erature and from tests in the NACA two-dimensional low-
turbulence tunnel indicates the following conclusions:

1. The shape of all. turbulent boundary-layer pro-
files can be expressed as a function of a single param-
eter.

- 2. The variables that control the development of
the turbulent boundary layer apparently are (1) ths ratio
of the nondimensional pressure gradient, expressed in
terms of the Local dynamic pressure outside the boundary
layer and boundary-layer thickness, to the local skin-
friction coefficient and (2) the shape of the boundary
layer. '

3. An empirical equation has been developed in terms
of these variables that, when used with the momentum equa-
tion and the skin-frictioa relation, makes it pessible to
trace the development of the turbulent boundary layer to
the separation point.

4, No systematic variation of the skin-friction co-
¢fficient with thc shape parameter was indicated by the
data. : .

5. Separation occurs for values of ths shape param-
eter greater than 1.8 and less than 2.6.

Langley Memorial Aeronautical Laboratory.
National Advisory Committee for heronautics,
Lengley Field, Va.
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Figure 1. - Boundary-layer velocity profiles in the region forward of
chord statlon. Airfoll section, NACA 65(216)-222 (approx.); a, 8.1°.
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Figure 1. - Continued.
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Figure 3. - Boundary-layer velocity proflles in the region forward of the
chord station. Airfoll section, NACA 65(216)-222 (approx.); a, 10.
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