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STRESSES AROUND RECTANGULAR CUT-OQUTS IN
SKIN-STRINGER PANELS UNDER AXIAL LOADS

By Pl Kubhn aﬁd Edwin M. Moggio

SUMMARY

discussed on the basis of a simplified applicatiocon of the
shear—lag theory previously published. Experimental
stringer strains were measured around a systematic series
of cut—outs. The test results indicate that the proposed
method of calculating the stringer stresses is acceptable
as a basis for stress analysis. A few measurements were
made of shear stresses in the sheet, but a separate ex-—
perimental investigation on these stresses is desirable
because their maximum values are too highly localized for

\ The calculation of the stresses around cut—8uts 1is

strain readings with ordinary gage lengths.

INTRODUCTION

has been placed on the stresses in the stringers,

| treated to some extent.

The analysis of the stress distribution around cut-
outs in stiffened shell structures is a difficult and
complex problem. A theoretical basis for such an analysis
exists in the form of the so—called shear—lag theory,
the practical application of this theory necessitates a
prohibitive amount of arithmetic. This difficulty was
overcome by a system of simplifying assumptions for the
analysis of cut—outs that was intrcduced in a comprehen—
sive paper on shear lag (reference 1). Extensive experi-
mental verification of the reliability of theseassump—
tions is highly desirable, because the cut—out problem is-
recognized as one of the most important problems in the
design of shell structures. The present paper furnishes
experimental evidence on one particular phase of the
R problem; it deals with rectangular cut—outs in plane
’ skin—-stringer panels under axial loads. The main emphasis

4 but the

question of shear stresses in the sheet has also been




METEOD OF AFWALYSIS

Basic Assumpticns and General Principleé of Analysis

The structure to be analyzed is a skin—stringer panel
as shown in figure 1(a). The rectangular cut—cut ic as-—
sumed to be bounded by two stringers and by two transverse
ribs A-A, The thickness of the sheet is assumed to be
constant as is the cross—-sectional area of the stringers.
The number of stringers is assumed to be large, and the
cut—out is assumed tuv be centrally lecated. The panel is
assumed to be long, ccmpared with the width of the cut—
out o Thesexternal lcad is applied in the fcocrm of a uniform
stress o, applied at the ends of the panel.

The internal stresses existing in the panel are ob-—
tained by the superposition of the stresses caused by the
two loading cases indicated in figures 1(b) and 1l(c). In

ase I, shown in figure 1(b), external stressesc equal tc
0, are assumed to e applied at the stringers where they
are interrupted by the cut—out in addition to the stresses
0, @acting at tke ends of the panel. The stiress distri-
bution existing in this case is simply a uniform axial s -
stress e throughout the panel.

In case II, shown in figure 1(¢), nn external forces
are assumned tc act at the ends of the panel, but external
forces are assumed to be applied to the stringers where
they are interrupted by the cut—out. These forces are
assumed to be equal in magnitude but opposite in direction
bo the corresponding forces acting in case I. The forces
acting in case II are termed "liquidating" forces (refer-—
ence 1) because their superpnsition on the forces of case
I reduces the stresses in the interrupted stringers to zerc
along the bcundaries A-A f the cut—cut, The liguidating
forces constitute a self—equilibrated systcm of forces;
consequently, by St, Venant's principle, the stresses
caused by the liquidating forces become negligible at
large distances from the cut—out, spanwise as well as
chordwise.

The calculation of the stresses caused by the liqui~-
dating forces of case II constitutes the main part of the
problem, When this problem has been solved, it is only
necessary tc add everywhere the uniform stress o, corre-—
sponding to case I to obtain the final answer,

The calculation of the stresses is divided into two
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groups of calculations that are based cn independent as—
gsumpticns: namely,

(1) Calculation of the stringer stresses in the net
section between the two ribs A-A

(2) Calculaticn of the stresses in the gross secticn

The transition between the twc sets of stresses oc—
curs in a relatively short regicn of transition surrcund-—
ing the transverse ribs, as shown by the experimental evi-—
dence. For convenience of calculaticn, the transiticn
regions are assumed to be infinitely short and lucated at

+

the transverse ribs. The calculated stressegs therefore
show discontinuities at the ribs.

e symbols and the cocrdinate axes used are shown in
figure 2. Under the assumpticns made, symmetry exists
about the longitudinal center line and abcut the trans—
verse center line.  Calculaticns will therefore be zmede
for only one quadrant, and all forces specified refer te¢
one—half the structure unless otherwise stated.

Tr
e

Stresses in the Net Section

Stresses in the stringers.- If Ay, denotes the
cross—sectional area of the interrupted stringers coantained
in the width b (fig. 2), then the liguidating force dis—
tributed over this width is

Fb =O'OA.rb ; (l)

This force causes a reaction ¥, of equal magnitude in the
continuous stringers contained in the width a of the ne%

secticn

e S Fb = U'JAb (2)

The stresses g, . caused by the force Fa are assumed to

follow the law of chordwise distributiuvn (refereance 1)

o =o0 e“y/b - (3)
n n
max

By integration across the net section . it is found that




Ap 2 i a:
On a b o‘0 , : (4)
max / il ® :
A, DL - . \
\ A ‘
where A is the cross—sectional area of the continuous

a
stringers contained in the width a. The total maximum

stregs is therefore
Ab a
o = + 0. =0 1l o+ (5)
max Nma o} o] Y
": b l _a/b
Ay \ 5

The expression in hrackets is the stress—concentraticn
factor referred to the basic stress 04, More signifiecant
is the stress—concentration factor referred to the average
stress over the net section, the average stress being

¥y Ay :
oev=——-+co=co&/l+§} (6)
g A.a N\ a /
The stiress—concentration factor referred| to Oav is
By g Did -~ &
- = N = O (’7)
av A"D
e
a
This factor is shown graphically ian figure 3, where t, =
Sainland =t = A [v.
For a homogeneous plate (ta = tb) the stress—

concentration factor approaches 2 for a very small cut—
out (a/b — =). TFor comparison, it may be recalled that
the stress—concentration factor for a small circular hole
T O !

For design purposes, it may be assumed that the
stress in any given stringer is constant between the two
ribs A-A. Actually, there is some change in stress in
thet wicinity of the ribs,

Shear stresses in the sheet.— At the transverse cen-—
ter line, the shear stresses in the sheet caused by the
ligquidating forces are zero for reasons of symmetry. At
the ribs, the shear stress may become nearly equal to the




shear stress in the gross section for reasons of continuity
of etrain if the ribs are not sufficiently effective. No
method has been developed thus far for calculating the vari-
ation of the stress between these two limits; such a method,
when develcped, would also give the change of stringer

stress between the ribs A-4.

Stresses in the Gross Section

ic_principles of calculation.— The stresses in the
gross section are calculated by using the device of the sub-
stitute single stringer (reference 1). In this method all
stringers loaded in the same direction are assumed to be
combined int: a single stringer logated at the centroid of
the group. Figure 4 shows in broken lines the actmnal panel
and in heavy, full lines the substitute single-—-stringer
panel. The stresses in the substitute panel are computed

by simplified forms of the formulas given in referénce 1.

The substitution indicated in figure 4 implies the
assumptien that the stresses caused by F, are distributed
unif ormly over the width b and that the stresses caused
by F, are distributed uniformly over the width a. The
first assumption, although not in very close agreement
with the experimental results, is sufficiently close for
most design purposes. The second assumption, which dif-
fers from the one made in reference 1, was made as a col—
promise to cbtain reasonable agreement between test results
and calculations as wcll as a convenient method of calcula-

T ion,

It follows from St. Venant's principle that the
stresses caused by T, must be negligible when !y 'o1s
very large; the assumption of uniform distribution tof the
stresses caused by F, must therefore be restricted to a
finite width, which may be considered as a participating,
or effective, width. On the basis of the tests, this
width is taken as equal to 2b with the understanding that
it may be changed as more test data become available. The
calculation of the stresses will now be considered in de-—
taEds

- Stringer stresses.— At the transverse ribs, the stress
in any one continuous stringer caused by the liguidating
forces is

(« = —-b-f'-— (8)




The effective area Aae is. mgual ta Ao i &R BEL RY

a > b, only a width a = 2b 1is considered tc be effec—
T ayve.

With increasing distance x from the.ridb, the stresses
~ ]

T decrease according to the formula (reference 1)

o =0 Tk (9)

where K is the shear—lag parameter (reference 1)
defined by

2 Te
e b P ——> (10)
B a\ A by,
2o
where G is the effective shear modulus and t is the

thickress of the sheet. The width & of the svuvbstitute
panel is

PR R P (1)
2

8g » S0 1f %> W

The :total stress in a continucus stringer im the gross
sect lon is, therefore,

—Xx
+ O e 12
3 %9 g (12)

Wheén » & '=+2b, the stress Jjust .2t the rib ig - equal tp

T and the expression for ¢ may be written

~Kx

o =0, +(ogy — 0,)e (12a)
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The stress causead by the liguidating force in any ovne cut
stringer 1is

The total stress in a cut stringer is therefore

/
(3 - (13
a €x B § v

A pictorial presentation of the stringer stresses around
a cut—out is given in figure 5.

Shear stresses.— The vhear stress in the sheet of
the substitute panel is given by the formula (reference 1)
g JREE
T = e g (14)

©

In the substitute panel, this shear stress is uniformly
distributed over the width 4 (fig. 4). In the actual
panel, the shear stress is probably concentrated to some
extent near the corner of the cut-—ocut.

Stresses in the transverse ribs.-— The transverse

ribs are loaded by the shear forces in the adjacent sheet,
the ribs being ctressed in compression when the panel is
in tension. The running load applied to the rib may be

taken as

Tt = F.K (15)

distributed over the width d. Since the ribs lie entirely
in the region of transition, the methods of calculation
Zgiven thus far should not be expected to hold very closely.

a skln strlrger parel is used as cover of a box beam the
bagic stress o, usually varies along the axis of the
beam, although the desisner attempts to apprcach the con-—
ditidon of ainiform stress. In such cases, the theory may

be applied as a practical approximation method by computing

firgt the stresses that wonld exist if there were no cut—out.




Separate values of the liguidating stresses are thus found
for each end of the cut—out; the effects of these liquidat—
ing stresses are computed separately for each end and are
superposed on the basic stresses. In the net section, the
‘stringer stresses may be assumed to vary linearly between
the values computed for the two ends.

EXPER IMENTAL INVESTIGATION

Test Objects and Test Procedure

In order to osbtain experimental verification for the
methods of caleculation described, the panel shown in figure
6 was built. It consisted of a sheet of 175-T aluminunm
alloy 0.0266 inch thick. To this sheet were riveted 15
stringers of 535—T aluminum alloy, each stringer consisting

of 2 opposing strips with a cross gaction of 10,101 ianch by .

0.751 inch each. The spacing of the stringers was 2,51
inches.

The load was applied by the lever arrangemnent shown in
the figure. A whippletree arrangement was used at each
end in order to insure uniform distribution of the gtresses

at the ends.

Strains were measured by Tuckerman strain gages with
a gage length of 2 inches. The gages were used in pairs
on both sides of the specimen. Strains were measured at
corresponding points in all four quadrants; each point,
except those in figures 8 and 15, plotted on the figures
therefore represents the average of four stations or eight

gageg.

The panel was originally built without a cut--out. A
survey of the strains in the stringers was made for this
condition in order to study the uniformity of stress dis—
tribution in this most favorable case, After Thisc tegin,
cut—outs of progrescsively increasing width were made in
the center of the panel from one toc nine cut stringers.
Figure 6 shows the cut—out in which seven stringers were
cut. All cut—outs were of the same length., Surveys were
made in each case of the strains in the stringers over the
region where the influence of the cut—out was noticeable.

On the panel without cut—outs, strain readings were
taken at O, 20, 40, 60, 80, 100, and O percent of the
maximum load applied., In the rest of the tests on the




large panel, readings were taken at 0, 50, 100, and O per—
cent of the maximulr load applied. OCheck runs were made
when the final reading at no load differed from the initial
reading by more than 100 pounds per square inch,

A speecial test was made of the panel with the largest
cnut—out by removing the standard stringers adjacent to the
cut—out and substituting stringers with about twice the
cross—sectional area; the individual strips had a crcss
gleetiffon Bof 0.2512 inch by 0.9986 inch,

When these tests had been completed, the large panel
was cut into the four smaller panels shown in figure 7.and
these panels were tested in the new NACA 1,000,000-pound
testing machine. With this set—up, it was pcssible to ob-
tain much higher stresscs than with the loading lever; the
accuracy of the strain readings was consequently higher.
In- as much as the panels had only a small number of
stringers, they were not considered as sufficiently typi-
cal of actual cases to warrant complete strain surveys;
stringer strains were therefore measured only at the center
of the net section by Tuckerman strain gagss. In gddition,
electrical strain gages were used at the four corners of
the cut—outs toc measure the strains in the sheet at 45° to
the axes; these gages are visibtle in figure 7.  Since -the
axial stresses in the sheet are small at these statlions,
the 45° strains give an approximation to the shear stress
in the sheet. The usual precaution of using the gages in

pairs on both sides of the sheet was taken. Load increments

of 3 kips were used.

Accuracy and Reliability of Measurements

The accuracy of the Tuckerman readings at any given
station is estimated to be = 1 percent; the accuracy of the
electrical gages, +4 percen®t, taking intc account in both
cases reading error, temperature error, and deviation of
individual calibration factors from unity. The term "accu-
racy of a measurement" as used herein denotes the relation
between the observed strain and the true strain (due to
loading) at the surface of the specimen between the gage
points.

The term "significant accuracy of measurement" is in-—
troduced here to denote a concept of practical importance:
namely, the relation between the observed strain and the
true average stress in the vicinity of the gage station.

The significant accuracy is t he sum of the following errors:




g = =
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errors of inaccuracy of measurement as previously defined;
errors due to inaccurate value of Young's modulus used to
convert strains to stresses; and, f4inally, ‘errorg due to
failure of rivets to insure integral action of the struc-—
ture., Past experience has shown that the third error is

by far the largest when accurate strain gages are used,

In shear--lag tests, for instance, on a beam with a cover
gsimilar in construction to the present panel it was fcund
by direct measurement that the stress in the sheet differed
by as much as 20 percent from the stress in the stringers
near the root of the beam. The error in total internal
foree that results from considering the stringer stress as
representative of the sheet stress is, of course, much
less, because the sheet congtitutes only a part of the total
cross—sectional area,.

A complete study of the inaceuracies defined would be
very difficult and tedious. It ie important, however, to
gain some idea of the significant accuracy because it has
some bearing on the comparison between experiment and cal-—
culation.

The strain survey on the panel without cut—out was
made in order to assess the significant accuracy of the
cut—out tests. Figure 8 shows the observed stresses in
the form of plots of chordwise stress distribution., "Two
sets of points are shown: stresses based directly on the
strain reading at maximum load, and stresses based on the
slope of the best—fitting straight line drawn through the
experimental points on the load-strain plots. A study of
figure 8 shows the following:

1. The average stress ower an entire cross section
deviates from the average at any other section
by a maximum of about 3 percent.

2. Local variastions from the mean may amount to
about 6 percent.

These local variations may affect several adjacent stringers
in a smoothly varying manner or they may affect only one
stringer.,

In the panel without cut—owuts, the rivets are theoret—
ically not needed to distribute the stresses except near the
ends., In panels with cut—outs, however, the rivets are
needed to distribute the stresses; such nonuniformities as
are displayed by the panel withomt cut—outs may therefore
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be regarded as minimum values, and larger nonuniformities
ray be expected in panels with cut—outs. PFigure 8 indi-
cates that the significant accuracy of stresses measured
over a small region (say of a width or length equal to
three stringer spaces) should not be expected to be bet—
ter than about 6 percent. This conclusion should be borne
in mind when comparing experimental and calculated maximum
gstresses.

No corresponding study of significant accuracy was
made for the shear stresses in the sheet. It is probabdbly
safe to assume, however, that the significant aeccuracy of
the shear—stress measurements is somewhat less than that
of the stringer-stress measurements, because the accuracy
of the gage is less and because the shear stress varies
rapidly in a nonlinear manner along the span.

Comparisons between Experimental and Calculated Results

The results of the tests on the large panel with cut—
outs are’ presented in figures 9 to 14, Figure 15 shows
the results obtained on one of the small panels, and fig-
ure 16 shows graphically the shear stresses in the 4 small
panels. Table 1 gives the data necessary for computing
the mazimum stringer stresses as well as the computed znd
the otserved maximum stresses for all panels. Table 2
givee the computations for the shear stresses in the four
small panels for test loads of 20 kips on the whole panel,

Stringer streses in net gection.— From the point of
view of a practical stress analyst, the most important
item is the comparison between experimental and observed
maximum stresses. The maximum stringer stress in each
panel occurs in the stringer bounding the cut—out and with-
in the net section. The numerical values are listed in
table 1.

The ratios of observed maximum stress tc calculated
stress are plotted in flgure 17 against the ratio a/b.
The tentative curve faired through the test points gives
most weight to the panels which conform best with the
assumption that there are many stringers uniformly dis—
tributed. It will be noted that the three points defi-—
nitely below unity belcng to panels which do not conform
very well with these assumptions; two points belong to
ranels in which only a single stringer is cut, and one
point belongs to the panel with very heavy stringers zlong
the cut—out. The results indicate that the method of cal-
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culation presented in this paper tends to be somewhat un-—
conservative for wide cut—outs and conservative for narrow
cut—outs. The faired curve shown may be used tentatively
to correct the results of calculation. Itrisladvisabiley
however, to use great caution when using a correection-fae—
tor below unity because the point at a/b =:6 “does nob
represent a typical panel and the course of the curve for
a/b SRGEEE G " tiheref ore, uncertain.

Figure 17 includes two points cobtained by photoelastic
tests of reference 2 on homogeneous plates; the homogenous
plate may be considered as the limiting case of a skin—
stringer panel with infinitely many stringers. The stress
values had to be scaled from rather small figures given in
reference 2 (pp. 577 and 664) and are consequently not very
accurate; in spite of this fact, the results agree guite
well with the results obtained on the large panel.

It is important to ncte that, contrary to what might
be expected, the stress distribution over the net seciion
is far from uniform even in the limiting case when the net
section contains only %two stringers, as in panels 7 and 9.
(See fig., 15.) An smnalogous statement was mede in refer-
ence 2 (p. 486) with respect to the stresses in a tension
plate having a large cireular hole and, consegueatly, a
narrow net section. This observation is of practical im—
portance, particunliarly in view of the tendency of the the-
ory to become unconservative for narrow net pectionssy.as
noted above.

Stringer stresses in gross section.-— A atudy of £ig-
ures 9 to 14 indicates that the calculated stringer stresses
in the gross section are, in general, in satisfactory agree—
ment with the observed stresses. One consistent discrep-—
anecy is apparent in all panels: The actual stress in the
stringer bounding the cut-out is lower than the calculated
stress, and the stress in the adjacent uncut stringer is
correspondingly higher. The practical imporfance of this
discrepancy is probably confined to jndicating the need for
providing some extra margin in the design of the rivets in
the first uncut stringer.

In cases where the influence of the cut—out is appre-—
ciable along the free edges of the panel (£ Pas o wllBh HUEES 14),
it will be noted that the stress in the edge stringers
roaches its maximum not in the net section but outside it.
This phenomenon was also found to exist in homogeneous
plates with rectangular cut—outs by means of photoelastic
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tests (reference 2, p. 664) and has been proved to exist
by the theory of elasticity in the related case of a ten-
sion plate with a large hole (reference 2, p. 487).

Shear stresses in the sheet.— Inspection of table 2
and of Tigures 16, indicates. that in panels. 74 94 2uodyil0 the
agreement between calculated and observed shear stresses
is satisfactory. 1In panel 8, the observed siress is con-—
siderably higher than the calculated stress. Additional
experimental evidence would be reguired to decide whether
this is an exceptional case or an indication that the the—
ory tends to be unconservative.

The measured shear stresses are not the maximum shear
stresses; it is difficult to measure the maximum values
becaunse they are highly localized, and quantitative data
obtained by strength tests would be useful,

It might be mentioned that the strain readings odb—
tained with the 450 gages were corrected to account for the
presence of some longituadinal stress in the sheet at the
gage locations. The corrections were based on calculated
stresses and were small (average ahbout 4 percent).

Stresses in the ribs.— No msasurements of stresses in
the ribs were made, because the use of filler pieces under—
neath the ribs btetween stringers resulted in too large an

uncertainty concerning the cross—sectional area of the ribs.

When an attempt was made to apply the full test load
to the large panel shown in figure 6, the ribs at the cut-
out buckled very badly. An approximate analysis of this
failure indicated that the load on the rib may be estimated
by using equation (15), but the analysis depends very
critically on several factors which are not known with any"
degree of accuracy; this failure of the ribs cannot, there-
fore, be considered as quantitative evidence.

CONCLUS IONS

The experimental evidence presented indicates that
the method of cut—out analysds presented in this paper may
be used as a basis for stress analysis.

The maximum stringer str esses calculated by this
method should be increased by 5 to 10 percent when the
cut—-out is wide (a> 2b).
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Additional studies on the magnitude of the maximum
shear stresses are desirable.

Langley Memorial Aeronautical Laboratory,
National Advisory Committee for Aeronautics,
Langley Field, Va.
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