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NA:rrONA.L ADrrsOIl.Y COM~:I'l'l'F,E FOR AERON}UTrcs 

~nVANCE CC3FrDE~TIAL R~PoaT 

rN{ESTIGLTIO~ UF BOUND~2Y LAY~R T~ ~1SI~rON 

Ily ~I . W. L i epma "m 

~_ansit10D of thp ~cun~ary layer from t~e laminar to 
t h e turbulent re~~llia ~08 i vestt ~ Rted on t~e conca~e side 
o . a ~~~te w~th ~ radiQ~ of curvature of 2.0 feet. T~e 

c·:iticrll. P.e?nold ~; num'oer 1J.'QS foun e' to 'Je co ~ siie-at2.y lowe:::­
tl: ar: o n a fl-'It v i. ate <:'..11>:', o;} the cor ,:'a, ;r ", sid..: cf d. pJ.a~~ v:i~h 

a 2 0 f (; [) :, r, cl i L" S ,) :: C II ~ "I " t u .... G P r ,. Y'; ( I.'; 1 Y i '1 V (' S t i f::? t e rl • ]. 1; 

'..,n8 f'lI'+he J, ore found. th ;:- t, in p. (~T ( e ::-. nt wit !: t~e tho :"etic' l l 

£Asults of Gurtler , ;~ ' \ / -~ n ,v r I 
her<.:! te't!<,8ri 

~ter,1I is tho proper :'::CJ. tic<1.l PC:"8.!.':et.>r go-.rel"ni n '-" b:unc'flry 
lc;yer :t r. SL.tbili~:r OU3 to Cl),'lcav ~~ curva+' .. r". ~h e critic.. n 

• • 

p ,\ ram c t <.. I' a t t ran s 1 t ion w a '3 f 0 un d. t 0 11 .". -.... to' a val u e 0 -: 9. O. 

The il'lf}.Llenc e of P:' c"",u:ce gr. o~cnt p. 1.,i 0: 'lU in:;refSJo. 
f r p e- c; G 7: e a ;, t u r b u 1 (; n c al 2 'T..:·! 0 nth cpo s j t ion 0 f t r; e t l' ' t n sit jon 
poi !1 t C 1': t \18 con C p v e s) ,1 co 0::- the :r}. at ) 0 f 2 , 5- f Jot r a 0. :!. U £ 0:' 

CllTvP.Lll;:'e :H"S b8en stnc;ieci , c.. Jlnll vc'ui n tio'1s o~' 'vh f; Pl'C'SS'lTe 

gr:,di.mt rlic'i no ·;:; alte the val n e (If th ", crItic'll Go:-t·~ \JI' p~-
r .;. fl. e t e r • T h 1 S ~' ':: S U 1 tis c 0 l\l V E', r .;: ci. w j "l; h s i Jl i 1 P. r Dl ." [) sur t:J n: e n t .j 

0'1 t.ho conVbX 8lC1e of [' pl ·' -c(. of 20--:r'oot rndjus of cu.rvp. t l~"p. 

Iucr~~s e d tunnel turbulen~d lowdr~d the value of the criti~al 
p Dr c:· metcr Q , O at p turbu:u:: nce le -- e1 of o. or ~ e r~er.t tc CeO 
,t 3 " ·,1 r '.i u 1 en eel c' vel 0 f O. 3 Far c e 11 t, 

~h~ i n vestiGatlo~ ccn!irms t ~ e pr ~ vious raa ~ lt that the 
ID Rchdnlsm of t " e breR~(do./n of thp L l lliinar bound::L~' Y l A;.T2r i..; 
essentially diffe~ent on conveX ~lld concave lou n a ri~a , 

~ ~iScuEsi o r of the prActicai applicRbility of trAnsi­
tion ~ r asurpments is g iven, and the dIfference bctwee Jil crit­
ical Rgynolds number corresponding to lamin ~ r in s tability 2nd 
crltical ~e nolds number c0rrespondin~ to transition is pCi n ted 
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out, A definition of transition Reynolds number , based O~ 

tte 8pp~re~~ Q~eRring stress caused by the Inmi~ar oscill~­
tions, is given , In t~G oase of f low Rlo~g ~ fl~t ~lRte, 

7 p 1 u e s <.; f t r a n 5 i t i 0 r. E Co Y n 0 1 d. s n II m b t! r are c ;). 1 C 1) 1 c. t '" d H T) t> r 0 K i-­
liJr·tely for different ~li.tensities of th o ini~i['l (I,iotu. b",nct.J . 

IN 1'R (JDDO 'I' I ON 

The larger rart of the California Ins~itute of Tochnolo~y 
invest.j e'a tion on the effec·i.; :)J" e,lrvature on bonndf1.J.";j.- Jaye-r 
stabilI~Y and transition has been prevIousl) rep0rted (refe~-

1 \ rp. " . , , . th ). h J ence /. - hl.!,; preVIOUS resear2,Jl .c80 to .,e CO'lC .. uSlon t . • I-l.~ 

the m~chRaism of the breakdswn o~ the laminar boundary layer 
is eSJentiaJJ.y dl!ferent on concave aLd convex walls. The 
insta~ilit y of the lamina~ toundary layer on c~~ve~ bounda~tE3 

!;las +'011Gd to De brou gh t '.'Ioout by r-1ane dlstl~ rb .:tJ1 cc:sl the 80-· 

callau Tollmien-Schlichtinc w.:tv ~ s> WhlCh were filst observ{d 
1:> lJr:roen. Schub8uer. ,qnd :kr31T1stad on 8 fJ8t plate .. The 
rEn~a of unstable fr e qu ~ncic s ~n~ the aaplifl~qticn chb rpct e r­
istiCB of ~he Toll~i ~n- Sc~l~-hting ~a~es w ~r2 ~ound, withOn 
t.he E"-p'.;rJ!I.Fntal scat-t,fr. to :Jt~ the '>[lme )n th-· c nVl'x:y 
curved bou2darius as had enrli~r bee~ obs s rved ~y Schcbcu~~ 
[~n d S k r a ,!I S t 8 d. (r (> f e:r to neE. <~) 0 n t: h e f 1 a i; 1) 1 ate" I t VI n s .'l. c C () rd·­
ingl:r concluded that the trDn"ition point "'as essent;1:1Jl;v 1-c)'l-

Hffectcd by convex C'1.l'VE-\'C1l1'€ . These l:"8Ue'Ut'(r,":';;lts 2x:e~'ecl 

0'1 ~~ r p' r <1 n f e 0 f e f f ee t i ve cur y~: t u r e 8 i r fro ill 0 t 0 1 () ::I; 

whe~~ e ~s the mom nnturn thickness of the boundolY Ipyer ~nl 
r is th8 radius of curvature of tho boundary . 

Concave curvature was fo~nd to hRva n pronounced d~stabi­
lizln? ef~ect on the lamin0r bounda~y l~ .e rl tho critiC21 
Reynulds number decr easing with incr0~~ing efffctive curv~turc . 

It '.vas, tl,c:-t~+'ore , concluced tha t t: i7 ;ric.-::p:',nislu cf trpns i.1, io :l 
on 0 n c a v P. w alI s w 3. S d iff ere.. n t. fro m the ton f 1 pte n d c 0 !l ,- :0 Y 

bound~rias. It was furthormore s ~ow n thot these observa~ic~s 
wert: ir £"eneral agree :r, ent with t h':'cretical r''''snlts of Gortler 
(r3f€renc~ 3) which ~redicted a stron d~nawic jnsta~ility ~ll 
to thre",-c.imE)nsioIH3:i disturbp.i1ces on con~,. ',,; hounci:'rj<o's. 1}lh,> 

me~~urernents fo r th e ca~e of concaVl bou~dnrl ~s we=p, ~o~cvsr . 

not sO Bxtensiv8 ~s for the conveX c~se an d covtrcd only the 
r 9nge o~ effect iv e curvature between 0 end 0.00C1. Cne pur­
pmqa of t~€ inve sti getions reported ~ere is th~ exte~Elo~ of 
the p~evious m(asurcrnents to va lues of affective curv~ture of 
about 0.001 on p conC Rve bo~ndary 

The influence of t he pr0ssu re grndten t ~lcng th ~ l ~rrin~r 
bound.arv l aye r on the position of th!:;. tr:.l. l".siticn ooir-t he .. s long 
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b~en known. The measurements ~hich have bge~ carried ~ut 

before were always confined to flat-plate flow or flow 
pa~t convex boufidari~s. Based on G~rtlerls t~eoretical 
result~ it 'as sug~ested in the previous re~ort that the 
influence of pressure gradient on transition should ba less 
pronounced on COllcave b0l1njet.'i '~s. C;onSf'quently, measure-
1D0nts of th~ effect of :preS~31Jre p-;l'adient, on the position of 
the t'ransition point h:;.ve b".en c · \r~·L~I-l.. out a"d chi' 1'0sults 
~re p~esented in th~ present report. The effect of an in­
cr~esed free-stream turbulence l~vel on tra~sitlon was elso 
studIed, 

The investigations r0~orted ler~ confirm anJ supplement 
the rc:snlts rE:ported previously: and thus concludt? th~ r'e­
se~r~h pro".:rem on the inflndl(;2 of cur 1raturp. on boundary­
layer transition carri~d ou~ 07rr a number of Y0 a r R at the 
CRlifornia Institute of Technology u~der the spo~sorsh~p 

and with the financial assist~nce of the N8 tional AdvlSO~Y 
Committee fer Aeronautics. 

TJ'e continuous int.erest . E'n.-::ouraperr:ent) anu. a,dvicb of 
Dr. T~. vo, Ka~ma~ and Dr. a: ~ Mil~lkan is gratefully 
ackno~led~ d. The ~uthor ~lso wishes to ackno~ledge ~any 
help~ul diSCUSSions with D • C. C. 1ill~ and tho e.ssis'vance 
of ll,r, J, Leufer .. 
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r 

u 

v 
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SYtlBOLS 

distance along s'rface of piate fron. le<>d.ing edge 

distance perpendicular from surface 

distance along au face perpendicular from leadin~ 
edge 

radius of curvature of the boundary layer 

mean velocity at a point in the bound~r~ layer 

mean velocity of the frpe stream 

insta.ntaneous X-coILponent of' fluctuation v;~l(lcity 

instante .. neous y-compon<:nt ef flue t un t 1 O!" y':!locity 

instant;:tneous z-component of flue uation ve 1 oc it;,' 
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u l 

1 vi 

J yl 1 

rcot-m?~n- BquRre values of u ~ v, and w, ~espectively 

u l 
~ 

U 
etc . , tu~bulence 1 0 V t ~: usuRlly expressed in perc l nt 

0 

P den s ity 

~L viscosi.ty 

1) - ~ 
p 

kinematic visc ~ sity 

'1 ;::: i p u 0 :2 d Y n :-Jin i c p l' 8 t S 11 r ,~ 0 f t, h p f r " est r e .. ill 

6* 

e 

~ 
l' 

R 

R X tr 

BS 
i 8 J _. 

r 

'fA ;::: 

TL ;::: f..l. 

bOUD d.ae y 1 El.y~ thlckn f, SS 

boundary leyer di~plecAmpnt thickn 3 Ds 

boundary layer mo @entum thickness 

effective curv~tu~e of the bOlnd~ry lay ~ r 

Reynolds numb~l r 

Reynolds numb r rs 1~s e d on ~~ e pn d 8* 
r e s'l~ cti"ely, p. x = lJ ox /1)== x-R e ynold E. 
n u ri! b E;' r: ;.~. n d s 0 f 0 l' t h 

Re J 

tr R 8* tr 
Rpynclds numb e rs nt th e trr~sition point 

G~rtler p 2 rameter 

P uv ~pp::.rent sh~r, r 

du -
dy 
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Ie := 
uv 

U1v l 
correlation coefficient 

laminar skin-friction coefficient 

APPARATUS AND M]THODS 

Wind Tunnel and Test Section 

The general ilyout of thd wind tunnel is shown in 
figure 1. A detailed description can be found in reference 
1. ~he measurements were carried out on the concave slde of 
R sm oot h glass nl a te of 2 .f-foot radius of curvature . This 
plete wes set in the center of the high (~ f t) a nd narrow 
('7.~ in.) test section shown. in figure 2, The section con~ 
sists ess entially of two plate-glass plates forming cylinders 
conc ent ric with the c enter sheet , on which the m~a sur ements 
are made . These plates are mounted in wood en fr~mes which, 
by mCRns of a s c rew atJust~en t. allow a varl"tion of the 
width of t~~ ch~nnel ~n d of th e ~ngi~ of attnck of the centpr 
plate, This adj~ stm cnt ma~es it possible to alter th e pres­
s ure gradient along the test secti0 ~. OWIng to the ge!m~try 
oft h '" sec;; ion i tis, how e v e r: d if f :.. c ul t t 0 set for 0. p :r e-
d e t e r In i ned s i IIi '() I I' res S '\1 r e d i s t r i u 'C ton : for e -z a IT! p 1 e; :l. 

line'r distribution. The investi gat ions on th e eff 6ct of 
pressure ~rea Idnt on transition were

l 
therpfore, rat~~r t 0d i ou s 

pnd the iov .stigat ed rpn~ e of presEurc gradients limited. 

Free-Stream Turbulence Level 

The normal free-str2? ~ turbulenc e level of the tunnal 
was the s ame 8S in the previous me esllre ma nts . The values 
'II er 2 

u t 
0. OF perc e nt == 

Uo 

Vi 
== ![~ == 0 , 12 percent 

Uo Uo 

The turbul ence level in the test s e ction is mainly controllFd 
by th e pr ec ision scre e n "Sil (fig. 1) in thp pressure chal::b.;r, 
To investigate the position of the transition point ~t high e r 
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turbulence Ie els of the free stream) the tunnel turbulence 
was artificially raised in the folleving way: Strips of 
oelluloid tRpe about 1 inch wide and ~ inches long were 
glued ,qt regulnr inte:!'vA.ls of about 3 inches on the dC'."n­
strelm side of the scr~en S. These strips produced a 
uniform turbulence lpvel of 

11' 

u o 

in the test section By remov~ng every second strip) <>-nd so 
forth) the turbulence l evel could then be lower ed to the 
normel free stream level. 

T ~ G!. - C'. r sin g t·: e c n [) n ism 

The traversing ~ech8nis~ used in this wi ld tunnel is 
ddBcribed in detRil in reference 1. Th ~ motiop of tt~ 
il1strument

l 
for 

in the x [ind 
ex~~ple, hot-wire ~nE~omete r. 48 continuous 
y dlrection~ and is ce~otely co~trolled. 

Hot-Kire Anemo~pter 

T 11 :0' me !3. n- s pee d dis t r i 'b 11 t ion i nth e b 0 u n d ,.\ r yIp y e r w p. s 
measured with platinum wires of O.OOO~-inch diaweter R~d 
about ~-milli~eter length. The turbul~nce levBl and t~e 
position of the transition point ifere detcr ~ in ed with 
o. a a C 2 4- inc l:l t h i c k H n d '1."0 01.'. t 2- L. i 11 i I. e t e r 11) n g ' .. , ire s . 
Mppn speEd WRR alw~ys meAsured using the cons~ant-resj3tA. ce 
method. For measurements of velocity fluctuat~ons the wire 
was calibrated using the electrical oscillator method 'refer­
ence 4) and the amplifier properly comnensated by means of 
an inductance-resistance circuit , The amplifier respo~se 
is flat hetween less than ~ cycles up to 8000 cyrIes. 

Measurement of the Pressure Distrihution 

The pressure distribution along the test section was 
measured by mean s of A. small static tube mounted on tho 
instrum e nt carriage At a distance of ahout I centim?ter 
f"'om the test plate, ThUS, the pressure grr,dle nt clo;;e to 
the edge of the boundary layer was me~sured. The irr~~u ar 
"waves" in the distribution (fig. 3) arc due to loc:::l (,~lp.ngf s 
in the radius of curvaturr of the plpte . 
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Determination of the ~ransition Point 

The transition point was det~rwincd by mCRns of the 
hot-wire ~neillometer, The hot wire was mounted on the 
instrument carriage a few thousandths of Bn inch from th8 
surf~cB of the plat e , The cRrri p~8 was th en moved slowly 
in th e dir ec tion of the ffiean flow f rom the le~ding edge 
downstr0sm; the fi rs t app ea r an c e of th e turbul en t bursts 
(see reference 1) on th e oscilloscope scr~en wes tBken as 
indication of transition . 

MEA SFI\EMENT S p_'~m RE SULT S 

Mean Speed Distri bu tion 

The test-section walls were adjusted to ~ ive a pres­
sure g~adient as c lose to zero as possible. The best re­
sult W 111Ch co-.:.ld be cbt:dned is s ~own as liAIl in fIgure 3. 
Th~ pr2sbura g rad len t it seen to be close to zero over the 
fl~st ~0 centi~ete~R of T h~ ~es t plate. Since tran~ition 

was fou~~ to occur et diR t anc8 s from th2 leading edre of 

7 

I E'8~ th::m F-O cc·ntlme.ters
l 

this pressure g :r adle!lt J:'. (fig. 3) 
cOl~)d, "i'vb S1uflc ' l;;nt A.)Jr1' oXlmntio n. b e ta.kan HS :lze ro" 
gra81en~ Tn vel0city distributio in the l~w ' na~ bounda ry 
lay~r ¥as the~ ffiea c ur ed. Thd result is shown In figure 4. 
Ii:. is r,.:'e.n: tha t tl1p profile f ol lows, rather closel y, th e 
Blabins flat-plate rrofile. Th e r e ex ists a slight systel~ 
etic devIa tion from tha Bla si u s profile espp~ial ly in th e 

The meRsured value s of u 

Uo 
are sli~htly lower then the ones given by the Blasius dis­
tr i b'Ltion. 

The main purpose o ~ the measurements w~s to establish 
w~ethe~ coapntations of the mOLsntum thic ~ness 9. the 
ReYLolds number based on 9, and so fo~th could bp computed 
fr0w t.~le I:lasi s solu ti on , For c omput ation of theso data 
pou~ipd ~0 t~ansiti~n mers ure ments, t he slig~t devirtion 
S60 in figu_s 4 is ia~pte ri~l End co ns ~quently the vnlU0S 

of 8) B'I', and s o for'!; h; use d l ater on, have been c;0l1Jp uc ed 
frot! t he Blasius forrrula. that is. 

8 = ~Af 
{)'" = I 73 ffV.:, , U 

o 
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Effect of Curvature on the Positi on 

of the Tran si t ion Point 

T ansition was measured with the hot-wire anemometer. 
By vary iIl~ the velocit.1 of the free stream: tht:: range of 

e f fee t i Tr e cur vat u ! e f r 0lJl - 0 ,f' X 1. 0-' .-: t 0 -1, 1 X 1 () i\ C 0 u 1 d 
b c i n v est. i g a ~ e d • The::,· i, '- 11 1 t s 0 f t ~: e t e G t S a e s h ;J "'fl! i n f i g-
ure ~ whel·e the critical. Feynulds 1l11mbp!, Rx tr is plotted 
ve r sus;: It iss e € n L r £j t Rx: r f l;) 11 s fro m abo u t 4 X 1 0 5 

9 5 x 1 rr- 4 to 1 ~ v , 0 5 B.t ~ _- 1 0- 4 at - ::: - V _ . ' _, ... 1 Xl. 
r ~ 

This r ~ su]t &~r~es very well with nrevious measurements 
~rafF~GnCe 1). Figure 6 shows the effect of curvatvre on 
tl'ansition for effective Cu!"v<>.tu!'e renging fror:: -0 001 (con­
caN'Po) to +0.001 ( c onv<:x). 'H," re Re tr is plotted ,'erGUS 
8 It is seen that th ~ dec~eRse of the critical number found 
r 
o nth l' con c a v e sid e f) f the 2 0- f 0 0 t p I ate COn tin u e s \'! i t h h i .g her 
effective curvrture. 

.. 
A~cording to Gortl~r (r8ference 3) 

r;-
R / dis the c h a r-e ,_ r 

acteriscic ui"rame t er for the three-dimensional instability 
on con~ave walls . If thd value o~ this par~mpter nt transi­
tio!" is plott·-d versus effective CU1'vRture (fig. 7.'»), it is 
S~dn t~at within the rether large Bcattpl the value of 

does not systl metically vary with The avera.ge 

! 7) vrlu(' of ' ::teJr found is about ~. 0., The value of the 
- t r 

parem8t~r as measu r e d here is somewha t larger than the value 
of ?3 found previously on the coneRVe side of t~e plate 
of 20-foot r':1.dius. Ther~ EJ xists p. possll:lle e7'plrln:4 tion ;or 
this di.ffer')ne;e in th~ ':e,l ue of the Gor'Gler pn~e.meter at tran-.· 
sition which cen b e st be seen from " plot such as figure 8 • 

.. 
Inste?d of plotting the Gort1 ",' r pal'amet('r a.s n. fU!lction 

(If effect.ive curvc_ture Rx tr is -Plotted. as .' function of 
r ~ r.a 
-,S. Since :!tx :::; Re"', R\-) I = COl1stp,nt corresponds to 

v r 
strpight lines through the origin in this plot. The measured 
v3. 1u~~s of Rx tr for the two tt"::st so:: ctions of 20-foot"'.nd 

2.5-foot rRdius ere pre sen t ed in figure 8, and in addition, 
the lin e Re = 9.4 X 10d corresponding to transition O~ a 
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flat plate in the wind tunnel is shown, Assume that transi.­
tion due to Gc)rtler vortices occurs for e.ll concave curva-

le-
tures at the value of Re J -; found. on the plate of 2.5.:....-

foot radius. All transition measurements should thus fall 

( -" 
on the straight line Ii, J/~ i = 9.0 (fig. 8). Transi-

\ ti r)tr 

tion on the flat plate , tha.t is, transition cl?used by the 
two-dimension~l perturb~tion, was found to occur a t 
Retr = 9.4 x 10- 2

• Since the Toll mien-Schlichting wave is 

but little affected by small curvature, it can be expected 
that tr a nsition c aus ed by this disturbance~on slightly con­
CF!.Vp plat.es occuro c: t a b out the S8me 1\8' Hence, starting 
from the flat plate, a ll transition measurements should 

follow the strnight line Re = °.4 x lOa in figure 8. At 

E. - - 11 X 10
3 

the line (Re /1- ') = q . O an(l Re-=9.4 x 
B . 'V Jt r 
1 0- c. i n t e r sac t; t h 1:'. tis, F... t e f f e c t i vee u r v n t u res 1 ~t r g e r 

thHn -11 X 10 3 transition is ct"used. by the three-dimensional 
disturbance. At sTlj[)ller effective cu,=,vature the Tollmien­
Schlichting wave is more unstable and thus is responsible for 
transition. It appeArs that this is not th e case , but thRt 
a.~ore or less continuous change from th e transition due to 
Gortler vor tices to tr~nsition caus ed by Tollmien-Schlichting 
waves tRkes place, Sinc~ the lamina r bounda ry leyer on con­
cave walls is unstRhle with respect to smAll p e rturbations 
of both kinds, such R co~t~nuous change is possible and 
probeble. ~"~h types of perturbation a r e excited by the 
external free-stream turbulenc e, tr~veling downstream, that 
is, toward higher values of RB both th e waves or the vor­
tic e s of a given wavelength i nc re ase in amplitude when they 
pass through their r~spective instability region in the 
RB*-a di ~grAm (see r eferen ce 1) . A transfer of energy from 

the one type of perturb ~ tion to the other is therefore quite 
possible and such a trans fer becomes unimportant on ly if one 
of these perturbati ons i s considerably more unstable than the 
other, that is, in the limi.ting cas es of sm8.11 and large ef­
fectiTe curvature. A more exact analysis of such an energy 
transf e r is i mp t ssible without a detailed knowledge o f the 
aillplific ~ tion of b e th types of perturbation and fUrthermore 
of the excitati on due t o free streaw turbulence. 
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Effect of the Pressure Grcdien t on Transition 

It is w~ll known that q pressure gradient along a 
l~minar boundary layer strongly jnfluonces the position 

10 

of tn2 transition point. The so-·called lo·.i-drag or lar"i!13.r 
flow 2.ir;oil represents a.n application of this result, All 
investigations on the infl~ence of the pressure gradi~nt 
have previo~sly. howev~r. been confined to meaEurements on 
flat or convexly curvac" bou.ndaries; that is, to boundary 
layer flows, where the TollGien-Schlichting jnsta~il~ty is 
predo~inant. Bnsed on the theoretical analysls of Gartler 
(reforence 3) it was Bu~gested previously (ref~rence 1) that 
the influence of the pressure gradient on transition should 
bs less pronounc ed on conc~ve walls where the boundary-layer 
i~sta 'bil ity should be due. to the thres-·diw en sion<ll vortices. 

To inveEti~3.te this qU2stion, me~surements of the in­
fluence of pressure gr~diGnt On t_~nsition were cerrIed out 
on the convex ~ide of the ~)lnte of 20-foot re.dius and on tht; 
ccnc~ve side of the plate of 2.F-foot radius. T~us, n ty,~ ­

eel Tollmien-Schlichting ~~d G~rtler case could b~ co~nar~d. 
The pr,'ssu!"8 distribui.:1 ons for which transit"on , ... as in ·.3ti-­
~&ted are shown in fi~ures 3 and 9 , respectively. Before ~ 
discussicn Bnd co·.parIRoc of t~~ measurements can be pres9nte 
the question of the prorer parameter lor the prss5uT8 ~radi0n~ 
and tie p oper critic~l number for transitIon must be dis­
CUSSGd o 

It is scrrletinle s uS6ful to pr6S811t tra"1sition data in 
the form of e crltic~l Reyuolds nu. t ber Rx basad on the 
c;. i s t D. ,1 C e fro !L t h ~ 1 e ad i n .<; e d g e, t hat is; :- r 0 lu L1 '" S'c a S; 11 2. t ion 
p c in'" • H 0 \i P ve r , R x c e r t· in 1 y i s not the pTe p .0 r ph Y sic p. 1 

pprameter, and it is preferable to base th8 critical nu~ber 
on SO'18 measure of the local boundary layer thickness. T~8 

~o~entum tjickn~ss appfBrs as th ~ bJst choIce since it js 

cJosely connected with the shearing stress ~~ the wall ard 
thus with ths slope of the veloclt~ ~rofile at t~e fall . In 
this connection the instability of a velocity ~roi ile wIth 
resppct to ~ollmien-S~hlic~ting waves is knGwn to de')cud v2ry 
L".uch O!l th ~: slo~e (a!"ld curv:'1. t1.~r9) of the nrc:f'ile in th,:, n ei,'~h­
borhood of the 'nIall. rortler fo~nd thAt for th ,; thr!'E'-G.j ... e::l­
sieual disturbance alsG fuomentum thickness is the koSt suit3bl~ 
length for th ~ criticel pararnet8r Thus it appe~rs renscnntlG 
to plot for fl.-..t ani convex surfaces \he critical J111:.,ber _.ot.,_,. 

. , ( /'-'- . 
<'. n d :f ') r t !l e c (0 n c a v e sur f ace siR 8 /! nsf un c t 1 0"1 S 0 f ~;:.., ;,. f:' 

effective 

that is, 

\ '\ r / t r 
press 11[' e gr.?.ciient. To rl.' preser..t the pr:'SS.H,' .gra.cient, 
J. ~ . .P 
q cix 

i n d ii,·. 8 n s i . n 1 e s s 
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Thp effectivG forco acting on an elsIDent of thA boundary 
l 
Ihyer i~ the force dua to the pressure ~radient, 33 itJl 

q dx • 

The bcundFry Ipyer thickness 6 entering h8ro has L0re 
kinematic th~n dyna~ic c~arQcter and th:s t~~ disp18ce~ent 

thickness ~. ap~enrs as the lo~icel choice. This can 
nJ.::,o '0" eeeT). frO;'l "von Kr:.cr.:a .. is ;,lor.:entUf.1 equ<>.·~ion ,dehe 
b:luniary layer 

TO 1 <l ( p.~1. 8* ~J2 = 
q q itA q dx 

w~pre dlso the c~~binHtion 0~' i.Q 
Ci dx 

The r<.'su 

s ,'P t (' d 

Vl,r sus 

i r t', e 

6 * J. ') 
- -_..£.. 

c:. r . .A 

ts of ~~~Ru~0~~nt~_~rp, 

, n d ( R 0 ,j ~ )t r > 

rt is, of c:iurse , not to bl' 

th '''re: or e, r -y)r e-

respectivelY, 

e ~{1) ( C t l' :i t h ".1; a 

c0Dpli~ateJ. p~enOGenon: such a q th~ l~~inar irst~bility for 
flow with plBssure ?r~~ient, cen be d'scrib~~ bv Olle critic~~ 
parA.J.9t'r [llone, Un-:t:~ th..:"J J.!ifl~lG" C8 of tht) pres,'ure ·u'ld.i ·:: r:t" 
the v~~lccity p rofil e 0.L' the 1.r.,rF')" \"111; in f"ct s C i1f'nge C!!J.Cl~­

Llously ~ro .. 1 the s'cF\g·na'Gic.n ~)0~nt 11,., to evc~ntu.[ll s' . .q)['.rA.r.i c "" 

Th'J inqtability zones for 5, ', 11 pt>rturb,-iti.;~s ~.nr! t:::" a;;pli-­
ficption cn~rDct'ristics thu s v~r~ c~ntinu~uely ·Gwnst-(a_ . 
~r~nsiticn ~ccurs if perturbati 'n s pre ~~plifiet t~ ~ F~ffi· 

cirnt ~e~ree. Sl ce the t otnl ~~plificption is t~~3 n, int 
Gr~l Jffect ?ep n~i_g ~n 81J. inst_bilit~ zon s P~2S0~ ~~ tn3 
P P r t u l' 0 '~t t ion c: nth e \'r a -r 'r · .. I j t s 0 r i sin 1. ( W"1 f t r e po .. ' t; c t h t:. 

t r [. n sit i c n n v i lJ. t J i t g 8 !? : .• S h t" r <.~ 1 Y l? C s s i -b 1 e t .; ~ i "l e H L ~ r r f' .­
sfnt' .. tiDIl invfl';riup; onlJ G:1G critical !lULber nu.c:: !.l8 '~H' 

O.ly \v~F.':ce thE inst;-1bility z·:,nps r.re l.:.ttle r:.ffectf>' by~" 
C hr· r .. c? e i n t .H' pro f i 1 e .<].':, f (, r '" x :: :', T) 1 e. a c c c. r d ; n '" t ') G:; r tIE: r 
(~E:fereDCe u), in th e caEE Of flow p~st c0~cnv~ b~unJArl~s 
CQ_ it be ex}~cta~ thpt it will be pcssible tr represe~t th~ 

L s t e b iIi t;r c h n r ae t e r '0 y c: n 1 yen < ' c r i tic p. 1 Y) ( r a .:1 e ~ e l' lin t J" i s 
{-J 

cpse Re I -. EXCfnt for -pressur.:.. '·r.~·' iC':J.t :10 11 0!1 the conv Y.: 
'1/ r t' 

s i r3 e I) f t !1" p Ia t e (I f 2 0- f ~ (' t r '" d. ius , h d ;,r"" r:.. n t 11 [., t h i Y: n F; ssp n ( 
~ls~lAcek9nt thickness wer e ~ ~~in c0G}utea usin~ the Dlp Eiuf 2( - -
1 uti 0 ::1. The i n flu t: n c;:) n f t h (: S 2 C ,. 1.1 par :.:I t i vel y s , .. f] II {~. r cl ~ i ' r: t '. n 
th E b 0 nIl (' a r -r_ 1 ;> ya r t h i c1~ n <: ssw a s f (j U n (1 t. 0 b r- neg 1 i .. i b 1 8 1N it' _ i n 
the sc',tter of tlie transitiGIl ~r.e-'\3ur<?1:1 ·~ nts. In t h , C'1f'~-· (;f :-:; rt·-
rl i e n t C in f i gu r e 9 f t. herr. ): .. c' n t u :. t hi G k!' f.' S 13 .., E (1 ,:; ~ pI:' Cr.: £ r ;: t 
t h i c k n e ssw <! r e C f) L. put e'i. f r 0 ;., the s ( 1 uti () n 0 f t r '" 1 C'l ,,, in . r 
boun~i"ry-li'lyer equations f~~r P ·. €' c:-e~' c:.' p linE"'1.r r crl:F'Se 
oft h \~ f r e c- s t r e e.... v c' 1 .' c i t y • T' h l' t Y. r (' r i L. t~ n t a 11 y :t t: t e r .. i ~ r. e i 
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pressure distribution was approximatsd by a par~bol?, and 
the comentum and disp1Rce~ent thicknesses were deterffiinAd 
fr0~ the tabulrted solution (reference ~). It is seen from 
figure 10 that for the CRSC of convex curvature RS tr de-
creases with positive and increases with negative pressure 
gradient as expected, The largest decrease with positive 
pressure ~radients occurs close to zero pressure gradient. 
Whether or not this is true for negative gradients remains 
undecided since no measu~e~ents at larger negative values ef 
.Q~.Q:Q could be carried out due to the limited Reynolds number 

Cl dx 
of the test plates, The rapid change of 
borhood of zero pressure gradient and the 

Retr in thQ nelgh­
comparatively small 

h t 1 .,. 1 f 8· dp . . t t· c ange a arger posl~lve va u e s 0 -- --d lS ln eres lnge q x 
Thus it is indicated that the Blasius solution is singular 
in the sense that a sllght variation of the profile from the 
Blasius solution do e s cause large changes in the stability 
char a cter. This is not unreasonable since the Blasius solu-

02U 
- 0 at y::: O. oy2 - • tion is indeed a singular solution with 

A theoreticAl analysis of the instability character of pro­
files where the pr e ssure gradient is not zero but is small 
will b e r Gquir e d for D physical explanation of this pressure­
~ radi p.n t e ffect. 

The absolute values given in figure 10 for RS tr as a 
function of ~~ ~~ are certainly not universally applicable 

q d.x 
sin c e the y are s t. ron g 1 yin flu e n c e d by the \>, i n d- t un n e I c h a r a c­
acterintics, that is, turbulence level

l 
turbulence spectrum, 

and sO forth (see also reference 1). The r e lative variation 
of th e critical Reynolds number at transition with pr e ssure 
~radi6nt, however , is b e lieved to be quite general. Conse­
quently, it is to be expected that in practical applications, 
such as the laminar flow wing, and so forth, the movement of 
the transition ~oint wben the pressure gradient is altered 
is most pronounced in the nFighborhood of z ero gradient. 

Figure 11 shows the effect of pressure gradient on 
transition on the conc~ve side of the plate of 2.~-foot 
radius. It is seen th a t the critical paramet e r for transi­
tion of th e boundary layer d e creases with increasing pres­
sure ~r adient. This effect hardly e xceeds the scatt e r of 
th e pOints, however, and is not believ ed to be actually 
systematic. A comparison of the values of the critical pa­
rameter for transition at positive gradients with the range 
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of value q at zero pressure gradient shows that the apparent 
decre~se at positive pres~ure gradient lies within the eX­
perim~ntal error . Tte comparatively large scatter of the 
points is due to the inherent difficulty of transition meus­
ure~ents on ~ plate wit ~ a small radius of curvature and 
also to errors in the det~r~i~~~ion of the boundary layer 

j "-e 5 * eip 
thickness which entdrs both parameters F. e , rand q:- dx. 

The measurements were taken at small values of Rx because 
of early transition , and thus e an d 8* vary corupnrativ8ly 
rapidlY with x. An e rror in ~tr thus produces larger 
errors in 8tr a~d 8*tr then appears in the case of the 

convex plate where RXtr was five to ten tim e s larger. The 
present investigation a~cordinglY indicates that the influence 
of pressure g radient on transition at concave surfacas is 
either zero or at ~ost very small . 

Effect of Free ~tream Turbulence on Tr~nsition 

That free-stream turbulence has a strong influence on 
the position of th e transition point is well established. 
The firs t systematic investigation of this effect was made 
by Schubauer and Skramstad (reference 2),who meAsured the 
pffect of varied free stream turbul ence level on transition 
of the boundary lay e r on a flat plate. 

In the present investigation, transition was measured 
on the concave side of the plate of 2.~-foot radius for 
three turbllence ",levels of the free stream. The r esul ts 
are given in figure 7 , It is seen that an increased turbu­
lenc~ level leads to earlier transition. The critical number 

(R H j .Q.~ de-creases from ~. 0 with U~ == O,OE' percent to 
\. r Jtr , 0 

f.O w'ith ~ = 0 . 3 percent . The magnitude of the turbulence 
Uo 

effect is of the same order as in the case of a flat plate 
(refer~nce 2). Thus it appears that th e thr ee-dimensional 
disturbHnces, like the Tollmi8n-S,::hlichting waves, are ex­
cited by turbulence in th l free stream . A more detailed 
discussion of the turbulence effect m~ets, 8S in the case 
of the TOllmien-Schlichting waves, with the difficulty that 
the phenomenon depends on the spectrum (or on the scale) of 
tunnel turbulence. and furthermore on the amplification char­
acteristics of the porturbation along the path traveled by 
the perturbation. 
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L'~ILR INSTABILITY ~ND TRANSITION 

Th] Tre~erv~tion of laminar flow up to 7Fry largE 
Ra~nolds numbers i~ of consid~rable practical interest. 
P·:prrinental lllYentig?;;;iullS of transition from the laminar 
tot he t II r b i. j. (: n t r (., g i m e h A. V e, the ~ e for e. bee n tL n de!' t G ken 
wit!l e. double pUl'-co:-,;e: To ~ive p.n undd!"st3.:1d.i.n£, ol I;~e 
m8ch~ni8m of transitio~ or at least of the br~?kdown 01 
lamin~r &oti~n" ~nd to prrmlt predjction tf ~hE occurrRnce 
of trenRition io~ a gl!~n practIcal case such fS 3 cert~in 
nirfoil. The first part of thlS nloble~ has ~ound a com­
pJete solution: Rec&n~ Gxpe~iments (leference 1 and espe­
ciAll:r refe ence 2) conf::'r!:le ,l. in g&:le::!.'al. J.he res'llts of 
earlier theoretical inv=stigatio~s of Heisenberg: ToJlmien, 
Schli:!llting, Gortlcr! "".no others, On the ba.sis of -chl.s ex­
perihlental a~d tnaoreticnl svide~ce. and also cf earlier 
1'1 0 1 k 0 f rro a y 1 0 ron t. L c -£ J. c w bet wee n. rot A. tin .s c~' 1 i n d e r s, t r ere 
an}ears to be no Qrubt t.!"lat lamL'1HI' f10w a1'.-:ays becomes ·url­
stable for a ~ufficlent:y la~ge ~eynoldB nu~ber. This criti 
cal ReJnolds numbe~ ~ill dep6n~ on. t~e form of the laminer 
motion, for 8xamp_s, lalliinar bound2:y~~eY3r ~low: IB~ln2r 

pipe fj.o"W~ and so for·~h, B.nd on the t;{DE of d.istur"banc:;, for 
2x[;mple, two-dimeusiona.l wave~ 0:;" tr·r.::e-·diml·nsional vor'~.ices, 

Instability ~p the sense used herr rucans tha~ for all Ro~n­
olds numbers above th 3 critical Olla thfr~ will exist a rB ~c 

of. say wavelengths or frequenciLs such -chat a disturb8nC8 
of the proper frequency or wavel~ngth will increase in 
:;>.mpl i tude. 

~hus thu mechanis~ of lanin~r inst~bility is clea~ and 
the critical Eeyaolds n.mber thus aefined can be pr~lict~d.. 
HJwever. for practical purpcs~s, it is dtsirable to predIct 
a different ReynOlds number: namely, the Re9nclds nUfuber ~t 

hich the flow becomes turbulent. ~here is p dIstinct dIf­
ference between these two Reynol s numbfYs; ~f the first 
R,,-,;;nclds number RI , tha'.; is, the critict.'ll number in the 
sense of the small perturbation theory, is r~rched, shlplifi­
cn.t.ion of certclin disturbcnces ber,ins, The secc'ld.~ or Il pr ::-:. c_ 
tical ll critical ReynOlds numbpr l'c. me[!.ns the.t amplification 
of disturb~nces hRS already t~ken place nnd to such qn extent 
that co~plete breakdown of the laminar motion occurs . 

The critical ReynOlds number Rl lSI in fenerl'l, so low 
and the difference between Rl a~d Ra SO 1~r~2 that for 
practical apulications the prediction of RI only is of 
little 11se. For example, the 11)[[;in("1' boundctry lao er o.lung 
a flat plate in the absence of a pressurp gr~diant bacoffics 
theoretically unstable at a Reynolds nu~ber brsed on the 
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dist~nce from the l eading edge, R = 6 X 1 0 4 • Experiments 
in l ow-turbulence tunnels (r efe ren~~s 1 and 2) confirme d this 
number but showed ~lso th~t ~ ctu~l tr~nsition oc curr e d only 
at Reynolds numbers fro m 2 X 10 6 to 2 ,8 X 10 6 • Hence, the 
larg e r par t of th e boundary l~ye r i3 in most pr~ctic~l cases 
i n R nun s tab 1 es t ate, t h ~ tis, i nRC 0 n d i t ion s i mil ~ r tot h~ t 
of a supercooled liquid o r a supe rsaturated VRp or. The Rey­
nolds numbe r Rl c o rr espon~s in this ~nalogy t o the me lting 
~ r c o ndens~tion t ~mpe r ~ture T1 • The Reyn ol ds number Ra 
corresponds t o the tempe r~ture Ta ~t which under ~iven ex­
porimental c onditions the substance ~ctua1ly solidifies o r 
c ondenses . Consequently Rl is ~ d efinite numb~r f o r ~ c ~r­

tain tyPe ,:, f l~min~r rn . ti ()n , c orr espond ing t ~ the definite 
melting temper~ture () f ~ c e rt~in subst~nce. On the o ther 
h~nd , R2 d e~~ nds n ot only up o n the Gy~e ~ f l Am ln~r mo ti on 
but ~ls n up nn the inti~l disturb~nces present in the lRmin~r 
lAyer Rnd therefore o n the experimentRl setup, for ex~mple , 

t he free st r eRm turbulence levol. The amplificRt ion 0f thes9 
in i ti~l disturb8nces in the unst~ble r egi on c~n be c omp uted 
fr om the sm~ll perturbnti on ~n~lysis, pr ovided the mRgnit u d e 
of these disturbRnces does n o t ex c eed the r~n~e 0f this line­
Rrized theo r y. Let ~(Rx) den ote the r~ tio of the ~mplitude 
nf a given cs cill ~tiDn at R Rey nol ds nurn~er Rx t n th~t of 
the s~rne o scillati ~n just unstre~m ~ f the in t~bility z one. 
The v~lue ~(Rx ) depends, o f c ourse, nn t he frequency of the 
osci ll~tion ( see , f o r ex~mp le, r e f e r en c es 1 and 2) . It is now 
p oss ible to compRre a (R) f o r v~ri 0us frequenci~s ~nd obt~in 
the mRXlmum p oss ib le ~mplific~tion ~(Rx) Rt a given Rey-

m~x 

n olds number Rx' Su c h a c omputati o n w~a c~rried cut by 
SCLlichting (r ef 0ren c e 1) for fl~t-pl~te fl ow. Schli chting 
f ound in this c ~se 

a(Rx ) = 0 ·55 
m~x 

-5 R c.;, 5 5 Xl C x 
e ( 1 ) 

C mp~ring his result with measurements of H~nsen Rnd Gebe r s , 
Schli chting n c t ed th~t .''It tr~nsiti on the tr m0s t dange r 0us fl 

frequencies had been ~ rnplified f ur t o n in e tirres. Hcwever , 
if the values of Rx found in recent exn eriment ~l work are 
insert ed int o equation (1) . ~(Rx) bec omes of the o r der r f 
1 0 5

• This pr int Wf\S emnhAs iz ed by G. 1. TAyl()r in lq3~ 
(reference 8) ~nd Rt thRt time w~s considered as st r ong evi­
dence ~FRinst the val idi ty o f the sm~ll -p erturb~tion theo ry 
This ~~~~~~~~ difficulty in apnlying equ~tion (1) is mRinly 
c ~used by the l~ck of ~ clear dof i nitinn of Ra' the Reynolds 
number of trRnsiticn ; thus, i n ~ rd er t o b ri d~e the ?ap between 
Rl and Ra it is first necesSRry t o define Ra in such a w~y 
th~t it can be r elRted t ~ the smRll perturbRti on the () ry Rnd 
hence t o R I , 
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The following aefi~ition app~ars to be reasonable: 
liRe; is the Reynolds numb e r at which the apparent s hear 
TA = P uv due to amplified boundary layer oscillations 

at rn y point in the boundary l a yer becomes equal to the 

16 

du l aminar shea r T1 :: 1-1 -- in the b oundary l ayer , II Peg inning 
dy 

with R1I certain disturbanc e s will be amplified, The per-
turb ~ tion components u and v Rre correlated an d con-
seqrently eiv<" ris:' to An appa rent shear. The magnitude of 
t h i s app~rent she ar incr e ese s as th e amplitude of the oscil­
lations in c r PB s e s. Wh 0n this apparent sh ea r be co me s of the 
same order as the l aminc r sh en r of the undisturb ed mea n mo­
tion th a rrean profile c an e vi den tly no long er remain unaltered. 
H~nce: R2 defined in t h is way c an be e xpect ed to be re~son­

abl~' close to th o:; Reynolds num be r a t which the oscillation h ns 
an L ff e ct on t h e m~an flow sufficient to modify radically th e 
mean velocity p rofil e , 

Tha shenr which ex i st s i n t he undisturb ed l aminar motion 
T1 can h e comp ut e d as p function of Rx for any given c ase . 

The ppparent s hea r caus ed by Rupli f i e d boun da r y layer oscil­
lations TAl is more di f ficult to comput e since TA depends 

upon the initial distu rb an c e in the laminar l ayer Dn d th e 
amp lifi cat ion characteristics, 

It is) howe ver, p ossibl e to bring TA 

where its gene rRl behavior as a fu nc tion of 
in t o a f6>rm 

Rx becomes 
mo r e eviden t and wh e r p in certRin c aGe s, a t le~st the ord e r 
of ffifgnitude of TA pnd thus of Ra can be obtained by 

crude ap proxi me tions. 

If the c orrel at ion coef ficient k = u v 

fluctuation l eve ls 
u'v' 

a re i ntr odu c ed. 

er:d the 

TA beco me s 

It is furthe~m or e conven i en t to i ntrod uc e a f ~ ctor 
'.Ir itin g 

b by 

and thus 
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= - 2 k b 

2 
/u 1\ 
(JJ ) ( 2 ) 

1 U :2 zP 0 

UEing the a mpl ifiC Rtion 

to its initial value , 

fication zone : 

factor 

( u t \ , 
-- I 
Uo/. • 

1 

o 

a(R) , u 1 

Uo 
can be relpted 

just upstream of tho ampli-

'f A 

1 U :2 zP 0 

( u 1'\ 2 a 
==-2kb\U) [a(R)] 

- p i 

Equ e. tion (3) is still quite gene r a l, TA will, of course, 

VAr y across the boundary l ~ yer and its magnitude will also 
depend upon the oscillation fre qu encias and on the Reynolds 
nu;r.b 3 r ~ HO;-.''::)"Qe r, only the ~~~2:E: ~E: va lue which TA can 
reach 2 t a cer tai n Reynolds number i s necessary for the 
pr e se n t discussion , since an att e mp t was made to find the 
Reynol -i s number a t _" hich TA f irst b eco mes e qual to TL• 
Con s eque n tly, 

( T ~ \. 
( ---:...-;- \ 
\] U "'J "2 P 0 max 

= 
-, .... 
Q rJ 

[aCR)] J 
m:' x 

as function of the Reynolds number Rx. Now, the distri­

bution of 'fA across the boundary l ayer has a ~aximum close 

to the so-called "criti cal l ayer" which is usually near the 
wall. Hence, f or the transition crit e r ion 'fL shall be 

replaced, approx i mately , -b~T its velue a t the wall. Thus , 
in terms of the usual laminar sk in fric ti on co e ffic i ent , 

T L 
--- = 
~ :2 pU o 2 

and th e ratio be co me s : 
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T A max . r,,("R),81 L _ •. ~, J >-. .J 
( ~ ) 

TL 
lDax 

R ~ is then determined by 

:~ 

2 --! k 
/ t\ 81 

b (~O)i [aCR)] ~ - I 
cf L !~ 

) ffi.?X 

Application to Flat Plate Flow 

The results obtaine~ by Schlichting (references E and 7) 
can now be used to eva l~ate equat ion (F) or (6) numerically , 
Equ~tion (1)* gives 8( R) The c orre l Atio n coe f fic i ent 

max 
k h~E been computed by Sch li chting (ref e r en c e 7) at one 
~oint on the lower bran ch a nd one point on the upper b ranch 
of th e instpbility li mit c u rve, Co mna ring th e results o t 
these two points it appe~ rs that k . dif fers but little 

.Yl , x 
:lnd thus the variation of k with Reynolds number is 
apparently very small, Since cf

L 
and especiallY a(Rx) 

vary repidly with Rx , it is suff icl en t to replace k(R) 
in rquBt ions (~) and (6) by a constant value. The maximum 
"alu~ k = - 0.18 found 03' Schlichtine-; i s thus used in equa­
tion (~). Th ~ same nrgum~n t apparently holds for b : in 
the n0ighborhood of th~ critical l ayar , b is of th e order 
0 , 1 . This v~lue a ls o R~rees wi t h meas ur eme n ts (reference 1) . 
The Ekin fr i c ti o~ coefficient for th e Bl a sius l aye r i s ~ iven 

by 

Thus 0qu? tion (F) f i nn lly be co m~s : 

---- -------- - ------ --- ----------------------------------------
*The use of Sch l ic h tin g 1s amplific a ti on function in th e 

pr~s~nt ~ nalysis is not strictly corr ec t; the oscillations are, 
o f course , no longe r "s rae ll p e rt u.rbations " i n th, sense of t he 
linear theory if TA becom~s of the o rder of TL. The e rror 
involv~d i e

l 
howeve r, probably not vd r y l a r ge Rnd th e order of 

. 'ude of' R- whir.h is of 1Ilf.~i n con ce rn b e r :: , will be un-m~gnlu -~, - -
affectGd. 
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TL 
( 

) 

a - s 
11 r C· l·;t '. "\ ). 0 

= o. eu: u .; Rx e 
\ 0 i 

T,;. m.':!.x 

Fip'UI't' 12 £;ives T A max 
pl o tted against for different 

In considering values of the initia l fluctuation level . 
the m ~ gnitude of th ~ initial disturbanc e , it should be kept 

i n ill i no. the t 
/ ' "', 
(~~ ) 
\'U o /1 

is the fluctuation level with the most 

dl.ngerous, vLlitt is , rrost hig!1l~r amplified , frequency . Thus 

(_li __ l ) 

\U o ' i 
is o:.tl;r D fr<.l.ctiol: of the tot,~l fluctuation level in 

tha l a minar lRyer upstrE~m of tha amplification zone , 

71.110 fActs are eviJeut from figure 12. 

( 1) The slopAS of the curves TA max ---_._-
t 7 

versus 
.J..J 

are vpry large in the neighborhood o~ TA E!~~;' 1 
TL • 

Hence R. 
~ 

does not depend to Quah upon the exact 
T A mn): --- -- 1,.rh ich is value of 

TL 
chosen to define transition, 

(2) Q,uantity 

tial fluctuation levels . 

1 percent , 

Rl even with considerable 
( u 1\ 

(F or example, 1.1! it h \ --, 
\ UoJ 1 

The next step would logically involve relating the 

ini-

= 

qua. Ii tit i e sen t e r i n g e qu a t ion (h) t 0 fa c tor s k n 0 VTn t 0 i n f 1 u­
ence transition . Especially the relation between 
f_u t_· \ (. ) and tho free strea m turbul~nce l e vel is VRry im-
\UoJ · 

:L 
po r t a1" t. 

At thE present time only a few gen e ral considerations 
can be given in this ccnnection Rnd the main effects classi­
fl e d o It is hoped to obtain more complete r~lations in the 
future . 
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free stream will affect the ~uantity (~~ )i only. The 

effect will depend upon the free stream level 

.?_nd upon the 

turbulence. 

frequency distribution or upon the scale of 

(~) 
UO"f 

The relation ryetween is 

not simple and requires further study. 

20 

1~.L~E...!:_.2.!_r.E!~~E.e g!~~2~!'- The pressure gradient 
will affect at least two quantities in equation (3)~ namely, 
CfL and the affiplification function aCR). An adverse, that 

is, positive gradient causes a more ra~id decrease of cfL 

with Reynolds number to Cf
L 

= 0 at separation, and as 

Schubauer and Skramstadt (reference 2) found, a larger 
amplification a(R). 

like free stream turbulence, will mainly affect 

,'u I 

U o )i 
The value of corresponding to a given roughness 

element will depend upon the element is height and also upon 
the width, since the latter influences the frequency distri­
but'on of the disturbance caused by the presence of the 
element. 

CONCLUDING RE~ARKS 

The results of measurements of boundary layer transi­
tion on the concave side of a plate with a 2.~-foot radius 
of curvature confirm the previous result that the mechanism 
leading to the breakdown of laminar flow diffars essentially 
at convex and concave boundaries . Transition on convexly 
curysd surfa.ces is due to the:; two-dimensional Tollmien­
Schlichting type of instability as is the case with a flat 
plate. Transition on concave boundaries anneprs to result 
from the three-dimensionsl G~rtler type Of-instability, and 
is thus r9lated to the instability occurring in the flow 
between rotating cYlinders. 
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N 0 i n f .L U c. n ceo f P L' -: :3 S U 1":: g r a d i ( n tOE t ran sit ion 0 nth a 
c~ncpv e ~ail ~ps fuund. ~he jufluPLce of a ucsitivp preSSll 0-

gr~C1ent on t rrnattion on convex bouniariea is most pronounc~d 
in th'3 l1eighlior-ho::d of ze.ro n :,cssure gr':'l.cienc, i!'ree -str.::anJ 
turhu1 ence a~pcars to lave about the same effeGt on the posi­
tion of the ·i;rall,31tio':'l. -p oine :.n C0Iic.8V·e end convex ccunclary 
1 aye t· flo if • 

Tne ~9an ve10city profiles in th9 
~Oi.1CaVe pla~:: y.-itll an effecel e rac.ii";s 

OUi.1Ual y l',-yer 0f a 

of cu~vature araund 

lO-3'(as fO'tl11d to "he very c::o se to the Blasi.us f:i.at-- ·J:)late 
distribution. 

A discus~4ion of t ' le orep.kd.c;-nl rr-echanj. sm of lami.1a.c flow 
aho ~'s tIle differe,lce betwee!l the R rnol s nUJuber R) corre·-

spondiur to the Degj&n~ng of insta~11it~, in the ~eDse of a 
sn;:-ll peltuIoation tl'!e0r~r., '-1.ne t'1e :-,eyn010s :1uzrbe: 3.:; 
corresuJoding to translti0n. The fJr~~1 n~mber lS well 
d r> f i :1 e den d e a n 'b e pre G. i. Co t. 9 d !' 0 r 1'1. {" i v e !l c a !", e \<1 i -; 11 (!. v 0 J. 
8~cura:y. Tne l~tter can be ~efined by the ccndit~0n t~~t 

at R. t~e maxiwum apn~rEut sb3a~ [~e to t~9 l~~l~er bouni-
8_y l~~er ugcjll~tjo~s beco es eqD~l ~0 th2 le~~~ar Sh=Rr­
in~ st~rss a~ the wRIl . for the undisturled m2ar motioa. A 
rough etiti~Rte of R~ fer the caso o~ f18t plate flow sto ws 
that e~~n with consider~ble in~ti~~ dlsturbqnces R~ is 
m '1 chI '1 r g e r ,,-; han Fl. 

Ca Ifornia InstiGu~~ of Technolc y. 
PBsade1l2. Callf.) October 29

1 
lSl'±4. 
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Figure 2.- Test plate with 2.5 foot radius of curvature. 

z 
);-
o 
);-

);­
o 
}'tJ 

Z o 

~ 
~ 
N 
CO 

'zJ ...,. 
OQ . 
N 



NACA ~CR No . 4J 28 11gS. 3,4 

.15 

. 10 

.05 

a 

-.05 

~ 
q 

-.10 

- . 15 

-.20 

-.25 
a 

/'-

V ~ 
V ~ 

~ L ~ 
P' V I~ 

~ 
~ 
~ "" 0--' 

~ ~ ~ 
~ ~ 

1'0 l'\ 
\ 

~ 
'\ 

\ 
\~ 

20 ~O 60 80 100 120 140 160 180 200 
Distanc e along test surf ace , centimet ers 

Figure 3 .- Pressure gradient s along the concave s i de of the pl ats with 2.5-!00t radius 
or curvat ure f or whic h t r ansition WaR inves tigated . 

1.2 

1.0 

JL 
Uo 

.8 

. 6 

.4 

.2 

a 

v OO'cP o Db· 

? 

Vat 
I 

O( I Velocity distribut10n measured 

07 a t the point ~ • ZS cm 

1 
1 3 4 5 6 7 8 9 10 

Blasius ' paramp.ter, n 

Figure 4.- Velocity distribution in the laminar boundary layer on the con~aye side of 
tbe plate with 2.5-foot radius of curvatuxe as compared Wltn Blaslus' flat­

plate solution . 

220 

11 



NACA ACR No. 4J28 FiBS . 5,6 

o 

12 

10 

"I a 
o .... 
x 

4 

o 

o 
100 

( 

) 

0 
00 

0 
/D 

( 

0 

0 0 

3 4 56? 
Effectiv e curvature, 

0 

J't 
0 

8 
e x 104 
r 

0 

9 10 11 12 

Figure 5 .- Reynold s number of tran~ition against the effective curvature on the concave 
s i de of t ho plate wito 2.S-foot radius of curvature. 

0 
Ie D 

§ 
Flat plate - - p 

@ 
€1 

D
cF 

0 
0 a!' Radius of 

2 

o~ 
0 20' Radius of 

0 

-50 -10 -5 

creTe sr d(e ~ 
Con ve, Jdl ~Cl 

( II 0 
&ffective curvature , § x 105 

r 

5 10 
. 

Flgure 6.- Effect of curvature on transitlofl. Tbe arrows pOint to the value of Batr found for the flat plate. 

0 
o 0 

curvature 

curvature 

50 10 

13 

o 



t--
IX) 

:J 

NACA ACR No. 4J 28 Figs . 7 , 8 

1" 
... 

;: 10 

~ 
CD 

a:: 

.; 
0 ... .., .... 
CD 
r:: 

'" ... .., 
... 
0 

... ., .., ., 
~ ... 
'" " ... ., 

.... 
+> ... 
'8 

'? 
o .... 
x 

8 

6 

10 

8 

6 

10 

8 

s 

4 

. 24 

1 S 

... 1 .. ;a 

.. 
II: 

8 

4 

o 

0 
G 

La ... tur bulence 0 
v 0 

(a) u' l~ocO. 0006 0 § 0 0 
J"'t 

v v 

(b) :Medium t urbul e ce 
u' /Uo~O. 002 '" 9 9 

'" 

(c) Hi ru turbulenc 
u' Uo=O. OO:l 

i<"" 
'" 

o 1 3 4 5 S 7 8 9 10 11 

Effective c~rvat ure , ~~ x 103 

figure 7.- Trans ition mea8urementa on the concave aide of the ?late wi t h 2.5-foot radi us of 
curvature at three di f feren t t urbul enc e 1eve1a of t he free stream. 

/ 

1/ 
/ (Re.teTr ) t r " 9.0 .' RStr K 

9.4 x 10- 2 
I 

V -f-

V ~ 
f-"'" 

V 
V L~ 

i= 

V 
/' 
~ 

// ,...cr' 
Vo 

/ ~ / .....--<:1 
V / o 2 ~ ' Ra.di u8 of cur vatur e / /'" 2 -\--

V nob-
~ 

~ 
'v 

4 

020 ' 

6 8 10 12 14 16 
In~er1!e of e-ffecttv-e CUTV1I.ture , - L x 10-3 

9 

R&di us of curvature 

18 cO 22 

Figure 8.- Tr ansit ion measurem snts on t he co ncave sides of t he plates of 2. 5 an~ aO-f oot 
radius of curvature. 

24 



• 

NACA ACR ~o . 4JZ8 Figs. 9,10 

<II 
I 
0 .... 
" .. .. 
£ 

3 

~ 

1 

0 

1 

2 
o 

H. 

12 

10 

8 

6 

4 

2 

o 
-3 

I 

~ 
~~ 

V 
vu---

..---' 

~ 

V 
~ 

B p---
~ - ~ ..('). 

IY ~ I- - " ~ v 
~ 

~ 
~ 

~ 
~~ 

.0 130 80 100 lao 140 1bO 180 
DiAt&nce &long wall 1n centimeters, x 

Figure 9.- Pre88ure gr~lents on t oe convex side of the ~late of ao-toot radius for woico 
trdnsi tion wae investigated. 

--r--

! 
---

I! I I 
I 

V8ID 4-
( 

.--. 
I 

~ 
I 

("\{) 

8 0 

I 
I 

0 

I 
0 

\' 

! 

I 1 
-2 -1 o 1 234 5 

Pressure gradient, o· ~ • 10~ 
Q d~ 

6 7 8 

Figure 10.- j;Ifc'ct of the pre. s ure gradient on transition f or flo" past the convex side 
of toe plate "l tll ZO-ioot rajius of ~\..nature. 



'" .. 

IlACA ACR lIo . 4.128 Figs . 11,la 

It) 

14 

r::l 
;; 10 .. .... 
CD 

~ .. .. 
<II .. 
CIl 

8 

, 
~ t) 

5 .. 
cd 
P. 

~ 4 ... .. .. 
8 

o 
-11:) 

0 

0 0 

0 0 

0 
0 

0 

--10 o 5 10 
PreS8ure gradi ent. ~ ~ 

Figure 11 . - Effect of tbe pressure gradient on transit10n on the concave s1de of the plate 
witn 2.i:l-foot radiu8 of curvature. 

1 0.1 

15 

3.d---4--+-----+----~1_----~~--+_--_+1_----+r----_+~--~--~r,f----_+r_--~ 

2.~--4--+-----+----~r_----H_----+_--+_1_--_T_r----~----~--1_~r_--r_r_--~ 

I 
I I Stability limit 
1 ... / 

2 . d---+--+-----+----44----~~----~1_--4_--~~--~~----_+_+--_1--1_--r_--~ 

o 

") 
! 4-~~+_--~--_+~--~4-----++----~L-_+--+_~----~----~--_+----~ 1. 

1. 

I 
I 
I 

--+-
I 
I 
I 
I 

/ 

. 2 .3 .4 .5 .6 6 .7 
Rx lC 10-

.8 .9 1.0 

Tranjli tion 
" cr1 trion 

1.1 

Figure 12.- Transition criterion for flow along a flat plate with different intensities of the 
initial disturbance. 

La 


