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CHAPTER XI 

COMPRESSOR STALL AND BLADE VIBRATION 

By Robert W. Graham and Eleanor L. Costilow 

SUMMARY 

The extent of the useful operating range of the multistage axial
flow compressor is greatly influenced by its stalling characteristics. 
Over the entire range of possible compressor speeds there is a minimum 
flow point for each speed where the compressor will either surge or stall, 
depending upon the geometry of the compressor receiver. If surge does 
not occur, the efficiency will be so poor in the stalled condition that 
the compressor will limit the useful operation of a turbojet engine. 
These surge or stall points define the familiar surge or stall-limit 
line. In addition to this stall line, stall of the front and rear stages 
occurs at part-speed and overspeed operation, respectively. Serious blade 
vibrations may occur for either of these conditions as a result of stall. 

Compressor stall may be manifested as rotating stall, individual 
stall of each blade, or stall flutter. From experimental eVidence, the 
first of these seems the most ~revalent. 

Several theories of rotating stall in single-stage compressors ap
pear in the literature, none of which can be used to predict propagation 
rates with .any appreciable degree of reliability. However, these theories 
are useful in evaluating the significance of parameters pertinent to the 
stall-p~opagation mechanism and thus in planning experimental research 
programs. The prediction of rotating-stall data for multistage compres
sors is even more complicated, because of interaction effects among the 
stages. 

INTRODUCTION 

Historically, it is interesting that one of the earliest references 
to rotating stall appeared in 1945 in a British report on the performance 
of a centrifugal compressor (ref. 1). In 1950 an NACA publication 
(ref. 2) reported the occurrence of an asymmetric flow pattern in an im
pulse axial-flow compressor. In both of these early investigations, flow 
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patterns were detected by means of wool tufts . This asymmetric flow 
phenomenon was labeled as a propagating stall in reference 3 (1951), which 
presented the stalling characteristics of an axial-flow compressor. The 
rotating- stall patterns found in that inve s t igation were detected with 
high-frequency-response hot -wire anemomet ers . During the past three 
years, much research effort has been devoted to the study of rotating 
stall in both single- and multistage compressors . 

Off-Design Operation 

With the use of aerodynamic theory, the design-point performance of 
a multistage compressor can be predicted with reasonable accuracy. How
ever, as is pointed out in chapter X (ref . 4), current design techniques 
cannot be used to predict compressor operation that deviates markedly from 
design. Since the compressor of a turbojet engine must operate at part 
design speed during acceleration of the engine and also at high flight 
Mach numbers , analytical methods for accurately predicting part- speed 
operation are desired by compressor designers. In addition, designers 
are concerned with blade vibrations that occur during operation in stall. 

The internal aerodynamics of the compressor must be thoroughly under
stood at off-design corid~tions before design techniques applicable to this 
region of operation can ' be developed. During compressor off-design opera
tion, degeneration of the performance of a stage is accompanied by a se
rious flow separation in the blade passages. This unfavorable operating 
condition is termed stall . Two significant areas of off-design performance 
are labeled in figure '1, which is a representative multistage compressor 
map: (1) inlet-stage stall and (2) the stall-limit or surge line. These 
conditions result from stall of some of the compressor blade elements. 
The occurrence of separated flow at each of these regions can be explained 
without an elaborate analysis. 

Inlet-stage stall. - At low speeds, insufficient pressure rise in the 
stages causes the density level of the fluid to be too low in the rear 
stages. The resulting high relative velocities and incidence angles cause 
choking in the rear stages . This choking limits the flow through the 
front stages and causes excessively high angles of attack or stall. 

Stall-limit or surge line. - The stall- limit line represents the 
locus of minimum-floW points just before the performance of the compres
sor deteriorates abruptly. This deterioration in performance, which is 
attributed to the operation of one or more of the stages in severe stall, 
is sometimes called "complete compressor stall ." In chapter XIII, the 
stages instigating the stall limit are analyzed and the significance of 
the shape of the stall-limit line and its relative position on the com
pressor map is discus sed. The stall- limit line is often referred to as 
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the surge line} since surge may occur} depending on the geometry of the 
compressor receiver . An analys i s of surge in the mul tistage compressor 
is presented in chapter XII. 

3 

I n addition t o t he part-speed stalling conditions discussed earlier} 
the possibility of r ear-stage stall at near-des i gn and overspeed opera
t ion of the compr essor must be admitted. Experimental ev idence for over
speed stall is l a cking, but such a stalling condition seems possible . At 
these conditions } continuity requirements in the rear sta ges cause some of 
the blade elements to operate at stalled angles of attack. Chapter XIII 
concludes that s t all of the rear 'stages determines the s t all-li mit l ine a t 
high part-speed a nd overspeed operation. 

Stall Phenomena 

Experimental data and analyses give credibility t o t he exis t ence of 
a t least three d istinct phenomena during stall operation, the f irst two 
being aerodynami c phenomena, and the last an aeroelastic phenomenon: 

(1) Rotat i ng or propagating stall, which consists of large s t all 
zones covering several blade passages and propagating at s ome f raction 
of r otor speed i n the absolute direction of rotor rotation . These s t all 
zones can produce resonant blade vibrations. The number of s t all zones 
and the propagat ion rate vary considerably. Compressor i nves t igat ion has 
shown rotating stall to be the most prevalent type of stall phenomenon . 

(2) Individual blade stall, which is characterized by the development 
of large separated-flow regions or zones of low flow i n the wake of each 
blade. 

(3) Stall flutter, which is a self-excited blade os cillation that 
must be distinguished from t he mor_e familiar classical f l utter . The l a t 
ter, which is a s elf- sus tained oscillation caused by t he coupl ing of the 
i nertia, damping , elastic, and aerodynamic forces on a wi ng s ect ion, 
takes place at l ow angles of attack (unstalled flOW) when a cer t ain cri ti
cal velocity that is a function of the wing design is rea ched. In con 
trast, stall flutter t akes place at high angles of atta ck and is as soc i at
ed with individual bl ade stall. 

The present report summarizes the pertinent experi mental and theo
retical work that has been done on these three stall phenomena . The 
assumptions and analytical techniques are emphasized i n pr esenting the 
theories. Wherever possible, theoretical results are compared with ex
per imental data. The discussion includes experimental data on bl ade 
vibration incurred during rotating stall. 
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SYMBOLS 

The following symbols are used in this chapter: 

rotational speed, rpm 

rotor speed) ft/sec 

air velocity, ft/sec 

air angle, angle between air velocity and axial direction, deg 

ratio of total temperature to NACA standard sea-level tempera
ture of 518.70 R 

density, lb-sec2/ft4 

amplitude of pV fluctuation divided by average pV based on 
average anemometer current 

Subscripts: 

t tip 

z axial direction 

1 station at .exit of guide vanes 

2 station at rotor exit 

3 station at stator exit 

Superscript: 

relative to rotor 

RarATING STALL 

Mechanism of Stall Propagation 

Rotating stall has been depicted as the propagation of large stall 
zones relative to the blade row . The propagation mechanism can be de
scribed by considering the blade row to be a cascade of blades similar to 
that shown in figure 2. Assuming that some flow perturbation has caused 
blade 2 to reach a stalled condition before the other blades in the cas
cade) then this stalled blade does not produce sufficient pressure rise 
to maintain the flow around it. Consequently, effective flow blockage or 
a zone of reduced flow develops. This retarded flow (shaded in fig. 2) £ 

diverts the flow around it so that the angle of attack increases on blade 
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3 and decreases on blade 1. The stall propagates downward relative to 
the blade row; the diverted flow stalls the blades below the retarded
flow zone and unstalls the blade s above it. The retarded-flow or stall 
zone moves from the pressure side to the suction side of each blade (the 
opposite direction of rotor rotation). The stall zone may cover several 
blade passages. From compressor tests, the relative speed of propagation 
has been observed to be less than absolute rotor speed. Consequently, as 
observed from an absolute frame of reference , the stall zones appear to 
be moving in the dire'ction of rotor rotation. 

Experimental Detection of Rotating Stall 

At present, the hot-wire anemometer is generally used at the NACA' 
Lewis laboratory to detect and measure the flow fluctuation of stall. 
Howev~r, since a pressure change accompanies these flow fluctuations, a 
high-frequency-response electronic pressure pickup is also a suitable 
detection device. The hot-wire-anemometer probe and two types of hot
wire-anemometer amplifying systems, the constant-current and the constant
temperature, are discussed in references 5 to 7. A method of determining 
from hot-wire-anemometer data the number of stall zones in a given pattern 
and the magnitude of the flow fluctuation in the' stall zones with respect 
to some mean flow value is given in reference 8. 

The testing procedure generally followed in determining the rotating
stall characteristics of a compressor is to operate the compressor at a 
constant speed and gradually decrease the weight flow while observing the 
resulting changes in the hot-wire-anemometer output. The hot-wire
anemometer signal, usually observed on an oscilloscope, follows a definite 
evolutionary process as the weight flow is decreased. As an illustration, 
this process is described in conjunction with the performance character
istic of a single-stage axial-flow compressor (fig. 3). 

When the test is begun, at high weight flows near the best operating 
point of the compressor, the hot-wire signal viewed on the oscilloscope 
indicates sharply defined blade wakes in region A. Typical oscillograms 
showing these blade wakes are given in figure 4. As the weight flow is 
reduced below the peak-pressure-ratio weight flow denoted by region E of 
figure 3, the blade wakes become wider and less well defined, indicating 
flow separation and the possibility of stall somewhere along the blade. 
A momentary or unstable stall zone covering several blade passages 1s 
occasionally observed on the oscilloscope. The sporadic stall zone is 
often the herald of a periodic rotating-stall pattern that develops at 
lower weight flows. Periodic rotating-stall zones are observed as the 
weight flow is further reduced to region C of figure 3. A typical 
rotating-stall pattern for this area is shown by the oscillogram of fig
ure 5. Further throttling of the compressor weight flow may promote 
changes in the rotating-stall patterns with respect to the number and 

CONF~ENTIAL 



6 NACA RM E56B03b 

size of the stall zones . If the weight flow is gradually increased, gen
erally the same rotating-stall patterns will appear; however, the stall 
pattern will be instigated at higher weight flow, as shown in figure 3. 
This behavior of stall instigation is called hysteresis. 

Characteristics of experimentally observed stall patterns. - Single
stage compressors: Rotating-stall characteristics have been investigated 
in a considerable number of single-stage experimental compressors, with 
symmetrical, solid-body, or free-vortex velocity diagrams and a variety 
of blade shapes. The rotating-stall data obtained embrace a wide range 
of stall-propagation rates and number of zones in each stall pattern. 
The number of zones varies from 1 to 12, and the absolute propagation 
rate varies from approximately 10 to 85 percent of rotor speed. Gener
ally, more than one stall pattern occurs; that is, the number of zones 
and the geometric configuration of the stall- zone region change as the 
flow is varied in a given compressor. Figure 6 is a typical single
stage-compressor performance map with the stall patterns observed and the 
weight-flow range of each pattern indicated on the figure. Generally, 
as in the example used in the figure, the propagation rate remained essen
t ially constant over the entire stall region, notWithstanding changes in 
t he number of st'all zones. Some exceptions to the consistency of the 
stall-propagation rate 'have been observed when appreciable changes in the 
radial extent of the stall zone take place. 

Multistage compr,essors; .Multistage compressors exhibit stall char
acteristics similar to those of the single-stage units. The stall zones 
appear to extend axially through the compressor, that is, with little or 
no spiraling. As the weight flow was throttled at a constant speed, the 
number of stall zones in the annulus varied from 1 to 7 among the several 
compressors investigat ed . Rotating stall in multistage compressors may 
exist from choked flow to surge at low speeds. The rotational speed of 
the stall zones ranged from 43 to 57 percent of the rotor speed, and the 
stall propagated in the direction of the rotor rotation (absolute frame ' 
of reference) for all compressors investigated. 

Rotating-stall characteristics are superimposed on a typical 
multistage-compressor performance map in figure 7. For this compressor, 
stall existed throughout the compressor in the intermediate-speed range. 
The number of stall zones increased with a decrease in the weight flow 
at a given speed. 

Single- and multistage stall data summary. - Table s I(a) and (b) 
give a general summary of the stall data from single- and multistage 
compressors, re-spectively. More information regarding stall has been 
taken for single-stage units than for multistage compressors. Single
stage-compressor design data are given in table II. 
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Class i f ication of Stall 

Rotating stall may be c l ass i f ied as pr ogressive or abrupt, according 
to the performance characterist i c of the compres sor. In addition, the 
stall pattern is described as partial or total span and steady or inter
mittent, according t o the geometry of the stall zone and the periodicity. 

Progressive or abrupt stall. - Classifying rotating stall by the 
type of stage performance characteristic assoc iated with it is probably 
the most important way to denote stall types . A smooth, continuous stage 
performance characteristic in the stall region similar to that shown in 
figure 6 indicat e s the gradual increase in blocked annulus area due to 
stall. Appropriate ly, this type is called "progressive" stall. In 
contrast, a dis continuous stage performance characteristic like that shown 
in figure 3 has also b een ob served dur i ng s tall. Generally, for this 
type of performance curve a single stall zone coveri ng as much as half 
the annulus area and extending over the entire blade span has been ob
served. Because of the discontinuity in the pressure curve, this type 
of stall is called "abr upt ." 

The term " compl ete compressor stall" is applied to multistage com
pressors to describ e a, discontinuous performance curve similar to that 
for abrupt stall of single -s tage compressors. The complete-compressor
stall points on the perf-ormance map define the ~tall-limit line. 

The magnitude of the pressure drop at the discontinuous pOint of the 
performance charact er i ,stic i s shown in figure 8 for abrupt stall of blade 
elements~ Here the pr essure drop due to stall divided by the pressure 
rise immediately b ef ore encountering stall is plotted against the com
pressor pressure r atio me asured just before compres sor stall. Both 
single- and multist age data are included; that is, both abrupt and 
complete-compressor - stall data are plotted. Evidently, abrupt stall of 
some blade elements and complete compressor stall are similar. From this 
figure it is apparent that t he pressure drop accompanying complete , com
pressor stall is s evere and will result in appreciab le penalties in com
pressor efficiency. 

Partial- or t ot al-span stall. - The radial extent of the stall zone 
along a blade is another convenient characteristic f or classifying rota
ting stall. In addi tion to extending circumferentially over several 
blade passages, the stall zone also covers part or al l of the blade span. 
Thus, the term part i al-span stall is used to denote stall covering part 
of the blade span, and total -span refers t oo s t all covering the whole 
blade length. Figure 9 shows the type -of oscillogram obtained during a 
radial traverse wit h a hot-wire-anemometer probe. The large-amplitude 
pulsations from hub to t i p (fi g . 9(a)) are typi cal for total-span stall. 
Figure 9 (b) shows a part i al- span stall concent rated at the tip, as shown 
by the disappearance of the stall "blip" from the anemometer trace at 
the hub. 
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Steady or intermittent stall. - It has been observed that compressors 
may also have an intermittent type of stall pattern for a given operating 
point. In this case one stall pattern exists for an instant) then changes 
to a new stall pattern. Intermittent changing among three different stall 
patterns has been observed in one multistage compressor. 

General Observations on Rotating-Stall Phenomena 

The following general observations concerning rotating-stall phe
nomena are made from examination of the existing data. The remarks apply 
to both single - and multistage compressors . Exceptions to the generaliza
tions are also discussed. 

Hysteresis effect. - When a compressor is being run at a constant 
aerodynamic speed and a rotating-stall pattern is encountered during a 
throttling of the weight flow, usually that same stall pattern will be 
observed for subsequent repeated tests . In fact , for single-stage tests 
over a range of speeds the stall pattern will be repeated for all speeds 
if the compressor is operated at the same flow coefficient in each case. 
However, it is interesting that, once a stall pattern has been established 
during a throttling process, if the flow is allowed to increase the pat
tern will persist above the value of the throttled weight flow (or flow 
coefficient for single -.stage compressors) to a higher weight flow before 
disappearing . A graphical superposition of this apparent reluctance of 
the stall pattern to change on a compressor performance curve resembles 
the well-known hyster.esis loop of other physical phenomena . Consequently, 
it has been labeled "hystereSiS," although no time-dependency is involved. 
The resemblance is most striking for abrupt stall, because a distinct 
loop is formed. 

This so-called hysteresis effect is also present when a change in 
the stall pattern occurs. The weight flow marking the inception of a 
pattern during the throttling process is lower than that marking the 
disappearance of the pattern when the flow is increased. 

Stall-propagation rates . - Single-stage compressors exhibit a wider 
range of stall-propagation rate than multistage compressors . Most multi
stage compressors have stall patterns with propagation rates of about 
half the rotor speed; whereas, single-stage -compressor stall patterns 
range from approximately 10 to 85 percent of rotor speed. Both multi
stage and single-stage compressors usually exhibit one stall-propagation 
rate for all stall patterns, if the geometry of the stall pattern does 
not change. Exceptions to this generality have been mentioned in the 
discussion of single - stage stall data. No exceptions have been observed 
for multistage compressors . 
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Flow and pressure fluctuations. - Table lea) includes a column in 
which the flow fluctuation accompanying rotating stall in a single-stage 
comp~ssor is listed in terms of the parameter ~v/pv. The magnitude of 
~V/PV varies from 0.6 to 2.14. No apparent correlation of the magnitude 
of the parameter with the size or number of stall zones ·can be obtained 
from the existing data on single-stage compressors. 

The magnitude of ~v/pv for blade wakes measured during design 
flow conditions may range from approximately 0.1 to 0.2. By comparison, 
the stall disturbance is rather severe. 

The magnitude of the parameter ~v/pV in the inlet stage of a 10-
stage research compressor was found to be similar to that observed in 
single-stage compressors. The stall data reported in reference 9 were 
obtained at 50, 60, and 70 percent of design speed. This operating region 
is the inlet-stage stall region indicated in figure 1. By locating hot
wire anemometers at various axial stages, the magnitude of the flow fluc
tuation throoghout the entire compressor was measured. The data of fig
ure 10 (ref. 9) show that the intensity of the flOW-fluctuation level 
diminished appreciably ~ter the fourth or fifth stage of the compressor. 

The pressure fluct'uai;.ions peculiar to the abrupt stall that occurs 
along the stall-limit or · surge line of multistage compressors are signifi
cant, because the attendant efficiency drop limits the useful engine 
operating range. In discussing figure 8, it was pointed out that an ab
rupt (40- or 50-percent) drop in pressure rise may occur when the compres
sor operating point reaches the stall-limit line. In reference 10 the 
drop in the discharge pressure and the pressure fluctuation accompanying 
abrupt stall were measured during stalled operation. At 82-percent design 
speed, when the compressor reached the stall-limit line, the mean level 
of the discharge pressure dropped 50 percent and the discharge pressure 
fluctuated 25 percent above and below the mean pressure level of the 
stalled operation. 

Usually, the rotating-stall pattern observed when the stall-limit 
line is reached is a single-zone total-span stall. Because of the dis
continuity in the performance curve, the stall is classified as abrupt. 

Multistaging effect. - Experimental evidence has shown that data on 
propagation rate or number of stall zones in single-stage compress·ors do 
not apply to the rotating-stall characteristics of multistage units com
posed of these stages. In reference 11, the single-s~age stall data for 
three identical stages composing a multistage compressor are compared 
with the multistage stall data. In order to explain the difference in 
the stall of stages tested individually and as a part of a multistage 
compressor, multistaging or interaction effects must be considered. 
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In multistage compressors, each stage operates in an aerodynamic 
environment determined to some extent by all the compressor stages. This 
environment comprises two multistaging or interaction effects : 

(1) The radial gradients in axial velocity emanating from a stage at 
off -design operation, which may be sufficiently severe to cause a 
stall angle of attack over a part of the blade span of some dDwn
stream blade row 

(2) The influence of low-flow or stall zones emanating from other 
stages of the compressor 

The result of the radial gradient in axial velocity might well be 
the development of a rotating-stall pattern considerably different from 
anything expected from single-stage stall data alone. In a series of 
tests conducted at the NACA Lewis laboratory on a production turbojet 
engine, it was observed that the stall characteristics of the compressor 
could be changed by altering the velocity profile entering the first blade 
row . Wire screens were used to partially block the flow into the compres
sor inlet . When the screens were arranged to produce circumferential 
variation in the flow , no appreciable changes in the stalling characteris
tics were evident. However, when radial gradients in the f low were 
achieved by partial blockage of the whole annulus of the inlet passage, 
the stalling characteristic of the compressor was altered significantly. 

It was previously pointed out that, when r otating stall occurs in 
multistage compressors, the stall zones extend throughout the entire axial 
length of the compressor, as shown in figure 10. This means that each 
stage in the compressor will experience periodically recurring low-flow 
zones. If a stage or stages operate sufficiently near the stall point, 
the presence of the low-flow zones may cause stall angles of attack to 
occur when the blades pass through the stall zones. 

Variation in stall patterns. - One of the objectives in presenting 
table I is to emphasize the great variety of etall patterns that have 
been observed . At present, there appears to be no way of cataloging the 
stall with respect to any type of compressor design. Among several com
mercial engines of one type, each of which vas installed in the same test 
facility,the stall patterns were different, although the propagation 
rate remained essentially the same. Apparently, in this case the stall 
pattern was sensitive to such small changes in compressor geometry as 
would result from production tolerances. Such minute differences in 
geometry would be difficult to include in a theory that would predict the 
stall pattern from design data. 

Effect of inlet temperature . - Stall frequency for a given stall 
~attern is ~roportional to actual engine speed and is independent of in
l et temperature . The speed range over which a given stall pattern is 
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observed is a function of equivalent speed and, therefore, varies with 
inlet temperature. If the mechanical speed is changed to accommodate inlet 
temperature changes, so that the corrected speed N/~ is constant, the 
stall frequency will vary with the mechanical speed. Consequently, it 
will be impossible to tune the natural frequency of the compressor blades 
to avoid a resonance with the fundamental stall disturbance or its harmonics 
over a range of compressor- inlet temperatures. 

Blade Vibration Incurred during Rotating Stall 

Since rotating stall consists of one or more low-flow zones that ro
tate in the compressor annulus , usually at constant speed, the blade rows 
experience periodic aerodynamic forces as the low- and high-flow zones go 
by the blades. In reference 12 the fluctuating forces due to rotating 
stall were measured on the guide vanes and stators of a single-stage com
pressor. The blade - force fluctuations during rotating stall were compara
ble to the steady- state blade force measured during unstalled operation. 
This periodic force can therefore be a source of resonant blade vibration, 
where the frequency of the stall relative to the blades excites the blades. 
From current evidence~ the compressor designer must always be concerned 
with the possibility ,of blade failure due to resonance between the blade 
frequency and .the stall -fre quency. 

Single-stage compressors . - When the high stresses accompanying ro
tating stall are investigated, it is necessary first to determine the 
magni_tude of the blade stresses when accompanied by rotating stall. An 
investigation of the ·effect of rotating stall on the blading of a single
stage compressor with a hub -tip radius ratio of 0.5 is reported in ref
erence 13. The experimental results show that stall zones can excite 
blade vibration with resul tant bending stresses sufficiently severe to I 

cause blade failure . Fatigue cracks were observed in the aluminum stator 
blades. The blades were in resonance with the first two harmonics, as 
shown in figure 11, which is a plot of the ratio of the stall frequency 
to the natural bending frequency of the blade against rotor speed. 
Resonant vibrations occur at compressor speeds corresponding to the in
tersection of the stall-fre quency l ine with horizontal lines representing 
resonance with the fundamental stal l fre quency and the first two harmonics. 

other fatigue failures of experi~ental single-stage compressors have 
been attributed to rotating stall . Stall data were not obtained for all 
the compressors that failed, but each compressor had been operated in the 
stalled region. Most of these compressors were stages of 0.5 hub-tip 
ratio. A fatigue failure with much shorter blades, where the hub-tip 
ratio was 0.72, was attributed to resonance between the r e lative funda
mental stall frequency and the natural bending frequency of the blades 
(see ref. 14). 
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Multistage compressors. - Although several multistage-compressor 
failures at the NACA might be attributable to rotating stall) only one 
was sufficiently instrumented with strain gages and hot-wire anemomet er s 
to trace the failure directly to rotating stall. This investigation is 
reported in reference 15, in which a resonant - vibration condition was 
found in the first-stage rotor at approximately 62- and 70-percent design 
speed, as shown in figure 12 . The strain- gage data indicated vibratory 
stresses of approximately ±13,500 and ±34,800 pounds per square inch, 
respectively, at these operating pOints, which were sufficient to cause 
fatigue failure of the aluminum blades. Typical high- stress vibration 
bursts caused by rotating stall as recorded from the strain gages are 
shown in figure 13 for 62-percent design speed. 

Methods of alleviating blade vibration . - To the axial-flow-compressor 
designer, the most serious result of rotating stall is blade failure. The 
theory of rotating stall developed thus far does not provide a method for 
predicting stall frequency for new designs and thus tttuning" blades out of 
dangerous blade-vibration frequencies. Furthermore, as mentioned in the 
discussion of the effect of inlet temperature on the stall frequency, it 
appears impossible to tune the blades for all the troublesome stall fre
quencies over the range of inlet temperature encountered in flight. 

Inasmuch as it appears impossible to tune blades to avoid critical 
stall frequencies, other possible means of circumventing the blade
vibration problem must be considered. These include: (1) increasing the 
damping of the blades, (2) preventing the operati-on of any compressor 
blade row in a stalled attitude, and (3) disrupting the periodicity of 
the stall patterns so that a resonant condition between the blade fre
quency and the stall frequency cannot exist. 

Increasing blade damping: The vibrati-on- damping properties of a 
blade may be changed markedly by changing the blade material. Some 
materials exhibit greater damping properties than others; for example, 
stainless steel has better damping properties than aluminum. Blades 
fabricated from plastics are currently being investigated for their damp
ing qualitie"s. ObViously, the damping properties of a blade may also be 
improved by changing the mechanical design of the blade. Such modifica
tions as altering the thickness-chord ratio, the aspect ratio, or the 
fillet radius may substantially increase the stiffness of blades. In 
addition, the method of blade attachment or blade support is a design 
variable that can alter the damping. 
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Preventing stalled att itude: As was mentioned in the INTRODUCTION, 
part-speed operation of multistage compressors causes the exit stages to 
choke, which limits the flow in the inlet stages and caus es them to stall . 
Any bleed-off system that unchokes the rear stages will alleviate the 
stalling condition in the inlet stages and consequently will increase the 
stall-free range of t he compr essor. 

Another possible method of increasing the stall-f r ee range of a com
pressor is the use of adjustable guide vanes and stators . By this method, 
the angle of attack on t he inlet rotors is diminished so that stall of the 
early stages is delayed. By increasing the angle of attack in the latter 
stages, the situation there is improved. This device i s currently being 
used in one commercial multistage compressor as a means of improving the 
part-speed operation . 

Disrupting periodicity of stall: As a means of controlling the 
stalling charact eristics of multistage compress ors , adjustable inlet 
ramps or baffles have been used . Reference 16 reports the successful ap
plication of ramps at the hub that appreciably reduced the range of inlet
stage stall. The effect of t he ramps or baffles is to reduce the inlet 
flow area. In engines ' tested with the baffles, rotat ing-stall patterns 
were no longer periodic, and the danger of blade failure due to resonant 
vibration was eliminated . 

Theor ies of Rotating Stall 

Several theoretical analyses have been proposed to predict the propa
gation rate of rotating stall. In order to identify the theories for 
discussion, each is referred to by the name of the first author. The 
notation is that used in the original reference s . 

Emmons theory. - In the presentation of the Emmons theory in refer
ence 17, the authors did not produce a result involving the prediction of 
stall-propagation rates . The purpose of the analysis was to establish the 
necessary conditions for the amplification of small disturbances of asym
metric flow corresponding to those observed in stall propagation. 

The physical model analyzed was a cascade in which total-pressure 
losses were considered by introducing a parameter ~,which consisted of 
the ratio of an i sentropic f low area requir.ed to carry the inlet flow to 
the actual exit flow area. A linear dependence between this parameter 
and the tangent of the inlet flow angle of the cascade was assumed, and 
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the static pressure behind the blade r ow was considered constant . 
(NACA data (ref . 18) show that the stat i c pr essure behind the blade row 
varies appreciably.) Under certain c i r cumstances, with the assumption of 
an initial small asymmetric disturbance at the cascade entrance, the 
analysis showed emphatically that t he asymmetric flow will develop into 
a large disturbance. 

As a result of the small- perturbation anal YSis, the authors of the 
Emmons theory concluded that the velocit y of propagation is proportional 
to the wavelength . The Emmons theory suggests that an analysis involving 
finite disturbances will yield an answer to the size of the stall zones . 

Stenning theory. - The Stenning theory (ref . 19) extends the work of 
Emmons by more precisely defining t he t i me - de l ay mechanisms on which the 
velocity or propagation of rotating stall depends. The principal time 
delays considered are the inertia of the fluid between the airfoils and 
the response of the boundary layer . 

Theory : The author b ases his analysis on the same model s etup used 
by Emmons, where it was assumed that the effective outlet area of a chan~ 

nel representing the blade passage is reduced as a result of stall and 
that the static press~e remains constant behind the cascade . By con
sidering small perturba~ions in velocity from the steady f l ow, a solution 
is obtained from momentum cons i derat i ons within the cascade for the veloc
ity of stall propagation in terms of inlet and exit angle, chord to wave
l ength ratio , and effective- area to inlet - area ratio . 

Results and conclusions : Accordi ng to St enning, the equation for 
stall-propagation rate is 

cot ~l 
= -------------------------

f12 (~rt + 
(1) 

where 

Urn stall-zone veloc ity relative to blade row 

axial velocity 

relative inlet-air angle 
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~ ratio of effective exit area to inlet area 

~2 relative outlet - air angle 

L blade chord 

n integers giving harmonics 

b one-half wavelength of disturbance 

A carpet plot of e quation (1 ) is shown i n figure 14. The 
inlet-air angle ~l and the outlet - air angle ~2 are treated as varia-

bles in the plot, and the ratio Li b is considered as a parameter. The 
ordinate of the graph is the s t all- propagation parameter (ratio of rela
tive stall speed U t o rotor speed at mean blade height ruR) multiplied 
by the square of the area- ratio parameter ~ . Data f r om table I(a) are 
presented for comparison with the values predict ed by theory. It should 
be pointed out that the configuration of the compressors did not closely 
correspond to ' Stenning ' s model . Because i t i s impossible to . obtain re
liable measurements of flow angles during stall , the inlet angle was 
calculated from the weight - f l ow data, a nd out let angle could only be 
estimated. In addition, the ratio ~ is not a mea surable quantity and 
could only be estimated as some value less t han unity . (Stenning con
siders it to be 0.75.) Thus , only t he inlet - air angle, the propagation
rate parameter, and the value of Lib could be considered to be "data" 
in the comparison. The car pet surf aces wer e drawn to extend over a wide 
range of possible exit and inlet flow angl es. Assuming ~ to be 0.5, 
most experimental data of table I( a) are wi t hin the values predicted by 
the Stenning theory . These points are plotted on the interpolated Lib 
carpet plots indicated by the da shed lines. If ~ is tal~en as 0.75 as 
Stenning suggests, the data do not agree well with the theoretical values. 
These points do not appear in figure 14 . It is not clear whether the in
conSistency of the predicted values as compared with the data should be 
attributed to the limitations of the theory or to inappropriate applica
tion of the theory to compressors not similar to the model used by 
Stenning. 

The theoretical results show t hat the velocity of stall propagation 
relative to the rotor increases with the size of the stall zone. A com
parison with the test results of Emmons also shows this to be true; how
ever, stall data taken from the compressors of table I(a) indicate this 
may not always be the case . The inclusion of a boundary-layer time delay 
in the analysis had the effect of decreasing the velocity of propagation 
of the stall zone and indicated that rotating stall is possible for a 
range of inlet angl es . 
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Sears airfoil theory. - Sears has published two papers on the subject 
of stall propagation. The first paper (ref. 20) demonstrate s that asym
metric flow can exist in a cascade . It also presents a ~icture of the 
model used by Sears for the second paper . 

Theory: To represent a blade row in a compressor, an annulus of 
infinite-ly many blades of small chord was chosen. This configuration 
amounts to an actuator disk or vortex sheet simulating the blade row, as 
shown in figure 15. The flow pattern was considered steady with respect 
to a rotating coordinate system (rotating slower than rotor speed), so 
that the circulation distribution in the disk could be assumed to be a 
function of the y - coordinate of figure 15 . An incompressible flow field 
was assumed, a nd small-perturbation theory was applied in the analysis. 
Since the blades of this rotor move relative to a fixed circulation dis
tribution, they experience unsteady flow . Unsteady- flow theory states 
that airfoils will shed wakes at their trailing edges . The complete 
model, then, consists of a vortex sheet representing the rotor, an ir
rotational flow field representing the flow entering the rotor, and a 
rotational flow representing the wake leaving the rotor disk . 

The model proposed .by Sears differs from that used by Emmons in the 
following respects: Sears uses an actuator disk where Emmons used a 
cascade of finite length; .and, while Emmons assumed constant static pres
sure at the exit of the cascade , Sears considers the vorticity following 
the blade row to be uniformly distributed and does not impose any restric
tions on the pressure field. 

The principal object of Sears in reference 20 was to develop the 
relation between the induced velocities at the rotor disk and the circula
tion distribution. Briefly, the manner of solving the problem was to 
divide the fl ow field into two parts, an irrotational part and a rotation
al part, and then to devise relations between the x and y velocity 
components in each type of flow (see fig . 15). The next step was to 
develop expressions for the circulation in terms of the velocity distri
bution. The induced inflow velocities at the actuator disk could then be 
calculated when the circulation distribution was known. To complete the 
solution, airfoil theory was used to relate the circulation function to 
the incidence angle of the blade row. This type of solution is called 
the "a'irfoil theory" to distinguish it from another analysis in which 
Sears substituted a so-called "channel theory . " 

Results and conclusions: Assuming a sinusoidal variation in the 
circulation distribution, Sears found that no solution could be obtained 
for a lift function that was linear with incidence angle, whether the 
airfoil .is stalled or unstalled. However, when a phase angle was intro
duced b etween the lift and angle of attack so that the lift lagged the 
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angle of attack, a solution was found, which means that a permanent asym
metric flow pattern exists. The phase-angle concept used by Sears was 
based on the work presented in reference 21 . 

Emmons and Stenning studied the stability of an asymmetric pattern 
imposed on the flow field; Sears did not employ a stability study to show 
that an · asymmetric flow could initiate itself under the conditions men
tioned in the preceding paragraph. 

~ Sears channel theory. - Theory: The second paper by Sears (ref. 22) 
) 
) presents an extension of the first theory. The analysis involving the 

airfoil relations is repeated, but the final results are presented in a 
somewhat different manner. The phase angl e 6 is related to the 
asymmetric-flow propagation rate and the properties of the cascade by the 
following formula: 

(2 ) 

where 

p flow coefficient 

hlN ratio of stall-propagation rate to rotor speed, absolute frame of 
reference 

absolute inlet-air angle 

The analysis also presents an equation that relates the slope of the 
lift curve m to the variables appearing in equation (2): 

- rna 
4 

(3) 

where a is the solidity . The curves of the predicted asymmetric flow 
patterns for the airfoil theory (fig. 16(a)) result from the simultaneous 
solution of equat i ons ( 2) and (3). It should be noted that the parameter 
k us~d by Sears is the ratio of the stall-propagation speed to the axial 
velocity. 
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In this theory, an analysis involving channel relations is substituted for the airfoil analysis . The so- called channel theory is based on empirical relations derived from cascade tests . The two principal relations of t he channel theory state t hat the relative outlet - air angle is a function of the inlet angle and that the pressure rise across the blade row is independent of the inlet - air angle . The principal distinction b e tween the airfoil theory and the channel theory is an inclusion of the total-pressure loss in t he latter . Since stall implies large losses, it would seem at the outset that the channel theory would conform more nearly to the physics of the actual f l ow . The procedure of the analysis involving channel theory is similar to that of the airfoil theory previ ously outlined . Also , a phase angle 0 comparable to the phase angle 
~ of airfoil theory is introduced. 

Results and conclusions : Sol utions for asymmetric flows satisfying the conditions of the problem were found for both types of analysis . The results of both airfoil and channel analyses are presented in reference 22 in graphical form and are reproduced here in figure 16 . The ordinate and abscissa are labeled with Sears ' notation and in terms of the vectordiagram terminology . The ordinate is the rotor tangential velocity relative to the tangential vel ocity of the stall propagation divided by the axial velocity, and the abscissa is simply the tangent ,of the mean relative inlet-air angle i3": ,The ordinate may also be expressed as the tangent of the swirl angle of the asymmetr i c flow pattern relative to the rotor . 

For the airfoil analYSiS , solutions were found for a considerable range of phase angles including zero . In reference 20 Sears assumed a small swirl angle and did not obtain a solution for zero phase angle; but in reference 22 the swirl angle consider ed was larger , and a solution resulted for zero phase angle . However , the zero- phase- angle solutions do seem out of the range of the compressor data and consequently ar e of little interest . 

The channel-analysis solution shown in figure 16 (b) indicates that asymmetric flow patterns are possible for a wider range of conditions than was evident from the airfoil analysis . For flow conditions comparable to a ctual compressor data, asymmetric flow solutions are possible wit h zero phase lag. The equation for the phase angle 0 used in the channel analYSis is 

tan 0 
b(b + k)2 + 2k + b 

(4) 

where k and b are the same parameters used in the airfoil analysis . In the channel- theory analYSis, the slope of the pres sure- rise curve plays a role analogous to that of the slope of t he lift curve in t he 
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airfoil theory. The expression for the slope ill of the pressure-rise 
curve is 

19 

ill 
(5) 

The curves of the asymmetric flow patterns for the channel theory shown 
in figure 16(b) result from simultaneous solution of equations (4) and 
(5) . 

Experimental comparison : In reference 23, experimental rotating
stall data from several single- stage compressors are compared with the 
results of Sears' theory . Both the airfoil and channel analyses were 
tried; however, it was found that, in using the channel analysis, the 
phase angle 0 was conSistently negative. To the authors of reference 
23, a negative phase angle seemed i nconsistent with physical interpreta
tion, and for this reason the comparison was limited to the airfoil 
analysis, where the computed phase angle 6 was positive for all the 
data used. 

The points in figure 17 represent experimental data superimposed on 
the theoretically derived curves . The data points for each stall
propagation rate lie along curves of approximately constant phase angle. 
Furthermore, if the phase angle is plotted as a fUnction of the stall
propagation rate, a correlation exists, as shown ·by figure 18. The stall
propagation rate diminishes as the phase angle increases, which seems to 
be in accord with the generally accepted mechanism of stall propagation. 
Also apparently involved in ,the process of stall propagation is a time 
constant that governs the propagation rate. The greater the time con
stant, the slower the propagat i on rate. The correlation of phase angle 
and stall-propagation rate of figure 18 does not permit the prediction 
of stall-propagation rates, since the phase angle cannot be determined 
from design data. 

Marble theory. - A ·recent analysis of rotating stall is presented by. 
Marble in reference 24 . In this theory, an expression for the stall
propagation rate and the peripheral extent of the stall zone is developed. 

Theory: The model employed in the analysis is similar to that used 
by S~ars in his channel theory, in that the blade row is simulated by 
means of an actuator disk across which pressure and fluid velocity change 
discontinuously_ Using an actuator disk to represent the blade row with
out the introduction of a phase angle prohibits Marble from introducing 
inertia effects within the blade row . The Stenning analysis demonstrated 
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the significance of inertia in the b~e passage and its eff ec t on stall
propagation velocity. Experimental characteristics of a cascade wer e 
utilized to prescribe the change in pressure and v eloci ty a cr oss t he a c
tuator disk. The pressure- rise curve across t he disk (based on experi
mental evidence) was assumed to be a linear function of t h e air inlet 
angle for unstalled flow, but for stalled flow the pressure rise was as
sumed to drop discontinuously t o zero . In choosing this dis continuou s 
lift curve, Marble more fully described the performance of the channel 
in comparison with the Sears linearized lift curve . Consequently, Marble 
was able to obtain solutions for the peripheral extent of t he s tall zone 
as well as the stall- propagation r ate . 

The expression for stall- pr opagation rate differs from that of Sears , 
in that a phase angle was not incl uded in Marble's equation . By cons id-
2ring the pressure- rise parameter "to be a function of t he air inlet angle 
and to behave as described) the increased losses attending stall wer e i n
cluded in the analysis . Marble simulated the asymmetric flow in his 
model by conSidering a stall zone of variable circumferential width t o 
exist in the actuator disk. I t was assumed that small- perturbation t heory 
could be applied to describe the influence of rotating stall on the ve
locity and pressure. The coordinate system used in t he analysiS was 
selected to rotate at stall frequency so that the steady-flow equations 
would apply . 

In order to describe the flow field upstream and downstream of the 
actuator disk, it was assumed that the pressure and angle pe~turbations 
vanished far upstream and were at most a constant value far downstream. 
When these upstream and" downstream conditions were known, as well a s t h e 
pressure rise and flow angle for both the stalled and unstalled region of 
the actuator disk, the problem was to find a stall zone of suitable size 
and propagation rate to satisfy these f l ow conditions. First of all) 
Marble solved the problem for a " simple cascade ) " one in which deviat ion 
angle remained constant for all values of incidence angle . A very simple 
expression for stall- propagation rate and circumferential extent of the 
stall zone was obtained. 

The equation for stall- propagation speed is 

(6 ) 

where 

illR stall-propagation speed 

u axial velocity 

relative inlet - air angl e 
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The peripheral extent of the stall zone a is given by the follow-
ing expression: 

(7) 

where 

~~ relative inlet -air angle at stall 

p density 

6p* static-pressure rise at stall 

After solving the problem for the simple cascade, a solution was 
completed with" general cascade characteristics." For the general c-har
acteristics the pressUre rise across the cascade and the deviation angle 
are considered functions of the incidence angle. This is a more realistic 
representat ion of an actual cascade. Expressions were developed for the 
stall-propagation rate and the circumferential extent of the stall zone 
that were more complicated than for the simple case. The expression for 
the stall-propagation rate based on general cascade characteristics is 

( 2) erR cos ~l 
- = 1 + a 2 csc 2~1 
u cos ~2 

(8) 

where a is the ratio of outlet-angle perturbation to inlet-angle per
turbation, and ~2 is the r e lative outlet -air angle . 

The peripheral extent of the stall zone a for the more general 
cas cade model is given by 

c os2~i ) 
+ a 2 csc 

- cos ~2 

where b is a constant in the expression for pressure rise across the 
cascade . 

Marble concluded that the ratio a is generally a small positive 
quantity, and that variations in the deviat ion angle prescribed by the 
'!-general cascade characteristics" would not alter the stall-propagation 
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rate predicted from the simple-cascade equation. Consequently) variations 
in the deviation angle do not influence the stall- propagation rate . This 
conclusion agrees with most exper i mental evidence . As has been pointed 
out in the general discussion of rotating- stall characterist i cs ) stall
propagation rate r emains constant over a wide range of weight- flow condi
t ions in the stall region. 

Experimental comparison : Because of the lack of unclassified ex
perimental rotatil~- stall data) Marble was able to use the data from only 
one c ompressor to compare the experimental stall- propagation rat es with 
predictions f rom his theory . Stall data from several NACA single- stage 
compressors were compared with propagation rates predicted by Marble . 
Included in the comparis on were data on total- span rotating- stall pat
terns in order to resemble more closely the geometry of the stall zone 
used in Marblets model. Equation (6)) which is the solution for the 
simple cascade ) was used to calculate t he propagation rates. The equa
tion was modified so that the guide - vane turning and the stall- propagat ion
rate parameter of table r could be used. 

The ordinate of figure 19 i s the absolute stall- propagation- rate 
parameter) and the abscissa is the inlet -air -flow angle computed at the 
mid- radius station. Good agreement was obtained between Marble t s pre
dicted propagation rate and the data from compressor 4 of table rCa)) 
but the comparison with the other data on the curve was poor. 

As is shown in figure 19) Marblets theory predicts that ) for proper 
inlet angle and counterrotating guide- vane turning) the stall zones should 
rotate in the opposite direction (absolute coordinate system) t o rotor 
rotation. Experimental evidence has shown that this does not occur. The 
sense of the stall- zone rotation is the same for counterrotating guide
vane turning as for conventional guide vanes . 

Remarks on stall theories . - In order to compare the r esults of the 
Stenning) Sears) and Marble theorie s) the phase angl e introduced by Sears 
in the channe l theory is considered to be zero . For this condition the 
r e sults show that the Sears and Marble theorie s are i dentical in their 
expression of propagation rate . A comparable result from Stenning ts 
analysis indicates that his predicted propagation rate is twice that of 
the other two investigators . 

Experimental e vidence shows that the radial extent of the stall 
zones varies considerably) but none of t he ex isting theories include 
radial effects . All the theories apply to a single blade row . There is 
considerable doubt whether the theories can be -applied to a single stage 
including guide vanes ) rotor) and stators) or whether the theories can be 
further extended t o the more complicated case of the multistage compressor . 
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INDIVIDUAL BLADE STALL 

23 

A type of stall in which all the blades around the compressor annulus 
stall simultaneously, without the occurrence of a stall-propagation mecha
nism) has been observed . The circumstances under which individual blade 
stall is established rather than rotating stall are unknown at present. 
It appears that the· stalling of a blade row generally manifests itself in 
some type of propagating stall and that individual blade stall is an 
exception. 

STALL FLUTI'ER 

Distinction between Stall and Classical Flutter 

Before discussing flutter) the distinction between classical fllutter 
and stall flutter should be made clear . Classical flutter is a coupled 
torsional-flexural vibration that occurs when the free-stream velocity 
over a wing or airfoil section reaches a certain critical veloclty. For 
wings of low frequency, this critical velocity can be calculated. Ac
cording to reference 25) ' class ical flutter cannot occur with compressor 
or tD!bine blades, because the critical velocity required would be un
reasonably high. Stall f~utter , on the other hand, is a phenomenon that 
has been explained on the basis of the behavior of the lift characteristic 
at stall. 

Mechanism of Stall Flutter 

At stall the lift may decrease sharply as shown in figure 20, where 
a typical lift characteristic is plotted as a function of angle of attack. 
According to reference 25) the aerodynamic damping of a blade is a func
tion of the partial derivative of lift with respect to angle of attack. 
When this derivative becomes negative, stall flutter is likely to take 
place. That is, a reduction in the aerodynamic damping allows the air
stream to feed energy into the blades and produce a self-excited 
oscillation. 

Another explanation for stall flutter i s presented in reference 26, 
in which the airfoil vibration is considered to result from a system of 
Karman vortices in the airfoil wake . Whenever the frequency of these 
vortices coincides with a natural frequency of the airfoil) flutter will 
occur. 

C~ENTIAL 
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The concept of an aerodynamic hysteresis was developed by Studer to 
show that energy could be absorbed from the airstream to promote blade 
vibration (ref . 21) . It was hypothesized in this explanation of stall 
flutter that separation at the stall point was delayed until the oscil
lating blade reached i ts position of maximum angle of attack, and then the 
nonseparated flow was not established until the blade reached its minimum 
angle of attack . The maximum and minimum angles of attack were considered 
to b e above and below the stalling angle of attack, r espective ly, giving 
r ise to the hysteresis effect . 

Bri ef literature survey. - The general theory of flutter, even for an 
isolated airfoil in a potential flow, is not a very elementary mathematical 
problem. The problem b ecomes much more complicated when f lutter in a 
cascade of airfoils is considered , because the effects of the geometry of 
the cascade must b e included in the theory in order to account £or the 
interferenc e effects b e tween the blades . Much of the early work on flut 
t er theory was devoted to airfoils with but one degree of fre edom, a 
torsional oscillation or vibration . 

However , in the type of cascade t hat more a ccurately represents con
ditions in a turbine or compressor, according to reference 27 , the stall
flutter oscillations may have at least two degrees of freedom, torsional 
oscillation and flexural bending . This latter type of flutter is treated 
in reference 28 . The experimental observations of such a cascade showed 
that either torsional or flexural vibrations were obtained, depending upon 
the velocity of the a irstream; and the frequencie s of each mode were 
practically identical. The t wo modes of vibration were not coupled as 
in the case of the classical flutt er for wings . The flutter or bending 
self- excited vibrat ions were explained as t he result of var iations in the 
angle of incidence, which in turn caused the lift force to vary. However , 
the lift force always lags the elastic force by a phase angl e . The forces 
acting on a blade are shown in figure 21. Whenever the component of the 
for c e parallel to the damping force exceeds the damping force , a self
excited vibration of the blade takes place . 

The authors of reference 28 observed that self - induced vibrations 
occurred whenever the free-stream velocity entering the cascade reached 
a critical value . They found that the critical velocity could be deter
mined from a dimensionless velocity coefficient that was shown to be a 
function of the geometry of the cascade ( stagger angle and angle of 
incidence) and the angle between the direction of t he blade displacement 
and the blade chord. 

In a more recent paper (r ef . 29 ) only one degree of freedom, a 
flexural oscillation, is admitted as a possible mode of stall - flutter 
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vibrat ion in a t wo-dimensional cascade representing compressor blades. 
A different interpretation of the mechanism of flexural vibration is also 
presented in this paper. After rather ext ensive experimental ~bservations, 
it was concluded that no appreciable changes in lift were observed for 
varying positions of the cas cade in a separated-flow field; consequently, 
no self-excited flexural vibrations could be established by this mechanism 
as proposed in reference 28 . Howe ver, it was observed that, when an 
airfoil is translated in separated flow, the lift force will feed energy 
into the blade and thus sustain a self-excited motion. 

Other more mathematically complicated treatments of flutter in cas
cades have been considered in papers such as reference 30. Phase dif
ferences in the mode of the vibration between the blades in the cascade 
are considered mathematically in this paper. 

Extension of flutter theory to compressor blades brings up a most 
complicated problem, because not only cascading effects but also centrifu
gal effects must be considered. The cascading or interference effects on 
flutter are not well understood for the compressor. 

Experimental e vidence . - Although stall flutter has been considered 
to be a cause of compressor b lade failure, there - is insufficient experi
mental evidence to support this view. According to reference 27 , condi
tions where flutter exists do not correspond to operat ion at high angles 
of incidence and low speed, the mode of operation that has caused compres
sor blades to fail. The measurements required of rotating rigs in order 
to investigate the possibility of stall flutter are almost impossibl e to 
make with current research t echniques. 

CONCLUSIONS 

Aerodynamic Aspect 

The stalled operation of a compressor may be descr ibed as the degen
eration of compress or performance accompanied by serious flow separation 
in the flow passages . Three distinctively different phenomena may occur 
during stalled operation: (1) rotating stall, (2) individual blade stall, 
or (3) stall flutter . The first two are aerodynamic effects and the third 
an aeroelastic effect. Rotating stall has been found to be the most 
prevalent type of stall phenomenon. A large amount of data is available 
which demonstrates t hat poor performance of compress ors may be directly 
attributable to the occurrence of rotating stall. 
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In this chapter) rotating-stall patterns are cataloged according to 
their effect on the performance characteristic of single-stage compres
sors. A progressive rotating stall is associated with a smooth continu
ous performance characteristic; and an abrupt rotating-stall pattern) 
with a discontinuous performance characterist i c that is coincident with 
an abrupt drop in compressor pressure . Similar types of stall are ob
served in multistage compressors ; however , the discontinuous performance 
characteristic for a multistage unit is defined here as complete compres 
sor stall. The pressure rise across'a multistage compressor may drop as 
much as 50 percent after complete compressor stall is initiated. This 
stalling condition is particularl y important) because it determines the 
limit of useful operation of the compressor (the surge limit or stall 
limit shown in fig. "1) . 

With a single blade row as a model, several theories have been de
veloped showing the existence of asymmetric flow and in some cases pre 
dicting the rotative speed and the size of the pattern. The results of 
the theories are in poor agreement with experimental data. 

Vibration Aspect 

Although rotating stall seems to be the most significant cause of 
blade vibration in compressors, it must be recognized from cascade data 
that stall flutter may be a possible cause of blade vibration. No ex
perimental evidence is presently available to show that stall flutter 
has been the cause of c~mpressor blade excitation . If th~ rotating- stall 
frequency coincides with the natural bending frequency of the blade or a 
harmonic thereof) a resonant condition will result that may cause blade 
failure. Other possible causes of blade vibration include: (1) resonance 
of the rotor blade frequency with the frequency of wakes from stators or 
supporting struts, and (2) mechanical failures resulting from a resonance 
between the natural bending frequency of the blade and transmitted vibra
tions emanating from the gearing or shafts . These effects are considered 
unimportant compared with the probl em of rotating stall . 
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TABLE I . - SUMMARY OF ROTATING- STALL DATA 

(a) Single-stage compressors 

Type of Com- Hub- Number Propagation rate, Weight - flow 
velocity pres - tip of stall Stall speedz abs fluctuation 
diagram sor radius zones Rotor speed during stall, 

num- ratio 6pV/pV 
ber 

Symmetrical 1 0.50 3 0 .420 1.39 
, 4 . 475 2.14 

5 .523 - , 1 . 66 

2 0.90 1 0 . 305 1.2 

3 0.80 8 0 .87 0.76 
(") 1 . 36 1.30 

~ 4 0 . 76 7 0 .25 2 .14 

-t 
~ 

8 . 25 1. 10 
5 . 25 1.10 
3 . 23 2 . 02 
4 . 48 1.47 
3 . 48 2 . 02 
2 . 49 1.71 

5 0 . 72 6,8 0 . 245 ,0 . 71 to 1. 33 

Free vortex 6 0 . 60 1 0 . 48 0 . 60 
2 ' . 36 . 60 
1 . 10 . 68 

Solid body 7 0 . 60 1 0 .45 0 . 60 
1 . 12 . 65 

Vortex 8 0 . 50 3 0 . 816 ----
transonic 2 .634 ----

9 0.50 1 0 . 565 

I 10 0 . 40 2 --- - - -- - -
-

"\ 

Radial 
extent 
of stall 
zone 

Partial 

J 
Total 

Partial 
Total 

Part i al 

J 
Total 

t 
Total 

Partial 
Partial 
Total 

Partial 
Total 

Partial 
Total 

Total 

Partial 

Type of Refer-
stall ence 

PrOgrr SiVe 

8 
Abrupt 

Progressive 
Abrupt 

Pr ogressive 

> 23 

Progressive 14 

Progressive 
Progressive 
Abrupt 11 

Progressive 
Abrupt 

Progressive 
31 Progressive 

Abrupt --

Pr ogressive 32 
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TABLE I. - Concluded. SUMMARY OF ROTATING-STALL DATA 

(b) Multistage compressors 

Com- Num- Propagation rate) Radial Periodicity Type of Reference 
pres- ber Stall speed l abs extent stall 
sor of Rotor speed of stall 
num- stall zone 
ber zones 

1 3 0.57 Partial Steady Progressive Unpublished 
4 

1 1 1 1 
data 

5 ~ . 6 

7 

2 4 0.55 Part ial Intermittent Progressive 15 
5 ~ ~ i i ~ 6 

3 1 0 . 4~ Partial Steady Progressive Unpublished 
data 

4 1 0.57 Partial Steady Progressive 

1 
2 

i 1 ~ . ~ 3 
4 

5 1 0 . 57 Partial Intermittent Progressive 16 
2 

1 1 1 1 1 
3 
4 
5 

6 1 0. 47 Total Steady Abrupt Unpublished 
data 

7 1 0.43 Total Steady Abrupt 10 

8 1 0. 53 Total Steady Abrupt 16 
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~ 
H 

i 
~ 

Com-
pres -
sor 
(table 
I(a) ) 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Hub - O. D. 
tip in . 
ratio 

0 . 50 14 

. 90 14 

.80 1 4 

. 76 14 

. 72 14 

. 60 --

.60 --

. 50 14 

. 50 18 

.40 14 

U2 

Compr essors 2, 4 , 5, and 10 

V' 
1 

TABLE II. - SINGLE-STAGE-COMPRESSOR DES I GN DATA 

I.D . , Des i gn v1/l\ Vi/Ut V2iUt VYUt V3/Ut Vz ,l Vz , 2 Vz , 3 
i n. tip 

--ut --ut u;-speed , 
ft/sec 

7 777 .5 0 . 706 0.846 0.856 0 . 740 0 . 745 0 . 669 0.694 0 . 716 

12 . 6 ------ . 725 .9475 .9475 . 725 .725 . 670 . 670 . 670 

11 . 2 826 .635 .915 .941 .670 . 701 . 600 . 637 . 670 

10 . 62 790 .9 471 . 9585 .9585 .9471 . 9471 . 7328 . 7328 .7328 

10.09 790 . 9273 .9363 . 9363 .9273 .9273 .7213 . 7213 . 9213 

---- - ------ --- --- ----- - -- --- - - ---- ------ ------ --- --- ------

-- --- - - --- - ------ ------ ------ ---- - - ---- -- ----- - ------ ------

7 1000 .60 . 92 . 65 .67 - -- --- . 60 .558 ------

9 1000 ------ ------ ------ ------ ---- -- ------ ------ ------

5.6 1000 . 647 .953 .762 . 743 ------ .647 .647 ------
-'-- -

U1/Ut U~t 131 , 13i, 
deg deg 

0 . 749 0.763 18.9 37 . 9 

. 950 . 950 22.68 45 

. 898 . 898 18 . 95 49 . 12 

. 8807 .8807 20.30 39 . 70 

. 8594 . 8594 20 . 49 39 .25 

--- --- ------ --- -- -----

---- -- ------ ---- - -----

. 698 . 698 0 49.30 

-- ---- -- --- - ----- -----

. 7597 .7597 0 47 . 3 

13 2 , 13 2, 
deg deg 

36 . 0 20 . 48 

45 22 . 68 

47 . 38 17 . 92 

39 . 70 20 . 30 

39.25 20.49 

---- - -----

- - --- -----

30 . 67 33.40 

-- -- - - ----

31.9 28 . 9 
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deg 

15.9 
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17 . 1 
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Figure 1. - Over-all performance of a multistage compressor. 
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Figure 2. - Propagating stall in a cascade. 
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Figure 5. - Typical rotating-stall oscillogram 
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Figure 15. - Actuator disk employed by Sears. 

CONFIDENT IAL 



r---

j 
I 
I 

<' 

- - --- - --,-------

NACA RM E56B03b CONFID\,IAL 47 

rl 
rl 
al ..., 
(l) 

0 ..., 
aJ 
:> 
-rl 
+> 
al 
rl 
aJ ?, 
H+> 

-rl 
?,<> 
+> 0 
-rl ri 
<> aJ 
o :> 
ri 
aJri 
:> <II 

-rl 
rl >< 
al<X: 
-rl 
+> 
C 
aJ 

C 
nl ..., 
H 
0 

+> 
0 
0:: 

4 

"-
Phase angle, lJ., 

deg 

I 0 -- -

\ i 20 V V 
/" -- -"--- ----

3 

1 /v r-- -- p ---I-

--
\ / ----- ~ ---- -

2 

f-- --~ \ I ./'" ----\; \. ( ,.---~ !---

---
1 

0 

~ ~ 
--........... 
~ ~ 

-1 ~ ~ ~ 
\ \ ~ ~ 

-2 \ 1\ 

\ 

-3 
(a ) Airfoil theory_ 

4 

3 - \ 

2 \ 1\ 1\ 1\ Phase angle, 5, 

\ \ \ \ deg 

-
1 

\ \ \ '" -~ ~ ~ I\. I'.. r-I" '" ......... r--
r---...... 20 

............... r---- ---r-- -r--r---. r-.. ------- ~ 

~ 
"-

~ KO o 

'\ {O " '" \ '\ 
-1 

I :\ -2 
-.8 -.4 o 2.0 1.2 1.6 2.4 . 8 2.8 .4 

Tangent of mean relative inlet-air angle, tan ~' 

(b) Channel theory. 

Figure 16 _ - Predicted asymmetric flow patterns obtained from Sears theory 
of rotating stall. 

CONF~IAL 



---.--~-- -- --------- ----------

2 . 5 

3 . 0 

/ 
V 

~ --...... Phase angle, v 
~"" 

6 , deg V / y 
/' 

"~ L.---' V / 
~ ~ / /~/ 

rl 
rl 
cd 
.jJ 

CI) / 2 . 0 
0 
.jJ 

Q):>:' 

(") 
:>.jJ 

~ ~ 
...-i 
() 

0 

~; 
rl 1.5 Q) 

:> 

rl 
cd 

~ 
...-i...-i 

() >< 
t-I oct: 

rl 
Q) 1.0 
:> 

~ 
0 
.jJ 

/ ~ 
V"-

/ 
/ 64 ~ .... a ' 

/ 
V .,- /v .,,/;C ~"'81 

p-" 79 ... 
40 ,......... ... ....... ... ....-

~ 
~ .. V" ",-(5 

, .... 
--- 54 0'" L--6 74 .,-... ..... / ---~ ... -0' 

1-- '" / .... 0"-......-- ? .... .... -v ........,...... 
-- Analysis (ref . 22) 

~ -- 0 Partial - span stall} Experiment 

......-- • Total - span stall (r e fs . 8 , ~ 

~ 
13 , 23 ) 

....-
0 

0:: /v 
. 5 

89 " 1.-0' 
.... y 

-

o .4 . 8 1 . 2 1.6 2 . 0 2 . 4 2 . 8 3.2 3 . 6 
Tangent of mean r elative inlet -air angl e , tan ~I 

Figure 1 7. - Correlation of stall data with analytically derived phase angle (Sears theory) . 

60££ I 

i ______ _ - - --- --- ._- ----------

""" a:> 

(") 

~ 
.~ 

~ 
t-I 

~ 
(") 

~ 

4 . 0 
~ 
t:z:J 
Ul 
m 
tJ:j 
0 

~ 

- ______ 1 



NACA EM E56B03b 49 

bO 
(!) 

'0 

~ 

<J 
~ 

(!) 

rl 
bO 
C 
ro 
(!) 
(f) 

ro 
.c 
p... 

90 IU --
80 

70 

60 

50 

40 

30 

20 

10 

o .1 .2 

-r--- ............. 
~ 0 

~ 
""-

D... 

'" ~ r\. 
\ 

Stall 

' 0 Partial-span • Total - span 

.3 .4 . 5 . 6 . 7 
Stall speed relative to rotor 

Rotor speed 

\ .' 

{~ 
\ 

\ 

\ 
\ 

\ 
\ 

\ 
\ 

\ 
\ 

\ 
\ 

\ 

\ 
\ 

\ 

.8 .9 1.0 

Figure 18 . - Relation between stall rotational speed relative to rotor and phase 
angle (ref. 23). 

CONF~IAL 



50 

'd 
(l) 
(l) 
p.. 
til 

H a 
+> a 
p:; 

~ 
(l) 
(l) 
p.. 
til 

s:: a 
'M 
+> 
til 
bO 
til 
p.. 
a 
H 
p.. 
I 
~ 
~ 
al 

+> 
(/) 

.8 

Guide- vane 

.4 
turning, 

deg 
22.5 

/ 

/V' 
0 

V 1/ 
- . 4 

-.8 

V 
- 1.2 

30 

/ 

/ 
/ 

/ 

40 

NACA RM E56B03b 

r-.. 031 

Y14 23~ t:-... 

~ I--
-t:., "A---O - ~ 

V - V-
V 13 14 

./ 
6. 6. 

/ 
.-/ 

~ 

Guide- vane turning, 
deg 

0 0 (multiple zone) 
0 o (single zone) 
6. 22.5 (multiple zone ) 
0 22 .5 (single zone) 

Reference numbers 
indicated at data 
points 

50 60 70 80 90 

Stall angle, ~i' deg 

Figure 19. - Comparison of single- stage stall data with Marble's t heor y . 

\ 
C ONFIDkNTIAL 

,,--_.- .--- -----

(pi 
(pi 
o 
to 

J 



1 - - -- --.~--

NACA RM E56B03b 51 

., 
\ 
\ .... - - .... , 

" 

Angle of' attack 

Figure 20. - Lift characteristic of an airfoil. 
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Figure 21. - Diagram of forces on blade. 
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CHAPrER XII 

COMPRESSOR SURGE 

By Merl e C. Hupper t 

SUMMARY 

Experimental data ind i cate that t here ar e two principal types of 
surge in compressors : (1) surge due t o an abrupt stall, and (2) surge 
due to progressive stall . Surge due t o abrupt s tall is generally violent 
and audible, whereas t ha t occurring wit h progres s i ve stall is gener ally 
mild and inaudible. The viol ent surge obtained in j et engines during 
engine accelerat i on i s i dent ified as surg e due to abrupt stall. 

INTRODUCTION 

The effect of unsteady f lows on compressor per f ormance and life ex
pectancy has become of cons i derable inter es t a nd impor tance in the appli
cation of axial-flow compr e s sor s to j et en gi nes . Perhaps the most sig
nificant flow fluctuations are those associated with stall of blade 
elements within the compr essor. In the past , any audible flow fluctuation 
or rumbling noise emanat i ng f rom a compressor was loosely defined as 
surge. Comparative l y r ecent inves tiga t ions show that certain flow fluc
tuations are not due to surge i n a strict sense, but are due to a phe
nomenon called propagating or r otat i ng s t all. Rotati ng stall, which is 
discussed in detail in chapter XI , cons i s t s of zones of low flow that 
revolve about the compr essor ax i s . 

The term surge , as used here i n , defines f l ow fluctuations distinctly 
different from those due to rotat ing stall. Surge involves fluctuations 
in the net flow through the compres sor; wher eas rotat i ng stall consists 
of low-flow zones revolving ab out the compressor axis , but with a con
stant net or average f low through t he compr es s or. 

This chapter presents a discussion of surge in axial-flow compressors . 
Pressure- and flow-fluctuat i on dat a obt ained from surging compressors are 
presented and discussed . Data obt a ined fr om both compressor test facili
t ies and jet engines are included . Some theoretical aspects of surge are 
d i scussed , and a distinction is made between surge due to abrupt stall 
and surge due to progressive stall. The surging compressor is compared 
with other types of oscillators . 

CONF~NTIAL 
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The following symbols are used in this chapter : 

/ stall 

/ surge 

p 

.6Psurge 

v 

w 

wyej'O 

e 

p 

frequency of flow fluctuations due to rotating stall ) cps 

frequency of flow fluctuations due to surge ) cps 

total or stagnation pressure) Ib/sq f t 

c ompressor total- pressure rise at stall point ) Ib/sq ft 

decrease in compressor- discharge total pressure due to abrupt 
stall) Ib/ sq ft 

amplitude of total- pressure fluctuation due to surge) Ib/sq ft 

air velocity) ft / sec 

we i ght flow· j Ib/ sec 

equivalent weight flow, Ib/ sec 

angular spacing of hot -wire- anemometer probes) deg 

ratio of total pressure to NACA standard sea- leve l pressure 
of 2116 Ib/ sq ft 

ratio of total temperature to NACA standard sea- level tem
perature of 518 . 70 R 

number of stall zones in stall pattern 

density ) I b/cu ft 

amplitude of pV f l uctuation d i v i ded by average pV based on 
average anemometer current (see ch . XI ) 

Subscripts : 

1 station at compressor inlet 

2 compressor - discharge station 
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STEADY-STATE COMPRESSOR CHARACTERISTIC 

Before considering the phenomenon of surge , IIsteady-state ll or 
" surge-free" compressor operation should be discussed. Steady-state op
eration ~sometimes called static operation ) is operation under conditions 
in which the net flow through the compressor and the torque required to 
drive the compressor are constant for any given operating point . From 
this definition, operation with rotating stall is considered a steady
state condition. (Rotating stall is discussed in detail in ch. XI.) Fig
ure 1 shows the range of flow for each of several compressor speeds over 
which steady- state operation occurred in a 10-stage axial-flow research 
compressor. The shaded areas indicate the flow range where rotating stall 
existed. At 50 percent of design speed, rotating stall occurred over the 
entire range of flow from the surge poi nt to the maximum flow obtainable. 
The number of zones in the stall pattern, however, varies from 3 at the 
highest flow attainable to 7 at the surge point. At higher values of rota
tional speed, rotating stall existed over only a part or none of the flow 
range between maximum flow and the sur ge line. The surging obtained was 
due to abrupt stall of the compressor , as will be discussed later. 

Stall may, in most cases , be classified as either progressive or 
abrupt (ch. XI ). Progressive stall results in a gradual reduction in 
stage pressure ratio and efficiency as the flow is decreased and gener
ally results in the formation of a rotating- stall pattern consisting of 
more than one stall zone . The shaded area of figure 1 represents the 
condition of progr ess ive stall in the inlet stages. Abrupt stall in 
single- or multistage compressors result s in an abrupt or apparently dis
continuous drop in compressor pressure rise and efficiency and a II hyster 
esis" loop between stall and stall recovery . A single-zone stall pattern 
is associated with abrupt stall. 

In the intermediate - speed range, the steady-state per formance at 'a 
given compressor speed is not always unique. As discussed in chapter 
XIII, several steady- state performance characteristics may be obtained 
at a single compressor speed. 

EXPERIMENTAL INVESTIGATIONS OF SURGE 

On the basis of experimental eVidence , two types of surge may be 
distinguished as follows: 

(1) Surge associated with discont i nuous compressor characteristics 
due to abrupt stall 

(2) Surge associated with apparently continuous compres sor charac 
teristics where blade- row stall is progressive rather than abrupt 
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In order t o describe the flow fluctuations due to surge assoc iat ed 
with abrupt stall) the results of recent invest i gat ions in which fast 
response pressure and flow instrumentation were used will be reviewed. 

10-Stage subsonic axial - flow research compressor . - The investiga 
tion reported in reference 1 was conducted with a 10- stage subsonic 
axial- flow research compressor . The test facility incorporated a large 
inlet tank and a large receiver at the compressor di scharge . The over
all compres~or performance map showing the speed and flow range where 
rotating stall occurred is presented i n figure 1 . At all rotational 
speeds invest igated) the ·useful operating flow range was terminated at 
low flows by a violent surge . 

The flow fluctuations assoc i ated with surge at 50 percent of design 
speed were investigated in some detail; the variation in compressor-inlet 
and - discharge total pressure and the variation in flow rate measured 
behind the first rotor due to surge are shown in figure 2. The amplitude 
of the compressor - d i scharge total- pressure variation (fig . 2(a)) was 75 
percent of the compressor pressure rise at the surge point. The varia
tion in compressor-inlet stagnation pressure was somewhat smaller. The 
compressor- discharge pressure recovered to the value at the surge point 
at the end of each surge pulse . The hot- wire- anemometer s i gnal (flow 
fluctuations) fig. 2) indicates that the ini tial drop in compressor
discharge pressure was co incident with a sharp drop in flow. As the 
compressor - d ischarge pressure continued to decrease) however) the flow 
increased and exceeded its value at the beginning of the surge pulse . 

The flow is maximum when the compressor - discharge pressure is 
minimum . The recording oscillograph used to obtain the oscillogram re
produced in figure 2 was not capable of recordi ng frequencies greater 
than about 90 cps. Consequently) these osc illogra~s indicate only the 
low- frequency components of the var i ation in flow and pressure during 
surging operation. 

The flow fluctuations that occurred during a surge pulse are shown 
in much greater detai l in figure 3 . The oscillograms shown (film strips) 
were obtained from hot- wire- anemometer signals recorded from a dual - beam 
dire·ct- coupled cathode- ray oscilloscope (signal f i ltered to pass fre 
quencies from 0 to 10)000 cps) . Signals from anemometer probes installed 
behind the third) seventh) and tenth stators are shown along with the 
signal from an anemometer probe installed behind the first rotor. A 
rotating-stall pattern with a s i ngle stall zone is shown at all four 
axial stations at the beginning of the surge pulse . As pointed out in 
chapter XI, single - zone rotating stall i s typical of abrupt stall . As 
the flow was reduced following the formation of the Single-zone stall 
pattern) the stall zone evidently spread to cover the complete annulus of 
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the compressor. Stall-zone spreading to cover the complete annulus dur
ing surge, as noted in this investigation, is not typical. Surge data ob-
tained from several jet engines and from other compressors operating in 
compressor test facilities indicate that the single-zone rotating-stall 
pattern usually exists up to the time of stall recovery. Stall recovery 
resulted in a marked increase in flow followed by a comparatively gradual 
reduction. As the flow was reduced following stall recovery, the first 
stall pattern indicated on the oscillogram was the one consisting of three 
stall zones. Alt hough not shown in figure 3, the stall patterns with 
four, five, and six stall zones appeared in succession as the flow was 
further reduced. Just before abrupt stall (end of one surge pulse and 
beginning of next), the stall pattern with seven stall zones was indi
cated (fig. 3). The stall patterns obtained after stall recovery (weight 
flow decreasing) were the same as those obtained during steady-state 
operation (fig. 1) . Abrupt stall without surge was not obtained during 
th i s investigation . 

16-Stage subsonic aXial - f low compressor. - The test facility used 
for the investigation of the 16- stage subsonic axial-flow compressor 
was similar to that used for the 10- stage compressor. A large inlet tank 
was used at the compressor inlet. The construc~ion of the receiver at 
the compressor discharge .permitted the installation of f low-control de
vices (throttles) at two stations . The throttle close to the compressor 
permitted operation with a small receiver volume, and the throttle some
what downstream of the compressor permitted operation with a much larger 
effective receiver v~lume. The large receiver volume was approximately 
9 times that of the small receiver volume. 

A violent audible surge was obtained at all compressor speeds from 
30-percent design to design speed when the large receiver volume 
was used. Figure 4 is an oscillogram showing the variation in total 
pressure at the compressor inlet and discharge during surging operation 
with the large receiver volume at 50 percent of design speed. The surge 
frequency was about 1 cps. The compressor- discharge pressure reduction 
during the surge was about 40 percent of the compressor pressure rise at 
the surge point . J The inlet pressure increased about 8 percent during a 
surge pulse. Rotating stall is indicated on the oscillograms during the 
t ime interval in which the compressor-discharge pressure is decreasing. 
The rotating stall is, however , shown much better by the hot-wire
anemometer trace in figure 5 . The oscillogram shown in figure 5 was also 
obtained dur ing surging operation at 50 percent of design speed. The 
surge frequency, however, was 1.6 cps at the time the oscillogram was ob
tained. The rotating-stall pattern contained one stall zone and was r o 
tating about the compressor axis in the direction of rotor rotation (ab 
solute frame of reference) at about 45 percent of compressor speed . 

The pressure and flow fluctuations due to surge obtained with the 
16-stage axial-flow compressor are quite similar to those obtained with 
the 10- stage compr essor. The sur ge pulse was initiated by the formation 
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of a single -zone rotating- stall pattern; but , unlike that of the 10-
stage compressor, the stall pattern persisted unt il stall recovery was 
effected . Actually, the persistence of the single - zone rotating - stall 
pattern, until stall recovery occurs , is fairly typi cal of compressors 
surging in jet engines . 

When the compressor was oper ated with the small rece i ver volume , 
audible surge was not obtai ned at 50 percent of des i gn speed . Instead, 
abrupt stall was obtained as shown by the osc i llogram i n f i gure 6 . The 
rotating- stall pattern obtained i s the same as that i ndicated during the 
surg i ng operat i on when the l ar ge r ece i ver volume was used . The decrease 
in compressor- d i scharge pr essure due t o abrupt stall was approximately 
the same as the amplitude of the compressor- discharge pressure oscill a 
tion due to surge (f i g . 4 ). The compr essor- i nlet and - dischar ge pres 
sures increased gradually following stall because of the flow reduct i on 
through the inlet thr ottle. The compr essor pressure r atio followi ng 
abrupt stall was essentially constant . Audi ble surge was not obtained 
when the small rece i ver volume was used, presumably because stall recov
ery did not occur during the f low transient caused by abrupt stall. The 
reduced rece i ver volume resulted in a more rap i d adjustment in receiver 
pressure following stall and consequently smaller oscillat i ons in net 
flow. It i s of inter 'e'st to note that, although audi ble surge due to cy
clic stal l and stall recover y was not obtained when the small receiver 
volume was used, stalled operat ion was not completely stable . A mild 
inaudible surge with a frequency of approximately 5 cps was indicated 
(fig . 6) . The amplitude of these mild surge oscillations appeared to 
vary in a somewhat random fash i on. 

Operation at 30 percent of design speed wi th the large receiver. vol
ume resulted in intermittent abrupt stall and surge , as shown in figure 7 . 
The oscillogram was obtained with a fixed sett i ng of both the inlet and 
discharge throttles . While the compressor remai ned stalled) a single
zone rotating stall with a frequency of about 14 cps was indi cated . The 
s tall zone was rotating at approximately 45 percent of compressor speed . 
Also, during stalled operation a mild inaudible surge was i ndicated on 
the oscill ogram . The mild surge frequency, about 2 cps, was somewhat 
less than that obtained with stalled operation at 50 percent of design 
speed (fig. 6), where the mild - surge frequency was about 5 cps . 

According to reference 2, the frequency of surge should be propor
tional to the reciprocal of the square root of the r eceiver volume. The 
large receiver volume was approximately 9 times that of the small 
receiver volume. Then, according to reference 2, the surge fr equency 
with the small receiver volume would be approximately 3 times that with 
the large receiver volume . Thi s i s in agreement "lith mild- surge data . 
The surge data obtained for the 16- stage axial- flow compressor demon
strate that surge mayor may not r esult from abrupt stall, depending on 
the volume of the receiver into which the compressor is discharging . In 
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addition, the data demonstrate that , wi th a given receiver volume, surge 
due to abrupt stall is more likely to occur at high than at low compres
sor s peeds. In many cases, abrupt s tall is obtained without surge as 
defined her e in (e . g ., r efs . 3 and 4 ) . But , for high- pres sure-ratio com
pres s ors, s urge due to abrupt s tall is common in compres s or test facili
tie s and in j et engines . 

Surge in jet eng ines ., - Surge in the compressor component of a jet 
engine is much t he same as surge obtained with t he I S-stage axial-flow 
compressor operating in a test facil ity . The pr inc ipal difference is 
that the surge frequency in a j et engine is generally somewhat greater 
(5 to 15 cps) than that for the same compressor operating in a test fa
c ilit y. The surge frequency in a jet eng ine is increased mainly because 
the volume of jet- eng i ne combustors i s somewhat smaller than that of the 
receivers used in compressor test facil i ties . 

An experimental investigation of stall and surge in a jet engine is 
reported in reference 5. Surge was obtained by subjecting the engine to 
a step increase in fuel flow. For the particular jet engine used in the 
investigation, surge occurred as a result of abrupt stall at compressor 
rotational speeds where ,t he pressure drop due to stall was greater than 
IS percent of the pressure rise at the stall point. The pressure ratio 
at which stall occurred is referred t o as the critical pressure in ref
erence 5. Figure 8 , taken from reference 5, shows the pressure-ratio 
oscillations due to surge obtained by step increases in fuel flow at com
pressor speeds of 72.8 and 78 percent of des ign speed. Also shown are 
the pressure ratio at the stall point , the pressure ratio after stall, 
and the steady-state or equilibrium operating line. The sequence of 
events following the increase in fuel flow was as follows: The 
compressor-discharge pressure increased until the stall point was reached. 
Several cycles of surge occurred, and then surg ing ceased and the com
pressor remained stalled. The engine speed i ncreased even though surging 
occurred. When the compressor quit surg ing and was operating stalled, the 
rate of speed increase (accelerat ion) was markedly reduced. 

During surge investigations in jet eng ines it has been noted that 
surge does not, in all cases, begin immediately after the stall point is 
reached. In some cases , surging does not begin until after the compressor 
has operated in a stalled condition (abrupt stall) for a short time and 
the engine speed has increased somewhat. 

Surge Due to Progressive Stall 

Surge due to progressive stall involves flow fluctuations in the 
flow range of the compressor map where there are no apparent abrupt 
changes in pressure ratio due to stall . Progress ive stall may occur at 
flows greater or less than that at which abrupt stall occurs. Surge 
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associated with progressive stall is generally quite mild compar ed with 
surge caused by abrupt stall . Mild surge obtained during stalled opera
t ion of the l6- stage axial - flow compressor i s shown in figures 6 and 7. 
The amplitude of the compressor-discharge total- pressure fluctuations 
that occurred during mild surge i s from 15 t o 20 percent of that for 
surge due t o abrupt stall . 

Mild inaudible surge is somet i mes observed in s ingle - stage c ompres
s ors operating near the peak of the characterist i c curve . In these cases ) 
a partial- span rotating- stall pattern is generally associated with the 
surge . The amplitude of the flow fluctuation due to rot ating stall var
ies as the net flow rate varies. An example of this type of surge ob
tained with a single- stage compressor is shown in figure 9 ( taken from 
ref. 6) . The stall pattern obtained contained eight stall zones ) and the 
flow- fluctuation frequency due to the stall pattern was 1420 cps . The 
surge frequency was from 10 to 15 cps . The amplitude of t h e flow fluc
tuat ions of rot ating stall i s greatest when the net flow is minimum and 
smallest when the net flow rate i s maximum. The amplitude of the net 
flow variation due to surge shown in figure 9 was estimated to be 10 per
cent of the average flow rate . The amplitude of the surge fluctua tions) 
however ) increased and decreased in a somewhat random fashion s imilar to 
the mild surge shown in figures 6 and 7. 

Although a rotating-'stall pattern is generally present dur ing all 
or part of the surge cycle) mild inaudible surge without rotating stall 
has been observed in single- stage compressors. Presumably ) individual 
blade stall had occurred without rotating stall . (See ch . XI for dis 
cuss ion of individual blade stall . ) Other examples of mild surge ar e 
reported in references 2 and 7 . 

THEORETICAL INVESTIGATIONS OF SURGE 

Theories of surge have be,en primarily concerned with the quest i on of 
the stability of the flow through the compr essor and the system in which 
it is operating. The complexity of the flow system assoc i a t ed with the 
compressor considered in the theories has varied considerably . The analy
s is in reference 'S involves a relatively simple system consisting of an 
inlet throttle for controlling the flow and an inlet duct or tank fol
lowed by the compressor . Reference 2 considers a somewhat more complete 
system consisting of an inlet duct and an inlet tank followed by the com
pressor, which discharges into a discharge tank or r ece i ver connected to 
an exit duct . The analysis presented in r eference 9 is somewhat more 
complex than thos e presented in references 2 or S) i n that the inertia 
and capacitance effects of each stage of a mult i stage compressor are 
considered . 
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The analys i s of the stability of an operating point of the compres
sor in equilibrium with a flow system involves setting up linear differ
ential equations in an approximate way to descr ibe the dynamics of the 
s yst em. The stabili ty of the system may be determined wi thout actually 
s olving the different i al equations by use of the method of Routh (see 
ref. 10 or 11, e . g. ). 

In general , the conclusions drawn as a result of all surge analyses 
are essentially the same : The system b ecomes unstable at compressor 
operating points where the slope of the compres sor characteristic is zero 
or sl i ghtly pos i tive . When the system is unstable, the system damp-
ing is negative, so t hat any smarl disturbances will grow in amplitude. 
A point of criti cal stability has no damping. As the flow varies , how
ever, the system damping also varies. That is, the system damping de
pends on the slope of t he compressor characteristi c at the instantaneous 
operating point during the flow fluctuation. As a consequence, the linear 
theory used to determine t he stabi lity no longer applies after the ampli
tude of the flow fluctuations becomes finite. Surge occurs as a result 
of the instability if t he nonlinearities of the system are such as cause 
oscillations to grow in amplitude until some limiting stable value of 
steady- state oscillations occurs . The resulting cycle of oscillations 
is called the "limit cycle " (e . g ., ref. 11 ). So far as is known, there 
are no published analyses of surge that consider the nonl i near aspects 
of the problem. It seems evident , however , that the flow oscillations 
that result from an instability will depend to a great extent on the 
shape of the compr essor character i st i c . That is, the variat ion in the 
slope of the compressor characteristic with flow, at flows greater and 
less than that at an unstable operating point, probably constitutes the 
principal nonlinear ity of the system . 

In chapter XI compressor characteristics are classified as either 
continuous or discont inuous , depending on whether stall-occurred in a 
gradual or progress ive manner or abruptly. It seems appropriate to 
classify surge in a similar way. That is, surge may occur because of 
the discontinuous decrease in pressure ratio due to abrupt stall, or· be
cause of an instability resulting from a gradual reduction in compressor 
pressure ratio due to progressive stall. 

Surge Due to Abrupt Stall 

Surge due to abrupt stall may be described in a qualitative manner 
with the aid of figure 10 . The compressor static or steady-state char
acteristic is represented by the solid line. The throttle characteris
tic is represented by the dashed line which crosses the compressor char
acteristic curve at points A and B. Point C i s the stall recovery point. 
The compressor i s operating at point A (the stall point). Point B is a 
possible stable operating point. Point A is unstable, because a small 
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reduction in flow will cause the compressor to stall and immed i ately be
come incapable of producing a discharge pressure equal to that in the 
r eceiver. If the r eceiver volume were infinite, the direct i on of flow 
through the compressor would reverse after stall, and steady backflOl-l 
would occur with operation at point D. If the receiver volume were very 
small, its pressure would adjust very quickly after stall to that which 
the compressor is capable of producing, and operation would instantane
ously come to equilibrium at point B. 

In any compressor installation the receiver volume would be neither 
large enough to permit steady operation at point D nor small enough to 
cause equilibrium to be established instantaneously at point B. In the 
practical case, then, the pressure and flow fluctuations may follow paths 
depicted in figure 10 as surge or abrupt stall . For the case of abrupt 
stall, the receiver pressure and flow may follow the path indicated . 
After a few damped oscillations in pressure and flow (indicated by the 
spiral path), the system comes to equilibrium at point B. If, however, 
the flow oscillations are sufficiently large to exceed the value required 
for stall recovery (point C») equilibrium will not be established at 
point B. Instead, stall recovery will occur and result in an increase 
in flow followed by a gradual increase in receiver pressure and decrease 
in flow . Following stall recovery) the system tends toward equilibrium 
at point A. Stall will occur again, and the cycle (called the limit 
cycle) will be repeated ' as indicated in figure 10. Surging will cease 
if the throttle is opened (throttle curve moved to the right in fig . 10) 
suff iciently to prevent stall from occurring during the flow t ransient 
following stall recover y . Similarly, surging will cease if the throttle 
is closed (throttle curve moved to the left in fig. 10) sufficiently so 
that stall recovery does not occur during the flow transient following 
stall. If equilibrium is established on the stalled branch of the com
pressor characteristic and t he throttle is then opened so that the throt 
tle characteristic passes through the stall recovery point C, the s i tua
tion is quite similar to that with operation at the stall point . A small 
disturbance in the flow may cause stall recovery, and a surge cycle may 
be establ ished similar to that which occurs with the throttle character
istic passing through the stall point. Equilibrium operation after stall 
i s not always completely stable . Mild surge may occur after abrupt stall 
has occurred (figs. 6 and 7) . The flow fluctuations of mild surge may, in 
some cases ) become suffic iently large to cause stall recovery, as indi
cated by the oscillogram shown in figure 7. 

Surge Due to Progressive Stall 

Mild surge due to progressive stall will be dis cussed in conjunct ion 
with figure 11. The solid curve i s the compr essor characterist i c , and the 
dashed curve i s the throttle characteristic, which crosses the compress or 
character istic at the h i ghest flow at which the system is critically 
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stable. That is, small oscillations about the intersection point are 
undamped. Inasmuch as the slope of the compressor characteristic becomes 
larger positively at flows less than point A, the damping becomes larger 
negatively if the flow is reduced a finite amount. If the flow increases 
to a value greater than that at point A, the slope of the compressor 
characteristic becomes negative and the system damping becomes positive. 
As a consequence of the variation of the system damping with compressor 
flow, any small disturbance will grow in amplitude, as indicated by the 
spiral path from point A, until the effective or average damping of the 
cycle vanishes (see ref . 11) . The resulting cycle of oscillation is the 
limit cycle. Rotating stall may exist during all or part of the surge 
cycle (fig. 9). Presumably, surge could occur at any compressor operat
ing point where the system damping is negative] since the flow is un
stable there. 

As pointed out in the section on exper imental investigations] most 
data obtained with surge associated with pr ogressive stall indicate a 
mild inaudible surge. Although the relation between the shape of the 
compressor characteristic and the amplitude of the flow fluctuations of 
surge has not been established] it seems quite likely that surge with 
progressive stall may] in some cases] become quite violent. In fact} if 
the damping is sufficiently negative] the situation is not unlike that 
for abrupt stall. 

Comparison of Compressor Surge with Other Oscillatory Phenomena 

Although surge in compressors is very undesirable} there are many 
technologically useful devices that util i ze oscillatory phenomena. Since 
much of the theory of nonlinear effects has been developed through the 
study of oscillators} it seems appropriate to apply some of concepts and 
terminology used in oscillator theory to explain compressor surge. 

According to reference 11, there are two pr i ncipal kinds of oscil
lators, feedback and relaxation oscillators . All oscillators depend for 
their operation on some nonlinear action, and feedback and relaxation 
oscillators are distinguished by the type of nonlinearity utilized to 
control the amplitude of the oscillations . Relaxation oscillators oper
ate by virtue of some discontinuous or quasi-discontinuous effect. Cer
tain trigger circuits used with relaxat ion oscillators are discussed in 
reference 12. The effects of the discontinuous steady-state compressor 
characteristic are evidently analogous to those of the trigger circuits 
used with relaxation oscillators . Consequently, it seems justifiable to 
refer to surge associated with abrupt stall as a relaxation oscillation. 
Similarly, it seems justifiable to refer to surge associated with pro
gressive stall as feedback - type oscillations . Progressive stall results 
in a progressive nonlinearity . The theoretical treatment of compressor 
surge could undoubtedly be enhanced by use of the theory of nonlinear 
systems. 

--- ------ ------
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SUMMARY OF RESULTS 

A survey of available data obtained from surging compressors indi 
cates that there are two pri ncipal types of surge : (1) surge due to 
abrupt stall, which is generally a violent audible surge , and (2) surge 
due to progressive stall, whi ch is generally a mild inaudible surge de 
tectabl e by use of fast - response instrumentation . The violent surge ob 
tained in jet engines dur i ng engi ne acceleration is identified as surge 
due to abrupt stall. 
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Figure 9 . - Hot- wire-anemometer oscillogram of flow fluctuations during mild inaudible surge of single
stage compressor with hub-tip ratio of 0 . 8 at 70 percent of design speed (ref . 6) . 
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CHAPTER XIII 

COMPRESSOR OPERATION WITH ONE OR MORE BLADE ROvlS STALLED 

By Willi am A. Benser 

SUMMARY 

77 

An analysi s of the part - speed oper ating problems of high-pres sure
ratio multistage axial- f l ow compr essor s was made by means of a simplified 
stage - stacking study . The principal problems consider ed were poor low
speed efficiency, multiple - valued per formance characteristics at inter
mediate speeds , and poor i ntermediate - speed compressor sur ge or stall
limit characteri stiCS . The analysis indicated that all these probl ems 
could be attributed to disconti nuitie s i n the performance characteri stics 
of the front stages . Such discontinui ties can be due to the type of stage 
stall or to a deteri or atI on of stage performance resulting from stall of 
adjacent stages . 

The effects of compr omises of stage matching to favor part-speed op
e r ation were also considered . This phase of the study indicated that such 
compromises would severely r educe the complete - compressor-stall _margin . 
Furthermore, the low-speed stage stall problem is t r ansferred from the in
let stages to the middle stages , which are mor e susceptible to abrupt 
stall characteristics . 

The analysis i ndicates that inlet stages having continuous perform
ance characteristics at their stall pOints are desirable with respect to 
part-speed compr essor per formance . These characteristics must , however, 
be obtained when the stages are oper ating in the flow environment of the 
multistage compr essor. Alleviation of part-speed operational problems 
may also be obtained by improvement in either stage flow range or stage 
loading margin . 

The r esults of this analysis are onl y qualitative. The trends ob
tained, however, are in agreement with those obtained from experimental 
studies of high-pressure -ratio multistage axial-flow compressors, and the 
results are valuable in developing an understanding of the off- design 
problem . In addition to these stage- matching studies , a general dis
cussion of variable- geometry features such as air bleed and adjustable 
blades is included . 
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INTRODUCTI ON 

Hi gh- pr essure -rati o mul tistage axial - flow compr essor s f r e quentl y 
exhibi t extr emely l ow efficienci es and sever e b l ade -vi br ati on pr oblems 
at intermediate and low r otational speeds . In additi on} such compr essor s 
may exhibit a sharp dip or kink in the surge or stall- limi t line at inter 
mediate rotationa l speeds, so that the attainabl e pressure ratios in this 
speed r ange a re severely l imited . Multiple performance character i st ic s 
have also been observed in this intermediat e - speed r ange . Operation 
such as engine accele r ation and high Mach number flight r equires that 
the compressor component of the engine operate satisfactorily in the 
low- and inter mediate- speed ranges . In order to alleviate these part 
speed compressor problems, an under s t anding of the flow mechani sm that 
causes poor par t - speed perfor mance is required . Such variable - geomet r y 
features as adjustable guide vanes or compressor a ir bleed may solve 
some part - speed operating problems, but satisfactory application of 
such features also depends on a knmdedge of the flow mechanism . 

As indicated by the stage -matching analys i s of r eference l} the fun 
damental di f ficulty of l ow- speed oper ati on r esults from s talling of the 
f r ont s t ages of t he compressor. As compressor speed i s decr eased} the 
density r ati o across t he compressor decreases r apidly ; and at l ow values 
of densi t y r ati o the small flow area of the r e ar stages seriou sly l imits 
t he flow through t he compre s sor . Thus} the i nl et stages are for ced to 
oper ate at f l ows we l l be l ow their stall limits . These t r ends have been 
verif i ed experimentall y . For exampl e } r efer ence 2 i ndicated f irst - stage 
stall for speeds bel ow 80 per cent of desi gn speed} and r efer ence 3 indi 
cated f irst - stage stall for speeds bel ow 70 pe r cent of desi gn speed . I t 
should be noted that t hi s .mismatchi ng of the f r ont and r ear stages of the 
compressor at l ow speeds will} i n gener a l} be mor e sever e for hi gh 
pressure - ratio t han f or low-pressure-ratio compressor s . A further 
i ndication as to the source of the part - speed problem can be obtained 
from chapter XI } which shows that rotating stall is the prevalent_,type 
of st age stal l } and that rotating stall originating in the first stage 
of a mul tistage compressor results in flow fluctuations that extend 
completely thr ough the compressor . The flow fluctuations of r otating 
stall are also a ser ious source of compr essor blade vibr ations (ch . XI) . 

As pOinted out i n chapter XII} serious compressor surge is a result 
of a discontinuity in the compressor performance characteristics . This 
discontinuity of performance may result f r om the abr upt type of stage 
stall disc us sed in chapter XI or from a deterioration of the performance 
of sever a l stages as a r esul t of the f l ow f l uctuati ons i mposed by the in
sti gati on of· r otati ng stall in the i nlet stage . The dip or kink in the 
surge-li mit l i ne of a l 6- stage r esearch compr essor (ref . 2) was attr ibuted 
to these i nter acti on effects or to deterioration of performance of several 
stages as a r esult of stall of the inlet stage . 
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The existence of multiple -valued per formance characteristics i s shown 
in reference 4, which presents data showing thr ee separate and distinct 
performance curves for a thr ee - stage axial -flow compr essor oper ating at a 
constant value of r otational speed . Tests of a high -pressure-ratio multi 
stage compressor (ref . 5) show the existence of six separate performance 
characteristic curves for a r otational speed of appr oximately 75 percent 
of the design value . Hot-wire - anemometer data taken during this investi
gation indicate a correl ation between compr essor performance and the num
ber of stall zones in the r otating- stall patter n . 

It is evident that the pr obl ems of poor part- speed efficiency, com
pressor blade vibr ation , intermediate - speed surge or stall limit, and 
multiple-valued per formance character istics of hi gh-pressure-ratio multi
stage axial-flow compr essor s ar e all r e l ated to rotating stall and the 
attendant interactions or deterior ations of stage performance due to un
steady flow. The experimental approach does not yield a complete under 
standing of the gener al part - speed per formance problem, because the in
herent performance of each stage i s not easily obtained, particularly in 
the range of speeds and flows wher e r otati ng stall exists in the compr es 
sor. Furthermore) the r ange of stage oper ation that can be studied ex
perimentally is limited because of compr essor surge . Therefore, to ob
tain a qualitative evaluati on of the effects of stage stalling character
istics and of stage inter act ions on the general part - speed compr essor 
performance problem) a simpli fied stage - stacking study was made . The 
basic hypothetical compressor consider ed was a 12-stage unit with an over
all pressur e r atio of 7 .75 . The stage per formance characteristics used 
in the computation of multistage per formance we r e assumed to be similar 
to those obtained from si ngle - stage compr e ssors. Inter action effects 
were evaluated by arbitrary .modification of the assumed stage perfor mance 
curves. The firs t three cases consider ed her e in (repeated from refs . 6 
and 7) concern various severities of interaction effects . The last two 
cases consider ed evaluate the effect of compromises of stage matching to 
favor part - speed per formance as suggested in r efer ence 1. When pOS Sible, 
the results of these studies are compared with experimental data . 

Because of the assumptions made in regard to stage performance char 
acteristics and stage interaction effects and because of the simplified 
stacking technique used, the computed values of compr essor per formance 
must be considered only as qualitati ve values . The gener al t r ends, how
ever, are valuable i n obtaining an under standing of the part-speed effi
ciency problem, the intermediate - speed surge or stall problem) and the 
multiple-valued performance characteristic pr oblem of high-pres sure-ratio 
axial - flow compre ssor s . An indication of desi r abl e types of stage per
formance characteristics i s obtainedj and, in addition} this analysis in
dicates some of the factor s that must be evaluated if accurate performance 
predictions are to be obtained for t he r ange of compr essor operation where 
one or more of the elements a r e stalled . This analYSiS, however } does 
not consider the adverse effects of inlet flow distortion on the com
pressor stall limit . 
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As discussed in chapter XI ) stage stall may be divided into two 
types : (1) progressi ve stall) characteri zed by a gr adual but continuous 
decrease in stage performance as the flow coefficient is dec r eased belml 
the stalling value) and (2) abr upt stall) char acter ized by a sudden or 
abrupt drop in stage performance at the stalling value of flow coeffi
cient . Either type of stage stall normally r esults in the formation of 
one or more low-flow or stalled zones that r otate about the compr essor 
axis and ar e thus defined as r otating stall . Progressive stall i s nor
mally associated with rotating- stall zones t hat start at one end of the 
blade and grow r adially and cir cumferentially as the flow coeffi cient is 
decr eased . The stall pattern for this type of stall may consist of f r om 
one to twelve stall zones) and the number of stall zone s gener ally in
cr eases as flow coefficient is decr eased . Abrupt stall is normally as 
sociated with a simultaneous stall of all r adial elements of the blade) 
and the stall pattern gener ally consists of a single stall zone. 

Progressive stall is prevalent in low hub -tip r atio or inlet stages) 
wher eas abrupt stall is prevalent in high hub -tip. r atio or exit stages. 
Typical .middle stages of a multistage compr essor or intermediate hub- tip 
r ati o stages may exhibit a progressive stall fol l owed by an abrupt stall 
as flow is fur ther r educed . Both pr ogressive and abrupt stalls exhibit 
a hyster esis effect ) i n that the flow coefficient at which stall r ecovery 
is achieved i s higher than that at which stall was first encounter ed as 
the flow was decr eased . This hyster esis effect i s also discussed in 
chapter XI. 

Stage Inter actions 

The performance and stalling characteri stics may be appr eciably dif
ferent when a stage i s operated as a single stage and when it is oper ated 
as a stage of a multistage compressor . These differences of performance) 
which may be designated as inter action effects) r esult from the radial 
and circumferential variations of stage - inlet conditions that may exist 
in the multistage compressor . As pointed out in chapter XI ) interaction 
effects may be attributed to two main sources: (1) r adial maldistribution 
of flow due to off -design performance of adjacent stages) and (2) cir cum
ferential maldistribution of flow or unsteady flow due to rotating stall 
originating in adjacent stages . 

Radial maldistribution of flow. - Radial maldistribution may be de 
fined as large variations from the design radial distribution of flow . 
For any stage other than the first stage of a multistage compressor) these 
radial maldistributions of flow r esult from off - design performance of pre 
ceding stages . For example) as the flow coefficient of the first stage i s 
decreased) the ener gy addition at t e tip of this stage usually i ncreases 
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more rapidly than that at the root. Requirements of radial equilibrium 
of static pressure at the exit of the fi rst - stage stator) therefore) may 
lead to a ratio of axial velocity at the blade tip to that at the blade 
root that is larger than the design value . This radial variation from 
design flow may be aggravated t hrough the first few stages of the com
pressor and may alter the r elative rate of approach to stall for the tip 
and root sections of subsequent stages. Thus) a stage that exhibits a 
partial-span progressive stall when tested as a single stage may exhibit 
an abrupt total-span stall when operated as a stage of a multistage com
pressor. Furthermore) r adial maldist ribution of flow can result in ap
preciable variations in average stage-work input for a given value of 
flow coefficient as well as in variations in the stalling value of flow 
coefficient for any stage. 

Unsteady flow . - When rotating stall exists in a multistage com
pressor) the resulting flow fluctuations extend through all stages (ch. 
XI). The se flow f luctuations of rotating stall impose a time-unsteady 
circumferential velocity variation on all stages) and the instantaneous 
loading of the blades is certainly altered from that for steady flow at 
the same mean value of flow coefficient. Thus) when rotating stall is 
instigated by an inlet ·stage) the performance of all subsequent stages 
may be altered because of the resulting variations in circumferential 
flow distribution. 

Imposition of flow fluctuations of rotating stall on any stage that 
is operating near its stall point may result in stall of that stage. 
Thus) the flow fluctuations may be increased in magnitude) as was the case 
for the lO-stage compressor discussed in chapter XI . In addition to 
premature incurrence of stall in a given stage due to stall of an adja
cent stage) the resulting stall pattern and performance of the giveh stage 
may be appreciably different from those predicted by single-stage tests. 
Stages operating at flow coefficients appr eciably above the value for 
stall or near their choke limit) however) tend to decrease the amplitude 
of flow fluctuations resulting from rotating stall originating in preced
ing stages. The effects of flow fluctuations on the performance of such 
stages .may) therefore ) be small. 

Complete Compressor Stall and Surge 

Abrupt stall of one or more stages and progressive stall of the inlet 
stage) which result in deterioration of the performance of several sub
sequent stages) will both result in discontinuities i n over-all perform
ance of a multistage compressor. For the purposes of this analysis) dis
continuity points in the over-all compressor performance characteristic 
at a given speed are designated as complete compressor stall to differen
tiate between stall of the over-all compressor and stall of the individual 
stages . As discussed in chapter XII} discontinuities in over-all com
pressor performance may r esult in compressor surge. The occurrence of 
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surge will) of cour se ) depend on the exter nal system characteris t ics 'as 
well a s the compr essor characteri stic s . If sur ge does not occur ) stable 
performance at a lower level of pr essure r atio and efficiency will be ob 
tained . During component tests of a multistage compressor ) these dis 
continuities in performance are no t often observed) because compr essor 
surge is encounter ed . Complete compressor stall and sur ge ) however) r ep
resent the same limit of compr essor operation . 

STAGE STACKING 

As pointed out in chapter X (ref . 8) ) the off -design performance of a 
multistage axial- flow compressor may be approximated by a simplified stage 
stacking technique if the gener alized stage performance characteristics 
are known . The main purpose of the analysis r epor ted herein i s to study 
qualitatively the effects of various stage stall characteri stics and stage 
interactions on the part - speed oper ating character istics of multistage 
axial - flow compressor s . In or der to simplify the computations ) effects 
of r adial maldistribution of flow and effects of Mach number on stage flow 
range and efficiency wer e ignored. The detailed stacking pr ocedur e used 
for these computations is gi ven in appendix B of reference 6 and is simi 
lar to that outlined in chapter X (ref . 8) . 

For this analysis the stage cur ves ar e assumed i n terms of adiabatic 
efficiency and pressure coeffici ent as functions of flow coefficient . 
The adiabatic efficiency is the r atio of useful or isentropic wor k input 
to actual wor k i nput ; the pr essure coeffi cient is a function of useful 
work input divided by the squar e of the mean-radius wheel speed; and the 
f low coefficient is the ratio of the aver age inlet axial vel ocity to the 
wheel speed at the mean r adius . Study of the performance of numer ous 
stages indicates that stage performance for a r ange of speeds can be gen
er alized to a single curve on the basis of these parameter s . The effec
tiveness of thi s manner of gener alization of data is illustrated i n figur e 
1) which is a plot of the per formance of the fi r st ) f i fth ) and tenth stages 
of the compr essor r epor ted in r efer ence 3. Some r andom vari ations exist 
because of the difficulty of obtaining accurate stage performance data in 
the multistage compressor. The stage data) however) can be well approxi 
mated by a single curve for all speeds except for the maximum-flow points 
in the tenth or l ast stage of the compr essor. I n this case the effect of 
stage - inlet Mach number on the negative-incidence stalling angle tends to 
decr ease the choking value of f l ow coeffi cient as compr essor speed is in
cr eased. Similar Mach number effects may exist in the inlet stage . At 
any given speed) however) the inlet stage cover s only a small part of i t s 
total range. Therefore) the Mach number effect is not noted on such a 
plot of experimental data. The fifth stage does not cover an appr eciable 
flow r ange and) thus) does not exhibit a noticeable Mach number effect . 
Inasmuch as the inclusion of Mach number effects would not appre ciably al
te r the t r end obtained from the stage - staCking anal ysis) these effects 
wer e not consider ed in the computation of compr essor perfor.mance . 

CONFIDENTIAL 

. ___ --J 



----.-.--~.-~---- . ... _--_._----_. __ .-. .. - -

NACA RM E56B03b CONFID~IAL 8 3 

Interact ion effects were small for the compressor of reference 3, 
as indicated by the measured stage performance characteri stics . For the 
compr essor of reference 2, however, appreciable inter action effects were 
noted. For the computations r eported herein, i nter action effects due to 
unsteady flow resultin.g from stall in the inlet s+:age wer e estimated by 
altering the i ndividual stage per formance curves of several succeeding 
stages for those conditions where stall existed in the inlet stage. Es
timated hysteresis effects in the unstalling characterist ics were also 
incorporated in the stage curves . 

For cases I to III, three combinations of stage stall, interaction 
effects , and unstalling hyster e sis were considered. I n cases IV and V, 
stage matching was compromised to favor part-speed operation. No effects 
of interaction or unstalling hysteresis were evaluated for cases IV and V. 

Hypothetical Compressor, Cases I, II, and III 

The basic hypothetical compressor was identical for the first three 
cases consider ed and was the same as that presented in references 6 and 
7. The compr essor had 1 2 stage s of constant tip diameter. All stages 
had identical performance in terms of pressure coefficient and efficiency 
against flow coefficient, except for the stalling characteristics. Pert i
nent r eference -point details of the compr essor ar e as follows: 

Over-all total- pressure r atio . . . . . 
I nl et specifi c weight flow , equivalent flow per 

sq ft annulus area . . . . . . . . . . . 
I nlet corrected tip speed, ft / sec . . . . . 

Absolute inlet -air angle at pitch radius of each stage, deg 

Flow coeffici ent for each stage . 
Pressur e coefficient for each stage 

7.75 

• 33.5 
950 

22;!;. 
2 

. 0. 69 
0.3 

Individual stage hub - tip r adius rat i os , area ratios , mean-radius ratios 
and reference -point pr essure ratios are li st ed in table I(a) . 

The assumptions of stall type , interactions, and hysteresis effects 
for cases I to III are a s follows : 

Case Type of stall Interactions Hysteresis 

Stages 1 Stages 5 Stages 9 effects 

to 4 to 8 to 12 

I Progr essive Progressive Abrupt None None 
and abrupt 

I I Progressive Progr ess ive Abrupt Stages 1 Stage 1 
and abrupt to 4 

III Progr essive Progr essi ve Abrupt Stage s 1 Stage 1 
and abrupt to 8 
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The individual stage curves assumed for each configuration ar e discussed 
in the section DISCUSSION OF COMPUTED PERFORMANCE . 

Hypothetical Compr essor ) Cases IV and V 

Refer ence 1 suggested that impr ovements in par t - speed per formance of 
multistage compressors might be obtained by matching the stages so that 
at design speed the inlet stages oper ate at the high end anQ the r ear 
stages at the low end of their flow- coeffi cient ranges . Case IV was ) 
ther efor e) considered to evaluate the potenti al of such stage -matchi ng 
compr omises . Thus) the match-point f l ow coeffici ents for case IV wer e 
ar b i t r arily var ied from 0 . 76 in the f i rst stage to 0 . 63 i n the twel fth 
stage ) as compared with a constant value of 0 . 69 for cases I to I II. The 
stage char acter istics used wer e identical to those for case I. I nasmuch 
as the r esults of case IV indicated that this stage -matching compr omise 
greatly r educed the complete - compressor-stall or sur ge mar gin at design 
speed) case V was conSidered) i n which a thi r teenth stage was added . The 
performance characteristics for this added stage wer e assumed identi cal 
to those for stages 9 to 1 2) and the match-point flow coefficient was taken 
as 0. 626 . As in previous cases) the compr essor was assumed to have a con
stant tip diameter. 

Per tinent reference -point values for cases IV and V are as follows : 

Number of stages . . . . . . . . . . . . . . . . 
Over -all total- pr essure r atio . . . . . . . . . 
Inlet specific weight flow) equivalent flow per 

sq ft of annulus ar ea . . . . . . . 
Inlet cor rected tip speed) ft/sec . . . . 

Absol ute inl et - air angle at pitch radius of each 
stage) deg .... . .. . ... . 

Case IV 

12 
7 .73 

35 . 96 
950 

Case V 

13 
9.10 

35 . 96 
950 

Individual stage parameters for these two cases are listed in table 
I ( b) . 

Range of Calculations 

For each case conSider ed) calculations wer e .made for a r ange of speeds 
of 50 to 110 per cent of the r efer ence value . The maximum flow conSider ed 
at each speed was the estimated exit -vane choke flow . For these examples) 
choke flow was assumed to exist at a value of specific weight flow at the 
exi t of the last stage of 41 .4 pounds per second per square foot of annu
lus area . This value of specific flow is based on flow conditions at t he 
exit of the last stage . The minimum flow consi der ed at each speed wa s t hat 
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at which a discontinuity in the performance curve of any stage was en
countered. As indicated in chapter XII, discontir.uities in multi stage
compre ssor performance at a given speed may lead to either compre ssor 
surge or complete compr essor stall . In the computation of intermediate
speed performance for cases II and III, operation with the inlet stage 
stalled and unstalled was considered . 

DISCUSSION OF COMPUTED PERFORMANCE 

Case I 

The assumed stage performance curves for case I are presented in 
figure 2. The first four stages were assumed to have only a progressive 
stall, and the pressure coefficient and efficiency were taken as continu
ous functions of the flow coeffiCient, as shown in figure 2(a). Stages 
5 to 8 were assumed to have an initial pr ogr essive stall and an abrupt 
stall at lower values of flow coefficient (fig . 2 (b) ) . Stages 9 to 12 
were assumed to have only an abrupt stall (fig. 2(c)). As noted in fig
ures 2(b) and (c), a di~continuity of stage performance characteristics 
was considered to result from abrupt stall. The stage characteristics 
for stage pressure rat ios below 1.00, which were the same for all stages, 
are given in figure 3. As noted in appendix B of reference 6, a modified 
computational procedure was used when stages operated at turbining pres
sure ratios. Interaction effects wer e consi dered negligible throughout 
the compressor . 

Computed over-all per formance . - The computed over-all performance 
map for case I is given in figure 4 as a plot of over-all total-pressure 
ratio against specific weight flow . The over-all total-pressure ratiO, 
which is the ratio of total pressur e at the exit of last stage to that 
at t he compressor inlet, would not include an exit-vane or diffuser loss. 
The specific weight flow is the equivalent weight flow per square foot of 
annulus area at the compressor inlet. Also shown in figure 4 are contours 
of constant efficiency, the estimated choking-flow condition for the exit 
vanes, and the estimated complete - compr essor-stall limit. 

The computed maxi.mum efficienci es for this case varied from slightly 
over 0.70 at 50 percent of reference speed to approximately 0.87 at 100-
percent speed. The values of computed efficiency at the lowest speeds con
sidered indicate that stage .mismatching at low speeds will not completely 
explain the extremely low effi ciencies obtained experimentally for some 
high-pressure-ratio multistage axial- flow compressors. 

The exit-vane choke limit was the maximum f l ow considered at each 
speed. Further decreases in over- all pressur e ratio would not alter the 
stage match ing but would merely increase the losses downstream of the 
point of choking. 
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The complete compre s sor stall limit at each speed was the flow at 
which a discontinuity of per for mance occurred because of abrupt stall of 
some s tage . Occurrence of abrupt stall in a stage r esults in ver y large 
flow fluctuations that could seri ously affect the performance of all 
stages i n the compressor. Therefor e ) the occurr ence of abrupt stall in 
the .multistage compr essor can logically be taken as the lower limit of 
usable r ange at that speed . As pointed out in chapter XII) discontinui 
ties in over-all performance of the co.mpressor .may r e sult in compr essor 
surge ; and) thus ) the complete -compr essor- stall limit may also be con
sider ed to be the surge limit of the compr essor. As noted i n figure 4 ) 
this limit does not exhibit the customary dip or kink at intermediate 
speeds . If surge were assumed to occur at the maximum-pressure-ratio 
points as in r efer ence 1) the gener al t r ends would be unchanged. 

Variation of stage flow coefficients . - I n or der to illustrate the 
stages that ar e stalled at variou s inlet flows and speeds) the stage flow 
coefficient is plotted against stage number (fig . 5) for sever al values 
of inlet flow at speeds of 100) 80 ) and 50 per cent of the r efer ence value . 
The heavily shaded area on these plots r epr esent s the r ange of progressive 
stall) and the lightly shaded area r epr esents the r ange of abrupt stall 
with the associated discontinuity of stage pr essure coefficient (fig . 2). 

At 100 percent of r efer ence speed (fig . 5 (a ))) f l ow-coefficient vari 
ations are shown for the r efer ence -point specific f low of 33 . 5 ) the ap
proximate exit -vane choke flow of 33 . 68 ) and the complete- compressor- stall 
flow of 33 .06. The variati on of flow coefficient in the front stages i s 
small) and thus the specific -weight - flow range at this speed is also small. 
The .maximum change in flow coefficient occurs in the last stage) and com
plete compressor stall results from abrupt stall of this stage. 

As the speed is r educed to 80 per cent of the r efer ence value) the flow 
coefficients de crease for the entr ance stage and increase for the exit 
stage) as shown i n figure 5 (b) . At this speed) the first stage operates 
in the progressive -stall r ange even at the .maximum specific weight flow of 
23.40 . Complete compr essor stall r esults f r om stall of the ninth stage at 
a specific weight f low of 17.16 . It should also be noted that the number 
of stages operating in the progressive - stall range i ncr eases from one to 
eight as the f l ow is decr eased f r om the exit - vane choke value of 23 .40 to 
the complete-compr essor-stall value of 17 .16. 

As the speed is fur ther decr eased to 50 percent of the r efer ence value 
(fig . 5(c})) the f ront stages move deeper into stall and the r ear stages 
cl oser to choking f l ow . Complete compr essor stall results from occurrence 
of abrupt stall in the fifth stage . From f i ve to seven stages operate in 
the progressive - stall range at all flows . 

A compari son of figures 5(a)) (b)) and (c) shows that at high speeds 
complete compr essor stall r esults f r om abr upt stal l of the rear stages ; and) 
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as speed is reduced, earlier stages in the compr essor instigate complete 
compr essor stall . As shown by the variat i on of stage flow coefficient 
and by the assumed abr upt- stall limits (fig . 5), complete compressor 
stall will only be instigated by stages 5 , 9 , and 12 for this example. 

In order to define mor e clearly the r elation of stage stall to com
pressor speed and flow , the individual stage stall li.mi ts are cross 
plotted on the computed per formance map in figure 6 . This figure shows 
that progressive stall exi sts in f r om one to eight stages for all speeds 
below 80 percent of the r efer ence value and for the l ow-flow portion of 
the flow range at speeds of 85 and 90 per cent . I t should be noted that, 
near the complete-co.mpr essor-stall point at 90-per cent speed (fig. 6), 
nearly all the stages stal l at appr oxi matel y the same value of specific 
\-le i ght flow. In fact, stages 2 to 5 stall at a slightly higher value of 
inlet flow than stage 1 . As pointed out i n chapter XI, rotating stall 
is a prevalent source of compressor bl ade vibr ati on . Therefore, this 
r ange of operation wher e pr ogr essi ve stall exi sts is extr emely important 
with r espect to engine r e l iabili ty . 

In general, the computed progressi ve - stall limits of this hypotheti
cal compressor (fig . 6) ar e ver ifi ed by experimental studies of r otating 
stall in multistage compressor s . The speeds at whi ch this type stall are 
encountered are somewhat higher than di s cussed in chapter XI . The speed 
at which inlet - stage stall f irst occurs ) however) would be a function of 
stage characteristics as well as deSi gn-poi nt .matching. For this example, 
all stages were assumed to have identical char acter istics up to the stall 
point and were matched at a constant value of f l ow coefficient of 0.69. 
Mach number effects) which wer e i gnor ed in this anal ysis, may also vary 
the speed at which inlet- stage stall is f irst encountered. As can be seen 
from the stage curves of figure 1 , a r educti on i n r otational speed, which 
corresponds to a reducti on i n stage - inlet Mach number ) results in an'in
crease in the maximum obtainabl e flow coeffi cient of the exit stage of a 
multistage compressor. Correspondingl y , a decr ease in inlet Mach number 
of the first stage would tend to decr ease the f low coefficient at which 
stall of this stage i s encounter ed . Both of these effects would tend to 
decrease the speed at which f irst - stage stall i s encountered in the multi
stage compressor but woul d not al ter the t r ends indicated by the computed 
compressor performance. 

The lines of abrupt stall (fig . 6) show t hat ) for speeds up to 70 
percent of the refer ence value , complete compr essor stall results from 
abrupt stall of the f i fth stage ; for speeds of 75 to 90 percent) from 
abrupt stall of the ninth stage ; and for speeds of 95 per cent and higher, 
from abrupt stall of the twelfth stage . The resulting complete - compressor
stall limit, however , is free of the normal dip or kink that is fre
quently encounter ed in high-pr essure - r atio mul tistage compressors. 
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Case I I 

Case I I was computed to evaluate the effects of small di scontinuitie s 
r esult ing f r om inter act ion effects in the fi r st few stages of a multistage 
compr essor , and also to evaluate the effects of unstalling hyster esis of 
the i nlet stage . I nter action effects we r e assumed to exist i n the fi r st 
four s tages . The detailed flow studies of the 10- stage r esear ch compr es 
sor discussed in chapter XI reveal that flow fluctuations of rotating 
stall i ncr eased thr ough t he fi r s t four stages and then decr eased through 
the r emaini ng stages . Therefor e , the assumpti on of i nter acti on effects in 
four stages appear ed r easonabl e . The magni t ude of the decr ease i n per form
ance was arbi t r a r ily chosen . 

The stage char acter ist i cs use d for stage s 1 to 4 of case II ar e given 
in f i gure 7. These stage per formance char acter istics wer e obtained by ar 
b i t r ari l y modifying the pr essur e - coefficient char acter ist ics used in case 
I and computing the modified efficiency curves assumi ng no change in the 
actual wor k i nput f r om that of case I. A small discontinuit y i n the per
formance of stage 1 was assumed as shown in figur e 7 (a ). The unstalli ng 
hyster e si s effect is also indicated in this f i gure . Stall r ecover y was 
assumed to occur at a flow coefficient of 0 . 60, wher eas stall 'or i ginally 
occurre d at a flow coefficient of 0 . 565 . To evaluate inter acti on effects , 
stages 1 to 4 we r e assumed to oper ate on the lower or stalled por tions of 
their performance curves (f i g . 7) whenever any of these stages encounter ed 
stall. The stage per formance character isti cs for stage s 5 to 12 wer e iden
tical to those of case I (f i gs . 2 (b ) and (c )) . 

Per formance with f r ont stages unstalled . - The calculated per formance 
map fo r case II for t he condition of no s t all i n t he front stages is pre
sent ed in f i gure 8 ( a ). This performance map i s ident i cal to t he high- speed 
par t of the map f or case I ( fi gs . 4 and 6) except f or t he compl ete
compr e s sor- s t all limit at speeds below 95 perc ent of _.t he r eference value . 
In ca se II t he s t all of one of the front stages l eads t o a d i s cont inuit y 
of ove r - all performance because of the assumed interaction effect s . Thus) 
an envelope of the pr ogressive - stall limits for case I (fig . 6 ) r epre 
sents the complete - compr essor- stall limit for case II for speeds f r om 80 
to appr oxi matel y 95 per cent of r efer ence speed . No oper ation with the 
f r ont stage unstalled i s obtai nable below 80-per cent speed . 

Performance with fi r st stage stalled . - The computed per formance for 
case II for the condit i on of stall i n the f irst stage and inter actions i n 
stages 2 to 4 is shown in f i gur e 8 (b ) for speeds of 50 to 95 percent of 
the r ef e r ence speed . The upper limi t of flow for speeds of 85 ) 90, and 
95 per cent of the r efer ence value was determined by the unstalling flow 
coeffici ent for the fi r st stage . At 95 -per cent speed) the f r ont - stage un
stalling limit inter sects the ninth- stage stall - li.mi t line (fi g . 8 (b ) ) . 
Ther efor e , this was the maximum speed for which calculations of per form
ance with the f r ont s tage stalled wer e made . Complete compressor stall 
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at speeds of 50 to 70 percent r esul ts from discontinuities- due to the 
occurrence of abrupt stall of the fifth stage, and, at speeds of 75 to 
95 percent, from abrupt stall of the ninth stage. 

The efficiencies for case II at intermediate speeds are somewhat 
lower than for case I. This decrease i n efficiency is a direct result 
of the decrease in pressure coeffici ent assumed for stages 1 to 4 for 
the condition of progressive stall and stage interaction effects in 
these stages. 

Complete performance map. - The complete performance ,map for case II 
is obtained by superimposing the performance ,maps for operation with the 
inlet stage unstalled and the performance ,map for operation with the in
let stage stalled and inter actions in stages 2 to 4 (figs. 8(a) and (b)). 
The resulting performance in terms of pressure r atio against specific 
weight flow is given in figure 8(c) for a range of speeds from 50 to 110 
percent of the reference value. For a r ange of speeds from 80 to 95 per
cent of the reference value, operation with both the inlet stage stalled 
and the inlet stage unstall ed is possible. Thus, in this intermediate
speed range, the existence of double performance curves and two complete
compressor-stall or surge points at a given speed is indicated. The dou
ble curves of this analysis were obtained as a result of a small discon
tinuity in the performance characteristics of the first stage and inter
actions in stages 2 to 4 . These r esults are verified by the ,multiple per
formance curves obtained in the experimental investigations reported in 
references 4 and 5 . 

It should be noted that, for the computations of case II, a s.mall 
discontinuity in the pressure - coefficient curve of stage 1 was assumed. 
Similar results would be obtained, however, if the performance of stage 
1 were assumed to be continuous, provided discontinuities of stage ~er
formance as a result of interaction were assumed for any of the following 
stages. 

Transi tion from stalled to unstalled operation of inlet stage. - Ref
erence 5 indicates multiple values of surge-point performance for 
intermediate-speed operation. In these tests, the particular surge point 
obtained depended upon the schedule of speed and flow that preceded the 
occurrence of surge . The double - valued curves of figure a(c) and the 
dependence of compressor performance on the manner in which a particular 
operating pojnt is approached indicate the necessity of studying the 
transition from compressor operation with the inlet stage stalled to 
operation with the inlet stage unstalled . 

The usual oper ating schedule in compr essor-component testing is to 
start at ,maximum or choke flow for a given speed and increase the throt 
tling in successive steps until surge is obtained. Inasmuch as compressor 
operation at maximum flow at low and intermediate speeds is normally set 
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by the choke of the exit vane s , t r ansition f r om stalled to unstalled op 
eration of the inlet s tage can be considered to occur along the exit -vane 
choke limit of fi gur e 8 (c ). Thus , a s t he compr essor speed i s increased, 
the choking limit of the exit vanes will pr event unstalling of t he inlet 
stage s for thi s case until a spee d of 85 percent of the r efer ence value 
i s attai ned . Unstalling of the inlet stage and alleviation of the r e 
sulting interaction effects will r esult i n a t r ansient change of oper a 
tion f r om the exi t -vane choke point on the dashed speed curve to the exit 
vane choke point on the solid speed cur ve . For this example, the specific 
weight flow increases from 26 to 26 . 3 and the pre ssure ratio from 4 . 23 
to ·1: . 30 . The efficiency is not changed appreciably . For the purposes 
of thi s chapter , the transient conditions following unstalling of the 
inlet stage are not conSidered, and the compre s sor operat ion is assumed 
to change discontinuously from that for inlet stage stalled to that for 
inlet stage unstalled . 

The type of over-all per formance map obtai ned f r om the normal 
compressor- component r ating techniques described is given in f i gure 8Cd) . 
For speeds up to 85 per cent of the r efer ence value , the compressor would 
operate with the f r ont stage stalled; and for speeds above 85 per cent , 
with the front stage unstalled . Ther efor e , both branche s of the perform
ance curve are given at this crossover speed of 85 percent of the refer
ence value. 

Complete - compressor-stall lim t . - The complete - compr essor-stall li,mi t 
will follow the discontinuity points of the dotted curves up to the cr oss 
ove r speed and the discontinuity point on the solid curves above this 
speed . Thus, a stall- li.mit line fai r ed thr ough these pOints exhibi ts the 
dip common to most high-pressure -rati o axial-flow compr essor s . As indi 
cated by this analysis of case II, however, two discr ete stall-limit lines 
exist , the low- speed stall limi t r epr esenting the mode of operation with 
the front stages stalled and the high - speed stall limit r epr esenting the 
mode of operati on with no stages stall ed : . I nasmuch as these two stall
limit lines may overlap in the intermediate - speed r ange wher e multiple 
performance characteristi cs may exi st, a conti nuous stall-limit line should 
not be fai r ed through the stall points for the complete r ange of speeds . 
In pr esentation of experimental data, however, the compr essor stall or 
surge line is fai r ed through a finite number of pOints and is gener all y 
consider ed a continuous funct i on of f l ow , pressure r ati O, and speed. 

The analysis of case II shows that the dip in the compressor stall 
or sur ge limit that is exper imentally found to exi st for intermediate 
speed operati on of high-pressur e -ratio multistage compressor s can be simu
lated by assuming a small discontinuity in the performance character istics 
of the inlet stage and inter action effects in stages 2 to 4 . Similar r e 
sults would be obtained f rom any combination of discontinuous per formance 
character istics of the inlet stages . For exampl e , the performance char 
acteristics of the fi r st stage of the l6 - stage compressor r epor ted in 
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reference 2 were continuous) but discontinuities did exist in the char
acteri stic s of a few stages after the fi r st . I t should also be noted 
that relat ive ly cont inuous stage characteristics will r esult in a fairly 
smooth surge or stall - l imit line, as indicated in reference 3. 

The transition f r om the complete-compr essor-stall limit for opera
tion with the inlet stage stalled to that for operation with the inlet 
unstalled depends on t he manner in which this limit is approached. If 
the compressor-di schar ge throttling i s sufficient to cause the compres
sor to operate appr eciably above the exi t -vane choke limit as speed is 
increased, unstalling of the front stage may not be achieved until a speed 
appreciably greater than' S5 percent of the r efer ence value is attained . 
In the range of speeds from 85 to 95 percent of the r eference value, the 
complete-compressor-stall limit may follow that of figure S(b). But, if 
the speed is first increased above the value for unstalling of the inlet 
stage and then reduced, complete compressor stall may occur on the limit 
of figure Sea) for speeds of SO to somewhat over 90 percent of the ref
erence value . Thus, for case II, doub le-valued compressor stall points 
a t a given speed may be obtained for the range of speeds from SO to 95 
percent of reference speed , as indicated in figure sCc). As previously 
discussed, this phenomenon has been observed in experimental studies of 
multistage axial-flow-compressor performance. For cases where unstalling 
of groups of stages or alleviation of interaction effects occurs stepwise, 
even more than two compressor performance characteristic curves may be 
obtained at a given value of speed . 

For maximum engine acceleration, the compressor operating line in an 
engine will be very close to the surge or stall limit at low and inter
mediate speeds . Thus, the intermediate - speed complete-compressor-stall 
limit obtained by normal compr essor r ating techniques may not be represent
ative of the complete -compressor-stall or surge limit obtained during en
gine acceleration. Therefore, when multiple operating curves exist at any 
compressor speed, performance evaluations .must include all possible oper
ating conditions. This may be done by appr oaching a given operating point 
by varying compressor speed at each of several fixed system throttle set
tings, as well as by variation of throttle settings at a fixed speed. 
Speed changes must include both increases and decreases in rotational 
speed. An operating technique such as this will give performance maps 
of the type shpwn in figure 8(c) for those cases where multiple perform
ance curves exist for a given compr essor rotational speed. The data of 
reference 5 indicate six separate performance curves at approximately 75 
percent of design speed . For this compressor, the performance character
istic that exhibited no stall in the inlet stages was easily duplicated. 
Points on the performance characteristics for the condition of stall in 
the inlet stages were in general duplicable, but .minor variations in the 
method of approach to this par ticular speed would result in operation on 
different curves of the separate performance characteristics for the con
dition of stall in the inlet stages . Thus, estimation of the compressor 
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performance in the actual engi ne based on compr essor -component tests may 
be difficult for this intermediate - speed r ange . During component testing 
of compressors , however, it i s de sirable t o evaluate all possible per for m
ance char acteri stics in thi s i ntermediate - speed r ange where mult iple char
acteristic s may exist . 

Effect of unstalling hyster esis . - For case II a hys ter esis effect 
was assumed in the uns t alling char acteri stic of the inlet stage . Thi s 
had no effect on the gener al t r end of complete - compr essor - stall charac
teristics, except with r espect to the speed at which t r ansition f r om 
stalled to unstalled oper ation of the inlet stage was achieved . For no 
hysteresis effect, unstalling of the inlet stage along the exit -vane choke 
line (fig . 8(b)) would be achieved at 81 .5 per cent of r eference speed 
rather than at 85 per cent as for the case ",ith hyster esis . Possible dis 
continuities in the complete - compr essor-stall limit and the potential of 
double-valued points between speeds of 80 t o 93 per cent can be seen f r om 
figure 8(c). 

Part-speed efficiency. - At 85 -per cent speed, the t ransi t ion speed, 
the maximum computed effi.ciency for operation wi th no stage stalled was 
0 .86; wher eas the maximum efficiency was 0 .84 at thi s speed for the con
dition of inlet stage stalled and interact ions in stages 2 to 4 . Thi s 
small difference in computed efficiency simply r eflects the small changes 
in stage performance that wer e assumed to r esult f r om inlet-stage stall 
and the attendant interact ions (fi g . 7). Thus, no conclusive r esults can 
be obtained f r om these computed efficiencies . I nteraction effects or 
sharp decr eases in stage efficiency as a r esult of stage stall will, how 
ever, affect compr essor efficiency adver sely . 

Case III 

In order to evaluate mor e serious inter acti on effects, calculations 
wer e made for case III that assumed t he same conditions in sta ges 1 to 4 
as for case II and, in addition, assumed large interaction effects in 
stages 5 to 8 . The modified per formance curves for these middle sta ges 
are gi ven in figure 9 . As for stages 1 to 4 , the pre ssure - coefficient 
curve for stages 5 to 8 was ar bitr arily modifi ed and the efficiency cur ve 
was computed f r om the pressure coefficient by assuming no change in total 
work input for the stage . The magnitude of discont inuity of pressure co
efficient i s r epr esentative of that for an abrupt type of stage stall . 
When progressive stall existed in sta ge 1, stages 5 to 8 wer e a ssumed to 
operate on the dotted curve s of figure 9 . The performance of stages 9 
to 12 was i dentical to that for case I . 

The performance of this case for the condition of unstalled opera
tion of the inlet stage is identical to that for case II (fi g . 8(a)) . 
For the condition of stall of the inlet stage , hmlever ) the per for mance 
is markedly changed (fig . 10 (a) ). 
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Complete perfor mance map. - The complete computed compressor per
formance map for case III (fig . lO eb )) i s obtai ned by superimposing fig
ures Sea) and 10 (a ) . As in case II, the multipl e per formance curves at 
speeds above SO per cent of the r ef er ence value i ndicate the necessity of 
varying the mode of testi ng i n component rating so that all possible com
pressor operating condi ti ons can be evaluated . 

Transition from stalled t o unstalled operation of inlet stage. -
For case III, if compr essor sp eed is increased a l ong the exit-vane choke 
limit, inlet~stage unstalling will be effect ed at 94 per cent of the ref 
erence speed. At this speed t he t ransient change in computed pr essure 
ratio would be from 4 . 85 to 5 . 2 ., t he change i n specific weight flow woul d 
be from 28.3 to 30 . 9 , and the change in efficiency from 0.71 to 0.8l. 
Thus, for large inter act i on effe ct s, unstalling of the inlet stage is ac
companied by r elati vely large incr ease s in wei ght f l ow, pressure ratiO, 
and efficiency. The t r ansi t ion speed of 94 percent i s shown in figure 
lOeb) for both the condition of s t all in the i nlet stage and interactions 
in stages 2 to S and the condition of no stall in the inlet stage and no 
interactions. I f i nter action effects of the ,magni t ude assumed for this 
case do exist and the compressor operating characteri stic follows a throt 
tling line close to the comple t e - compressor-stall limit, unstalling of the 
inlet stage may not be a chieved even at design speed. By increasing the 
speed to a value above that f or unstalling of t he inlet stage and then de
creasing the speed, stall-f ree operation might be obtained down to 80 per
cent of the reference speed at low values of pre ssure ratio. 

Complete-compr essor-stall li,mi t . - For the high- speed portion of the 
compressor ,map wher e no stages are stalle d (fig . Sea ) ), at speeds above 
95 percent of the r efer ence value , complet e compressor stall results from 
abrupt stall of the twel fth stage ; and at speeds of SO to approximately 
95 percent, from stall of s tage s 1 t o 4 and t he attendant stage interac 
tions. For the oper ating conditions where stall i n the inlet stage and 
interactions in stages 2 t o S exist (fig . 10(a )), complete compr essor 
stall for speeds up to 95 per cent of t h e r ef erence value results f r om 
abrupt stall of the ni nt h stage , and for higher speeds, from abrupt stall 
of the twelfth stage . 

The complete -compre ssor-st all-limit line i ndicated for case I I I for 
the normal component rat i ng t e chnique can be' obt ained f r om figur e lO eb) . 
This stall-limit l i ne would follow the comple t e-compressor-stall -limit 
points for the dashed speed curves (fig . 10(a )) up to 94 percent of ref 
erence speed. I n thi s speed r ange t he compressor would operate with the 
first stage stalled and i nte r act i ons i n stages 2 to S. For speeds above 
94 percent., the stall-limit line will f ollow t he complete-compr essor -stall
limit points for the solid speed curves , whi ch r epresent a condition of 
stall-free operati on for all stages . 
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Effect of unstalling hyster esis. - If the hysteresis effect on un
stalling of the inlet stage were negl ected, the first stage in this case 
would become unstalled at 91 . 5 per cent of r eference speed for oper ation 
along the exit -vane choke limit . The gener al t rend of performance and 
complete -compressor -stall limit would, however, be unchanged . The effect 
of inlet-stage unstalling hysteresis is to increase the speed at which 
the inlet stage becomes unstalled regardless of the t hrottling or compres 
sor oper ating line. 

Part - speed efficiency. - As can be seen from a comparison of figures 
4 and lO(a), interactions of the magnitude assumed for case III r esult 
i n large reductions in efficiency for operation with stall in the inlet 
stages . The computed values indicate a reduction in efficiency of about 
15 percent compared with about 2 percent for case II . Thus, the low 
part -speed efficiencies exh ibited by some multistage axial - flow com
pressors may r esult from severe inter action effects . 

Multiple -valued performance characteristics . - Both cases II and III 
indicate the potential of two separate curves in this gener al speed range . 
I f at any given value of speed the potential of different degr ees of dete 
riorat ion of stage performance due to interactions is conSidered, then 
more than two performance curves may be obtained . For example, if the 
characteristics for 85-percent speed are considered for cases I to III, 
the per for.mance characteristics shown in figure 11 are obtained . Curve 
I represents a condition of unstalled operation for all stages ; curve II, 
a condition of stall in the inlet stages and interact ions in stages 2 to 
4 as obtained for case II; and curve III, a condition of stall in the in
let stages and interact ions in stages 2 to 8 as obtained for case III . 
Such variations i n performance may be a r esult of changes in the number 
of stages that exhibit this deterioration of performance or changes in 
the magnitude of the performance deterior ation of each stage that is af 
fected. Variations of stall interaction effects , ther efor e , will r esult 
in a multiplicity of over- all performance characteristics at a given speed; 
and the compressor f l ow, pressure ratiO , and efficiency will increase with 
decreasing severity of stall and i nter act ion effects. The particular per
formance obtained will depend on the previous history of speed and flow as 
well as the hysteresis effect accompanying changes of stall pattern in any 
given compressor . Needless to say, flow distortions at the compressor in
let can aggravate these adverse effects . 

Case rv 

Inasmuch as part-speed performance problems of high-pressure -ratio 
axial-flow compre ssors can be attributed to s talling of the i nlet stages 
as a r esult of flow limitations of the rear stages, some improvement in 
part - speed perfor.mance may be expected by matching t he front stages near 
their choking value of flow coefficient and the rear stages near their 
s talling value of flow coefficient . This stage -matching compr omise is 
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equivalent to matching the compressor stages for some speed lower than 
the design value ) as suggested L1 reference 1. I n addition to improving 
par t - speed perfOrTIlance ) such ompr omises i n stage matching may reduce 
the speed at 'I-Ihich progress ive stall is encountered and, thus, decrease 
the potential of blade vibrations excited by rotating stall. To evaluate 
these potentials, case IV was computed . In this case, the reference
point flow coefficients of the stages were varied as shown in table I(b) 
from a value of 0 . 760 in the inlet stage to a value of 0.630 in the 
twelfth stage. The principal purpose of this study was to investigate 
variations of stage operation with speed. Therefore, no interactions were 
cons idered. The stage characteristics used for the individual stages were 
identical to those for case I (fig . 2) . 

Computed over-all performance . - The computed over-all performance 
map for ca se IV is gi ven in figure 12(a) as a plot of over-all total
pressure ratio against specific weight flow . For this case as for case 
I, complete compressor stall was assumed to occur when abrupt stage stall 
was encountered in any stage . Complete compressor stall for case IV re 
sults from abrupt stall of the fifth stage for speeds of 50, 60, and 70 
percent of the reference value, from abrupt stall of the ninth stage for 
speeds of 80 and 90 percent, and abrupt stall of the twelfth stage for 100 
and 110 percent . These results are similar to those for case I. 

The peak efficiencies calculated for case IV varied from approximate
ly 0 .7 4 at 50 percent of reference speed to a maximum of 0.87 at 90 -percent 
speed, and decreased to 0 . 85 at the reference speed. 

stage progressive - stall limits. - In order to determine the speed at 
which various stages reach the flow coefficient for progressive stall 
(0.565), the progressive - stall limits for stages 1 to 8 are cross-plotted 
on the computed performance map in figure 12 (b). This figure shows ~hat 
the first stage is stalled over almost the entire flow range at 70 per
cent-of reference speed, and over only the low- flow portion of the com
pressor flow range at 80-percent speed. The first-stage stall limit inter
sects the complete - compressor-stall limit at approximately 85 percent of 
reference speed. Cons ideration of the stall limits of stages 2 to 7 indi
cates that at 90 -percent speed stage 7 is the first stage to encounter 
pr ogressive stall. I n the r ange of approximately 70- to 85-percent 
speed, several of the front stages approach stall almost simultaneously 
at a weight flow somewhat higher than that for first - stage stall. At the 
higher values of pressure ratio at intermediate speeds, the general ef 
fect of the stage-matching compromise was to trans fe r the progressiv~
stall problem from the front stages towards the middle stages of the 
compressor . 

No interaction effects were considered in this analysiS. However, 
as pointed out previously, stages operating near the stalling value of 
flo'l-l coefficient are very susceptible to deteriorations of performance 
induced by flow fluctuat ions resulting from stall of adjacent stages . 
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Therefore, serious interaction effects may be expected where simultaneous 
stall of several stage s occurs (fig . l2(b) ). Furthermor e , the higher hub 
t ip ratio stages, such as stages 5 to 7 of case IV , are mor e apt to ex
hibit an abrupt stall than are l ow hub - t ip rat io stages , such as stages 
1 to 3 . At speeds of 80 to 90 percent, ther efore, inter acti on effects 
may inst igate abrupt stall of one of the .middle stages of the case IV 
compressor and ther eby limit the flow r ange at these speeds . 

Comparison of cases I and IV. - A comparison of the effici enci es of 
case I (fig. 4) and case IV (fig . l2 (a )) indicates no appre ciable varia
t ions of the over-all compr essor efficiency due t o the stage -matching 
compromises of case IV. I t shoul d be noted, however, that in case I the 
stages were not matched at the peak-effici ency pOints ( see fig . 2). Com
pared with a compr essor for which all stages were .matched at the peak
efficiency pOints, the compromi se of case I V would have decreased the over 
all compressor efficiency at high speeds and i ncr eased i t at l ow speeds . 

The increase in fi r st - stage flow coefficient for case IV r esulted in 
an increased specifi c weight flow from 33 .5 for case I to 35 .9 for case 
IV. Thus, for a given weight -flow r equirement, the compromtsed matching 
would permit the use of a sli ghtly smaller compr essor diameter. 

In order t o compare the complete - compressor-stall limits and stage 
progressive-stall limits for cases I and IV, these performance maps are 
superimposed in figure l2(c). This figure is plotted as pressure r atio 
against percent of r efer ence -point specifi c weight flow in or der to com
pare compressors of equivalent flow capacities. Comparison of the 
complete-compressor- stall limit s (fig . l2(c)) shows that the compromise of 
stage matching (case IV) gave a marked decr ease i n the attainable pr es 
sure ratio at all speeds . I t can al so be seen f rom figure l2(c) that the 
percentages of r efer ence -point specific we i ght flow at the lower speeds 
are higher for case IV than for case I. At the over speed condition, how
ever, the condition i s reversed and case I indicates the higher per centage 
of reference-poi_nt flow. 

The progressive - stall limits shown in f igure l2(c) r epr esent the en
velope of the progressive - stall limit for stages 1 to 8 as given i n fig
ure s 4 and l2(b) . A comparison of these limits for cases I and IV indi 
cates that, along the exit -vane choke limit, the speed at which pr ogres 
sive stall is encountered is decr eased f r om 80-percent speed for case I 
to slight ly l ess than 70-per cent speed for case IV. Along the compl ete 
compressor-stall limit, however, progressive stall occurs at somewhat 
higher speeds for the compr omise matching design (case IV) than for case 
I. During engi ne operation at part speed, t he compr essor will normall y 
operate in the high-pre ssure -ratio r ange at any given speed . As shown in 
fi gure l2(c), the stage -.matching compr omise used for case IV gave no ef 
fect ive r eduction in the speed at which pr ogressive stall .might be en
countered during engine operation but mer ely t r ansferred the instigation 
of this stall f r om the first stage to one of the middle stages of the 
compr essor. 
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From the comparison of the computed performance of cases I and IV, 
it is obvious that the compromise in stage matching use d i n case IV does 
not i mpr ove the progressive - stall limit appr eciably but decreases the 
complete-compressor- stall mar gin . I nasmuch as this compromise in stage 
matching does not r esult in a marked decr ease in the speed at which ro
tating stall could be encounter ed, it would not appr eciably alter the 
potential blade- vibration problem associated with r otating stall . 

Case V 

Since the compromise matching of case IV indicated a sever e decrease 
in the pressure ratio estimated for complete compressor stall, the effect 
of an additional stage was considered . This hypothetical compressor, 
designated case V, is identical to case IV except for the addition of 
a thirteenth stage . The stage characteristics assumed for this added 
stage ,.,rere the same as for stages 9 to 12 (fig . 2( c)). As in case IV, 
no stage interaction effects were considered in case V. The details 
of the stage matching and stage r efer ence -point performance characteris
tics for t his case are given in table I(b) . 

Computed over-all performance. - Figure 13(a) presents the computed 
over-all performance for case V as a plot of over-all total-pressure ratio 
against specific weight flow. The reference-point total-pressure ratio 
indicated in this figure is 9 .1 as compared with 7.73 for case IV. Com
plete compressor stall at speeds of 50, 60, and 70 percent of the r ef 
erence value results f rom abrupt stall of the fifth stage; at speeds of 
80 and 90 percent, from abrupt stall of the ninth stage; and at speeds 
of 100 and 110 percent, from abrupt stall of the thirteenth stage. 

The peak efficiencies computed for case V varied from 0.70 at 50 
percent of reference speed to 0.85 at r efer ence speed with a maximum of 
0.87 at 90-percent speed . 

Stage progressive - stall limits . - The stage progressive-stall li,mits 
for case V are cross-plotted on the over-all performance ,map in figure 
13(b). Progressive - stall limits for stages 1 to 8 are shown in this fig
ure, and the results are similar to those for case IV (fig. 12(b)). At 
90 percent of reference speed for case V, the seventh stage encounters 
progressive stall at a flow only slightly higher than that for complete 
compressor stall. At BO -percent speed, stages 3 to 6 encounter progres
sive stall almost Simultaneousl y at a flow about halfway between the 
exit -vane choke limit and the compl ete-compressor-stall limit; and at 70-
percent speed, stages 1 to 4 are stalled at the exit-vane choke limit. 

Comparison of cases I and V. - Comparison of the efficiencies of case 
I (fi g . 4) and case V (fig . 13(a )) shows that the stage-matching compro
mise and the addition of a thi r teenth stage have little effect on the com
puted over-all effiCiency . The addition of the thirteenth stage resulted 
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in a higher refer ence -point pr essure rat io (9.1 for case V compared wi th 
7.75 for case I). Because the efficiency contours are displaced towards 
higher pressure r atiOS, the case V compr essor indicates a computed effi
ciencyof approximately 0.B4 at a pressure ratio of 7.75 as compared with 
a value of 0.B6 for case I at the same pressure r atio. 

The comparison of complete - compressor-stall limits for cases I and 
V are presented in figure 13(c), which gives a plot of pressure r atiO 
against percent of reference -point specific weight flow . As in case IV, 
the specific weight f l ow for case V was 35 . 9 pounds per second per s~uare 
foot of annulus area as compared with 33 . 5 for case I. Figure 13(c) i ndi 
cates that case I has a slightly better compl ete- compr essor- stall margin 
at speeds of 50 to 70 percent of the reference value; the two compressors 
exhibit about the same complete - compressor- stall limit at speeds of SO to 
90 percent; and case V has a slightly better stall li.mi t at 100- and 110-
percent speed. 

The envelope lines of the stage progressive - stall limits for stages 
1 to 8 are also plotted in figur e 13(c) . These limits indicate that along 
the exit-vane choke limit case I encounter s progressive stall at SO per
cent of r eference speed,' whereas case V encounter s pro'gressive stall at 
about 72-per cent speed. Along the complete - compressor - stall limit, both 
cases I and V encounter progressive stall at somewhat over 90 percent 
of reference speed. Thus, the compromise of stage .matching and the addi
t ion of a stage (case V) do not decrease the speed at which progressive 
stall is encountered in the vicinity of the complete-compressor-stall 
limit . Therefore, the potential of blade vibrati ons excited by progres
sive stall would be e~ually as critical for a compressor such as case V 
as for one such as case I. 

Figure 13(c) also shows that the compr omised compr essor (case V) has 
a slightly higher percentage of reference -point flow at lower than ref
e rence speed and a slightly lower percentage at higher than r eference 
speed than does the compressor of case I. 

This comparison indicates that, with respect to complete-compr essor 
stall and progressive-stall limits, the original 12- stage hypothetical 
compressor (case I) is comparable with the 13- stage compr essor with modi
fied stage matching (case V). For a given design flow, the case V com
pressor would be slightly smaller than that for case I, but this advantage 
is offset by the necessity of an extra stage in order to maintain the 
complete -compressor- stall mar gin for the compressor with compr omised 
stage matching . 

CONCLUDING REMARKS 

Part - Speed Performance Problems 

The ana lysis r eported he rein was made t o s t udy the effects of various 
stage s tall and inte ract ion characteri stics on the part - spee d efficiency, 
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intermediate-speed complete -compressor- stal~ characteristics, and multiple
valued performance characteristics of high- pressure-ratio multistage axial
flow compressors. In addition) the r ange of conditions where progressive 
rotating stall exists was considered as a range of potential blade vibra
tions. Effects of compromising stage matching to favor part-speed per
formance have also been considered . Because of the simplifying assump
tions used, the results obtained r epresent only a fi rst approximation. 
The qualitative results) however, are generally in agreement with trends 
observed experimentally . 

This analysis indicates that multiple -valued multistage performance 
curves will be obtained if stall of the inlet stage results in disconti
nuities of that stage or of one or more of the succeeding stages. Dis
continuities of these succeeding stages may be a r esult of interaction ef 
fects due to unsteady flow initiated by progressive stall of the first 
stage. The particular operating point of the compressor at the speeds 
where multiple curves exist depends on the manner in which that operating 
point is approached . More than two performance curves may be obtained at 
a given speed if the number of stages affected by interaction varies or 
if the severity of interactions varies . 

The dip obtained in the experimentally determined surge or complete
compressor- stall-li.mi t lines of high-pressure-ratio axial-flow compres
sors apparently is merely a result of transition from compressor opera
tion with the front stages stalled to operation with these stages un
stalled. The intermediate - speed limit obtained by normal component test 
techniques may not be representative of th~t obtained in an engine at the 
same speed. Furthermor e ) the engine complete-compressor-stall limit ob
tained during accelerations may be different from that obtained during 
decelerations. 

This analysis indicates that extremely poor part-speed efficiencies 
cannot be attributed entirely to stage .miSmatching but can to a large ex
tent be attributed to stage interactions or deterioration of stage per
formance due to unsteady flow resulting from rotating stall originating 
in the inlet stages . The magnitude of interaction effects for each stage 
and the number of stages affected will determine the reductions in per
formance at low and intermediate speeds. 

Hysteresis effects in the unstalling characteristics of the first 
stage do not alter the existence of double -valued performance curves at 
intermediate speeds . The existence of large unstalling hysteresis in 
combination with severe discontinuities in stage performance may pre
vent unstalling of the inlet stages until very high speeds are obtained. 
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With r espect to part - speed efficiency and intermediate - speed com
pl ete compr essor stall, this study indicates the desirability of stages 
having continuous characteristics at thei r stall points. I t should be 
noted that these stage character istics must be maintained when the stage 
is oper ating i n the flow envir onment of the multistage compr essor. Stages 
of thi s type gener ally have a pr ogressive stall that or iginates at one end 
of the blade and gr adually increases i n severi ty as the flow coeffi cient 
i s decr eased . Design of such stages depends on a better knowl edge of the 
effects of unsteady flow and of radial maldistribution of flow, which 
r esult from off-design oper ati on of adjacent stages. The stage data and 
over-all compr essor per formance characteristics obtained f r om the 10- stage 
compr essor of reference 3, however) indicate that these desi r able stage 
characteri stics can to a degr ee be achieved. Although the use of stages 
having pr ogressive stall may all evi ate the part - speed efficiency and 
complete - compressor - stall prob lems, it would not alleviate the potential 
of blade vibrations exci ted by r otating stall. 

Increasing the stall- f r ee r ange of oper ation of the inlet stages 
would, of cour se) increase the r ange of stall- free operation of the multi 
stage compr essor. Inasmuch as the part - speed pr oblem in the multistage 
compressor results f r om flow l imitati ons of the exit stages, stage r ange 
with r espect to off-desi gn performance can best be evaluated on the basis 
of flow range at the dischar ge r ather than that at the inlet of the stage . 
Therefore) devi ces or desi gn i mpr ovements that would incr ease the stage 
loading li.mi t or f l ow range must be eval uated to determine the potential 
gains in effective stage range . 

More complete data on effects of stage design and blading geometr y 
on stage stall characteri stics} as well as a better understanding of stage 
inter act i ons due to r adial maldistributi on of flow and unsteady flow as 
encounter ed in multistage compr essor s, are r equir ed in order to obtain a 
mor e quanti tati ve evaluation of part - speed perfor mance . 

Stage -Matchi ng Compr omises 

One proposed technique of i mpr oving part - speed per formance is to 
compr omise stage matching to favor low- speed oper ation of the compr essor. 
The analysis of this technique indicates that such compromises severely 
reduce the complete-compressor-stall margin unless additiona l stages 
ar e used . The higher flow coefficients of entrance stages may per mit 
the use of a slightly smaller compressor for a given flow capacity} but 
this advantage would be offset by the necessity of an additional stage 
to obtain the required complete - compressor- stall margin . Furthermore, 
no gain in the range of speeds where no rotating stall exists is ob 
tained except near the exit - vane choke limit . Stage compromises tend 
to result in progressive stall in the middle stages at speeds above that 
for stall of the inlet stage . Thus} the potential for abrupt stall, in
teraction effects} and poor intermediate - speed complete - compr essor - stall 
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characteristics would be greater for the compromised design. No reduc
tion in the potential of blade vibration excited by rotating stall is 
indicated. Furthermore) stage-matching compromises to favor part - speed 
performance would definitely restrict the obtainable overspeed perform
ance of any compressor . 

Variable Geometry 

Inlet baffles. - As indicated in chapter XI) the use of adjustable 
inlet blockage either in the form of baffles or ramps may disrupt the 
periodic nature of rotating stall and thus present a potential solution 
to the blade-vibration problem. Preliminary tests of a hub baffle (ref. 
9) indic~te that the use of such a baffle may also result in some im
provement in the complete -compressor-stall or surge margin at low speeds. 
In addition) baffles may be used at high speeds to reduce the compressor 
mass flow and) therefore) to act as a thrust-spoiling device. 

Adjustable blading . - Adjustable inlet guide vanes and adjustable 
stator blades have also been proposed as variable-geometry features for 
alleviation of part-speed performance problems and improvement of flexi
bility of engine operation . The satisfactory application of such adjust
able blading) however) depends on a knowledge of the variations of stage 
matching and radial distribution of flows that result from blade adjust
ment. As indicated in references 10 and 11) closing the inlet guide vanes 
reduces both the flow coefficient and pressure coefficient of the first 
stage. This change in pressure coefficient tends to moderate the decrease 
in first-stage flow coefficient so that the flow coefficient of the second 
stage is not appreciable altered . The operation of middle and latter 
stages) therefore) tends to be primarily a function of compressor speed 
and throttling rather than of inlet - guide - vane position. Thus) closing 
the inlet guide vanes results in an appreciable reduction in flow but only 
a small reduction in over-all pressure ratio for the compressor. This) 
in general) improves the complete-compressor-stall-limit or surge-limit 
characteristics. Of course) when the guide vanes are opened) the converse 
is true. References 10 and 11 also point out that closing the inlet guide 
vanes alters the radial variation of loading of the first rotor as a result 
of the establishment of radial equilibrium of static pressure. This 
radial variation of loading is in the direction of increasing the value 
of flow coefficient at which tip stall is encountered and thus would tend 
to reduce the effectiveness of guide-vane adjustment in relieving the 
part-speed operating problem . Furthermore) alterations in radial distri
bution of flow and blade loading may affect the stalling characteristics of 
the individual stages . Adjustable inlet guide vanes have) however, been ef
fectively used as a means of improving engine acceleration characteristics, 
and adjustable guide vanes and stators provide a potential technique for 
improving the flexibility of high-pressure-ratio compressor operation 
without sacrificing design-point performance . The added weight and com
plexity of the engine and its control system must be considered, however. 
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Compressor air bleed . - Compressor- discharge bleed ha s b een us ed 
effectively to alter the matching of the compre ssor and t urbine a t part 
spee d so as to a void serious i ntermediate - speed compl ete - compressor
stall problems (ref. 12 ) . This technique) however) does not el iminate 
the potential of blade vibrations instigated by rotating stall . Inter
stage air bleed in the multistage compressor has the potentia l of effec 
tively altering the matching of the inlet and exit stages and) thus) 
appreciably reducing the speed at which rotating stall is encountered) 
as well as improving t he complete - compressor- stall or surge margin a t 
intermediate speeds. The computed e~fects of bleed on a 16- sta ge com
pressor (ref. 13) indicate i mprovements in efficiency at part speed even 
when the compressor is charged with the work added to the bleed air . 
Care must be exercised i n design of bleed ports to avoid resonance with 
adjacent blades and to avoid ser i ous dist ortions of flow distribution 
in the vicinity of the bleed ports . The use of interstage bleed will 
add some weight and complexity to the turbojet engine but) in genera l) 
offers improvement in regard to intermediate - speed complete - compressor
stall or surge margins and to blade - vibration problems r esulting from 
rotating stall . 
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TABLE I. - REFERENCE - POINT VALUES 

( a ) Cases I) II ) and III 

Stage Area ratioa Mean - radius Hub - tip 
ratiob radius 

r atio 

1 0 . 8431 1.071 0 . 5000 
2 . 8510 1 . 046 . 6063 
3 . 8547 1.033 . 6795 
4 . 8580 1.025 . 7348 
5 . 8630 1.019 . 777 9 
6 . 8695 1.015 . 81 20 
7 . 8720 1.012 . 8389 
8 . 8780 1 . 010 . 8613 
9 . 8835 1 . 008 . 8794 

10 . 8875 1 . 007 . 8943 
11 . 8920 1 . 0055 . 9068 
12 . 8960 1 . 0045 . 9173 

(b) Cases IV and V 

Stage Area ratioa Mean- radius Hub - tip Stage 
ratiob radius pres -

ratio sure 
ratio 

1 0 . 9009 1 . 046 0 . 5000 1 . 136 
2 . 8929 1 . 038 . 5696 1 . 157 
3 . 8889 1 . 031 . 6299 1.173 
4 . 8857 1 . 026 . 6810 1 . 186 
5 . 8818 1.022 . 7246 1 . 197 
6 . 8803 1 . 018 .7 623 1 . 205 
7 . 860 6 1.018 .7 944 1 . 210 
8 . 8651 1 . 014 . 8261 1 . 205 
9 . 8787 1.010 . 8516 1. 198 

10 . 8850 1 . 008 . 8709 1.193 
11 . 8857 1 . 007 . 8867 1 . 189 
12 . 8889 1 . 006 . 9003 1.183 
13 . 8897 1 . 006 . 9100 1.177 

aRatio of exit to inlet area for stage . 
bRatiO of exit to inlet mean radius for stage . 
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Stage pres -
sure r atio 

1.179 
1.196 
1.203 
1.204 
1. 202 
1.198 
1 . 192 
1.186 
1.179 
1.172 
1 . 166 
1.159 

Flow Pressure 
coeffi - coeffi -
cient cient 

0 . 760 0 . 231 
. 741 . 252 
. 723 . 270 
. 705 . 287 
. 686 . 304 
. 668 . 320 
. 650 .335 
. 650 . 335 
. 650 . 335 
. 643 . 340 
. 636 . 346 
. 630 . 350 
. 626 . 353 
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CHAPTER XIV 

THREE-DIMENSIONAL COMPRESSOR FLOW THEORY AND REAL FLOW EFFECTS 

By Howard Z. Herzig and Arthur G. Hansen 

SUMMARY 

127 

The discrepancies observed between the actual flows i~ an axial-flow 
compressor and theor etical simplified design flows increase in magnitude 
and di '.rer si ty with the t rend toward more compact compressors. The re
search into design procedures to r educe these discrepanci es is reviewed 
and discussed . The improved desi gn proce dures are arbitrarily classified 
into two categories. One category includes investigations that succes 
si ve ly extend the design procedures from tne simplified-radial-equilibrium 
axi ally symmetric designs to the complex complete three-dimensional de
sign . The second category includes individual studies of more restricted 
problems such as secondary flo~s, r adial variation of circulation, entro
py, or enthalpy. Such research leads to more adequate correction factors 
for use with simplified design procedures . 

INTRODUCTION 

One of the most important problems in the aerodynamic design of com
pressors is that of e:A'J)ressing the design flow equations in forms that 
ar e at once simple enough and accurate enough. The equations and their 
sol utions should be simple enough that the designer can see th~ relative 
si 5nificance of the variables he is free to specify, and it must be possi
ble to solve the relations quickly . The latter is important because it 
i s f r equent ly necessar y to compute many compressor designs in order to 
select the one most suitabl e for a particular application. The equations 
and their solutions must repre sent the fluid motion accurately enough that 
lhe discrepancies between predicted and measured flow conditions are ac
ceptably small. 

The equations of motion for the flow of a real fluid in an axial-flow 
compressor are nonlinear three-dimenSional equations and to date have 
proved mathematically intractable. Accordingly, designers have evolved 
the use of various assumptions to obtain reduced linear flow equations for 
whi ch solut ions can be obtained. Such procedures are necessarily condi
tional upon obtaining physically valid flm{ descriptions by their use. 
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I n pr acti ce} the ae r odynamic desi gn of subsoni c compr essor s has usu
a lly bee n based on two principa l assumpti ons : (1) axi ally symmetri c flow 
a nd ( 2) blade -element f l ow . The axially symmetric f l ow assumpti on is 
primar i l y a mathematical devi ce which r educes the gener a l flow equation 
f r om a t hree - dimensi onal -co a two - dimensional system . I n or der to line 
arize and f urther s i mplify the f l ow equati ons , sever al auxiliar y f l mJ as 
sumpt i ons are made } such as consi dering the f low t o be nonviscous and 
time-steady . Addi t i ona l assumpt ions often made vnthin t he axi al- symmetry 
approach include simple radi a l equilibrium and constant entr opy r adially . 

The assumption of b l ade -element f low enable s the de si gner t o use the 
performance data (obtai ned chiefly f rom two - dimensional-cascade i nvesti
gations, ch. VI (ref. 1)) i n the compressor blading design. In fine } t he 
over - all advanced compre ssor de sign requires a combined approach. It is 
nece ssary to simplify t he mathematical problem in order to obtain solu
tions readily; and it is likewise necessary to use empirical information 
obtained in related investi gations i n order to correct} as far as possi
ble, for the discrepancies between the real and the design flows in the 
compressor. 

In the past, suitable compressors have been designed by this simvli
f ied de sign proce dure . &~perience has t aught that} by adhering t o well
e stablished limit s on i nl et re lati ve f low Mach number s , b l ade - t urning and 
-loading parameters} whee l speeds } pressure r atios, and other s , desi gner s 
can consist ent l y pr oduce sati sfactor y compressors . From a practi cal point 
of Vi ew, the se r esults justi fy the axial- s~~etry and b l ade -e l ement - f l ow 
approach to t he des i gn of such compre ssors (ch. III (ref . 2)), here in 
called "conservative compr es sor s ." 

However, Hi th the present r equirement s of compact engi nes , i t be 
comes ne cessary t o i ncr ease the air -f low- handling capacity and the stage 
pressure r atios while mai ntai ni ng or even i mprovi ng the effi ci ency i f 
possible. Ther efore, t he Mach number s , >,heel sp~eds , and bl ade loading 
must be allowed t o rise while the hub- tip r adius r atio, the axial l ength 
pe r stage, and the nunmer of stages must go down . Thus , the higher com
pre s sor perf ormance r equir ements make i t desirable to exceed the desi gn 
limits earlier f ound advi sabl e for conser vative compressor desi gn . I n 
addition , such prob l ems as bl ade - r ow interference } unsteady-flow phenom
e na, and off-design per formance may become i ncr easingl y i mpor tant . 

Ctanging desi gn conditi ons i n or der t o meet i ncr eased compressor per 
formance r equirements , of COlITSe , r e quires corresponding adjustment s i n 
de sign t e chnique s . The se f ollow sever a l COlIT Se s . Par t icular flow prob 
lems may be a t t acke<.1. by i ntensive theoretica l and e}..rperimental studies 
limi ted t o t he speci f ic probl em at hand . Snch studie s are di r ected towar d 
l earning enough about the nature of the f l ow pr ocess i nvol ved and the mag
nitudes of the effects to enabl e thi s i nformation to be i ncor por ated int o 
the de sign approach . Resul ts of such studies have made avai l abl e modified 
t he or e tical desi gn pr ocedur es in whi ch one or mor e of the auxi l iar y s i m
plif yi ng assumpti ons (e . g .) simplif i ed r adial equilibr ium) cqn be avoided 
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(re:fs. 3 to 8) . These have been called "improved" axially symmetric de 
signs. Or , the information may take t~e form o:f new empirical desisn 
criteria or blade shapes, that is, new blade -loading and :flow Mach number 
criteria. ~he di:f:fusion :factor i s a per t inent example (re:f. 9). 

Eventually, the t r end t owar d high power output with e:f:ficiency and 
compactness results in a condition wherein the discrepancies between the 
real and the design :flows may no longer be encompassed by quantitative 
correction :factors and improved axial-symmetry theories. In order to 
obtain physica~ly valid descriptions o:f such r eal :flows, :further advanced 
design approaches must be :found. The three-dimensional-:flow theory o:f 
re:ference 10 is cited as an example. 

In vi ew o:f t he importance to compressor desi gner s o:f :finding satis 
:factory solutions :for the se design problems, i t i s hardly surprising that 
there should exist an already extensive and now r apidly growing body o:f 
related l i ter ature . This paper summarizes and r eviews some o:f this li t 
e ratlITe and includes examples o:f improved axisymmetric design theorie s 
as well as examples o:f :further advanced design approaches. Because o:f 
increasi ng impor tance , blade -row inter:ference e:f:fect s and time - unsteady 
ef:fects are a lso discussed, despite the :fact that only crude beginnings 
have been made toward solutions o:f these complex problems. 

D/D't" 

H 

h 

I 

SYMBOLS 

The :following symbols are used in this chapter: 

di:f:ferent i ation with respect to time :following the motion 

blade :force acting on gas particles per unit mass o:f gas 

magnitude o:f § 

total or stagnation enthalpy per unit mass o:f gas, h + (V2/2) 

static enthalpy per unit mass o:f gas, u + (pip) 

(V') 2 
modi:fied t otal enthalpy, h + 2 H - m(rVe) 

n polytropic compression exponent 

---~ 
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p static or stream pressure 

Q external heat added to gas per unit mass per unit time 

R gas constant 

r radius 

s entropy per unit mass of gas 

t static or stream temperature 

U magnitude of U 

U vector velocity of rotor blades at radius r 

u internal energy per unit mass of gas 

V magnitude of V 

V absolute vector velocity of gas 

VI magnitude of VI 

VI vector velocity of gas relative to rotor blade 

z coordinate along axis 

r circulation 

r ratio of specific heats 

I absolute vorticity vector 

~p polytropic efficiency 
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e angular distance 

IJ. viscosity 

v kinematic viscosity 

p mass density 

1:" time 

<I> viscous dissipation of energy per unit volume of gas per unit time 

ill angular ve l ocity of rotor 

Subscripts: 

r radial direction 

z axial direction 

e tangential direction 

DESIGN ASSUMPTIONS 

The chief desider atum in compressor design is to perceive the most 
advantageous compromise between ease of obtaining possible design solu
tions and magnitude of the " resuL~ing i naccuraci es . I t is clear that the 
present trend toward higher-power-output, more compact, and yet more ef
ficient compressors requires shifting the compromise point in the direction 
of fewer simplifying assumptions , despite the increased complexity of the 
calculation procedur es involved. The fi r st prer equi si te , however, is a 
better understanding of the physical signi f i cance of the various design 
assumptions and their ranges of appli cability . 

Axial Symmetr y 

The assumption of axiall y symmetri c f l ow i s one of the two most im
portant assumptions used in axial-f l ow-compr essor design . By this assump
tion, all the partial d_eri vati ves of the gas properties with respect to 
the angular coordinate are taken equal to zero . The system of flow equa
tions is thereby reduced to a two-dimensional system, in which the gas 
properties are functions of the axial and r adial coordinates only. Basi 
cally, this is equival ent to assuming the three - dimensional flow through 
a blade royr can be r epr esented suffiCi entl y accurately, at a measuring 
station behreen blade r ows, by a circumfer ential average of the flow 
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conditions at each radial position . Symmet r y about the axis of rotation 
does ) of course ) obtain for the limiting case of an i nfinite number of 
blades . Thus) one way of envi s ioning axi a lly symmetric flow is to con
sider the flow as being restri cted to hypothetical flow surfaces) as fol 
l ows : Consider the number of b l ades i n the blade row to increase without 
bound) in such fashion that the r atio of the spaci ng to blade thi ckness 
r emai ns constant . Then the spacing between blades appr oaches zero ) and 
the thickness of t he blades approaches zer o ) so that t he two b l ade sur
faces and the space between them approach a mean surface . The stream
lines a r e confi ned to such a mean surface . 

Mathematica lly) the assumption serves to si mplify the calculation 
problems . Physically) the assumption of axi a l symmetry) at least between 
the bl ade r ows ) is somewhat justified) because i n a compressor) wher e 
adjacent blade r ows r otate r e l ative to each other) the b l ade - row incidence 
angles can be correct only for an average exit flow from the preceding 
blade row. As to design) the a ssumption of axial symmetry enabl es the 
designer to fix hi s attention on the r adial distribut ion of the gas prop
erties at a station betvreen blade r ows by averaging out the gas - property 
variations in the circumferential direction. 

Simpl e r adial equilibrium . - An auxi liary simplifying assumption that 
has been found convenient is the a s sumpt ion of simple r adial equilibrium. 
The condition of si mpl e r adial e quilibrium further si mplifies the flow 
equations by considering r adial accelerations due to cu~!ature of the 
streamlines in the r adial - axi al plane equal to ze r o . Physici:'l.lly) thi s 
assumption does not mean that radial velocity components ar e ze r o ) but 
that the accelerati on due to curvature of the flow path i s negli gibl e . 

As t he trend shifts toward higher aspect rat i os or tOl-rard t r ansonic 
and super sonic compr essor s ) this assumption becomes i ncreasingl y i nappro
priate for two r easons : (1) '.The r equirement of hi gh mass f l ow per unit 
frontal a r ea in such compr essor s necessitates l ow hub- tip r adius r atios· 
i n the f irst stages ) with attendant high curvature of the annulus walls 
and large aspect rat ios. Hi gh pressure r ati os per stage gener ally mean 
taper ed passages . ( 2) Mai n - flovr r adial displacement due t o boundary
l ayer accumul ati ons ) especi ally i n the stator hub r egions ) may assume 
sizable pr opor tions at the hi gher Hach numbers as a r esult of secondary 
flovrs . These factor s combine to qualify seriousl y the physi cal validity 
of the si mple - r adial-equilibrium condition . 

Constant entr opy r adially. - Another auxiliary simplifying assump 
tion oft en used for compressor design is that the radial variation of 
entropy i s ze r o . Radial variation of entropy depends upon viscous dissi 
pation of ener gy and upon r adia l variat i ons of heat t r ansfer to or f r om 
the compr essor . I n the absence of cool ing ) the heat t r ansfer to or f rom 
a compr essor is negl igibl e . The e ntropy gradient can be consider ed negli 
gible in the inl et stages at all r adii except in the b l ade end r egions . 
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In conservative compressor s , therefore, the assumption of zero varia
tion of entropy radially is reasonable, at l east for the inlet stage 
(ref. 11 and ch . VIII (ref . 1)) . Flow conditions that result in in
creased losses and corresponding entropy r ises result in increased 
secondary-flow effects . The attendant r edistribution of increased
entropy fluids leads to nonnegligibl e radi a l entropy variations . In 
general this is the physi cal situation, at least in the rear stages 
of comp;essors. In these stages , if const a nt entropy radially is not 
assumed, agreement bet ween desi gn and act ual flow conditions may be 
considerably improved . 

Blade - Element Flow 

The assumption of b l ade - e l ement flow i s an important assumption used 
in conjunction with the axi symmetric appr oach. Both theoretical and ex
perimental considerations are invol ved . Underlying the assumption of 
blade-element flow i s the physi cal assumption that stream surfaces through 
a blade row are largely undistor ted and that the fluid, by and large, re
mains on nearly conical surfaces , i ndependent of the radial gradients . 
This assumption impl ies ·that the f l ow about any blade section or element 
remains the same regardless of whether the section is in a two-dimensional 
cascade or in an arbi t rar y r otor confi gur ation . 

The blade-element char acteri sti cs are obtained from measurements made 
on similar blade sections , usually i n t wo - dimensi onal cascades (ch. 
VI (ref. 1)). strong effort s are made to e l imi nate the distorting 
influences of the end-wall boundary l ayer s by means of various devices 
such as porous-wall boundary-layer suction, and so f orth . Empirical 
correlation formula s are thus obtained for t he flows about the blade 
sections for wide r anges of b lade - setting angles, soli dities, and flow 
velocities. In recognition of the i nf luence of three - dimensional flows 
and the wall boundary layers in annular configurations , experimental 
data are likewi se t aken from tests i n such configur ations (ch. VII (ref. 
1)) . Correlation s are obta i ned for the performance of the blade sections 
at various radial positi ons spanwise . Empirica l loss factors are thus 
developed to account f or t he viscous loss es t hat arise in flow through a 
blade row. As a result of continuing experiments , there is a large grow-. 
ing body of such information and data on compre ssor b l ade rows available 
for use (chs. IV to VII (ref s . 1 and 2 )) . 

When large devi ation s f r om the physical as s umption of flow on conical 
surfaces i ndependent of r adial gradients occur , the flow estimations based 
on blade-element flow become correspondingl y more inaccurate. At higher 
inlet Mach nuniliers and incr easi ng stage pr essur e r atios, stream surface 
distortions also increase , from secondary-flow boundary-layer displacement 
phenomena, for example . Unde r these condi tions the combined assumptions 
of axial symmetry and bl ade - e l ement theor y may no l onger give a satisfac
tory, physically valid f l ow pictur e at a gi ven measuring station. Con
siderabl e research is being devoted at pr esent to obtaining more inSight 
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into the natur e of the losses that result from flow t hrough a b l ade r ow 
and to obtaini ng better methods of accounting for the los ses than i s 
afforded by cur rent blade - element-flmr theories . 

I mpr oved Desi gn Theories 

Hi gh- output compact axial-f l ow compressor s , in or der to outperform 
conventional compr essors , must be desi gned t o oper ate at hi gher relative 
f l ow Mach number s , wheel speeds , and blade loading, with lower hub - tip 
radius ratios and axial l ength per stage, and with fewer stages . Experi 
ence indicates that under the se conditions t he r ea l flows in compressor 
conf i gurat i ons are differ ent locally from t ho se predicted by the simplified 
design methods to an extent whi ch suggests that the simplifying assump
tions t her e i n may be qual itati ve l y as well as quantitativel y wrong for 
such appli cations . The quanti tati ve diffe r ences arise f r om augmented 
boundary-layer phenomena such as viscous l osses , separ ati on effects , 
clearance effects , secondar y -f l ow effects , and other s as 1;{ell. The qual 
itat i ve differences include large di stortions in t he mai nstr eam f l ow sur 
faces . Near sonic velocitie s , the secondary-flow distri b ut i on may change 
drast i cally from that at subsonic flow conditions (ch. XV), with r esulting 
large local accumulations of low-energy flui ds that give rise to local 
blockage eff ects. Li kewise, near sonic velocitie s, small change s in flow 
ar ea mean large changes i n f low Mach number. 

Thus , even mi nor deviations f r om pr edicted flow directi ons and ex
pected boundar y -layer behavior ((1ue to secondary-f l ow effects or to three 
dimensional effects, e . g .) can cause l arge devi ati ons f r om design flow 
conditions . As a r esult of t he se deviations, mea surements in compr essors , 
particu l arly in the b l ade end regions, show the follOwing ma jor discrepan
c ies from design predicti ons based on two - dimensional-cascade data ( chs . 
VI and VI I (ref. 1 ) ): (1) Integrated total -pressure los ses across t he 
blade row are great er than pr edicted from blade - e lement iheory, (2 ) flow 
direction s devi ate f rom tho se pr edicted at the blade - row exit, and (3) 
the oper at ing r ange of angle of attack (without sharp rise in l o s ses) is 
differ ent f r om t hat predi cted . The measurements further i ndicate that 
these blade end-region effect s may account for half the observable l osses . 

To the designer seeking to achieve high-per formance compr essor s , this 
increaSing i nability to approximate sati sfac t orily the r eal flows i n actu
al compr essor s by means of i dealize d flows through si mple configurations , 
with corrections for the anti Ci pated diffe r ence s between the r eal and the 
simulated cases, pr esents pr oblems that must be solved. The importance 
of incorporating pr ogressively mor e compl ete soluti ons of the flmr equa
tions into compr essor design pr ocedur es has led to a series of experi
mental and theoreti cal investi gations . The r esearch towar d improved com
pressor design pr ocedures falls r oughly i nto two categories . One phase 
of t his r esearch has been devoted to lifting the r estricti ons on the de 
sign flow calculations - that is , using a more exact basis for design . 
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The results of these tnvestigations appear in report s for proposed design 
procedures such as improved axisJmmetric) quasi - three-dimensional- and 
three - dimensional-flow solutions . Another phase of the research has been 
t o make a series of individual studies of more restricted problems within 
a chosen over -all design approach . 

The succeeding sections of this report present brief reviews and 
discussions of some of the investigations into both aspects of the com
pressor design problem . A bri ef section is devoted to the timewise 
variations of the Bas properties in compressors exclusive of the surging 
and stalling phenomena (see chs . XI to XIII) . 

CO~WRESSOR DESIGN THEORIES 

Basic Equations 

FolloyQng reference 3) the state of a gas in motion may be specified 
in terms of its velocity V and two thermodynamic properties, enthalpy 
per unit mass H and entropy per uni t mass S . These are defined by 

IT 

and 

v2 

h + 2" 

t dB = du + p dp- l 

'rhe equation of state for a per fect gas i s 

p = pRt (3) 

As given in reference 3) the Navier - Stokes equation of motion for a real 
fluid with constant viscosity is 

The energy equation is 

(5) 

The continuity equation is 

(6) I 

I 
I 

J 
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Equations (1) to (6) are combined to give general flo"T equations (7) 
to (10) . 

Equilibrium equation . - The equilibrium equation 

- - (-) dV [2rr 1 ( - ~ \7H =!F + t\7S + Vx \7xV - ~ + v \7 V +"3 \7 \7 , V)J (7) 

expresses the instantaneous gradient of total enthalpy at a measuring 
station in ter ms of blade for ce, viscous forces, veloCity, entropy gr adi 
ent, and so forth . For design plITposes , the desired velocity diagram and 
thermodynamic proper ties of the gases ar e determined at measuring stations 
between successi've blade rows . In such locations , the blade force ji- is 
zero, and the flow is gener ally presumed time - steady j that is , dV/ d't is 
zero . The last term in equation ('7), in the brackets , represents the 
results of viscous action . In reasonably efficient flow, at least 
through the main flow except in thin boundary- layer regions , this term 
is sm~ll . Ther efore , for design purposes , the last term is considered 
negligible . 

The flow at the measur ing station is considered inviscid . Physical
ly, this is equival ent to assuming that the variations in veloCity caused 
by viscous effects in the fluid in the spaces between the blade rmTS 2.re 
small compar ed with the variations in velocity at those stations which 
are the r esults of viscous diSSipation within the blade rows upstream . 
Thi s appears in general to be a reasonable assumption . At any r ate , the 
correction factors used to account for boundary- layer effects can accom
modate such viscous l osses as may arise in the space between blade rows . 

Equation (7) thus becomes 

\7H = t\7 S + V x (\7XV) (7a ) 

where \7XV i s the absol ute vor ticity I of the fluid . Thus , the modi
f i ed equilibr ium equation 

\7H t\7S + vxI (7b ) 

shows how the gradient in total enthalpy at a measuring station is rela
ted to the gradient of entropy and the absolute vorticity of the fluid . 
The aer othermodynamic equati ons for rotating blade rows can be expr essed 
more conveniently in terms of relative velocity vector V', entropy S, 
and a quantity I in place, r espectively, of absolute velocity vector 
V, entr opy S , and total enthal py H. The relative quantities I and 
V ' are defined as follows (ref . 8 ) : 

I 
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In cylindri cal coordinates ) with z - axis (of machine) parallel to 

v ==' V I + (J)xr 

The modified equilibrium equation for a rotating system can thus be 
written 

(7 c) 

Energy equation. - The ener gy equation i s 

~~ ~ Q + ~ + H~ +Y.? +V [v"v + ~ V(v.V)J} (e) 

The substantial derivative D/DT; indicates that the var iation in total 
enthalpy of a particle along its str eamline path from station to station 
is expr essed by equation (a) ; whereas) equation (7) is used to define 
the variations i n total enthalpy from streamline to streamline at a fixed 
station. The rate of change of total enthalpy per unit mass of fluid 
along a streamline is seen in equation (a) to be a function of the rate 
of external heat addit ion Q) the r ate of viscous di ssipation of useful 
energy along the patb, ~/p ) the r ate of work done by the blades) measured 
by y .jr, and the viscous effects on the velocity distributions as meas-

ured by the last term \I[ v~ ! S Vr,:v ·y) J. In the case of steady r eal 
flow through a rotor) the V ·~ is the predominating term on the right 
side of equation (a) . For the r eal flow through a stator blade row, all 
the terms on the right side are usually small enough to be ignored. 

For nonviscous flow, the energy equation becomes 

(aa) 

and there is the additiona l r e lation that the blade force is normal to 
the blade surface (normal to the.relative ve locity of the fluid) , 

(v - U) .j- = 0 

Thus, the energy e quation for nonviscous flow through a stator i n absolute 
quantities is written 

DH 
DT; 

(ab) 

- ---~ 
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Correspondingly, in terms of relat ive quantities , the ener gy equation for 
nonviscous flow through a r otor i s wri tten 

DI = Q + 1: dp 
D-r p d::r 

(8c) 

According to this equation , for steady adiabatic flow the entropy and the 
quantity I remain constant along r elative streamlines through the rotor. 
For steady r e lative flow, the rate of change of I along a streamline 
is proportional to the change of Q along the streamline. In addi -
tion to their convenience mathematically in finding the flows through 
rotating blade rows, the relative quantit ies help greatly in clari-
fying physical occurrences in nonviscous fluid flows in r otating 
turbomachines . 

In compressors, the externa l heat exchange Q is small. I f Q is 
negl ected, f or inviscid steady flovT, equation (8) becomes 

(ad) 

which is equivalent to (~ef . 3) .. 
DH D(rVe) 
- = ill -=----
D-r D'r 

(8e ) 

that is) the rate of change of enthalpy along a streamline (work done on 
the gas ) is equal to the angular speed of the blades multiplied by the 
rate of change of angular momentum about the compressor axis of the par ti 
cle along the streamline. In terms of relative quantities, 

DI = D-r 
DH 
D'r 

(8f ) 

Maintaining the quantity I constant is a more concise but equi va
l ent ~~y of expressing that the r ate of change of total enthalpy H 
along a streamline i s equal to the angular speed of the blade multiplied 
by the rate of change of whirl of the gas str eamline as i t pa sses through 
the rotor . This is Euler1s turbine equation . 

For conventional compressors, the rotor s ar e often designed to add 
the same amount of energy to t he gas at all sections radi ally; that i s ) 
H is kept "radially constant t hrough the machine for desi gn purposes . 
For free -vortex distribution and addition of whirl) I i s r adially con
stant throughout the maclnne . 

Entropy equation. - The entropy equation 

DS=.s+R! m t p 

CONFIDENTIAL , 

(9 ) 



r -----.-- --_. __ ._-- --- ---.- - .--~- .~-----.. --- ... - -"-

NACA RM E56B03b CONFI~IAL 139 

indicates that the r ate of change of entr opy a l ong a streamline depends 
only upon the rate of exter nal heat addition and the rate of viscous 
dissipation of useful ener gy . As observed earl ier, Q, the external heat 
exchange rate, can be consider ed zero f or compr essors . 

The first two terms i n equation (8) are thus seen to be a measure of 
rate of entropy change a l ong a str eamline : 

Continuity equati on . - The continuity equation 

_ 1 D l n t D (8) 
\1. V + Y _ 1 D't - D't R = 0 (10) 

which is the l ast of the gener a l f low e quations presented ~erein, ex
presses the conti nui ty r e l ation i n terms of diver gence of velocity, r ate 
of change of temper ature f unction, and r ate of change of entropy . 

Axi symmetric- Flow The ory 

In order to si mplify t he anal ysi s , the f low about the axi s of rota
tion is usuall y assumed symmetrical. As has been discussed pr eviously, 
this is often interpreted physi call y as assuming that the number of bl ades 
is allowed to incr ease without limi t i n such a way as to keep the t otal 
circulation constant , and accordingly the f l ow appr oaches the axisymmetri c 
solution as a limi t . Mathemati cally , the action of the blades can be com
puted by representing the b l ades by a vol ume distr ibution 'of for ces in 
the flow equations . ~he magnitude of the for ce at a point is obtained by 
maintaining the pr oduct of the number of bl ades and the resultant force 
constant at any poi nt on a blade as the number of blades is increased . 
The re sul.tant for ce i s the dif f er ence between t he forces on the two sides 
of the blade. The f l ow follows str eam sur faces) and the derivati ves in 
the equations refer to changes of the f l ui d pr oper ties on the str eam sur 
faces. This kind of sol ut i on, whi ch gives aver age values in the cir cum
ferential oirecti on , i s usually valid when the departure from that average 
is small. For incompr essibl e f r ictionl ess f l ow, when the blades ar e thin 
and the solidity fairly high, the sol uti on can be considered as appl ying 
to the mean str eam sur face between two bl ades based on mass - flow con
siderations (:ref . 12 ) . 

Equilibrium equation . - Al l par tial derivative s of gas properties 
.lith r espect to t i me and angular positi on are taken as zero for steady 
axisymmetric flow . With thi s simpli fication and neglecting the viscosity 
effects) the radial ) tangenti a l , and axi al components of equation (7) 
become 
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and 

oR - !F dr - r 

\ 

08 Ve o (rVe) OV OV 
+ t dr + -r- --""dr-- + V z dr z - V z dZ

r 

oR = t7r + t 08 + V OV r V OV z + V aVe 
dz " z dz rdr"- rd"T edz 

(lla) 

(11b) 

(llc) 

Equation (lla ) is the r adial- equilibrium equation. At a station bet ween 
blade rovrs, fFr is zero . For the usual assumption of constant entropy 

radially, the second term on the right side is taken to be zero . ~le 

fifth term represents the effect of radial tnotion on the condition of 
radial equilibrium and is neglected (ch . VIII (ref . 1)) for the assumption 
of simplified radial equilibrium . The simplified-radial- equilibrium equa
tion is thus generally written as follows for design purposes : 

or , by differentiating and combining, 

(lld_ ) 

Ener gy equation . - From equation (8 ) for steady axially symmetric 
viscous f l ow and the assumption that heat gener ated by frictiona l work 
r emains in the stream, DH/D~ can be written as 

DR 

in which Q is generally considered zero . This same relati on was pre 
viously derived for frictionless steady flow (eq . (8e )). 

Ent r opy equation . - For axially symmetric flow, equation (9 ) becomes 

DS _ ::c 

D~ 
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(12b) 

Continuit y equat ion . - For axisymmetric flow) equation (10) becomes 

1 r + z + 1 V e In t VeIn e(rv) eV ( 

r dr ~ Y - 1 r dr + Z oz 
t) _ V e(~) _ V 
r~ z 

I mproved Flow Theories 

e(~) 
R - 0 (jZ-

(13) 

Desi gn theorie s have been presented that dispense with several of 
the flow assumptions made for the simplified axisymmetric designs. The 
first of these (ref . 3) used a modified equation (lla ) for the radial
equilibrium condition ( see ch . VIII (ref . 1) for details) in lieu of equa
tion (lId), the simplified-radial-equilibrium·condition. In succeeding 
reports (refs. 5 to 7)J the theories are extended to finite numbers of 
blades. In reference 8J a through-flow theory is developed; and the 
effects of blade thickness are considered in references 13 and 14. 

Radial-equilibrium condition . - Tne preceding analysis, as developed 
in reference 3 J has led to the development of six equations with eight 
independe nt variable s J namely VeJ Vr , VzJ T eJ STrJ SlZJ HJ and S. Of 

these e quat ions ((8e), (lla) , (llb)J (lIe), (12a), and (13»)J five are 
independent . For nonviscous f lowJ the follOwing relation must hold: 

(14) 

as discussed earlier . 
place equation (i3e) . 
equation (1 2a). 

This provides a sixth independent equation to re
For this case J equation (12b ) is used instead of 

For viscous flow) a sixth independent relation is developed (ref. 3) 
for the rat e of change of entropy along a streamline , in terms of n, the 
polytropic exponent of the flow process : 

where 

DS = n - Y (veIn t + veIn t \ 
D~ R Cn - l) (Y - 1) r dr z dZ) 

n = I 
l_~y-l 

TJp y 

and ~p i s the assumed design polytropic efficiency . 
CONF\DENTIAL 
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For the design pr oblem, two degrees of f r eedom ar e thus available . 
Accordingly, the desirable variation of two of the gas properties , one 
of which is usually Ve, can be specified; and the vari at i on of the other 
gas properties and the blade force can then be determined theoretically . 

Current desi gn procedure i s to specify desired gas conditions at 
stations in 'the gaps between blade rows only, where the blade-force terms 
are zero. One of the two available degrees of f r eedom i n going from one 
such station to the next is taken up by the b l ade secti on selected . Ac 
cordingly, except at the f irst -stage i nl et , ther e is only one condition 
at each station which the desi gner can specify . 

No gener a l anal ytical solution is pr esented in r efer ence 3 , but two 
numerical methods of solution ar e suggested. I n one method, the desi gn 
equations are written as finite - difference equations and applied to suc 
ce ssive closely spaced axial stations. The second method employs only 
three stations per stage but assumes the shape of the r adial- flow paths 
between stations . Thi s method is considerably simpler to apply than the 
first. In reference 3, with assumed sinusoidal radial-flow paths , a form 
of the r adial- equilibrium equation is developed vrhich shows that the ef 
f e cts of r adi a l motion ar e functions of the radial displacement , the 
square of the axial ve'loqi ty, and the square of the blade -ro", aspect 
r atio. 

Summarizing briefly the r esults and conclusions of r efer ence 3) an 
investigation was conducted int o the r adial motion of the flow in a tur
bomachine by means of . ·an axial-symmetry theory that does not assume 
si mplifi ed radial equilibrium . Blade aspect ratio had an important ef 
fect on the radial moti on . The amount of radia l motion depended al so 
upon the passage taper, hub - t ip r atio, speed of the main flow and design 
type (velocity diagram). Thus, for l arge blade -row aspect ratio or high 
axial velocity even with a small amount of radial displacement , the ef 
fect of r adial motion may be large (i . e ., a large oscillatory radial 
motion may be expected within the bl ade r ow). In r eference 3} r adial 
entropy gr adients we r e neglected. Under certain conditions (ref . ll)} 
these gradients have been shown to be important . 

The results of a simplified analysis by the methods of reference 3, 
assuming sinusoidal flow paths through the blade r ow, ar e found in r ef 
erence 15 to compare favorably with the reGults obtained by improved axi 
symmetric and three -dimensional analyses . 

The analysi s presented in reference 3 , while it gi veG much useful 
information concer ning the flow within blade rows} does not readily yield 
information concer ning the flow just upstream or just downstream of such 
blade rows . The distribut ion of f low properties near a blade row is con
si dered as an i ndividual study in r eferences 16 and 17. The problem is 
t r eated as an invest i gation into the matter of the flow near a blade row 
r ather than with r egard to deSign , and therefore is discussed in this 
report in the section SO~lli ASPECT~OF THREE- DIMENSIONAL FLOWS . 
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Finite blade spacing . - The design theories are extended from the 
b l ade systems with infinitesimal blade spacing (i. e., axially symmetric) 
to systems with f inite blade spacing in an interesting series of reports 
(refs. ~ to 7). The procedure requires the axisymmetric solution for 
the f low as a first step . Reference 5 first presents the axisymmetric 
solution for the complete inverse (design) problem; that is, neither 
the blade shapes nor the wall geometry is specified in advance. The 
axial-flow-compressor designer starting with a reference streamline does 
specify the desired radial variation of the axial velocity component Vz 
(as in ref. 5) and an enthalpy function J dp/ p . By integration of the 
continuity equation (for isentropic flow in refs. 5 and 6), the radial 
velocity component Vr i s obtained . The tangential velocity component 

VB is next obtained from the ener gy equation. The continuous force field 

that replaces the blade system in axially symmetric solutions can then be 
calcul ated from the Euler dynamic e quations for axially symmetri c f low. 
The infinitesimally spaced blades (stream surfaces) can be computed by use 
of the streamline equations 

dr Vr 
dzZ V z 

rdB VB 
dz == V

z 

and the inlet conditions. Thus, the compression ratio, the form of the 
air foils, and the flow around them can be determined. 

When the cascade of blades with infinitesimal spacing and axially 
symmetric flow is replaced by a cascade of blades with finite spacing, 
the flow can no longer be consid~red circumferentially uniform. The 
uniform for ce field, which in the equations replaced the effects of the 
blades in the axially symmetric case , is in turn replaced in the equations 
by the asymmetric i nertia and pressure terms, the d/ae terms, that had 
earlie r been neglected . Changing the force field and adding circumferen
tially asymmetric terms means that the streamlines of flow must change as 
well. One set of "mean" stream surfaces , considered to be halfway between 
the finite-spacing bl ades , i s assumed "frozen,"' that is, unchanged. All 
the other streamlines shift and deform. This means the velocity and pres
sure terms must also change. 

Corrective terms are to be found, which are to be added to the axi
symmetric flow in order to obtain the asymmetric flow in the spaces 

-1 
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between blade s . These corre ct i ve ter ms a r e obtai ned as a power - series 
deve lopment for the flow - variabl e ch anges in t e r ms of a spacing param~ter 
1\r ) t he angular di stance f r om the f r ozen str eamline sur faces . Recurrence 
f ormulas a r e developed for t hese corrective terms) and an i ter ati on pr oc 
e ss is set up for t he desired solut ion. For simplicity) it is a s sumed 
that the changes in t he flow vari ables are small enough t hat onl y t erms 
linear in 1\r need be kept . This i s equivalent to assuming a linear pres 
sure variation across each passage . 

Thus) when the r adial variations of a velocity component and of an en-
.thalpy (pre ssure ) function ar e pr escribed ) the steady) nonviscous three 
dimensional flow through a cascade of blades with f i ni t e spacing can be 
found. For the two - dimensi onal solution (ref . 7)) only the enthalpy 
funct ion need be prescribed . While airfoils of finite t hicknes s can be 
designed in thi s way) the numerica l example of r eference 7 is actually 
for a casca de of line (zero - thickness ) airfoils with shapes approximating 
closely the s t reamlines found for t he axisymmetric solution and with small 
lift coefficients. A fur ther extension to the viscous - flow case is made 
in the appendix of r eference 7. ' The methods developed in references 5 to 
7 are i nstructive ) as ~hey indicate that the blade - to -blade variations 
with finite numbers of blades of finite thickness can be t r eated a s per
t urbations on a mean) ' Pfr ozen" str eamli ne . However) in the nonviscous 
case (e.g.) ref . 7)) the' Bauersfeld condition that) for a nonviscous 
fluid, the force field must be perpendicular to the str eamlines defining 
the blade surfaces was not considered . And i n the treatment of the 
viscous -flow case (appendix of ref . 7), it was not possible in the one 
step perturbation method t o satisfy some boundar y conditions and obtain 
closur e of the nose and t r ailing edges of the blade s . 

In a ser ies of reports (refs . 18 to 20) , a treatment of the viscous 
flow through infinitely many thin blades is developed and extended, using 
the f rozen- streamline notion, to develop the theory for an iteration pr oc
ess for the viSCOUS , laminar, incompressible flow through blade rows 
with a finite number of blades of f i nite thickness . The applicat ion of 
this considerably more complex procedure greatly improves the solutions 
and makes possible the closure of the blade surfa ce at the nose and 
t r ailing edge . Even with this pr ocedure, however, it is necessar y to 
Telax the boundary condition of zero veloc~ty (no slip) at the blade sur
faces in order to linearize the problem suffi ciently for possibl e 
solutions . 

Through-flow t heor y . - A further gener alization beyond the simpli
fied axisymmetri c - f l ow approach ) t he through- flow theory (ref . 8 ), con
si ders the flow along an arbitrary surface S(r,e,z) = C. Retaining 
the blade force terms ff in the equations of motion partially takes into 
account the circumferential variat ions of pr essure (ent halpy) and denSity . 
The deve lopment of the analysis presents a unified theory ; that is, the 
direct and i nver se problems are solved for compressible flow , e i ther sub 
sonic or supersoni C, for arbi t rary blade and wall shape s , and for high-
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solidity, thin blades. A principal equation is developed from the con
tinuity equation, the equation of motion in the r adial direction, and 
through use of a stream function . Two main groups of desi gns are COn
sidered. In the first group the designer prescribes the variation of 
the angular momentum. This group includes the free-vortex type, the 
wheel type, the symmetrical-velocity-diagram type, and so forth . In the 
second group of designs a relation between the tangential and axial veloc
ities is prescribed. This group includes such radial-blade-element con
figurations as are found in high-speed centrifugal and mixed-flow 
impellers. 

Criteria are established for both groups to determine whether the 
principal equation is elliptic or hyperbolic, roughly whether the flow 
is subsonic or supersonic. ~{o methods are presented for solving the 
elliptic case. I n one method the equations can be expressed in differ
ence form and solved either by relaxation procedures or by a suggested 
iterative procedure if a high- speed large-scale digital computing machine 
is available. ·The relaxation procedure, for which the machine can also 
be used, is preferred. The other .method suggested, machine solution of 
the set of simultaneous ·equations by a matrix process, is much quicker, 
especially when a number of solutions is to be found. The details of 
this matrix method are 'g~ ven in reference 21. 

Blade thickness. - In standard design procedures, the axisymmetric 
solutions provide "mean-line" information that can then be corrected for 
the effects of blade thickness by use of experimental data. A simple 
extension of the through-flow theory (ref. 8) incorporates some of the 
blade-thickness effects directly in the design procedure. For blades that 
are not thin, an approximate blade thickness factor b is included in 
the definition of the stream function. Better physical understanding of 
the significance of such a blade thickness-correction factor is obtained 
(refS. 13 and 14) by analyses of the effects of blade thickness on flow 
along a mean streamline on a blade-to-blade flow surface. 

In a thick-bladed turbine configuration (in order to emphasize the 
effects) with subsonic incompressible flows , the mean str~amline based 
on mass flow in the channel has less curvature than either the mean 
channel line or the mean camber line . The variation in the axial com
ponent of flow ~s nonlinear across the channel; the specific mass flow 
pV~ along the mean streamline was about 4 percent higher than that ob-
tained by a one-dimensional calculation based on channel-width reduction. 
Furthermore, the influence of blade thickness extends a short distance 
upstream and downstream of the channel. The tangential velocity on the 
mean streamline rises above its inlet value before the leading edge and 
decreases rapidly at first through the channel and then more slowly to a 
value below its exit value for some distance downstream of the trailing 
edge. 
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For compressible flows, the mean streamline appr oximates the posi t i on 
of the mean channel line better than for incompressible flows but still ha s 
a lower curvatur e . The effects of blade thickness on tangential ve l oc 
ities of the mean stream and on specific mass flow ar e similar to, albei t 
somewhat larger than, the corresponding effects in the incompressible 
case. The variation in specific mass flow was higher than that given by 
the one-dimensional calculations based on channel width, and the effect 
was observed outside the channel. 

For supersonic flows (ref. 14) in a configuration with higher solid
ity and thinner blades, the mean streamline conformed more closely to the 
mean camber line than for the other cascade with lower solidity and thick
er blades. The analysis using the thickness-correction factor b shows 
that the specific mass flow along the mean streamline increased an average 
of 9 percent more than anticipated from a one-dimensional calculation. 
Comparison of the specific mass flow in the axial direction wi th the vari 
ation in channel width likewise showed a 9-percent increase on the average 
in specific mass flow axially over the area reduction. This increase, it 
will be noted, is more than twice the value obtained for the previous sub
sonic cases. The variations of axial and tangential velocity components 
on the mean streamline 'are correspondingly increased. 

, , 

For the symmetrical nozzle configurations (no turning), the i ncrease 
in specific mass flow along the mean streamline ,at supersonic flow con~ 
di tions was about 8 percent higher than expected from a one-dimensional 
calculation. 

Three-Dimensional Theory 

A general three-dimensional, nonviscous, compressible-flow theory is 
developed in reference 10 for subsonic and supersonic turbomachines with 
finite numbers of blades of finite thickness. The theory is applicable to 
axial-, radial-, or mixed-flow turbomachines for both the direct and in
verse problems. Such a theory may be required,~or the case of low hub
tip radius ratios and for highly loaded stages with high inlet Mach num
bers, where two-dimensional solutions may be inadequate. 

As in earlier reports, the equations ot motion, energy, and con
tinuity are expressed in terms of the velocity components, entropy, and 
the quantity I (a modified total enthalpy). Estimated entropy change~ 
due to shock waves, heat transfer (turbine cooling), and viscous effects 
can be accommodated in the calculations. 

Analysis. - A three-dimensional-flow solution is obtained by com
bining solutions for mathematically two-dimensional flows on two different 
kinds of intersecting relative stream surfaces (fig. 1). A stream SUr
face Sl of the first kind is one traced out by fluid particles initial-

ly, at some axial position, on a circumferential circular arc of fixed 
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radius about the axis of the machine . The blade - to -blade variations of 
flow can be computed on such surfaces (which extend from the suction sur
face of one blade to the pr essure surface of the adjacent blade) in an 
essentially two-dimensional fashion . Suitable stream functions are de
fined that facilitate the solutions . 

These Sl surfaces wi l l i n gener al be twisted (fig. 2); ' that is, 
the flows are not restricted t o surfaces of revolution as in quasi
three-dimensional solutions devel oped elsewhere . The Sl surfaces 

can be modified and redefined in order to cope with the large circum
ferential derivatives that r esul t from cases of large surface twist. 
Complications arise in regions where , because of secondary flows, for 
example, particles l eave the ,valls and f l ow onto the blade surface, or, 
as is more likely, l eave the b l ade surface and flow onto the wall or even 
out into the passage . I n these r egions it is necessary to approximate a 
solution by assuming that the fl ow follows the hub and casing walls. 

A relative stream sur face of the second ki nd S2 is one traced out 

by fluid particles which , at some axial posi tion, were initially along a 
radial or nearly radial' line . The most' i mpor tant S2 surface is the one 

that starts midway between two bl ades (f i g . 1) and diVides the mass flow 
in the channel between the b l ades i nto t wo appr oximately equal parts. 
The through-flow solution obtained for lar ge numbers of thin blades 
is a special case of S2 stream surface solut i on . The problems of 

surface twist and complications near the boundaries for S2 surfaces 

are similar to those already descri bed for Sl surfaces . 

In general, the three - dimensi onal solutions for both the direct and 
inverse problems employ the solutions on both these two, kinds of surfaces. 
The correct solution on one kind of surface often r equires information 
obtained from soluti ons of the other kind . For example, determination 
of flow on 81 surfaces requi r es informati on concerning the radial' vari-

ation of the velocity components that is obtained from solutions along 
the 8 2 surfaces. Consequently, iter ative solutions between the two 

kinds of surfaces may be r equi red . However, the computations are essen
tially two-dimensional and can be handled by pr esent computational tech
niques. A general method is pr ovided for sol ving the flow equations 
manually or by high- speed digital machine computati ons. 

In the direct problem, the sol ution star ts with an assumed flow sur
face and proceeds with successive alter nate solut i ons on the two kinds 
of flow surfaces until a satisfactor y appr oximation is obtained.- The 
better the first approximation, the shor ter the computation. 
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The process is usually shorter for the inverse problem. The calcula
tion begins on the mean S2 surface on which the designer has one degree 

of f reedom and an estimated blade thickness distribution B to specify. 
After the solution on this S2 surface has been obtained, the blade co-

ordinates are determined by extending the solution circumferentially. 

Initial approximations . - The computations of the general theory 
for three - dimensional flows can be shor tened mater ially by starting the 
iteration procedure with a reasonabl y good first approximation of the 
detailed flow variation . Refer ence 22 pr esents a quick approximate solu
tion for the two - dimensional , compr ess i ble , subsonic, nonviscous flow past 
arbitrary turbomachine blades on arbitrar y surfaces of revolution. ' 

The first step in this particul ar solution is to estimate a mean 
streamline shape and the specific mass flow (product of velocity and den
sity) along it . (For alternate methods , see ch . IV (ref. 2) . ) Equations 
for the flow along stream filaments of revolution ar~ then solved to ob
tain values of the density and vel octty components separately and of their 
derivatives in the circumferential dir ecti on . Next a Taylor series ex
pansion in the circumfer~ntial direction using these values, together with 
mass -flow integrations , pr ovi des cal culated blade shapes . Finally, an 
iteration procedure is set ~p in which the variance between the calcu
lated blade shapes and the actual blade shapes provides the information 
requir ed as a starting point for the second cyc l e . According to ref 
erence 22 , depending upon the configuration and the original estimates, 
the detailed flow variations can be sui tably obtained in two to four 
computation cycl es. 

Solutions on flow surfaces Sl and S2 ' - The three - dimensional 

anal ysis of reference 10 can provide a c l ear er understanding of the flows 
uncomplicated by viscous , secondary-flow effects than was obtainable f rom 
the simplified solutions. More compl ete knowl edge about the effects of 
the main stream on the development of viscous boundary l ayers may then 
aid in understanding the secondary-flOW behavior in the turbomachines. 

The practical utility of the more accurate flow representation of 
reference 10 depends, of course, upon its susceptibi lity to accurate and 
quick computation. Reference 23 is an investigation of the mechanics of 
obtaining solutions for the principal flow equati ons of the genera l three 
dimensional-f,low theory. 

It will be r ecalled that the three - dimensional solution was obtained 
by combinations of mathematically two -dimensional solutions on two kinds 
of intersecting relative stream surfaces, designated Sl and S2 ' The 

prinCipal flow equations for both kinds of surfaces are Similar, and the 
methods of successive approximations used for their solution are similar. 
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If it can be shown that the solution on one of the surfaces converges 
readily, the solution on the other should converge as well. Reference 
23 evaluates three methods for obtaining solutions on the 82 surfaces: . " 
(1) a relaxation method using hand-oper ated desk calculator, (2) a matrix 
method on an IBM card-programmed electronic calculator, and (3) a matrix 
method on a Univac. The actual machine analyzed was a single-stage axial
flow turbine, but the r esults are equally meaningful to compressor design. 
Free-vortex variation in tangential velocity and cylindrical bounding 
walls were specified to reduce radial-flow effects. The blades are quite 
long, however, with hub-tip radius ratio of 0. 6 . 

For both relaxation and matrix solutions, the nonlinear partial dif
ferential principal equation is replaced by a number of finite-difference 
equations representing the principal equation at the number of grid 
points in the flow region. The equations are solved by a method of suc
cessive approximations . The accuracy of such solutions depends upon the 
grid size (number of points), the degree of the polynomial representation 
used, the size of the re siduals accepted, and the number of successive 
cycles completed for convergence. 

Convergence was r eadily obtained in all cases of the investigation. 
The indications are that the matrix methods were quicker and somewhat 
more accurate than the relaxation solutions. In any event, the calcu
lations were feasible and not overly difficult for the solution of the 
flow on a flow surface, one step in the over-all three-dimensional-flow 
solution. 

Information concerning the detai led flow distribution (ref. 22) and 
particularly concerning the relations of the pressure gradients and 
blade shape to radial-flow components (ref. 23) is discussed in the 
next main section of this chapter. 

Evaluation and relation to previous methods. - Because of the com
plexity of the over-all three -dimensional design theory, very little has 
been recorded about experience in its use. Little i nformation is avail
able concerning the convergence of the i t eration procedures or the magni
tudes of the random errors of the computational methods. At present, this 
three-dimensional theory may serve best as a useful guide for evaluating 
experimental data . 

As noted in reference 10, the through-flow solution (ref. 8) can be 
considered as a limiting case for the more general three-dimensional solu
tion. It may be r egar ded, for example , as the solution for the flow along 
the 82 mean stream surface that divides the mass flow equally when the 

circumferential variation of the vel ocity components approaches zero. 
Thus, the through-f low solution serves to indicate trends when the effects 
resulting from having a finit~ number of blades are small or constant. 
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\ 

In this connection) the use of a blade thickness factor, based on informa
tion about blade thickness effects such as obtained, for example, in ref 
e rence s 13 and 14, should improve the solutions considerably . 

The effects of compr essi bility, spanwise variation of cir culation 
V r:r) and radial components .r r or distributed-for ce vector ff upon 

the r adial variations of gas state in a single - stage and in a seven- stage 
subsonic compressor with symmetrical velocity di agram ar e studied in ref
erence 15. The re sults of these studies are pre sented briefly in the 
next main section. The investigation includes a br ief discussion of the 
comparison between simplified-radial-equilibrium solutions and the solu
tions according to reference 3, while employing solut ions obtained by 
means of the through-flow and three-dimensional theori es (refs . 8 and 10, 
respectively) as criteria for accuracy . In this comparison, at axial 
stations in front of and behind the rotor of the Singl e - stage compressor 
the simplified- equilibrium solution and the limiting solut ions of ref 
e rence 3 (zero and infinite aspect r atios) produced r ather poor approxi 
mations to mor e complete solutions . The simple approxi mation to the 
streamline path suggested in reference 3 , with an assumed sinusoidal path 
through the rotor, gave a good approximation to the three - dimensional 
solution in the case investigated in reference 17. 

SOME ASPECTS OF THREE-DIMENSIONAL FLOWS 

The f ormidability of the complete three -dimensional design theor y 
makes its application to compressor de si gn somewhat impractical at this 
time . Nevertheless , considerable information about the three -dimensional 
aspects of t he actual fluid behavior in compressor s i s required for de 
si gn purposes. Such information has been obtained most successfully from 
many experimental and theor etical studies, each directed and confi ned to 
a particular phase of the real flow . By r estrict i ng the scope of a 
particular study, the investigator can make sweeping assumpti ons which 
simplify his solutions gr eatl y . He need only be careful that his assump
t ions do not qualify the particular aspects of the flow bei ng investiga
t ed. In the following subsections , several such phases of the over-all 
three -dimensional- flow behavior ar e described briefly, such as the ef 
fects of radial variations of circulation and of blade loading, r adia l 
components of flow within and between the blade r ows , the effects of 
compressibility and of blade-force components, and some secondary-flow 
effects. Only steady-flow phenomena are considered here . The time
unsteady f lows are considered in the next main section of this chapter . 

Radial-Flmv Variations 

In order to facilitate the investigations of the effects of r adial 
variation of Circulation, the flows are generally assumed axially 
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symmetric and nonvi scous , with constant entropy and enthalpy radially at 
the inlet. Even f or t he se condi t ions , t he solutions f or the governing 
equations are simpl e onl y for the i ncompr essible case of vortex distri 
bution of the tangential velocity component, t hat i s , constant circula
tion spanwise . For this condi t ion only, the flow is t wo - dimensi onal 
and the streamline s all lie on cylindrical surfaces. For conditions 
of inconstant circulation radially, according to Prandtl ' s theor y, 
vortices trail f r om t he blades with their vorticity vectors downstr eam 
in the flow dir e ct ion. The flow equations are then nonlinear , nonhomogen
eous partial differential equations; and the flow itself is no longer 
confined radially to cylindrical surfaces. The aerodynamic advant a ge s 
to be gained by use of nonvortex desi gns (i.e., lower re l ative ve l ocities 
in the case of solid-body rotation design) must be weighed against t he 
radial-flow component s which arise and which can be cal culated only with 
difficulty. Neverthele ss, t he aerodynamic advantages associated with non
vortex designs have frequently been beneficial enough to outwei gh any 
detrimental effect s. 

Radial-flow shift s. - The radial- flow displacement that occurs wi th
in blade rows, both rot~ting and stationary, is discussed in r eference 3. 
Her e the use of a sinusoidal approximation to the probabl e flow path was 
suggested in a calculation procedure based on this kind of assumed curve. 
For a subsonic si ngle-stage and a subsonic seven-stage compre s sor de
signed for symmetrical velocity diagram at all r~dii, reference 15 com
pares the simplifi ed-radial-equilibrium solution, the assumed si nusoidal
flow-path solution ( si ngl e st a ge only) (ref . 3), the through-fl ow solu
tion (ref. 8), and the three -dimensional solution (ref . 10) . Using ref
erences 8 and 10 as criteria , r eference 15 f ound that , in the single-stage 
compressor, the sinusoi dal-f lo"l-T-path assumption gave answers that agreed 
closely with the mor e complete solutions . The simplified-radial
equilibrium sol ution did not agree well. 

One conclusion rea ched in reference 15 is t hat , while compressi bility 
does not change the str eamline shapes very much, i t does affect the veloc
ity components a great deal . Another conclusion is that the gas under
goes an oscillator y r adial motion in passing through t he compressor. The 
period of the oscill atory mot ion i s equal to t he length of a stage . The 
gas (e.g., ref. 15) shi ft s i nward t hrough the inlet guide vanes and the 
f i rst rotor and then outward in the f i rst stator, the effects of this 
oscillatory motion being greatest in high-aspect-ratio stages . In gener
al, the shift thr ough the guide vanes , if present, is al ways inwar d. The 
shift through the r ot or depends upon the particular ve locity diagram and 
may be inward (for vel ocity di stribution t hat i s wheel type in the dir ec 
tion of the rotor rotati on), may not shift (free vortex) , or may be out
ward (wheel type i n opposi te direct ion to rotor rotation) . In a ve l oci ty
diagram analysis, refer ence 24 shows that for inward r adial shift in 
a rotor the negati ve r adial gradient s of t he axial velocity components 
behind the rotor lead to undesirable dif f usion fact ors at the rotor tip 
and high stator-inlet Mach number s . 
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By choosing a wheel- type flow distribution at the rotor inlet counter 
to the rotor direction with vortex distribution i n the rotor, a radi ally 
outward shift in mass flow may be ob tai ned . Thi s should l ead to mor e 
favorable diffusion-factor and Mach number distributions . 

Reference 23 points out that the axial component of velocity is 
constant radially for free -vortex blading only for the case of simplified 
r adial equilibrium. I n the more gener al case, including, for exampl e, 
the effects of radial variation of entropy and enthalpy, considerable 
radial variation of the axial vel ocity components results for both in
compressible and compr essibl e flows . I n all such cases described in r ef 
erence 23 (turbine configurations ) , there was a negative r adial gradient 
of axial velocity ahead of the rotor. 

Reference 23 indicates that the actual path within the blade row may 
be far from sinusoidal and depends upon such factors as radial twist of 
the stream (due to :F.., r adial component of the dist ributed-force term) 

r 
and compressibility of the gas . 

Flow near blade r ows . - Reference 16 provides i nformation about the 
flow near a b l ade r ow, just upstream or just downstream . I t i s first 
noted in reference 16 tnat the three - dimensional . nonviscous incompressible 
flow solution is simple only for the case of vortex distribution of 
the tangential veloci ty component. For this condition, the blade circula
tion spanwise is constant and -there are no radial components or axial 
variations . For varying cir culati on spanwise, it is still possible to 
calculate the difference between the axial velocity profiles far upstream 
and far downstre am of the blade row fai r ly readily by neglecting radial 
t r ansport of vorticity shed f rom the blades . But to determine the veloc 
ity distribution of the flow fie ld near the blade r ows is a more diffi 
cult problem, involving nonlinear , nonhomogeneous, partial differential 
equations . 

In reference 16, the f low is considered nonviscous, incompress·ible, 
and axially symmetric , with no inner- or outer- shroud taper. It is 
further assumed that ther e i s no self - t r anspor t of vor ticity j that is , 
the vorti city is transported only by the mean velocity and not by i ts 
own induced velocity . This last qualification reduces the problem to 
the solution of a linear, nonhomogeneous , par tial differ ential flow 
equation . The soluti ons thus obtained provide an appr oximation to the 
velocity field for any blade - loading distribution . The results ar e use 
ful, then, for such conditions in which self - transport is negligible -
that is , for moderate - turning, high- solidity configurations . 

For the particular case wher e the blade chord approaches zero (act u
ator disk), the linearized partial differential equation describing the 
tangential velocity component becomes homogeneous a s well and can be 
solved directly by using t he given boundary condit ions . Physically, this 
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assumption is equivalent to requlrlng the change in mean tangenti a l com
ponent through a blade row to occur as a discontinuity (the actuator disk) 
i n a plane normal to the axis at a chosen axial location. By appropri
ately choo s ing the location for the discontinuous jump in tangential 
velocity (the axial and radial velocity components remaining continuous 
throughout), the direct solution for the homogeneous case is shown to be 
a useful approximation to the more exact solution for the case of finite 
nonzero blade chord, except near the lifting line, where large radial 
velocities and axial velocity gradients are generated. 

For both the finite blade chord and the discontinuous approximation, 
the linearized flow equations make possible the attainment of the incom
pressible solution for a multistage turbomachine by superposition of the 
flows for the individual blade rows. Exponential approximations are 
developed for rapid estimations of the velocity-component distributions, 
which provide an even simpler method of approximating the flow through a 
turbomachine. These approximations were sufficient for the particular 
case calculated in reference 16 to estimate the general order of the 
velocity components and were sufficiently simple to make these relations 
useful in estimating the interference of adjacent blade rows. 

An illustrative example is calculated in reference 16, which assumes 
a linearly increaSing circulation distribution from root to tip. The 
calculations indicate sizable changes in axial velocity profile both 
upstream and downstream of the blade row· The linearized approximation 
used (with the blade loading similar at all radii and assuming no radial 
force components) makes possible the separation of the velocity components 
into the series of terms associated with the blades conSidered stationary 
and the additional terms due to rotation effects. Thus, the radial veloc
ity disturbances, important prinCipally as they affect the axial and tan
gential ve l ocity components, are analyzed . An interesting asymmetrical 
behavior is observed . The induced effects associated with the stationary 
blade attain their maximum downstream of the blade midchord position 
axially; the disturbances associated with rotation, upstream. 

Reference 25 describes two physically possible types of nonviscous 
incompressible flow for a special case of the "actuator- disk" theory, the 
limiting case of a cascade of blades with negligible chord, discussed as 
an approximation to the more exact so lution of reference 16. As before, 
only the tangential velocity components have a discontinuity at ' the 
actuator-disk section, the radial and axial components· being continuous 
throughout. Axial symmetry, negligible heat transfer, and isentropic 
flow are assumed. The basic equations employed are Euler'S equation of 
motion, the continuity equation, and the thermodynamic entropy and energy 
equations. As shown by a numerical example, the exact solutions t o t he 
problems as formulated here may match desired turbomachine flow conditions 
sufficiently closely to provide useful approximations of interest to 
designers. [Note that ~ and ~ should be interchanged in equati ons (9) 
to (11) in r ef. 25. ] . 
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Radial adjustment and blade-row ~terference. - The shape of a 
stream surface as it passes through the stages of an axial turbomachine 
is investigated in reference 17 with the use of the exponential approxi 
mation to the linearized flow solution developed in refer ence 16 . Atten
tion is directed to the flow near the blade row and the manner in which 
the transition is made from the far-upstream to the far-downstream veloc
ity profile. For the configuration investigated in reference 15, it was 
found that the radial velocity requires more than two axial chord lengths 
upstream of the inlet guide vanes and downstream of the stator before 
becoming negligible. Reference 17 establishes a relat ion between the 
aspect ratio of the blades and the rate of radial adjustment. The radial 
adjustment ranges from nearly complete by the time the trailing edge of 
low-aspect-ratio blades (= 1 . 0) is reached, to almost negligible radial 
adjustment at the trailing edges of high- aspect-ratio blades (= 3.0). 
This information is then brought to bear on the dual problems of the 
mutual interference of neighboring blade rows and the three -dimensional 
flows in an axial turbomachine at off-design conditions. Briefly, for 
blade aspect ratios of 1.0 or less, the effects on the velocity distri
bution of interference between adjacent blade rows are negligible, and 
distortion of the design axial velocity profile at off - design operation 
is small. The effects 'of off -design operation may increase considerably 
with higher blade aspect ratio , while the interference between adjacent 
blade rows may become a predominant influence for aspect ratios over 3.0. 

Secondary-Flow Effects 

General discussion. - The three - dimensional behavior of a real fluid 
is intimately associated with the three-dimensional boundary-layer be 
havior of that fluid. The tendencies of the boundary l ayers to accumulate 
locally, to develop large radial and cross-channel flows in a complex of 
motions generally termed secondary flows, ar e discussed in chapter XV. 
Detailed experimental information on secondary-flow patterns is presented 
in chapter XV, together with the results of the more important theoret
ical developments. The present report is concerned chiefly with the over
all flow picture; only the broad aspects of secondary flows are consid
ered here. 

The flow through a blade grid is considered as flow through individ
ual channels or curved ducts in reference 26 , and three distinct boundary
layer phenomena are discussed: (1) the cro s s-channel displacement lead
ing to thickened boundary-layer regions at the suction surface of the 
passage, (2) the different behavior of boundary layer when adhering to a 
solid surface as contrasted with detached boundary layers such as wakes, 
and (3) the effect of centrifuga l acceleration inducing r adial components 
of motion affecting espe cially the boundary l ayers of moving blade rows . 
A criterion of radial stability is developed indicating that " stability 
of compressible flow depends not only upon the radial distribution of 
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total energy, as is the case for incompressible flow, but also upon the 
temperature distribution ." With this criterion, the radial displacement 
of boundary layer in turbomachines is analyzed for various conditions of 
flow circulation and boundary-layer distribution. 

In reference 27, the secondary flows are attributed largely to 
trailing-edge vortices shed as a result of spanwise variation of circula
tion along the blades and nonuniform inlet approach velocities (see ch. 
XV for discussion of passage vortices). Reasonable orders of magnitude 
of three-dimensional losses are estimated by the methods of reference 27 
for the very conservative flow conditions assumed. A practical extension 
of this investigation is provided in the gUide-vane analysis of refer
ence 28. End-wall boundary layers are shown to cause deviations of the 
real flow from blade-element-flow considerations. Some of the effects 
noted are first underturning and then overturning in the boundary layer 
as the end wall is approached, a general decrease in circulation and 
turning angle along the blade in the boundary-layer regions, and large 
induced losses in the gUide-vane end regions. A calculation procedure 
for quantitative estimations of the mean flow variations induced by the 
end-wall boundary-layer effects is set up in which the distribution along 
the blades is represented by a system of vortices, the effects of which 
are calculated by the method of images, with use of an empirical correla
tion factor. The closing section 'of re:ference 28 c'onsiders several aspects 
of the secondary-flow problem, from the designer's viewpoint, in some 
detail. 

The more compl~x flow situation in rotor blading is considered in 
reference 27. Tip-clearance and relative blade- to wall-motion effects 
are discussed in very general terms, as is boundary-layer displacement of 
the type noted in r efer ence 26. The action of secondary flows under cer
tain conditions to prevent stalling and to enable blades to operate above 
the two-dimensional stalling limit is brought out. The work-done factor 
and the induced-drag coefficient are connected on the basis of these 
secondary-flow considerations . Finally, the conclusion is reached that 
ordinarily (conservative, subsonic turbomachines) the primary flow condi
tions and primary losses are still due to two-dimensional blade-section 
performance. Experimental evidence (ch. XV and ref. 29) indicates that 
the secondary-flow-induced losses assume considerably more importance 
with higher flow velocities and larger turning angles. 

An interesting analysis is developed in reference 30 of the relation 
between the secondary flows and the main flow characterized by radially 
varying blade circulation and rotatio.nal incoming flow. References 30 
and 4 present a clear, understandable physical picture of three
dimensional flows in turbomachines. 

Commentary . - Despite the great amount of research already devoted 
to the study of secondary flows in turbomachinery, empirical information, 
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useful to designers, concerning the actual flows within the blade rows 
themselves is still largely lacking. Most analyses to date provide in
f ormation and devise de si gn proce dures about the flows encountered at 
stations between the blade rows. For design purposes, the nature of the 
flows in the blade rows themselves is almost invariably assumed . Ref
erences 14 and 18 give evidence that the flow patterns within the blade 
rows are quite complex, that large stream surface distortions can and do 
exist. These results must be considered to qualify the conclusions 
reached from analyses (i.e., ref. 4) based on assumed simple flow con
figurations in the passages between stations. 

TIME -UNSTEADY FLOW 

A theory of nonstationary motion around airfoils is presented in 
reference 31. The purpose of the paper is to present the theory origi
nally developed by Birnbaum, Wagner, Kussner, Glauert, and Theodorsen in 
relatively uncomplicated mathematical forms. A remarkably clear exposi
tion of the fundamental conceptions of the two-dimensional circulation 
theory of airfoils is presented first. The report shows how a "wake of 
vorticity" is produced if the circulation around the airfoil is a timewise 
variable. The induced vorticity distributions over a thin airfoil are 
presented for such wake vortices at various distances in the wake ~ 

from the midpoint of the airfoil. 

Formulas for the lift and momentum are next obtained for the thin 
airfoil, and here it is seen that the simple Joukowski formula L = pvr 
no longer will do. Instead, the expression for the lift consists of 
three parts: 

L =: LO + Ll + L2 

where 

LO = purO 

Ll == -p ~ f\o(X)X dx 
't - 1 

L2 = pu f1°O r(~) d~/ A/~2 -1 

and 

I-
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u velocity of motion of airfoil (or of gust of wind past airfoil) 

rO ci rculation resulting from vorticity YO(x) 

x 

vorticity bound to airfoil that would be produced by airfoil 
motion (or by gust) if instantaneous velocity were maintained 
permanently 

coordinate along blade rearward from midchord position 

vorticity in wake 

The quasi-steady lift LO is that which would be produced if the instan
taneous velocity and angle of attack were permanently maintained. The 
lift Ll represents the forces acting on a body in an ideal fluid when 
no circula tion is produced because of the reaction of the accelerated 
fluid masses. It is obtained by integrating over the surface the "impul-

sive pressures" p ~ (where <p is the instantaneous potential func

tion). The lift ~ represents the contributions to the lift from the 
wake itself, and contains the wake effects. A corresponding formulation 
is obtained for the moment: 

In these formulas, LO and No as well as Ll and Ml require 

only solutions of steady-state problems by usual methods. The wake con
tributions L2 and M2 can be interpreted physically as the differences 

between the instantaneous and the final values of lift and moment for a 
case in which the quasi-steady lift and moment undergo a sudden change. 
Hence, L2 and M2 can be called the rrdeficiencies" caused by the non-

uniformity of the motion of the airfoil or of the fluid veloCity. 

These general results were then applied to an oscillating airfoil 
and to an airfoil entering a vertical gust with various velocity profiles. 
The general expressions for the lift and moment developed by von Karman 
and Sears (ref. 31) are applied in reference 32 to a series of alternat
ing up and down gusts, sinusoidally' distributed. The magnitude of the 
lift decreases as the frequency of the gusts increases. As in reference 
31, the lift is shown to act, always, at the quarter-chord point of the 
airfoil. These results are applied to a wind-tunnel fan blade operating 
just downstr~am of a set of prerotation vanes. The vanes produce peri
odical disturbances through which the fan blades pass, which in turn give 
rise to periodical forces on the blades and perhaps vibrations of danger
ous amplitudes. An approximate calculation is made in order to apply the 
results obtained, in which it is necessary to take the two-dimensional 
flow across some mean cross section representative of the blade and to 
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consider that this mean section encounters flow conditions in its ' path 
that can be approximated by superimposing a sinusoidal variation of axial 
velocity on a uniform mean axial velocity . No dangerously large vibration 
amplitudes were calculated in the example given in reference 32. 

The results derived in reference 32 for an airfoil moving through a 
stationary gust pattern are extended in references 33 and 34 by means of 
a simple generalization to provide formulas for calculating the unsteady 
aerodynamic quantities for a single stator row followed by a single rotor 
row. Because the blades are thin, slightly cambered, and lightly loaded, 
this configuration resembles a compressor more closely than a turbine. 
The flow is assumed incompressible and inviscid; the blade rows are rep
resented by infinite cascades of two-dimensional blades. Each airfoil 
(ref. 33) is considered "to be acting in a velocity field induced by (a) 
its own wake, (b) the (variable) bound vortices of fellow members of its 
own blade row, (c) their wakes , (d) the (variable) bound vortices of mem
bers of the other blade row, and (e) their wakes." 

In order to obtain a solution with reasonable ease, a scheme of 
successive approximations is followed: 0 

(1) Assume first that the unsteady effect on the circulation of a 
blade is small compared with the steady circulation ordinarily considered 
by a de signer. 

(2) The first approximation to the unsteady effects on a typical 
stator blade ~rS(~) is calculated on the assumption that the only sig-
nificant contribution arises from the steady circulation on the rotor 
blades orr For this first apprOximation} the unsteady rotor circulatton 
~rr(~) and the unsteady parts of the circulation of all the other stator 
blades and of all the vortex wakes except that of the chosen stator blade 
are neglected. "(Presumably this approximation breaks down for stator 
cascades of extremely large solidity) in which the adjacent blades ' are so 
close that their nonsteady circulation components induce large effects .)" 

(3) In order to calcul ate the unsteady effects on a rotor blade} in 
this same first approximation process} the significant contributions are 
assumed to arise from the steady circulation about the stator blades 
or's and from the effects of the rotor blades passing through the vortex 
wakes shed by the stator blades. 

The procedure thus far can be considered as the first of a series of 
successive approximations. The second step mi ght consider the additiona l 
effects of Orr but} as noted in reference 33, would very likely be 
extremely difficult to calculate. 
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On the basis of this first-approximation scheme, then, a calculation 
is made for the unsteady velocity at a rotor or stator blade induced by 
the steady circul ation distribution on the blades of the other row in 
motion relative to the blade in question. From this the unsteady lift 
and moment of a stator or rotor blade can likewise be calculated. In
vestigations of numerical examples were made for configurations of thin, 
small-turning airfoils, with rotor and stator solidities fixed at unity, 
with a 50-percent reaction stage, and with the stagger angles 
~ = a. s == 450

• The calculations were made for a range of the parameter 

bllcr (ratio of axial separation between trailing edge of stator row and 

leading edge of rotor row to rotor hail-.chord) and over a range of dnl d s 
(ratio of pitch of rotor blades to pitch of stator blades) . 

The results showed large increase of unsteady lift with decreasing 
bljcr , and appreciable change of lift with variation of ~jds' In one 

case the unsteady part of the lift was as much as 18 percent of the steady 
lift and, for this approximation, is accordingly of practical importance. 
Also, the contribution of the stator wakes to the unsteady lift of the 
rotor blades was comparable in magnitude to the effects induced by the 

~ bound circulation of the stators themselves. The assumption made for the 
first approximation, namely that the unsteady effect on the circulation 
of a blade is much le ss ' ~han the steady circulation l~r 1 «lor I, was 
checked and found to be reasonable. In addition, the authors find the 
power in the vortex wakes qUite small . (The power is expressed as the 
ratio of the energy t ransferred to the wakes per unit time to the steady 
power required to turn the rot·or.) 

A further result is that the energy in the stator wake for the pres
ent cases is about 100 times as large as the energy in the rotor wake. 
Because the kinetic energy transferred to the vortex wakes due to periodic 
variation in circulation is proportional to l~rl2 (ref . 35), the squared 
amplitude of variation of circulation, and therefore the unsteady circula
tion on the stator blades, is about 10 ·times as large as that on the 
rotor blades. The unsteady lift on both was about the same, however) for 
the example in refer ence 34 because of the differences in chordwise 
velocity distributions on the stator and rotor. In general, then, accord
ing to references 33 and 34, the induced circulation on a blade row due 
to the relative motion of an adjacent downstream row is considerably 
greater than that due to the effects of an adjacent up stream row. 
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Figure 1. _Intersecting 81 and 82 surfaces in blade row. 
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Figure 2 . -Twist of flow surfaces in axial-flow channel. 
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CHAPI'ER XV 

SECONDARY FLOWS AND THREE-DIMENSIONAL BOUNDARY-LAYER EFFECTS 

By Arthur G. Hansen and Howard Z. Herzig 

SUMMARY 

A survey of experimental and theoretical research on secondary flows 
and three-dimensional boundary-layer flows as applicable to compressor 
flow phenomena is presented. The results of experimental research are 
used to construct a s imple model of secondary flow in compressor blade 
r ows . 

The limitations of the application of present research on secondary 
p flows to flow in a multistage compressor and indications of ways this 

research might be applied to current design considerations are also 
presented. 

INTRODUCTION 

The importance of boundary-layer development in relation to compres
sor design procedures i~ discussed in chapter III (ref. 1) and reference 2. 
As these references point out, there are no simple techniques that ac
curate ly account for viscous effects in current design systems. Instead, 
the effects of boundary layers are taken into account only by introducing 
some gross correction factors into calculations derived from nonviscous
flow theory. These correction factors, moreover, are based on empirical 
data and give only rough estimates of boundary-layer development. Never
theless , this method of accounting for viscous-flow effects has proved 
r e l atively adequate for the design of compressors of the type currently 
i n use. With the trend toward high-speed and high-mass-flow t urboma
chines, however, t he influence of boundary layers becomes increasingly 
critical in design calculations. This is simply illustrated by noting 
the sensitivity of f l ow ve l ocities in the transonic range to s light chang
es in boundary -layer-flow blockage . 

It i s important to recognize that a more satisfactory description 
of boundary-layer flow cannot come from refinements of t he two - dimensional 
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boundary-layer theory currently in use (ch . V (ref . 1)) . The reason is 
that boundary-layer behavior in blade rows of an actual turbomachine ex
hibits certain irreconcilable differences from boundary-layer behavior pre
dicted by two-dimensional theory. Two- dimensional boundary- layer theory 
predicts characteristics of a boundary layer resulting from a mainstream 
flow that has no variation in its lateral direction. I n an actual blade 
row, however, lateral variations of the main stream and the associated 
boundary layer cannot be ignored. The occurrence of secondary flows -
that is, boundary-layer flows having components normal to the mainstream 
direction - often results in sizable displacements and accumulations of 
boundary- layer material. These flows arise principally from blade end 
clearance , blade-to-blade and radial pressure gradients, centrifugal
force effects, and relative motion between blade ends and annulus walls 
(refs . 2 and 3) . Flows of this type have no counterpart in two
dim~nsional theory. 

Losses occurring in blade end regions of compressor blade rows ac
count for a sizable por tion of the total measured loss (ch. VII (ref. 4)) . 
As blade end losses are principally the r esult of boundary -layer displace 
ments and accumulations, it may be stated that future improvement of 
compressor efficiencies will depend significantly upon unders,tanding 
the nature and causes of, these boundary-layer phenomena and upon find-
ing more realistic and 'accurate methods of accounting for them in design 
procedures . 

For these reasons, the analysis of secondary flows has become the 
major problem associated with research on boundary-layer behavior in 
compressors . While many important aspects of secondary- flow phenomena 
have not as yet been investi gated, considerable research progress has 
been made. This chapter presents an over-all r eview of both experimental 
and theoretical research and indicates its r e l evancy to compr essor deSi gn . 

At the present time , r esear ch on secondary flows has two immediate 
goals: (1) to find methods of reducing the magnitude of undesirable 
secondary-flow disturbances in blade rows, and (2) to develop practical 
theories of secondary-flow behavior that the compressor designer can 
incorporate into design methods . In attaining these goals , three basic 
problems can be recognized: (1) isolating the factors that may cause 
secondary flows , (2) analyzing the types of secondary- flow components 
resulting from these factors} and ( 3) determining the contribution of 
these components to the total flow behavior. The factors that cause 
secondary flows are fairly well- known and have been indicated previously. 
The state of knowledge concerning the characteristics of the associated 
secondary-flow components, however} leaves much to be desired . As will 
be evident from the discussions presented) most of the current knowledge 
is qualitative in nature . Adequate theories furnishing the quantitative 
information necessary for improving compressor designs are still to be 
formulated. 
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EXPERIMENTAL INVESTIGATION OF SECONDARY FLOWS 

Because of the importance of the problem, many experimental and theo
retical investigations of secondary flow in turbomachines are presented 
in current literature ( surveys 212 to 240, ref. 5). I n experimental re
search carried out at the NACA Lewis laboratory, flow-visualization tech
niques as well as total-pressure and flow-angle measurements were used 
in order to obtain an insight into the three-dimensional boundary-layer
flow patterns in t ypical axial -flow turbomachines . The results of the 
investigations (refs . 2 and 3) are presented her e only for the over-all 
physical understanding of secondary-flow processe s in turbomachines that 
they afford rather t han f or detailed compressor flow i nformation. 

The following di s cus sion attempts to build up a concept of secondary
flow behavior in compressor blade rows by separat e descriptions of the 
various types of secondary-flow components that can occur. In this re
gard, an analysis of secondary flows arising from cross-channel pressure 
gradients is first discus sed. Next, the influence of radial pressure 
gradients that contribute t o t he local accumulation of boundary-layer 
material is analyzed. The s i ze and locations of these accumulations de-

~ pend upon the character of blade boundary layers, which are, in turn, a 
function of profil e shapep; hence, some indicatio~ of t be effect of blade 
profile shapes on secon~ flows is also included in t he discussions. 
This is followed by a discussion of blade tip clearance and relative mo
tion between blades and annulus, walls. Finally, i he i nfluence of rotor
stator interaction on f low behavior is presented. Comprehensive descrip
tions of the methods em~loyed to obtain the results can be found in 
references 2, 3, and 6. ' 

The section is concluded with consideration of a model of the com
plete secondary-fl ow pattern as indicated by the experimental results 
and a discussion of ways certain a spects of s econdary-flOW theory might 
be applied to compressor design. 

Cross-Channel Flows and Passage Vortex Formation 

Apparatus and procedure. - For simplicity, the study of secondary
flow components r esulting from cross-channel pressure gradients was be
gun by visualization of the end-wall inlet boundary layer of a two
dimensional cascade at low airspeeds. It was intended, by using a smoke 
flow-visualization method (ref . 2)) 'to i solate and to evaluate the ef
fects of cross-channel gradients upon the wall boundary layer while 
eliminating such complicating considerations as radial flows and possi
ble shock phenomena. 

A sketch of the two-dimensi onal cas cade rig i s shown in figure 1. 
The cascade section was s o de s igned t hat the solidity , angle of attack, 
aspect ratio, turning angl e , and blade stagger angl e could be varied 
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~uite readily. The two-dimensional cascades were used for tests at Mach 
numbers below 0.4. The boundary-layer flow was visualized by means of 
smoke introduced through a Frobe . The smoke flow-visualization method 
was used only at low mainstream velocities (about 30 ft/sec). At higher 
velocities) dispersion of the smoke due to turbulence made the method 
impracticable. 

Passage vortex formation. - The overturning in the end-wall boundary 
layer of a two-dimensional cascade with no tiF clearance is illustrated 
in figure 2. The overturning results from imposition of the mainstream 
static-pressure gradients upon the low-momentum boundary-layer fluid. 
The smoke used to trace out the flow patterns was introduced at the wall 
by means of the Frobe. A downstream view of a boundary-layer streamline 
crossing a channel (fig. 3) shows that) as the streamline approaches the 
suction surface) it deflects spanwise and then rolls up into a vortex
type flow. (The insert shows the entire streamline pattern schemati
cally.) Probe surveys showed that all the streamlines in the wall bound
ary layer converged to aFproximately the same region and rolled up into 
the flow vortex (fig. 4(a)). The pattern of vortex formation was such 
that) as the point of ?moke introduction was shifted toward the suction 
side) the streamlines along the end wall exhibited increased spanwise 
deflection as they approached the region of convergence) where they 
rolled up into the centr~ portions of the vortex) as shown schemati
cally in figure 4(b). 

This secondary-flow vortex is called the l1passage vortex l1 in order 
to emphasize the fact , ,that it is a passage wall and not a blade trailing
edge vortex due to circulation changes along the blade'. The size and 
vorticity of the passage vortex increase with increasing main-flow turn
ing. When the turning is large enough (fig. 5)) the outermost layer of 
the vortex may come from boundary-layer flow on the pressure surface that 
deflects onto the end wall and flows all the way across the channel until 
it reaches the suction surface. 

At low airspeeds where smoke could be used) pass~ge vortex forma
tion was observed for other configurations) including cascades of NACA 
65-(12)10 blades. At higher Mach numbers) surface indications) obtained 
by use of hydrogen sulphide traces on white lead paint) show that the 
cross-channel deflection pattern remains unchanged (ref. 2). 

It should be noted that the cross-channel component of boundary
layer flow can be considered as a "double" boundary layer (fig. 6.) . The 
component normal to the main stream must have zero velocity at the wall) 
rise to some maximum value) and then fall to zero again in the main 
stream. The outer Fortion of this cross-channel boundary layer rolls up 
to form the passage vortex. The l1sub-layer" next to the wall has vor
ticity of the OPFosite sign to the outer portion) and when it rolls up 
produces vortices opposite in direction to passage vortices. Under these 
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test conditions, the diffusion of vorticity forces from this sub-layer 
was rapid enough to cause this portion of the boundary-layer vorticity 
to disappear rapidly. Photographs of this sub-layer roll-up are found 
in reference 6 and in the motion-picture supplement to that report. 

Passage vortex behavior and effects. - Once the passage vortex has 
been formed, it tends to resist turning and does not follow subsequent 
mainstream turnings as it proceeds downstream. Figure 7 shows how in 
tandem cascades a vortex formed in the upstream cascade resists the turn
ing in the downstream cascade. Test observers could see the passage vor
tex ricochet off a pressure surface of the downstream cascade and cause 
flow separation in the region of impact. The phenomenon has been ob
served in accelerating as well as decelerating cascades. 

Thus, the accumulation of low-energy material near the suction sur
face of a turbomachine passage causes flow disturbances and losses lead
ing to flow-angle deviations and poor angles of attack in subsequent 
blade rows. Furthermore, the vortex behavior as it passes downstream 
can lead to flow disturbances on the blade surfaces that it impinges 
upon and to additional losses there. This behavior may account for a 
large part of the losses variously attributed to secondary flows. The 
mixing action of the vortex behavior likewise represents a large devia
tion from the kind of siffiplified boundary-layer behavior assumed in de
sign procedure. 

Radial Secondary Flows in Stators 

Just as the cross-channel pressure gradient imposed by the main 
stream causes cross-channel secondary flows, so the radial pressure 
gradient causes radial boundary-layer flows. Given a boundary-layer 
region extending from the inner to the outer shroud in a stator row, 
radial transport from the tip to the root regions can occur. The quan
tity of such transport depends upon the thickness of the 1adial bo~dary- . 
layer region or flow · path and the magnitude of the radial pressure gra
dient (a function of mainstream turning and velocity). 

In rotors, the flow picture is further complicated by the centrif
ugal forces on the rotor blade boundary layers. In general, for com
pressors where the blade speeds are higher than the mainstream tangential 
veloci ty component J the boundary layer will be forced radially outward 
(see ref. 5, section II-F). 

Apparatus and procedure . - The effects of radial pressure gradients 
and higher flow Mach numbers were studied in an annular-cascade test 
unit, shown schematically in figure 8. The cascade blades investigated 
therein were of several types (ref. 3). However, attention is confined 
initially to the t.ests in a cascade of high-turning vortex blades 
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designed for smooth two-dimensional blade surface velocity profiles. 
While these blades are not typical of those found in compressor units, 
the tests conducted provide sufficient information to formulate theories 
that apply to annular blade rows in general. 

The annular cascade was used for a range of hub discharge Mach num
bers up to about 1.5. As mentioned previously, smoke flow-visualization 
tests were unsatisfactory for flow velocities much in excess of 30 feet 
per second. Consequently, for high speeds, two other flow-visualization 
techniques were employed. In the first, the surfaces of the blade pas
s ages were painted with a lead carbonate base paint . Hydrogen sulfide 
gas (which has a density comparable to air) was then introduced into the 
boundary-layer region, and boundary-layer motion was indicated by the 
brown trace made by the reaction of the hydrogen sulfide with the paint. 
Unfortunately, this method provides indications of flows along boundaries 
only; and, because of the turbulence at higher Mach numbers, the traces 
indicate the flow paths of a region of the boundary layer instead of 
individual streamline paths. The second flow-visualization method was 
based on paint flow traces. The paint used was a lead carbonate paint 
deliberately made nondrying and capable of flOwing with the surface flow 
gradients at the higher 'Mach numbers investigated. 

Since hydrogen sulfide and paint traces can at best give indications 
of boundary flows directly on blade surfaces and annulus walls , the sig
nificance of these traces is interpreted only on the basis of previous 
information obtained either by the smoke visualization method or by quan
titative measurements. 

It should also be noted that total pressures , flow angles, and wall 
static pressures were measured at a discharge measuring station in the 
annular-cascade investigations. The measurements were made on three 
sets of blades and at two flow conditions for each set of blades . These 
flow conditions are designated, respectively, "lower "Mach number" (high 
subsonic flOW) and "higher Mach number" (supersonic flow). The meaEiur
ing probes and hot-wire anemometers used are described in reference 3. 
Great care was taken in the fabrication and use of these instruments in 
order to make the results as reliable and accurate as possible . Never 
theless, because of the large pressure and angle gradients involved in 
the flow regions of chief interest in this report, the results are dis
cussed in qualitative terms only . 

Indications of radial flows based on downstream measurements. -
Contours of loss in inlet kinetic energy for the annular cascade of vor
tex blades are presented in figure 9. The hub loss accumulation is much 
larger than the outer- shroud loss accumulation for both the subsonic and 
supersonic flow conditions, despite the fact that the "wetted" area is 
greater in the outer half of the passages • . This fact indicates radial 
flow of boundary-layer material. The decrease in outer-shroud loss core 
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and the increase in inner- shroud core with increasing Mach number indi
cate the development of additional or larger paths for radial transport 
of low-energy fluid at the higher flow Mach number. 

Visual indications of radial flows. - In the presence of a radial 
pressure gradient in the annular cascade, the radial transport of siz
able quantities of low-energy material can be expected in blade boundary
layer regions having low viscous shear forces along the blade span. Such 
a path, for example, might be provided by the blade trailing-edge re
gions. Another possible radial pathway might be provided on the suction 
surface of each blade at supersonic flow conditions when a shock exists 
across the passage to cause thickening of the blade suction-surface 
boundary layer. 

One method used to detect such paths was to apply narrow bands of 
paint on the suction surfaces of certain blades in the cascade. The 
paint traces found after a test then indicated paths along which low
energy material might be transported radially. Such traces are shown 
in figure 10. For this photograph, bands were painted on the suction 
surfaces of blades 1, 2, and 3 at the inner-shroud, midspan, and outer
shroud radial positions, respectively. Two such paths are shown in the 
figure, one at about midchord on the suction surface 'and the other along 
the blade trailing edge .• ' 

Evaluation of radial components of secondary flow. - The existence 
of radial flow of low-energy material as indicated in the previous sec
tion was proved and ~he quantity of such flows at the supersonic flow 
condition was evaluated by t he f ollowing rather simple device (ref. 3). 
Flow fences were fastened to the blades at the midspan position as in 
figure 11. The full flow fence (fig. ll(a)) was intended to interrupt 
radial flows both along the trailing edge and in the thickened boundary
layer region indicated in figure 10. The reduced flow fence (fig. ll(b)) 
was modified by being cut back so that it now affected only the trailing
edge radial flows . The results are presented in figure 12. Because of 
possible losses due to the fences themselves, the reduction in inner
shroud loss core is used to measure the quantities of radial transport. 
At the supersonic flow condition for this set of vortex blades, radial 
transport of boundary layer accounted for 65 percent of the low-energy 
material in the inner-shroud loss core at the blade-exit station. Of 
this 65 percent, 35 percent came through along the trailing edge, and 
30 percent through the thickened boundary-layer paths on the suction 
surfaces. Thus , radial transport of boundary-layer material may be con
siderable under certain conditions. 

Loss accumulations and passage vortices. - Briefly) measurements 
downstream of a cascade of vortex blades at a high subsonic flow Mach 
number (fig. 9(b) ) indicate the presence at the measuring plane of (1) 
a large accumulation of boundary-layer material near the hub corner, 
(2) a much smaller accumulation near the outer shroud) and (3) a 
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well-defined wake between. The interpretation (ref. 3) is straight
forward. Radially inward flow of boundary-layer material originating 
either on the outer shroud both upstream and within the cascade or on 
the blades themselves must, of necessity, take place somewhere upstream 
of the measuring plane. Most likely, radial-floW regions are on the 
suction surfaces of the blades and behind the trailing edges. At higher 
flow Mach numbers, the measured outer-shroud losses decrease further, 
the wake between remains nearly unchanged, and the inner-shroud loss 
core increases further. There being little reason to assume smaller 
outer-shroud losses at the higher Mach numbers, it is concluded that in
creased radial flows must occur at the higher Mach numbers for these 
vortex blades. Judging from the relative sizes of the inner- and outer
shroud loss cores and the total absolute values of the losses, the 
radial-flow mechanism must serve to transport sizable quantities of 
boundary-layer material. The flow-fence tests on the vortex blades 
proved that this is the case and located the radial-flow paths behind 
the blade trailing edges and in a shock-thickened boundary-layer region 
along the blade suction surface. 

The loss measurements at any position do not indicate the losses 
that actually develop at that radial position on the blade. Presumably, 
even in the radial-transport regions, through-flow components of the 
boundary-layer flow exist~ and some of this material is shed and appears 
in the measured wakes at all radial positions. pince there is no ap
parent increase in th.e measured wakes when the shock-thickened suction
surface radial-flow path is established, it might be speculated that 
little of the bounda~7layer material from this radial-flow path is sbed 
to contribute to the measured wakes. 

For comparison with the preceding results obtained on vortex blades, 
tests were conducted on two sets of constant-dis charge-angle blades at 
comparable flow conditions • . For one set of these blades, designated 
set Aj the measured results (fig. 13) indicate very closely the same 
kind of radial-flow mechanism as for the vortex blades for both the low
er and bigher flow Mach numbers. Thus, the differences in the circula
tion distribution of the vortex blades and the constant-discharge-angle 
blades are not potent factors affecting the over-all secondary-flow pic
ture. There are no indications from measurements on either of these 
sets of blades that outer-shroud passage vortices are ever formed. For 
the other set of constant-discharge-angle blades, deSignated set B, the 
measured loss distributions (fig. 14) appear quite different. At the 
lower flow Mach number in particular (fig. l4(a)), the measured loss 
pattern near the outer shroud certainly implies the existence of a pas
sage vortex. The different kind of loss pattern here requires further 
consideration to establish possible reasons for the differences. 

The flow Mach numbers and inlet Reynolds numbers are the same for 
all three sets of blades. The over-all apparatus setup is the same . 
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Thi s means t hat the boundary- layer conditions at t he inlets are the same , 
and measurements show t hat this is so (ref . 3). The main-flow turning is 
nearly t he same for all thr ee blades . As menti oned, the circulation 
variat ion between the two types does not appear to be a significant 
fac t or. 

One particular difference not ed i n r ef erence 3, however, is that at 
the tip section ther e were definite peaks in the blade suction-surface 
velocity profile for set B. The other vortex bl ades and set A had fairly 
smooth suction-surface velocity profiles at the tips . All three sets of 
blades had fairly smoot h suction- surface velocity prof iles at midspan and 
near the hub. According to boundary-layer theory, vel ocity peaks and 
subsequent decelerations on a blade suction surface l ead to relatively 
thick and perhaps e ven t o separated boundary l ayers on the blades down
stream of these peaks. By comparison, smooth velocity profiles are more 
likely to lead t o t hinner blade boundary layers. Smoke flow tests on 
the blades in que stion subs tantiated this predicted boundary-layer be
havior, albeit a t l ow Mach numbers . 

Thus, it i s a fai r a ssumption that , all other t hings being equal, 
the boundary layer on the suction surface in the tip r egion for set B 
is likely to be t hicker than for the ot her blades. On this account, 
reference 3 proposes t hat , when the cross-channel boundary-layer flow 
on the outer shroud encounters the relatively thicker b l ade boundary 
layer, roll-up and pa ssage vortex formation occur. The boundary- layer 
material on and near t he annulus outer wall becomes entrained in this 
pa s sage vor t ex . Judgi~g f r om t he size of the mea sured tip loss region , 
the pas sage vortex f ormat i on in thi s manner reduces t he material avail
able for secondary-flow r adial transport . For t he s ubsonic case (fig . 
14(a)), the occurrence of thi s phenomenon could conceivably account for 
all the measured loss patterns observed: that i s , (1) a large tip loss 
r egi on, ( 2) a small hub l oss r egion as compared with both the tip re
gion of this blade and t he hub r egions of the ot her t wo blades (figs. 
l2(a) and 13(a) ) , and (3) smaller measure d wakes in between. 

At the higher Mach number, once again t he shock-thickened radial
flow path i s formed, providing an additional path for boundary-layer re
moval to the inner- shroud region. This path is formed well up on the 
blade suction surface, nearer the pOint of passage vortex format ion 
than is the blade t r ailing- edge region . This additional flow path may 
serve (ref. 3) t o drain of f some of the tip- r egion boundary-layer mate
rial before (or despi te the fact that ) it rolls up into the passage 
vortex. This criter ion i s somewhat borne out by t he r eduction in meas 
ured tip loss regi on at t he higher f l ow Mach number and the great in
crea s e in measured hub l oss regi on (fig . 14(b)). Again, if this cri
terion i s correct , the r adial f l ows t hrough t he thickened boundary-layer 
r egi on on t he blade sucti on surface appear to contribute little t o the 
measured wake l osses . 
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Flow in Blade End Regions with Clearance 

In the blade passages of turbines and axial-flow compressors, large 
flow disturbances tend to occur in blade end regions. Furthermore, in 
passages having blade end clearance, the magnitude of the clearance has 
a direct influence on losses and flow behavior in the blade tip regions. 
In order to understand better the manner in which tip clearance influ
ences flow behavior, flow-visualization studies were made in two
dimensional cascades provided with tip clearance and in a two-dimensional 
cascade modified to provide relative motion between the blades and an 
end wall (ref. 2). This latter case was chosen to approximate more 
closely conditions that exist in an actual compressor or turbine. 

Tip clearance. - The initial studies of blade tip-clearance regions 
were made in two-dimensional cascades having 0.060- and 0.014-inch tip 
clearances (1.7- and 0.4-percent span, respectively). These studies 
disclosed that flow along the blade pressure surface in the tip vicinity 
and in the wall boundary layer near the pressure surface deflected under 
the tip and formed a vortex lying against the suction surface (shown in 
fig. 15 for 0.060- in. ,clearance). Figure 16 shows that the pas sage vor
tex previously described still exists; however, it has been displaced by 
the tip-clearance vortex. These two vortices rotate side by side in 
opposite directions with little apparent mixing. Furthermore, the forma
tion of the tip-clearance vortex appeared to influence the magnitude of 
the passage vortex only to the extent that some of the flow on or near 
the blade pressure surface, which in the case of no tip clearance would 
have flowed into the passage vortex region, now becomes part of the tip
clearance vortex. Conse~uently, the formation of the two vortices, when 
tip clearance exists, constitutes a much larger flow disturbance in the 
blade end region than would exist with no clearance. 

Relative motion between blades and wall. - In ' order to study flow 
in a blade end region when relative motion exists between the blades and 
an end wall, one of the end walls of a two-dimensional cascade was re
placed by an endless moving belt (fig. 17), the direction and speed of 
which could be varied at will (see ref. 2). Smoke flow-visualization 
tests were conducted in this modified cascade for various wall speeds. 

The test disclosed two interesting phenomena. The first was that 
a blade surface which was "leading" relative to the wall motion ex-
erted a scraping effect on boundary layer entrained on the moving wall. 
One effect of this phenomenon was to impart a rolling motion to the 
boundary layer as it is piled up near the pressure surface (fig. 18). 
Another conse~uence of this scraping action in a compressor is that flow 
along the pressure surface that would normally have deflected under the 
blade tip with a stationary wall is deflected away from the wall when 
relative motion exists. This flow deflection is shown for a stationary 
wall in figure 19(a) and for a wall moving at moderate speed (approxi 
mately equal to airspeed) in figure 19(b). The second result of interest 
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was that the motion of the wall exerted an "aspirating" effect on low
momentum air on the blade surface that was trailing relative to the 
wall motion and deflected this air toward the moving wall. Figure 20 
depicts the significant increase in flow deflection toward the wall 
caused by aspiration on the suction surface . 

For both the s tationary and mOving wall, smoke tests indicated that 
the flow over the blade surface at midspan showed no spanwise deflections 
on either the pressure or the suction surface. Therefore, if it is as
sumed that the midspan conditions have not changed much, the deflection 
off the pressure surface near the tip (fig . 19(a)) indicates the static 
pressure to be lower there than at midspan. Smoke tests on the blade 
suction sur~ace showing a de~lection of the blade tip surface flows 
toward midspan indicate an increased static pressure at the blade suction
surface tip region as compared with midspan. Thus, tip-clearance effects 
can result in a smaller pressure differential across the blade tip sec
tion than at the midspan section - in effect, reduced blade tip loading. 
The scraping and a spirating effects of relative motion (fi gs. 19 (b ) and 
20(b)), which show that these tip streamline deflections can be pre
vented or reversed, indicate that the relative-motion secondary-flow ef-

c fects may even benefit a ' compressor by increasing the blade tip loading. 

Rotor-stator Interaction Effects , 

The interference effects of a rotating blade row upon a stationary 
row upstream are shown by high- speed flash in figure 21. (While the 
blade rows depicted are -more t ypical of a turbine configuration, the ef 
fects should be ~ualitatively the same for compressor blade rows.) Fig
ure 21(a) shows that the pressure field associated with the rotor blad
ing at certain rotor positions causes thickening of t he boundary layer 
on the suction surface and along the trailing edge of the upstream 
blades, and increased radial flow results. At the second rotor position 
(fig. 21(b)), this t hickening does not occur. Further -tests indicate 
that these effects depend on the blade stagger angles , pressure distri
bution, rotor speed, and mainstream Mach number. The motion-picture 
supplement to reference 6 shows these effects very clearly, as well as 
blade boundary-layer development and shedding in annular -cascade con
figurations, radial boundary-layer flows, secondary-flow double-boundary
layer roll-Up, and others. 

A Model of S~condary Flow in Compressor Blade Rows 

On the basis of the exper imental results presented herein, it is 
possible to construct a model of secondary flow in compressor blade 
rows. However, two important factors are not accounted for in the ex
perimental tests: (1) the effect of centrifugal forces on flow in a 
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(2) the effect of upstream stages on flow in either stators 
Therefore ) before such a secondary- flow model can be assumed 

further knowledge of these factors is required . 

Insight into the influence of both of these factors can be obtained 
from tests conducted on a multistage compressor (ref. 7). The results 
presented give indications of outward radial flow of boundary-layer ma
terial in rotor blade passages and subsequent accumulation of this ma
terial in the blade tip region. In stators) inward radial flow is indi
cated. As boundary-layer air flows through the various stages) the 
comparatively large secondary-flow displacements produce a mixing of 
this boundary- layer air with the main stream. This mixing action pre
vents continuous boundary-layer buildup on flow surfaces and tends to 
make the mainstream velocity more uniform. It also makes possible more 
direct application of the secondary-flow studies in cascades to flow 
analyses of multistage compressors. If continuous boundary-layer growth 
took place on compressor annulus walls, a s ituation would occur in which 
flow conditions would be significantly different from those occurring in 
t he cas,cade studies . Theories of compressor flow behavior based on cas
cade studies would then be of doubtful validity even in a qualitative 
sense . 

The above-mentioned factors, along with the experimental results pre
viously presented) are used to predict the probable secondary-flow pat
terns in the various 'types of blade rows of axial-flow compressors. 

Flow in shrouded" stators . - Pressure gradients in inlet guide vanes 
or in a shrouded stator transport wall boundary layers toward the suction
surface side of blade passages and transport blade surface ,boundary lay
er and boundary layer that accumulates near blade tips radially inward. 
Radial transport of boundary layer takes place in re~ions where viscous 
shear forces are lowj for example) in blade wakes. The paths by which 
the secondary-flow mechanism transports boundary layer are indicated in 
figure 22. 

Boundary layer that accumulates near a blade suction surface at the 
hub generally rolls up into a pair of flow vortices rotating side by 
side in opposite directions. In physical extent) this vortex pair i s 
dominated by t he passage vortex . On the outer annulus walls) vortices 
mayor may not form. As indicated by these experiments , a vortex is 
likely to form if the boundary layer on the suction surface is either 
separated or relatively thick - a condition associated with IIpoor" 
suction- surface velocity profiles. If suction-surface boundary layers 
are thin and unseparated, cross-channel boundary layers tend to flow 
radially inward in the wake region rather than to roll up at the blade 
tip. 

CONFID~IAL 
- ... -.---- - ----- --._-- ~---



------~.--.-- ._ --

NACA RM E56B03b 177 

Because of the pressure rise through a given stage, there may be 
flow leakage around a shroud ring causing local disturbances at the in
let t o a s tage. This would t end to qualify to some degree the se condary
flow model presented. 

Flow in unshrouded stators . - In unshrouded stator passages, two 
secondary-flow components exist in addition to those noted previously: 
(1) tip-clearance flow through the gap between the blade ends and the 
hub, and (2) flow caused by the relative motion between the blades 
and the rotating hub. The effect of this relative motion appears to 
be aspiration of boundary-layer material from the blade suction sur-
face with attendant transport of this boundary-layer air in the direction 
of the rotating hub. As these two flow components oppose the motion of 
cross-channel secondary- flow components , the resultant flow pattern is a 
function of the respective magnitudes of the various components. As such, 
the resultant flow depends upon such factors as the size of the blade 
end-clearance space, blade end loading, magnitude of cross-channel pres
sure gradient, boundary- layer accumulation on blade surfaces, and speed 
of the rotor relative to the blades. Because of the motion of the hub, 
accumulations of bound?ry-Iayer material that would occur near a blade 
suction surface for a stationary hub will now occur nearer the pressure
surface side of a passag~. As indicated in the- tests. of the two
dimensional cascade with a moving wall, boundary-layer material may be 
swept completely across a blade passage and roll up against the pressure
surface side. 

Flow in rotors. - Experimental information concerning secondary flow 
in rotors indicates that radially outward flow of boundary-layer material 
will probably take place because of the predominance of centrifugal-force 
effects over radial pressure gradients. At present, details of flow be
havior in the blade tip region must be inferred from knowledge of sec
ondary flows in other types of configurations. On this basis, it is 
highly probable that flow behavior in the tip regions should not differ 
markedly from the behavior predicted in the hub region of linshrouded 
stators. 

THEORETICAL INVESTIGATI ON OF SECONDARY FLOWS 

The limitations inherent in the types of experimental analysis of 
secondary flows considered leave several important problems to be In
vestigated. One of these problems is quantitative prediction of varia
tions in thermodynamic properties of the fluid that result from the de
velopment of secondary flows . Another problem is the establishment of 
the physical basis or underlying causes for certain observed phenomena 
(e.g., vortex roll-up near a blade suction surface). Problems of this 
nature are perhaps best attacked by means of theoretical investigations. 
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To date, theoretical research on secondary flows has been limited 
because of mathematical complexities. However , certain special aspects 
of secondary- flow behavior have been treated analytically by use of sim
plified theories. A fair amount of progress , for example) has been made 
on the calculation of boundary- layer crossflows and on the calculation 
of vortiCity components associated with secondary f l ows in two- dimensional 
cascades and channels . While much of the work has been restri cted in 
scope, important groundwork has been provided for more extended 
investigations. 

LJ) 
['-

I n the following sections a review of representative analyses from ~ 
the body of current theoretical research i s pr esented and discussed. It 
is the purpose of this review to provide insight into methods of analyt -
ically attacking secondary-flow problems, to illustrate the nature of the 
mathematical theory involved, to indicate application of solutions to spe -
cific problems) and to point out possible bases for further research . 

As will be noted, the analyses discus s ed are categorized on the basis 
of assumptions made in current secondary- flow. theory regarding the nature 
of the fluid analyzed. The two major categories are (1) non viscous - flow 
analysis and (2) boundaty- layer - flow analysis. The analyses are dis 
cussed in this way becaupe part i cular analyses in one of these categories 
are necessarily restrict~d to the consideration of specific types of 
physical flow phenomena. As a consequence, only certain special aspects 
of secondary flows observed experimentall y can be treated within the ~ 

framework of the theory . A division of the discussion into "analysis 
types II is therefore e qD:i valent , in a sense) to a division into specific 
types of problems having certain common characteristics . 

Discussion of Methods 

With only minor exceptions , the theoretical research on secondary 
flows has been concerned with steady, i ncompressible flows. Such flows 
are described in their most general form by the Navier- Stokes equations 
along with the equation of conti nuity . This system of four equations in 
rectangular coordinates is as follows : 

ou ou ou 1 op 
(0

2 
02u 0

21) u dx + v'dy + Wdz - P dx + \I ~ 
+ oy2 + oz2 ox2 Cia) 

u ov ov ov 1 op ~2v + 02v + 02~) 
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x} YJ and z directions, p where u} v} and 
is the density} p 

ware components in the 
the static pressure, and v the kinematic viscosity. 

Solutions to · the complete set of equations are almost impossible to 
obtain for boundary conditions of the type usually occurring in aerody
namic problems. In general} it is necessary to make such simplifying 
assumptions concerning the nature of the flow problems that the corre
sponding simplifications in the equations make them mathematically 
tractable. Two typical simplifying assumptions occurring in secondary
flow research are now considered. 

One of the ways to simplify the Navier-Stokes equations greatly is 
to assume a nonviscous flow} that is, v = O. Although secondary flows 
are almost always a result of viscous action in a fluid} the assumption 
of nonviscous fluid flow i s considered reasonable in certain instances. 
One of the most common is the case where the flow paths under considera
tion are not large in extent (e.g.) flow in cascade passage) and where 
viscous shear forces are not likely to be high. The flow crossing the 
boundary of this region is considered to have a velocity gradient, and 
hence vorticity} by virtue of viscous action upstream of the boundary. 
Within the region} however} the basic assumption is that the effects of 
viscosi ty over the short flow path are negligible comp·ared with effects 
of the vorticity associated with the flow . 

It should be noted at this point that} with the assumption v = 0, 
the flow equations are reduced to f irst-order equations and it is no 
longer possible to satisfy the two boundary conditions for a real flow; 
that is, that the normal and tangential components of the flow at a sur
face be zero. The single boundary condition specified is that the flow 
normal to the surface is zero and hence the condition of "no_slip" at 
the surface is not assured. In actual application of nonviscous-flow 
analyses, this defect is generally 9f secondary importance. 

In flow problems where viscous shear forces near bounding surfaces 
are likely to be high, it is desirable to retain the friction terms 
(v I 0) in the Navier-Stokes equations. One of the ways in which this 
is done, while still simplifying the general form of the equations, is 
by use of boundary-layer theory. The principal physical assumption made 
here is that the effects of viscosity are predominant only in a very 
thin region (the boundary layer) in the neighborhood of the fluid bound
aries, while the rest of the flow is regarded as frictionless. Further
more, the pressures associated with t he frictionless region of the flow 
are assumed known and are superimposed on the boundary-layer flow. 
Mathematically, the governing equations for the boundary layer can be 
obtained in several ways, with the various derivations stressing either 
intuitive physical considerations or rigorous mathematical theory. 
(See ref. 8 ch. 4 for the physical approach and ref. 9 ch. 18 for the 
mathematical approach.) To illustrate the simplifications in the 
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Navier-Stokes equations that result from boundary- layer hypotheses) the 
boundary-layer equations for flow on a nonrotating) flat (or slightly 
curved) surface are given : 

au au au 2 v aU w au = y 
a u U aU (3a) udX: + v dy + wdz ay2 + dx + dy + dz 

u aw v aw w aw 
2 v aW W aw + + = v a w + U aW + + (3b) ax dy ~ ay2 dX: dy dz 

where x) y ) and z are rectangular coordinates with x and z paral
lel to the bounding surface and y normal to the surface; u , v ) and w 
are boundary- layer veloci ty components in the x ) y) and z directions, 
respectively; and U, V) and Ware the velocity components of the non
viscous region of the flow in the x , y) and · z directions) respectively . 
These velocity components of the nonviscous regi on are assumed known . 
The third equation necessary for solution (the continuity equation) has 
the same form as equation ( 2). 

Although equations' (3a) and ( 3b ) indicate that the Navier-Stokes 
equations have been greatly s implified, solutions for the system of equa
tions (2) and (3) are difficult to obtain for even relatively simple 
three-dimensional configurati ons . In fact ) almost all existing analyses 
require the application of numeri cal methods to obtain solutions . 

The boundary- layer approach to secondary- flmr ,behavior should be 
satisfactory for flow problems where frictional effects or energy gradi 
ents are confined to the neighborhood of the fluid boundaries and flow 
separation does not exist . 

It might be noted that a few investigations of secondary flows have 
dealt directly with the Navier-Stokes equati ons wi thout assuming any 
special properties for the flow . This approach is practical only if the 
aerodynamic configuration is s imple in form . At the present t ime) analy
ses of completely viscous .flow that might have had significance for 
secondary- flow research in turbomachines have been confined to the study 
of flows in pipes and channels (refs . 10 to 13) . Unfortunately) the so
lutions presented in these references have been achieved only for very 
low Reynolds numbers and for the case of fully developed flow; that is, 
flow in which the effects of the centrifugal forces acting on the energy 
particles and the effects of viscous dissipation in the fluid are in 
balance . In turbomachine blade rows ) this condition of equilibrium i s 
generally not achieved; and) hence) the secondary flow i s a function of 
the turning. Although theoretical studies of viscous flows of this type 
are of great interest in their own r i ght ) f urther discussion of these 
studies will not be undertaken in the present chapter . 
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Nonviscous-Secondary-Flow Theory 
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The study of s econdary flows through application of incompressible 
nonviscous-flow theory has been principally restricted to investigations 
of flows i n pipes or rectangular channels such as formed by airfoils in 
cascades . The fairly large number of reports dealing with this topic 
make a complete review of the theoretical literature prohibitive. Con
sequently, the review is restricted to four reports (refs. 14 to 17) 
which are clos ely associated with flow through cascades and which incor
porate basic notions common to most nonviscous-flow analyses. 

Flows in channels and two- dimensional cascades . - Two reports (refs. 
14 and 15) have become classical references in nonviscous- secondary- flow 
research. Both papers consider, in general, secondary flow in a guiding 

' passage (pipe, channel , blade row, etc.) which r esults from a nonuniform 
total- pres sure distribution upstream of the passage inlet. Mathemati 
cally, the analyses are based upon three governing equations for flow of 
a steady, incompressible, inviscid fluid. These equations are 

curl (V X 52) = 0, the equation of motion (4) 

div Qr= 0, the conservation of . vorticity (5) 

div V = 0, the continuity equation (6) 

where V and 52 are , respectively, the velocity and vorticity vectors 
of the flow. 

From equations (4) to (6), reference 14 derives an expression for 
the vorticity component in the through- flow direction downstream of a 
two-dimensional cascade. Knowing the magni tude of thi s vorticity com
ponent, it i s then possible to obtain an approximation to the secondary
flow velocities. This derivation is based upon a perturbation analysis 
that considers the two-dimensional potential flow through the cascade as 
a first approximation to the actual flow. Consequent ly, the applica
bility of the analYSis is restricted to a class of flows for which the 
perturbation assumptions are reasonable. 

The expression for the vorticity component in the through- flow 
direction was actually evaluated for flow in a circular-arc channel in 
which the basic f l ow was given as that of a free vortex. Before the 
calculations were completed, hOwever} a f urther assumption was made 
which is physically equivalent to assuming that the channel is very 
narrow. This leads to the following expression for the vorticity com-

.. ponent: 

~1 2 cU ea-z 
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where 

~l 

u 

z 
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magnitude of vorticit y component in through-flow di rection at cas
cade exit (~= 0 at inlet) 

total turning of channel 

inlet flow velocity 

distance measured normal to base of channel 

From the expression for ~ l' the secondary-flow velocity components were 

obtained and a plot of secondary-flow streamlines calculated (ref. 14). 
These theoretical results were compared with experimental data taken in 
a circular-arc turning section . The flow in the experimental tests had 
an induced inlet velocity variation of the type required in the analysis; 
that is, small velocity gradient . For the velocity profile shown in 
figure 23, agreement between theory and experiment was fairly good . 

Reference 15 differs from reference 14 in that the former analysis 
begins with equations (4) to (6) and develops a . gener~l expression for 
the change in "secondary circulation" along a streamline in a perfect, 
incompressible fluid . The secondary circulation is proportional to 
~/q where ~ is the component of vorticity in the direction of fluid 
flow and q is the magnitude ' of the flow velocity vector . 

The expression for the change in secondary circulation along a 
streamline is obtained from equations (4) to (6) by applying certain 
well-known results from vector analysis and differential geometry . The 
final form of the expression is given by 

sin <p ds 
R q2 

(7) 

where 

s streamline arc length 

Po total pressure 

p density 

<p angle between direction of principal normal to streamline and 
normal to Bernoulli surface (surface of constant total pres sure) 
on which streamline lies 

R radius of curvature of streamline 

t . 

I 
I 

I-
I [ 



• 

NACA RM E56B03b CONFID1IAL 183 

and the subscripts 1 and 2 indicate arbitrary points on the stream
line. It ~ollows at once that, if ~ = 0 (R f 0), then (~/q)2 = (~/q) l ; 

that is, there is no change in secondary circulation along the stream
line. Furthermore, from differential-geometric considerations, 
l/Rg = sin ~/R where l/Rg is the geodesic curvature of the streamline 

on the Bernoulli surface. Therefore, ~ = 0 (R f 0) implies that 
l/Rg = O. Reference 15 summarizes these results by stating, "Hence 
streamlines along which the secondary circulation remains unchanged are 
geodesics on the Bernoulli surface." 

It is pointed out that the simplest examples to which the general 
theory may be applied are those in which the initial flow has a uniform 
static pressure and a velocity varying in one direction only. Such 
flows may exist in the boundary layer of a large straight duct or in 
an open channel whose width is large · compared with its depth. 

From a physical stanqpoint, when a stream enters a bend whose plane 
is parallel to the Bernoulli surfaces) a secondary circulation is created 
and the ensuing secondary flow will eventually distort the Bernoulli 
sur~aces so that all semblance to the original velocity and total-pressure 
distribution may be lost. However, if the distortion. of the Bernoulli 
sur~aces is assumed small, Igrad (PO/p)j and ~ in equation (7) can be 

considered constant and a first-order solution obtained ~or the secondary 
circulation. As an illustration, the method (with these assumptions) is 
applied to the problem posed in reference 14. The resulting equation 
for change in the vorticity component in the through-flow direction is 
identical to that obtained in reference 14. 

Even though nonviscous-flow analyses represent a simpli~ied ap
proach to secondary-~low problems) solutions o~ the governing equations 
still are di~~icult to obtain. A question always exists as to the 
meaningfulness . o~ results obtained by introducing further simplifying 
assumptions in the flow model to obtain solutions. A partial answer to 
this question is found in reference 16, which considers secondary flow 
in a 900 bend o~ rectangular cross section. The secondary flow is first 
calculated by means of a perturbation analysis and then compared with a 
Ifsimpli~ied solution." Theoretical results are finally compared with 
experimental data. 

In carrying out the perturbation analysis) the stagnation pressure 
is assumed to vary in a direction perpendicular to the plane of the bend, 
and the secondary-flow velocities are assumed small compared with. the 
main-flow velo.ci ties. The basic ~low is defined, as in reference 14, 
to be the ~low in a free vortex. The perturbation velocities are then 
shown to be determinable from the solution of a Poisson equation. This 
solution is expressed as an infinite series involving Bessel ~unctions. 
The series, however, converges slowly, and a great deal of calculation 
is required to obtain answers of reasonable accuracy. 

CO~ENTIAL 
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The simplified analysis presented incorporates further assumptions 
than those made in the perturbation analysis) and the problem is finally 
made comparable to the one considered in reference 14 . A particular 
solution to the problem is then calculated by assuming a linear varia
tion in stagnation pressure at the entrance of a bend having the geometry 
of the author's test apparatus. The velocities obtai ned by the simpli 
fied method are compared with the more exact perturbation solution men
tioned earlier) and the agreement is found to be good for thi s particu
l ar case . 

The theoretical results ar e then compar ed with experimental r esul ts 
in a 900 bend (ref . 16). For a turning angle in the bend comparable to 
that found in compressor cascades) a comparison of the theoretical and 
experimental radial velocities falls within the limits of experimental 
accuracy. Therefore ) for the types of nonviscous - flow analysis under 
consideration) the extra labor involved in improving the solutions t? 
secondary flow in a channel by the more exact calculations would appear 
to b e unwarranted as long as the secondary- flow velocities are assumed 
~all . 

A few attempts have b een made to develop methods which are exten
sions of the type or aqalysis initiated in references 14 and 15 and 
which potentially are ' capable of ~elding more exact soluti ons to 
secondary-flow problems. One such method is outlined in reference 17. 
In this report the , secondary flow in channels and cascades of airfoils 
is considered calculable by a successive- approximation techniQue. The 
flow i s assumed to become asymptotically parallel and nonuniform at up
stream infinity. A velocity field is postulated for the region to be 
investigated which has zero normal velocities on the flow boundaries 
and which assumes the given asymptotic values at upstream infinity. 
This velocity field is chosen to satisfy the continuity eQuation though 
not necessarily the momentum eQuations . From the prescribed velocities) 
a vortex field is calculated by means of the Cauchy vorticity eQuations. 
The vortex field is then integrated to give a new velocity fieldj and 
the process is repeated until discrepancies between successively calcu
lated veloci ty fields are small. 

Reference 17 points out) however) that the computational labor in
volved in the approximation s cheme makes more than one step unlikely. 
A realistic choice of the initial velocity field i s reQuired) and 
usually enough is known about the de sired solution to make this possible. 

Evaluation and conclusions . - The various analyses di scussed out
line approximate methods for predicting secondary flows in channels and 
two-dimensional cascades . The principal restriction applying to these 
analyses is that they assume a variation in inlet velocity that extends 
well into the flow passage ( see fig . 23 ). I n most two-dimensional
cascade investigations) ' the variation is likely to be confined to a thin 
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boundary layer. Tests in such cascadls indicate a pronounced cross
channel flow and a concentration of vorticity near the suction-surface 
side of the passage . As would be expected, none of the examples worked 
out by nonviscous-flow methods predict such a phenomenon. There are 
indications, however, that this type of approach may be a first step in 
treating secondary flow in the final stages of a compressor where varia
tions in velocity are of the type required and viscous effects on the 
primary flow pattern are of secondary importance. A complete analysis, 
of course, would have to include the effects of tip clearance and radial 
pressure gradients . It might also be possible to combine nonviscous
flow theory and boundary-layer theory in a manner that would allow for 
calculation of secondary flows in the inlet stages of a compressor. 

Reference 15 is of particular interest , in that the equations de
rived are general in form. However, it should be noted that the formula 
for secondary circulation 

sin cP ds 
R 2" 

q 
(7) 

is not an explicit relatipn for the change in secondary circulation. 
This follows from the fact that the velocity q is affected bY';, and 
hence the integrand is in turn a function of .;. '. Consequently, equation 
(7) is actually an integral equation for the secondary circulation or 
the vorticity component .;. The cases where the formula for a change 
in secondary circulation can be readily simplified are those in which it 
is assumed that the Bernoulli surfaces remain flat. The formula then 
becomes 

(~) -(~) = _ 2 grad pol ~ J
S 2 

\q 2 \q 1 P s q~ 
1 

Experimental studies have shown, however, that this assumption (with
out further modifications ) will be invalid for many problems of practical 
interest (see experimental section of the present chapter). This fact 
is recognized by the author of reference 15 in a discussion of flow in 
bent circular pipes. In this case, simplification was achieved by con
sidering only the path of a particle of maximum total pressure near 
the outside wall of the pipe and assuming that the velocity and 
Igrad (po/p)1 remain constant on a streamline. 

References 16 and 17 emphasize the mathematical difficulties in
volved when more exact methods are used in calculating secondary flows 
by use of nonviscous-flow theory . However, the reports .also indicate 
that the simplified solutions give fairly adequate results for the type 
of problem under consideration . 
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Three -Dimensional Boundary- Layer Flows 

One of the earl y theor etical papers on three- dimensi onal boundary 
layers is reference 18, which points out two effects in three 
dimensional boundary- layer flows that are not present in the two
dimensional case. The first effect is the result of lateral expansion or 
convergence of streamlines in the "potential flow region" that are paral
lel to the bounding wall . This convergence causes changes in boundary
layer thickness and profile shape . The second effect is the displacement 
of the boundary layer toward the concave side of the potential stream as 
a result of lateral curvature of that stream . This results in boundary
layer crossflows such as shown in figure 2 . As indicated in reference 
18, theoretical calculation of such flows entails difficulties not pres 
ent in two- dimensional boundary- layer studies . 

The theoretical investigation of secondary flows in blade passages 
through application of boundary- layer theory has, in the past , been re 
stricted in scope . Almost all analyses bearing on compressor secondary
flow problems have been confined to the study of boundary- layer cross 
flows of the type noted, in the experimental section . Because of the 
assumptions generally made in classical boundary- layer theory, investi 
gation of such phenomena as vortex roll- up and t i p - clearance flows is, 
of necessity, severely limited . 

In the follOwing sections, reports dealing with basic boundary
layer theory and the application of this theory to secondary- flow prob
lems are discussed . Although reports that employ momentum- integral 
concepts play an important part in the study of boundary layers in tur
bomachines, this class of reports is excluded from the discussion . This 
restriction is made because momentum- integral methods require a priori 
assumptions concerning the character of the velocity profiles in the 
boundary layer, and at present some important questions remai n as to 
how to make these assumptions realistically for three - dimensional flows 
(ref. 19 ). Consequently, reports that evolve basic concepts and deter
mine fundamental flow characteristics are considered prin~pally . 

All the reports that give solutions to specific secondary- flow 
problems assume that the boundary layer under investigation is laminar, 
as a result of general inability to apply current mathematical tech
niques to the vastly more complicated problems of turbulent viscous - flow 
phenomena. However, as boundary layers in turbomachines are not likely 
to be laminar but rather turbulent, the question may arise as to the 
significance of laminar-flow studies in relation to turbomachines . In 
this regard, past experience indicates that the factors having an im
portant influence on laminar-boundary- layer flow behavior are qualita
tively the same for turbulent flow . 
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Investigations of t hr ee-dimensional boundary- layer equations. -
Because of the complexi ty of the boundar y-layer equations, it has been 
profitable to examine t he nature of the equations without actually 
carrying out solutions of specifi c pr oblems . Several reports, for ex
ample, give derivati ons of the boundary- layer equations in various cur
vilinear coordinate systems foll owed by det ai led examination of the 
equations in these syst ems to det ermine t heir important characteristics. 
Some of the basic r eports of thi s type that can be considered ultimately 
applicable to secondary- f l ow ana l ysi s in turbomachines are summarized 
briefly. 

The equations in reference 20 are derived f or i ncompressible 
boundary-layer flow in a general orthogonal curvilinear coordinate 
system, and the influenc e of curvature of the main flow on boundary
layer behavior is discussed . Compressible boundary- layer equations in 
orthogonal curvilinear coordinates are developed i n r eference 21, along 
with the energy equation. The results of refer ence 21 are, therefore, 
more widely appli cable than t hose of r efer ence 20. Following the gen
eral development , the boundary-layer equations ar e derived for various 
special cases and the nature of the equations i s di s cussed. The special 
cases include f low over' a body of revolution, cylindrical flow, and 
conical flow. For treatment of more general cases, t 4e equations are 
derived for an orthogonal' coordinate system determined by the external 
flow streamlines , the orthogonal trajectories of those streamlines, and 
a line mutually perpendicular to the s treamlines and their trajectories. 

In the discussion , of t he boundary- l ayer equations in the system 
designated, reference 21 shows t hat , in t he abs ence of a lateral body 
force, external stream curvature is ne eded t o produce crossflow. There
fore, if the curvature is small and the flow unseparated, the crossflow 
veloci ty will probably- be small. This then suggest s t hat :l. t might b e 
possible to simplify t he boundary equat ions by considering a "small
crossflow" approximation. In such an approximation, the terms of higher 
order than unity i n the cros sfl ow vel ocity or later al derivatives would 
be neglected. This approximation i s carried out, and it is shown that 
the equations for the f low velocity i n the streamline direction (the 
"principal velocity") can be put int o t he precise form of the two
dimensional boundary-layer equations and independently solved. Once 
such a solution has been achieved, it i s possible to solve for the 
crossflow component. Solving for this component l however , is difficult, 
and it is suggested that the boundary layer be considered as divided in
to two parts. One part would consist of the outer r egion of the bound
ary layer where viscous f orce s are not l arge. By sett ing the viscous 
terms in the governing equation equal t o zero, a "str ipwise" solution 
for this region can be obtained along a given external streamline. The 
other part of the boundary layer, t ermed the ''boundary sub-layer" would 
consist of the region adj acent to the surface where viscous forces are 
large. By assuming t hat t he principal velocit y component is linear in 
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this region, an approximate solution for the crossflow component can be 
obtained that is valid in the region close to the wall . This sub - layer 
solution can then be joined to the solution obtai ned for the upper re
gion of the boundary layer to give a result valid for the entire bound
ary layer. 

The e~uations for steady, compressible three-dimensional boundary
layer flow in Cartesian coordinates and in an "implicit" orthogonal co
ordinate system applicable to flow over bodies of revolution and conical 
bodies are derived in reference 22. A discussion of the energy e~ua

tion, along with a simplification of the energy e~uation for a Prandtl 
number of 1, is then presented. By introducing a vector potential, the 
number of dependent variables in the boundary-layer e~uation can be re
duced by one. This is accomplished by properly defining the boundary
layer velOCity components in terms of the components of the vector po
tential. The boundary-layer e~uations and the energy e~uation are then 
transformed to a system of e~uations including the components of the 
vector potential as dependent variables. In incompressible flows, these 
components are the only two dependent variables. 

Various applications of the e~uations to specific types of problems 
are also discussed in r~ference 22. Among the concl usions reached are 
the following: (1) For .f:1ow with plane or axially symmetric boundary 
conditions, the three-dimensional e~uations reduce to two-dimensional 
form by Mangler's transformat~on; and (2) in cases of flow over flat 
plates at zero angle of attack, when the leading edge is some arbitrary 
curve) the flow viewed in planes parallel to the stream and perpendicu
lar to the plate is given by the plane Blasius solution. 

The effect of angular rotation of the coordinate system on the 
boundary-layer e~uations is considered in references 23 and 24 . The 
boundary-layer e~uations are obtained in reference 23 for a Cartesian 
coordinate system rotating with a constant angular velocity about a 
fixed axis in space. In this report the addi·tional forces caused by 
rotation of the system and the influence of blade rows in a turbomachine 
on the boundary layer are ~ualitatively discussed. In reference 24 the 
boundary-layer e~uations are derived for an orthogonal coordinate sys
tem rotating with a constant angular velocity. Both the laminar and 
the turbulent forms are given . These e~uations are then used to develop 
generalized momentum-integral e~uations. 

Boundary-layer crossflow over flat plate with leading edge . -
Initial research on boundary-layer crossflow on flat or slightly curved 
surfaces was prinCipally concerned with calculations of two special 
types of boundary-layer flow over an infinite flat plate. The first 
was the result of rotating the plate about an axis normal to its surface 
in a uniform stream (ref. 25). The second was the result of imposing a 
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flow having circular streamline (e.g .) a free-vortex type flow) on the 
plate surface (ref . 26 ). In neither of these cases ) however, is there 
any variation of boundary- layer properties with mainstream turning, nor 
is there any concept that allows boundary- layer development in the di
rection of the mainstream flow relative to the plate . The results ob
tained) therefore , do not directly apply to the type of crossflow ob
served in two-dimensional cascades and channels (fig . 2) . As a first 
approximation to the latter type of secondary flow, several investiga
tors have calculated boundary- layer crossflows over flat plates having 
a leading edge. In this type of problem, both the variation of the 
boundary layer with mainstream turning and the development of the bound
ary layer in the mainstream direction can be studied. 

One of the early papers dealing with thi s problem is reference 27. 
This analysis considers laminar-boundary-layer development over a semi
infinite flat plate placed in a flow with concentric circular streamlines. 
Both incompressible flow and a compressible flow with Prandtl number of 
1 are investigated . The method of solution for the incompressible case 
is similar to that employed in two-dimensional boundary-layer theory. 
The boundary-layer eQuations are first expr essed in a curvilinear sys.
tem of the type outline'd in reference 24. A "similarity parameter" 1) 

is then defined; and, with suitable definitions ' for the boundary-layer 
velocity components in terms of unknown functions F(T}) and G(T}), the 
boundary-layer eQuations are simplified to two simUltaneous total dif
ferential eQuations for F and G. However, certain terms in these 
eQuations have as a coefficient the square of the total turning of the 
main flow from the plate l eading edge . The analysis is then restricted 
to apply to the region of the flow where the total turning is small, 
and all terms containing the sQuare of the total turning are discarded. 
This approximation simplifies greatly the equations for the unknown 
functions F and G, and solutions ar e obtained for the special case 
of a mainstream flow of the free-vortex type. The results show that 
the velocity component u in the direction of the main flow and the 
component w normal to the main flow direction and parallel to the 
plate surface can be expressed by 

and 

where Ul is the mainstream velocity and e is the total turning of 

the flow. 

Typical velocity profiles are shown in figure 24 . The analysis of 
reference 27 also discloses that there is a limiting deflection of the 
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boundary layer at the plate surface , which for the particular case dis
cussed is a function of the " total mainstream turning. Limiting deflec-
tion has also been noted in visualization studies of crossflows. 

Further progress in the investigation of crossflow phenomena is 
made in references 28 and 29 . Both analyses treat "a flow over a flat 
plate which is of a type that makes possible the exact solution of the 
boundary-layer eQuations. Their solutions, therefore, are not subject 
to the restrictions inherent in reference 27 because of the assumption 
of small mainstream turning made in that reference. The special two
dimensional mainstream flow considered in references 28 and 29 is de
fined by 

U = constant 

W = a + bx 

where 

U mainstream compone~t normal to plate leading edge 

W mainstream component parallel to leading edge 

a,b constants 

x distance from leading edge measured along plate surface 

This rotational flow has streamlines that are parabolic in form. Fur
thermore , the entire streamline pattern can be obtained by simply 
translating a given streamline in a direction parallel to the plane 
lea ding edge (fig. 25) . 

The solutions of the boundary-layer eQuations in this problem are 
obtained in the usual way of defining a similarity variable and reduc
ing the boundary-layer eQuations to ordinary differential eQuations. 
In both reference 25 and reference 29, solutions are obtained for the 
case where the mainstream flow has 00 inclination to a line perpendicu
lar to the plate leading edge . Reference 28 also considers two other 
cases where the inclinations are 600 and -600

• The streamline patterns 
for these flows are obtained by merely shifting the parabolas in figure 
25 to the left or to the right. 

In the three cases discussed in reference 28 , regions exi s t in the 
flow field for which the total pressure in the boundary layer exceeds 
that in the mainstream . The reason that particles in the boundary layer 
can have a larger total pressure than those in the mainstream follows 
the postUlation of a total- pressure gradient for the main flow parallel 
to the leading edge of the plate . ConseQuently, boundary-layer 
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streamlines (which curve more sharply than those in the main stream, 
fig . 25) may transport particles of high total pressure underneath main
flow streamlines of lower total pressure. 

Reference 28 also discusses the problem of "three - dimensional sep
aration" (i.e., separation of the actual flow profile as distinguished 
from separation of a single velocity- component profile that may not 
indicate separation of the total flow). The reference shows that such 
t hree-dimensional separation does not occur, because the crossflow 
prevents separation (in the example presented) by transporting fluid 
with high energy to the " critical" regions . 

In addition to the research mentioned, there is one other publica
t ion known to the authors that includes detailed treatment of crossflow 
over flat plates, namely, re~erence 19 . In thi s report a group of prob
lems for which the mainstream flow has small curvature in the lateral 
direction are analyzed. The velocity components of the mainstream are 
characterized by 

u = Uo + U*(x,z ) 

W = W"' (x, z) 

where U is the velocity component in the direction normal to the lead
ing edge of the plate (the x-direction), and W is the velocity compo
nent parallel to the leading edge of the plate (the z -direction, fig. 
26). It is also a ssumed that 

Uo = constant 

W* < U < 0 

U* < U < 0 

By a perturbation method, the velocity profiles of the crossflow in 
the x- and z-directions ar e cal culated for a variety of incompressible 
mainstream flows for which U'" and W* are expressible as 

and 

In this analysis, the boundary- layer velocities u; w, and v in the 
x, z, and y directions, respective~y, are then considered to be of the 
form 
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u = UO + u* 

w = w* 

v = vo + v* 

where ua and Vo are the boundary- layer velocity components in the 

well-known Blasius solution for a uniform flow of velocity Uo over a 
flat plate. The quantities u·, w·, and v · are the perturbation veloc 
ities on this basic boundary-layer flow. 

It can be seen that one of the flows considered in references 28 
and 29 is a special case of the family of flows investigated here; for • • example , U = o} W = ax. This special case is ~orked out with the use 
of the perturbation analysis; and} in this instance} the perturbation 
analysis is equivalent to the type of analysis employed in references 
28 and 29. 

By considering a range of values of the exponents m} i} n} and k} 
the effect of various flow patterns on velocity profiles and boundary
layer displacement thi ckness is investigated at some length. As in ref
erences 28 and 29} certain rotational flows give rise to boundary-layer 
velocites that exceed mainstream values. The effects of angular rota
tion of the coordinate system and compressibility on crossflow velocities 
are briefly analyzed. The results of the analysis of angular rotation 
are applied to flow on surfaces of compressor blades . It is concluded 
that} if the main flow deflects toward the blade tip near the suction
surface side and toward the hub near the pressure-surface side} then the 
effect of angular rotation is to increase the crossflow on the suction 
surface and decrease the crossflow on the pressure surface. 

The effect of compre"ssibili ty is discussed for the flow defined by 
W· = ax and U· = bx. The conclusion reached is that compressibility 
has the over-all effect of increasing the boundary- layer perturbation 
velocities. 

Flow over flat plate with thick boundary layer. - In the previous 
discussion of boundary-layer flow over a flat plate} the boundary layer 
developed from a definite leading edge and was immediately subjected to 
lateral pressure gradients that gave rise to secondary flows. For flow 
in turbomachine configurations} this is usually not the case . Generally} 
the boundary layer develops for a distance in the absence of lateral 
pressure gradients before secondary flows develop. This is true} for 
example, in flow through the inlet of a channel or cascade or along the 
casing of a compressor between blade rows . Reference 30 attempts to 
gain some insight into the effect of this boundary-layer growth on 
secondary-flow behavior. The problem analyzed is that of a thick 
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boundary-layer flow over a flat plate where the boundary layer is sub
jected to a sudden lateral perturbation caused either by a pressure 
gradient or a sudden movement of a part of the plate surface over which 
the flow develops . 

The analysis presented is a small-crossflow perturbation analysis 
of the type employed in reference 19 . In obtaining solutions for " 
boundary-layer velocities, an approximate but rapid method of solution 

~ is employed. This method i s based on the assumption that the flow can 
~ be considered to be composed of a nonviscous outer r egion and a viscous 

inner region adjacent to the wall. In view of this assumption, separate 
solutions are obtained for t hese two regions. These solutions are then 
joined at a distance from t he wall that is determined from the analysis . 

As most of the report is devoted to the development of methods, 
only two simple applications are given . In the first, a boundary layer 
flOwing two-dimensionally from the leading edge of a plate encounters 
at some fixed distance from the edge a surface moving laterally with a 
constant velocity. At a given di stance from the edge of the moving sur
face, the crossflow ve~ocity is a function of the Blasius similarity 
variable ~. Near the leading edge of the mOving plate, these functions 
have a steep slope , which indicates rapid rise of velocity from the 
plate surface to t he main stream. Farther downstream, they approach the 
well-known Blasius solution for flow over a flat plate with zero pres
sure gradient . 

The second example given is the case of a thick boundary layer 
which, at a given r eference line parallel to the leading edge, encoun
ters a pressure field arising from a "parabolic" mainstream flow; for 
example, a flow having a lateral velocity component that varies as the 

nth power of the distance from the fixed reference line. Solutions are 
carried out for various values of these powers and for various distances 
from the reference line. Near the point where the pressure perturbation 
is first felt, the solutions indicate that the thick boundary layer de
velops greater crossflow velocities than in the case where the boundary 
develops from the leading edge. It is possible in this analysis to 
compare the solutions obtained for flow at a great di stance from the 
reference line wi t h the more exact solutions worked out in reference 
19, for here the t wo theoretically must agree. Progressively better 
agreement results from taking larger values of the powers defining the 
mainstream lateral velocity. 

Boundary-layer flow in corners . - One of the important problems 
mentioned earlier was that of analyzing secondary flows in the corner 
formed by the s ide of a channel or blade row and the end wall of the 
flow passage. As outlined in the experimental section of this report, 
a fair amount of information on b oundary-layer behavior in corners has 
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been obtained in visualization studies. Theoretically, however, the 
analysis of boundary-layer behavior in corner regions is still in a 
very preliminary stage of development. 

Early analyses of flow in corner regions (e.g., refs. 31 and 32) 
are generally confined to special cases in which there is no pressure 
gradient in the main flow and the corner region is formed by the inter
section of plane walls. Reference 19 considers flows over surfaces with 
very sharply varying lateral curvature (e~uivalent to a corner with a 
fillet). Perturbation assumptions of the type employed in the analysis 
of flow over a flat plate in the same reference are employed in this 
case. In particular, the mainstream velocity is considered to be the 
resultant of a constant "axial" velocity and superimposed perturbation 
velocities of very small magnitude in the axial and lateral directions. 

The boundary-layer equations in reference 19 are solved numeri
cally for two choices of mainstream flow in a corner having a hyperbolic 
cross section. For the first flow analyzed, the axial perturbation 
velocity is assumed zero and the lateral perturbation velocity is 
assumed constant. In the second case, the axial perturbation velocity 
is again assumed zero, but the lateral perturbation velocity is as
sumed to vary as the first power of the axial distance. Plots of ve
loci ty profiles and def.lections of the crossflow from the mainstream 
direction are presented. The results indicate that, for the case of 
constant lateral perturbation velocity, the corner establishes a 
crosswise pressure gradient that causes boundary-layer air to flow 
from the upper part of the wall into the corner region. For the second 
example, the results ' indicate that the external flow possesses a cross
wi se pressure gradient before it reaches the corner and that this pres
sure gradient not only opposes the one established in the corner but 
also causes a strong crossflow from the corner region up onto the side 
of the wall. 

Evaluation and conclusions. - Application of boundary-layer theory 
to the analysis of secondary flow in turbomachines has the advant'age of 
accountlng for viscosity in the fluid and thereby allOwing the compu
tation of secondary flows that are principally the result of viscous 
action, for example, cross-channel flows. However, the application of 
the boundary-layer studies outlined in this chapter to compressor flows 
is severely limited. For example, the theories in general have assumed 
steady, incompressible, laminar-boundary-layer flow. In compressor 
blade rows, such flows will be primarily unsteady, compressible, and 
turbulent. (To date, of course, it has not been possible to give an 
adequate mathematical treatment of flows of this type.) Furthermore, 
the present state of boundary-layer theory doe s not allow the ready 
computation of flows in the presence of blade rows. Although some 
progress has been made in this direction (ref . 19), the computations 
of secondary flows arising from lateral pressure variations in the 
main stream are principally confined to flows over surfaces that are 
essentially flat. 
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In spite of these restrictions, several advantages can be gained from 
present boundary-layer analyses. As mentioned earlier, they can serve as 
the first step in a more comprehensive study of secondary flows and can 
possibly be combined with analyses treating other aspects of the flow. 
Secondly, they can be used in their present form to explain and interpret 
experimental findings in relatively simple flow configurations. (The 
"limi ting crossflow" phenomenon found in both experimental and theoreti
cal studies is an example.) Finally, calculations of velocity-profile 
shapes and basic parameters are useful in the application of more general 
theoretical treatments that presently exist (such as the momentum-integral 
methods). The determination of profile shapes, in fact, was one of the 
principal moti v-ations for the analysis presented in reference 19. 

CONCLUDING REMARKS 

The survey of experimental and theoretical research on secondary 
flows and three-dimensional boundary-layer effects indicates in broad 
outline the present state of knowledge in this field, It is evident from 

c the work discussed that, -at best, only an elementary understanding of the 
basic flow behavior has been achieved. 

The exper~nental work indicates how such phenomena as flow dis
turbances caused by relative motion between blade ends and annulus walls, 
cross-channel and radial flows, and vortex formation in blade passages 
may occur in simple compressor configurations. In a multistage unit, 
however, the pattern of -flow is greatly complicated by the interaction 
of these effect:3 and the influence of other compressor phenomena (e .g., 
rotating stall) that have not been considered in conjunction with these 
studies. The experimental studies, therefore, are best used as a guide 
for interpretation of experimental findings in multistage compressors and 
as a basis for eonstructing more. comprehensive modelS' of the actual flow 
behavior. With proper caution, however, the results can be used in their 
present form to guide certain design considerations. In the past, for 
example, shroudIng of blade rows has at times been advocated for the re
duction of losses in blade end regions (ref • . 33). The tests concerning 
relative motion between blade ends and annulus wall, however, indicate 
that smaller flow disturbances and better peri'ormance are likely to occur 
in unshrouded blade passages (with due regard for clearance, of course) 
than in shroudecl passages. 

Theoretica]_ research on secondary flows and three-dimensional 
boundary-layer ei'fects bas been sE:verely handicapped by the mathematical 
complexity associated with even the simplest types of problems. It is 
probably suffici_ent t o hope that present theories can be used to predict 
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"orders of magnitude" of various quan ·tative aspects of the flow and to 
provide a better physical understanding of the mechanisms that give rise 
to observable flow patterns. 
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Figure 1. - Two-dimensional steady-flow cascade (ref. 2). 
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Figure 2. - Overturning in end-wall boundary" layer due to secondary flow . Smoke introduced through probe on wall i n passage 
at inlet (ref . 2). 
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Figure 3. - Downstream view showing vortex formation resulting from roll-up of end-wall boundary layer. Smoke intr oduced 
on wall near blade pressure surface (ref. 2). 
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(a) Convergence of streamlines (ref. 2). 

Figure 4. - Passage vortex formation. 
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(b) Spanwise deflection and vortex roll-up_ 

Figure 4. - Concluded. Passage vortex formation. 
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Figure 5. - Deflection of flow off blade pressure surface and across passage to roll 
up into outer layers of passage vortex (ref. 2). 
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Cross-channel velocity 

Figure 6 . - Boundary-layer' velocity and vorticity 
profiles for cross-channel component of boundary
layer flow (ref. 6). 
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Figure 7. - Resistance to turning of passage vortex generated by upstream cascade causes 
it to strike pressure surface of blade in downstream cascade. Smoke introduced through 
probe on wall at inlet to upstream cascade (ref. 2). 
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Figure 10 . - Paint traces showing location of shock and radial 
flow in thickened boundary regions on suction surfaces of 
vortex blades (ref . 3) . 
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Figure 15 . - Deflection of f low off pressure surface at 
blade end and through tip-clearance region to roll up 
as vortex near suction surface (ref . 2) . 

, . 

F igure 16 . - Displacement of passage vortex by tip- clearance vortex lref . 2). 
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Figure 18 . - Streamline pattern showing scraping effects at leading surfaces 
of blades with relative motion between blades and wall (ref. 2). 
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(a) Stationary wall. 

(b) Moderate-speed wall. 

F igure 19. - Effects of scraping action on streamline 
deflections on pressure surface of blade for "compressor 
configuration. " Probe on nose of blade (ref. 2) . 

CO~DENTIAL 

221 



22 2 NACA RM E56B03b 

(a) Stationary wall. 

(b) Moder ate- speed wall. 

Figure 20 . - Aspi rating effects on streamli ne defl ect i ons on suc t ion surfac e of b l ades . 
Probe on nose of b l ade (ref . 2) . 
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(a) First rotor position • 

.' 

(b) Second rotor position. 

Figure 21. - Effect of rotor blade position on radial flow (ref. 6) . 
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Figure 22 . - Schematic sketch of secondary-flow paths in annular-nozzl e cascade 
(ref. 3 ). 
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Figure 23. - Velocity variation at inlet to channel (ref. 14). 
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(b) Cross-channel direction. 

Figure 24. - Typical boundary-layer velocity profiles (ref. 27). 
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Figure 25. - Parabolic mainstream flow over 
flat plate with crossflow in boundary layer 
(refs. 28 and 29) • 
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Figure 26. - Coordinate system for flow along semi-infinite 
flat plate (ref. 19) . 
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CHAPTER XVI 

EFFECTS OF DESIGN AND MEASUREMENT ERRORS ON COMPRESSOR PERFORMANCE 

By Robert J. Jackson and Peggy L. Yohner 

SUMMARY 

Effects of design errors on compressor performance parameters and of 
measurement errors on calculated values of performance parameters are 
analyzed. Formulas and charts ar e presented from which the changes in 
blade-element performance and calculated parameters due to the design and 
measurement errors can be determined . 

The use of the deSign-error char ts during the design calculations 
and in the analysis and interpretation of data is discussed. The charts 
can be used to evaluate t 'ne . sensi ti vi ty of a given' veloc'i ty diagram to 
design errors and to determine whether iterations of design calculations 
~re warranted. To a limited extent ) the uncertainty intervals in blade
element performance can be calculated from the charts. 

The measurement-error charts can be employed a long with the proce
dure devised at the Gas Turbine Laboratory of the Massachusetts Institute 
of Technology for the estimation of uncertainty intervals in calculated 
performance and can also be of assistance in the evaluation of data and 
in the planning of instrumentation for r esearch or development. 

INTRODUCTION 

The attainment of design rotor pressure r atio for an axial-flow
compressor stage depends upon the correct prediction of blade-element 
turning angle and loss) upon an accurate design distribution radially of 
the local specific mass f l ow downstr eam of the rotor) and upon the agree
ment between the actual and design r otor-inlet flow distribution. Rotor 
blade-element design error s can r esul t f r om the approximate nature of 
available design-data correlations) f r om bl ade manufacturing tolerances) 
and from the necessary simpli f i cations in the design equations. Dis
crepancies between the actual and design rotor - inlet flow distribution 
can result from the for egoing types of desi gn err ors in preceding blade 
rows. (The design variables and their sources of error are identified 
and discussed in the section ANALYTICAL APPROACH.) 
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A means for estimating the error in a performance parameter due to 
an assumed error in a blade-element design vari able or to an error in the 
inlet f low conditions is useful to both the compr essor desi gner and to 
the research worker. Therefore) an analysis of this problem was made) 
the r esults of which are presented in this chapter. From the available 
equations relating blade-element performance parameters t o the design 
variables) differential formulas were calculated that relate a small 
change in a design variable to the consequent change in the performance 
parameter. The formulas are presented in this chapter in the form of car
pet plots) and the significant trends are discussed. 

An analysis of this type may be expected to indicate the degree of 
design control required for a given velocity diagram as evidenced by i ts 
sensitivity to design errors . Among a group of suitable deSign velOCity 
diagrams) the analysis may show that one diagram is r elatively insensitive 
to design errors) ' thus indicating that it would be the best choice for the 
design. The charts 'can also be employed to determine) in certain cases) 
whether an iteration of the design calculations is warranted . 

The interpretation of experimental data requires some consideration 
of measurement errors . . This problem is particularly relevant to the work 
of the researcher and also to the compressor deSigner) since correlat ions 
of design variables are .based on eXperimental data) and compressor devel
opment programs depend on the interpretation and application of experi 
mental data. Differential formulas were calculated that give the error 
in a performance parameter caused by a measurement error in one of the 
flovl properties. These formulas are presented in this chapter in the form 
of carpet plots. A method for combining the effects of several measure 
ment errors is outlined. 
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SYMBOLS 

The following symbols are used in this chapter: 

speed of sound 

diffusion factor 

total or stagnation enthalpy 

total enthalpy calculated from change of moment of 
momentum 

static enthalpy 

Mach number 

total or stagnation pressure 
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p 

R 

r 

T 

u 

v 

y 

T1ad 

p 

(l) 

Subscripts: 

d 

h 

id 

I 

sys 

t 

u 

z 

static ot stream pressure 

gas constant 

radius 

total or stagnation temperature 

rotor speed 

air velocity 

air angle, angle between air velocity and axial direction, 
deg 

ratio of specific heats 

deviation angle, angle between outlet-air direction and 
tangent to blade mean camber line at trailing edge, deg 

adiabatic' efficiency 
, , 

density 

solidity, ratio of chord to spacing 

quantity 
P2,id 

- 1 pI 
2 

total-pressure-loss coefficient 

design value 

hub 

ideal 

lower limit of uncertainty interval 

denotes systematic error 

tip 

upper limit of uncertainty interval 

axial direction 

---- -----
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\ 

o station ahead of guide vanes or stator s 

1 station at rotor inlet or stator exit 

2 station at rotor exit 

i viii denotes variable in error 

Super scr ipt : 

indicates quantity r e l ative to r otor 

ANALYTICAL APPROACH 

Consider a function of sever a l variables l(xl J X2 J • • • ~) . The 

change i n I caused by a given set of small changes in xl Jx2J ' . xn 

i s given appr oximately by the following for mula (ref . lJ ch . IV): 

The nth term of formul~ (1) 

can be dir ectly calculated (for an assumed value of 

a function of the par ameter s that fix the value of 

cedure is used in the present r eport . 

( 2) 

~) and plotted as 

dl/dXn . This pro-

The degree of appr oximation of formula ( 2) depends upon the way f 
varies with xn and upon the magnitude of ~. The accuracy of 'the 

formulas presented i n this r epor t for r easonable magnitudes of desi gn 
error s was spot -checked by means of sample cal culations and plots . The 
r esults of these calculati ons are given in appendix A. These checks do 
not constitute a general proof of the accur acy of the formulas J but do 
verify their applicabi lity for certain conditions of flow and velocity 
diagram. 

Design Errors 

A br ief outline of the blade -element appr oach to single-stage 
compressor design follows in order to clarify the application of formula 
(1) to the analysis of design errors . 
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For given design values of pr essure ratio, mass flow) rotational 
speed, and tip diameter , the hub profile and the preliminary velocity 
diagrams are calculated by methods discussed in chapter VIII (ref. 2). 
These preliminary velocity diagrams determine approximate values of 
diffusion factor and other blade - loading and blade -configuration param
eters. This information permits the estimation of the radial distribu
tion of the relative total-pressure-loss coefficient ill (or ill') for each 
blade row as discussed in chapter VII (ref . 2). The velocity-diagram 
calculations (including the radial- equilibrium calculation) are then re
peated in order to incorporate the effects of the loss estimation. Fi
nally, the methods of chapter VII (ref. 2) can be employed for the se
lection of blade-section cambers, incidence angles, and deviation angles. 

The employment of blade elements in this design procedure (as dis
cussed in ch. III (ref. 3)) requires the estimation or calculation of the 
radii to each blade element at the axial stations upstream and downstream 
of the rotor. Thus, since rl is assigned by the designer, r2 is identi
fied as a design variable . For a rotor, the design method outlined in the 
preceding paragraph requires predictions of r elative stagnation-pressure 
loss (in terms of ill') and of deviation angle. The radial-equilibrium cal
culation and the condition of continuity determine the values of axial ve
locity or local specific mass flow downstream of the rotor for each blade 
element. Three additi~~al design variables are, therefore, 00', ~2' and 

(PVz ) 2. (The use of the local specifi c mass f low (PVz )2 was found to 
be more convenient in this analysis than the axial velocity Vz 2.) , 

Errors in the design rotor-inlet flow distribution can be caused by 
design or blade manufacturing tolerances or errors in any of the upstream 
blade rows. At the design mass flow, these error s can lead to off-design 
values of rotor-inlet stagnation pr essure Pl' absolute air angle ~l' 

local specific mass flow (PVz )l' and stagnation enthalpy Hl . 

In summary, then, the design variables for rotor blade elements are 
identified as Pl , ~l' (PVz ) l' Hl , ill', ~2 ' ( PVz )2' and r 2 · Instead of 
the general design variable Pl , the loss parameter ill for the adjacent 

upstream stationary blade row can be used. The agreement between the 
actual and design values of a performance parameter (such as . P2) depends, 

within the limitations of the design system, on the agreement between the 
actual and design values of these design variables. 

In the following discussion, the foregoing design variables are 
identified by the lower-case Roman numerals i to viii as follows: 

-
(PVz ) l Hl (1)' ~2 (pVz )2 Pl or (J.) 131 r 2 

i or (i) ii iii iv v vi vii viii 

_________ -.--J 
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The symbol denoting the error in a performance paramete r due to a desi gn 
e rror in anyone variable (assuming for the moment that all other vari
ables are correct) is i denti f ied by the appropriate l ower - case Roman num
eral subscript . For instance~ (6H2/H2)i denotes the error in H2 due to 
an error solely in Pl. The stator (or guide-vane) los s parameter m i s 

not an independent design variable ; an error in ill is one of many sources 
of e rror in Pl , and i t is denoted by parentheses ar ound i t s ident ifying 

number. 

Some sources of errors in the variables are as follows : 

Design variable 

ill' 

f3 ' 2 

(PVz )2 

r 2 

The for egoing types 
rotor contribute to 
Pl , [31' (pVz)l ' and 

Some sources of error 

(1 ) Accuracy of loss parameter and incidence -
2) ) angle correlation system (ch. VII (ref . 

(2) Accuracy of deviation-angle corre l ation 
system 

(3) Blade-fabrication tolerances 

(4) Degree of simplification of r adial-
equilibrium equation 

(5 ) Effects of errors in -m' and [32 on 

r adial-equilibrium calculation 

( 6) Inaccurate allowance for wall boundary-
layer development 

(7) Same as (4), (5 ) , and (6) i f r 2 is 

calculated 

(8) If r 2 is assumed, error depends on 

degree of r adial shift i n f l ow as gas 
crosses rotor 

of desi gn errors in blade r Ovls upstream of a given 
discrepancies between actual and design values of 
~ . For the inlet stage of a compressor, an addi -

tional source of such errors lies in the performance of t he inlet dif
f use r section . 

A basic source of disagr eement between actual and desi gn per formance 
is contained in cer tain simplifications to the e quations of motion as ap 
plied to the blade - element design method (e . g ., the assumptions of axial 
sym~etry and steady flow). This source of error is not amenable to ana
lytical investigation and is not consider ed in this chapter . 
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The design variable s 
in conjunction with known inlet conditions, determine the value of a compressor blade-element per formance parameter . For the purposes of this investigation, then, any of the blade -e l ement per formance parameters can be designated as a function of these e i ght design variables: 

/ = / ~ 1 ' [31 ' ( P V z ) 1 ' Hl , ill " [3 ~ , ( p V z ) 2' r 2J ( 3 ) 

Formula (1) (the total differential of /) is particularized as follows for application to the analYSis of design errors: 

0/ 0/ '0/ '0/ t:J = dF,"" &1 +~~l + d ( V) 6(pVz)1 + dH, tilil + 1 1 P z 1 1 

'0£ £W' '0 / ~' 0/ d/ 
(la) + di3T 2 + d ( V) 6(pVZ )2 + dr::- &2 drn' 2 P z 2 r2 

The partial -deriva~ive coefficients of formula (la) can be calculated from the available blade -element performance equations. Each individual 
term (SUCh as ~~l &1) '~~presents the contribut ion to the total error in 

c, J caused b~ a design err or in one variabl e only (&lJ e.g.), with all 
other design variables assumed corr ect. 

For the calculations and the plotting of the results, it is convenient to make all terms of formula (la) dimensionles s in order to reduce the number of parameters determining the value of each error term. Formula (la) is modified as follows : 

t:J Pl '0/ &1 1 '0/ (PVz)l '0/ 6(pVz ) 1 Hl d/ £ilil = 7 dPl Pl + 7 di3l 6[31 + +7~H+' 7 / d(pVzh (pVz h 1 1 

1 '0/ LXD' 1 d/ ~' (pVz ) 2 d/ 6(pV z) 2 r20/ &2 
(lb) 7 ()(i) , ' + 7 d132 2 + 7 d(pVz )2 (PVz ) 2 + 7 dr2 r 2 

For cases where a performance parameter is associated with axial station 2 '(/2)' anyone of the fir st four terms might contain as many as 
eight design variables. A degree of further simplification in the plotting of some of these formulas is achieved by the use of certain performance-parameter err or terms as intermediate variables. In certain cases the formula for one ter m of (lb) takes the following form: 

(%2)i = y ~" ~2 ' (pV z ) 2' r~ Z ~l' ~l' (pV z)l' HJ ~l (4) 

CONF~ENTIAL 
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\ 

A formula for error in a performance parameter associated with axial sta
tion 1 might be 

(5 ) 

In this case, formula (4 ) can be expressed in terms of the intermediate 
variabl e 11 as fo llows: 

(4a) 

Formula (lb) can be written as follows : 

jO = (1)1
0 

+ (1'1
0
1

0 
+ ... + (tf) 000 ) V111 (lc) 

Each term of formula (lc) r epresents the cont ribut ion to the r elati ve 
e rror in 1 of an error in the particular design variabl e identified by 
the subscript. 

Formula (lc) gives a value of r e l ative error in 1 caused by a gi ven 
set of errors in the design variables . The only case for which a set of 
error s in design variables is known is the case of analYSis of exper imen
tal data . For thi s case, formula (lc) can be applied to determine , at 
least approximate ly, what desi gn errors may have cau sed a measured dis
cr epancy between the actual and design values of a perfor mance parameter . 
This use of the design-error charts is outlined i n a later section . 

The estimation of a probable discrepancy between the a ctual and de 
sign values of a performance parameter r equir es that the design error s 
be identified as either r andom errors or as systematic error s . For the 
purposes of this investigation, r andom errors are defined as error s that 
ar e unpredictably positive or negative . Systematic errors are pr edict 
able in Si gn , and in some cases an approximate estimate of their magni 
tudes can be made . An example of a systematic design error is the error 
in local specific mass flow (or axial velocity) caused by neglect of the 
entropy gradient during the r adial-equilibrium calculation. This tyPe 
of design error depends on the design flow distribution and the r adial 
distribution of blade l osses . 

The appr oximate natur e of the available corre lations of de s i gn data 
(deviation angl e and lOSS) leads to r andom design err or s . The actual 
causes of such discr epancies ar e not known; their influence cannot, at 
pr esent, be correlated with the various combinations of velocity-diagram 
par ameter s. 

CONFI~IAL 

o 

I . 



" 

NACA RM E56B03b CONF~ENTIAL 237 ' 

For the analysis of random errors, an uncertainty interval in a de
sign variable can be estimated on the basis of past experience. An un
certainty interval in ~l' for instance, can be defined as a finite in-

terval in ~l' such as ~l u - ~l I' for which a definite statistical , , 
probability exists that the value of ~l will lie. For example, if, for 

a design value of ~l = 300
, 80 percent of the actual values of ~l for 

different design cases fall in the interval from ~l = 290 to ~l = 310
, 

then the uncertainty interval corr esponding to odds of 4 to 1 is 20. The 

term 1 dl J\ Q - (6/) t th di t . t . T ~ ~ -- r epresen s e correspon ng uncer aln y In-
~l 1 - 1 ii 

terval in I due to that in ~l only. For the uncertainty interval in 

1 due to the uncertainty inter vals corresponding to the same odds in all 
the design variables, the second-power formula of reference 4 can be 
employed: 

(6) 

, , 

The uncertainty interval in 1 due to the uncertainty intervals in 
all of the design variables for a given probability can be calculated 
approximately for a mean-radi~s condition only. The reasons for this 
limitation are given in the section entitled Use of Design-Error Charts 
(p. 258). As an example of the use of formula (6), uncertainty intervals 
in illr and ~2 would be combined as follows to give the corresponding 

interval in the performance parameter I: 

6/ 
1 (l: dl hDl)2 + (l: dl 6/3 ,)2 

1 dm' f d~2 2 

If all the uncertainty intervals of the design variables are estimated 
on the basis of the best available information so that the same odds (say 
b to 1) can be quoted that the value of each variable will lie within 
its interval, then, according to reference 4, statistical analysis shows 
that the odds will be b to 1 that the a ctual value of.the performance 
parameter 1 will fall within the uncertainty interval given by formula 
(6) . 

The errors in axial velocity caused by neglect of the entropy gradi
ent in the radial-equilibrium calculation cannot be interpreted as un
certainty intervals but as estimated corrections to the design values . 
An investigation of these errors (wherei n the error is discussed in terms 
of axial velocity rather than the local specific mass flovl) and a method 
of making the corrections are reported in reference 5. These estimated 
corrections and uncertainty intervals can be combined as follows: 
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(7) 

The second term o~ ~ormula (7) constitutes the estimated corrections to 
the design value o~ I ~or the systematic design errors) and the l ast 
term represents ha~ the uncertainty interval in j due to the uncertain
ty intervals in each o~ the design variables. 

The eight terms o~ ~ormula (lb) were calculated (where applicable) 
~or each o~ the' ~ollowing blade-e lement performance parameter s : axial 
velocities Vz,l and Vz ,2) r e lat ive stagnation enthalpies Hi and H2) 
st~gnation enthalpy H2, stagnation pressures Pl and P

2
, r e l ative air 

angle ~i, absolute air angle ~2) and dif~usion ~actor D. The stagna

tion pressure Pl , which is one o~ the rotor design variables ) is a per

~ormance parameter only in the specialized sense that i s af~ected by de
sign errors in stationary-blade-row loss parameter m. The r esulting 
~ormulas are presented in this report in the ~orm o~ carpet and lattice 
plots. For the purpose p~ preparing the charts, unit errors were as
signed to the design variables (1 percent) 0.01, or 10 ) as applicable). 
The technique .o~ preparing plots of two or more independent parameters 
(carpet and lattice plots) is discussed in reference 6 . 

The analysis was made ~or a rotor of any stage of a compr essor. The 
results are given ~or blade-element per~ormance parameter s only; the esti
mation o~ uncertainty intervals in the radially averaged over-all per
~ormance o~ a stage is not discussed in t his report. This problem in
volves considerations o~ statistical and probability theory that ar e 
beyond the scope o~ the present investigation. 

Measurement Errors 

For the analysis o~ measurement errors) formula (1) assumes the ~ol
lowing ~orm: 

(ld) 

Formula (ld) can be applied directly only in cases where) for a 
speci~ic experiment) each o~ the error terms is known. This Situation, 
of course) is never rea lized . When the best methods of calibration are 
used) measurement errors are conside~~ as r andom errors and can only be 
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estimated; thus, the statistical approach outlined in the preceding sec
tion was applied also to the analysis of measurement errors. The terms 
of formula (ld) are interpreted as uncertainty intervals for the function 
/ due to uncertainty intervals for the same prescribed odds in each vari
able. The uncertainty i nterval i n / due to all the estimated errors 
can be calculated from the following formula (in dimensionless form): 

(8 ) 

Formula (8) is valid only for the estimation of uncertainty inter
vals due to random errors. That is, as the number of observations of each 
variable approaches infinity, the mean of all observations should approach 
the true value of the variable. 

, , 

The error terms of f ormula (8) were calculated, and the results are 
presented in chart form for the following performance parameters: pV, z 

CALCULATION AND PRESENTATION OF FORMULAS 

In the following presentation, all formulas are designated by a 
lower-case letter, a capital l etter, and a lower-case Roman numeral. The 
letters d and m denote , re spectively, the analysis of design and meas
urement errors. The capital letter ident ifies the performance parameter 
under analysis, and the lower-case Roman numeral identifies the variable 
in error. The following table s provide this identification: 

Case d - Design-error performance parameters 

Performance Pl V z,l RJ. f3 I HI V z,2 H2 P2 f3 2 D 
parameter 1 2 

Formula A B C D E F G H J K 
symbol 

CONFI\ENTIAL 
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Case d - Desi gn variables 

-
(pV z ) l 

-
(pV z) 2 Design Pl or w 13 1 Hl w' 13 ' r 2 variable 2 

Formula i or (i) ii iii iv v vi vii viii 
numer al 

Case m - Measurement - error performance parameters 

(pV ) - -Performance 13 ' w w' l) ad BM, 2 D 
parameter z 

Formula A B C D E F G 
symbol 

Case m - Flow variable s 

Flow Pl Pl Tl 
variable 

131 P2 P2 T2 13 2 

Formula i ii iii i v v vi vii viii 
numeral 

The symbol for the error in the performance parameter under consideration 
is given a subscript to identify the source of error. This subscript is 
the lower case Roman numeral of the appropriate table. 

Design-Error Formulas 

The design-error differential formulas were calculated f rom the fol
lowing equations: 

Pl = Po 1 - w ~ -(~~Jl (9 ) 

V z)l = ~ (Hl - hl )1/2 cos 131 (10) 

H{= Hl 
1 2 

U1Vz 1 tan 13 1 (11) + - U -2 1 ) 

tan 13{ 
Ul - tan 13 1 (12) = - -

Vz 1 
) 
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P2 
Pl 

D == 

I 

.-L 

(~~\d II _ (:{{l j = (:~rl 

tan 

, ,sin 1 + ' 2cr 

1 -W' 

r 2 Ul 
tan [3 2 [3 2 == r l V Z 2 -, 

13 i 
- ~ sin ~~ Vz 2 

+ ' 2cr Vz 1 , 

(P2) == (H2)Y~1 
P' °d H' 1 l 1 

cos 13i 
cos [32 
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(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 

( 21) 

(Formula (18) was obtained f rom the form given in r ef. 7 by rearranging 
terms.) Some of the r esulting 'differential formul as i ncluded terms which 
wer e considered sufficiently small that they could be neglected . Two 

8 specific examples of the gener al procedure used in deriving the differen
tial formulas are presented in appendix B. 

The design-error formulas contai n cer tain parameters that are pre 
sented in the form of carpet and latti ce plots . The formulas for these 
parameters are as fo llows : 

CONF\IDENTIAL _J 
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( 22 ) 
(fig . 1 ) 

( 23) 
(fig . 2) 

The foll owing differential formul as were obt ained f r om the analysis 
of er ror s i n desi gn variabl es : 

(~VZ ' l\ . 
z,l / l 

1 D. ( pVzh 

1 - Mf ( PVz ) l 

(dA- (i)) 
(f i g . 3) 

(dB- i ) 
(fi g . 4 (a )) 

(dB- ii ) 
(fig . 4 (b ) ) 

(dB-iii) 
( fi g . 4 ( a) , 
substitute 
pVz for P, 
multiply 
r esult by 
- 1) 
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(dB-iv) 
(fig. 4(c» 

(dC-i,iii) 
(fig.5(a» 

(dC-ii) 
(fig. 5(b») 

(dC-iv) 
(fig. 5(c» 

180 2 (!:N Z 1) (~i)i,iii,iV = --;- cos ~i (tan ~1 + tan ~l) y--L-. . 
z,l l,iil,iv 

(dD-i,iii,iv) 
(fig. S(a» 

_--::-=1 1 + 1 sin ~ 1 cos ~1 (tan ~1 + tan ~V .6f31 (dD-ii) 
cos 2~ I [M2 . J 
cos2~1 1 Mf (fig. S(b» 

(
L:.H2) Hi (£ill i) 
HZ i-iv = HZ \lii i-iv 

(dE-i-iv) 
(No fig. necessary) 

(dE-viii) 
(fig. 7) 

_J 
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D.V 2.\ 
V z:~ )viii 

where 

and 
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(dF - i) 
(fi g . S(a )) 

(dF-ii,iii ) 
(f i g . S(b) ) 

(dF-iv ) 
(fig . SCc) 

(dF-v) 
(fig . SCd)) 

(dF-vii) 
(fig . 4 (a), substitute 
M2, (pV) 2 for ~, 
Pv respectively, 
multiply r esul t by - 1) 

1 {Y 52 - [1 + L..=-.1. (M') 2J} (Lill2 \ 
(y - 1) [l - (M2) 2J 22Hz )viii 

(dF-viii) 
(fig . S(e ) 

(dG-i ,iv) 

( 24) 
(fig . 9 (a)) 



• 
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( 25) 
(fig. 9(b)) 

1 + 2 2 sin [32 cos [3 2 
[ 

(W)2 

1 - (M2) 
(tan [32 + tan [32~ (:'2\ 

'J \ 2 Iii ,iii 
(dG-ii~iii) 

(fig. 10) 

(Lill2\ = ./£:"VZz2\ (dG-v,vii) 
H2 )v,vii \VZ, 2 Iv,vii (No fig. necessary) 

rt(r - 1)(M2)2 [sec 2f3 2 - (M2) 2] cos2f32 (tan [32 + tan (32) I 

180 r -(MZ) 2J ~ .~ r ; 1 (M2) 2 cos2[32 sec2[3J /:,.)32 

, , (dG-vi) 
(fig. 5(b)~ substitute 
Mzz [3Z' f3 2 for ~, 

[31' [3i, respectively) 

(dG-viii) 

• (dR-i) 
(No fig. necessary) 

~2)ii'iii'vi-viii ~ y : 1 (~2)ii'iii'vi_viii 
(dR-ii,iii,vi-viii) 
(No fig. necessary) 

CONFIDENT~ 
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where 

and 
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1 Y(M2 )2 sin 13 2 cos 13 2 (tan 132 + tan (3 2)} ~~VZ I 2) 
_ (M

2
') 2 + 

V' 1 ( ) 2 2(3 , 2A V 1 + ~ M2 cos 2 sec ~2 z,2 v 

sin 13 2 cos /3 2 

A = 2 1 13 1 + (1 - D) tan 131' a cos 1 

[
sin 13i l 

r = - 20' + (1 - D)J 

(till) . . .. . v , Vll, Vlll ~'6.V z 2} 
= r ~ V ..... z,2 V,Vll,Vlll 

CONFIDENTIAL 

(dR-v ) 
(fi g . n) 

(dJ-i -v,vii) 
(fig . 6 (a ) , substitute 
13 2, 13 Z' Vz , 2 for 13i , 

/3lJ· Vz lJ , 
r espectively) 

(dJ-vi ) 
(fig . 6 (b), substitute 
MZ' 132, 13 2 for ~, 

13
1

, 131, r espectively) 

(dJ-viii) 
(fi g . 12) 

(dK- i - iv) 

(fig . 13 ~!n 

( 28 ) 
(fig . 13(b)) 

(dK-v , vii, viii) 
(No f i g . necessary) 

, 
--> 
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Vi () :n: 
V' fill vi = - 180 

2 

CONFITI~IAL 

~(l + sin
2a

P2 1 tan P2 + cos P2] ~~I 
\ (M,) 2 2a 2 

2 
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(dK-vi) 
(fi g . 14) 

Measured quantities include the rotat ional speed, the inlet pressure and tem
perature, and the following flow .properties : static pr essure p, stagnation pressure 
P, absolute air angle P, and stagnation temperature T. In the following table, the 
calculated performance parameters are listed in the left col umn, and the flow prop
erties of which they are explicit functions are listed in the right column: 

pVz p,P,T,~ 

pI p,P, T, r> 

ill PO,PO' PI 
ro l Pl,Pl, Tl,Pl,P2,T2 

~ad Pl ,Tl , P2,T2 
~ Pl,Pl,Tl, r>1 , P2,P2,T2, P2 

D Pl,Pl,Tl, Pl,P2,P2, T2, P2 

The equations for the performance parameters in the foregoing table, as explicit 
functions of the measured flow pr operties, are as follows - (for convenience in writing, 
some of the functions are given in terms of absolute velocity V): 

pV z 

tan pI 

cos P 

1 

(~Y;T ~ 2 -=~--(-~)-Y""':~::""'-!::-2 -c-os-~ - tan ~ 

P
2 

Pl 1 - ___ _ 

..:L 

(:~r 
m' = (=Vid --- -------.:..-=.;..------y-

y-l 

~J 

CO~DENTIAL 

--------

(19a) 

(12a) 

(9a) 

( 16a) 
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T]ad ( 29) 

e15a) 

D = 1 elBa) 

The analysi s of measurement errors yielded the fo llowing formul as , which give 
the r elative uncertainty interval in a perfor mance parameter due to the correspond
ing uncertainty interval in the measurement of one f low property: 

(mA -i,v) 
(f i g . 15 (a )) 

(mA-ii,vi) 
(fig . 15(b)) 

(mA-iii,vii ) 
(No fi g . necessary) 

(mA-iv,viii) 
(fig . 15(c) ) 

(mB- i , v) 
(fig . 16(a)) 

_lBO cos2i3 ' (tan i3 + tan i3 ') 6P 
~=---':'-~-~7--!--':---==~.....!. -- (mB- ii, vi ) 

rc yM2 P ( ( ) 

90 2 ( ) ~T (~ I)iii,vii = -~ cos i3 ' tan i3 + tan~ ' ~ 

CO~ENTIAL 

f'ig. 16 a , pr efix 
minus sign to re
sult, substi tute P 
for p) 

(mB-iii , vii ) 
(fig . 16 (b)) 

(mB-iv,viii) 
(fig . 16 (c )) 
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(mC-H) 
(fig. 17) 

(mD-ii) 
(fig. l~) 

(mD-iii) 
(fig. 18, multiply 

result by - Yl.' y-
substitute Tl 
for Pl ) 

(mD-vi) 
(fig . 18, prefix minus 
sign to result, sub
stitute P 2 for P 1) 

(roD-vii) 
(fig. 18, multiply 

result by Y
l

, 
Y-

substitute T2 
for P l ) 

(rnE-H) 
(fig. 19 (a) 

(mE-iii) 
(fig.19(b» 

(mE-vi) 
(fig. 19 (a), multiply 
result by -1, substitute 
6P2/P2 for 6Pl /Pl ) 

~-- -------_ ..... -- --~~~~~-----
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(rnE-vii) 
(fig . 19(b) , pr efix minus 
sign to r esult, subst itute 
6T2/T2 f or 6Tl /Tl ) 

(~, 2 ) = L.:.l: sin (31 cos (3 1 (tan (31 + tan (3 i) ~Pl 
\ Hl i r L.:.l: 2 Pl 

1 + 2 Ml 

emF- i ) 
(fig . 20(a )) 

(~' 2) 
\~ iii 

(mF-ii) 
(f i g . 20(a) , 
prefi x mi nus 
sign to r e 
sult, sub
sti tute Pl 
for Pl) 

Y M£ si n (31 cos (3~ ·(tan (3 1 + tan (3{) JMl 

l +y ~ T1 

CONFID IAL 

(mF -iii) 
(f i g . 20 (c ), substitute 
subscript 1 for 2 
and subtract from 1) 

(mF -iv) 
(fig. 20 (b ) 

emF-V) 
(fig . 20(a), 
substi tute 
subscript 2 
for 1 and 
pr efix minus 
sign) 

(mF-vi ) 
(fig . 20 (a ), 
substitute 
subscr ipt 2 
for 1, and 
P2 for Pl) 

I -
I 
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~ (Lill)i 

2 Mi (Lill)U 

(~) = ~ M~ sin ~2 cos ~2 (tan ~2 + tan ~2 ) DT2 

HM,2 vii 2 y - 1 2 T 
1 + ---2--- M2 2 

(~\ 
~,2 )viii 

rc(y - 1) 

emF-vii) 
(fig. 20(c)) 

emF-viii) 
(fig. 20(b) , 
substitute 
subscript 2 
for 1 and 
multipJ,y re
sult by -1) 

cosr2~i rcos ~l (tan ~1 + tan ~V (sin ~ I ,\ J .6p l 2a - \ 2a 1 + 1 - D)Cl - tan ~l tan ~i) P
1

1 

2 
cos ~i 

y 

COS2~{ 

2 

fcos , ~i (tan ~ l + tan ~l) 
l ,' 2a 

(mG-i) 
(fig. 21(a)) 

(sin ~l \ J &1 
- \: 2a +1-D) (l- tan ~ l tan ~V P

l 

(mG-ii) 
(fig. 21(a), prefix 
minus sign to re
sult, substitute 
Pl for Pl ) 

rc_o_S_~_l_( t_a_n_~l_+_t_a_n_~_l_') _ (Sin ~l + 1 _ J (1 _ tan ~ tan ~ I )]m_l 

L 2a \: 2a / 1 1 Tl 

(mG-iii) 
(fig . 21 (a), multiply 
result by -y/2, sub
stitute Tl ' for Pl) 

n 2 I [cos ~ i 
(Lill)i v = -180 cos ~l 

(1- tan ~1 tan ~i) (Sin ~i \ ] 
2a , + \ 2a + 1- D) (tan ~1 + tan ~V [$1 

r(1 sin ~2) 
~ 1 + 2a (1-

cos ~2 
tan ~2 tan ~2 ) - 2a 

C ONF DENT IAL 

(mG-iv) 
(fig. 21(b)) 

(tan ~2 + tan ~2)l ~P2 
J P 2 

(mG-v) 
(fig. 21(c)) 
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2 
cos 13 2 

y 
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(mG-vi) 
(fig. 21 (c), prefix 
minus sign to re
sult, substitute 
P2 for P2) 

CO':~2 [~+ 'i:a~ ,,) (1 - tan ~ 2 tan ~,, ) - CO;a~2 (tan ~ 2 +tan ~p ] ~2 

r( sin 13 2) 
L\l + 2a (tan 

cos 13 2 
13 2 +tan 13 2) + 2a 

(mG-vii) 
(fig . 21(c), multiply 
r esul t by -y/2, sub
stitute T2 for P2) 

(1- tan ~2 tan ~ ,,)J 6il 2 

(mG-viii) 
(fig . 21(d)) 

The measurement- error formUlas give the effects of independent measurement 
errors. For instance, formula (mE-ii) gives the error in calculated value of blade
element efficiency due to a measurement error solely in Pl. However, in many experi -

mental compressors, the measured value of P2 depends on the measured value of Pl , 

such as when P2 is obtained by adding a measured pressure rise to the value of Pl. 

For such cases ~2 = ~l' and the effects of ~l on m' and ~ad become ~uite 

small because of the similarity, except for Sign, of the -ii and -vi formulas. The 
same situation prevails for .measurements of T2 that depend upon Tl • 

Reading of Carpet Plots 

As discussed in reference 6, carpet and lattice plots permit the charting of 
two or three independent variables and provide a means for interpolation among these 
variables. A fourth variable can also be charted by the use of an ordinate scale 
that is a function of the dependent variable and the fourth independent variable . 
An example of a four-variable chart is figure 1, the plot of the formula for rela
tive stagnation enthalpy ratio (formula ( 22) ), for which the independent variables 
are 13 2, 13~, M~, and r /rl . The chart consists of nine carpets in 13 2 and 13~, 

each of which corresponds to a given value of M2 and r 2/rl. The carpets for dif

ferent values of M2 are displaced horizontally by distances proportional to the 

changes in M
2

, thus fOrming three lattices for three values of r /rl . In order to 

provide a means for interpolation of r2/rl' these lattices are displaced horizontal

l y by distances proportional to the changes in r
2
/rl • It is then necessary, for 

clear reading of the charts, to displace the lattices vertically and to incorporate 
r 2/ r

l 
into the ordinate function. A value of H2/H{ for given values of 13

2
, 132, 

C ONFlDE\IAL 
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M2, and r 2/rl is obtained in principle from the chart as follows (in 

practice, many of the steps illustrated here can be omitted). 

The first step is to locate on each of the nine carpets a point cor
responding to the given values of f3 2 and f3 2 as follows: It will be 

observed that each curve, in effect, has its own abscissa scale. On each 
of the curves for constant f3 2, the given value of f3 2 can be located; 

a curve sketched through these points will yield a curve for varying f3 2 
at the given value of f3 2, whereupon the desired point on each carpet can 

be located. Appropriate points on the nine carpets are then connected by 
curves so as to form three curves of varying M2J each having its own 

constant value of r
2
/r

l
. The three points corresponding to the given 

M' are then located. This i s done by marking off a proportional hori-
2 

zontal distance along each curve from a known reference point. The three 
points thus obtained determine a curve of given f3 2, f3 2, M2, and varying 

r 2/rl
. It will be noted that the carpets are staggered horizontally two 

major grid divisions for a change of 0.2 in r 2/rl ; therefore, the point 

corresponding to the given', T 2/rl can be located and the value of the 

ordinate scale obtained. The final step is to equate this value to the 
ordinate function (H2/Hi) + [(r2/rl ) - 0.9J and solve for H2/H{. 

The foregoing procedure appears to be laborious, but in practice not 
all the various points need actually to be joined by curves; the inter
polations can be made by an appropriate placing of French curves or 
splines on the charts and the desired pOints located directly. The work 
involved is, of course, much greater for the four-variable charts than 
for the three- or two-variable charts. For some formulas (formula 
(dG-i,iv), e.g.), two charts are employed, and the values obtained from 
each chart are combined to obtain ' the desired value of the dependent 
variable. 

DISCUSSION OF FORMULAS AND CHARTS 

In order to facilitate discussion of the formulas and charts, values 
of design and measurement errors were obtained from the charts for four 
velocity diagrams. These velocity diagrams are representative of inlet
stage rotor tip and hub operation at two Mach number levels. The 
velocity-diagram specifications are as follows: 

CONFHlENTIAL 
\ 
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Case 1 Case 2 
(tip condition) (hub condition) 

Design (a ) Design (b) Desi gn (a) Design (b) 

M' 1.15 1.00 0 . 81 0 . 70 
1 

Ml . 58 . 50 . 58 . 50 

f3 ' 1. 
60° 60° 45° 45° 

f31 0° 0° 0° 0° 

M2 . 90 .75 . 60 . 50 

M2 . 64 . 55 . 73 . 63 

(3 ' 2 50° 50° 15° 15° 

f32 24. 6° 28 . 2° 38 . 3° 40 .1° 
-
ill ' . 080 . 080 . 050 .050 

CJ . 80 . 80 1. 5 1.5 
D , ,34 .43 . 41 . 44 

r 2/ r l 1.00 1.00 1.1 1.1 

P2 / Pl 1.35 1.30 1.42 1.32 

T2/ Tl 1.10 1.09 
r 

1.11 1.09 

Tl ad . 86 . 87 . 95 . 95 

Sample Desi gn and Measurement Errors 

Values of design errors and measurement errors for t he foregoing 
velocity- diagram .cases were read from the charts . For each case) an ar
b i trary assumption of l -percent error i n i ndependent vari able was made 
( except that the assumed error in flow angle was 1° and that in m or 
m' was 0 . 01 ). Design errors i n Vz 1 ) (31 ) Vz 2) H2) P2) (32 ) and D) 

.L ) 
and measurement errors in pVZ ) f3' ) ill') Tlad} HM) and D were obtained as 
follows : 
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Error term 

(f::,Yz, l/VZ, 1) i 

ii 
iii 
iv 

(L$' ) 
1 i 

ii 
iii 
iv 

(f::,.Vz ,2 / Vz , 2 )i 

11 
iii 
iv 
v 
vi 
vi i 
viii 

(6H2/H2 ) . 
J. 

ii 
iii 
iv 
v 
vi 
vii 
viii 

(&dp 2) , 
J. 

ii 
iii 
iv 
v 
vi 
vii 
viii 

(L$2) i 
ii 
iii 
iv 
v 
vi 
vii 
viii 

(6D)i 

ii 
iii 
iv 
v 

(Vi/vz) (6D)vi 

(fill hii 
viii 
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\ Design errors, 
case number 

l(a) l(b) 2( a) 2(b) 

-0. 0150 -0 .0133 -0.0150 -0.0133 

0 0 0 0 
.0150 .0133 .0150 .0133 
. 0125 .0118 .0125 .0118 

0.38 0.33 0.44 0.39 

.25 .25 .60 .60 
-.38 -. 33 -. 44 -.39 
-.31 -. 30 -. 36 -. 34 

- 0 .0520 -0; 0220 -0.0150 -0 .0140 

.0460 .0166 .0079 .0052 
0, 0 0 0 

.0550 .0240 .0150 .0140 

.0310 .0110 .0050 .0037 

.0885 .0270 .0028 .0015 

.0525 .0230 .0155 .0133 
- .0447 - .0140 -.0049 - .0037 

0.0124 0.0038 0.0006 0.0004 

-.0143 -.0056 - .0021 - .0016 
0 0 0 0 
- .0041 .0051 .0085 .0088 
-.0074 - .0019 -.0002 - .0001 
- .0303 - .0112 -.0025 -.0018 
-.0125 - .0040 -.0006 - .0004 

.0150 .0059 .0026 .0020 

0 .0534 0.0233 0.0119 0.0113 

- .0500 -.0196 -.0074 - .0056 
0 0 0 0 
- .0494 -. 0171 -. 0058 -. 0039 
- .0326 -.0117 - .0039 -. 0031 
- .1060 - .0392 -.0088 -. 0063 
- .0437 - .0140 - .0020 -. 0013 

.0525 .0206 .0091 .0070 

4 .05 1.69 0.56 0.52 

- 3 .59 -1.26 -.29 - .19 
0 0 0 0 

- 4.29 -1. 84 - .56 -.52 
- 3 .42 -.84 -.20 -. 14 
- 8 .90 -3.90 -. 70 -. 70 
- 4 .10 -1.76 - .57 - .49 
4 .60 2.00 . 63 .52 

0.0583 0.0244 0.0078 0.0045 

-.0410 -.0078 .0045 .0067 
.0005 .0004 .0042 .0028 I 

-.0618 - .0268 -. 0085 - .0079 
- .0350 - .0124 -. 0040 - .0030 
- .1790 - .081.5 - .0130 - .0120 

-.0594 - .0260 - .0124 - .0106 
.0505 . 0158 .0049 .0030 

I 

I I 

_J 
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Error term Measurement errors) 
case number 

l(a) l(b) 2(a) 2(b) 

r(pvzg 
-0.0150 -0.0220 -0.0150 -0.0220 pVz i 

ii -.0250 - .0310 .0250 .0310 
iii -.0050 -.0050 -.0050 -.0050 
iv 0 0 0 0 
v - .0110 - .0170 -.0070 - . OilS 
vi .0210 .0270 .0160 .0210 
vii -.0050 -.0050 -.0050 -.0050 
viii -.0080 -.0090 - .0130 - .0140 

(.6f3')i 0.58 0.71 0.67 0.82 

ii -.58 -.71 -.67 -.82 
iii - .13 -.13 - .15 - .15 
iv -.25 -.25 -.50 - .50 
v .73 1.16 .74 1.13 
vi -.73 -1.16 -.74 -1.13 
vii - .20 -.20 -.30 -.30 
viii - .19 - .15 -.76 -.72 

(Lm') ii 0.0170 0.0205 0.030 0.036 

iii -.0595 - .0717 -.105 -.126 
vi -0.0170 -.0205 -.030 -.036 
vii .0595 .0717 -.105 - .126 

(D.T)ad) ii -0.030 -0.034 -0.028 -0.038 

iii . 094 .106 .096 .118 
vi .030 .034 .028 .038 

vii -.094 -.106 -.096 -.118 

(LiliM, 2/Hl) i 0 0 0 0 

ii 0 0 0 0 
iii .0100 .0100 .0100 .0100 
iv -.0038 -.0029 -.0020 - .0016 
v -.0016 - .0019 - .0014 -.0015 
vi .0016 .0019 .0014 .0015 
vii .0007 .0005 .0005 .0005 
viii .0038 .0028 .0037 .0016 

Mi (till) i -0.0010 -0.0010 -0.0017 -0.0017 

ii .0010 .0010 .0017 .0017 
(D.D) iii .0007 .0007 .0012 .0012 

iv -.0105 -.0105 - .0136 -.0136 
V' 

M2 1 (till) .0017 .0017 .0039 . 0039 
2 V; v 

vi - .0017 - .0017 -. 0039 -.0039 
V' 
v7 (fill) vii - .0012 - .0012 -. 0027 -. 0027 

2 
viii .0138 .0138 .0127 .0127 
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The foregoing sample values of error terms provide data for the dis
cussions of the f ollowing sections. 

Interpr etation of numerical values . - The numerical values of error 
terms obtained from the design-error charts must be carefully interpreted. 
Their main utility is in an evaluation of the sensitivity to design errors 
of one velocity diagram as compared with another. Secondarily, for a 
mean-radius condition where the local specifi c mass flow (PV

Z
)2 can rea-

sonably be assumed constant at a given annular mass flow, the values ob
tained from the charts can be combined to yield uncertainty intervals in 
blade-element performance. 

The precautions concerning the i nterpretation of numerical values of 
error terms, such as those listed in the table, are partly involved with 
the fact that some of the design variables can be considered independent 
only for blade-element flow . In actual compressor operation, the condi
tions of radial equilibrium and conti nuity i mpose a dependence between 
local specific mass flow and devi ation angle and loss. Therefore, sweep
ing conclusions cannot be drawn from anyone chart (one chart represents 
only one term of formula (7)). 

An example of the dependence of " local specific mass flow on devia
tion angle occurs for the case M2 = 0. 90. At ~~s Mach number, the local 

specific mass flow is very near its maximum value. A quite small increase 
in ~2 can cause a choking-flow condi tion , and" any additional increase in 

~ I 

2 
will necessarily be accompanied by a decr ease in the value of (PV

Z
)2' 

The tabulated values of error terms show that the effects of an increase 
in ~ 2 and decrease in (PVZ ) 2 are opposite in Sign and therefore tend 

to nullify each other to some extent . 

If the value of ~ ' is smaller than expected, the choking-flow con-
2 

dition will not arise, but, even in this case, the value of (PV
Z
)2 will 

probably change because of the effect of the error in ~ ' on the radial-
2 

equilibrium condition. No method is available for estimating this effect 
without recomputing the entire flow f i e l d f or a specified set of errors 
at all radii. 

The foregoing discussion indicates that , to ensure the achievement 
of design mass f low, deviation angles near the upper limit of their un
certainty intervals should be employed for high Mach number designs . 

Trends exhibited by sampl e design err or s. - The trend most apparent 
from an examination of the tabulated values of design error is that, for 
case 1 (the tip operating condition), a Mach number level of M2 = 0.90 

is accompanied by error terms much greater in magnitude than those for 
\. 
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M2 = 0.75. This difference in magnitude is a consequence of the term 

1/[1 - (M2) 2J ' which appears 

various errors would tend to 
vantageous, in the design of 

in many formulas. It is possible that the 

cancel out; but it would apparently be ad
t ransonic rotors, to hold the value of MI 

2 
as low as is consistent with reasonable values of diffusion factor D 
and, of course, to employ the highest possible degree of design control in 
the choice of the design variables. It would probably be warranted to 
employ the continuity condition in the design calculations for the choice 
of r 2 because of the large effects indicated in the table for an assumed 

error in of 1 percent. The results also indicate no error in per-

formance p.arameters at station 2 due to error in inlet local specific mass 
flow (PVz)l for the case ~l = 0, except for a very small effect on dif-

fusion factor D. However, errors in (pv ) 
z 1 

do cause errors in 

hence in incidence angle. For high Mach numbers where the low-loss range 
of incidence angle might be narrow, this effect can lead to design errors 
in WI and deviation angle. 

Trends exhibited by sample measurement errors. - For many of the 
parameters, the effects of measurement errors are greatest at low Mach 
numbers. This trend is especially evident for the loss parameter WI 
and is caused by terms like 11M2 and 1 in the measurement-error 

Pl 
1 

formulas. 

pI 
1 

Case 2(b), for an inlet Mach number Mi of 0.70, shows an 

error in ml of -0.036 due to an assumed error of 1 percent in the meas
urement of stagnation pressure P2' This trend shows that the accurate 

determination of ml from low-speed data r equires very precise measure
ment of stagnation pressure (and temperature). 

Use of Design-Error Charts 

Suggested uses of the formulas and charts which were obtained from 
the analyses of design and measurement errors are outlined in this section. 

For the preliminary velocity-diagram calculations, a common practice 
is to assign r 2 at the same proportion of the passage depth as the cor-

responding r l ; or, perhaps, r 2 is located so that the same proportion 

of flow area is contained between r
2 

and the hub as between the corre 

sponding r l and the hUb. After the calculations are made, r
2 

can 

--------

!. 
I 
I 
\ 

I 

I 
I 
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easily be determined as a function of rl by application of the continu

ity condit ion. The charts of the formulas for design errors in r
2 

can 

then be employed to determine whether an iterat ion with the new values of 
r

2 
is warranted. 

Similarly, the preliminary radial-equilibrium calculations may neg
lect the effects of entropy gradient on the radial di stribution of axial 
velocity. The order of magnitude of the consequent design errors in 
axial velocity can be estimated from the results of the investigation 
r eported in reference 5 . The deSign-error charts can then be consulted 
to determine whether the blade - e l ement losses should be included in the 
radial-equilibrium calculation . 

Certain refinements in the deSign calculations (such as the inclu
sion of blade-element los ses in the radial-equilibrium calculation) may 
appreciably change the values of D factor. These new D factors will 
lead to changes in the deSi gn values of m' , and, agai n, the charts can 
be consulted to determine whether an iterat ion is warranted with the new 
values of m' . 

For any general blade e lement , the f ormulas and charts can be em
ployed as a test of the sensitivity of a particular velocity diagram to 
design errors and manufacturing toler ances . Thus, the appropriate degree 
of design control can be applied to the pr oblem, and, in some cases, the 
sensitivity t o desi gn errors and manufacturing tolerances can be employed 
as one of the criteria by whi ch choice among several otherwise suitable 
velocity diagrams can be made . 

The charts can be employed by the research worker in the analysis of 
data. Discrepancies between actual and design performance of an experi
mental compressor that cannot reasonably be accounted for by measurement 
errors are caused mainly by design errors of the type her ein analyzed. 
(Some of these discr epancies are undoubtedl y caused by si mplifications 
introduced into the equations of motion on which the design system is 
based, such as the assumption of axial symmetry.) The approximate con
tribution of the desi gn error in each design variable to the measured 
discrepancy in a performance parameter can be obtained f r om the charts. 
The sum of these terms (formula (lb )) can be compared with the measured 
discrepancy between actual and design values of a performance parameter. 

Such comparisons may serve as an additional means of evaluating 
measurement errors and may indicate just which phase of the design prob
lem require s the highest degree of design control • 

Within certain limitations, the design-error charts can be employed 
by the compressor deSigner to estimate an interva l about the design point 
within which the perfor mance of a given blade e l ement should lie. The 
limitations on this procedure ar e involved with the est imation of un
cer t ainty int ervals in local specific mass flow. 

CONFIDENTIAL 
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Estimation of uncertainty intervals. - Local specific mass flow: 
The uncertainty intervals in local specific mass flow are caused by blade 
element design errors. As evidenced by the radial- equilibrium equation} 
the radial distribution of flow is a function of flow angles and blade 
losses at all blade elements . Discrepancies between actual and design 
values of these quantities lead} therefore, to discrepancies between ac 
tual and design values of local specific mass flow . 

Unfortunately, no method is known for relating uncertainty intervals 
in local specific mass flow to uncertainty intervals in blade - element de
sign data. This fact restricts the applicability of formula (7) . How
ever} at the design mass flow} the actual and design values of local spe
cific mass flow must necessarily agree for at least one blade element. 
It would appear reasonable to assume that this blade element would be 
near the mean radius. 

Loss parameter : A set of mean-radius loss data reported in chapter 
VIr (ref. 2) was employed in an investigation of the uncertainty intervals 
in loss parameter m'. The design values of loss parameter wd for each 

observation were obtained by the use of the loss-correlation method of 
chapter VII, and the q~~tities (w' - wd) were ~alculated. Frequency 

ratios for increments in . (w' - wa) of 0.02 were calculated and are plotted 

in figure 22 as an approximate frequency- distribution curve . The frequen
cy ratio plotted in figure 22 is the ratio of the number of observations 
within an increment in .(W' - wa) of 0.02 to the total number of observa-

tions. For instance, the value of 0 .l32 plotted at (m' - Wd) equal to 

-0.02 denotes that 13 . 2 percent of the values of (ill' - Wd) fall within 

limits of from -0.03 to - 0.01 . The total number of observations for this 
set of mean-radius loss data was 68 . 

The curve of figure 22 indicates that the discrepancies between the 
design and measured values of W' plot in a rough approximation of a 
random distribution} although there is some bias in the direction of posi
t ive errors. These mean- radius data indicate that an interval of from 
-0.03 to 0.03 in (w' - md)(an uncertainty interval of 0.06 ) contains 

82.4 percent of the observationsj the corresponding odds for this inter
val are 4.7 to 1.0. 

The data of figure 22 represent a combination of measurement errors 
and design errors; thus} the uncertainty interval for deSign errors only 
corresponding to odds of 4 .7 to 1.0 would be less than the value of 0.06 
obtained from these data . 

Deviation angle: An approximate frequency- distribution curve for 
mean-radius design errors in deviation angle was prepared in the same way 

o 
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as the corresponding curve for loss parameter. The resulting curve, which 
was prepared for intervals of 10 , is plotted in figure 23. For these data, 
89.1 percent of the observations were within an interval in (50 - 5~) of 30 

(_1.50 to 1.50
), which corresponds to odds of 8 . 2 to 1.0. As was the 

case for design error in loss par ameter, this interval for the quoted odds 
in design error only would be smaller than 30

• 

Radius to blade element: Design errors in the choice of r 2 as a 

function of r l are involved with the radial-equilibrium condition and 

are mainly systematic err ors that 
and the compressor configuration . 
that the uncertainty interval for 

depend on the design flow distribution 
I t can pr obably be assumed, therefore, 

random error s in r is negligible 
2 

compared with the other er rors introduced . 

Calculation of uncer tainty intervals i n per formance. - For the esti
mation of the limits in b l ade -element performance near the mean radius, 
formula (7) is employed . 

Use of Measur ement -Error Charts 

The charts for the analysis of measurement errors can be employed in 
several ways: (1) for the calcul ation of uncer tainty intervals in per
formance parameters corresponding to estimated uncer tainty intervals in 
the measured data, ( 2) for the evaluat i on of measured data based on the 
consistency evidenced by pl ots of per formance par ameters, and (3 ) as an 
aid in planning instrumentation . 

Uncertainty inter val s i n pe r for mance . - For measurement errors of 
the random type, the pr ocedure outlined in refer ence 4 can be followed. 
Intervals are estimated for each measur ed datum within which the same 
odds (b) can be quoted that the true value will l ie . The uncertainty 
intervals in a per formance par ameter due t o error s in each measured vari
able are then obtained f r om the charts and are combined by means of for
mula (6). The final r esul t wi l l be an interval in the performance param
eter for which the odds ar e b that the val ue of the performance param
eter will lie. 

Evaluation of data . - Plots of per formance par ameters against mass 
flow or incidence angle can sometimes be employed, along with the charts, 
to evaluate the accuracy of measured data. For instance, figure 18 shows 
that the calculated values of ill' are ver y sensi t i ve to errors in P 
and T. If, therefore, a plot of rotor w' against incidence shows only 
a slight scatter from a smooth curve, the measured values of P and T 
can be considered very consistent . Also, figure 20 (b) shows that the 
calculated values of stagnation enthalpy (or stagnation temperature) by 
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\ 

\ 
change of moment of momentum ar e sensitive at high Mach numbers to meas -
urement error s in flow angl e ~ . Even if a discrepancy of 20 F wer e 
observed between the measured stagnation temper atur e and the value ob 
t ained by change of moment of momentum ) t his could be accounted for by a 
measurement error of less than 10 in flow angl e (for the conditions 
M2 = 0.64 , ~2 = 250

, ~ 2 = 500 ) . This example illust r ates the difficulty 

of checking the measurement of temper atur e at h i gh Mach numbers by the 
temperature calculated f r om the change of moment of moment um across a 
rotor . At a Mach number of 0 .5 ) the effects of errors in flow angle and 
static pressure on change of moment of momentum would be approximately 
the same; at lower Mach numbers, the static -pressure errors would have 
the greater effect (figs . 20(a) and (b)) . For many conditions of veloc
ity diagram, an error of 1 percent in static pressure would cause an 
error i n change of moment of moment um equivalent to approximately 10 F in 
temperature rise. Since 10 F is also a r easonable error t o be expected 
in the direct measurement of temper~ture , no advantage in accuracy is 
indicated either for the direct measurement of temperature or for t he 
calculation of change of moment of momentum at low Mach number s . 

Instrumentation. ~ The chart s can be used as a guide in choosing i n 
strumentation of sufficient accuracy for the expected test conditions and 
combinations of flow p'ar ameters . The relative air angl e ~ 1 or ~ 1 is 

1 2 
an impor tant parameter in the corre lat ion of data) since these flow angl es 
determine incidence ) .deviation, and t urning angles . Figures 16 (a ) and (c ) 
show that measurement errors in stati c pre ssure (or stagnation pr essur e ) 
can cause greater error in the calculated value of ~ 1 than would a rea
sonable error in the measurement of absolute air angl e ~ ) especially at 
low Mach numbers . Thus, the necessity for car eful design and calibration 
of static-pressure probes i s emphaSi zed . 

CONCLUDING REMARKS 

An analysis was performed of effects of design error s on compressor 
performance parameters) and of effects of measurement error s on cal culated 
values of performance parameter s . The following r esults wer e obtained : 

1. Formulas and charts were prepared and pre sented from which the 
changes in blade - element per formance parameters caused by desi gn errors 
and the errors in cal culated performance parameter s due to measurement 
error s can be dete rmined . 

2 . The use of the design-error charts during the design cal cul ati ons 
and in the analysiS and interpretation of data is discussed . The charts 
can be used to evaluate the sensi tivity of a given velocity diagr am to 
design errors) to deter mine whether i terations of deSign calculations ar e 
warranted) and) to a limited extent ) to calculate the uncer tainty inter
vals in b lade - e l ement performance . 

I· 
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3. The measurement-error charts can be employed along with the pro
cedure devised at the Gas Turbine Laboratory of the Massachusetts Insti
t ute of Technology for the estimation of uncertainty intervals in calcu
lat ed performance and can also be of assistance in the evaluation of data 
and in t he planning of instrumentation . 

CONFI~IAL , 
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APPENDIX A 

ACCURACY OF FORMULAS 

The accuracy 9f the design- error and measurement-error f ormulas for 
r easonable magnitudes of errors was spot - checked by means of sample cal
culations for various combinati ons of Mach number and absolute and rel-

,. 

at i ve flow angle s • (j) 

Design-Error Formulas 

A sample calculation of the actual effects (within the limitations 
of the design system) of certain assumed design err ors was made as fol
lows: A transonic-inlet-stage rotor design was calculated . The rotor
outlet ~r angles ~2 were then increased by 10 and a direct-problem 
calculatlon of the r otor performance was made . The consequent changes 
in various performance parameters were then compared with the correspond
ing results obtained from the charts. Similarly, the design values of 
rotor w' were incre~sed by 25 percent, the rotor performance was again 
calculated, and appropriate comparisons were made between the changes in 
performance and the predictions of the charts . 

It should be pointed out that, in a direct -problem calculation of 
this type, the specified error in ~2 is propagated through the radial
equilibrium calculation and causes changes in loca l specific mass flow. 
Thus, the calculation yie lds the combined effects of errors in ~ 2 and 
(pVz )2 on the performance parameters . These combined effects cannot be 

obtained from the charts alone ; the charts pr ovide no means for obtaining 
6(pVz )2 as a func·tion of 6132, because in blade - element flow ~2 and 

(pVz ) 2 are treated as if they were independent. The values of 6(pVz)2 

obtained from the calculation were therefore employed along with the 
specified error of 10 in ~2 t o obtain the chart predictions of changes 

in performance . The values obtained from the charts for effect s of errors 
in ~2 and from the charts for effects of errors in (pVz )2 were added 

algebraically, as specified by formula (lc) . 

The design assumptions wer e as fol l ows: 

( 1) M' = 1.10 at rotor t ip. 
1 

(2) ~ ' = 600 

1 
at r otor tip, ~l = 00 at all radii . 

( 3) ( r 1/ r t ) h = 0 .5 . 

( 4 ) R2 - Hl varied linearly f r om 300) 000 ft - lb/ slug at hub to 

400)000 ft - lb/ slug at tip . ~ 
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An approximate calculation of density ratio was made to determine 
the annular-area ratio for no change in average axial velocity. This 
calculation yielded a value for (r2/rt ) h of 0.6. 

The radial-equilibrium calculation was based on simplified radial 
equi!ibrium including entropy gradient (ref. 5). An arbitrary assumption 
of m' was made, varying from 0 .040 at the hub to 0.100 at the tip 
(nonlinearly) . 

The following table lists values of performance parameters obtainedj 
the range given i s the variation from hub to tip: 

~' 2 
13.61° - 48.52° 

~2 40 .94° 34.19° 

M2 0.512 - 0 .752 

Mz 0.659 - 0.603 

H2/Hl 1.096 - 1.128 

P2/Pl 1.363 - 1.445 

The direct-problem c.alculation, employing values ' of 132 increased 
by 10 at all radii, resulted in small changes in the local specific mass 
flow at the different radii of from -1.2 to 0.8 percent because of the 
propagation of the assumed error in 132 through the radial-equilibrium 
calculation. 

The changes in blade-element stagnation-pressure ratio were analyzed. 
The pressure ratio was reduced by the assumed decrease in turning angle, 
together with the consequent changes in (pVz )2' and the net decrement in 

pressure ratio obtained from the charts agreed very closely with the cal
culated values, as follows: 

Radius ratiO, Net l'.(P2/Pl) due to l'.f32= 10 

rl/rt and to consequent l'.( p V z) 2 

Calculated From charts 

0.5 -0.0104 -0.0103 
.6 -.0145 -.0141 
.7 -.0186 -.0185 
.8 -.0236 -.0233 
.9 - . 0278 - . 0278 

1.0 -. 0316 -.0318 

The assumed increase in w' f or the second phase of the check cal
culation also caused small changes in local values of (pVz )2 of from 
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-1.6 to 1 . 2 percent. The net effect of these changes was a general 
decrease in pressure ratio, and good agreement between the calculated 
values and those obtained from the charts was observed: 

Radi us ratio, 
rl/rt 

Net ~(P2/Pl) due to DW'/m ' = 0.25 

and to conse~uent ~(PVZ)2 

0.5 
.6 
.7 
.8 
.9 

1.0 

Calculated 

- 0.0061 
- . 0093 
- .0118 
-.0146 
- . 0168 
- .0181 

From charts 

-0.0065 
-.0096 
-.0125 
- . 0137 
-.0159 
- .0189 

It is believed that the foregoing calculation verifies the applica
bility of the design-error formulas, for the given range of Mach numbers 
and flow angles, to the uses suggested in the text . 

A limitation of the design- error f ormulas containing the term 1 _ M2 
in their denominators is that they are inaccurate for Mach numbers in the 
neighborhood of 1.0 . S'ample calculations indicate that the accuracy of 
such formulas is good for Mach numbers up t o at least 0.75 . 

Measurement-Error Formulas 

The measurement-error formulas were checked by means of sample cal
culations and, in a few cases, by comparison with the exact formula. 

Local specific mass flow . - CalG.ulations were made to compare the 
actual and chart values of 6(pVz ) caused by changes in static or stag
nation pressure of 1 percent. The following values were obtained: 

M Percent change in pVz for 6p/p = 0 . 01 

Calculated From charts 

0.5 - 2 . 63 -2 .14 
.7 -. 83 -. 74 

M Percent change in pVz for tiP/p = 0 . 01 

Calculated From charts 

0.5 2 .88 3 .15 
.7 1.67 1. 74 

Formula (mA-iii,vii), which gives the effect on pVz of a measure
ment error in T, contains the appr oximation that 
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Substitution of 6T/T = 0.01 into the left side yields a value of 
-0.00496. Thus, for ~T/T = 0 .01, formula (mA-iii, vii) yields a result 
only 1.009 times the correct value. 

Similarly, formula (mA-iv,viii), which gives the error in pVz due 
to a measurement error in 13, contains the follOwing approximation: 

(tan (3)[$ '" cos ~ - cos(f3 + ~) 
cos f3 

For the range 00 ~ 13 ~ 600
, the degree of approximation decreases as 13 

increases. For the worst case ([3 = 00 ), where formula (mA-iv,viii) indi
cates no error i n pVz , a measurement error of ~[3 = 10 would actually 
cause an error of 0.015 percent in pVz . This discrepancy is clearly 
negligible. For [3 = 6PO, the discrepancy between the values of ~(pVz) 
obtained from formula (mA-iv,viii) and from the exact calculation is 
only 0.0013 percent of pVz . 

Relative air angle. - The following table presents a sample compar
ison of calculated magnitudes of changes in 13' with the corresponding 
values obtained from the charts ( formulas (mB-i,v) to (mB~iv,viii)) for 
the specified assumed measurement errors: 

M IL$'/ , deg 
([3 = 300

, ~p & L'-.T = 0.002 13' = 400
) 

or p = 0.01 ~ = 10 

P T 

Actual From charts Actual From charts Actual From charts 

0.5 1.33 1.36 }0.05 0.06 0.32 0.31 
.7 .69 .71 
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APPENDIX B 

DERIVATION OF FORMULAS 

Design-Err or Formulas 

The deri vation of formula ( dF-v ) is presented here as an example 
of the general procedure . The error in axial velocity VzJ 2 due to an 
error in the rotor loss parameter must be found for the condition of 
unchangi ng l ocal specifi c mass f l ow . A formula for Vz 2 i s as 
fo l lows : J 

The relative stagnation enthalpy 
in m' j and, f or this derivation, ~2 

H' is not affected by an error 
2 

is held constant : 

OVz ,2 = .~ (H' _ h )-1/ 2 A ' (_ Oh2) 
em' . ,, 2 2 2 co s .... 2 em ' (Bl) 

The condition of constant (pVz)2 pr ovides a means for evaluation 
of (Ohz./ ctn ' ) : 

1/ 2 h ) cos ~' 2 2 
( 20 ) 

Differentiation of formula ( 20) with respect to m' yields the following : 

p ' 
Y 2 1 

Y - 1 H2 Y -

1 

(
h2)Y-l 

1 H' 
2 

1 

pI (h ):r-l 
r;) 

Y 2 2 /'1 2 (H' 
Y - 1 H2 H2 - 2- 2 

1/ 2 - h ) cos ~' + 2 2 

CO~ENTIAL 

~' + 2 

o 
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Rearrangement of (B2) yields 

(B3) 

The relative stagnati on pr essure P2 i s a function of Pi, ml, the 
relative enthalpy ratio H2/ Hi' and Pl/ Pi ( or Mi) : 

(B4) 

(B5) 

Substitution of (B5) into (B3) and r earrangement yield 

(B6) 

Finally, (B6), (B4), and (Bl) yield the fo llowing : 

-----.-~ 
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Therefore, 

where 

P2 , id 
~ = p' 

2 

NAeA RM E56B03b 

1 = (23) 

For some of the subsequent formulas of series d, Vz 2 was used as , 
an intermediate variable. The derivation of the formula for error in P2 
is presented as an example: 

Therefore, 

(B7) 

y 

G- W'Gtt~ -:~~ + Pl(:~rl (:~t ~ -:i~ 

Pl 
1 - PI 

1 -=~ ______ ~ ____ ~6Wr 

(
P2) ( _ Pl) Pi id - ill' 1 Pi 

(BB) 

o 

J 
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The term (~2/H2)v is obtained as follows: 

Therefore, 

- = _ 'tan il' --'-~~2) U2Vz 2 \~Vz 2) 
H2 v H2 2 Vz,2 

Combination of (B10), (B8), and (dF-v) yields the following: 

Measurement-Error Formulas 

211 

(B9) 

(B10) 

(dR-V) 

The derivation of formula (rnA-i) is presented to illustrate the calculation of 
the series m formulas . Formula (rnA-i) gives the error in pVz caused by a measure
ment error in Pl : 

1 = - (pV ) 
YP z 

1 _______ pV~z~~ __ _ 

YP r -y - 1 J 
2 I ( P ) Y 
~L\P 1 

C ONFJ.\~ENT IAL 

(Bll) 

(rnA- i) 
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Figure 5. - Effect of design errors on relative stagnation enthalpy. 
(A large working copy of this figure may be obtained by using the 
request card bound in the back of the r eport.) 
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(b) Absolute air angle (eq. (dC-ii)) . 

Fi~ure 5. - Continued. Effect of design errors on relative stagnation enthalpy. 
(A large working copy of this figure may be obtained by using the request card 
bound in the back of the report.) 
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Figure 6 . - Effect of design errors on relative air angle . 
(A large working copy of this figure may be obtained by 
using the request card bound in the back of the report . ) 
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Figure 8 . - Continued . Effect of design errors on axial velocity downstream of rotor. 
(A large working copy of this figure may be obta i ned by using the request card bound 
in the back of the report . ) 
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Figure 8. - Concluded. Effect of design errors on axial velocity 
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Figure 12. - Effect of design error in radius to blade element on absolute air angle (eq . (dJ-viii». 
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Figure 13. - Factors A and r as functions of relative air angle, solidity, and diffusion factor. 
(A large working copy of this figure may be obtained by using the request card bound in the back 
of the report.) 
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Figure 14 . - Effect of design error in relati ve air angle on diffusion factor (eq . (dK- vi)) . 
(A large working copy of this figure may be obtained by using the request card bound in 
the back of the report.) 
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(c) Absolute air angle (eq. (mA- iv,viii)). 

Figure 15. - Effect of measurement errors on calculated value 
of local specific mass flow. (A large working copy of this 
figure may be obtained by using the request card bound 1n 
the back of the repdrt . ) 
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(a ) Static pressure (eq . (mB- i,v)) . 

Figure 16. -Effect of measurement errors on calculated value of relative air angle . 
(A large working copy of this figure may be obtained by using the request card 
bound in the back of the report . ) 
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(b) Stagnation temperature (eq. (mB-iii,vii)) . 

Fi~ure 16. - Continued. Effect of measurement errors on calculated value of relative air angle . 
(A large working copy of this figure may be obtained by using the request card bound in the 
back of the report.) 
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Fi~ure 16 . - Concluded . Effect of measurement errors on calculated value of r e l at i ve air 
(A large working copy of this figure may be obtained by using the r equest car d bound in 
back of the report . ) 
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Figure 19 . - Effect of measurement errors on calculated value of blade-element 
efficiency . (A large working cORY of this figure may be obtained by using 
the request card bound in the back of the report . ) 
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Figure 20 . - Effect of measurement errors on stagnation enthalpy calculated from change of moment of momentum . 
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Figure 21 . - Effect of measurement errors on calculated value of diffusion factor. 
(A large working copy of this fi~ure may be ob tained by using the request card 
bound in the back of the report.) 
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CHAPI'ER XV II 

COMPRESSOR AND TURBINE MATCHING 

By James F . Dugan, Jr . 

SUMMARY 

In order that compressor operation can be found for specified flight 
conditions and a mode of engine oper ati on, methods are presented for re
lating the compressor to t he other components of four types of gas 
turbine engines - the s imple turboj et, t he afterburni ng turbojet, the 
turboprop with coupled power t urbine , and the t urboprop with free 
wheeling power turbine . 

The method of superposing component matching maps to obtai n one -
and two-spool gas-generator performance i s di scussed, as well as simpli
fied methods for ob t aining ga s - generator per formance . The simplifi ca
tion results from assuming constant turbine-inlet equivalent weight flow 
and an approximate r elation for t urbine effi ciency. Compressor operation 
can be found from t he ga s - generator per fo rmance alone for a range of 
flight conditions when the mode of engine operati on i s specified by as
signing values of mechanical speed and t urbine - inlet temperature. 

Procedures are a l so di s cussed f or (1 ) combining the gas generator 
with the other components of gas - t urbine engi nes so that compressor op
eration can be found for a range of fl i ght conditions when the operating 
mode is specified by a ssigning value s of mechanical speed and exhaust
nozzle area; (2 ) locating a cons t ant- exha us t - nozzle-area equilib rium op
erating line on t he compressor performance map of a one- spool nonafter
burning turbojet engine operated at s tatic sea -level conditi ons ; (3) 
matching the components of a one - spool s imple turbojet engine during 
transient operati on f or a specified flight conditi on, a specified tran
sient path on the compre ssor map, and a fixed exhaust- nozzle area; (4) 
finding the compressor pa ths during a trans i ent for a nonafterburning 
two-spool turbojet for which the exhaust - nozz l e a r ea and inner- turbine
inlet temperature are maint ai ned const ant ; and ( 5 ) calculating the time 
required to accelerate to a higher engi ne speed for both one- and two 
spool turbojet engines . 
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INTRODUCTION 

An axial-flow compressor i s designed so that at a specific rotative 
speed and weight flow the desired value of total -pressure ratio is 
achieved at a high level of efficiency . As a component of a gas - turbine 
engine , the compr essor is r equired to operate over a range of pressure 
ratios , weight flows, and rotational speeds during steady- state and 
transient engine operati on . To illustrate thi s pOint , engine operation 
i s related to the compressor performance map of pressure ratio plotted 
against equivalent we i ght flow with equivalent rotational speed as a 
parameter . During engine acceleration prior to takeoff when the com
pressor speed increases from zero to the takeoff value, the compressor 
may operate in a r egion characterized by severe blade vibrati ons caused 
by rotating stall . Acceleration may even be prevented by compressor op
eration outside the stable operating region bounded by the compres sor 
surge - or stall- limit l ine . For subsonic flight in t h e stratosphere , 
the compressor may operate in a low- efficiency region at hi gh values of 
compress or equivalent speed. At supersonic flight speeds ) the compres 
sor surge - or stall- limit line may be encountered or operation may be 
required in a region characterized by low compressor efficiency or dan
gerous blade vibrations. 

The purpose of this chapter is to present matching procedures so 
that compressor operation can be found for specified f light conditi ons 
and a mode of engine operation . (The matching procedure s also yield 
the operating points of all the other engine components and data fr om 
which engine performance can be calculated .) Such methods are useful 
in selecting engine design values for compressor pressure rati o and 
weight flow . Afte r the compressor performance map is estimated (see ch . 
X (ref . 1 )), it may be evaluated by employing matching procedures to 
find the region over which the compressor will b e required to operate for 
the de s ired mode of operati on and range of fli ght conditions . Besi des 
permitting an evaluation of compressor performance maps) the matching 
methods presented herein permit calculation of the effects of compressor 
changes on engine performance . The methods of chapter X may be used 
to estimate the effect on compres sor performance of changes involving 
interstage bleed) passage ~low area ) or blade - setting angles . With the 
new compressor performance map and the matching procedures) the effect 
of the compressor change on engine performance may b e found . 

In order to find where on its performance map a compressor will 
operate as part of an engi ne for a specified flight condi t i on and mode 
of engine operation) the engine components must be matched . The follow
ing three approaches may b e used to accomplish component matching . Re 
gardless of the approach, four relations involving continuity of flow, 
power bala nce) speed of rotation ) and pressure ratio are available . 
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In one approach ) the conventional compressor and turbine perform
ance maps are employed . For an operating point assigned to one of the 
component maps , the corresponding points on the other component maps 
are found by satisfying the four matching relations. Such an approach 
is discussed in reference 2 for the turbojet engine and in reference 3 
for the turboprop engine . 

In a second approach , the performances of the turb ine) tailpipe, 
and exhaust nozzle are combined . The conventional compressor perform
ance map is retained; and, for an operating point on this map, the cor
responding operating points of the other components are found through 
the use of the combined performance of the turbine, tailpipe, and ex
haust nozzle. This approach i s used in reference 4 for the one-spool 
turboprop with coupled power turbine and in reference 5 for the one
spool turbojet without afterburning • 

. ' 

In a third approach, the combined performance of the compressor, 
combustor, and turbine i s found. In place of the conventional compres
sor and turbine performance maps, matching maps are used. All possible 
match points are determined by the superposition of these matching maps. 
When the operating mode is such that the mechanical speed and turbine
inlet temperature are specified, this approach is especially useful. 
For this type of problem, the compressor operation can be found from the 
combined performance of the compressor, combustor, and turbine, inde
pendent of the inlet, tailpipe, or exhaust - nozzle performance. The 
idea of superposition of component maps to achieve matching is used in 
references 6 to 8 for one-spool gas - turbine engines and in references 9 
and 10 for two-spool gas-turbine engines . 

Procedures for matching the components of one- and two-spool turbo
j et engines during transients are presented in references 11 and 12 , 
respectively. The equations and procedures in reference 13 facilitate 
the computation of part-load and off- design- point internal performance 
by the use of automatic computing machinery . 

Much of the material in this chapter is derived from references 5) 
8 , and 10 to 12. General and simplified methods are given for matching 
compressor and turbine components of one - and two-spool jet engines for 
equilibrium operation (refs . 8 and 10). Procedures for combining the 
performances of the compressor, combustor, and turbine components to 
yield gas - generator performance are explained, as well as the way com
pressor operation can be found from the gas - generator performance for 
a range of flight conditions when the mode of engine operation is speci
fied by assigning values of mechanical speed and turbine temperature. 
In order that compressor operation can be found when the exhaust-nozzle 
area i s speci fied, procedures are discussed for combining the gas
generator performance with that of other components such as an inlet, a 
propeller, an afterburner , a free - wheeling power turbine, and an exhaust 
nozzle. A simplified method for locating a constant-exhaust-nozzle-area 

t 
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equilibrium operat i ng line on the compressor performance map of a one 
spool turbojet engine operated at stati c sea-level conditions is dis 
cussed (ref. 5 ). The combined performance of the turbine ) tailpipe) and 
exhaust nozzle is related to compressor pressure ratio and weight flow 
in several charts . Desired operating lines can be located on specific 
compreEsor performance maps through the use of the charts . A method is 
discussed whereby the compressor and turbine of a one - spool turbojet en
gine may be matched for a specified flight condit ion, a specified tran
sient path on the compressor map, and a fixed exhaust-nozzle area (ref . 
11). For a two-spool turbojet engine (ref. 12), pr ocedures are discussed 
for finding the compressor paths during a transient for which the exhaust 
nozzle area and inner-turbine-inlet temperature are held constant . 

SYMBOLS 

The following symbols are used in this chapter: 

A area, sq ft 

A area parameter equal to 

B ratio of bleed weight flow t o weight flow at compressor inlet 

cp speci fic heat at constant pressure, Btu/ (lb') (OR) 

Fj jet thrust, l b 

f fuel -air ratio at combust or inlet 

g acceleration due to gravity, 32 .17 ft/sec 2 

H total or stagnation enthalpy, Btu/lb 

I moment of inertia, (lb) (ft)(s ec 2 ) 

J mechanica l equivalent of heat, 778 . 2 ft -lb / Btu 

K constant 

M Mach number 

N rotational speed, rps 

P total or stagnation pressure, lb/sq ft 
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P pressure-ratio parameter equal t o 
P3 P4 Pl PO 

Pl P3 Po Ps 

~ power for propeller and/or accessories , Btu/ sec 

p static or s tream pressure, lb/sq ft 

excess torque, lb-ft 

R gas constant, 53.35 ft-lb/(lb)( OR) 

T total or s tagnation temperature, oR 

T 
T4 

temperatur e parameter equal to (1 - B3)(1 + f) -- ~ ~ 
Tl ad, C ad,T 

u rotor speed, f t/s ec 

v air veloCity, ft/sec 

w weight flow, lb/sec 

(1 - B3)(1 + f) Ws Al wl~ 

T)ad,CT)a.d,T w4 AS D1Al 
w weight - flow parameter equal to 

~ air angle, angle between air velocity and axial direction, deg 

y ratio of specific heat s 

D ratio of t otal pressure to NACA standard sea-level pressur e of 
2116 lb/ sq f t 

n adiabat i c efficiency "ad 

315 

e ratio of tota l temperature t o NACA standard sea-level temperature 
of 51S.7° R 

p density, lb/cu f t 

't' time, sec 

~ turbine pressure coefficient, (V sin ~)/U 

Subscripts: 

C compressor 
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i inner spool 

o outer spool 

PT power turbine 

T turbine 

Station numbers shown in figs . 1 and 2 : 

Two - spool notat ion 

0 ambient conditions 

1 outer - compressor inlet 

2 outer - compressor exit, 
inner - compressor inlet 

3 inner - compressor exit, 
combustor inlet 

4 combustor exit , inner -
turbine inlet 

5 inner - turbine exit, 
outer - turbine inlet 

6 outer - turbine exit 

6a uncoupled power - turbine exit 

7 exhaust - nozzle inlet 

8 exhaust -nozzle exit 

Superscript : 

* critical flow conditions 

GENERAL DISCUSSION 

NACA RM E56B03b 

One - spool notation 

compressor inlet 

compressor exit, 
combustor inlet 

combustor exit, 
turbine inlet 

turbine exit 

exhaust - nozzle exit 

The four types of gas - turbine engines discussed in this report are 
the simple turbojet, the afterburning turbojet, the turboprop with 
coupled power turbine, and the turboprop with free -wheeling power tur 
bine (fig. 1) . Common to all four engines is the gas generator, which 
may be either the one- or two - spool type (fig . 2) . This chapter is 
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chiefly concerned with the compressor of a one-spool ga s generator and 
the outer and i nner compressors of a two-spool gas generator when op 
erated as components of any of the four gas-turbine engines. 

In the s ect ion GENERAL METHODS FOR EQUILIBRIUM OPERATION, a match
ing technique for the superposition of component maps is employed. A 
procedure for obtaining the performance of a one-spool gas gener ator is 
followed by an explanation of the way compressor operating points for 
various flight conditions may be found from the gas - generator perform
ance alone when engine operation is defined by set ting values of mechan
ical speed and turbine-inlet temperature. The discus s ion of the two 
spool gas gener ator parallels that for the one-spool . In or der t hat 
compressor operati on may b e determined when engine operation is defined 
by setting values of exhaust-nozzle area and rotative speed, methods 
are discussed for matchi ng the gas generator with the other components 
for each of the f our engine types shown in figure 1. 

In the SIMPLIFIED METHODS FOR EQUILIBRIUM OPERATI ON, tur bine - inlet 
equivalent weight f low is assumed to be constant f or all operating con
ditions and turbine eff iciency is assumed to be a funct i on only of the 
ratio of the rotat i ve speed to the square root of the enthalpy drop . 
Methods for obtaini ng the performance of one - and two- spool gas genera
tors are discussed. 

A matching techni que involving the use of the combined performance 
of the turbine , tailpi pe, and exhaust nozzle is used in the section 
EQUILIBRIUM OPERATING LINE OF ONE-SPOOL TURBOJET. An approximat e method 
is discussed for locating a constant-exhaust-nozzl e-area equi l i brium 
operating line on the per formance map of a compressor that is pa rt of a 
one-spool turbojet engine operated at static sea-l evel conditions. The 
charts of reference 5, which are needed to accomplish this, are included. 

In the section METHODS FOR TRANSIENT OPERATION, conventional com
pressor and turbine map s are used, and matching is achieved by satisfy
ing the thermodynamic r elat i ons and the imposed conditions. A method 
is discussed whereby t he compressor and turbine of a one-spool turbojet 
engine may be matched f or a specified flight condition, a speci fied 
transient path on the compres sor map, and a fixed exhaust-nozzle area . 
For a two-spool tur bojet engi ne, procedures are di scussed for finding 
the compressor paths during a transient for which the exhaust-nozzle 
area and inner - turbine - inlet temperature are he l d constant. 

GENERAL METHODS FOR EQUILIBRIUM OPERATION 

In this and the foll owing main section , whi ch di scusses simplified 
methods for equilibrium oper ation, it i s conveni ent to think of a 

\ 

CONFIDENTIAL 



318 CONFIDENTIAL NACA RM E56B03b 

gas -turbine engine as composed of a gas generator and other components. 
Sketches of one - and two-spool gas generators are shown in figure 2 . 
The addition of other components such as an inlet) a propeller) an 
afterburner) a free-wheeling power turbine) and an exhaust nozzle re
sults in either a turboprop or a turbojet engine (fig. 1). 

In the discussion of the one-spool gas generator) the component 
performances are plotted in such a way that the maps may be superposed 
to satisfy the matching relations of continuity, power balance) and ro
tational speed. A similar discussion appears in references 6 to 8 . In 
the discussion of the two - spool gas generator) two procedures are pre 
sented for matching the inner spool with the outer compressor and tur 
bine) the i nner-spool performance having been found by the procedures 
for the one -spool gas generator. Two-spool matching methods are dis
cussed in references 9 and 10. The sections on compressor operation 
from gas-generator performance discuss the procedure for finding com
pressor operating points when engine operation is specified by assign
ing values of mechanical speed and turbine-inlet temperature. When 
exhaust-nozzle area and mechanical speed are assigned) compressor oper 
ation can be found for turbojet and turboprop engines as discussed in 
the section Matching Gas Generator with Other Engine Components. 

One-Spool Gas Generator ' 

In order to match the compressor and turbine . of a particular gas 
generator) the performance of the compressor) combustor) and turbine 
must be known. Typical compressor and turbine performance maps are 
shown in figures 3 (a) and (b)) respectively. In figure 3 (a)) compres
sor total-pressure ratio is plotted against equivalent weight flow with 
equivalent speed and adiabatic efficiency as parameters. In figure 3(b)) 
turbine equivalent specific work is plotted against a flow parameter 
with equivalent speed) total-pressure ratio) and adiabatic efficiency 
as parameters. The performance of a typical combustor is nearly con
stant for a wide range of operation. In this chapter the combustor 
total-pressure ratio P4/P3 is taken equal to a constant. When fuel -

air ratios are calculated) combustor efficiency is also taken to b e a 
constant. 

Matching relations . - In matching the compressor and turbine) three 
of the four matching relations are available: 

(1) The air weight flow into the compressor minus the air weight 
flow bled from the compressor exit plus the fuel weight flow added in 
the combustor equal the gas weight flow into the turbine. 

-------- ._.- _. _ . 
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(2) The power output of the turbine i s absorbed by the compressor 
and the accessories . 

(3) The mechanical speeds of the compressor and its driving tur
bine are the same. 

For simplicity, the three matching relations are expressed in terms 
~ of equivalent performance parameters as follows: 
(J) 
(Jl 
(J) 

continuity: 

Power: 

H3 - Hl 
---------------~ + 
(1 - B3)(1 + f) N2 

Speed: 

Matching maps and their superposition . - Compressor and turbine 
matching is achieved by graphically satisfying equations (1) to (3). 

The performance of the compressor is plotted as (H3-Hl )/N2 (1 -B3)(1+f) 

(1) 

(2) 

(3) 

against w4N/04 for constant values of N/~ (fig. 4(a)). The com

pressor variables are computed from 
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(1 - B3 )(1 + f ) wl~ N (4 ) 
P3 P4 °1 -YG"l 
Pl P3 

518 . 7 

(5) 

For the purpose of this conversion, it is usually sufficient to assume 
constant values of fuel -air ratio f, compressor- exit -bleed ratio B3, 

specific heat at constant pressure 

P4/P3' and YC' (The variation of 

ture may be accounted for by using 
ref. 14.) 

combustor pressure ratio 

and Y
C 

with total tempera

such as those presented in 

The turbine performance is plotted as (H4 - H6 )/N2 against 

w4N/04 for constant values of N/\fB4 as in figure 4 (b). The ordinate 

is computed from 

(6) 

The components are matched by superposing figures 4 (a) and (b) so 
as to satisfy the continuity and power relations (eqs. (1) and (2)). 
The abscissas are superposed directly, while the ordinates are offset 
by the value of the accessory power term in equation ( 2 ). In many in
stances the accessory power term is so small that it can be neglected. 
Sometimes the value of the accessory power term computed for one engine 
operating condition is assumed to prevail for all other operating condi 
tions . With the compressor and turbine matching maps overlaid, each 
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point common to both maps is a possible match pOint for the gas gener
ator. At each such point , the turbine-inlet to compressor-inlet tem
perature ratio T4/Tl may be calculated by using equation (3) and the 
values of equivalent speed read from the overlaid maps. 

Component parameters. - For each match point, the pressure and tem
perature ratios across the compressor and turbine may be calculated or 
read from appropriate component maps. The compressor pressure ratio 
and temperature ratio could be read from plots of these variables against 
w4N/'04 with N/,.Jei as a parameter. After the turbine equivalent spe-

cific work is calculated from the values of (H4 - HS)/N2 and N/~, 

the turbine pressure ratio can be read from the conventional performance 
map (fig. 3(b )). The turbine tem~~rature ratio may be calculated from 

( 7) 

The value of can be calculated from 

r R c = -..:....-"... 
p r - 1 J ' 

(8) 

The value of r is usually based on the desigll values of fuel-air ratio 
and the arithmetic average of the turbine-inlet and - outlet temperatures. 
If more precise calculations are warranted, the charts of reference 14 
may be used to find values of TS/T4. 

For matching purposes, the value of f is usually assumed to be a 
constant (its design value). Once the compressor and turbine are 
matched, however, the equivalent fuel-air ratio f/el at each match 
point may be found by using the values of T3/Tl and T4trl, an assumed 

fuel, a combustor efficiency, and combustion charts such as those pre
sented in reference 14. There is no need to rematch the compressor and 
turbine, because the t erm (1 + f) changes only slightly. The compressor 
equivalent weight flow wl~/'OI may be calculated by using equation 

(4). The turbine-outlet equivalent weight flow may b e calculated from 

~T4 TS 
wl~ ~~ 

'01 P3 P4 Ps 
(9) 

---
PI P3 P4 

\ 
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The performance of the one- spool gas generator ~ b e 
plots of T4/Tl' P6/Pl) T6/Tl ) f/el } P3/Pl ) and wl1fel/ol 
w6r../7if)o6 with N/ {el as a . parameter (fig . 5 ). 

presented as 
against 

Compressor operation from gas - generator performance . - Compressor 
operating points for various flight conditions may be found from the gas
generator . ~erformance alone if engine operation is defined by setting 
values of mechanical speed' N and turbine-inlet temperature T4 • For 

a particular flight condition (altitude and Mach number), values of Tl 

and el can be found. From figure 5 and values of T4/Tl and N/ v-el) 
a value of w6 JefJo6 is read . Then, from values of w6 Fs/ o6 and 

N/.fBJ..., values 'of P3/Pl 'and WI {el/?l are read . Thus, for each 
flight condition the compressor operating point can be located. 

One-spool matching methods are applied to specific e~uilibrium prob
lems in references 15 to 19. 

Two- Spool Gas Generator 

A schematic of a two- spool gas generator is shown in figure 2(b). 
The outer compressor and outer turbine are mounted on a common shaft. 
Hereafter , these components are called the ou~er ,spool . The inner com
pressor and, the ,inner turbine are mounted on a second shaft which is not 
coupled mechanicall y. to the shaft of the outer spool . I n airplane en
gines, the outer-spool shaft is inside of and concentric with the hollow 
shaft of the inner spool. Between the inner compressor and inner tur
bine is the combustor; taken together) these component s comprise the 
inner spool. 

I n matching the components of a two- spool gas generator, .it is con
venient to match the components of the inner spool and then match the 
inner- spool wi t .h the outer- spool components . The .inner- spool . components 
are matched according to the procedures for matching the components of a 
one~spool ·gas ' generator . Notice that engine stations 1 , 3, 4, and 6 for 
the one- spool gas -generator are replaced by 2, 3, 4, and 5 for the inner 
spool of a two~spool gas generator (fig . 2) . The manner in which inner
spool performance is presented is determined by the method employed to 
match the outer-spool components. Two procedures are discussed for 
matching the outer- and inner- spool components. In the first procedure, 
an inner-spool operating point is assigned and matching with the outer 
compressor and outer turbine is achieved directly. In the second pro
cedure, which involves a trial -and- error step ) an outer-compressor op
erating point is assigned so that the gas - generator performance for con
s tant values of outer-spool e~uivalent speed results . 
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Direct method of matching outer and inner spools. - The two-spool 
matching problem becomes one of matching the outer spool with the inner 
spool . Because of the aerodynamic coupling between the two spools, 
specifying two independent conditions determines the operating points 
of all the components. If an operating point is assigned to the inner 
spool, outer-spool matching ~s achieved directly. For this approach it 
is convenient to express the power and continuity relations with regard 
to the outer compressor an~ outer turbine, respectively, as 

~-~ 1 & 
N~ "7"(1---B2-,),......,(~1---B-3 ...... ) "r'"( l-+-f ........ ) + -W

1
-(-1--B-

2
-) -(1---B-

3
-)-(-1-+-f-) -N~; = 

. , 
j ': J 

. (10) 

(li) 
(., - .. ' '-.. 

Constant values of compressor ,bleed at stations 2 and 3 and , fuel-air 
ratio may be chosen. -The matching map for the outer compressor is shown 

H - . H 
in figure 6(a): Hei\e 2 ·2 1 . is" plotted against 

- '·N (1 L B 'rCi - B Hl +' f) , f . -' "I' " 
o 2 3 · 

log (WINo/52) f~r ;lines of constani 'equivalent ';peed Nolfl/7il and' con-

stant equivalent weight·':rlow w2 ~/52' For the, matching map of the 

outer turbine, (HS - H6)!N~ '. is plo'tted against log '(WSNo/5S) with 

Ws ~/5S and ~ol A./B5 , ~~ . parameters (fig. 6(b)). , In. order to match 
the outer-spool components ,with the inner spool, the 'matching map of 
the inner spool i~lotted as in figure 6(c). Here, inlet equivalent 
weight flow w2V82!52 is plotted against outlet equivalent weight flow 

Ws ~!5S wi th Nil Ii/82 and PS/~2 as parameters '-'. I Irfuer- SP~Ol opera
tion is, of course, limited by the equivalent flow that can be passed by 
the outer turbine. 

With these three mat'ching ·maps (fig. 6), the ' match points of the 
two-spool gas generator can be found. An inner~ool operating point 
is assigned on figure 6(c). The values of W2¥,82/52' wS~/5S' and 
Ps r PS/P2 1 
P

2 
are noted, and the value of 10gC(1 _ B2)(1 _ B3)(1 + f)] is calcu-

lated. The outer-compressor and outer-turbine matching maps (figs. 6(a) 
and (b)) are superposed so as to satisfy equations (10) and (li). The 
ordinates of figures 6(a) and (b) are offset by the value of the acces
sory pow~r term in equation (10), and the abscissas are offset by the 
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calculated value of the t erm The operat-

ing points of the outer compressor and the outer turbine corresponding 
to the assigned inner-spool operating point are at the intersection of 
the appropriate lines of constant w2 ve:;/52 and w5 ~/55. In using 

this pr ocedure ) it has been found convenient to assign several values of 
w5 \f85/55 for each selected value of w2~/52 in figure 6(c). 

Choosing pairs of values for w2 ~/52 and w5 ves/55 i n this way 

dictates the values of these parameters to be used in plotting lines of 
constant equival ent weight flow in figures 6(a) and (b). Use of this 
direct method of matching outer and inner spools or of the iterative 
method) which is described in the following paragraphs, is a matter of 
personal preference . 

Iterative method of matching outer and inner spools . - An alterna
tive procedure for matching the outer-spool components with the inner 
spool may be employed by assigning the outer- compressor operating point 
rather than that of the inner spool . For this procedure , the matching 
maps of figure 7 are used. The outer-compressor performance is plotted 
as (HZ - Hl)/N~ against w2 ~/52 with No/\f8l as a parameter (fig . 

7(a)); the performance of the outer turbine is plotted as (H5 - E£)/N~ 
against w5No/55 with No/ vas as parameter ( fig . 7(b)); and inner

spool performance is plotted as ' w2 ~!52 against w5 ~.feiJ85 for con

stant values of Ni/~ and T5/T2 (fig. 7(c)). 

The inner- and outer-spool components may be matched by employing 
an i terative procedure in conjunction with the matching maps of fig
ure ' 7: 

(1) An operating point is assigned on the outer-compressor map 
(fig. 7(a)) from which values of w2 ve;,!52, No!~' and (HZ - Hl)/N; 

are read . 

(z) The value of (H5 - H6)!N~ is calculat ed from equation (10). 

(3) The value of T2!Tl is calculated from 

(4) A trial value of No/J95 i s a s signed . 
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Because assigning the outer-compressor operating point determines 
the operating points of all the other components, assuming a value of 
N

O
/ ~ is an overspecification and will lead to a contradiction if an 

incorrect value is assumed. 

(5) A value of w5No/55 is read from figure 7(b) for the values 

of (% - %)/N~ and No/ (e5. 

(6) A value of w5 t{%/55 is calculated from the values of 

w5No/55 and No/ ve;. 
(7) A value of T5/T2 , which depends on the inner-spool performance, 

is read from figure 7(c) for the values of w2 t{92/52 and w5V%/55 • 

(8) A second value of T5/T2' which depends on the relation between 
the outer compressor and outer turbine, is calculated from 

T 
5 

T2 = (13) 

If this does not equal the value from step (7), steps (4) to (8) are re
peated until agreement is reached. In using this procedure, it has been 
found convenient to assign outer-compressor operating points along lines 
of constant outer-spool speed and to first calculate the match points 
for the higher values of w2 V8;,/52. As lower values of w2,.;e;,/o2 are 

assigned at a fixed speed No/~' higher values of w5 y-e;/o5 will 

result until the critical value is reached. From this point on, all 
lower selected values of w2~/52 will be accompanied by the critical 

value of w5 ,.;e;/55. 

Variable pressure losses in primary combustor. - The matching pro
cedure for the two-spool gas generator may also be applied for the case 
of either a one-spool generator or the inner spool of a two-spool gen
erator when large, variable pressure losses occur in the primary burner. 
For these conditions, curves analogous to figure 6(c) would represent 
the combustor characteri stics. 

\ 
CONFIDENTIAL 
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,. Component parameters. - For each match point of a two-spool gas 
generator, the ,pres sure. ~nd temperature ratios across the components 
INJ.l b~ calcula~ed . or J'ead £ ,r9m approp!iate. c.omponent maps o:r': If the-'d, t- .. 
erative procedure is used for matching the inner spool with the outer " 
components, the following values are known for each match point: -

No/ VJi.J. ,,- "'.2 ,~l?2( ~' (tIs ,. ;-{; IIp 1 /~~? .' T2/'rl' ~s #5/55) Ts /'1'2" '. pn~ N'o/,.jB5. 

The outer-compressor 

P 2/Pl a~ain.s~ :'2 ~/52 
eQuivalent sp~ed < Ni /;;;B2 

":j .... " ,it r: , .... 7". ~~~.~.\ l . "0 - i I." 

pressure ratio :m8.y be read' from ' a \ piot of 

'1 tl?- ~ol{8l a9\ pa:r:~~ter ~ , Inn1er,r cPlllpressor 
•• " 1..' I ~_. \ I ,J , .. , .,. B ", "', 

may be read from f'igure 7(\c). The valu.es ·of 
.... I '. \_ \..... .- ( ;;~ .... •• 

P3/P2 ) '1'3/'1'2' '1'4/'1'2' and PS/P2 may be read from plot s of these vari-~' 

, ~gk~~ ·J~~~~~s~uotf5 .ffs(?s je!P-~R Jii L. fL. '\ , ~i . a .. ~lfr~etT~· _" ;;'~E~ ,?u t ef -
' t~P~ .t;re :; pr~ss1l!!= ., ra;tiQ may pe reag. ., from a <plot · of',': :?s/p6 -aga-in:Str : .. , '~j_ 
(HS'" - 'H6 ) /N~ with ' No/,;es as a parameter. Outer- turbine temperature 

1 i' ) . 
'1'6 ~ ~ ~ -'LIi~ 
TS 

The ,eQuivalent fuel-air 
\cJ} 

by using the value s of 

I .. _ ,._- \ 
I .... ''. \ '~. 

ra ti~._ f L81:..~~t ::. e~.£h match point may be found 

T4/TI:~_ ~9.-.::;.T3YT1/'~ as~umed fuel, a combustor , , , 
efficiency, and combustion charts such as those presented in refer
ence 14. 

, , (\, \ I - , ,! \ '. ' ,~ .. ". - 'J'" ' ' • rp'''' ',... ") b .:lj I T -~Sl JLB ,d! ." ~:t., , .. -.' ... , I ·1· .... ') --' .... _1.' ~ ", 

i;"s~f ,Th~j p~;r)ormaUce,'~~f .th'e tw'-spool gas ,ge~~r~to~ ,~~ ~~'~~ ~~r,~~~"?ted, -Ia.~ .':
plots of n T~JTir'- (P6/pl' TS/Tl' f / 81 , and WI ,lei/51 '" agalnst -''Wt/ f{e"fi56 I ... ... ... "' .,. ., ..~ ....... , ..... ~ - . , 

wi ~?' ~", liEl
J 

: .. oaf? a J)ar~et~:r: 8?d ::a plo:t '0:\ " ~. I ~1~ ,': ci~ain~,t,.) ~T;;lT'l"" .' :'. s L..c ( ... 0 , ~ 'fl ~'i L"'I .... J t-."r.l. .'- \ ,_ .... ( - ..... l . .J ... _~J't J....~J.4.<...,.! '± . .""" 

with -NoJ-ifif1 ~ as a p~ameter (fig. S). ~:. . ~', '" , c y' -. , ~ .;" '" (c. 

1.1.1" 2o \ :,;J.f l,1 ~._I., ,!, • I. . ... , c. - L. ~ JJ: ,. - '.,I" • .. > 

-Gomptessbl\6perh~'ion;' from ga~"':g-ene~at6r' ':perio~'C'e :~' ~t TJ1~ [t§ t!Ji-!-" -: 
aria: 4nner~-coinpresso'r" operating points :at'. an as'signed' -:fJ.:i~t:5ctOhaitioli·" )~. 
may be found from the gas-generator performance if engine~:operation ~is '. 

.. \ . 
specified by assigning values of outer- or inner-spool' mechanical speed 
and inner-turbine-inlet temperature. From the assigned fli~t condition 
are ' ''roUnd va~ue,s ,riot- 81 , and - '1'1: Fr'om -the .a:ssi:gn..,ea:.: ellgilie -'opJl:"~t;i'0n, . 

_.... .. ( .... 1- "roo -+ ,". f'" i. • _ I _ r _~ 

valu~:~, .. ·O·t .J,N:.o/ t:./fl- or · Nil i..f8l ,and '1'4/'1'1 ' are. S!?-lcul~t_ed'J .IfLJ , 

No/ {fil and '1'4/'1'1 are known, a value of w6 "fefJ56 is read from 

figure S(a). If Nil VBl and T4,/Tl are known, a yal:ue of No/ ~ 
is read from figure Sed); and then, using the values of No/~ and 

'1'4/'1'1' a value of w6 {e6/56 is read from figure S(a). Values of 

CONFID~IAL 
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P2/Pl' wl {ejjoi', P3/P2' an.,d ,w2 vez/02 are read from plots of these 

variables -'against, "w6 ,';?i~J06 , , with Nbl~ as a ,parameter. Thus, for 

each flight c'on¢l:iti'oh, the ~ outer-and inner-compressor operating points 
may be found. , In \TE;ference " 20, two-spool matching methods are used to 
inv~::1tiga!-eP4~ _ ~f.f.~gt ,jo:f design 9ver-aJ). compre,ssor prel?E1:Qr,-e ratio di
vision on tW9-§Po91 ~ur:boj!=t--engine performancE;" and , ge,omet;ry • 

• . ' l " . . 
\ 

[.,') ,:I 
,1 \ 'i' Ma:t36hin~ ~Gb.sGen~rator .. with ' Other En~ine 'Compone{lts 

" 1j."1 ,," t,' 

To determine . ~ompressor Qperation" when exhaus,t-nozzle area ,and 
mechanical speed are asslgned~ the ga~ generator -'inust be matched with 
the bt1ieT engine '.': c'orrlpone'il'ts ~,,; For ' ei ther ',the one- ' or ' the twb- spool gas 
generatQr, J'the :fcf~lQwing . gas-tW3bine -engine".configurations are possible: 

'. or' _. ._ ~ . ... '! " 

(1) "Simple,\turbojet.'l where ' gas ' generator ris !'pr,eceded by inlet dif
,A'ueer ,\~d, ' ~,pllowgd ,b! ,- tailpiPe ",a~d eX9-aus~ nozzle (;fig. ' l(a)) 

(2) Afterburning turbojet, where afterburner replaces tailpipe of 
simple turbojet (fig. l(b)) 

, , .' ... -" 
.'!~,; (.3) 'r.urbopropi' ~,th!~Cbuplect. _,power ' ,t.l!Tpine ;'" wheii,e' ~pr~p61Ter,:fs : geared 

':.;fl~'to ·,gas'.-;generator -:.sha:ft ",(fig. 'l(:C.):) ; ~, -:.' r,:: ' ,:-8 j ':, ','. j 

, ... ~" I , ',.1 " . ' -- ' , ' 

(4) Turboprop with 'free - wheeling power turbine, where propeller is 
~, 'r ,J " rgeared',;,to ''',shaft of .free:~hee~ng R,<?w~:.', ~t~5>~ne ,! (~'i~. ,,1«9): ' 

<rol.}: fJC .. ~.L:'ll o· , - .... -." _.:. -- ..... J .... ::. 

,_.-Methods " for matching .l.the -gB::s , 'genera tor. -wi th jthe ,other engin~. c;om
ponents '!.fOI) ' each of\ ,these ':engine configuratiQn::; .::ar,e disc-qssed., ~ ,By u~ing 
these ~methods 'j ' 'compressor :,operation can .be determined ,for , Y9-~iou~" f',ligh,t 

conditions ; iWhen,,-,engine',~operation is specif:i~d . by: ,,~ssigning valu~s of ' 
eithaust-,ndzzle ,;ar,~'a ,J a:p,d Jmecb.anical sW,ed.,. ,'0 ~' "" "," 

.. ~1..:..'j·1 ·1" .\rJ·I~ ·..L.8_~ _,-~') .~.: ...... 1,:· t.(':'; ,:' I . P ,', .. >: .. f~ ",,;' • '(:. , 

Simp1:e ,·turbojet ' .. ~,~ ,cThe Jcgas , gene,rator.:'of ,a .. ::s:ynpJ,..e rturbojet, .may 'be 
l matched;",wi thr,thenothe~ :' c.omponents by using tl;l.r~;e p~ots\, ; one . each for the 
inlet and the gas generator :" and a ' comb :4J').ed '.map ,;for 'Jt ,he , tailpipe , and ,ex
haust nozzle. The performance of a fixed- geometry diffuser inlet is 
shown in :fi'gure ... 9(a), , wh~:~ ,::P!,~~~:::e::,r~!-~,? ' .~llRQ ,! ~~_~p~ott,ed ,~g~~nst 
eqUl valent' we:l'gbt : flow '- :wl ".[B']joi" ,Wi th "free~strea.Iii Ma,-ch number 'MO as 

'\ 1'1 '"." ~ '",', ~J" • , . I) • • ",' .'. 

p,arame'ter. Gas-'ge,nerator ' p~rforffiance is. plo~t~~ 'as log (p 6/PlJ " ,aga,ihst 

w6 ~/06 with No/ ~ ~s parameter (fig. '9(b)). The cambin~d map 

for the tailpipe and exhaust nozzle is shown in figure 9(c), where 
log CP 6/PO) is plotted against w6~/~6 fo~ a fixed exhaust-nozzle 

area. 
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From figure 9(a), trial values of Pl/PO and wl ~/Ol are read 

for the assigned flight Mach number. Figures 9(b) and (c) are super
posed: the ordinates are offset by the value of log (Pl/Po)' while the 

abscissas are superposed directly. The value of w6ve6/o6 is read 
from the overlaid maps at the intersection of the fixed-exhaust-nozzle
area curve and the appropriate constant-speed line. (The value of 
No/~ may be calculated from the assigned values of Mo, altitude, 

and No.) A gas-generator plot of wl ~/ol against w6 ye'f/o6 with 

Nol ~ as a parameter yields a value of wl Ve;/ol' If this value of 

wl ~/Ol is not e~ual to the trial value, the process is repeated. 

When the two values of wl ~/ol agree, the gas generator is matched 
wi th the other engine components for the assigne,d flight condi tiori and 
mode of engine operation. The outer- and inner-compressor operating 
points may now be found by reading values of P2/Pl' P~P2' and 

w2~/02 from plots of these variables against w6 ves/o6 with 

No/ ~ as a parameter. 

Afterburning turbojet. - The procedures for tl;1.e afterburning turbo
jet are the same as for the simple turbojet. The combined map for the 
tailpipe and exhaust nozzle is replaced by the combined map for the 
afterburner and exhaust nozzle. 

, \ 

Turboprop with coupled power turbine. - When the propeller is geared 
to the compressor shaft of a one-spool gas generator or to the outer
spool shaft of a two-spool engine, the propeller power must be added to 
the accessory power in e~uation (2) or (10) before the gas-generator 
performance is obtained. For each value of propeller power, a distinct 
set of gas-generator performance curves will be obtained. Compressor 
operation can be found by assigning values of flight Mach number, alti
tude, mechanical speed, exhaust-nozzle area, and propeller power. The 
procedures for matching and for obtaining the compressor operating 
points are the same as those for a simple turbojet. One-spool turboprop 
problems are discussed in references 21 to 23. 

Turboprop with free-wheeling power turbine. - For a turboprop with 
a free-wheeling power turbine, a procedure is discussed for finding the 
compressor operating pOints when the following are assigned: flight 
Mach number and altitude, propeller power ~, shaft speed of power tur-

bine NPT' and exhaust-nozzle area . The discussion is for a turboprop 
having a two-spool gas generator; the procedure is essentially the same 
for a turboprop having a one - spool gas generator . 

(1) Values of Tl , el , and PO are found for the assigned Mo 
and al ti tude. 

CONFID~ 
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(2) A trial point is assigned in figure 9(a) for the assigned MQ, 
and values of PI/PO and wI ~/51 are read at this point. 

(3) A value of wS~/5S is assumed. Over much of its operating 

range, the power turbine operates at a fixed value of wS~/5S' 

(4) A value of No/~ is read from figure 8(f) for the values 

of Ws ~/5s and WI {e;j51· 

(5) Values of PS/Pl and TS/Tl are read from figures S(c) and 

(e) for the values of w6 Fs/56 and No/ ~. 

(s) The power-turbine equivalent speed NPr/ ~ is calculated 
from 

(15 ) 

(7) The power-turbine equivalent specific .work is calculated from 

(16) 

(8) A value of wSNPr/5S is read from figure 10(a) for the values 

of Nfl/ 'ifi6 and (HS - H6a) 186 • 

(9) A value of Ws ";-e"f/5S is calculated from 

(17) 

If this does not equal the assumed value of wS~/5S (step (3)), steps 
(3) to (9) are repeated until the two values do agree. 

(10) A value of PS/PSa is read from figure lO(a) for the values 

of N-pr/ ~ and (HS - HS)/8S' 

CONFID~IAL 
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(11) A value of T6a/T6 is calculated from 

(18) 
T6a 

1 -
(H6 - H6a) 1 

T6 = e6 51S. 7 ~,PI' 

(12) A value of P6a/PO is calculated from 

(19) 

(13) A value of (w vela) 6a is calculated from 

(20) 

(14) A value of (w~/a)6a is read from figure l Oeb) for the cal

culated value of P6a/PO (step (12)). If this does' not e~ual the value 
from step (13), steps (2) to (14) are repeated until agreement is 
reached. , , 

(15) The compressor operating points can be ~ound by reading values 
of P2/Pl, P3/P2' and w2 VB; from gas-generator plots of these vari-

ables against w6 ~/a6 for constant values of No/~. 

Turbojet- and turboprop-engine performance. - After the gas gen
erator has been matched with the other turbojet-engine components, the 
air flow, the pressure} ·and the temperature at the exhaust nozzle are 
known. The jet thrust Fj can be found fram. the foilowing e~uations 

(ref. 24 ), which relate Fj/W to ps/Po: 

F· 
_J = K2 .JT8 (1 + f) 
w 

(21) 

g 

For a complete-expansion nozzle, 

(22) 
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and for t he convergent nozzle at supercritical pressures, 

R r( 2 )Y~l _ po]} 
Y ~ Y + 1 Pe 

331 

(23) 
A graph relating K2 to the nozzle pressure ratio is given in figure 11 
of reference 24. Net thrust is found by deducting the momentum of the inlet air from the jet thrust. 

Fuel flow can be computed by multiplying air flow by fuel-air ratio. The fuel economy expressed as thrust specific fuel consumption is simply the ratio of fuel flow to thrust. 

After the gas generator has been matched with the other turbopropengine components, the shaft power, jet thrust, and specific fuel consumption can be calculated from the e~uations derived in appendix D of reference 4. 

SIMPLIFIED MNrHODS FOR EQUILIBRIUM OPERATION 

In this section, simplified methods are presented for obtaining the performance of one- and two-spool gas generators • . The simplification consists in making several assumptions regarding turbine performance. The e~ui valent weight flow at the turbine inlet is assumed constant for all operating conditions. This implies that the turbine nozzles are choked. Most one-stage turbines operate at nearly constant e~uivalent weight flow for all turbine pressure ratios greater than 2.0, while many multistage turbines operate at nearly constant e~uivalent weight flow for all turbine pressure ratios greater than 2.5. Only during starting conditions are turbines normally re~uired to operate at pressure ratios less than 2.0 or 2.5. The accessory power is assumed to be zero. Normally it is so small that negligible error is introduced by considering it to be zero. The turbine efficiency is assumed to vary according to the following e~uation: 

(24) 

where 

a design value of turbine efficiency 
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c design value of (N/ 1B \ 
\ ";MIj e)T 

This approximation is quite good over much of the turbine per
formance map . Near limiting loading, however, actual turbine efficien
cies are much lower than those calculated from equation (24) . Once the 
gas-generator performance is obtained, the matching with the other en
gine components is achieved as described in the preceding section . 

One- Spool Gas Generator 

Design point. - From a given compressor performance map , the com
pressor operating point for the engine design conditions is selected . 
The design value of turbine efficiency is specified as well as the de 
sign value of turbine to compressor temperature ratio T4/ Tl • Design 

values of w4 Je4/o4 and N/ ~H4 - H6 are calculated from 

(25) 

. , 

(26) 

Constant values of B3, f, and P4/P3 are usually adequate . The 

w4~/o4 value from equation (25) is assumed to be constant for all 

operating conditions. The N/ ~H4 - H6 value from equation (26) is 

equal to the constant c in equation (24) . 

Off-design points . - For each compressor operating point, the cor
responding turbine operating point may be found by the following steps: 

(1) A value of T4/Tl is calculated from equation (25 ) . 

(2) The turbine temperature ratio is calculated from 

(

T3 
cp,C Tl 

( 27) 1 - -------------------=-
T4 

Tl 

---- - _ ._-------------



I" 
I 

_. __ .. -. _ _ .. _ --- _._--

NACA RM E5SB03b CONFID~IAL 
(3) A value of N/ Vli4 - liS is calculated from equation (2S). 

(4) A value of ~ad,T is calculated from equation (24). 

(5) The turbine pressure ratio is calculated from 

333 

(28) 

The gas-generator paramet ers wS~/Os' PS/Pl ' and Ts/Tl are calcu

lated from 

Ps P
3 

P4 Ps 
PI = PI P3 P4 

TS T4 TS 

Tl = Tl T4 

(29) 

(3D) 

(31) 

As discussed previously, the equivalent fuel-air ratio f/81 may be 

found from values of T3/Tl and T4/Tl' an assumed fuel, a combustor 
efficiency, and combustion charts such as those presented in reference 14. 

Thus, for a range of weight flow WI ~/OI at each compressor 

speed N/ A./8i, the values of Ws ~/OS, T4frl' TS/Tl' PS/Pv P3/Pl , and 
f/81 may be found. The gas-generator performance can be represented by 
plots of WI {eijol' T4/Tl' TS/Tl' PS/PIJ P3/Pv and f/81 against 

w6 ~/'66 for constant values of N/ ~ (fig. 5). 

Two-Spool Gas Generator 

The outer- and inner-compressor performance maps are given, and the 
compressor operating points for the engine design conditions are selected. 

\ 
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The design value of turbine to compressor temperature ratio T4frl is 

specified as well as the design values of outer- and inner-turbine 
efficiency . 

Inner-spool matching . - The performance of the inner spool is ob
tained as described previously; engine stations 1, 3, 4, and 6 for the 
one-spool gas generator are replaced by stations 2, 3, 4, and S for the 
inner s~ool of the two-spool gas generator. The design value of 
wS~/OS is read from the inner-spool performance plot for the design 

value of P3/P2 and Nil ve:2. . This value of Ws if?i5/os is assumed to 
to be constant for all operating conditions. 

Because the inner-spool-outlet equivalent weight flow Ws ~/os 
is assumed constant, inner-spool performance may be presented as plots 
of w2 1fi;,102 , P3/P2, PS/P2' Ts/T2' and T4/T2 against Nil ~ for 

the design value of Ws ~/os. 

Outer-spool matching. - The outer-spool components are matched with 
the inner-spool performance by first assig~ng values of Wl~/Ol at 

each speed No/ vel. At each point, the outer-compressor performance is 
known. The equivalent weight flow w21B2/02' which is common to the 
outer compressor and inner spool, is calculated-from , , 

Wl if9l ~ 
01 P2 

(32) 

Pl 

From the inner-spool performance curves, values of Nil {e2 and Ts/T2 

are read. 

The outer-turbine temperature ratio T6/TS is calculated from 

(33) 

where Ws = wl(l - B2)(1 - B3)(1 + f). From the design value of ~ad,oT 

and the design value of No/1Hs - lis, which is calculated from 

-~- -, 
i 

~---- ~ 
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(34) 

the constants of equation ( 24) can be evaluat ed f or use with the outer 
turbine. Outer-turbine eff iciency may be calculated from equation (24) 
after No! yH5 - HS is calculated from equation (34). Outer-turbine 

pressure ratio is calculated from 

(35) 

From the component operating pOints, the two- spool ga s-generator per
formance may be calculat ed and plotted a s in figure 8. 

If the assumpt i on that outer-turbine-inlet equivalent weight flow is 
constant for all engine operation does not appear t o be valid, an approxi
mation such as that described in EQUILIBRIUM OPERATING LINE OF ONE-SPOOL 
TURBOJET may be used. One of the curves representing the variat ion of 
turbine-inlet flow with turbine total-pressure ratio is selected. The 
value of equivalent weight flow at the outer-turbine i nlet that is used 
in the matching procedures must agree with the value read from the se
lected curve and the calculated turbine pressure ratio. If this approx
imation is used for t he out er t urbine, then the inner - spool performance 
must be presented as plots of w2 vez/o2 J P3/P2, P5!P2, T5/T2' and T4/T2 

against Nil ve2 f or constant values of w5 VSS/o5. 

EQUILIBRIUM OPERATING IJNE OF ONE-SPOOL TT.JRBOJEr 

A method is given in reference 5 for locat ing a constant-exhaust
nozzle-area equilibrium operating line on the performance map of a com
pressor that is part of a one-spool turbojet engine operated at s tatic 
sea-level conditions . In this method the performance characteristics 
of the combustor J t urbine , and exhaust nozzle are simplified in order to 
obtain charts from which an equilibrium operating line can be obtained 
for specified design conditions and the compressor map . 

\ 
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The charts of reference 5 are shown in figures 11 t o 14. In fig
ure ll, turbine pressure ratio P4/P6 i s plott ed against 

(P3/Pl)(P4/P3)(Pl/PO)(Po/ps ) with PS/PS and (AS/A4)(w*/w)4(w4/wS ) a s 

parameters. This represents the combined performance of the turbine, 
tailpipe, and simple convergent exhaust nozzle. For this chart a tur
bine polytropic efficiency of 0.S5 was assumed, and the total-pressure 
drop in the tailpipe was assumed to vary according t o 

The value of K was set by assigning P6/PS ~ 1.05 for sonic velocity 

at the exhaust-nozzle exit. A constant value of 4/3 was assigned to 

'4 and 'a· 
In figure 12, which relates the compressor with the rest of the en

gine, (1 - B3)(1 + f)(T4/Tl)~ad,C~ad,T is plotted against compressor 
pressure ratio P3i'Pl with (Aa/A4)(w*/w)4(w4/wS.), Pa/PS' and P4/P6 as 
parameters. The bearing losses and accessory power are assumed to be neg
ligible. The pressure ratio PI/PO was taken equal to unity, and the 

combustor pressure ratio P4/P3 was taken equ~l to 0.97. 

The compressor weight flow is related to the compressor pressure 
ratio and the performance of the combustor, turbine, tailpipe, and ex
haust nozzle in figure 13, where P3/Pl is plotted against 

\/(1 - B3)(1 + f)/~ad C~ad T (wsfw4)(Al/Aa)(wl~/olAl) with 

" sf */ (1 - B3)(1 + f)(T4/Tl)~ad,C~ad,T' A A4 (w w)4(w4wa), P4/P6' and Pa/Pa 
as parameters. 

In order to establish the compressor equilibrium operating line at 
pressure ratios less than design, it is necessary to estimate the varia
tion in (w/w*)4 with turbine pressure ratio P4/P6. If actual turbine 
data are available, a good approximation to the variation in (w/w*}4 

with turbine pressure ratio P4/P6 can be obtained by computing the 

value of (w/w*)4 for each value of P4/P6 at the best efficiency point. 

If turbine data are not available, a reasonably good approximation can 
be obtained from the curves of figure 14. The multistage curve repre
sents the equat ion 

(37) 

---------- ----------- - - - ~- -
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The two single-stage curves are theoretical variations computed for two 
values of the t urbine parameter tT~ad,T/sin2~4 of 1.5 and 2.0. Operat-

ing lines for t wo- or three-stage turbines would be between those for the 
single-stage turbine and that for the multistage turbine. 

Use of Charts for Design Point 

The following procedure may be used to find the design values of 
Aa/~ and AS once the design conditions are specified: 

(1) Design values are selected for P3/Pl , wl~/ol~ T4/Tl' W4/wS' 

~ad T' B 3, and f. , 
(2) Compressor efficiency ~ad,C is read from the compressor map. 

calculated. 

(4) The design value of A = As/A4 (w*/w}4(W4/WS) is read from fig

ure 12 for the known values of T and P3/Pl • . 

(5) The desiEin value of w = A.j(l - B3 )(1 + f)/l)ad,c~ad,T (ws/w4) 

(AliAS) (wl ~/01Al) is read from figure 13 for the known values of A 

and pJP1 . 

(6) A value of P is calculated a ssuming PO/PS = 1.0. 

1.7) If the point read from figure 11 for the known value·s of A 
and P lies to t he left of the line PS/PS = 1.85, a value of P4/PS 
is read at this pOint. 

If the point read from figure II for the known values of A and 
P lies to the right or on the line ps/ps = 1.S5, a value of P4/PS is 

read for the design value of A along the line ps/p8 = 1.85. 

(s) The design value of (w/w*)4 is read from the proper curve in 

figure 14 for the design value of P4/P6 . 

(9) The design value of AS/~ is calculated from known values of 

A, (W/W*)41 and w4/WSo · 

\ 

\ 
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(10) The design value of AS is calculated from known values of 

w, [(1 - B3)(1 + fil, T)ad,CT)ad,T' (weJw4)' and wl1/8i./'Ol' 

Use of Charts for Off-Design Points 

The following procedure may be used to locate e~uilibrium operating 
pOints on the compressor map for operation with the design values of Aa 
and Aa/A4 at compressor pressure ratios higher or lower than design: 

(1) A value of P3/Pl is selected. 

(2) A trial value of A is chosen. Although the values of Aa/~ 

and w4/wS are known, the value of (w/w*) 4 is not known. 

(3) A value of P is calculated assuming PO/Ps = 1.0. 

(4) If the point read from figure 11 for the values of A and P 
lies to the left of the line PS/PS = 1.S5, a value of P4/Ps is read 

at this point. 

If the point read from figure 11 for the values of A and Plies 
to the right or on the -~ine PS/PS = 1.S5, a v~lue of P4/PS is read 

for the value of A along the line PS/PS = 1.S5. 

(5) A value of (W/W*)4 is read from figure 14 for the value of 

P4/PS ' 

(S) A value of A is calculated from the values of AS/A4' w4/wS' 
and (w/w*)4" If the calculated A does not e~ual the trial value of 

A from step (2), steps (2) to (S) are repeated until agreement is 
reached. 

(7) The weight-flow par~eter w is read from figure 13 for the 
known values of P3/Pl an~ A. 

(S) A value of T)ad,C is estimated from the compressor map for 

the known value of P.jPl " 

(9) The compressor weight flow wl ~/'Ol is calculated from values 

of W, [(1 - B3)(1 + f)], T)ad,CT)ad,T' (WeJW4), and AS. 

L_~ ____ _ --------
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(10) A value of 

values of P3iPl and 

value of ~ad, C from 

agreement is reached. 
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~ad,C is r ead from the compressor map for the 

wl ~/ol' If this does not e~ual the estimated 
step (8), steps (8) to (10 ) are repeated until 

(11) The desired e~uilibrium operating point can be located on the 
compressor map from the values of P3/Pl ( step (1)) , and wl~/ol 
(step (9)). 

METHODS FOR TRANSIENT OPERATION 

Two problems are treated in this section. A method is discussed 
whereby the compressor and turbine of a one-spool turbojet engine may be 
matched for a specified flight condition, a specified transient path on 
the compressor map, and a fixed exhaust-nozzle area (ref. ll). For a 
two-spool turbojet engine, procedures are discussed for finding the com
pressor paths during a transient for which the exhaust-nozzle area and 
inner-turbine-inlet temperature are held constant (ref. 12). 

One-Spool Turbojet 

Up until now, compressor operation has been found for a specified 
flight condition and mode of engine operation. For a gi ven flight con
dition, the compressor e~uilibrium operating point was fixed by assign
ing two ~uantities such as mechanical speed and turbine - inlet tempera
ture or mechanical speed and exhaust- nozzle area . Now, compressor 
operation is scheduled. During a tranSient, the power-balance relation 
no longer is valid, so that three ~uantities mus t be assigned. For a 
given flight condition, the desired transient path on the compressor map 
is specified by assigning values for mechanical speed and compressor 
pressure ratio. The exhaust-nozzle area is assigned to be constant dur
ing the transient ; this accounts for the third ~uantity. 

At each speed, the excess torque is calculated after the turbine 
operating point has been found for the a ssigned compressor operating 
point. For known values of moment of inertia and excess torque at each 
speed, the time required to accelerate ( or decelerate) along the speci
fied path may be calculated. Such calculations indicate whether the 
specified path on the compressor map i s acceptable with respect to 
transient operation . If, for a given engine configuration, the time to 
accelerate is found to be excessive, various schemes may be tried to im
prove the engine accelerating characteristics. These schemes will in
volve changes in component performance or a rematching between the com
pressor and turbine , or both. The effect of these changes on the engine 
accelerating char acteristics may be calculated by rematching the com
pressor and turbine . 

CONFIDENTIAL 
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Compressor operation . - The steady-state compressor and turbine 
maps are assumed to be valid during transient operation . The aerody
namic adjustments are assumed to occur much faster than the mechanical 
adjustments . An acceleration is considered such that the compressor 
operates along the path abcd shown in figure 15 . At a given speed 
N/~, the compressor operating point is known, so that the value of 

W4N/54 may be calculated from 

= 
(1 + f)(l - B

3
) 

P3 P4 --
Pl P3 

where the fuel - air ratio and combustor pressure ratio are usually 
assumed constant. 

( 38 ) 

Turbine operation . - At this point in the procedure, one turbine 
parameter is known . The second turbine parameter reQuired to define 
turbine operation is found in an indirect manner. At the known value 
of w4N/ 54, several values of turbine pressure ratio P4/P6 are se -

lected from the turbine performance map (fig. 16). For each P4/PS 
selection, values of N/~and (H4 - H6 )/e4 are read. The follow

ing calculations are made: 

w4N 

w4~ ~ 
54 N 

~ 

The nozzle eQuivalent weight flow is calculated from 

= 

\ 
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(41) 

(42) 
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The val ue s of Ta/T6 and 'Pa /P6 depend on the performanc e characteri s 

tics of the t ailp ipe and exhaust nozzle . A simplification that is 
satisfactor y f or many applications results from taking Ta /T6 = 1 and 
Pa/P6 "" 0 .95 . 

The exhaus t-nozzle pressure ratio is calculated from 

(43) 

The value of PO/PO is known from the specified flight Mach number. 

Inlet perf ormanc e yields a value of Pl/PO• For all values of Pa/Po 

l e s s t han or e~ual to the critical value [(_P)* = (' + l)l~lJ Pa "" Pa. 
p 2 ) Po Pa' 

and the effective area of the convergent exhaust nozzle Aa i s found 
as f ollows : 

(1) Ma is found from 

(44) 

( 2) {wv'e/'OA)a is found from 

w tl "" 2116 cos i3 ~R ~ra. 7 M (1 + 1 (45) 

( 3 ) Exhaust-nozzle area is calculated from 

(46) 

When Pa/ po i s grea t er than critical) the critical value of w~/'OA 
i s used i n s t ep ( 3). Nozzle area is plotted against turbine pressure 
r ati o ) and t he value of P4/P6 for the assigned As is read. Thus) 

the turbine operating point can be found for each compressor operating 
poi nt along t he as signed acceleration path . 

CONFIDENTIAL 



- ------ - - - --

342 CONFIDENTIAL NACA RM E56B03b 

Time to accelerate . - At each point along the assigned acceleration 
path, the excess torque available for acceleration may be calculated from 

The actual values of weight flow and speed are obtained from the equiva
lent values and the values of 81 and 01' which are known for the 

as s igned flight condition and inlet performance . 

The time to accelerate along the path b to c (fig . 15 ) is found 
from 

(48 ) 

where the moment of inertia I is a physical constant of the engine . 
The acceleration of a high- pres sure-ratio one - spool turbojet engine as 
determined from component performance characteristics is investigated 
in references 11, 25 , and 26 . 

Two-Spool Turbojet 
, , 

For a two-spool turbojet engine, procedures are discussed for find
ing the compressor paths during a transient for which the exhaust-nozzle 
area and inner-turbine- inlet temperature are held constant . The compo
nent performance maps for equilibrium operation are as sumed to be valid 
for transient operation . For equilibrium operation of a two - spool tur
bojet , the specification of two quantities fixes its operation. For 
transient operation, four quantities are required, as the power -balance 
condition for each spool is no longer valid. At the beginning of a 
transient, the outer- and inner-spool equivalent speeds are assumed to 
be the equilibrium values. These values of speed,. together with the 
assigned values of inner-turbine-inlet temperature and exhaust-nozzle 
area, fix the operation of each of the components. The excess torque 
acting on each spool can then be calculated. The outer- and inner- spool 
speed increments occurring during a small time interval are found from 
the excess torque and moment of inertia for each spool . The new values 
of outer- and inner- spool speed, together with the constant values of 
inner-turbine- inlet temperature and exhaust-nozzle ar8a, determine the 
operation of each of the components at the new time. The process is r e 
peated until the desired end value of outer-spool speed is attained. It 
is a step-by-step procedure, then, and iterations are part of each step . 

Thus, for a specified flight condition and assigned values of 
inner-turbine-inlet temperature and exhaust -nozzle area , the transient 

---- --
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paths on the compressor maps and the time r e quired to traverse these 
paths may be calculated. From such calculations one can estimate whether 
or not an acceptable compromise can be r eached between surge-free opera
tion and time to accelerate for a given two - spool turbojet engine. 

Compressor operation . - For a speci f i ed fl i ght condition, initial 

values of No/~, Ni/~, T4 , and AS ' and the specification that T4 

and AS are maintained const ant during an accel eration, the following 

procedures may be used to f ind the outer- and inner- compressor operating 
paths and the time required t o acceler a t e t o a higher engine speed: 

( 2) A trial value of w2 V82/o2 i s selected, 

(3) A value of T2/Tl i s r ead from a plot of T2/Tl against 

w2 ife:;jo2 for constant values of Nol {'ei. 

(4) A value of Nil ve; i s calculated from values of Ni/,,;e;. 
T2/Tl' 

(5) A value of P3/P2 i s r ead from a plot P3/ P'2, against 

w2.f82/o2 for constant values of Ni/~· 

(6) A value of T4 is calculated from 

2 

and 

(49) 

The value of Tl is found f r om t he specified fl i ght condition. The 

assumption of const ant val u es for B3, f, and P4/P3 is usually ade-

quate. The value of w4 ~re4Jo4 is a s sumed t o be the design value. 

(The validity of t hi s a ssumption may be checked when the inner-turbine 
operating point is found .) If the va lue of T4 calculated from equa-

tion (49) does not equal the assigned T4 value (step (1», steps (2) 

to (6) are repeated unti l agreement is reached. 

CO~ENTIAL 
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Turbine operation. -

C 7) A value of Ni/ ..;-e;, is calculated from values of Nil ~ and 

T4/Tl· 

(S) A trial value of P4/ P6 is selected. If the proper value is 

chosen, the value of exhaust- nozzle area calculated later in the pro
cedure will check with the specified value of AS . 

( 9 ) A trial value of P4 /ps is selected . 

(10) A value of T4/Ts is read from a plot of T4/T5 against 

Nil ~ for constant values of P4/ P5 . 

(11) A value of No/ ~ is calculated from 

(12) A value of PS/ P6 is calculated from ' 

P4 
Ps P

6 
P

6 
= P

4 
Ps 

(13) A value of wsNo/ os is calculated from 

( s o) 

(Sl) 

(S2) 

(14) A value of wsNo/ os is read from a plot of w5No/ o5 against 

No/~ for constant values of P5/ P6 . If thi s does not equal the 

value of flow parameter calculated from equation ( 52 ) in step (13), 
steps (9 ) to (14) are repeated until agreement is reached . 

(lS) A value of T6/ T5 is read from a plot of T6/T5 a gains t 

No/ "/'85 for constant values of P5/ P6 • 

CONFID~ 
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(16) A value of exhaust- nozzle area 
nozzle e~uivalent weight flow and nozzle 
as discussed for the one- spool turbojet. 

does not e~ual the specified value) steps 
agreement is reached. When the selection 

patible with the specified exhaust-nozzle 
each of the two-spool components is known 

i s found from the values of 
eQuivalent specific weight flow 
If the calculated value of A8 

(8) to (16) are repeated until 
of P4/P6 is found to be com-

area) the operating point of 
at the initial time. 

Time to accelerate . - From the component operating points) the ex
cess torQues available for accelerating the outer and inner spools can 
be calculated. The specified flight condition and inlet performance 
yield values of 81 and 01 which can be used to convert eQuivalent-

speed and eQuivalent-weight-flow values to actual values. Outer- and 
inner-spool excess torQue are calculated from 

(53) 

(54) 

Speed increments in No and Ni for a specified time interval are 
defined by 

_ _ 1_ ('tb Q d't" 
- 2nIo~'t" xs,o 

(55) 

Because the continuous variations of Qxs 0 
) 

not known) an approximation is introduced. 

Ni are defined by 

DNo 

CONFIDENTIAL 
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(56) 

and Qxs i with time are , 
Trial increments in No and 

(57) 

(58) 
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The time increment 6~ is selected so as to result in reasonable 
speed increments. If 6~ is made too large, the procedure becomes in
accurate as evidenced by large irregularities in the points that define 
the transient paths on the compressor maps. If ~~ is made too small~ 
more points will be calculated than are necessary to define the transient 
paths. In reference 12, time increments of 0.1 and 0.2 second were used. 
At the new time (the initial time plus the time increment), trial values 
of No and Ni are defined to be equal to the initial values of No 

and N· l 
of Qxs,o 
values of 

plus the incremental values calculated from the initial values 

and Qxs i and equations (57) and (58). For these trial , 
No and Ni and the specified values of T4 and A8, the 

matrhing procedures are repeated to yield component operating points and 
excess-torque values. The actual increments in No and Ni occurring 

during the time interval are approximated by substituting in equations 
(57 ) and (58) average values of Qxsjo and Qxs,i' which are defined to 
be the arithmetic means of the values corresponding to the initial and 
trial values of No and Ni . The actual values of No and Ni at the 

new time are equal to the initial values plus the actual speed increments. 

The transient paths on the outer- and inner-compressor performance 
maps are found by repeating the matching procedures until the end value 
of engine speed is attained. The time required to reach this speed is 
found by summing up the time increments consider'ed. In reference 12, 
the component operating trends during acceleration and deceleration of 
two hypothetical two-spool turbojet engines are discussed. 
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(d) Turboprop with free-wheeling power turbine. 

Figure 1. - Gas- turbine engines. 
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Figure 2 . - Schematic diagrams of gas generators. 
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