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SUMMARY 

The problem of shimmy of a i rplane wheels is par t i cu la r ly  important 
i n  the  case of the  t r i cyc l e  nose wheel. 

There is no r a t i ona l  theory of t h i s  dangerous phenomenon, although 
some t e s t s  have been made i n  the  U. S. A. and i n  Germany. 

The present repor t  deals with a ra ther  simple theory t ha t  agrees 
with the  known t e s t s  and enables dimens ions of the  land-gear t o  be com- 
puted s o  a s  t o  avoid shimmy without resor t ing  t o  dampers. Tests with a 
fu l l - sca le  landing gear a r e  described. 

I. THE PROBLEM OF SHIMMY 

When a wheel f i t t e d  with a t i r e  is designed t o  pivot f r e e l y  about 
a v e r t i c a l  pivot AA1 ( f i g .  1) and t h i s  pivot i s  given a hor izontal  
forward motion while the wheel i s  made t o  r o l l  on the ground, it happens 
t h a t  it spontaneously assumes a se l f -susta ined o sc i l l a t i ng  motion about 
the pivot A A t .  This phenomenon popularly termed shimmy or  wiggle i s  
frequently observed on the  t a i l  wheel of a conventional a i rplane and 
on the  nose wheel of t r i cyc l e  landing gears. In the l a t t e r  case it can 
become extremely violent  and consequently very annoying, and occasionally 
induce f a i l u r e  of the  landing gear. In f ac t ,  it has been ca l led  the 
11 A bete noire" (bugbear) of the  t r i cyc l e  lan$ing gear: "the problem of 
nose wheel shimmy, long the  bugaboo of t r i c y c l e  landing gear . . . ."  
( ~ e r o d i g e s t ,  March 15, 1944, p. 134). 

b 

The Americans , promoters of the  t r i cyc l e  landing gear, have already 
made large-scale theore t ica l  and experimental s tudies  of t h i s  phenomenon, 
but as  yet ,  there  seems t o  be no complete and acceptable theory. The 
wri ter  proposes t o  supply t h i s  theory i n  the  present report .  The sug- 
gested explanation involves only the elementary mechanical proper t ies  
of the  t i r e s  which a re  a l l  well defined and e a s i l y  measurable. 

*ll$tude ~ h ; o r i ~ u e  du S?immy des Roues dfAvion", Office National 
' i tudes e t  de Recherches Aeronautiques , Publicat  ion No. 7, 1948. 
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Before any pa r t i cu l a r  hypothesis, it is, i n  f ac t ,  qu i te  evident 
t h a t  shimmy can have no cause other  than the  reactions exerted by the  
ground on the wheel-reactions transmitted by the  t i r e .  These reactions 
can only be contact  reactions,  due t o  the  adherence of t he  t i r e ;  they 
a re  necessar i ly  reduced t o  a force  and t o  a torque. To analyze these  
reactions more cor rec t ly  it is necessary, f i r s t  of a l l ,  t o  form the  
theory of the  elementary mechanical propert ies of t he  t i r e .  

11. TRE MECHANICS OF THE TLRE 

A t i r e  is not merely an e l a s t i c  element possessing v e r t i c a l  e las -  
t i c i t y  which is e s sen t i a l l y  its reason for  existence, t h a t  is, a simple 
v e r t i c a l  spr ing placed between ground and wheel; it is a complex 
mechanical un i t  having a ce r t a in  number of o ther  elementary mechanical 
propert ies.  For t he  ensuing theory the  four following fundamental fac- 
t o r s  a re  considered: 

1. Latera l  E l a s t i c i t y  

2. Torsional E l a s t i c i t y  

3. Dr i f t ing  

4. Turning 

1. Late ra l  E l a s t i c i t y  

A t  r e s t ,  under the  act ion of a r e l a t i v e l y  moderate force F, applied 
p a r a l l e l  t o  the  wheel, t h a t  is, perpendicular t o  its plane, the  wheel i s  
displaced with respect  t o  the  ground, and through the  simple e f f e c t  of 
the  deformation of the  t i r e ,  by an amount A proportional  and p a r a l l e l  
t o  the  force F. This displacement i s  due, as  shown i n  f igure  2, t o  the 
simple deformation of the  t i r e  near the  surface of contact  with t he  
ground, without any modification of t h a t  contact surface a s  long as the 

-4&, force F does not exceed the  l i m i t  of adherence. 
... 

T is the  coeff ic ient  of l a t e r a l  e l a s t i c i t y  of the t i r e .  

2. Tors ional  E l a s t i c i t y  

A t  r e s t ,  under the  act ion of a r e l a t i v e l y  moderate moment torque M - 
and v e r t i c a l  axis  applied t o  the  wheel, the  l a t t e r  i s  subjected t o  a 
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rotat ion of angle a proportional t o  the moment M. As i n  the preceding 
case, the mechanism of th i s  rotat ion is easy t o  understand. It resu l t s  
from the deformation of the t i r e  near the surface of contact with the 
ground, t h i s  surface i t s e l f  remaining unaltered as a r e su l t  of the 
adherence. 

I n  the formula 

a = SM - 

S is cal led the coefficient of tors ional  e l a s t i c i t y  of the t i r e .  

3. Drif t ing 

Under the action of the s ide force F a wheel mounted with a t i r e  
i s ,  according t o  the foregoing, subjected, f i r s t ,  t o  the l a t e r a l  dis- 
placement A = TF, t ha t  is, i ts center is shif ted from 0 t o  0 '  and i ts  
plane from P t o  P '  ( f ig .  3).  In additLon, i f  the wheel is made t o  r o l l ,  
it i s  seen tha t  i ts  t rack i s  no longer contained i n  the plane of the 
wheel, it moves without s l id ing  along a s t ra ight  l ine  0 'M, forming an 
angle 6' proportional t o  the force F. 

In ' the formula 

D is termed the d r i f t  coefficient of the t i r e .  This phenomenon i s  , i n  
effect ,  a d r i f t  comparable t o  the d r i f t  of a ship i n  side wind. It is 
par t icu lar ly  evident on a bicycle, or  be t t e r  yet, on a motorcycle with 
an insuff ic ient ly  inf lated front  wheel. It is t h i s  deflection of the 
rubber t i r e s  tha t  enables mothers t o  s t ee r  with ease baby carriages with 

I' non-swiveling wheels without being forced t o  make the wheels skid on 
the ground or  t o  ra i se  two of the wheels in  order t o  turn the carriage. 

A remarkable thing, t h i s  d r i f t  i s  produced without the l eas t  s l id ing  
of the t i r e  over the ground. It, as well as the other properties of 
the t i r e ,  can be explained by a very simple diagram. Supposing the 
t i r e  i s  equivalent t o  an in f in i t e  number of small coiled springs mounted 
rad ia l ly  on the periphery of the wheel and endowed with e l a s t i c i t y  i n  
the r ad ia l  and the l a t e r a l  directions (fig.  4). This evidently repre- 
sents the ve r t i ca l  and l a t e r a l  e l a s t i c i t y  of the t i r e ,  as well as the 
tors ional  e l a s t i c i ty .  It a lso  explains the d r i f t .  I n  effect:  

Suppose that  the wheel is a t  res t ;  a cer tain number of springs n 
are  in  contact with the ground, as outlined in  figure 5. Now, when a 
side force F is applied t o  the wheel, it f i r s t  is subject t o  a l a t e r a l  
displacement A = TF as a r e su l t  of the simple l a t e r a l  deformation of 
the n springs in  contact with the ground without the l eas t  s l id ing  
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of t h e i r  contacts with the  ground. As a consequence each of these  
springs assumes a ce r t a in  l a t e r a l  tension, t he  sum of these n tensions  
balancing the  force F. Now t h e  wheel is made t o  r o l l .  Obviously, on 
account of t he  displacement A the  contact of the  spring n + 1 with 
t he  ground is no longer i n  the  aligmient. of the  f i r s t  n's,  but  d i s -  
placed l a t e r a l l y  by an amount equal t o  A. On the  other hand, a t  the  
moment t h a t  the  spring n + 1 makes contact with t he  ground, the  
spr ing 1 loses  t h i s  contact; but  t h i s  spring has a ce r t a in  l a t e r a l  
tension which suddenly s tops  as soon as  the  spr ing leaves the  ground, 
while a t  the  ins tan t  of making contact  with the  ground the  spr ing  n + 1 
has as ye t  no tension. The sum of the  reactions of the  ground i s  there-  
fo re  diminished by the  tension of spr ing 1 and it no longer balances 
the  force F. To recover t h i s  reduction the  wheel is again subjected t o  
a s l i g h t  l a t e r a l  displacement so  t h a t  the  point n + 2 i s  again d i s -  ' 

placed o r  forced of f  l a t e r a l l y  with respect  t o  the  point  n + 1. The 
process is  repeated every time one spr ing leaves the ground and another 
makes contact .  It is seen t h a t  t he  wheel rap id ly  assumes the  s t a t e  of 
a l a t e r a l  displacement proportional  t o  the  path t raveled i n  t he  di rec-  
t i o n  of r o l l i n g  of t he  wheel. The normal s t a t e  can be considered as 
reached as soon a s  the  point  n has l e f t  the  ground, t h a t  is, as  soon 
as  t he  wheel has covered a distance equal t o  the  length 2 of t he  
surface of contact. This length being s l i g h t ,  it a l l  happens a s  if  
t h a t  s t a t e  w a s  instantaneous. Since each one of the elementary d i s -  
placements involved i n  t h i s  analysis  is proportional t o  F, the  same 
applies t o  t h e i r  sum, hence the  formula 

d r i f t  - DFx 
x = distance traveled i n  d i rec t ion  of ro l l ing ,  and consequently 

angle of d r i f t  6 = DF 

Thus the  d r i f t  is explained by the na tura l  e l a s t i c i t y  of the  t i r e  
without involving the  l e a s t  e f f e c t  of skidding or  s l i d ing  of the  t i r e  
over t he  ground. This phenomenon is almost the  same as  the  longi tudinal  
creep of transmission be l t s ;  it i s  f u l l y  comparable with pseudo-s l ipp ing  
i n  which the  drive wheels of a vehicle make a number of revolutions 
greater  than t h a t  resu l t ing  from the  distance t raveled by the  vehicle 
and greater  than t h a t  of nondriving wheels of the  same diameter carrying 
the  same load. Pseudo-slipping which has been the  subject  of many 
experimental s tudies  f o r  locomotives, i s  explainable i n  the  same manner 
without involving r e a l  s l ipping between wheel and r a i l ;  it r e s u l t s  from 
e l a s t i c  deformations of the  s t e e l  near the  surface of contact and i t s  
s impl i f ied theory is the  same as  t h a t  of d r i f t .  Pseudo-slipping i s  a 
longi tudinal  d r i f t  and the  d r i f t  a l a t e r a l  pseudo-slipping. Likewise. 
braking a l s o  produces negative pseudo-slipping. 
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Within c e r t a i n  l i m i t s  t h e  d r i f t i n g  of  a wheel can be compared t o  
t h e  deformation of  a s o l i d  body. The displacement A plays a p a r t  
similar t o  t h a t  of t h e  r e v e r s i b l e  e l a s t i c  deformation, and d r i f t  DFx 
s i m i l a r  t o  t h a t  of  t h e  i r r eve r s  i b l e  pelmasent deformation a r i s  i n g  from 
a viscous creep,  t h e  pa th  covered x i n  t h e  d r i f t i n g  p lay ing  t h e  p a r t  
o f  t h e  t ime i n  creep.  

The torque  accompanying t h e  d r i f t . -  The preceding a n a l y s i s  i nd i -  
c a t e s  t h a t  t h e  d r i f t  is n e c e s s a r i l y  accompanied by a very  important  
mechanical phenomenon, namely, t h e  displacement of  t h e  l a t e r a l  r e a c t i o n  
of  t h e  ground toward t h e  r e a r  of  t h e  wheel. Return t o  f i g u r e  4 and 
cons ide r  t h e  wheel a t  t h e  moment t h e  s p r i n g  k + n comes i n  c o n t a c t  
w i th  t h e  ground. On account of  t he  d r i f t  t h e  po in t s  k + 1, k + 2,  . . . 
k + n, a r e  a l i n e d ,  conformably as i n  f i g u r e  6, a long  a s t r a i g h t  l i n e  
forming an  angle  6 wi th  t h e  plane OP of  t h e  wheel. On the  o t h e r  hand, 
a t  t h e  i n s t a n t  p o i n t  k + n makes con tac t  w i th  t h e  ground, t h e  plane 
o f  t h e  wheel obviously passes  through t h e  po in t  k + n, which is termed 
the  head p o i n t  of  con tac t  of t h e  wheel w i th  t h e  ground. Since t h e  ten-  
s i o n  i s  p ropor t iona l  t o  t h e  d i s t ance  between ground con tac t  and wheel 
plane t h e  r e s u l t  is a l a t e r a l  t ens ion  of  some of t h e  n s p r i n g s  i n  
con tac t  w i th  t h e  ground p ropor t iona l  t o  t h e  d i s t ance  between ground 
con tac t  and head poin t .  This  t ens ion  v a r i e s  t h e r e f o r e  from z e r o  f o r  
head p o i n t  k + n t o  a maximum value f o r  t h e  t a i l  po in t  k + 1. The 
r e a c t i o n  F1 of t h e  ground, t h e  r e s u l t a n t  of  t hese  d i f f e r e n t  t e n s i o n s ,  
t h e r e f o r e  passes  through t h e  po in t  G l oca t ed  a t  two-thirds  of  t h e  
l i n e  o f  con tac t  from t h e  head po in t .  The ground r e a c t i o n  F '  t h e r e f o r e  
does n o t  pass  through t h e  c e n t e r  M of t h e  l i n e  of  contac t .  While 
p a r a l l e l ,  equa l  and of  oppos i te  s i g n  of F, t h e  r e a c t i o n  F '  is the re -  
f o r e  n o t  d i r e c t l y  oppos i te  t o  t h e  fo rce  F which, pass ing  through t h e  
p r o j e c t i o n  0 of t he  c e n t e r  of t h e  wheel, passes a l s o  through M. The 
r e s u l t  i s  a  torque - C about t h e  v e r t i c a l  a x i s  of t h e  wheel. 

With 6 denoting t h e  d i s t ance  MG and no t ing  t h a t  t h e  ang le  of  
d r i f t  6 is p r a c t i c a l l y  always small ,  t h i s  torque has t h e  va lue  

I n  the  case of t he  wheel shobm i n  f i g u r e  4 it i s  r e a d i l y  apparent  
2 t h a t  6 = MG = -, where 2 = l ength  of  con tac t ,  t h a t  i s ,  d i s t a n c e  between 
6 

head p o i n t  and t a i l  po in t .  But it is f i t t i n g  t o  note  a t  t he  same time 
t h a t ,  while  t h e  scheme is h e l p f u l  f o r  understanding the d r i f t  and t h e  
phenomenon of  t h e  accompanying torque,  t h e  t i r e  i s  never the less  a  more 
complicated mechanism. The s i m p l i f i e d  scheme supposes t h a t  t he  sma l l  
r a d i a l  sp r ings ,  equiva len t  t o  a t i r e ,  a r e  independent. But owing t o  t h e  
c o n t i n u i t y  of  t h e  pneumatic t i r e ,  t he se  sp r ings  must be considered 
s t r o n g l y  t i e d  e l a s t i c a l l y  t o  one another  i n  such a  way t h a t  t he  deforma- 
t i o n  of  one of them a l s o  involves almost a s  much deformation of t he  two 
ad jacen t  ones,  



However, it can be shown tha t  between. E and 2 the important 
re la t ion  

- 

; .& , 

exists.  

For the present, without stopping t o  demonstrate t h i s  formula, the 
following are  assumed experimental facts: 

(1) Every re la t ive ly  moderate . l a t e ra l  force F applied t o  a t i r e  
i n  motion produces a d r i f t  proportional t o  the angle 6 = DF. 

(2)- T h b  d r i f t  i s  accompanied by a couple C = EF tending t o  
or ient  the wheel in  the t rue  direction of displacement, t ha t  is t o  
reduce the angle of d r i f t  spontaneously. 

The coefficient 6 for  a given load supported by the wheel is a 
character is t ic  constant of the t i r e  which is termed length of displace- 
ment; and torque FE the torque accompanying the d r i f t .  

'2 
4. Turning - . L. - w 3  underrthe action of a couple of re la t ive ly  moderate torque M 

-about the ve r t i ca l  axis, applied t o  the center of the wheel, the l a t t e r  
is subjected, first, t o  a s t a t i c  rotat ion of angle a, as shown i n  the 
foregoing. But, when the wheel is made t o  r o l l ,  it no longer moves 
along a s t r a igh t  track, but along a c i rcu lar  t ra jec tory  of radius p, 

- saccording t o  figure 7. The arc of c i r c l e  AB is such tha t  its curva- 
ture  is proportional t o  the moment M. Hence - 

I = m  
P - 

t ha t  is, fo r  a t ra jec tory  AB of length s, the wheel has turned through 
an angle 

p = RMs - 

R is termed the coefficient of turning of the t i r e .  

To a cer tain degree the rotat ion of the wheel can be compared with 
the deformation of a so l id  body. The angle a then plays a par t  simi- 
l a r  t o  tha t  of the reversible e l a s t i c  deformation, aad angle /3 s i m i l a r  
t o  tha t  of the i r reversible  permanent deformation. 

r -  
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It is seen t h a t  the moment M necessary t o  make the wheel turn 
t o  a permanent angle j3 is inversely proportional t o  the traveled 
distance s. It is t h i s  property of turning tha t  explains the ease of 
s teer ing  the wheels of an automobile i n  operation while turning the 
wheels of an automobile when standing s t i l l  is much.more d i f f i c u l t  
because it can only be achieved by an en t i r e ly  different  mechanism, 
namely, by exceeding the l i m i t  of adhesion of the t i r e  with the ground. 
I f  t h f s  adhesion were perfect, t ha t  is, i f  no s l id ing  were possible, 
the permanent turning of the .wheel at  r e s t  would b,e impossible , whereas 
the s l id ing  of the wheel plays no par t  i n  s teer ing the wheel when 
rol l ing,  as w i l l  be proved elsewhere in  a more rigorous analysis of 
t h i s  phenomenon. A s  for  the d r i f t ,  turning can be explained on the 
basis of figure 4; the process is exactly the same; simply replace the 
l a t e r a l  displacements by rotations.  Turning is t o  the tors ional  
e l a s t i c i t y  what deviation is t o  the l a t e r a l  e l a s t i c i ty .  The r e a l i t y  
of turning is assumed as  an experimentally established fact .  A s  
regards the proportionality of rotat ion j3 t o  moment M ( l ike  the 
proportionality of d r i f t  t o  s ide force) from the momenk-the existence 

= 
' of shch rotat ion is assumed the proportionality must be assumed proved 

' from the following very general reasoning: The t i r e  i s  a complex ' 

e l a s t i c  system, whatever the effects  of the forces, they must be pro- 
portional, a t  l eas t  as long as the forces do not exceed cer tain limits. 

The properties of turning and d r i f t  i n  question indicate t h a t  a 
wheel f i t t e d  with a pneumatic t i r e ,  o r  more general, any wheel f i t t e d  
with any t i r e  has the important property of being able t o  r o l l  while 
making a cer tain angle with its t rajectory.  This is the essent ia l  
phenomenon which, as  w i l l  be shown, underlies and basical ly  explains 
the shimmy of pneumatic t i r e s .  

. The f ive  character is t ic  t i r e  factors produced by the foregoing 
analysis a re  

(1) Coefficient of l a t e r a l  e l a s t i c i t y  T defined by the equation 

(2) Coefficient of tors ional  e l a s t i c i t y  S defined by equation 

(3) Coefficient of d r i f t  D defined by equation 

6 = DF rn 
(4) Coefficient of turn R defined by equation 
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1 

( 5 )  Length of displacement E defined by equation 

C = G F  - 

111. MATHEMATICAL TmORY OF ELEMENTARY SHIMMY 

I n  order t o  obt9in a c l ea r  p ic ture  of the  mechanism of t h i s  
phenomenon, the  number of parameters a r e  reduced by s t a r t i n g  the  s tudy 
with what may be cal led elementary shimmy o r  shimmy with one degree of 
freedom, t h a t  i s ,  the  shimmy obtained when t he  spindle axis  of t he  
wheel is assumed t o  be impelled only by a s t r a igh t ,  uniform hor izon ta l  
motion. This i s  equivalent t o  assuming the  pivot absolute ly  r i g i d  and 
the  mass of t h e  a i rplane very great  with respect  t o  t h a t  of the  wheel, 
so  t h a t  the  e f f ec t s  of wheel reactions on the  t r a j ec to ry  of the  c a s t e r  
ax i s  can be disregarded. The posi t ion of t he  wheel with respect  t o  
the  a i rplane is thus defined by one parameter, the  angle 8 of i t s  
plane with the  axis  of the  a i rplane ( f ig .  8). 

The study of elementary shimmy is divided i n  two par ts .  

I n  the  f i r s t  pa r t  i s  assumed t h a t  the  reactions of to r s ion  and 
t u rn  a r e  negligible compared with the  reactions of l a t e r a l  e l a s t i c i t y  
and d r i f t ,  t h a t  is t h a t  the  e f f ec t s  of torque M a r e  negl igible  com- 
pared with those of force F, which is the  same-as assuming t h a t  t h e  
coef f ic ien t  R is s u f f i c i e n t l y  great  with respect  t o  coef f ic ien t s  T 
and D. Later on it s h a l l  be shown t h a t  t h i s  is p r ac t i c a l l y  the  case 
f o r  ordinary t i r e s .  It produces a simplif ied theory of elementary 
shimmy. The second pa r t  contains the  complete theory of elementary 
shimmy. 

A. Simplified Theory of Elementary Shimmy 

It i s  assumed t h a t  the  pivot is v e r t i c a l  and the  pivoting f ree ,  
t h a t  is without res tor ing torque and without braking. 

Let P denote the  t r ack  on the  ground of the  pivoting ax i s  at 
ins tan t  t, x the distance t raveled by t h i s  point, 0 the project ion 
of the  wheel center, f3 t h e  angle of t he  l i n e  PO with the  t r a j ec to ry  PX 
of the  point  P, t ha t  is with the  axis  of the  airplane,  AMGB t h e  ax i s  
of symmetry of the  contact  surface of the  t i r e  with the  ground, A being 
the  head point, B the  t a i l  point, M t he  middle of AB and G the  
center of t he  ground reactions,  t h a t  i s  t h e  point so  t h a t  MG = E ,  y 
and z the  distances from PX of points M and 0 and f i n a l l y  
t h a t  is the  angle of the  l i ne  of contact AB with PX. 



Considering now t h e  p lace  of po in t  M on t h e  ground whose tangent  
is t h e  s t r a i g h t  l i n e  AB, s i n c e  i h e  po in t  M passe8 s u c c e s s i v e l y  
throught  po in t s  B and A due t o  t he  r o l l i n g  of t he  wheel, Hence 
t h e  formula ( f i g .  8) 

It i s  r e a d i l y  seen  t h a t  t h e  angle  of d r i f t  6 i s  equal  t o  8 + $, and 
s i n c e  8 = 2 hence a 

Now, i f  F i s  t h e  r e s u l t a n t  o f  t he  ground r eac t ions ,  t h e  p r e -  
l imina ry  s tudy  made on d r i f t  makes it poss ib le  t o  w r i t e  

hence t h e  f i r s t  equat ion  reads  

On t h e  o the r  hand, t he  a c t i o n  of the  l a t e r a l  e l a s t i c i t y  y i e l d s  t h e  
second equat ion  

Las t ly ,  t h e  force  F  be ing  app l i ed  a t  G, t h a t  i s  a  d i s t a n c e  a + E 

from p o i n t  P, produces a torque  equal  t o  -F (a  + G) wi th  r e s p e c t  t o  
t h i s  po in t .  I n  o t h e r  words, t o  t he  primary torque -Fa t h e  accompanying 
torque  -FE must be added. So, i f  I s i g n i f i e s  t h e  i n e r t i a  o f  t h e  
whole o s c i l l a t i n g  system wi th  r e s p e c t  t o  t h e  p ivo t  P, t h e  t h i r d  equa- 
t ion reads  

Noting t h a t  i n  t he  f i r s t  equat ion  
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where v = speed of a i r p l a n e ,  and t h a t  i n  t h e  t h i r d  equat ion  

t h e  system 

is obtained.  The e l imina t ion  of F from equat ions (1) and (3) leaves  

On t h e  o t h e r  hand, t h e  e l imina t ion  of  F from equat ions ( 2 )  and ( 3 )  
leaves 

S u b s t i t u t i o n  of  t h i s  va lue  of y i n t o  t h e  preceding equat ion  f i n a l l y  
gives t h e  d i f f e r e n t i a l  equat ion  of  t h e  t h i r d  o rde r  

which governs the  motion of t h e  wheel c e n t e r .  The gene ra l  s o l u t i o n  of  
t h i s  equat ion  is  
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where C1 ,  C2, and C3 are  a rb i t ra ry  parameters and sl ,  92, and s3  a re  

the roots of the character is t ic  equation 

Now, while the mathematical representation of the wheel center can be 
expressed by a unique formula, it is well t o  bear i n  mind that the 
physical appearances of t h i s  motion a re  en t i r e ly  different  depending 
upon the positive o r  negative, r e a l  o r  imaginary values of the charac- 
t e r i s t i c  equation. Hence the necessity f o r  discussing the values of 
91, 52, and s3  i n  terms of the coefficients of the character is t ic  
equation, and as  a consequence, as function of s i x  parameters T, D, 
€, a, I, v which characterize the t i r e ,  the wheel and the airplane 
speed. 

It should be noted tha t  the character is t ic  equation has no posi- 
t i ve  coefficients,  hence can have no posit ive root; so i f  t h i s  equation 
has r e a l  roots, they must natural ly  be negative. On the other hand, 
the equation has always a t  l eas t  one r e a l  root since its f i r s t  member 
varies continuously from -w t o  +m. 

Suppose sl = -a is t h i s  root. 

From the point of view of r e a l  roots there can be only two possible 
cases : 

(1) Three negative r e a l  roots. 

The general solution i s  then of the form 

a, p, and y being positive numbers. Whatever the i n i t i a l  conditions 
tha t  cause the variations of C1, C2, C3, the motion of the wheel is, 

i n  th i s  case, an aperiodic and convergent osci l la t ion.  

(2) One negative r e a l  root s l  = -a and two conjugate imaginary roots. 

It is known that ,  when s2 and s3  are  conjugate imaginary, of 

the form X i m i ,  the two terms C2e s2t and C3e s3t combine t o  give 

a term of the form 
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Beht, i n  (wt + cp) 

w being a nwber  e s sen t i a l l y  posi t ive  and X a posi t ive  o r  negative 
r e a l  number. 

The general solut ion can then be wri t ten  as 

z = ~ e - ~ ~  + BeXtsin(wt + cp) 

the  three  constants of in tegrat ion which depend upon the  i n i t i a l  condi- 
t ions  of motion, a re  the  parameters A, B, cp. 

From the  point of view of the  physical appearances of the  motion 
t h i s  case is s p l i t  i n  two: 

( a )  I f  ;h < 0 the  osc i l l a t ions  a r e  convergent periodic 

(b) If X > 0 t h e  osc i l l a t ions  a re  divergent periodic 

From among the possible forms of the solut ion z, the  only case 
i n  which there  is a divergence of o sc i l l a t i on  is therefpre  X > 0. 

Now an attempt w i l l  be made t o  calcula te  t he  angular frequency w 
and the  divergence X of the  osc i l l a t ions  i n  terms of the coef f ic ien t s  
of the  equation of motion of the  wheel, t h a t  i s  i n  terms of the  charac- 
t e r i s t i c  coeff ic ients  of the  t i r e  and the  wheel. The condition of 
divergence of the osc i l l a t ions ,  t h a t  is t he  condition of i n s t a b i l i t y  
is derived by wri t ing X > 0. In  a l l  other cases the re  is convergence, 
t h a t  i s  s t a b i l i t y .  

Calculation of divergence X and f r e a u e n c ~  co 

As X and w a r e  independent of A, B, q, it is assumed t h a t  
A = O ,  B = 1 ,  q = 0 .  Hence 

z = eXtsin cot 

= e ' t k  s i n  w t  t co cos 4 
d t  

d2,= eXtkh2 - &)s in  cot + 2 cos cod 
dt2 

d3, = eh tk(h2  - 3 3 ) s i n  cot t o(3h2 - 3 ) c o s  
dt3 
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which, w r i t t e n  i n t o  t h e  equat ion  of motion of  t h e  wheel gives a n  
equat ion  of the  form 

This  equat ion,  which must be checked whatever t may be, gives t h e  
s  ys tem 

o f  two equat ions t h a t  de f ine  X and o. Hence t h e  system 

which can a l s o  be w r i t t e n  

The second of  t hese  equat ions gives 

which, en t e red  i n  equat ion (8), and co e l imina ted ,  gives t h e  equat ion  
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and defines the values of X i n  terms of the velocity v and the 
character is t ic  coefficients of the t i r e  and the wheel. With regard t o  
the abscissa v and ordinate X, t h i s  equation represents a cubic 
passing through the origin, symmetrical with respect t o  the or igin and 
asymptotic t o  the axes of the abscisses. It i s  easy t o  p lo t  t h i s  cubic 
and t o  ident i fy the characteris t i c  elements. 

Plot t ing of curve X(v),.- The preceding equatPon is of the second 
degree in  v and can be written 

Hence the curve of the values of v is eas i ly  plotted against X. It 
is readi ly apparent tha t  fo r  each given r e a l  value of X there always 
are  two r e a l  values of v, the only condition being tha t  the discriminant 
be positive, that  is 

Maximum or minimum X. - '&en 

the curve X (v) passes therefore through a maximum or  minimum M and 
the value v, of the corresponding speed is  such that  

we get, by replacing X by its value - 
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Tangent a t  the origin.- This is the s t ra ight  l i ne  of the equation 

hence i ts  slope is 

Representative curve.- In consequence of t h i s  value of the slope 
a t  the origin, the representative curve can assume different  shapes, 
depending upon whether aD > T or  aD < T. 

F i r s t  case: aD > T 

The curve ~ ( v )  has the shape represented i n  figure 9. The 
veloci ty  v being necessarily positive, it is seen tha t  X is always 
negat ive . 

Second case: aD < T 

The curve ~ ( v )  has the form represented by figure 10. 
r 

w .  - r . The speed v being necessarily positive, X is, in  t h i s  case, 
always positive. The only condition for divergence of osci l la t ions of 
the wheel is, as was shown before, that  X > 0, and the only condition 
of convergence is X < 0. In  consequence the condition of divergence 
or  in s t ab i l i t y  is reduced t o  

and tha t  of convergence o r  s t a b i l i t y  t o  

This r e su l t  could have been reached more rapidly by application 
of Routh 's general rules  (or the equivalent method by Hurwitz) of which 
the part icular  application t o  an equation of the th i rd  order with posi- 
t i ve  coefficients of the form 

reduces t o  the following rule: the necessary and skf f i c  ient  condition 
of convergence is BC > AD. 
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In  fac t ,  i n  the  case of equation (6) it is seen t h a t  t h i s  r u l e  
yie lds  immediately a D  > T as the  condition of convergence. But t h i s  
method involves t he  use of t he  o r ig ina l  works by Routh ("On the  S t a b i l i t y  
of a Given S t a t e  of Motion," Adams Pr ize  Essay, 1877) and h i s  t r e a t i s e  
("Advanced Rigid ~ynamics") o r  the  works of Hurwitz. 

Moreover, it supplies no accurate data about t he  var ia t ions  of 
X i n  terms of t he  a i rplane speed v. 

Resuming the  preceding discussion it is seen t h a t  when a D  < T, 
the  o sc i l l a t i ons  a re  unstable, t h a t  is t he  wheel, while ro l l i ng ,  
assumes a mot ion of divergent osc i l l a t ions .  

In  p rac t ice  the  aforementioned conclusions a r e  not vigorously 
checked except f o r  the  start of t he  phenomenon. This is due t o  t h e  
f a c t  t h a t  our equations a r e  applicabla only t o  s m a l l  deformations and 
cease t o  be rigorous when the  o sc i l l a t i ons  a t t a i n  s izeable  amplitude. 
So, i n  the  i n i t i a l  phase there  is a phenomenon of unstable o sc i l l a t i ons ,  
exhibited by a divergence which can become very accentuated when the 
ve loc i ty  is near t ha t  of the  previously defined speed vm. But t h e  
motion is never i n f i n i t e l y  divergent. As soon as  t he  o sc i l l a t i ons  
have reached su f f i c i en t  amplitude, a s t a t e  of continuous o sc i l l a t o ry  
motion is established.  

The process was frequently believed t o  be a phenomenon of resonance, 
a r i s i n g  from a lack of symmetry of t he  t i r e  o r  the  wheel o r  s im i l a r  
causes, and in terpreted a s  such i n  most theor ies  of f ron t  wheel shimmy 
i n  automobiles. This explanation cannot be sustained i n  the  face  of 
the  severe cases of shimmy over the  smoothest of grounds with pe r f ec t l y  
balanced wheels. Furthermore, t he  violence of the  phenomena i n  some 
of i ts manifestations and the  extent  of the  speed range i n  which it can 
manifest itself, a re  enough t o  prove t ha t  no resonance phenomenon is . 

involved but ra ther  a phenomenon of v ibratory i n s t ab i l i t y .  The present 
theory shows t h a t  shimmy can be explained i n  the  most elementary way 
by the  inherent mechanical propert ies of t he  t i r e .  

The s impl ic i ty  of the  condition of convergence aD > T is sur -  
prising.  I n  par t i cu la r ,  it i s  extremely unusual t o  f ind t ha t  ne i ther  
the  wheel i n e r t i a  I, nor the o f f s e t  € o r  t he  ve loc i ty  v f igure  i n  
the  condit ion of convergence. This condition gives a ru l e  of extreme 
simplici ty;  it is su f f i c i en t  t o  follow t h i s  r u l e  i n  the  construction of 

t he  undercarriage a > i n  order t o  eliminate elementary shimmy. 

Third intermediary case: aD = T 

In  t h i s  case, equation (11) gives immediately X = 0. 
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.-. 
On the  other, equation (10) gives 

Therefore the  general so lu t ion  takes the  form 

The term Aemat rap id ly  approaches zero, leaving only the  second term 

a + €  which represents a s inusoidal  motion whose frequency m = \I- i s  
DI 

not dependent on the  a i rplane speed v. 

Frequency m 

The quanti ty X can be eliminated i n  the  same manner as cu from 
equations (8) and (9).  Multiplying equation (8) by -3 and equation ( 9 )  
by 2X and then adding up, gives the  equation 

On the  other  hand, equation (9) can a l s o  be wr i t t en  

thus giving two equations of t he  second degree i n  X. It is known t h a t  
the  r e s u l t  of the  el imination of x from the two equations 

m 2 + b x + c = 0  

a'x2 + b l x  + c '  = o 

i s  the  re la t ion  

2 - c a t )  - (ab' - b a t ) ( b c '  - cb ' )  = 0 

obtained by equating the  r e s u l t  of these two equations t o  zero. 
Applying t h i s  formula t o  the  two preceding equations i n  X, gives the  
e quat ion 
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which defines the  values of cu i n  terms of v and the  cha rac t e r i s t i c  
coef f ic ien t s  of t h e  t i r e  and wheel. This equation of the  s i x t h  degree 
i n  v and cu is reduced t o  one of the  t h i r d  degree by a change of 
t he  coordinates v2 = x and & = y. Unfortunately the  d i r ec t  s tudy 
of t h i s  equation proved t o  be r a the r  d i f f i c u l t ,  and was therefore  
abandoned i n  favor of a more simple method of defining the  var ia t ions  
of cu isl terms of v. I n  f a c t  it can be s t a t e d  t h a t  the  wr i te r  has 
studied the  var ia t ions  of h i n  terms of v, and w a s  thus able t o  
s tudy t he  var ia t ions  0% 01) i n  terms of h, and the  problem of t h e  
var ia t ions  of the frequency cu with respect  t o  v can be solved the  
s m e  way. 

The veloci ty  v is e a s i l y  eliminated from equations (8) and (9); 
hence the  equation 

which defines the  values of cu i n  terms of h and the  cha rac t e r i s t i c  
coef f ic ien t s  of the  t i r e  and wheel. This equation of the  four th  degree 
i n  h and cu i s  reduced t o  one of the  second degree by changing the  
coordinates X2 = X and 3 = Y. The r e s u l t  is 

The equation of the group of asymptotic d i rect ions  

- - indicates  t h a t  the  conic involved i s  i t  parabola whose axis  i s  p a r a l l e l  
I I  t o  the second b i s ec t r i x  of the  coordinates: Y = -X. Only the  por t ion  

corresponding t o  the  conditions X > 0, Y > 0, t ha t  is located i n  t he  
f i r s t  quadrant, w i l l  be considered. 
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This a r c  of t h e  parabola is e a s i l y  plotted.  For X = 0, t h a t  is 
A. = 0, the  two values 

YA = O-'A - - a(a + represented by point A 
IT 

a r e  obtained. 

represented by point  B 

By re fe r r ing  t o  equation (13) o r  simply t o  equation.(lO) o r  equa- 
t ions  (8) and (9) it is easy t o  iden t i fy  t h a t  t he  f i r s t  of these  values 
corresponds t o  zero ve loc i t i es  and the  second t o  i n f i n i t e  ve loc i t i es .  

On the  other hand, 

hence, when aD < T ,  t h a t  is  i n  the  case of divergence of t h e  o sc i l l a -  
t ions ,  point  B is above point A ( f ig .  11) ; while, when T < aD, t h a t  is 
convergence, point B is below point A ( f ig .  13). 

Arranging equation (15) according t o  t he  decreasing powers of Y 
under t he  form A Y ~  + BY + C = 0 and posting the  condition B2 - ~ A c  > 0 
t o  be f u l f i l l e d  so  t h a t  t he  values of Y a r e  r ea l ,  r e s u l t s  i n  

a value already obtained as  maximum of h2 i n  the  s tudy of h i n  
terms of  v. 

The corresponding va-he of Ym = %2 is r ead i l y  obtained by con- 
s ider ing  equation (15) developed under the form 

2 B AY + BY + C = .O, hence Ym = - - 
2A 
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hence 

Returning t o  the  study of var ia t ions  of Y, t h a t  is of (u2 when 
v var ies  from zero t o  i n f i n i t y ,  it is apparent t h a t  the  representa t ive  
point of the var ia t ions  of and h2 ( f igs .  11 and 13) passes from 
A t o  B along the parabolic a r c  defined by equation (15) and t h a t  B 
i s  above A when a D  < T and below i n  the opposite case. I n  order t o  
define the  shape of the  representative curve of the  var ia t ions  of  the  
frequency cu i n  terms of ve loc i ty  v, it i s  necessary t o  e s t ab l i sh  
whether the  var ia t ions  of u? a r e  increasing o r  decreasing as  i n  f ig -  
ures 11 and 13 o r  can pass through a minimum L as  i n  f igure  15. A s  
t o  t he  pos s ib i l i t y  of a maximum it is apparent t ha t ,  geometrically, it 
is excluded by reason of the  general posi t ion of the  parabola. 

For it t o  have a minimum L it is necessary and su f f i c i en t  t h a t  
the slope of the tangents t o  A and B have the  same sign. So, when 
equation (15) i s  d i f fe ren t ia ted ,  the  value of the  slope p a t  any one 
point  is 

Since t he  coordinates X and Y of points A and B a r e  known, the  
preceding formula gives t he  slopes p~ and p ~ ;  forming the  product 
gives 

which f o r  pApB > 0 reduces t o  a D  > 5T. 
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This condition involves a f o r t i o r i  a D  > T; hence there  can be no 
minimum except i n  the  case of convergence. 

The discussion w i l l  be concluded with an examination of the  possi- 
b i l i t y  of aperiodic solutions.  For t h i s  p o s s i b i l i t y  t o  e x i s t  it is 
necessary and su f f i c i en t  t ha t  Y = (u2 can assume negative values, t h a t  
is t h a t  the  parabolic a r c  AB in te r sec t  ax i s  OX. This geometrical 
condit ion i s  expressed by the  double ana ly t ica l  condition t h a t  t he  
equation i n  X obtained by making Y = 0 i n  equation (15) can have 
at  l e a s t  one r e a l  and posi t ive  root .  

The two roots of t h i s  equation a r e  both r e a l  o r  imaginary; t o  be 
r e a l  it i s  necessary and su f f i c i en t  t h a t  the  discriminant be posi t ive ,  
which gives t he  condition 

This condition requires t h a t  

A s ,  on the  other  hand, t he  product of the  roots a(a + ' I2  is posi t ive ,  
I~DT 

the  roots  a r e  e i th@r  both posi t ive  o r  negative. To be posit ive,  t h e i r  

sum must be posi t ive ,  which gives the  condition a < 0 t h a t  i s  

To s a t i s f y  the  required double ana ly t ica l  condition it i s  therefore  
su f f i c i en t  t o  know the  unique r e l a t i on  a D  > 9; t h i s  i s  the condition 
necessary and su f f i c i en t  f o r  t he  existence of aperiodic solut ions  f o r  
su i t ab ly  chosen v. These ve loc i t i es  of aperiodic conditions a re ,  
obviously, those comprised between the  ve loc i t i es  v l ,  and v2, pos i t ive  

solut ions  of the biquadratic equation obtained by making co = 0 i n  
equation (13). The corresponding convergences a r e  obtained the  same 
way by making w = 0 i n  equation (14). 

Now the  curves ~ ( v )  representative of the  var ia t ions  of t he  
frequency cu or,  which is the  same, the  curves u.? i n  terms of veloc- 
i t y  v can be accurate ly  plotted.  It is accomplished by associa t ing 
'to each curve &(v) the  corresponding curve d ( ~ 2 ) .  
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The foregoing discuss ion distinguished four  cases : 

(1) a D  < T divergent periodic- o sc i l l a t i on  ( f igs .  11 and 12) 

(2) T < a D  < 5T convergent periodic osc i l l a t ion .  with decreasing 
frequency ( f igs .  13 and 14) 

(3) 5T < aD < 9 convergent periodic o sc i l l a t i on  with maximum 
frequency ( f igs .  15 and 16) 

(4) 9 < aD convergent aperiodic o sc i l l a t i on  when v l \ <  v 4 v2 
convergent periodic i n  the  other  cases. (f igs.  17 antl 18) 

B. Complete Theory of Elementary Shimmy 

The equations (l), (2) ,  and (3) which form the  basis  of the  s i m -  
p l i f i e d  elementary shimmy were obtained by assuming the  moment torque M - 
a r i s i ng  from the  reactions of to r s ion  and turning, a torque exerted 
d i r ec t l y  on the  t read  by the  ground t o  be negligible.  To take t h i s  
moment M in to  account, equations (1) and (3)  must be su i t ab ly  modified, 
while equation (2) remains the  same. 

F i r s t  of al l ,  the  plus s ign  i s  placed before M when a res to r ing  
torque due t o  a posi t ive  displacement z i s  involved, jus t  l i k e  t he  
force F was given the plus s ign  when a res to r ing  torque due t o  a 
pos it ive displacement z was involved. 

Next, consider equation (3); its f i r s t  term represents the  angular 
accelera t ion of t he  wheel about the ca s t e r  axis .  The quant i ty  - ~ ( a  + E )  
was the  generating moment of t h i s  acceleration.  In  the  complete theory, 
the  moment -M simply added t o  t h i s  moment i n  such a way t h a t  t h i s  
equation becomes 

A s  t o  equation (I), it expressed the  r e l a t i on  between the  di rect ion 
dy/dx of the  contact surface and force F. It had been assumed by 
wri t ing t h i s  equation t h a t  the  d r i f t ,  t h a t  is t h e  or ienta t ion of t h e  
contact surface immediately followed the  var ia t ions  of force F; it 
impl ic i t ly  implied t ha t  the  t u rn  was instantaneous, o r  i n  other  words, 
impl ic i t ly  a t t r i bu t ed  an i n f i n i t e  value t o  the  tu rn  coeff ic ient  R. To 
understand the  l i ne  of reasoning t ha t  leads t o  the  equation desired, 
we s h a l l  s t a r t  with the  analysis  of a pa r t i cu l a r l y  simple phenomenon: 
d r i f t .  
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Complete Study of Dr i f t  

Consider a pneumatic t i r e  a t  r e s t  ( f ig .  19). A force F normal 
t o  its plane is applied and it is made t o  r o l l  while maintaining its 
plane pa ra l l e l  t o  a fixed direction OP. Up t o  now it had been assumed 
tha t  the contact surface s h i f t s  along a s t ra ight  l ine OM forming an 
angle of d r i f t  6 = DF with the plane of the wheel, tha t  i s  instanta- 
neous d r i f t  was assumed. But experience indicates tha t  the t ra jec tory  
of the contact surface or rather  i ts center i s  actual ly  a curve CAB 
tangential  t o  CP i n  0 and asymptotic t o  O r M '  pa ra l l e l  t o  OM. 
This contact area can turn only according t o  the law of turning - .  

t ha t  is 

But t h i s  couple M, the generator of turning, is i t s e l f  the d i f -  
ference of two effects: the accompanying couple FE and the tors ional  
couple of the -tread equal t o  

L Q  
' S d x  

i n  such a way tha t  

hence 
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This then is the  d i f f e r e n t i a l  equation of the  t r a j ec to ry  OAB of the  
center  of the  contact surface i n  d r i f t .  This equation is e a s i l y  
in tegrated 

an equation t h a t  c lose ly  represents a curve having the  form of t h a t  
p lot ted i n  f igure  19. Moreover, t h i s  equation makes it possible t o  
present an unusually in te res t ing  resu l t :  consider t he  d r i f t  dy/dx; 
when x increases indef ini te ly ,  dy/dx tecds toward S EF. Comparison 
with the  formula 

it is seen t h a t  

This r e l a t i on  is re ta ined and applied repeatedly i n  the  subsequent 
study. Another s ign i f ican t  feature  of t h i s  r e l a t i o n  is t h a t  it reduces 
the  number of cha rac t e r i s t i c  parameters of the ordinary t i r e  by one. 
Take f o r  example, T, D, G, R o r  e l s e  T, D, S, R. The equation of 
d r i f t  then reads 

I n  the  l i g h t  of t h i s  digression on d r i f t  we now re tu rn  t o  t he  most 
general motion problem. The path curvature of the  center of the  contact  
surface is always 

C 

The generating moment M of turning of the  contact surface being s t i l l  
the  difference of two e f fec t s ,  the  tors ion couple of t he  t read equal t o  
U/S, a being the angle between the  axis of contact surface and wheel 

plane, t h a t  is  a = 3 + 5 and the  accompanying couple F. 
dx a' 
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Hence 

d2y But - 1 d2y can s t i l l  be wri t ten - - if v is constant. Hence the 
dx2 v2 ax2 

system of four equations 

Entering the values of F and M i n  equations (17) and (19) and 
then i n  equations (16) and (18) gives 

The elimination of y from the two preceding equations then leaves the 
d i f f e r en t i a l  equation i n  z defining the motion of the wheel. Thus 

4 I d z I d3z + -- 1 d2z a + € d z  a + €  

+ - -  + - - + -  z = 0 
Rav2 dt.4 Sav dt3 TSv d t  TSa 
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Note 1.- Set t ing R = co i n  the preceding equation and bearing in  
mind the re la t ion  S6 = D, yields the equation (6) of the simplified 
theory. 

Note 2. - The eliminateion of y from equations (20) and (21) 
requires algebraic equations which can be simplified by the following 
considerations; the elimination must r e su l t  i n  a l inear  d i f f e ren t i a l  
equation in z. If n is the degree of t h i s  equation it w i l l  have 
n part icular  solutions of the form z = Aeat, the coefficients a 
being r e a l  or  imaginary. Conversely, the elimination of z leaves a 
unique equation in  y. Equation (20) indicates tha t ,  i f  y is of the 
form y = Aleat, z is also of the form z = ~ e ~ ~ .  Equation (21) 
indicates tha t ,  when z is of the form z = Aeat, there also is a 
solution y of the form Aleat. Therefore, every solution of the  
d i f f e ren t i a l  equation in  z is a l so  a solution of the d i f f e ren t i a l  
equation in y and conversely. Thus these two equations are  deduced 
by simply changing y fo r  z and vice versa. The elimination of  z 
is much easier;  simply enter its value in equation (20) and then sub- 
s t i t u t e  i n  equation (21). This method makes it possible t o  write equa- 
t ion  (22) very quickly. 

S t a b i l i t y  of osci l la t ion.-  The preceding equation is a l inear  d i f f e ren t i a l  
equation of the fourth order of the form 

and a l l  i ts  coeffici'ents are  positive. 

Referring t o  Routh's "Advanced Rigid Dynamics" it is seen tha t  
the conditions necessary for  such an osc i l la t ion  t o  be s table  are  

Applied t o  equation (22) the first of these conditions gives, 
a f t e r  reductions, 
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which, with allowance f o r  the fundamental re la t ion  Sc = D, can be 
written 

The second of these conditions yields, a f t e r  reductions 

( IRV~ - a ) ( ~ c a  - T) > o 

tha t  is with the fundamental re la t ion  previously advanced, 

IV. COMPARISON OF THE PRESENT THEORY WITH THE EXPERIMENTAL RESULTS 

Let us interrupt the examination of these two s t a b i l i t y  conditions, 
and begin by studying the second. To interpret  it, assume that  speed u 
is defined by the equality 

so the discussion can be summed up as follows: 

F i r s t  case: aD > T 

The condition (23a) i s  confirmed i f  v > u. 

- - Sgcoqd case: all < T 

' . The condition (23a) is confirmed if v < u. 

It is  readi ly apparent tha t  i n  both cases equation (23) is confirmed 
when the condition (23a) is confirmed. Therefore the conditions of the 
s t a b i l i t y  of osci l la t ion are  as follows: 

F i r s t  case: aD > T 

Second case: aD < T 

with v > u 

with v < u 
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This u is termed the  inversion speed of s t a b i l i t y .  The determina- 
t i o n  of t he  order of magnitude of t h i s  inversion speed u f o r  t h e  usual  
pneumatic t i r e s  seems t o  be essen t ia l .  But unfortunately no exact  
determination of the  value R is avai lable  s o  t h a t  t h i s  value could be 
introduced i n  the  formula 

Nevertheless, it s h a l l  be shown t h a t  t he  apparently very d i f f e r en t  
experimental r e s u l t s  can be used t o  define t he  order of magnitude of 
the  inversion speed fo r  the ordinary pneumatic t i r e s .  

Referring t o  the  e a r l i e r  study of d r i f t  and t o  f igure  19, and 
assuming t h a t  the  equation fo r  the  curve OAB i s  given, it is r ead i l y  - - - K x  
seen t h a t  = e at  any point C of t h i s  curve. Now, f o r  the  

DD ' 
usual pneumatic t i r e s  the  curve OAB rap id ly  tends toward its asymp- 
t o t i c  O'D'M', and according t o  the  data  given by various experimenters 
it seems permissible t o  assume t h a t  a f t e r  a t r a v e l  of 50 cm 

CD' <l - 
DD' 4 

which, with the  centimeter as t he  un i t  of length, gives 

hence 

50 I! > 1.40, t ha t  is R > 0.0285 
S 

So, i f  t h e  values of S fo r  the  usual t i r e s  a re  known, the  problem can 
be solved. Unfortunately, no such determinations a r e  a s  yet  available.  
But it w a s  seen th3 t  SG = D. Thus the  preceding r e l a t i on  becomes 
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On the other hand, it has been indicated tha t  i f  2 denotes the length 
of surface contact 

So a length of 3 cm for  6 is an altogether admissible value and prob- 
ably very close t o  the r e a l  value i n  a great number of cases. The 
preceding inequality consequently becomes 

Experiments made on automobile t i r e s  have shown tha t  under a s ide force 
of 100 kg the d r i f t  8 = DF reaches a value approaching 3O, t h a t  is 

3fi - = 0.0524 radians 
180 

Using the C.G.S. system of units the coefficient D is 

0.0524 radians 
D = = 5.35 10-10 (c.G.s. system) 

100.000 x 981 dynes 

hence 

R > 5. (c.G.s. system) 

Supposing now tha t  the caster length a is 5 cm and the i n e r t i a  I 
is 10 kg a t  1 m from the axis, tha t  i s  lo8 (c .G .S .  system). In  tha t  
case 



NACA TM 1337 

With a 10 cm cas t e r  length it would be 

u = 1.4 m/sec = 5.1 km/hr 

With a 20 cm cas t e r  length 

The e s s e n t i a l  pa r t  t o  remember is t h a t  the  inversion speed u i s  
small. This i s ,  as  s h a l l  be shown, 2.n extremely important r e s u l t  and 
it can be regarded as  incontestable, although R has been derived by 
ind i rec t  means. The form 

of the equation used t o  define u has, i n  f ac t ,  shown t h a t  a given 
var ia t ion of R involves only a very small var ia t ion of u, 80 tha t ,  
f o r  R one-fourth as  large, f o r  example, the  r e a l  value of.  u would 
only be doubled. Furthermore, the  r e su l t s  of t h i s  analysis ,  and in  
pa r t i cu l a r  t he  1 m/sec obtained f o r  the  inversion, coincide exac t ly  
with the  experimental curves published by John Wylie of the  Douglas 
Ai rc ra f t  Company ( re f .  1). That wr i t e r  gives the  exact  coef f ic ien t  of 
f r i c t i o n  K of the hydraulic damper necessary t o  avoid shimmy on the  
landing gear of the oA-4A airplane.  This curve i s  reproduced i n  f i g -  
ure 20. There is no need f o r  a damper a t  ve loc i t i es  below 1 m/sec., 
but there  i s  f o r  a l l  speeds above t h i s  value. The case exhibited by 
t h i s  a i rp lane  w a s  the  case a < 6. Therefore Wylie 's curve evidences 

an inversion speed with s t a b i l i t y  of osc i l l a t ions  below t h i s  speed and 
i n s t a b i l i t y  above it. Moreover, the  inversion speed resu l t ing  from 
Wylie I s  curve i s  exact ly  coincident with t ha t  evaluated i n  the  present 
numerical example. 

The same wr i te r  a l so  gives a s i m i l a r  curve f o r  t he  nose wheel of 
the  Douglas DC-4. The inversion speed of the  s t a b i l i t y  fo r  t h i s  a i r -  
plane i s  around 1.80 m/sec, hence is s t i l l  close t o  t h a t  evaluated i n  
the present a r t i c l e .  

The Douglas DC-4 i n  1940 was t he  l a rges t  a i rplane which had been 
equipped with a nose' wheel landing gear. It was a four-engine a l l  
metal, low wing monoplane. Each engine developed 11-63 hp., i t s  weight 
was 29.6 tons and i t s  one nose wheel weighed 300 kg. It was designed 
f o r  47 passengers, had a 382 km1h.r top speed and 119 h / h r  landing speed. 

A s i m i l a r  curve was obtained by E. Maier and M. Renz i n  Germany 
during t he  w a r ,  on the  nose wheel of the  Douglas DB-7 " ~ o s t o n . "  The 
inversion speed seems t o  have been near 4 m/sec. 
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A s  a r e su l t  of these experimental data the existence of a low 
inversion speed u can be regarded as proved by experiment. Therefore 
referr ing t o  the s t a b i l i t y  condition (23) it can be seen that ,  i n  order 
t o  eliminate shimmy a t  a l l  speeds above u, it i s  suff ic ient  t o  rea l ize  
the condition aD > T. A t  speeds below u, which are  low speeds, it is 
evident tha t  shimmy should not be very annoying and can, perhaps pass 
completely unnoticed in  cer tain cases, because, as w i l l  be shown l a t e r ,  
simple r e l a t ive ly  moderate f r i c t ion  i n  the hinge is enough t o  damp it 
out instantly.  The consequence of th i s  analysis, t h a t  is, the condition 

can be prac t ica l ly  regarded as the fundamental s t a b i l i t y  condition of 
the wheel. 

Can t h i s  condition be eas i ly  achieved fo r  the permissible values 
OF caster  lengths a? This is the next problem t o  be treated. 

I f  the exact values of the coefficients T and D fo r  the usual 
t i r e s  a re  known, -the answer is immediate, but  unfortunately there are  
no such data. So f a r  it has been possible to  evaluate the order of 
magnitude of the coefficients D, S, R, and 6 on the basis of e a r l i e r  
experiments, but s t i l l  we know nothing of coefficient T. However, 
the d i f f i cu l ty  can be overcome by sui table  interpretation of seemingly 
very dissimilar experiments. 

1 - .  We re fe r  t o  the report by B. v. Schlippe and R. Dietrich, en t i t l ed  

The Mechanics of Pneumatic. Tires (ref.  2) which is a detailed study of 
the behavior of the pneumatic t i r e .  Unfortunately, the authors f a i l ed  
t o  give the simple properties tha t  control the mechanics of the t i r e ,  
as they did not take up the study of the most complex phenomenon, 
shimmy. Nevertheless, t h e i r  report supplies some signif icant  inf orma- 
t ion  because it contains a cer tain amount of numerical data. They 
made experiments and measurements on a 260 x 85 t a i l  wheel f i t t e d  with 
a Continental balloon t i r e  with small longitudinal grooves carved 

I around %he circumference. The t i r e  pressure was 2.5 atm and the load 
180 kg. The wheel was connected t o  different dynamometers and kept 
stationary, and ro l l ing  was accomplished by a rotat ing drum 90 cm i n  
diameter, covered with emery paper t o  assure good adhesion. 

The f i r s t  experiment by these writers t o  which at tent ion i s  called, 
is the following: when a t i r e  is made t o  r o l l  by keeping the plane of 
the wheel fixed and Zmposing on it a rec t i l i nea r ' t r a j ec to ry  making a 
cer tain angle 8 with the wheel plane (fig. 22), the center M of the 
contact surface describes a curvilinear path MM' having as asymptote 
the s t ra ight  l ine (D) located a distance m from the t rajectory 00' of 
the wheel center. 
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The authors established, by experiment, the proportionality 

m = KB 

K being equal t o  10 i f  8 is expressed in  radians and m in  cm. 

When considering the s ide force F necessary t o  keep the wheel 
on the t rajectory 001, the angle 8 is, obviously, the angle of d r i f t ,  
hence 8 = DF. On the other hand, m is evidently the displacement of 
the l a t e r a l  e l a s t i c i t y  and consequently m = TF, hence 

hence 

Their coefficient K is none other than the quotient T/D, and 
the experiment in figure 22 gives t h i s  quotient directly.  The quotient 
fo r  t h i s  wheel is, thus, equal t o  10 cm, and the caster  length necessary 
t o  eliminate shimmy is a >, 10 cm. 

This par t icular  example indicates tha t  the caster  lengths t o  which 
the present theory leads are  of a reasonably approximate magnitude, a t  
l eas t  in  cer tain cases. Hence nose-wheel shimmy can be probably 
eliminated by a simple modification of the position of the pivoting 
axis of the wheel, thus making the use of shimmy dampers unnecessary. 

The experiments by Schlippe and Dietrich are of fur ther  in te res t  
fo r  another reason: they enable the character i s  t i c  coefficients T, D, 
S ,  R, and E of the t i r e  t o  be found indirectly,  which, in  the absence 
of more adequate measurement, helps in  defining the approximate magni- 
tude of these fundamental factors. Their d i rec t  measurement of the 
l a t e r a l  e l a s t i c i t y  of the wheel indicated tha t  a side force F of 
2 x 32.5 kg, o r  65 kg, was necessary t o  produce a 1 cm l a t e r a l  displace- 
ment A of the tread with respect t o  the wheel. Now i f  A = TF, we 
get i n  C.G. S. units 
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This r e s u l t  is i n  c lose  agreement with the  formula 

Since - - - 10, we get  D = 15.7 X 10-lo (c.G.s. system) 
D 

These authors a l s o  indicated t ha t ,  t o  maintain an angle 8 = lo 
o r  0.0175 radians i n  the experiment described above (fig. 22) ,  a s i de  
force of 11.4 kg and a torque having a moment C of 49.7 cm x kg must 
be exerted. So, s ince  8 = DF, we should have 

hence 

The agreement between t h i s  f igure  and t h a t  obtained independently some 
l i ne s  back is perfect .  

The accompanying torque measured by these authors was C = 49.7 cm. kg. - 
It is known t h a t  

hence E = - 49*7 o r  E = 4.35 cm. 
11.4 

This f igure  is compared with the  length 2 of the  t read  o r  ground con- 
t a c t  surface.  The authors indicate t h a t  t h i s  length was about 9 cm. 
Hence 0 

given a t  t he  beginning of the  present a r t i c l e  while analyzing the 
accompanying torque. 
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The to rs iona l  e l a s t i c i t y  w a s  measured by the  di f ference in l a t e r a l  
displacement Z of t h e  lead point  and Z '  of the  t a i l  point  of the  
t read  contact  i n  such a way t h a t  i f  2 is the  length of the  t read,  the  
to rs ion  angle a is such t h a t  

s i n  a = 
z - Z '  

2 

therefore,  f o r  the  small angles 

For these  conditions the  authors s e t  up t he  formula 

where M is the  moment necessary t o  produce the  to rs ion  and d i s  a 
constan? equal t o  317 kg, where Z and Z f  a r e  expressed i n  cm and 
M i n  cm. kg, t h a t  is d = 317 x 981000 (C. G. S. ) . Now Z - Z ' = la, 
- 
hence t he  formula giving M becomes 

M = d2a - 

However, s ince a = SM - and 2 = 9 cm, 

1 s = - =  1 t h a t  is, S = 3.57 X 10-lo (C.G.S. system) 
dz 9 x 317 x 981000 

On the  other hand, D = SE and € = 4.35 cm. Therefore, 

D = 4.35 x 3.57 x 10-lo t h a t  is D = 15.5 X 10-lo (c.G.s. system) 

Two independent methods have already given 

D = 15.7 x 10-lo and I> = 15.6 x 10-lo 

The agreement between these three  f igures  is r e a l l y  remarkable, it even 
seems t o  exceed the  probable accuracy of the  measurement. A t  any ra te ,  
these r e s u l t s  give a completely s a t i s f ac to ry  experimental check of  the 
present theory. - 

* 

The one charac te r i s t i c  l e f t  t o  define is the  t u rn  coef f ic ien t  R. 
Its determination w i l l  be based upon the  following experiment: by 
causing the  t i r e  t o  r o l l  against  o r  on a c i rcu la r  wheel of l m  radius,  
the  authors claimed tha t  the  motion produced an a x i a l  force F of  
21.2 kg, tending t o  keep the  t i r e  away from center of the  periphery. 
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I f ,  as s e e m  l ikely ,  according t o  t he  conditions of the  experiment, it 
is assumed t h a t  the  generating moment of M of the  ro t a t i on  a r i s e s  - 
s o l e l y  from the  accompanying torque 

FE = 21.2 x 981000 x 4.35 = 90.5 x lo6 (c. G. s'. system) 

t he  coef f ic ien t  R can be deduced by the  formula 

dZy 1 I f  p s ign i f i e s  the  curvature radius  of the  t r ack  the  formula - = - 
dX* p 

must be used, hence 

R = - t h a t  is R = 1 
o r  R = 1.1 x 10-lo (c.G.s. system) 

P!!! 100 x go. 5 x 106 

It w i l l  be noted t h a t  t h i s  value of R is i n  good agreement with 

the  inequal i ty  R > 5 X 10-l2 indicated previously. S t i l l ,  t h i s  deter-  
mination does not o f f e r  the  same degree of c e r t a in ty  as  the  preceding 
ones: i n  f a c t  s ince  it was necessary t o  assume t h a t  the  wheel w a s  
exact ly  perpendicular t o  the  radius of the  track,  any e r r o r  i n  t h i s  
spec ia l  circumstance w i l l  modify the  cen t r i fuga l  force F by t he  
superposit ion of a d r i f t  e f f ec t .  To el iminate t h i s  po t en t i a l  source 
of e r r o r  completely it is necessary t o  assure the equa l i ty  of t he  
cen t r i fuga l  force F by changing t he  di rect ion of rota t ion.  In  the  
case of a minor discrepancy, t he  average should be taken. 

U. S. Reports on Shimmy 

. The problem of nose-wheel shimmy has already formed the  object  of  
numerous t heo re t i c a l  and experimental s tudies ,  expecia l ly  i n  the  
United S t a t e s  where the  so-called t r i cyc l e  landing gear was born. It 
w a s  s tudied i n  great  d e t a i l  by the  Douglas Aircraf t  Company, then a 
l i t t l e  l a t e r ,  by the  Lockheed Ai rc ra f t  Corporation. On the  occasion 
of these s tud ies  a mathematical theory of shimmy was suggested by Wylie 
( re f .  1) and by Arthur Kantrowitz of the  Langley Memorial Aeronautical 
Laboratory of the National Advisory Committee for  Aeronautics (NACA . 
Rep. 686). 

&cause it i s  the  only theory giving a numerical account of the 
phenomena of shimmy, it is deemed p rac t i c a l  t o  reproduce a l i t e r a l  



exposit ion of Kantrowitz 's a r t i c l e .  This theory is proposed a s  being 
"based on t h e  discovery of a new phenomenon ca l led  kinematic shimmy." 
Here is the  exposit ion of Kantrowitz. 

1. Kinematic Shimmy 

Some preliminary experimental r e su l t s  on shimmy were obtained by 
t he  N.A.C.A. with t he  a i d  of the  belt-machine apparatus shown i n  f i g -  
ure 23. This machine consis ts  of a continuous f ab r i c  b e l t  mounted on 
two ro t a t i ng  drums and driven by a variable-speed e l e c t r i c  motor. 
Provision is made fo r  r o l l i n g  a cas te r ing  wheel up t o  about 6 inches 
i n  diameter on the b e l t  i n  such a way t h a t  it is f r ee  t o  move v e r t i c a l l y  
but  not horizontally.  

On t h i s  b e l t  machine, the  following phenomenon (see f i g .  23) was 
discovered while pushing the  b e l t  very slowly by hand. With the  wheel 
s e t  a t  an angle with the  b e l t  as i n  (a) and t he  b e l t  pushed slowly, the  
bottom of the  t i r e  would def lec t  l a t e r a l l y  as is shown in  (b) . When 
the  b e l t  was pushed fa r ther ,  t he  wheel straightened out gradually as 
i s  shown in  (c ) .  The bottom of the  t i r e  would then s t i l l  be deflected, 
however, and the  wheel would continue t o  t u rn  as i n  (d) . The wheel 
would thus f i n a l l y  overshoot, as  shown i n  (e)  and ( f ) .  The process 
would then be repeated i n  the  opposite d i rect ion.  

Figure 24 is a photosta t ic  record of the  t rack  l e f t  by the  bottom 
of the  t i r e  on a piece of smoked metal. Two things w i l l  be noticed: 
F i r s t ,  t h a t  the  bottom of the  t i r e  did not skid; and, second, t h a t  the  
places where the  wheel angle is zero ( indicated by zeros on the  t r ack )  
correspond roughly t o  the  places where the  l a t e r a l  deflec.tion of t he  
t i r e  is a maximum. Thus the  wheel angle lags t he  t i r e  def lect ion by 
one - quart e r  c yc l e  . 

It was noticed t h a t  the  o sc i l l a t i on  could be in terrupted a t  any 
point i n  the cycle by in te r rup t ing  the  motion o f  the  b e l t  without 
appreciably a l t e r i n g  the  phenomenon. From t h i s  observation it was 
deduced t h a t  dynamic forces play no appreciable par t  i n  t h i s  osc i l l a t ion .  

The distance along t he  b e l t  required f o r  one cycle was a l s o  found 
no% t o  vary much with ca s t e r  angle o r  cas te r  length. (see f ig .  25. ) 
Caster length was therefore  considered not t o  be of fundamental importance 
i n  t h i s  type of osc i l l a t ion .  

It should be pointed out t ha t ,  i n  order t o  observe the  kinematic 
shimmy, l a t e r a l  r e s t r a i n t  of the  spindle is necessary t o  prevent t h e  
spindle from moving l a t e r a l l y  when the  bottom of the  t i r e  is deflected 
and thus neutra l iz ing the  t i r e  deflection.  This r e s t r a i n t  is supplied 
by the  dynamic react ion of  t he  a i rplane when the  a i rplane is moving 
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forward rapidly  but is not o rd inar i ly  present when the  a i rplane is 
moving forward slowly. It  has been observed, however, on a i rplanes  
towed slowly with two towropes so  arranged as  t o  provide some l a t e r a l  
r e s t r a i n t .  

Figure 23(a) shows tha t ,  when the  center l i n e  of the  wheel is a t  
an angle 8 (see f ig .  25) with t he  di rect ion of motion, the  bottom of 
t he  t i r e  def lects .  This s i t u a t i o n  is represented schematically i n  f i g -  
ure 26. It is seen t h a t  a t y p i c a l  point on the  per ipheral  center  l i n e  
must have a component of motion perpendicular t o  the  wheel center  l i n e  
i f  t he  t i r e  is not t o  skid:  Thus 

 h he minus s ign follows from the  conventions used as shown i n  f i g .  25. ) 
Since only small  osc i l l a t ions  a r e  t o  be considered, the  approximation 

may be subst i tu ted.  

The e f f ec t  of t i r e  def lect ion on 6 w i l l  now be considered. For 
t he  purposes of rough calcula t ion,  it w i l l  be assumed tha t ,  as i l l u s -  
t r a t e d  i n  f igure  27, the  project ion of the  peripheral  center l i n e  on 
the  ground is a c i r cu l a r  a r c  in te r sec t ing  the  wheel c en t r a l  plane a t  
the  extremities of the  project ion of the  t i r e  diameter. (see f i g .  23(d). ) 
Thus, i n  f igure  27, r is t he  t i r e  radius. (1t w i l l  be assumed f o r  
the  time being t h a t  the  ca s t e r  length and the  ca s t e r  angle a r e  zero.)  
Now if the  t i r e  is deflected i n  the  form of a c i r cu l a r  arc ,  then the  
condition t h a t  the  torque about the  spindle axis  be zero i s  t h a t  the  
s t r a i n  be symmetrical about t he  projection of the wheel ax le  on the 
ground. Clearly, zf the  wheel is displaced, it w i l l  be turned about 
the  spindle axis  by the asymmetrical e l a s t i c  forces u n t i l ,  i f  it is 
allowed time t o  reach equilibrium, the  symmetr i~al  s t r a i n  condit ion is 
reached. Thus, i f  the  t i r e  is deflected an amount X a s  i n  f igure  27(a) 
and i f  the  wheel r o l l s  forward a distance ds t o  the  condition shown 
i n  f igure  27(b), i n  order f o r  the  s t r a i n  t o  remain symmetrical the  wheel 
must t u rn  about the  spindle ax i s  an amount d6. From f igure  27, 
Rd9 = ds. The value of R may be read i ly  obtained from geometry i n  
terms of r and X. Thus ~2 = r 2  + (R - L ) ~ ,  from which, i f  X 2  << r2, 
it is seen t ha t  R = r2/2X. Then subs t i tu t ing  f o r  R, 
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I f  the  ca s t e r  length is f i n i t e ,  the  s t r a i n  w i l l  not be symmetrical 
about the  axle,  as w a s  assumed here, but w i l l  be symmetrical with respect  
t o  some l i ne  p a r a l l e l  t o  the  axle but  a ce r t a in  f ixed distance ahead. 
Hence, the  e s s e n t i a l  elements of t he  geometry a r e  unchanged and a l l  the  
reasoning t h a t  led  t o  equation (2) is s t i l l  va l id  f o r  t h i s  case. 

Since the  phenomena represented by equations (1) and (2) occur 
simultaneously, they must be combined t o  get' the  t o t a l  e f f ec t .  Thus 

This d i f f e r e n t i a l  equation corresponds t o  a f ree  simple harmonic 
o sc i l l a t i on  occurring every time the  wheel moves a distance 

Measurements of the  space in te rva l  S of kinematic shimmy have 
been made f o r  three  s imi la r  t i r e s  of the type i l l u s t r a t e d  i n  f igure  23. 
These t i r e s  a l l  had r a d i i  of a p p r o x i ~ a t e l y  2 inches so  t h a t  the  theo- 
r e t i c a l  i n t e rva l  w a s  about 0.74 foot.  Their experimental in te rva l s  
were 0.65 foot,  0.74 foot,  and 0.79 foot.  This agreement is c loser  
than might have been ant ic ipated i n  view of t he  roughness of the  assump- 
t ion.  It w i l l  be seen from equation (1) t h a t  X is one-fourth cycle 
out of phase with 8, which is in  agreement with the  information 
obtained from f igure  24. 

I n  order t o  take account of t i r e s  fo r  which the  assumption made 
concerning the  projection of the peripheral  center  l ine  is not quanti ta-  
t i v e l y  valid,  an  empirical  constant K w i l l  be used i n  place of 2/r2 
i n  equations (2) and (3), thus obtaining 

and 

The constant K can be measured by observing the  space i n t e rva l  of 
kinematic shimmy. Where experimental values of K a re  avai lable ,  they 
w i l l  be used ra ther  than the rough theore t ica l  value 2/r2. 
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2. Dynamic Shimmy 

In the foregoing der ivat ion f o r  the  o sc i l l a t i on  ca l led  kinematic 
shimmy, it was assumed t h a t  t he  s t r a i n  of the  t ire w a s  always symmetrical, 
t h a t  is, t he  wheel was moving s o  slowly t h a t  any torque a r i s i n g  from 
dynamic e f f ec t s  involved i n  t he  o sc i l l a t i on  would be negligible.  For 
t h i s  case, from equation (4) 

I f ,  now, the  wheel is assumed t o  be moving at  a ve loc i ty  such t h a t  
the  e f f e c t  of the  moment of i n e r t i a  about the  spindle ax i s  is s i g n i f i -  
cant, then the  s t r a i n  can no longer be symmetrical and, f o r  small 
asymmetries, the  torque exerted by the  t i r e  on the  spindle w i l l  be 
proportional  t o  t he  amount of the  asymmetry. Thus, t he  value i n  paren- 
theses w i l l  no longer be zero but it can be assumed t h a t  it w i l l  be 
proportional  t o  t he  dynamic torque; hence 

where C1 is an appropriate constant of propor t ional i ty  and includes 
the  moment of i n e r t i a  about the  spindle axis  I. If the  forward veloc- 
i t y  Y of the  wheel is constant 

and 

The constant C1 may be determined by def lect ing the  bottom of 
the t i r e  a known amount, moving the  wheel forward, and balancing the  
torque M exerted by the  t i r e  on the  spindle so  t h a t  8 s tays  constant. 
The meth<d of def lect ing the  bottom of the t i r e  a known amount w i l l  be 
described l a t e r .  I n  t h i s  case ( 6 )  becomes 



from which C 1  may be found. It has been observed t h a t  C1 increases 
with increasing ca s t e r  angle. Thus, f o r  a t i r e  l i ke  t he  one i n  f i g -  
ure 23, C 1  was 71,000 radians per second2 per foot f o r  a c a s t e r  
length L of 0.17 inch (cas ter  angle, 5'; no fo rk  o f f s e t )  and was 
104,000 radians per second2 per foot  f o r  c a s t e r  length. 0.68 inch 
(cas te r  angle, 20°). 

I n  the  s tudy of kinematic shimmy, it was a l so  seen t h a t  the  only 
change i n  X w a s  due t o  t he  f ac t  t h a t  a component of t he  forward motion 
was perpendicular t o  the cen t ra l  plane of the  wheel. This circumstance 
i s  expressed by equation (1). It is, however, found t ha t ,  i f  the  spindle 
is clamped a t  8 = O0 and the  bottom of the  t i r e  is deflected, the  
def lect ion w i l l  gradually neutra l ize  i t s e l f ;  t h a t  i s ,  the  bottom of t he  

t i r e  w i l l  r o l l  under the  wheel. Thus the  asymmetrical - = 0 s t r a i n  tBB 
t h a t  e x i s t s  i n  t h i s  case contributes t o  dX/ds. The cas'e of 8 and 
d8/ds zero i s  i l l u s t r a t e d  i n  f igure  28. If the  e f f ec t  i s  again supposed 
t o  be proportional  t o  the  cause, there  is obtained 

In t h i s  equation, the constant C2 i s  a geometrical constant of 
t he  t i r e  t ha t  can be obtained from s t a t i c  measurements. The order of 
magnitude of C2 can be obtained by assuming t h a t  the periphery of t he  
t i r e  in te r sec t s  the  extremi$y of t he  extended cen t r a l  plane of the  wheel. 

1 I n  t h a t  case C2 = -. 
r 

I f  8 is not zero, there  w i l l  be a component of the  forward motion 
contributing t o  dh/ds. As i n  equation (I) ,  t h i s  component w i l l  be -8. 
Adding t h i s  component t o  the par t  of dX/ds due t o  asymmetry, then 
(de/ds s t i l l  assumed zero) 

This equation expresses tha t ,  f o r  dB = 0, t he  contribution of t he  
ds 

asymmetrical s t r a i n  t o  dx/ds was -C2X. Also f o r  the symmetrical 
d6 ds s t r a in ,  i n  which case X - = 0 (kinematic shimmy), there  w a s ,  
K 

of course, no contribution due t o  asymmetry. Assume now a l i nea r  in te r -  
polation between these two l imi t ing cases. Thus, f i na l l y ,  



NACA TI4 1337 

A method of determining C 2  is provided by equation (7) which, 
when integrated, gives 

X log, - = - 
0 

c2(s - 90) 

If, with the spindle clamped a t  8 = oO, the t i r e  is deflected a 
known amount X o  and rol led ahead a known distance and the new X 
measured, C 2  may be computed. It was seen e a r l i e r  t h a t  C2 w a s  of 
the order of magnitude of l/r; tha t  is, it would be of the order of 6 
fo r  a 2-inch-radius t i r e .  The constant C 2  was determined for  two 
model t i r e s  under different  loads and found t o  be 6.2 and 3.4. Con- 
siderable variations of t h i s  constant with t i r e  pressure and load have 
been found. 

A method of obtaining the constant lmown X necessary for  the 
measurement of C 1  is provided through equation (8). Here it is seen 
that ,  if the wheel is pushed along a t  a constant angle 8, A w i l l  

increase (negatively) u n t i l  8 = 42X, i n  which case = 0 and 
equilibrium is reached. 

,When the wheel is moving ahead a t  a f i n i t e  constant velocity, the 
phenomena represented by equations (6) and (9) occur simultaneously. 
Therefore, t o  get the t o t a l  effect ,  combine the two equations, thus 
obtaining 

The solution fo r  the natural  modes of motion represented by equa- 
t ion  (10) is 

where the a's are  the three solutions of the so-called auxiliary 
equation 
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One of these a's i s  r e a l  and negative and corresponds t o  a non- 
osc i l la tory  convergence. The other roots are  con jugate complex numbers 
and correspond t o  the shimmy under cons ideration. The roots w i l l  be of 
the form a f cu i .  I f  the divergence a is positive, the osc i l la t ion  
w i l l  s teadi ly  increase in amplitude (while i ts amplitude is not large 
enough f o r  skidding t o  occur); and, i f  a is negative, the osc i l la t ion  
w i l l  s teadi ly  decrease in amplitude and eventually disappear. The 
meaning of the quantity "divergence" may be i l lugtrated by saying tha t  
it is approximately equal t o  the natural  logarithm of the r a t i o  .of 
successive maxim& amplitudes t o  the distance between them. The 
quantity cu is equal t o  231 times the number of osci l la t ions per  foot. 
The frequency therefore is u~~/231. The phase angle i s  obtained by sub- 
s t i t u t i n g  for  8 i n  equation (6) the  value obtained from the foregoing 
procedure and solving for  X. - 

The divergence, the frequency, and the phase relations thus derived 
for  typica l  model t i r e  constants a re  plotted in  figure 29. For s m a l l  
veloci t ies  (0 t o  6 ft per sec)  the frequency corresponds t o  kinematic 
shimmy; it i s  proportional t o  velocity. The divergence increases 
rapidly, however, because the spindle angle lags on account of the 
moment of iner t ia  about the spindle axis,  thus allowing more l a t e r a l  
deflection than would occur i n  a kinematic shimmy. On the next half  
cycle, a larger spindle angle is reached and the process repeats. A s  
the veloci ty  is fur ther  increased, the lag, and hence the asymmetry of 
the s t ra in ,  further increase u n t i l  the s t r a i n  becomes almost en t i r e ly  

asymmetrical. For t h i s  condition, 1 << X. Then the restor ing torque 
ds K 

on the spindle is approximately proport?onal t o  X. (see equation (6). ) 
The t i r e  deflection X (measured negatively) w i l l ,  however, s t i l l  lag 
somewhat behind 8 because, a f t e r  the wheel is turned through a given 
angle, a cer tain forward distance is required fo r  equilibrium t i r e  
deflection t o  be reached. Thus, the restor ing force w i l l  again lag 
the displacement. A s  the velocity increases in the high-velocity range, 
the frequency stays nearly constant (see f ig .  29) and the distance 
corresponding t o  a single osc i l la t ion  increases. Hence t h i s  constant 
lag becomes a smaller part  of the cycle and the divergence- decreases 
a t  high velocities.  

It w i l l  be appreciated tha t  the foregoing theory considers only 
the fundamental phenomena taking place in  shimmy. Other phenomena 
occurring simultaneously have been neglected. Some of the more important 
of the neglected phenomena are: 

1. Miscellaneous s t ra ins  (other than l a t e r a l  t i r e  deflection) 
occurring i n  the t i r e .  A rubber t i r e  being an e l a s t i c  body w i l l  d i s to r t  
in  many complicated ways while shimmying. In particular,  there w i l l  
be a t w i s t  in  the t i r e  due t o  the transmission of torque from the  
ground t o  the wheel. 
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2. Two e f f e c t s  w i l l  cause t he  s t i f f n e s s  constants of t he  t i r e  t o  
change with speed. F i r s t ,  centr i fugal  force on the  rubber w i l l  make 
the  t i r e  e f f ec t i ve ly  s t i f f e r  at  high speeds. Second, much of the  energy 
used t o  def lec t  the  t i r e  w i l l  go in to  compressing t he  air. The com- 
p r e s s i b i l i t y  of the  air w i l l  change with the  speed of Compression owing 
t o  the  d i f f e r en t  amounts ~f heat  being t rans fe r red  from it. 

3. There w i l l  be a gyrosta t ic  torque about the  spindle ax i s  caused 
by the  in te rac t ion  of the  ro ta t ion  of t he  wheel on t he  axle  and t he  
e f fec t ive  ro t a t i on  of pa r t  of t he  t i r e  about a longitudinal  axis  on 
account of t h e  l a t e r a l  t i r e  deflection.  This torque w i l l  l a t e r  be 
shown t o  have a noticeable e f fec t  on the  r e su l t s .  

The inclusion of items 1 and 2 i n  t he  theory would obviously be 
very d i f f i c u l t .  It is therefore necessary t o  r e so r t  t o  experiment t o  
determine whether the  present theory gives an adequate descr ipt ion of 
t he  phenomena. I f  so, the  omission of these and any other  items w i l l  
be jus t i f ied .  

An experimental check on the  theory was obtained by measuring the  
divergence and the  frequency of the  shimmy on t h e  b e l t  machine a t  two 
ca s t e r  angles and a t  a s e r i e s  of veloci t ies .  These measurements were 
made by placing a l ighted f l a sh l i gh t  bulb on a 6-inch s t i n g  ahead of a 
model cas ter ing wheel with a ball-bearing spindle and then taking high- 
speed moving pic tures  of the  f l ash l igh t  bulb with the  wheel f ree .  The 
photographs were made with time recordings on the  film, and the  b e l t  
ca r r ied  an object  t h a t  interrupted l i g h t  from a fixed f l a sh l i gh t  bulb 
and thus recorded the  b e l t  speed on the  film. 

The divergence and the  frequency of the  shimmy were obtained by 
measuring the  displacements and the  times corresponding t o  successive 
maximum amplitudes (while the  amplitude was s t i l l  small  enough t o  make 
a l l  the  assumptions va l id ) .  The r e su l t s  a r e  p lo t ted  i n  f igure  30. 

I n  order t o  compare these resu l t3  with the  theory, the  constants C 1 ,  
C2, and K were determined on the  same t i r e  a t  the  two ca s t e r  angles by 
the  previously described methods. It was found t h a t  C2 = 6.2 feet'l; 

* ' tha t  K = 62.5 feet-2; and tha t ,  f o r  5' c a s t e r  angle, C l  = 71,100 f ee t -L  

second-2 and, f o r  20' c a s t e r  angle, 01  = 104,000 f e e t - l - ~ e c o n d - ~ .  The 

roots of equation (12) were then found and t he  divergence and the f r e -  
quency of t he  shimmy were computed f o r  a s e r i e s  of ve loc i t i es  and a t  
c a s t e r  angles of 5' and 20'. These r e su l t s  a r e  p lo t ted  i n  f igure 31 and, 
f o r  purposes of comparison, the experimental curves a r e  a l so  reproduced. 

The agreement between theory and experiment is cons idered s a t  is- 
factory a s  regards qua l i t a t ive  resu l t s .  It w i l l  be noticed, however, 
t h a t  the  t heo re t i c a l  values of the  divergence a r e  decidedly too large  
a t  high ve loc i t i es ,  say  25 f ee t  per second. 
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Kantrowitz's theory and h i s  experimental r e su l t s  w i l l  now be 
compared with t he  new theory proposed i n  the  present a r t i c l e :  

F i r s t  of a l l ,  the  equation of motion (22) of the wheel has f o r  the  
general so lu t ion  the  function 

where C1, C2, C3, C 4  indicate four a r b i t r a r y  parameters and s l ,  s2, 

s3, s 4  the  four  roots  of the  cha rac t e r i s t i c  equation 

I I s 4 + - s 3 +  1 a + 6 + - + -JS2 + - a + E ( sRav2 TR 
s + = O  

R a 2  Sav TSv TSa 

The coeff ic ients  of t h i s  equation being always posi t ive ,  t he  four 
roots a r e  r ea l ,  negative o r  conjugate negative i n  groups of two. The 
negative roots,  i f  existing,, correspond t o  convergent terms and there-  
fo re  cannot be generators of shimmy; as a r e s u l t  shimmy must a r i s e  
from t h e  imaginary roots.  Assuming now t h a t  s1 and s 2  a r e  two con- 
jugate complex numbers of the  form X f wi. The corresponding expo- 
n e n t i a l ~  a r e  then imaginary and it is advisable t o  modify the  expres- 
sion. Transformed i n  trigonometrical terms by means of the  Euler 
formulas, these two exponentials a r e  combined t o  produce a term of the  

form ~ e ~ ~ s i n ( w t  + cp), t h a t  is an exponential s inusoidal  o sc i l l a t i on ,  
t h a t  is s t ab l e  when h i s  negative and unstable when X is posi t ive .  

The t heo re t i c a l  study of shimmy can now be successful ly  completed 
with t he  calcula t ion of t he  var ia t ions  of X and cu i n  terms of the  
coef f ic ien t s  of equation (22). The same d i r ec t  method used i n  t he  
s impl i f ied theory fo r  defining the  curves of X and w i n  t he  terms 
of ve loc i ty  v could be applied, but  the  t a sk  would be drawn out, and 
d i f f i c u l t .  I n  f a c t  it w i l l  be shown t h a t  it is not absolute ly  necessary 
t o  i n t e rp re t  the  phenomenon of shimmy quant i ta t ively  and qua l i t a t i ve ly  
i n  i ts  minute de t a i l s .  Use w i l l  be made of Kantrowitz's theory and 
experimental data. 

We s h a l l  f i r s t  examine what. t he  kinematic shimmy can be. The 
record of the  t r ack  of the t i r e  on the  ground, the place of the center  M 
of the  control  surface, of elongation y, was expressed by an equation 
where y had t he  same form as equation (22). Replacing z by y i n  
equation (22), and taking the  path distance x instead of time t as 
the  independent variable , yields 
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and equation (22) becomes 

-- + - + - -  a$dzy +-- a + ~ d y + a + c  - y = 0 (24) I 
Ta SRa T dx2 TS dx TSa 

When the  ve loc i ty  v is very small and approaches zero, a l l  t he  terms 
containing v disappear and the preceding equation becomes equivalent 
t o  

Such an equation represents a damped o s c i l l a t i n g  motion. The t i r e  
t rack  w i l l  therefore  be a damped sinusoid of equation 

with 

and 
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The wave length on the  ground, t h a t  is the  pericd W, i s  given by 

A t  zero ca s t e r  length a 

So, i f  a = 0, the damping is zero, t h a t  i s  the  t i r e  t rack  on t h e  

ground is a sinusoid of wave length W = 2n E. Thus the  f i r s t  point 

made by Kantrowitz and the  phenomenon of kinematic shimmy i s  explained. 

An attempt w i l l  now be made t o  compare the  computed wave length  
with t h a t  obtained experimentally by the  American wri ter .  To t h i s  end 
the  charac te r i s t i cs  obtained f o r  the t i r e  studied by Schlippe and 
Dietrich,  t h a t  is 

T = 157 x 10-lo C.G.S. system 

s = 3.57 x 10-10 C.G.S. system 

R = 1.1 x 10- lo C.G.S. system 

E = 4.35 cm 

a re  used. 

The r e s u l t  is 

This wave length i s  greater  than t he  19.8, 22.5 and 24.1 cm 
obtained by Kantrowitz, but t h a t  i s  quite natural;  the  t i r e  of t he  
German wr i te r s  w a s  26 cm in  diameter, as against  10.2 cm f o r  the  
U. S. t i r e .  It w i l l  ncw be attempted t o  f ind the  e f f ec t  of the  ca s t e r  
length a on t h i s  wave length from equation (26). We get 
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f o r  a = 0  w = 36 cm 
a = 2 c m  W = 34 cm 
a = 5 c m  W = 36 cm 
a = 6 c m  w = 39 cm 
a = 10 cm W = 74 cm 
a = 13 cm W = 0 3  
a  < 13 cm W is  imaginary 

It i s  seen t h a t  t h e  wave length  i s  p r a c t i c a l l y  constant  f o r  c a s t e r  
lengths up t o  about 6 cm, because t h i s  wave length  passes through a 
minimum near  a  = 2 cm. This explains Kantrowitz's second remark: 
" the d i s t ance  along the  b e l t  requi red  f o r  one cycle was a l s o  found 
not  t o  vary  much with c a s t e r  angle o r  c a s t e r  length ."  

Unfortunately t h e  author be l ieved he could conclude immediately 
t h a t  t h e  c a s t e r  length  a  could be regarded a s  being devoid of impor- 
tance,  which was a  l i t t l e  h a s t y  and no t  e n t i r e l y  l o g i c a l .  The e s s e n t i a l  
conclusion of t h e  theory  presented here i s  exac t ly  t o  the  cont rary .  
The e f f e c t  of t h e  c a s t e r  length a  on t h e  phenomena of shimmy is of  
primary importance. 

Furthermore, t h e  preceding t a b u l a t i o n  ind ica te s  t h a t  wave length  W 
is f a r  from being  constant; a s  Kantrowitz's theory  assumes; it passes 
through a minimum only  a t  a small  value of c a s t e r  length  a ,  and a s  
soon a s  a  exceeds 6 cm, W i s  seen  t o  increase  i n  such a way that 
W = 74 cm f o r  a = 10 cm. This increase  is  speeded up more and more 
and W approaches i n f i n i t y  when a reaches 13 cm. The wave l eng th  f o r  
a  values above 13  cm i s  imaginary, t h a t  is the  t r a c k  of t h e  t i r e  on 
the  ground i s  an aper iodic  curve. The phenomenon of kinematic shimmy 
has then  completely disappeared. 

This f a c t  of t h e  a p e r i o d i c i t y  of kinematic shimmy when a exceeds 
a  c e r t a i n  value i s  abso lu te ly  sure .  It  can be e a s i l y  checked wi th  a  
c a s t e r  f i t t e d  wi th  an e l a s t i c  t i r e .  

Kantrowitz 's theory  can the re fo re  be only  a  r a t h e r  rough theory  
s ince  i t s  s t a r t i n g  poin t  i s  based on t h e  assumption of constant  wave 
length  W, which d e f i n i t e l y  becomes i n f i n i t e  when a reaches values 
of t h e  order  of these  ( a  >/ 10 cm). A s  shown previously,  t h i s  should 
e l iminate  the  i n s t a b i l i t y  of the  o s c i l l a t i o n s ,  t h a t  is shimmy. I n  any 
case, t h e  American author was abso lu te ly  unable t o  reach our s i g n i f i c a n t  
conclusions regarding the  e f f e c t  of c a s t e r  length,  because h i s  theory  
s t a r t s  by r e fus ing  a p r i o r i  t o  take t h i s  parameter in to  cons idera t ion .  

To sum up t h e  theory  proposed i n  t h i s  r epor t ,  f i t s  i n t o  a  theory  
on kinematic shimmy represented by equation (25) i n  place of t h e  equation 
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obtained by making v = 0 i n  Kantrowitzls equation ( l ~ ) ,  and equa- 
t i o n  (25) seems t o  correspond more t o  r ea l i t y ,  because it .makes allow- 
ance f o r  the  var ia t ions  of wave length W i n  terms of c a s t e r  length  a. 

Lastly, it should be added t h a t  equations (25)  and (26) indicate  
t h a t  kinematic shimmy is -usually a damped osc i l l a t ion ,  except when 
a = 0, i n  which case the  damping is zero. The equation 

on the  other  hand, cannot allow fo r  a damping, whose presence is easy 
t o  confirm by experiment. 

It w i l l  next be attempted t o  compare ce r t a in  conclusions of 
Kantrowitz 's theory with the  corresponding conc lus  ions of t he  suggested 
theory. For t h i s  we s h a l l  t r y  t o  express t he  coef f ic ien t s  K, C 1 ,  C2, 
beginning with the  charac te r i s t i c  coeff ic ients  T, D, S, R, E. 

Coefficient  K 

Kantrowitzls d i f f e r e n t i a l  equation ( 5 )  assumes 6 = A s i n  s 6. The 
wave length of the kinematic shimmy is then 

But the  present theory indicates t h a t  W = 2n /&. Therefore 

Coefficient  C2 

M 
Kantrowitz's equation (6a) gives C1 = E, - t ha t  is with our notations 

M 
C1 = - - and since 

IA 

M = F ( ~ +  E )  and A = T F  
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we get  

Coefficient  C2 

Kantrowitz 's equation (7) expressed i n  our notation reads 

dA dLI A - = -C$ so  t h a t  - = 6 = DF = -D - 
dx - dx T 

hence 

This coef f ic ien t  C2 i s  e s sen t i a l l y  t i e d  t o  the  d r i f t  which the  

American author impl ic i t ly  assumes t o  be instantaneous. 

Numerical r e su l t s  

Kantrowitz obtained W = 24.1 cm, o r  K = s, hence K = 0.068 
w2 

(c.G.s. system). Formula (29) indicates t h a t  C 1  must be dependent 
i n  a large measure on ca s t e r  length a. Kantrowitz i n  fa,ct noted it 
and found 

f o r  a = 0.43 cm C1 = 2.330 (c;G.s. system) 

C 1  = 3.410 (c.G.s. system) 

Moreover, formula (29) makes it possible t o  write 

This equation permits the  computation of t he  length e by assuming 
10.43 = 11.73, which i s  approximately t r ue  on account of the  smallness 

Hence 
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For C2 Kantrowitz obtained C2 = 6.2 feet ,  o r  C2 = 0.2 
(c.G.s. system). 

Calculation of T.  D. S. R .  and G 

Coefficient  € has a l ready been defined. The other cha rac t e r i s t i c  
coef f ic ien t s  of the  t i r e  studied by Kantrowitz can be defined by t he  
formulas (28), (29), and ( 3 0 ) ~  i n  which t he  i n e r t i a  I i s  involved. 
Kantrowitz gives I = 1.06 X 10-4 i n  s lugs  and fee t .  The s lug  is a 
mass un i t  of 14.6 kg and 1 foe% = 30.48 cm, so  t ha t  

I = 1.440 C.G.S. un i t s  

Formula (29) gives then 

T = 84 x i n C . ~ . s .  un i t s  

Formula (28) gives 

R = 2.38 x i n  C.G.S. un i t s  

likewise formula (30) gives 

D = C2T = 0.2 X 84 x 10' 8 

D = 16.8 x i n  C .G.S. uni ts  

Lastly,  

s = 7 x 10-8 in C.G.S. un i t s  

by reason of the  formula SE = D. 
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The kinematic shimmy of Kantrowitz 

By the  use of the  derived c h a r a c t e r i s t i c  c o e f f i c i e n t s  toge the r  
with formula (26) the  determinat ion of the  wave lengths W o f  kinematic 

shimmy made on the  Schlippe-Dietr ich t i r e  can be appl ied  t o  Kantrowitzts  
t i r e .  

For a = 0 W = 24 cm 
a = 2 c m  W = 21 cm 
a = 4 cm W = 27 cm 
a = 6 c m  w = 38 cm 
a = 11 cm W = O O  
a > 11 c m  W is  imaginary 

This t a b u l a t i o n  proves t h a t  t h e  conclusions v a l i d  f o r  t h e  German t i r e  
a r e  even more v a l i d  f o r  the  American t i r e .  

Invers  ion v e l o c i t v  u 

Having defined the  c h a r a c t e r i s t i c  c o e f f i c i e n t s  the  invers ion  
v e l o c i t y  u defined previous ly  by t h e  equation 

can now be computed. 

Since a  h igh  c a s t e r  angle is  l i k e l y  t o  modify t h i s  u, we s h a l l  not  
make t h e  c a l c u l a t i o n  f o r  t h e  t e s t  s e r i e s  f o r  which t h i s  high c a s t e r  angle 
was 20' but  only f o r  the  s e r i e s  where it was 5') which is smal l  enough 
t o  be regarded a s  zero. Then 

hence 

t h a t  i s  
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But on considering f igure  30 and the  curve A of the  convergence 
( fo r  a c a s t e r  angle of 5 O  and a = 0.43 cm) it i s  p la in  t ha t  the  exten- 
s i on  of the experimental curve does not pass through the  origin.  This 
circumstance is a l s o  relevant f o r  the curves of f igures  20 and 21 
es tabl ished by Wylie. The extension a f ' t h e  experimental curve A 
plo t ted  by Kantrowitz exac t l y  in te r sec t s  the  axis  of t he  ve loc i t i es  i n  
the  ax i s  of the  abscissa  v = 3.7 f t /sec;  as s t ipu la ted  by the  theory. 

I n  contras t  t o  Kantrowitzls theory, t h i s  i s  an addi t ional  accom- 
plishment of the  present theory. In  fac t ,  it w i l l  be shown t h a t  by 
Kantrowitz ls equation (10) the  curve ~ ( v )  passes through the o r ig in  
which does not correspond a t  a l l  t o  the  experimental r e su l t s .  

I n  order t o  make the  comparison between the  two theor ies  more 
accurate, consider Kantrowitz 's equation (10) and compare it with equa- 
t ions  (6) and (22) i n to  which the suggested theory f i t s .  F i r s t  of a l l ,  
equation (10) is transformed by taking the  time t as  independent 
var iable  i n  place of the  distance s ,  and then the  amplitude z com- 
puted i n  place of the  angular elongation e. On the  one hand 

on the  other  

GQ t h a t  equation (10) becomes 

t h a t  i s  

IT - d3z + ( I D  + T ) d2z 
+ z = o  

(a + E ) V  d t3  a + c ~ 7 3  

by expressing the  constants K, C1, C2 by equations (28), (29), and 
(30). We repeat equation (6) of the simplif ied theory 
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TSa 
and equation (22) of the  complete theory a f t e r  multiplying by - 

a + E'  
_, . taking in to  account the  re la t ionship  S c  = D 

4 ITS d z - I T  d3z I D  + -+[-+ + z = o  
~ ( a + ~ ) v ~ d t ~  ( a + ' ) v d t 3  

Now equation (31) can be compared with equations (6) and (22). Inci-  
dentally,  the  t u rn  coef f ic ien t  R (consequently the  phenomenon of 
to r s ion)  was impl ic i t ly  introduced i n  Kantrowitz I s  theory, although 
i t s  author claims t o  have ignored the  to rs ion  of the  t i r e .  Kinematic 
shimmy can only be explained by the e f f ec t  of t h i s  to r s ion  and it i s ,  
i n  f ac t ,  easy t o  prove t h a t  equation ( 6 ) ,  which would be a complete 
theory i f  t h i s  phenomenon of tors ion could be disregarded, cannot give 
an account of kinematic shimmy. A second preliminary remark is needed. 
When t h e  l inear  d i f f e r en t i a l  equation of the  t h i r d  order with posi t ive  
coeff ic ients  

is considered, Routh's r u l e  is summed up as follows: fo r  the  o sc i l l a -  
t i o n  t o  be convergent it is su f f i c i en t  and necessary t ha t  BC > AD. In  
equation (31) C = 0; therefore the  o sc i l l a t i on  can never be convergent. 
A s  a r e s u l t  Kantrowitz could not be l ed  t o  suspect the  p o s s i b i l i t y  of 
combating shimmy by a simple judicious combination of parameters. This 
was unfortunate s ince  it led t o  the  design of landing gears having as  
shor t  a cas te r  length as  possible. Lastly, i n  comparing equation (6) 
of the  simplif ied theory with equation (22) of the  complete theory it 
i s  seen t h a t  th; only difference is t he  presence i n  equation (22) of 
two supplementary terms: 

ITS d4z - 
R(a + e)v2 d t4  

and 

Each one of these terms ca r r i e s  t he  factor  v2 i n  the  denominator. So, 
when the  veloci ty  increases in f in i t e ly ,  the  motion represented by 
equation (22) tends asymptotically towards the  motion represented by 
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equation (6). I n  other  words, when the  ve loc i ty  is large enough the  
two equations (6) and (22) can be regarded a s  p r ac t i c a l l y  equivalent. 
So, f o r  a comparison of equations (22) and (31) a t  high ve loc i t i es ,  
it is su f f i c i en t  t o  compare equations (6) and (31). 

We s h a l l  now define t he  re la t ionship  ex i s t ing  between ve loc i t y  v 
and divergence X i n  t he  case of equation (31) ( t ha t  is, i n  the  
Kantrowitz theory), as we did before f o r  equation (6). 

Employing the  same method as  f o r  equation (ll), the  system 2 - 

is obtained. To obtain the  re la t ionship  looked f o r  between v and A, 
simply eliminate (u2 from the  two preceding equations. Thus 

This equation assumes t h a t  time t i s  the  independent variable.  Now, 
i n  h i s  calculat ions as well  as  i n  the  curves of f igures  30 and 31, 
Kantrowitz has used the  distance x = v t  as  the  independent variable.  
The fundamental o sc i l l a t i on  of shimmy 

z = ehtsin cut  

is then 

by put t ing 

To obtain the  equation giving the  new expression of the  divergence, h 
i s  simply replaced by vp i n  equation (32). We then get ,  a f t e r  

- w 
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arrangement of the  terms of t h i s  equation 

With respect  t o  ve loc i ty  v t h i s  i s  an equation of the  four th  power, 
whose two primary roots,  i f  they are r ea l ,  have the  same sign.  I n  
order t h a t  these roots  a r e  rea l ,  the discriminant must be posi t ive .  
Therefore a f t e r  some simplif ications we obtain 

which is t r u e  when p has a value between p l  and p2 of t h i s  

tr inomial .  These roots being of opposite sign, it i s  su f f i c i en t  t ha t  
p  is l e s s  than t he  posi t ive  root ,  hence 

It is read i ly  apparent t ha t ,  when t h i s  condition ex i s t s ,  t he  roots 
a re ,  of necessity, posi t ive ,  because the  coeff ic ient  of v2 is then 
negative. I n  fac t ,  t h i s  coeff ic ient  is a tr inomial  of the  second degree 
i n  p allowing two roots of opposite s ign,  hence the  tr inomial  i s  
negative when p is l e s s  than the  posi t ive  root .  But t h i s  root  is 

and it is obviously greater  than the posi t ive  root  of the discriminant. 
Thus t he  f i r s t  condition is su f f i c i en t  t o  assure the  second, p < pi. 
The r e s u l t  is t ha t  the  divergence p passes through a maximum 

f o r  a given ve loc i ty  vm given by the  equation 
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Thus, f o r  the  t i r e  studied by Kantrowitz (curve A i n  f i g .  ,,, 

pm = 0.0322 C. G .  S. un i t s  

o r  i n  English un i t s  of f e e t  (30.5 cm) 

pm = 0.98 English un i t s  

Shape of curve X(v) a t  high ve loc i t i es  

The var ia t ion of X (v) when t he  veloci ty  increases i n f i n i t e ly ,  

w i l l  be examined by pu t t ing  X = - and t ry ing  t o  define K i n  t e rn s  
v 

of the  charac te r i s t i c  coeff ic ients  . Entering t h i s  value i n  the  preceding 
equation while ignoring the  i n f i n i t e l y  small terms gives the  re la t ionsh ip  

so  t h a t  

The same calcula t ion with equation (11) gives 

Thus it i s  seen t ha t  the  present theory produces lower values f o r  X 
at  high ve loc i t i es  than Kantro$~itz 's  theory and seems t o  explain t o  
some extent  the  remark made by him tha t  the values deduced by h i s  
formula a r e  c l ea r ly  too high f o r  high veloci t ies .  

To complete the  comparison of Kantrowitzts theory, of the preceding 
theory and of the  experimental resu l t s ,  the calculations of X and y 
a t  various veloci t ies  were made 

(1) By Kantrowitzts theory (equations (32) and (32a))  
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( 2 )  By the  present  theory  in  i ts  approximate form (equat ion  ( 1 2 ) )  

(3 )  By the  present  theory  i n  i t s  complete form (equation ( 2 2 ) )  

The t a b l e  is  graphica l ly  represented i n  f igu re  32 with p p lo t t ed  
aga ins t  t he  v e l o c i t y  v f o r  

(1) Experimental da ta  (curve E )  

(2 )  Data from Kantrowitz theory  (curve K )  

(3)  Data from present  theory  i n  i ts  complete form (curve C )  

The v e l o c i t y  is expressed i n  cm/sec and p i n  English u n i t s  used by 
Kantrowitz. To ob ta in  curve E, p l o t  the  15 experimental points  given 
by Kantrowitz, then draw the  most l i k e l y  mean curve defined by those 
15 po in t s .  
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The p lo t t i ng  of curve K involves the resolut ion of a l i nea r  
d i f f e r e n t i a l  equation of the t h i r d  order which presents no spec i a l  
d i f f i c u l t i e s ,  a s  t he  necessary calculations can be made by any of  
severa l  c lass icalmethods;  the  p lo t t i ng  of curve C reduces t o  
resolving equation (22) which is a l inear  d i f f e r e n t i a l  equation OF the  
four th  order. It is  a aore  d i f f i c u l t  problem and involves considerable 
paper work, so  a graphical  method of producing quick and excel lent  
r e su l t s  is desired. 

Graphical method f o r  solving l i nea r  and homogeneous l inear  equations 

The equation (22) t h a t  is t o  be solved, is of t he  form 

which, put t ing z = ~ e ~ ~ ~ ,  gives the  charac te r i s t i c  equation 

Sought a r e  the  r e a l  numbers or,  complex x, solut ions  of t h i s  equation. 
Consider, therefore,  the  complex plane 0, X, Y, ( f ig .  33). To every 
point m of  t he .p r e f i x  x the  preceding equation makes correspond a 
point d ' with pre f ix  f (x).  This point M is e a s i l y  obtained from 
point m by simple graphical operations with ru l e  and dividers. 
Point m corresponds t o  a root  x vhen M reaches 0. Then consider 
a point m '  near m t o  which corresponds a point M '  near M, and 
which gives by def in i t ion  

a 
= f ' (x)  

However, the  value of f '(x) is not dependent on t h e  posi t ion o f  ml ;  + 
but so l e ly  on t h s o f  m. Therefore, i f  two vectors Pml and PMtl 
equipollent  t o  mml* and MM' a r e  involved, the  t r i ang l e  Pm"Mtt 
remains s imi la r  regardless of the posit ion of point m '  near m. Con- 
sequently, i n  the  only condition where the p re f ix  x of m is no t  one 
of the  roots of  the  equation f ' ( x )  = 0 (which would be an exceptional 
case s ince  it i s  impossible t o  have more than three  points i n  t he  e n t i r e  
plane s a t i s fy ing  f ' (x)  ) a point m '  near m is, as  a rule ,  e a s i l y  
found, s o  t h a t  i t s  trarrsformed M' i s  c loser  t o  0 than point M. 
After  a suf f ic ien t  number of operations, the  point M can be gradually 
brought as  near t o  point 0 as desired. This i s  the  principle of  a 
graphical  solut ion of algebraic equations by successive approximations. 
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It should be noted i n  passing t h a t  the  remark contains impl ic i t ly  t he  
rigorous proof of dtAleqbert 's theorem which s t a t e s  t h a t  any a lgebraic  
equation with r e a l  o r  imaginary coefficients has always a t  l e a s t  one 
r e a l  o r  imaginary root .  I n  many cases t he  foregoing operations can be 
made t o  converge very quickly. The method consis ts  i n  taking as  point  m 
the  second point m l  so  t h a t  

Md MMT 
7 - f '(x) = - +- 4 

mm' 

M and M '  being constructed on the  l i ne  of m and m ' ,  only m' 
being chosen near m on the  radius OM. The graphical  method of 

3 
defining the  point m l  by u t i l i z i n g  the  r a t i o  is much more simple 

mm' 
than t ry ing  t o  determine m l  d i r e c t l y  from the  der ivat ive  f t ( x ) .  
After  obtaining m l  deduce M 1 ,  then begin again with torque mlM1, 

tine operations t o  be made on torque mM. The r e s u l t  is a torque m2M2. 

As a rule ,  the  successive points M, M1, M2, . . . come c loser  and 
c loser  t o  0 and t he  points m, m l ,  m2, . . . tend t o  a l imi t ing  point 

whose p r e f ix  X + iu, is the root  of the  equation f (xf = 0.  The 
function 

X z = e s i n  wt 

i s  then the  corresponding solut ion of the  d i f f e r e n t i a l  equation t h a t  
was t o  be solved. 

I -  

The unusual feature  of t h i s  method, whose pr inciple  i s  apparent 
from Newton's method f o r  f inding r e a l  roots of algebraic equations i s  
the  small  number of operations necessary t o  obtain convergence a s  soon 
a s  a roo t  i s  approached. This graphical method i s  absolutely general 
and can be applied t o  algebraic equations of any degree. 

After  t h i s  digression the study of the  three  curves i n  f igure  32 
i s  resumed. 

The comparison of the  experimental curve E with Kantrowitz 's , 

t heo re t i c a l  curve K has shown t h l t  the maximum of the  l a t t e r  curve 
is not c l e a r l y  enough indicated. Curve K i s  much too f l a t  and drops 
too slowly when the ve loc i ty  increases. Spec i f ica l ly  curve K gives 
s l i g h t l y  too small divergences near the maxiaum and by way of contras t ,  
de f in i t e ly  too great  divergences a t  high ve loc i t i es ,  as the  author 
himself admits. 1 
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The comparison of the  experimental curve E with curve C given 
by the  present theory indicates  t h a t  the  l a t t e r  gives value sens ib ly  
too great ,  but  t h a t  the general shape of the curve C (existence of 
the  same inversion ve loc i ty  u, acuteness of the  maximum, r a p i d i t y  of 
decrease a t  increas ing veloci ty)  approaches curve E ' more c lose ly  
than t he  f l a t  shape of curve K. The correspondence between curve C 
and curve E is almost a simple expans ion of the ordinates i n  a r a t i o  
approaching 1 as  the  ve loc i ty  increases. So i n  s p i t e  of the  s i m i l a r i t y  
of forms between E and C there  s t i l l  is a ce r t a in  discrepancy 
between the  experimental and t heo re t i c a l  r e su l t s  of the  present theory. 
It i s  the  f i r s t  discrepancy of t h i s  kind t ha t  has been found. A care fu l  
examination t o  see  whether t h i s  can be explained within t he  framework 
of the  present theory, w a s  therefore indicated. 

It seems preferable t o  have the t heo re t i c a l  discrepancies on t he  
high s ide  ra ther  than the low (as i n  the  case of curve K i n  t he  
neighborhood of the  maximum). The divergence of t he  osc i l l a t ions  
corresponds, i n  f ac t ,  t o  a storage of mechanical energy i n  the  cas te r ing  
wheel and t he  a i m  of the  theory of shimmy i s  p rec i se ly  t o  discover t he  
source and the  laws of t h i s  energy. Shimmy is accompanied by various 
energy d i ss ipa t ing  phenomena for  which the  theory makes no allowance, 
such as  f r i c t i o n  i n  the  cas te r ing  axis,  the  s l i g h t  slippage of the  t i r e  
close t o  the  periphery of the  contact surface and pa r t i cu l a r l y  o f  t he  
t a i l  point, the  react ive  e f f ec t s  a t  the  ins ide  of the  t i r e ,  e tc .  The 
l a s t  cause is f a r  from being negligible:  according t o  the  general 
scheme of o sc i l l a t o ry  motions shimmy i s  accompanied by a periodic and 
continuous transformation of k ine t ic  energy of the  wheel i n to  po t en t i a l  
s t r e s s  energy of the  t i r e  and vice versa. It is known t h a t  a s t ressed  
t i r e  recovers only par t  of the  %tress  energy. Drop t e s t s  on tire indi-  
cate,  f o r  example, the  height of rebound is always from 15 t o  30 percknt 
l e s s  than t he  height of drop, the loss  being due la rge ly  t o  the  reac t ion  
e f f ec t s  ins ide  the  t i r e .  It is therefore t o  be expected t h a t  i n  a 
correct  theory of shimmy the values of divergence a r e  always g rea te r  
than t he  experimentally observed values. S t i l l ,  t h i s  explanation 
hardly j u s t i f i e s  a difference exceeding 10 t o  20 percent. The difference 
between the  maximum point of the  theore t ica l  curve C and the  experi- 
mental point  amounts t o  8 = 40 percent. There must be some other  

20 
cause f o r  explaining such a marked discrepancy. There is only one 
poss ib i l i ty ,  namely, the  numerical values used fo r  T, D, S, R,, and G 
are  probably not r igorously exact. Unfortunately these factors  had 
been defined ind i rec t ly  from Kantrowitz 's factors  K, C1, and C2, hence 
there i s  a p o s s i b i l i t y  t h a t  some of the  defined factors ,  T, D, S, R, 
and E were only approximate. 

This matter w i l l  be discussed i n  a l i t t l e  greater  de ta i l :  For- 
mulas (28) ,  (29), and (30) were taken as  a s t a r t i n g  point. Formula (29) 
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resu l ted  i n  

which made it possible t o  compute E = 2.4. 

Obviously, t h i s  value fo r  E is only approximate, and f o r  two 
reasons: f i r s t ,  it was assumed t h a t  

although the  second of these values i s  c e r t a in ly  greater  than t he  f i r s t .  
On the  other  hand, formula (29) makes no allowance f o r  inc l ina t ion  of 
cas ter .  Rigorously wr i t t en  it should have been 

with A = TF and 8 = DF, t ha t  is 

the  parameter p being defined l a t e r .  However, T was computed by 
formula (29) from the  derived value fo r  E ,  which i s  the  reason t h a t  
the  value obtained fo r  t h i s  parameter cannot be e n t i r e l y  rigorous. 
Then R was computed by formula (28). This formula, u t i l i z i n g  t h e  
length of kinematic shimmy, seems t o  be rigorous. Unfortunately, it 
contains E and T which l i m i t s  the  acc,uracy t o  be expected from R. 
Lastly, D was computed by formula (30) and S by the  r e l a t i on  SE = D. 
Our formula (30) i s  simply Kantrowitz 's formula (7), which is equivalent 
t o  assuming t ha t  d r i f t  i s  instantaneous. And t h i s  assumption i s ,  as 
a l ready shown in  sect ion 111-B, only a simplifying assumption f requent ly  
permitted, but which, i n  t h i s  instance, is l i k e l y  t o  t a i n t  the calcula-  
t i o n  of C2 with an error .  

A rigorous determination of the  equation of the curve s tudied by 
Kantrowitz i n  f igure  28 w i l l  now be attempted. This curve was used t o  
determine t he  coeff ic ient  C2. 
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Let y represent the  distance of t h e  center M of the  contact  
t r ead  with respect  t o  the undeflected plane of the  wheel. With our  
usual notations ( f ig .  34) L . 

So the  f i n a l  equation a f t e r  el iminating b4, a , and F from the  pre- 
ceding equations reads 

1 d 2 y  1 d ~ + r ~ = ~  -- + - -  
R dx2 S dx 'I' 

The most geiieral solut ion of t h i s  d i f f e r e n t i a l  equation is of the 
following form 

. 
A and B a r e  two coeff ic ients  depending on the  i n i t i a l  conditions 
and s l  and s2  the two roots of the  equation of the  second degree 

Therefore, the  equation of curve L, which represents the path of t he  
center M of the  contact t read ( f ig .  34) i s  

and not 
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a s  assumed by the  American au thor  without adequate reason.  As a con- 
sequence t h e  parameter D computed by wrongfully .assuming t h a t  it i s  
t he  equat ion  of curve L, may very  w e l l  be t a i n t e d  with an  apprec i ab le  
e r r o r ,  which.by i t s e l f  might be s u f f i c i e n t  t o  exp la in  t h e  d iscrepancy  
between curve E and C i n  f i g u r e  32. 

V.  EFFECT OF RESTORING TORQUE 
( I n c l i n e t  ion  of Cas t e r i n g  Axis ) 

EFFECT OF FLUID AND SOLID FRICTION 
( ~ a m ~ i n g  of shimmy) 

A. E f f e c t  of  Res tor ing  Torque 

I n  the  foregoing it has been assumed t h a t  t h e  c a s t e r i n g  a x i s  was 
v e r t i c a l .  The next  l o g i c a l  ques t ion  is: what i s  t h e  e f f e c t  of a n  
i n c l i n a t i o n  of  t h e  c a s t e r i n g  a x i s  on t h e  s t a b i l i t y  of t he  v i b r a t i o n s ?  
It is r e a d i l y  seen  t h a t ,  provided it i s  no t  t o o  g r e a t ,  such an i n c l i n a -  
t i o n  should be equiva len t  t o  t he  ex is tence  of  a  r e s t o r i n g  torque propor- 
t i o n a l  t o  t h e  angle 6, t h i s  to rque  be ing  moreover, nega t ive  i n  t h e  
sense o f  f i g u r e  25,  t h a t  is tending  t o  move t h e  wheel from i t s  mean 
p o s i t i o n  6 = 0. 

Now t h e  gene ra l  problem of t h e  e f f e c t  of  a r e s t o r i n g  torque 2, = 06 
w i l l  be analyzed. To express  t h e  problem i n  equat ion  form, t h e  same 
l i n e  of  reasoning used f o r  t h e  system of  fou r  equat ions (16) ,  (17), (18), 
and (19) is followed. It is apparent  t h a t ,  i n  t hese  condi t ions ,  equa- 
t i o n s  (16), (17),  and (19) a r e  not  changed by t h e  ex i s t ence  of a  
r e s t o r i n g  torque.  Equation (18) can be rep laced  by 

z  s i n c e  8 = -. To t h e  moments - ~ ( a  + E )  and -M produced by t h e  a  - 
r e a c t i o n s  of t h e  ground on t h e  contac t  t r ead ,  must be added the  moment 
-06 of  t he  r e s t o r i n g  torque,  p being p o s i t i v e  when a  t r u e  r e s t o r i n g  
torque i s  involved and negat ive when a torque of oppos i te  e f f e c t  i s  
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involved (as fo r  example i n  the  case of a disposi t ion of the  ca s t e r  as 
i l l u s t r a t e d  i n  f ig .  25). 

The r e s u l t  is the  equation system 

The values of F and M of equations (17) and (19) entered i n  equa- 
t ions  (16) and (18a) give the  two equations 

. .  i 

The values of z from equation (20) posted i n  equation (2la)  give t h e  
d i f f e r e n t i a l  equation 

TSa aT 

It is e a s i l y  seen t h a t  the second remark made below equation (22) is 
s t i l l  applicable here. Therefore, t o  obtain the  d i f f e r e n t i a l  equation 
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of motion of  the  wheel y j.s simply replaced by z i n  the  preceding 
equation. The r e s u l t  is, then, a l i n e a r  d i f f e r e n t i a l  equation o f  t h e  
four th  order of t h e  form 

aOzm + alzlI1 + agzI1 + a3z1 + aqz = o 

In  connection with equation (22) it was shown t h a t  Routhfs condit ions 
f o r  stable o s c i l l a t i o n  a r e  a s  follows 

Applied t o  equation (33) t h e  f i r s t  of these condit ions gives, a f t e r  
reductions 

IE - T E +->-  
a sRav2 R V ~  

or ,  i f  t h e  fundamental r e l a t i o n  SE = D is taken i n t o  account 

v 2 > a D - T  
IRD 

The second of t h e  preceding equations gives, a f t e r  reductions 
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t h a t  is i f  the fundamental re la t ionship is taken into  consideration 

To complete the discussion of these s t a b i l i t y  conditions, two cases are  
distinguished according tb the  s ign of the  fac tor  p. 

(a)  When a t rue  res tor ing torque is , involved, t ha t  i s  when p > 0, 
the discussion presented following equations (23) and (23a) appl ies  
here also.  Consider the  veloci ty  u defined by the equal i ty  

I Q 

2 PT IRu = a + - 
a + €  

F i r s t  case: aD > T. The condition (34a) is proved when v > u. 

Second case: aD .< T. The condition (34a) i s  proved when v < u. 

It is plain  t ha t  i n  e i t he r  case, when equation (34a) is proved 
equation (34) is a l so  confirmed. Therefore, the  conditions of s t a b i l i t y  
of o sc i l l a t i on  a re  

F i r s t  case: aD > 1' with v > u 

Second case: aD < T with v < u 

The problem therefore is l ike  t h a t  discussed following equation (22) 
- and it is c lear  t ha t  the  e f f ec t  of a t rue res tor ing torque on the s t a -  

' b i l i t y  - conditions is simply an increase i n  the inversion veloci ty  u. 
?' m 

(b) When a negative torque i s  involved, t h a t  is when p is  nega- 
t ive ,  which is '  reached at an inclination of the caster  as  shown i n  
figure 25, it can no longer be asserted t h a t  the confirmation of equa- 
t i o n  (34a) automatically en t a i l s  the confirmation of equation (34). 

3 

It i s  se'en tha t ,  if  aD < T t h i s  condition (34) is always proved, 
but i f  a D  > T, the condition (34) is proved only when v > w, w 
denoting the velocity defined by the equali ty 

The s t a b i l i t y  conditions of the osc i l l a t ion  .are therefore 
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F i r s t  case: aD > T with v > u and simultaneously v > w 

Second case: aD < T with v < u 
1 

On trying t o  compare u and w it is readi ly apparent t h a t  in  

a + €  order t h a t  .u > w it is necessary and suf f ic ien t  t ha t  -p > -. D 
From the previously defined values for  € and D and 'the value of p 
t h a t  w i l l  be computed subsequently (formula 35) it follows tha t ,  except 
for  large inclination of the axis and substant ial  wheel loads, u > w, 
regardless of the caster  length a. 

The discussion i s  &gain similar t o  tha t  relevant t o  equation (22) 
t o  the e f fec t  t h a t  a negative restoring force on the s t a b i l i t y  condi- 
t ions is simply a decrease of the inversion velocity u. 

Let us now refer  t o  figure 30 and compare the experimental curves A 
and B given by Kantrowitz. By extending these curves up t o  t h e i r  
intersect ion point with the velocity axis the corresponding inversion 
veloci t ies  are  ob%ained. Obviously the irivers ion velocity re la t ive  t o  
curve B is substant ial ly  lower than tha t  with respect t o  cufve A. 
But curve B is exact ly . that  which has been obtained for  a 20 degree 
inclination of the caster  axis,  corresponding t o  a negative restor ing 
torque. This experimental check although purely qualitative (because 
the author fa i led  t o  mention t'he load applied t o  the wheel, and which 
is needed fo r  defining the factor  p) is an added proof of the present 
theory. 

The decrease ic u following the inclination of the caster  axis 
is much more evident in  t h i s  example since the experiments re la t ive  t o  
the curve B of .figure 30 had been made with a caster  length (a = 1.73 q) 
greater than tha t  re la t ive  t o  curve A (a = 0.43 m ) .  So without inc l i -  
nation the inversion velocity would have been greater, and it actual ly  
would have resulted i n  

d 

x 

u = = 225 crn/sec 

fo r  curve B, instead of u = 112 cm/sec fo r  curve A. 

Calculation of coefficient p for  an inclination q of the spindle 
axis.  - 

For the case of an inclination of the spindle axis,  the coef- 
f i c i en t  p of the negative restoring torque can be defined i n  terms 
of the load P of the wheel on the ground, the caster  length a ,  and 
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the  angle . Consider f igure  35 which represents a t i r e  touching the 
ground a t  M and assume tha t  AP is the spindle ax i s .  When the  wheel 
turns  about AP it can be assumed f o r  f i r s t  approximation t h a t  M 
describes a c i r c l e  centered on AP, t h a t  is a c i r c l e ,  of center  H. 
Axis AP is assumed t o  be s t a t i ona ry  while the  wheel turns  through a 
small  angle 8 around t h i s  ax i s .  Now it is read i ly  been t h a t  t h e  
point  M is ra i sed  up t o  a height  

- 02 82 h = MH - s i n  cp = a - s i n  cp cos cp 
2 2 

The work performed by the  force P is  therefore  

Ph = Pa s i n  p cos p 
2 

with Cr = p8 representing t he  negative res to r ing  torque it is evident  

t h a t  the  foregoing work is equal t o  t h a t  performed by the  torque Cr, 
t h a t  is 

Comparison of t h i s  expression with the  preceding one, gives the  sought 
f o r  expression of the  coef f i c ien t  p 

p = -Pa s i n  p cos p 

So, i f  the  American author had not forgotten t o  give us the  pres- 
sure  P of the  wheel on the ground, we would have been able t o  use  h i s  
experimental r e s u l t s  f o r  a numerical check of the present  theory. In  
the absence of these data the foregoing considerations can, however, 
s t i l l  be u t i l i z e d  f o r  a numerical ca lcula t ion by adopting an inverse 
method of looking f o r  the  evaluation of P from an examination o f  the 
curve B. 

Frpm an examination of t he  curve B i n  f igure  30 it is found t h a t  
the inversion veloci ty  u i s  reduced t o  a value approaching zero, by 
the inc l ina t ion  of the  spindle axis .  Hence we assume u = 0 It was 
seen t h a t  
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hence 

consequently 

a +  E P = - - 1.73 + 2.4 
= 153 x lo5 dynes 

sin q q 84 x x 0.342 x 0.94 

t h a t  is 

P # 15.3 kg weight 

So, f o r  the  f i r s t  s e r i e s  of experiments ( f ig .  30, curves A and A ' )  
we get  

and f o r  the  second (curves B and B ' )  

p = -lo7 X 1.73 X 0.342 X 0.94 # - 55 X lo5 C.G.S. 

Comparative study of the  curves of f igure  30. 

Curve B presents a s l i g h t  deviation with respect  t o  curve A. 
It i s  l og i ca l  t o  hunt f o r  an explanation fo r  t h i s  d i f fe ren t  shape with 
the  a i d  of the  present theory. To s t a r t  from the  complete theory, 
t h a t  is from equation (33) would involve considerable paper work. 
Recourse is thereforq had t o  the  simplif ied theory which obviously 
iroduces the  equation 

-- + - -  + - + - -  a + ~  GP I d 3 y  1 c d 2 y  a t e  P ~ Y +  + - y = O  
Sav dt3 Ta dt2 TSv Sav d t  TSa aT 

obtained from equatiori (33) by disregarding a l l  the  terms having R 
i n  the  denominator. The same method t h a t  produced equation (11) gives, 
therefore,  when s t a r t i n g  from equation (35), the  system 
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The second of these equations gives 

which, subs t i tu ted  i n  t h e  first equation, gives 

t h a t  i s  a f t e r  t rans  format ions 

Compared t o  equation (12) t h i s  equation d i f f e r s  only by t he  presence 
of coef f ic ien t  P i n  t he  constant term. It is seen t h a t  f o r  a r e a l  
value of X there always a re  r e a l  values of v, provided only t h a t  the 
determinant i s  posit ive,  t ha t  is t h a t  

The maximum value X, is then 

So, f o r  t h e  curve A (a  = 0.43 cm, P = -3.5 X 105 C.G.S. system) 
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and f o r  the  curve B (a = 1.73, P = -55 X 105 C.G.S. system) 

)Lm = 21.38 

Thus we obtain two p rac t i c a l l y  equal values, which is i n  good agreement 
with t h e  shape of curves A and B. 

We s h a l l  now tu rn  t o  t he  calcula t ion of t he  corresponding veloc- 
i t i e s  Vm. Since t h e  discriminant of equation (37) is zero i n  t h i s  
case, 

which gives 

vm = 255 cm/sec = 8.4 f t / sec  f o r  curve A 

These values a r e  almost i den t i ca l  with the experimental values i n  
f igure  30. But above a11 t h i s  calcula t ion has proved t h a t  the  present 
theory allows fo r  t he  deviation of curve B r e l a t i v e  t o  curve A, 
which consis ts  e s sen t i a l l y  of a displacement of the  maximum and the  
adjacent par t s  toward the higher values of the  velocity. 

Equation (36) enables t he  values of the  angular frequency w 
corresponding t o  the  maximum Xm t o  he computed and consequently a l s o  

the  values of t h e  frequency n = - CU Thus 
2n' 

n = 10.5 cycles/sec f o r  curve A '  

n = 12.4 cycles/sec f o r  curve B f  

These values very c losely  approximate those of the  experimental curves A '  
and Bt of f igure  30. It should be remembered above everything e l s e  
t h a t  t he  present theory j u s t i f i e s  a higher frequency a t  corresponding 
ve loc i t i es  f o r  curve B t  which is p la in ly  indicated by curves A t  and 
B'. 

The considerations a re  completed by t he  calcula t ion of t he  l i m i t  
of the  frequency N when the  ve loc i ty  increases in f in i t e ly .  Concerning 
equation (33), it is read i ly  apparent tha t ,  when v increases i n f i n i t e ly ,  
the  major i ty  of its terms approach zero, so  t ha t  a t  the  l i m i t  t h i s  
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equation is reduced t o  

I. d2; + (a + . + - y = o  €P) 

Ta d t  TSa aT 

This equation represents a s inusoidal  function of t h e  frequency cu 
hence 

cu Since N = - 
2 fi 

N = 17 cycles/sec f o r  curve A '  

N = 18.3 cycles/sec fo r  curve B 1  

These f igures  a r e  i n  perfect  agreement with the  experimental. curves A '  
and B 1 .  

In  conclusion it should be borne i n  mind t h a t  the  inc l ina t ion  of 
the  spindle axis,  t h a t  i s  the  angle of play, has only a small e f f e c t  
on the  s t a b i l i t y  of the  osc i l l a t ions .  Therefore t h i s  angle might jus t  
as wel l  be .determined from other considerations such as s t ruc tu r a l ,  
geometrical, o r  operational  charac te r i s t i cs .  

B. Effect  of Viscous Fr ic t ion  

Viscous f r i c t i o n  i s  ca l led a res is tance proportional  t o  the  veloc- 
i t y  of motion. Now suppose t h a t  the  cas ter ing of the  wheel is braked 

de 
by a torque equal t o  f = =, t h a t  is 

1 - 
w * 

'. 

The same l i n e  of reasoning employed i n  t he  foregoing fo r  t r e a t i n g  
the  case of res to r ing  torque w i l l  produce the  system 
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The values of F and M from equations (17) and (19) entered i n  
equations (16) and (18)-yield t he  two equations 

The values of z from equation (20) entered i n  equation (21b) give 
the  d i f f e r e n t i a l  equation 

y =  0 
TSV d t  TSa 

It is read i ly  seen t ha t  t he  second remark made following equa- 
t i o n  (22) is applicable here too. To obtain the  d i f f e r e n t i a l  equation 
of motion of the wheel, simply replace y by z i n  t he  preceding 
equation; The r e s u l t  i s  a l i nea r  d i f f e r e n t i a l  equation of the  4th  order 
of the  form 
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In  connection with equation (22), it was seen t h a t  Routhts condi- 
t ions  f o r  such a s t ab l e  o sc i l l a t i on  a re  

The d i r ec t  study of these equations being too laborious, w i l l  be 
abandoned i n  favor of the  simplif ied theory. It is evident t h a t  t h i s  
theory produces t he  equation 

obtained by disregarding a l l  terms having R i n  t he  denominator of 
equation (39). 

Incidentally,  t h i s  is the  same equation obtained by disregarding 
a l l  the  terms of higher degree i n  l/v, i n  equation (39), t h a t  is the  
terms with l/v2. 

The.motion defined by the  simplif ied theory can, therefore,  s t i l l  
be regarded as  t he  asymptotic l i m i t  of motion defined by t he  general 
equation when t he  ve loc i ty  increases indef ini te ly .  This remark applies 
a l so  t o  equation (35) obtained i n  the  theory of the  res to r ing  torque 
from equation (33), and t o  equation (6) with respect  t o  equation (22). 

Equation (40) is of the  form 

and a l l  i ts coeff ic ients  are,  of necessity, posit ive.  The unique con- 
d i t i on  of Routhts s t a b i l i t y  is then 

t h a t  is, by taking the  fundamental re la t ionship  SE = D i n to  account, 
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which can a l s o  be wr i t t en  

In  r e l a t i on  t o  the  ve loc i ty  v the  l e f t  hand s ide  represents a 
t r inomial  of the  2nd order admitting of two r e a l  roots  of the  same sign,  
v1 and v2, o r  e l s e  imaginary. Thus the  condition of s t a b i l i t y  i s  
rea l i zed  i n  the  following two cases: 

(1) If the  discriminant A of the  tr inomial  (41) i s  negative 

(2) If the  discriminant A is posi t ive  and i f ,  i n  addit ion,  
v < v1 o r  v2 < v 

This argument assumes t h a t  v can take any algebraic value. But v 
is necessar i ly  posit ive,  which a l so  r e s t r i c t s  the  scope of the  con- 
clusions, as w i l l  be seen. The discriminant A is wr i t t en  

With respect  t o  f2, A is a tr inomial  of the  second degree having 
two pos i t ive  roots 

Before proceeding t o  the  discussion, three preliminary remarks a r e  noted: 

(1) I f  aD > T, the  l e f t  s i de  of the  inequal i ty  (41) is a sum of 
pos i t ive  terms and the  s t a b i l i t y  condition i s  confirmed. 
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(2) If IVf2 + ~ ( a  + c ) ( a ~  - T )  > 0, t h a t  i s  i f  f  > cp by 
subst i tu t ing.  

the  s t a b i l i t y  condition is proved again f o r  the  same reason. 

(3) When a D  < T, then f l  < cp < f2. 

The second of t h i s  double inequal i ty  i s  evident. A s  t o  t he  f i r s t ,  
it is su f f i c i en t  t o  show t h a t  

t h a t  i s  

o r  e l s e  

which is t rue  by assumption. 

So,, i f  aD < T and fl < f the  o sc i l l a t i on  i s  always s t ab l e  
whatever the  ve loc i ty  may be, because 

(a )  e i t h e r  f l  < f < f2  and A < 0  

(b) o r  f > cp 

When f  < fl, then A > 0  and the o sc i l l a t i on  is s t ab l e  only when 

v < vl, o r  v2 < v. 

To sum up: s t a b i l i t y  ex i s t s  no matter what t he  veloci ty  may be 

(2) i f  a D  < T and f > f l  

But, when aD < T and f < fl, the  osc i l l a t ions  a r e  unstable f o r  any 

ve loc i t i es  between v l  and v2. 
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According t o  these conclusions when a  t i r e  shimmies, the phenomenon 
is, a s  a ru le ,  observed only i n  a  ce r ta in  speed range (vl, v2), which 
can becomE quite extended. 

To overcome shimmy, i f  aD is not >T, it i s  s u f f i c i e n t  t o  use a 
hydraulic damper having a coef f ic ien t  of viscous f r i c t i o n  f greater  
than t he  coef f ic ien t  of f r i c t i o n  fl defined by equation (42). This 
so lu t ion  has been frequently used, especia l ly  by t he  Americans. 
Unfortunately, t h i s  solut ion is not without drawbacks, because it is 
not simple, it increases the  cost ,  requires a ce r t a in  amount of main- 
tenance, and increases the  weight of the  vehicle, which is pa r t i cu l a r l y  
annoying when an a i rplane i s  involved. The best  so lu t ion  is very 
l i k e l y  the simple rea l iza t ion  of the  r e l a t i on  aD > T. 

The coef f ic ien t  of minimum viscous f r i c t i o n  t o  overcome shimmy i s  
therefore  f l .  For a  value of f s l i g h t l y  below f l ,  shimmy s t i l l  
ex i s t s  f o r  ve loc i t i es  near t o  vo given by the  equation 

.. obtained by subs t i tu t ing  f = f l  i n  equation (41). This ve loc i ty  vo 
can therefore be regarded as  the  most dangerous ve loc i ty  fo r  shimmy. 
With respect  t o  the  veloci ty  vm defined by equation (12a), t h a t  i s  
r e l a t i v e  t o  the  maximum inversion veloci ty  i n  the  absence of the  damper, 
we get  therefore 

It follows, as  is read i ly  seen, t ha t ,  as  a  r u l e  
, 

C. Effect  of Solid Fr ic t ion  

Sol id  f r i c t i o n  or,  as it is a l so  called,  constant f r i c t i on ,  is a 
constant res is tance independent of the  speed of motion. Suppose t ha t  
the, cas ter ing of t he  wheel i s  braked by a  constant torque C. The case 
of so l i d  f r i c t i on ' i s  more d i f f i c u l t  t o  t r e a t  ana ly t ica l ly  than t h a t  of 
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viscous f r i c t i on ,  but  i f  it is only a question of defining t he  torque 
of s o l i d  f r i c t i o n  C su f f i o i en t  t o  prevent shimmy, the  following 
expedient can he resor ted to:  the  s o l i d  o r  the  viscous f r i c t i o n  damper, 
both a c t  through the  diss ipat ion of energy transmitted t o  the  wheel by 
t he  reactions of the  ground. It therefore seems log ica l  t o  assume t h a t  
t he  s o l i d  f r i c t i o n  damper w i l l  be su f f i c i en t  t o  el iminate shimmy when 
it absorbs a t  each o sc i l l a t i on  the  same amount of energy as the  viscous 
f r i c t i o n  damper, t h a t  is with f l  (formula (42)) f o r  coef f ic ien t  of 
viscous f r i c t i on .  

The energy diss ipated during a quar ter  cycle of amplitude 8, by 
s o l i d  f r i c t i o n  damper is  W = - CBm. On the  other  hand, the  energy dis-  
s ipated by a viscous f r i c t i o n  damper under t he  same conditions is 

When t h i s  damper is exact ly  able  t o  make t h i s  o sc i l l a t i on  represent 
the  boundary between s t a b i l i t y  and i n s t ab i l i t y ,  a s inusoidal  o s c i l l a t i o n  

8 = Om s i n  cut and f = f l  

is produced. 

The preceding i n t eg ra l  gives 

Equating the  two values of W produces 

In  t h i s  formula a l l  parameters, save the  angular frequency w, a r e  
known. It was shown t h a t  w is an increasing function with the  veloc- 
i t y  but  varying l i t t l e  with t h i s  velocity.  So, when v increases 
i nde f in i t e ly  the  l imi t ing  value of cu should be taken. This value is, 
a s  seen, 
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and formula (45) becomes thus 

Hence the  expression of the  s o l i d  f r i c t i o n  torque i s  su f f i c i en t  and 
even a l i t t l e  more than su f f i c i en t  t o  s t i f l e  shimmy. This torque i s  
proportional  t o  the  maximum amplitude 8, while the  viscous f r i c t i o n  
coeff ic ient  f l  necessary t o  achieve the  same purpose is independent 
of 8,; This remark is extremely important, because it explains the  
f a c t  pointed out frequently t ha t ,  when so l i d  f r i c t i o n  i s  involved, 
shimmy i s  not produced i n  general i n  the  absence of an i n i t i a l  d i s -  
placement of su f f i c i en t  amplitude. I n  other words, when so l i d  f r i c t i o n  
is involved - and there  always is more o r  l e s s  f r i c t i o n  i n  the  spindle 
axis,  even i n  the  absence of a spec ia l  damper - shimmy, i n  order t o  be 
produced, has t o  be i n i t i a t e d  o r  stimulated. 

To avoid such i n i t i a t i o n  a t  landing, it might be useful  t o  employ 
a wheel cas ter ing mechanism t o  keep t he  angle small a t  the  moment of 
contact with the  ground. So i n  formula (46) fo r  the p r ac t i c a l  calcu- 

' l a t i o n  of torque - C, one should use f o r  8, t he  maximum amplitude 
l i k e l y  t o  be accidently produced. The determination of t h i s  angle em 
ra i s e s  some d i f f i cu l t i e s .  It has already been proposed t o  take f o r  Om 
the  angle q t  which the  skidding of the  t i r e  on the  ground occurs. This 
is j u s t i f i ed  if one assumes t h a t  f o r  the greater  angles su f f i c i en t  
braking act ion is assured by t he  skidding of the  t i r e  on the  ground. 
Under these conditions formula (46) can be given a d i f f e r en t  form. 

Consider a s inusoidal  o sc i l l a t i on  

8 = 8, s i n  cut  

and assume, as  i n  the  approximate theory, t h a t  the  o sc i l l a t i on  of the  
wheel is la rge ly  due t o  t he  l a t e r a l  force F exerted a t  a distance E 
behind t he  point of contact. I n  t h i s  case 

z = aem s i n  cut 

I d2z - - = -F (a  + E ) hence F (a + 6 ) = l e m d s i n  cut  
a d t2  
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Fm being t he  l a t e r a l  force which produces the  skidding. On assuming 
t h a t  is s t i l l  approximately equal t o  

formula (46) becomes 

The l imi ta t ion  of the  amplitude of shimmy a s  a r e s u l t  of the  skidding 
of the  t i r e  when the  l a t e r a l  force F reaches the  l i m i t  of adhesion Fm, 
explains in  pa r t i cu l a r  why the t e r r a i n  most favorable t o  intense shimmy 
i s  inacadam and dry and rough concrete, and why on the  other hand, gravel  
and l i g h t  s o i l  have a cer ta in  damping e f f ec t  on the  osc i l l a t ions  of 
shimmy and thus l im i t  the  amplitude. It a l so  explains why the  load is 
a fac tor  having considerable e f f ec t  on the  i n t ens i t y  of shimmy. A l l  
these f ac t s  have been checked many times on automobile wheels a s  w i l l  
be shown l a t e r .  

Many designers have adopted the  s o l i d  f r i c t i o n  damper a s  a means 
t o  s top shimmy. This solut ion has the  advantage of being simpler and 
cheaper than the  hydraulic damper, but it has the  drawback of "s t i f fening"  
the  cas ter ing of t he  wheel and so  making it harder t o  maneuver t h e  air- 
plane on the  ground. This drawback makes t h i s  solut ion t o  the  problem 
extremely annoying i n  the  case of airplanes of large weight, and prac- 
t i c a l l y  l i m i t s  i t s  use t o  l i gh t  a i r c r a f t .  Furthermore, it is very 
d i f f i c u l t  t o  ensure a well  defined and per fec t ly  constant value f o r  
so l i d  f r i c t i on .  There always i s  the  r i s k  of too much o r  not enough 
t ightness.  A l l  these drawbacks show t h a t  so l i d  f r i c t i o n  i s  not t he  
idea l  remedy against  shimmy. 

Tests made during the  war i n  Germany by the  Motor In s t i t u t e ,  a 
branch of the  I n s t i t u t e  of Technology at  S tu t tgar t ,  and by the  
Consolidated Vultee Ai rc ra f t  Corporation i n  the  U. S. A.  (see Aero 
Digest of March 15, 1944, pp. 134 t o  137; Conquest of Nose Wheel Shimmy 
by C .  B. Livers and J. B. Hurt) have shown t h a t  nose wheel shimmy of 
the t r i cyc l e  landing gear could be eliminated by the  use of two wheels 
s ide  by s ide  on one axle.  This remedy is s imilar  t o  the  preceding one, 
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because the  two wheels a r e  clamped on the  same axle with the  p o s s i b i l i t y  
of d i f f e r e n t i a l  ro ta t ion.  The cas ter ing of the  un i t  is, of necessi ty,  
accompanied by a ce r t a in  skidding of the  wheels on the  ground, skidding 
equivaleht t o  a s o l i d  f r i c t i on .  This solut ion presentg the  same draw- 
backs as the  foregoing, it makes handling on the  ground d i f f i c u l t ,  
e spec ia l ly  when a heavy a i rplane is involved. 

Considerations of ~ r a c t i c a l  hvdraulic d m e r s .  

I n  the  aforementioned study of viscous f r i c t i o n  it had been 
assumed t h a t  the  res is tance w a s  r igorously proportional  t o  the  r a t e  
of motion. I n  pract ice  t h i s  l a w  of Camping is never rea l ized  f o r  
a c tua l  hydraulic dampers, because the  t r ue  law of res i s tance  i n  terms 
of ve loc i ty  i s  t he  r e su l t an t  of three  effects :  

(1) An e f f ec t  of the  v i scos i ty  of the  l iqu id  corresponding some- 
what t o  a res is tance proportional t o  the  velocity. 

(2) A k ine t ic  e f f e c t  o r  so-called hydraulic f r i c t i o n  o r  turbulence, 
corresponding t o  a res is tance proportional t o  the  square of the  velocity.  
This is a res is tance of purely kinet ic  o r ig in  t h a t  is produced i n  every 
device forcing a l i qu id  through a narrow o r i f i c e ,  even i f  a l iqu id  
without appreciable viscos i t y  is involved. 

(3) A valve e f fec t ,  t he  preceding o r i f i c e s  being often duplicates 
of spr ing valves t h a t  remain closed a s  long as the  pressure remains, 
below a cer ta in  value, depending on the  force of the  spring. On opening 
they increase t he  a rea  of t h e  passage and prevent t he  torque from 
increasing with the  square of the  speed. A l l  s o r t s  of dampers with 
varied charac te r i s t i cs  a r e  obtained by appropriate control  of t he  two 
compensating e f fec t s .  

A s  a rule ,  a damper is characterized by the  curve representing 
the  res is tance it of fe rs  t o  motion i n  terms of the r a t e  of the  motion. 
The ordinary dampers have generally charac te r i s t i c  curves s imi la r  t o  
t h a t  shown i n  f igure  36. The dashed l ines  represent the  charac te r i s t i c  
curve of a so l i d  f r i c t i o n  damper and the t heo re t i c a l  curves of pure 
viscous and pure hydraulic f r i c t i on .  The v i scos i ty  of a l iqu id  decreases 
when the  temperature increases, so t h a t  t he  typ ica l  curve of an a c t u a l  
damper is always deformed through diminution of a l l  its ordinates.  
With such a graphical  representation it can be immediately determined 
whether o r  not shimmy disappears i f  one assumes that two dampers a r e  
equivalent from the  point  of view of o sc i l l a t i on  s t a b i l i t y  when they  
absorb t he  same amount of energy during one period. In  t h a t  case, the  
viscous damping indicated by the  theory (formula(42)) is simply t rans-  
fe r red  on t o  the charac te r i s t i c  diagram of the  damper which gives a 
s t r a i g h t  l i ne  passing through the  origin.  Considering t he  shape of 
t h e  c%ve given f o r  an ac tua l  damper it is seen that shimmy is l i k e l y  
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t o  occur a t  low angular velocities and hence a t  Low amplitudes. 11 
the curve of the viscous damping required is tangent t o  the damper 
character is t ic  a t  zero velocity, the damper is exactly strong enough 
t o  prevent divergent oscil lations.  I f  the slope i s  less  than t h a t  of 
the damper character is t ic  a t  zero velocity, it i s  more' than suf f ic ien t  
t o  eliminate shimmy. Conversely, i f  the slope is greater, the torque 
a t  low veloci t ies  should be greater than tha t  t ha t  can be given by the 
damper, and shimmy resul ts .  Lastly, i f  curve of the damping necessary 
intersects  the curve of the dmper a t  a comparatively high velocity. 
above which the damper gives a more than ample torque, shimmy amplitude 
is limited t o  tha t  a t  which the energy received by the wheel a t  each 
cycle is equal t o  the energy dissipated by the damper. I f  the curve of 
the resistance is def in i te ly  above the character is t ic  curve of the 
damper, the l a t t e r  is powerless t o  l i m i t  the amplitude of shimmy. A s  
the smallest amplitudes possible are  already negligible, the only solu- 
t i on  is t o  s t i f l e  shimmy completely. On the other hand, the theory of 
shimmy being applicable only t o  low amplitudes, i f  the damping provided 
is insuff ic ient  for  s t i f l i n g  shimmy completely, the amplitude at ta ined 
may be high enough so tha t  the equations a re  no longer applicable, and 
the motion continues then t o  increase i n  intensi ty  instead of remaining 
in  a cer tain s t a t e  of equilibrium. This is the reason why, i n  cer tain 
cases, it was deemed preferable t o  adopt a greater damping than s t r i c t l y  
necessary i n  order t o  assure convergence; any osc i l la tory  ef fec ts  due 
t o  deviations from l inea r i ty  tha t  could occur a re  thus damped out. 

Equation (47) presents an unusual feature. Taking the coefficients 
which we computed for  the Schlippe-Dietrich t i r e ,  tha t  is 

T = 157 X 10-lo (c.G.s. 
system) 

and cmputing by t h i s  equation the variations of the f r ic t ion  coeffi-  
cient C necessary t o  s t i f l e  shimmy for  various caster lengths a, 
the foliowing resu l t s  are obtained: 

a = 0 cm C = 3.14 Fm C.G.S. system a = 5 - C = 2.09 Fm C.G.S. system 
0.5 2-75 6 
1 

1.79 
2.69 7 1.44 

2 2.62 8 1.04 
3 2.5 9 56 
4 2.32 10 0 

The data are represented graphically in figure 37. Although t h i s  curve 

decreases consistently when a varies from 0 t o  = 10, it is seen D 
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tha t  C s t i l l  is comparatively great  f o r  a values of t he  order of 
magnitide of 6 cm, t he  decrease of C being espec ia l ly  rapid when a 
approaches T/D. But s ince  C measures t o  some extent ,  the  eventual 
i n t ens i t y  or.  the danger of  s h h y ,  it follows t h a t  the, usual c a s t e r  
lengths a re  displaced precise ly  i n  the  zone pa r t i cu l a r l y  dangerous fo r  
shimmy. The matter becomes pla iner  i f  one notes t h a t  on ce r t a in  t i r e s  
the  curve C passes through a maximum f o r  a value of a varying 
between 0 -and T/D. I n  f a c t  i f  it i s  assumed t h a t  € = 2 instead 
of E = 4 f o r  t he  precem-re, a f igure  s t i l l  l i k e l y  f o r  a t i r e  of 
t h a t  s i z e ,  equation (47) then permits the  calcula t ion of t he  following 
values : 

a =  Ocm - C = 1.57FmC.G.S. system a = 5 cm C = ~ . ~ ~ F , c . G . s .  system - 

The r e su l t s  are  represented by t he  curve of f igure  38. The curve C 
passes through a maximum near a = 3. This remark can be i l l u s t r a t<d  
by an ana ly t ica l  calculat ion:  computing t he  der ivat ive  of - C from 
equation (47) gives 

when a i s  i n f i n i t e l y  s m a l l  the  foregoing quanti ty assumes a negative 
i n f i n i t e  value which makes it possible t o  define t he  shape of t h e  

curve - C f o r  very s m a l l  values of a. When > 36, the  bracketed 
D - 

term (a  tr inomial  of the  second degree with respect  t o  G)  cancels 
out f o r  the two roots  

It is readily.apparent t h a t  the smallest  of these values of a 
corresponds t o  a minimum of C and the  l a rge s t  t o  a maximum. In  the  
present case t h i s  calculation-gives 



NACA TM 1337 

&in = 1.48 Fm C.G.S. system 

_Cma = 1.77 Fm C.G.S. system 

The condit ion necessary and su f f i c i en t  f o r  curve C t o  assume a - 
maximum is 

This condition i s  real ized on ce r t a in  t i r e s .  The usual cas te r  lengths 
a r e  then prec i se ly  the  most dangerous fo r  shimmy. This remark s t r e s se s  
the  importance of increasing the cas te r  length t o  combat shimmy at  its 
very source. Equation (12) makes it possible t o  es tab l i sh  t ha t ,  when 
the  ve loc i ty  v var ies ,  the  maximum divergence Xm is given by the  
equation 

T But a calcula t ion read i ly  proves t h a t  when > PC (a condition rea l ized  

f o r  a large  number of t i r e s )  and a is made t o  vary, t h i s  divergence Am 
passes through a maximum 

f o r  a c a s t e r  length 

The coef f ic ien t  C seems be t t e r  than t he  divergence X f o r  
apprais ing t he  danger o f  shimmy. 

Doctor Langguth 's Experiments (1941). 

It i s  timely t o  compare those t heo re t i c a l  conclusions with t h e  
experimental r e su l t s  obtained i n  1941 by Doctor Langguth and reported 
by M. P. Mercier. He dea l t  with experiments on 260 X 85 t i r e s ,  mounted 
on a ' r o l l i n g  m a t ,  a t  a speed of 50 h / h .  The author recorded t he  
maximum angular swivel or  deflections of the  wheel i n  terms of c a s t e r  
lengths f o r  cas ter ing angles of -3O, oO, and +3O. Figure 39 summarizes 
the  r e su l t s .  The four e s sen t i a l  conclusions of t h i s  work a re  t h e  
following: 
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(1) The cas te r  angle is of l i t t l e  importance 

(2)  The angular deflections pass through a maximum at a = 7 cm 
approximately 

(3) They cancel out a t  around a = 12 cm 

(4) Increasing t h e  load increases the  angular deflections prac - 
t i c a l l y  i n  t he  same proportions 

Before in te rpre t ing  these resu l t s ,  it is advisable t o  understand 
the  meaning of angular def lect ion (swivel) studied by the  German author, 
s ince t h i s  quanti ty does not f igure  d i r e c t l y  i n  the  presegt theory. 
 everth he less the  theory, considered super f ic ia l ly ,  seems t o  ind ica te  
t ha t ,  every time there  is an o sc i l l a t o ry  divergence, the  angular deflec- 
t i o n  should increase indef ini te ly .  This apparent contradiction i s  due 
t o  the  f a c t  tha t ,  i n  order t o  t r e a t  the problem, the  data must be 
l inear ized,  which is, per fec t ly  legit imate so  long as  the  angular 
deflections a t t a i n  no unduly great  values. Furthermore, the  present 
theory assumes the  adhesion of the  t i r e  t o  the  ground t o  be i n f i n i t e ,  
while i n  r e a l i t y  t h i s  adherence is limited. The l i m i t  of adherence 
explains i n  pa r t i cu l a r  why the  maximum angular deflections were approxi- 
mately proportional t o  the  load on the t i r e .  

Undoubtedly the  present theory does not permit the ordinates of 
the  curves of Langguth t o  be t i e d  quant i ta t ively  t o  the  cha rac t e r i s t i c  
parameters of the  t i r e ,  but it does seem ju s t i f i ed  t o  assume tha t ,  
everything e l s e  being equal, the maximum angle must vary as C,  and the 
existence of the  maximum discovered by Langguth seems t o  be iz good 
agreement with the  foregoing theore t ica l  conclusions. But from the  
presept wri ter ' s  point of view the  major importance of these experiments 
is t h a t  they es tab l i sh  the  existence of a cas te r  length of about 12 cm 
below which (for a < 12) the  osc i l l a t ions  a r e  unstable and above which 
( for  a > 12) the  o sc i l l a t i ons  remain s table .  I n  other  words, Langguth8s 
experiments confirm qui te  wel l  the  e s sen t i a l  conclusion of t he  present 
theory, t h a t  is the  s t a b i l i t y  of the  o sc i l l a t i ons  with a s u f f i c i e n t l y  
l a rge  ca s t e r  length. And t h i s  conclusion i s  quant i ta t ive  as  wel l  as 
qual i ta t ive:  Langguthts 260 X 85 t i r e  was of t he  same s i z e  as t h a t  
used by Schlippe and Dietrich.  Therefore, it i s  legit imate t o  assume 
t h a t  these t i r e s  have p r ac t i c a l l y  the  same charac te r i s t i cs  T and D. 

T ~ u t ,  it has been shown t h a t  the  cas te r  length a = - of the Schlippe - 
D 

Dietrich t i r e ,  necessary f o r  s t ab l e  osc i l l a t ions  was about 10 cm. The 
quas i-agreement of t h i s  f igure  with Langguth8s experimental value is 
extremely remarkable, i n  as  much as the  s l i g h t  res idua l  discrepancy 
between t he  two values can be read i ly  a t t r i bu t ed  t o  a difference i n  
t i r e  i n f l a t i on  i n  the  two t e s t  se r ies .  
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V I .  MATHEMATICAL THEORY OF COMPLEX SHIMMY 

The term complex shimmy describes shimmy with two degrees of 
freedom, the  second degree of freedom resul t ing,  from a' ce r ta in  l a t e r a l  
e l a s t i c i t y  of the  pivoting axis.  

A s  i n  t he  study of elementary shimmy, we s h a l l  s t a r t  with t he  
s impl i f ied theory, disregarding the  to rs iona l  moment of the  bottom 
part '  of t he  t i r e ,  t h a t  is assume t h a t  the  d r i f t  d i r e c t l y  accompanies 
the  l a t e r a l  force F which, i n  more exact terms, amounts t o  assuming 
the  coef f ic ien t  of tu rn  R of the  t i r e  t o  be i n f i n i t e .  

To put the  problem in to  mathematical form we re tu rn  t o  'figure 8 
and t o  t he  l i n e  of reasoning t ha t  produced t he  system of equations ( l ) ,  
( 2 ) ,  and (3). But, f i r s t ,  i n  order t o  account f o r  the  l a t e r a l  e l a s t i c i t y  
of t he  pivoting axis,  it i s  advisable t o  replace f igure  8 by f igure  40: 

With 2 as  the  l a t e r a l  displacement of t he  pivot under the  ac t i on  
of the  l a t e r a l  force Fo, 

where To is ca l led  the coeff ic ient  of the  l a t e r a l  e l a s t i c i t y  of t h e  
pivot. 

Equation (1) always gives the  r e l a t i on  

but now 

so  t h a t  equation (1) must be replaced by 

2 L d y + z , - = D F  
v d t  a a 

Equation (2)  i s  obviously not modified. 
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A s  t o  equation ( 3 ) ,  it is transformed as follows: I f  10 is  the 
iner t ia  of the. wheel about the ver t ica l  axis passing through the center 
of gravity of the wheel, then I = 10 + ma2, where m = mass ,of :wheel. 
The angular acceleration of the wheel about t h i s  a x i s , i s  a function of 
the sum of the moments of the forces F and Fo, hence 

now 

Theref ore 

The introduction of a new variable 2 c a l l s  for  a fourth equation, 
which is obtained by noting tha t  the acceleration of the center of 
gravity 0 i s  due t o  the sum of the forces F and Fo. Thus 

Rence the following system 



To obtain  the  d i f f e r e n t i a l  equation i n  z defining the  motion of 
the  wheel, simply eliminate F, 2 ,  and y from these four equations, 
a s  follows: 

The four equations a r e  l i nea r  and homogeneous. So, i f  

is a pa r t i cu l a r  solut ion of the  system, three  par t i cu la r  solut ions  
f o r  z, 2, and F of the form 

a re  obtained. Thus the  equation in  s of the  foregoing system o r  t he  
cha rac t e r i s t i c  equation of the  system can be obtained d i r e c t l y  by 
replacing t he  unknowns y, z, 2 ,  and F by the  values above and then 
el iminating A, B, C, and D' from the  four equations of the  system by 
Cramer's method of determinants. Hence we obtain an equation i n  s 
i n  the  form 
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The development of the determinant gives t h e  charac te r i s t i c  equation 

The d i f f e r e n t i a l  equation sought is thus 

It should be noted t ha t ,  when To = 0, t h a t  is when the  pivot has no 
l a t e r a l  e l a s t i c i t y ,  the foregoing equation rever t s  t o  equation (6) .  
Two pa r t i cu l a r  cases with important conclusions w i l l  be analyzed. 

1. Wheel Absolutely Rigid 

Assume t h a t  simultaneously 

t h a t  i s  a wheel without any l a t e r a l  e l a s t i c i t y ,  hence without d r i f t .  
Equation (52 )  is simplif ied and becomes 

It is read i ly  seen t h a t  the  condition of Routhts convergence can 
never be real ized with such an equation. I n  such a case, i f  To  is 
not zero, t h a t  i s  i f  t he  pivot has a ce r t a in  l a t e r a l  e l a s t i c i t y ,  the re  
always w i l l  be a divergent osc i l l a t ion ,  t h a t  i s  shimmy. 
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The l a t e r a l  e l a s t i c i t y  of t he  pivot can be t he  so le  generator of 
shimmy without it being necessary f o r  the  mechanical propert ies of  t h e  
t i r e  themse ltres being involved. For ce r t a in  par t i cu la r  combinations 
of t i r e  fac to rs  and speed, t he  l a t e r a l  e l a s t i c i t y  of the  pivot can 
therefore  become the  fac tor  f a c i l i t a t i n g  shimmy. 

2. Pivot With Great Latera l  Freedom 

Centering a t t en t ion  on parameter To it is assumed t h a t  To = m, 

t h a t  i s  t h a t  the  pivot is absolute ly  f ree  t o  s h i f t  l a t e r a l l y  under t he  
act ion of a force no matter how small. Equation (52) then becomes 

d2z Pu t t ing  - = u, the preceding equation, which i s  independent 
a t2  

of a i s  transformed in to  a d i f fe ren t ia?  equation of the  3rd order 
fo r  which Routh 's s t a b f i i t y  condition becomes, a f t e r  s impl i f icat ions ,  

It is read i ly  apparent t h a t  t h i s  condition is rea l ized  generally 
with ordinary t i r e s .  The r a t i o  T/D is a length generally very c lose  
t o  the  radius r of the  t i r e ;  and considering t h a t  

K is a coef f ic ien t  generally near 2. The preceding inequal i ty  thus 
becomes r > 26, which is amply confirmed f o r  a l l  customary t i r e s .  

Since t h e  pivot is completely f r ee  t o  s h i f t  l a t e r a l l y ,  the  osc i l -  
l a t ions  are ,  natural ly ,  convergent, t h a t  is there can be no shimmy. 
Hence the  pos s ib i l i t y  of a new remedy f o r  removing shimmy by giving 
the pivot complete l a t e r a l  freedom. 

Based upon more elementary reasoning of qua l i t a t ive  ra ther  than 
quant i ta t ive  nature, various American technicians had been Led t o  
assume t h a t  the  pos s ib i l i t y  of a wheel t o  s h i f t  l a t e r a l l y  without 
pivoting should be capable of suppressing shimmy. To r ea l i z e  t h i s  aim, 
two types of mechanical arrangements were recommended and tes ted ,  e i t h e r  
on the  a i rplane o r  on the  belt-machine apparatus. 
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The f i r s t  method consis ts  i n  l e t t i n g  the  f r ee  wheel s l i d e  on i ts  
axis ,  by allowing t he  necessary play a t  the  end of the  hub. The ax i s  
was s l i g h t l y  curved so t h a t  the  wheel had a tendency t o  remain i n  t h e  
center.  This method was t es ted  by the  NACA on the  Weick W - 1  a i rp lane  
and revealed i t s e l f  a s  being effect ive  as  long a s  the  pivoting remained 
below 13' i n  one di rect ion o r  t he  other.  But other t e s t s  have given 
no sa t i s fac t ion .  I n  the  l i g h t  of the  present theory it i s  easy t o  
understand t he  reason for  t h i s  fa i lu re .  Whatever the  perfection of  
lubr icat ion,  the  f r i c t i o n  of the  wheel on its axle,  i n  the  motion of  
t he  l a t e r a l  displacement, cannot be considered as  negligible.  This 
f r i c t i o n  rees tabl ishes ,  i n  a ce r t a in  measure, a l a t e r a l  r e s t r a i n t .  It 
follows t ha t ,  i f  the  s t a b i l i t y  condition 

i s  not  g r ea t l y  exceeded, the  phenomenon of shimmy may reappear. 

The second method consis ts  i n  u t i l i z i n g  two pivots coupled as 
i l l u s t r a t e d  i n  f igure  41. The NACA t e s t ed  t h i s  system i n  the  laboratory 
and found t h a t  it eliminated shimmy. It was a l s o  studied by E. R. Warner 
( r e f .  4) .  The operat ion i s  obvious. This arrangement rea l izes  complete 
l a t e r a l  freedom f o r  the wheel pivot.  It seems quite superior t o  t he  
f i r s t ,  although s t r u c t u r a l  complications are  involved and landing gear 
r e t r ac t i on  is made more d i f f i c u l t .  The American authors, E. S. Jenkins 
and A. F. Donovan ( re f .  5 )  believe, however, t h a t  it could be made a s  
l i g h t  as a damped system and t h a t  the  elimination of the  detrimental  
e f f ec t s  of damping f r i c t i o n  on ground handling, as well  as  the  elimina- 
t i o n  of the  upkeep of a damper, would have appreciable advantages. The 
addi t ional  complications introduced by t h i s  s ys tem of double pivot a r e  
compensated fo r  i n  par t  by dispensing with the  sc i s sors  which transmit  
the  shimmy torque t o  the  damper i n  the  ordinary arrangements. 

Clearly, a l l  the  advantages presented by t h i s  arrangement a r e  
found i n  t h a t  advocated i n  the  present report  (simple lengthening of 
c a s t e r  length) and which has the  added advantage of greater  s impl ic i ty .  

The two foregoing examples prove t ha t ,  i n  the  f i gh t  against  shimmy, 
the  existence of a ce r ta in  amount of l a t e r a l  e las t ic i ty 'may sometimes 
turn  out  benef ic ia l ,  sometimes harmful, depending on the  magnitude of 
t h i s  e l a s t i c i t y  and the values of the  charac te r i s t i c  coe'ff i c  i en t s  and 
the  veloci ty .  A c l a r i f i c a t i on  of t h i s  point c a l l s  f o r  a complete s tudy 
of t he  s t a b i l i t y  condition of equation (52). Unfortunately, too  much 
paper work is involved t o  be undertaken by us. Furthermore there  
does not seem t o  be much p rac t i c a l  i n t e r e s t  i n  such a 'discussion; i n  
fac t ,  it has been shown t h a t  it is comparatively easy t o  s top  shimmy 
in  the  case of a r i g i d  pivot; and the  rea l iza t ion  of a l a t e r a l  e l a s t i c i t y ,  
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properly speaking, i n  the  pivot w i l l  present d i f f i c u l t i e s  of construc- 
t i o n  and drawbacks of p r ac t i c a l  nature. 

Ef fec t  of  a res to r inn  toraue 

Assume a res to r ing  torque of the  form C r  = p8. Obviously, equa- 
d 

t ions  (48), (49), and (51) remain unaltered. Equation (50) is replaced 
by 

the  same way as  equation (18) w a s  replaced by equation (18a) t o  obtain 
equation (33). 

The r e s u l t  is a system of four equations which is resolved by 
means of t he  method used fo r  equations (48), (49), (50), and (51). 
Consequently 

If p = 0, equation (52) i s  obtained again. 

Complete Theory of Complex Shimmy 

If the  to rs iona l  e l a s t i c i t y  and the turning e f f ec t  of the  t i r e  
are  involved, the  foregoing l i ne  of reasoning r e su l t s  i n  a system of 
f i ve  equations. 
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The d i f f e r e n t i a l  equation sought is obtained by el iminating F, M, 
2 ,  and y from the  f ive  equations. This gystem can a l so  be s tudied and 
resolved more rapidly  by the  method employed f o r  equations (48), (49), 
(50))  and (31). Even then the  calculations a r e  long and therefore not  
attempted. 

V T I .  SHIMMY OF AUTOMOBILE WHEEIS 

Ever s ince  the  f i r s t  automobiles s t a r t ed  t o  appear i n  public 
ce r t a in  cars  revealed the existence of a very pecul iar  o sc i l l a t o ry  
phenomenon of the  f ron t  wheels consist ing of a periodic l a t e r a l  
wavering. This phenomenon generally occurred when the  ca r  reached o r  
exceeded cer ta in  c r i t i c a l  speeds. A t  f i r s t ,  it was ca l led  waddling o r  
tacking. I n  the  beginning, it seemed t o  present no pa r t i cu l a r l y  ser ious  
problem and car  designers paid l i t t l e  a t t en t ion  t o  it. Moreover, a t  
the  slow speeds of cars i n  t ha t  era ,  it was successfully overcome by 
a l l  s o r t s  of empirical means, among which might be mentioned a t  random: 

Toein of f ron t  wheels 

Increasing the  angle of camber 

Use of t i g h t  shock absorbers 

S t i f f  f ron t  springs 

S t  i f f  and i r revers ible  s tee r ing  

Higher t i r e  pressure, e t c .  
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A l l  these attempts were no more than pa l l i a t i ve s ,  the  simple e f f e c t  
of which was t o  put the  c r i t i c a l  speed fo r  the  appearance of shimmy 
above the  speed of u t i l i z a t i o n  of the  car. Sh i f t ing  the  c r i t i c a l  speed 
was comparatively easy, except f o r  racing cars  where more energetic 
remedies were ca l led  for.  The only t r u l y  effect ive  !remedy f o r  t h i s  
type of ca r  was the  use of very s t i ff  suspensions and hard shock 
absorbers which meant t he  complete loss  of comfort. 

But t h i s  s t a t e  of affairs became suddenly worse when the  Americans 
t r i e d  t o  introduce the  balloon t i r e .  The much greater  e l a s t i c i t y  of 
t h i s  t i r e ,  s o  pleasant fo r  greater  comfort, ac tual ly ,  lowered t he  
c r i t i c a l  speed of o sc i l l a t i on  of the  f ront  wheels considerably and t h i s  
was aggravated as  t he  suspension became more f l ex ib le  and f ron t  wheel 
brakes came in to  wider use. On some cars, these phenomena were s o  
violent  t h a t  it became impossible t o  speed up even moderately. The 
o sc i l l a t i on  was transmitted i n t eg ra l l y  t o  the  axle  and, because of 
gyroscopic in teract ions ,  w a s  not jus t  l imited t o  a simple motion i n  a 
hor izontal  plane.but a l s o  i n  t he  v e r t i c a l  plane, which accentuated and 
compounded the  manifestat ionsRto an unusual degree. I n  some cases the  
axle seemed t o  do a fervent acrobat ic  dance, and t h i s  i s  why the  
Americans got t o  designate the  whole of . these  phenomena by t he  name 
of an exot ic  dance then i n  vogue i n  the  U. S. A. and the name shimmy 
has remained c l a s s i ca l  ever since.  

For some years shimmy was regarded as a pa r t i cu l a r l y  grave ailment 
of balloon t i r e s  and even as a redhibi tory  vice t o  t h e i r  commerical 
'distr ibution.  Nevertheless, t he  greater  r i d ing  comfort on balloon 
t i r e s  tempted the  engineers of every country t o  a l l  s o r t s  of ways t o  
combat t h i s  pa r a s i t i c  and annoying phenomenon. But the  technic5ans 
themselves did not agree on the  o r ig in  and nature of shimmy, and even 

d l e s s  on a r a t i ona l  method of avoiding i t s  e f fec t s .  The question . reached such importance t h a t  a whole session of the  U. C. Congress .of - Automobile Engineers i n  1925, was devoted t o  it. Everybody s tuck 
loya l ly  t o  the  r e su l t s  of h i s  own observations and t o  h i s  personal 
opinion. But t he  d ivers i ty  of opinion of assumptions and remedies 
suggested, the  u t t e r  lack of a general viewpoint on t he  nature of the  
subject ,  far from bringing any enlightenment, ac tua l ly  l e f t  the  impres- 
s ion  of profound inconsistency. It is only necessary t o  consult "La 
technique automo.oile e t  aerienne," vol. 16, no. 130, 3rd quarter  1925) 
which published the  pr incipal  repor ts  read a t  t ha t  session. It is  
pa r t i cu l a r l y  surpr is ing t o  f ind t h a t  not one referred t o  the  t r u e  o r ig in  
of shimmy. The underlying cause of shimmy l i e s  i n  the  pecul iar  mechani- 
c a l  proper t ies  of the  t i r e .  It is a complex shimmy, the s izeable  
e l a s t i c i t y  of the  longitudinal  suspension springs plays t he  par t  of the  
l a t e r a l  e l a s t i c i t y  of the  pivot. 

However, the  complete mathematical theory of t h i s  shimmy of auto- 
mobile wheels is more complicated than t h a t  of complex shimmy described 
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in  the foregoing and its external manifestations themselves a re  a l i t t l e  
more dissimilar by reason of the following two factors:  

(1) The reactions of the linkage or  of the s teer ing gear 

(2) The gyroscopic reactions 

The f i r s t  idea of seeking the cause of shimmy i n  the mechanical pro- 
per t ies  of the t i r e  is much ea r l i e r  than the recent reports of American 
experimenters on airplane t i r e s .  On May 22, 1925 a French engineer, 
known f o r  h is  many publications on the dynamics of the automobile and 
f o r  h is  frequently or iginal  views, A. Broulhiet, gave a very interest ing 
speech before the ~ o c i k t 6  des Ingenieus Civile de France (see t h e  
report of t h i s  society (1925, pp. 540-554)) in which he s tated tha t  
the d r i f t  of the t i r e  was the t rue  cause of shimmy. Perhaps Broulhietts 
idea was not convincing enough, perhaps it was not accompanied by a 
suf f ic ien t ly  correct mathematical theory nor developed enough t o  have 
at tent ion called t o  it as the only correct explanation of shimmy. In  
any case, it was not taken up by other theoris ts  and d i d  not receive 
the publ ici ty  it should have had. Incidentally, the development of  
automobile engineering has a rather  uqusual his tory and which proves 
tha t  even a wrong theory can sometimes be ver? practical.  

A t  t h i s  meeting of the Society of American Automobile Engineers 
i n  1925, A. Healy, of the Dunlop Tire Company, presented a report  i n  
which he charged the gyroscopic e f fec t  of the wheels as being the 
cause of shimmy. The idea was taken up i n  France by an engineer of 
Russian extraction, D i m i t r i  Sensaud De Lavaud, a spec ia l i s t  i n  automobile 
dynamics, who undertook t o  publish a complete mathematical theory of 
t h i s  gyroscopic effect  in  two installments (refs.  6 and 7). 

It is t rue tha t  such a study is of technical interest ,  because 
the gyroscopic reactions have an undesirable influence on the shimmying 
motions i f  the two front wheels a re  mounted on the same axle. But 
they can in  no case be the t rue cause of shimmy because they are  con- 
servers of energy. Consequently the gyroscopic e f fec t  absolutely can- 
not explain the fundamental character is t ic  of shimmy which is the 
divergence or in s t ab i l i t y  of osci l la t ions resulting from a continuous 
transformation of kinetic energy of translation of the car into osc i l -  
l a t ing  energy of the wheel. 

This matter did not escape De Lavaud 's a t ten t  ion, who expl ic i t ly  
remarked on it. To explain the divergence of the osci l la t ions he 
attempted t o  bring in the rocking motion which natural ly  accompanies 
shimmying. To be sure, there is a r ea l  possibi l i ty  of divergence but 
t h i s  scarcely perceptible rocking motion i s  so minute tha t  its amount 
of energy per cycle is very small and surely too small to.  explain the 
in tens i ty  of shimmy especially when considering the many sources of 
damping which res t ra in  the turning motion of the wheel. 
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I n  De Lavaudls theory t h i s  imperceptible rocking motion of t he  
ca r  is the  so le  possible cause of the  divergence of osc i l l a t ion .  But 
it i s  p l a in ly  inadequate. The author was therefore compelled t o  regard 
shimmy not a s  a phenomenon of i n s t ab i l i t y ,  t h a t  is divergence of osc.il- 
l a t  ions, bu t  as a s imple resonance phenomenon aris ing from defect  ive 
balancing o r  centering of the  wheels. Today it is known as  an absolute 
f a c t  t h a t  shimmy is not  a resonance phenomenon but due so l e ly  t o  t h e  
divergence of osc i l l a t ions ,  which is e n t i r e l y  d i f fe ren t .  Even i f  it 
is t r u e  t h a t  the  unbalance of t he  f ront  wheels may f a c i l i t a t e  and, i n  
ce r t a in  cases, a c tua l l y  cause a r t i f i c i a l  shimmy, experience proves 
t h a t  defective balancing of wheels o r  t i r e s ,  whether automobile o r  
airplane,  is not the  t r u e  cause of shimmy. No resonance phenomenon 
could ever explain the  intens i t y  so  of ten observed. Furthermore, 
shimmy has been observed on per fec t ly  balanced wheels r o l l i n g  on leve l  
ground. I n  addit ion the  phenomenon designated by t h e  Americans with 
t he  name of kinematic shimmy, indicates  c lea r ly ,  t h a t  it can have an 
o sc i l l a t o ry  motion without t he  l e a s t  e f f ec t  of i ne r t i a ,  which, however, 
is necessary i n  order t o  have resonance. 

To sum up, t h e  gyroscopic actions which accompany automobile wheel 
shimmy and which complicate the  phenomenon can never be e n t i r e l y  the  
cause. This is r ead i l y  apparent when considering a i rplane wheel shimmy 
studied under the name of elementary shimmy. In  t h i s  case the  gyro- 
scopic act ions  a r e  ac tua l l y  without any e f f ec t  on t he  motion of t h e  
wheel, s ince  t h e i r  moment is then perpendicular t o  the  pivoting ax i s  
which i t s e l f  is absolute ly  r ig id .  

I n  short ,  De Lavaud mathematically defined the  concept of t he  
gyroscopic coupling of two osc i l l a t ions ,  very important, it i s  t rue ,  
but which did not evolve the  t r u e  source of energy brought in to  play 
by shimmy. As a l og i ca l  consequence of h i s  theory, De Lavaud was 
forced t o  advocate the  elimination of the  gyroscopic e f f ec t  by an 
appropriate mode of linkage of the  f ron t  wheels t o  the  chassis  per- 
mi t t ing  the  wheels only a v e r t i c a l  displacement i n  t h e i r  own plane. 
Through t h i s  De Lavaud became the  champion and forerunner of t h i s  type 
of suspension, which under t he  name of independent f ron t  wheel suspen- 
s ion achieved a ce r t a in  amount of success f o r  two reasons: 

F i r s t ,  the  independent f ron t  wheel eliminated, as foreseen, the  
gyroscopic reactions and t h e i r  v i t i a t i n g  e f fec t s ,  not only i n  t h e  case 
of shimmy but  a l s o  f o r  the  passage of the wheel over any obstacle, and 
t h i s  advantage alone was enough t o  j u s t i f y  i ts use. But, and t h i s  is 
a curious h i s t o r i c a l  fac t ,  the  independent f ron t  wheels a l s o  completely 
eliminated shimmy. I n  the  face of these advantages one a f t e r  t he  other 
automobile builder adopted t h i s  mode of suspension. So, with t he  pro- 
blem of shimmy p rac t i c a l l y  solved, the  automobile engineers dropped its 
study. 
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Without any other  Sus t i f i c a t i on  it was accepted as an accomplished 
f a c t  t h a t  the  gyroscopic e f f e c t s  were the  t r ue  cause of t h i s  phenomena, 
and up t o  t h i s  day t he  theory of De Lavaud is regarded as  complete 
explanation. But now it has been proved t h a t  t he  gyr.oscopic act ions  
a r e  simply a phenomenon accompanying but not a primary cause of shiwny. 
How then can the  f a c t  t h a t  t he  independent wheels el iminate shimmy be 
explained? 

Actually, a l l  independent f ront  wheel suspension sys tems have i n  
common t h i s  pecu l ia r i ty  of t o t a l l y  suppressing t h e  l a t e r a l  e l a s t i c i t y  
of the  f ron t  wheels, a l a t e r a l  e l a s t i c i t y  which w a s  formerly consider- 
able  with the  longitudinal  springs generally used f o r  suspending t he  
chassis  from the axle  common t o  the  two wheels. Owing t o  t h i s  f ac t ,  
automobile wheels can develop only elementary shimmy with a res to r ing  
torque due t o  the  e l a s t i c i t y  of t he  s tee r ing  gear. The l a w  of motion 
then follows equation (33). To es tab l i sh  t he  s t a b i l i t y  conditions, 
reference i s  made t o  t h e  discussion following t h i s  equation. I n  auto- 
mobile wheels with a given ca s t e r  length 

It follows t ha t  the  unique condit ion of s t a b i l i t y  is v < u, t h a t  is 

To f ind t he  conditions of s t a b i l i t y  a t  any speed t he  ca r  may reach 
simply consider a d i rect ion i n  which the  s tee r ing  is r i g i d  o r  i n  other 
words, large enough p. This is precise ly  the  combination rea l ized  
on a l l  modern cars.  

V I I I .  CONCLUSIONS 

The present repor t ,  instead of s t a r t i n g  with long s e r i e s  of experi- 
ments and involving cos t l y  materials ,  begins with the  discussion and 
exploi ta t ion of a l l  previous experiments i n  enough d e t a i l  t o  be prac- 
t i cab le .  Life  i s  shor t  and it serves no useful  purpose t o  lose  time 
i n  repeating the experiments a l ready made with care  and of which the  
r e s u l t s  have been published. This method of work ce r t a in ly  saves time 
and money, because, taking in to  consideration t h a t  the  comparison of 
t he  present theory with the many r e su l t s  obtained e a r l i e r  by other  
experimenters, could leave no doubt about the  physical  value of t h i s  
theory and it is t h i s  physical value which i s  the  p r inc ipa l  achievement 
of t h i s  trork. 
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However, some experiments were carr ied out by tne  u.N.E.R.A. a t  
Toulouse i n  order t o  support t h i s  study which involved an experimental 
check of the  fundamental s t a b i l i t y  equation (23a). 

This formula can be checked by ascel'taining t h a t  the  conditions of  
s t a b i l i t y  and those of shimmy i n  terms of c a s t e r  length a and velo- 
c i t y  v are  those represented i n  f igure 42. The experiments themselves 
merely involve checking the  pressure or  absence of shimmy, hence com- 
parat ively  easy and inexpensive measurements, which a re ,  i n  any case, 
l e s s  d i f f i c u l t  and shor te r  than Kantrowitzts divergence measurements. 

I n  a l l  cases, t h e  p r ac t i c a l  use of t h i s  theory requires the  
preliminary and systematic measurement of t he  charac te r i s t i c  fac to rs  T, 
D, S, R, and E of the  d i f fe ren t  t i r e s  used i n  aeronautics. It a l s o  is 
desi rable  t o  study t he  var ia t ions  of these factors  i n  terms of t i r e  
i n f l a t i on  and load. Such a study would make it possible t o  decide t he  
form, s ize ,  and i n f l a t i on  pressure required t o  obtain the  minimum fo r  
the  quotient T/D, so  a s  t o  be able  t o  combat shimmy without having t o  
r e s o r t  t o  long ca s t e r  lengths. 

To conclude, it is a theory which seems t o  have a l ready been 
supported by many experimental proofs and which is herewith presented 
t o  t i r e  technicians and experimenters; I now l e t  them speak. 

Translated by J. Vanier 
National Advisory Committee 
f o r  Aeronautics 
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Figure 24. - Record of the track of a wheel executing a kinematic shimmy. 
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Figure 25. - Definition of forms. Illustrated directions positive. 
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Figure 26, - Geometrical relations involved in kinematic shimmy, illustrating 
that dh = -0ds. 
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Velocity, f t /sec 

Figure 29. - Theoretical values of divergence, frequency and phase angle 
against velocity. 
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Figure 31.- Comparison of the experimental values of the divergence and 
the frequency of shimmy, observed on the belt machine, and the calculated 
values. 
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Figure 39 
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Figure 40 
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Figure 41 
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Figure 42 




