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SUMMARY

The ‘present report deals w1th the flow. past an in-
finite screen of thin airfoil (two-dimensional problem).
The vortex distribution across the profile is established
with appropriate expansion in series and the velocity
distribution 1lift, moment, and profile shape deduced.

"Inversely, the distribution is deduced from the vorticity.

The method is the extension of the. Birnbaum-Glauert
method for the isolated wing.

INTRODUCTION

The present renort descrlbes a method for computlng
infinite screens of airfoils. :

This method is the natural but not immediate extension
of the Birnbaum-Glauert method for isolated airfoils. 3By

* this is meant that the object of the present study involves

screens of thin and slightly curved airfoils.

For convenience the screen whose axis (straight Line
connecting the median points of the airfoil chord) is at
right angle to the chord, is called straight screen; that
whose axis contains the profile chords, screen in tanden;
and that whose axis is oblique with:the chord, obligue

screen, By the same definition the obliguity of the
Screen is the angle of .the screen axis with the direction

at right angle to the thord.

N3yl calcolo ai schlere 1nfin1te dl ali sottili Publi-
cazioni della R. Scuola d'Ingegneria ai. Pisa, (seventh‘
series) no.323, September 1937.
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The term “chord" is employed in.a broad sense and it
signifles a straight line a little distance from the pro-
file in referencs to which the ordinates of the several
points of the profile itself are measured, without impos-
ing that it connect the extreme points or other conditdons
of the kilnd.

I. THE STRAIGHT SCREEN

1. An infinite screen of equal and equidistant vor-
tices disposed on axis y, with circulation ' and spac-
ing h 1induces in a point P of the coordinate 2z = .
X + 1y the velocity A oo .

W = - Z .___.!'__I:-_.._.v: - ...ir_. coth E_Z- . (l)
con 2m{z-nih) -  2h h

corresponding to a complex potential

d = £E ln sinh L2
2m . .

(the axes are orientated as in fig. 1).
On a point of aiis X, we hédve:

W = S 5 coth ZX. . : . (1)
2h- . h . . . .

Denoting the components of the induced velocities by
u and v,  we’ put :

w = uf=.1v

whence it 1is réadily seen.that

, . I oep X S
u .0 v = o C?th n | o (; )
Assume now that the vortex distribution follows a

law = £(x) along the chord of :the airfolls of the
straight sereen, . . o

Simply suppose that the wing"chord is of length 21
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and contains between x = -1 and x = 1 (fig. 2). Then
“"the induced " velocilty of 'the whole -screen -on axis x 1is:

‘L .
- ! : .
v = 2o Y dx!' coth Eif—f—l (2)
g 2h _ hoo
-1
Then we put
\ : a - | tanh = = ¢ o (3)
) h
which readily yields
coth <E§ _omxtN o 1- C¢!
h h £ - gt
h 1
dx = — a
* m 1= £° ¢
and hence
A £
1 1- 6 1
= m——— Y 2.5 1 .
’ 2"/ t -~ 1-pe OF )
l,___>\ )
where
A= tal}h.l%"- (5)
We next put
% = - cos @ dt= ANsinfase ' (6)

and find:
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1 .
o 2 PR - - .
v L / i-22cos § cos B sin @ vd 6

27 cos B - cosB -Aecosae'
o
N : : : o
1 sing!? /351n.@cos6' !
= = Y4 o' + — Xaa:
217 / cosfl-cos § 2  1l-A2cos® g 0
e uo
o . :
Imd o ' ?\ ’m .
= | 21n 9 __vagtez [ sin e’( L - >'Yd6'_1
BTTLJ cos@i~casp © -'/o " M- Acos 8! 1+ Acos €1
Jo

(7)

It is interesting to note that the first of the two
integrals of equation (7) is a function of 6§, and con-
sequently of x, while the second is independent or rep-
resents a variation of the constant incidence.

We then adopt For Y = £(6'), in Glauert's example,’
the series expansion
t o

Y = V({agy cot %—+ Y ap sin n 8')
1

[

where V indicates the asymptotic velocity along-the
positive direction of axis x, and Yg, Yl,... Yp+++» the
single terms of the preceding series, and Voy Vie::Vpero

the corresponding values of v, so that v = 3 vy,
0
In addition, v, = vp' + vp" where vy' is the
part related to 6, v," the part not related to 6.

5

We have™*

mo g 7 , -
v ! = 2o [351n9'cot27 G'=WT32 /z 1+ cos®' o) _ V oa,
° 2 cos Bl'=cos § 2 / cog Bt-cos § 2
~Jo o
V\ 1 i t
l-%cose' 1+ Acos 8!
Yo

VaoA - ™l m V a ol

= 2 LI nt . Y ag _._._>

cosh 5 anh e 5 cosh o 1

*For the calculus of the integrals in these formulas, see
the appendix at the end of the report.
*¥For. vy, the first part vo' itself is independent of
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whence : V a
S e O R oo LRI U, . o B _TT_}_ . . Q.
Vo = VST H Vs SR cosh (8)
Similarly,
v A sin 0! sin n B C oy
L an sin sin n 6° ‘ an
S b o= : d 6! = - cos n 8
n / cos 6'~cos 6 2 _
"o sin B' sin n 0! ave'— sin 6' sin n G a e,}
Vo {/1-.A cos B! A "1 + A cos 8¢
= Y 2 o ootn El-{tanhn ""+< tanh T " ) } (n 1Sn°d1d)
4m Rt It
anh” o (n
is even)
and hence
: 0 n 1is odd
v
v, = ;-n (— cos nb+ > (9)
tanh®d Tl n is even
) . 2h
And finally, using X' . to indicate that the sum is

extended to odd wvalues of n and I" to indicate the ex-
tension to include even .values: :

.V. (0]
v! = Zvp! = §(ao - % ap cos n 6)
: 1
i tanh® Tt - 7
v =3 v M o= ¥ 2 a. ch + =" @ tanhn ot
- n 2 | o I 2 n 2h
l-tanh™ — :
‘ -2h
or, by expansion in Senies: Y
(o2
v = %‘g"gaﬁ'+ Z.ao)’tanhn %l
2. Now the circulation I', corresponding to the vari-

ous terms vy, and hence the complete circulationw =271,
can be computed.

It ist

vvvvv
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where Asinfd g

1-A% cos?Q

ax = 2
T

énd therefore

T = /'Y dx:vao)\h Sl cos.8d9=vao"hsinh17—1— (10)
0 / ° " 1-A2cos? ¢ h
__'L . o
l
and - [y . V ay Ah R sinn Bsin® )
= X I eeme—
n ./ n L /n 1-A2cos?® g
-1 : Yo o (n is even) > (11)
=Vagh n ml
tanh® It (n is odd)
2h )
‘whence
o N
. 1 t n ool
P=2Tn=Vh<ao s1nhﬂﬁ—+§ a, tanh 5——)
- . v (12)
=V h % '(a, + 2 aoz tanh %E
’ s

The velocity at infinity (negative for x = =oo,
positive for x = +co, but equal in both cases in magni-
tude) is readily obtained from:

Voo = rL_x ;'(a + 2a) tanh® It (13)
2h 2 T R 2h

From the foregoing we can now draw some inferences
about the differences between the direction of the tangent
to the profile on the trailing edge and the direction of
the velocity at o, a difference which may be termed angu-
lar exagegeration of the blade screen.

In effect, the trigonometric tangents of the two an-
gles are expressed by v{(n)/V. and ve/V and their dif-
ference & (which, knowing the assumed smallness of these
angles, is dissipated in the difference of the angles) is
expressed by

V(ﬂ) =~ Vo
.v .
where v(m) indicates the value of v for § = m.

§ =
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Likewise, &8 can be conéidéredQés the sum of 8&,

each 8, corresponding to I'ys whence follows

«
- . . _ ] _'nl
8o = =2 |cosh T - ginnh L TR
2 h h 2
L+ n odd > (18)
4
8y = * %% &1 ~ tanh™ TLY) .
Bh/ _ n even
e

_ 3. If the flow velocity has a component =V sin o«
on axis ¥y, the shape of the profile remaining the same,
ao may change in such a way that the Ve do not change.
In other words, a change in a, does not change the in-
cidence of the profile. :

In the case where there is only a, and all the
other terms are nullified, v ywould also remain constant
and the wing would be flat, with an incidence o ex-
pressed by

v = 2o nl '
a = —> cosh - | (17)
or
ay = Ba»—-—-———]—'-———--l- I (171)
T
cosh 5

and with the known formula (reference 1, p. 96).

Iy = 2m V1o B tanh b ‘ 18
o ‘n o — a 5 (18)
or, in comparison with the isolated wing, the circulation,
and hence the 1ift, would be reduced in the ratio

tanh I‘_l_lll..,
& h//h

In the general case equation (18) is still applicable,
but the absolute inclidence is expressed by

\

oo

%' an tanh® !

il ' 2h \-
h- :

a

a = j? cosh + (19)
. ' ' ml

2 tanh ——
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We now have for lift P:.
P=pIVs=2mVlak (20)

.with k signifying the reduction ratio

tanh — zl
k = ————r (21)
21
h
4, Proceeding to the determlnatlon of the shape of
the wing, we have:

4y - ¥ - 80 ogn Tt 4 " 20 ganyl (LA z 2L cos n g
dx v 2 : h 2

and so, as in the case of the isolated wing:

an = 4 /q 4Y cos n 6.48 (22)
n dx
/0
It is understood that ’%% should be expressed in

relation to 0.
Practically, given ¥ (and hence %11>as a function
b4

of x, we can pass from x° t6 6 by means of the rela-
tion

™

ki)
tanh —ﬁ—

cos B = .-
" tanh §

=f

Exanmple.- In the majority of cases the evaluation of
the first three terms of the series will be sufficient to
obtain profiles of single and double camber.

For n = 0, it is simply

d a 1l
...E:.?_ = =2 cosh —
- dx ]
which represents a straight line of inclination %f cosh %}.

For n = 1:
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av, _ _ 2, U . n Asin 0486
ez T pocesh. s e O T h%a0s® 6

from which, after integration, f6llows

J
=1 - a, e ln cosh XX 4+ x
' 2 IY tonn- T b
wOveRR TR
Curve 1ln cosh %? is shown in figure 3.
For n = 2
dys a
Yz _ 22 tanh® = - 22 gos 26
dx 2 2h 2
which, integrated, gives:
tanh X cosh nl
h .ox h
Yz = 22 2 ml T 1
Irl'—],L tanh lTh— Sinhg 1—-;:1—

The second term represents a constant inclination;
the first, proportional to tanh %%,
curve 1n figure 3 and is repsonsible for double camber of
the profile.

has the shape of the

If'the thrqe terms are present, we have

5 —-a—Qe'EHL+5'*—<1 tanh Lt -?‘-3-<1 tanh? “"-’)
2 T2 I 2 ant” 2w
or else .; - o
L T .
. a: _mt. Sh ap
§.= —2 ¢ H 4 al_i______T - , 1
< ol 2 1t
. C co§h ST 2 cosh 5
for 1 =h, for'insﬁange, it is:
w1 '
B . -, |- .- . ]
"™ 2% and & B =et
h . N T 23
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Restricted to the first term, it is:

-l
h
= ~ =2 o

. 529

6:@..—%.

cosh El

The second reaches 0,041 a; and the third, -0.08 az.

5. We now make the comparison with the theory of sub-
stitution vortices (reference 2).

In the case of the flat wing (excluding self-induced
velocity, disposing the vortices in the forward neutral
point* and computing the induced velocity in the rear neu-
tral point) it simply gives:

v! = — coth Tl V o
h h 21
and on the other hand:
' = - 2miv?
Therefore:
T T T
-~ —— = — coth LA S V o
211 2h h 2ml

whence

T'=2nVla A tanh nt
71l h
which is the same formula previously worked out. From
this it is concluded that the method of substitution vor-
tices gives, for the flat wing, not merely approximate
but exact results. : .

In the case of the cambered wing (single camber) it
is observed that the inclination of both the leading and
trailing edges ta; /2., Now, in the case of the isolated
wing, an equal inclination is obtained with an equal value
of a; to which corresponds a moment coefficient with re-

spect to the forward neutral point, of % a, to which

*The term "forward neutral point" and "rear neutral point!
for points situated at quarter«chord length from the tip
was introduced by .Klissner,
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corresponds a doublet p = %Mv.ia a,. AMAccording to the
general procedure of substitution vortices, it happens

. that we can compute the induced velocity in the rear neu-
tral point of a screen of doublets (exclusive of that on
the wing) But it is readily seen that the symmetry of
the vortices with respect to the origin is such that the
center of gravity of the circulation remains in the same
origin for such a wing. In consegquence, it is sufficient
to consider the induced velocity of a screen of vortioes
disposed on axis y. We w111 have:

T
¢oo L1 AR
1 T Ty COR Ly - M

Other than this, the form of the profile produces a
change in the incidencs, or, what amounts to the same
thing, a change in zero 1lift direction, given (for isolated

wing) at %ﬁw As a result:

,ccth'gﬁ 1

- - it ~ 1 ay
Pl = 2t 1 Pl, N T + 271 V
V4
from which 1
1 tanhT=
I"1=Va h = 2h

l—-ﬁ; tanh mh

i 2h )

A comparison with the exact formula
', =V ah tanh It
2h

shows the approximation to be no longer satisfactory despite
the fact that the ratio ﬁl/h becomes of the order of
unity or higher.

It is interesting, on the other hand » t0 notice that
the rigorous result can be obtained by assuming the induc-
tion of screen vortices to be reduced to half. In effect

Athen we have?
.l
[coth T 1«]

r',= =Tl D — - 3n1v%}
2h ml J

from which the exact value for P given above can be
readily obtained.
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' 6, A convenient and sufficiently approximate method for
the practical prediction of the characteristics of a wing
of given shape is that of stopping with the first three
terms of the series, and deriving the coefficients of in-
clination of the tangents to the profile in three points
1, 0, 1, by the Birnbaum method.

" Denoting the inclination of the tangent in a generic

point x, with ay and the inclinations in points A B C

leading edge, trailing edge, and center of profile (fig.
4) with ay, ag, ag, we find:

_ ap ml ai ap ( 2 Tl
@, = 3 cosh B 3 + 3 1+ tanh >
= 20 T2, 22 2 Tl
oB = 3 cosh it 3 + 3 ( 1+ tanh =%
_ %o ml 22 < com2 Tl
ag = 3 cosh n 3 1 + tanh Er-/
from which we obtain
o8 (o4 + o
8y = C " A B 1
ml 21l 2 cosh®It
cosh 5 X cosh 5 oh
al—ocB—aA
ap + OB
an = ap =-
2 ¢ 5
and from equation (12):
r tanh i
h w1
' = Vh)ag + 2 ag tanh — (23)
cosh~ TL 2h
© 2h
or, better:
. Tl
tanh =— | a, + o ag - o
I'=2m1V h B C . > C tannz It (2371)

o 2
[V
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an + a
B T 20 35 the angle

In this very simple formula
of 1ift for the isolated wing. Theisecond term in paren-
theses disappears when h/1 — © , while the reduction

factor tanh Fﬁl/ﬂﬁ}- tends toward 1.

Eguation (23) or (23') can be used for all practical
cases of the straight screen.

It is noted that in place of equation (23) the fol-
lowing procedure may be adopted: To compute [' as the
sum of I'y and I; each computed by the method of sub-
stitution vortices of which at n. 5, allocating to the
profile incidence % in the calculation of I'y and

Gn =~ &
incidence B 5 C in the caleulation of r',. It is

easy to see that the two methods lead to the same results.

7. The prediction of the moment is more complicated.
The moment M about origin O (ceater of profile) is ex-
pressed by

M=pV/ Yxax.
-1

but the ezpression of x -obtained from equation (3) and
equation (6) is too complicated for direct integration.
It is more convenient to expand =x 1in series of cosines.

Fosted, that is to say:

co
Xx =% b, cos n S
1

we have:

An 5 . T _
by = 2 /M xcosne as = - 2 sin n g BN __sin®
i T m l-ARcos® 8
~ 0

which is easily obtained by integrating by parfs; and, fi-
nally, . . .

. 2h tanh® TE for n  odd
b - 2
n

dae
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Then
: - 2h y1 1 ¢ n ml : :
X = - % = anh o cos' n Q

and, consequently, with the wusual notation:

ﬂ
2 oo .
Mo~=-2h P TEA a, cot 2 }Z'l tanh® L cos me-] sin 5dg
e 2 1 nm 2h J1-~A2cos?®8
J o
2 AT i . i 8
|
Mp =~ 2% /q ap sinn6 | oL tanh® I cos meJ sin 64
i Ly m 2h 1 -2\2cos?g
Yo
In particular,
’ ha 2 1 -L
s - -
Mg = = — Y a, cosh . 1n cosh = (24)

The point of application of the 1ift is obtained by
dividing M, by Py = p V2 agh sinh %}, whence:

X, = - & coth T . 1n cosh Tt (25)
T h h
or else:
tanh Tt , ; 1
Xy = = 2.——=2 {1 4+ L tann® = + = tann® = 4 ) (2571)
2 uk3 \ 2 h
h

It is seen that Xd%"% for %~>O, whereas it tends

toward -1 for -Ill-—>co.

In other words, the aerodynamic center of the profile
for the flat plate is shifted toward the leading edge so as
to reduce the spacing (h) of the screen.

As for the moments M,, we immediately have M, = 0
for ocdd n, as ig shown by the symmetry with respect to O
of the flow distribution, while for even n the moment is
other than zero, only the complete circulation and the 1lift
being zero. '

Mp" is easily determined, when bearing in mind that
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il

o fﬁgﬁ‘giL- dennwform n< Q0 .is identical to that ob-
A 1-A2cos® 8 . . :

tained for the same value of n with changed sign, as
distinguished from that obtained with the material appli-
cation of the formula that gives the value of the said

integral(/n cosh %} tanh® %% for even n>

\
Therefore:
2 o
5 . o
Mp = - E_F,v ap N 2T ltanh™M (Juiny + Jponss = Ipener—Im-n-1)
21 1 11} 2h .

after posting (see appendix)

it

cos n?H
Ta = / e ¢
. 1-7\005 e
o)
Thus we obtain:
2
_ bh m 1 1 m+mimgy | n-m 17
M, = &£ V2 a, %! tanh It , = tanh 2= tanh ot 26
n - p n m S5h m 2h~! ( )

where the + sign is valid for m = n - 1 and the -~ sign
for m=n + 1.

For n = 2, we have:
h2 = .2 X 2 ml 1 2 Tl ( 21l
My = 7— Ve a : h® = ———— \1 + 1+ ot
2 o P a‘[<tan oh tanhaﬂl.> n cosh " 2 tanh o% ]
ch
2 1n cosh =
M e v2 . Tl h 1
2 = =p aps cosn—h— - -+
m sinh?® Tl cosh? Tl |
h ’ 2h
or, in more expressive form:
2 ’ o aml 81l
h 2 ol | 2 a1 /1 tanh o tanh oh
My = =—p V3a, tanh® == | 14+ 2 tanh® T\ =+ : +e.
N ‘ zhl_’ APY SR \BT T3.5 ' 5.7 i

For %%-4§ 0, My —> E%m p V az, the value character-
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istics. of the iéolated wing, while for %}-$>m, Map—>» 0,

Since a variation in incldence'changés only,
the point x¢ previously obtained is such tha% with re-
spect to it the moment does not change with the incidence.
This is, moreover, the.. aerodynamlc center of the profile
of thie screen. -

II. THE SCREEN IN TANDEM

-The .treatment is wholly s1milar to that of the
stralght screen.

The induced velocity of a screen of vortices with
equidistant h arranged on axis x (one of the vortices
in the origin) is

© i iT
W= =3 I = — 2 cot 22 (27)
- 2n{z - n h) 2h: h

and hence in a point on axis x:

X
v = cot ZX (271)

ch h

With the same notation as before, we post:

TX _ ¢ .. ‘TX mx?\ 1 4 EE?
tan =£; cgt 5 ") T
R - mE
ax w " TeE% d £ A= tan g iy = —cos o
hence:
iy 2
- 1 1+2X“cos B cosA? sin 6! \
v va/n cos 6' - ecos@ ° 1l+AR2cos=2 e:y ae (?8)
l‘o .

and, after simple transformations:

Tr e Tr X . ’
l 3 1 2 ai l; al ]
v o X sin € g‘Yd.e,'-.—-?)-— Iz) s:LnEr‘o:Q vagr
217 cos 6! ~-cos8 . . ©2m [/ . 1+ARcos @t
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wherefrom, after posting

co
¥ =V (ao cot % +% ap sin ne>
1 S .

we obtain:

22 a 1 0 T
t . = " - -0 1_'_!'____ = -
Vo = v 2 Vo v 2 <cos h 1> Yo v zeos h
a
. -V 7? tan® %l for n even
_ n . "o
vn' = V-—-2 cos ng Van =
.0 - for n odd
and finally:
v/ 2
vi=zlag = E ay cos n9> (29)

as in the case of the straight screen

v ’ oo
v = 5-{ao Qcos %}-— l> + 3" 1" tan® %%}-
or else
V co
v = 5 g" in(an + 2 ay) tan® %l

As regards the circulation, we have, correspondingly:

m?

R
a

f 'T, =7V ay h sin = (30)
i
| Va; b %7 tan™ IY for ' n odd
;J T, = { 2 (31)
) k.
% 0 for n even
and finally, for the flat wing:
'
' . s ) tan %r
"Ty o= 2nVia s T (82)
el Ll :
h -

a formula similar to equation (18).
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The tandem arrangement amplifies, as is seen, the
circulation comnsiderably.

Similarly, we can study the shape of profiles corre-
sponding to the various terms of the circulation, which
is omitted here for the sake of brevity.

9. The comparison with the theory of substitution vor-
tices remains to be made. For the straight wing, the
- vortices being disposed in the forward neutral point, the
induced velocity in the rear neutral point is:

I I
vl = — cot'gl -—— =V a
2h h 2ml
and
' =271 v!
whence:
™
—_I‘__z.;”_cotﬁ-__ll_—Vq,
21l 2h : h a2l

from which we obtain equation (32).

In this case also, the results obtained are not
merely approximate but exact. And as for the straight
screen, exact results are obtained for cambered wing by
disposing a screen of vortices in points in the center of
the profile and reducing the induction by one-half.

For the sake of brevity,other similar considerations
for the straight screen are omitted inasmuch as regards
the practical calculation of the 1lift in relation to in-~-
clination agz.op ag, shape of profiles, and calculation

- of the moment.
III. TEE OBLIQUE SCRIEYN.

10. Let B8 ‘'signify the obliquity of the screen,
defined as the angle.through which axis y' containing
the vortices must rotate in order to be superimposed on
axis y (fig. 6).



“NACA Technical Memorandum No. 968 - 19

To pass from w referred to axes x' y', to w

‘referredftowaxesﬂ:xwy;~~i%viswsuffidiantmt0wpos¢.in the

complex potential

SR
z' = ze
Thus: .
g, ig
- W o= - a coth N2% 1B - (33)
2h h

]

In a point on axis x, the value of w is simply
obtained by posing =x at the position of z. The value
of w is complex, hence there is a real component, that
is to say, along axis =x, which is neglected, and an
imaginary one, that is, along axis y, which alone is of
interest. Coa

We write:

ip iB
tanh 1X8 _ = £; AN = tanh Elﬂ——;
h' ' h.

(34)

% = - cos (s compiex)

and merely follow the procedure step by step,as for the
straight screen. Thus :

. 8 o
..-‘Y0=Vao coté—:Vao}m

sin 8

“T§£'=“v a, sin n 8

with complex a,. and an. Besides:

L -
_ 1elf : —x1)alB
’ 2h ~/ _ h
. . -1
whence C
.1 /¥ 1-AcosB cosbB':, . sin €' -
s T om X Ya e
‘ 2n cos B' - cos © 1-2cos2 9t -
'Lo .

It follows that:
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giV’ao“'

W' = = = w5 - i+—~3 <?bsh "13 - 1) (35)
° 2 . 2 .
and, on the whole:
iv nl'is
w, = ——20 sosh TEE_ (36)
o 2 h
Similarly:
. , ~ 0 \'n odd
1V . . . - .
Wy, = - i_§3& !l - cos nbB + n ip (37)
' tanh Eli——h n even

2h

k)
\

Proceeding with the calculation of I' (generally com-
plex), ‘we find:

| » 18
‘T, = Vhe if a, sinh Elﬁ—- : (28)
ip (O n even ( )
I'' = Vhe™ a i 39
n n 1tanhn “12311 n odd :

The total I' must, of necessity, be real; in effect
it contains an imaginary part which may represent a total
source other than zero, which is naturally not admissible,
forcing the wing profile to be closed. Then we would have

: ip
}j{e—ls (a@ sinh Eli—— + ' a, tanh” Tle " nle >? 0 (40)

where I is the imaginary coefficient.

11. The presence of a source distribution across the
chord prompts us to attribute a certain thickness to the
profile (E. Pistolesi - "Theory of Thin Airfoils" - in
course of publication). We can, however, obtain the shape
of the "dorsal spine" of the profile by the converntional
method, namely, by ascertalning the vertlcal component of

the induced veloc1ty

e i oo i
=L R{ao cosn mietP _ Z a, cosnf + I antanhnf—'—é-e—ﬁf-} (¢1)
h 1 N : ’
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dy v

where. R 1indicates the real part; and we put IxE-T°

For"ydy‘”ré

linear profile wi

sulting from v,, it yields the recti-

__sff.}.
h ]

-
th incidence %ﬁ, o = % R| a, coth ml

the yn have curved profiles,'from which the curve can

also be computed'

development is fo

In general,
m (trailing edge

but for simplicity this very complex
regone.

we should have

If it is the only term in a4

2 = A e®? (4

° ° nleiB

sinh ——

with Ao real, and then it follows that:
ro. ig 7

o= = A, R etP cotn TEe” (4
p-] h i '

the 1nclination of the profile for §
) can be calculated. It is:

- for n

1

2)

/ iB ig ~
E%?l = % R \a° cosh Eiﬁ——-+ Z' an -2 " an + =" ap tanh® 2%35—
. T"'cos B
For o, we find: v = —~5—£——, or:
-1p 1B
Yo - L coe {e 1B-<ab sinh 7' " 4 ¥ a, tanh® "Ie >}
v 2 h
or else, since the part in brackets is itself real:
v ip n ip
1? = R <a° sinh "lﬁ + ' ap tanh ﬂgeh >
whence the "angular exaggeration" & follows at:-
N i'n'Leia 1 iB + for n odd
§ = = R‘{aoe tZay, <l - tanp® T2 )}
2 even

(44)
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12. A method for verifying that equation (40) is
satisfactory is to put, as previously done in the case
where a, only is other than zero (equation (42)):

ip T - TN
ag = A4 .? P
sinﬁ*ﬂlﬂi&
h
and in addition > ) (45)
eiB |
an = Ap - (A, real)
& hn m1elP
an —
2 h
/
In this case:
T=7h (Ag + = Ap) (46)

In the case of the flat wing, the 1ift reduction fac-
tor can be computed much more simply. In fact, posting

T°.¥ 2miVak (47)
where k 1is the reduction factor, leaves
A
k= %5:1 B — ig (48)
\e B . coth "12 w
/

and by simple calculation

. ) . '
cosh® (%ffcos S> - cos® (ﬂl-sin B>

ko= :1 ~ h/ :
cosBsinh <ﬂl-1-1—coss> cosh <171—1Lcoss)+sinﬁsin k%sinﬁ)cos <Eﬁl—sinﬁ>
(49)
or elseg
" cosh(zgqL cos B> - cos <2;1 sin S>
S | (49)
cos P 'sinh<2;1‘ cos B>+ sin B sin”<§%}— sin B)

Formula (49) agrees with that by Numachi (reference 3),
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~according to a.method previously indicated by Grammel

(reference 1), with the difference. that the, K Numachi-
Grammel procedure does not exactly fit thé flat wing,
but rather one with slight camber.* .

We can finally verify, for the case in point, the
method of substitut1on vortices.

The vertical induced veloc1ty in the ‘rear neutral
point of the screen of vortices concentrated in the for-
ward neutral point, the self-induced velocity, is

ig
v = RN eiB coth wig >- L
2h . h 2m1
On the other hand, we have:

B

iB nlel > I
= 2n1{ Va- — R th +

T "< @ 2h (\ c¢o h 2t /S

from which eguation (48) follows. Again the method of
substitute vortices insures exact results.

It will be noted that every change in incidence,
without change in profile form, results in a change of
a,; even the Jda, corresponding to a change Ao, must
have the form (42), which must correspond to a zero 1lift
source.  However, in general, equation (47) holds true
for Iy or:

T'= 217 1Va k (50)

the terms a,, a;, ap ...{(and hence the shape of the pro-
file) affect only the position of the zero lift curve

whose angle of lift o must be computed.

The method of substitute vortices can also be applied

for obtaining T if equation {(45) is taken for a,,

-1 9

*1t should be remembered also that Grammel's curved line
is rather one-half the profile, the other half being
formed by the symmetry of the first with respect to the
chord; that it involves a flat rather than a curved pro-
file of a certain thickness, which is more clearly shown
in the treatment of the present study.
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with-thé single conditioh that the screen of vortices r,
are 'placed. in ithe centers of :profiles and the induced -
velocity is halved.. : o ‘ C :

We have, in fact:

, e |
L= - wlFl{}—— R/els coth mieZ? 3;\} +2mivVa,
. *len 2h  m/

where . @,, -the natural incidence of thé curved profile,
is given by

O + 1

a, =100 > 70 1 g,

2 v 4

from which follows:
R{a-

ro. (a.) . _—

1 . 1 iBg

R(élﬁ coth T8 )
2 h

or, with equation (45) for a;,

P]_=vh‘A‘l

conformable to egquation (46).
-In general, the method of substitute vortices is ap-

plicable by computing I' as the sum of o 'and T
giving the profile an incidence a, (fig. 4) for comput-

. e @B ~ &g
ing I'y and incidence for computing I';. It
‘ - '. 2 > . . °
affords o . P . o . N
~ - . - " -
J b 2h
aAp=—=0 —
'z 201V Zag ' T : S + B 'C_ o ml 5 \
. . T : i 2. ‘ i
R(élﬂ cosh mle \ R<eiB cosh Tr'l.e” >
) - " h / T 2h

(51) /
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13. The practical calculatien of the aerodynamic
characteristics of a given airfoil can be carried out bdy
“stopping at thé first three terms of the expansion of Y.

Equation (40) supplies, however:

eiB -i nlels >

;&:aoe-is sinh E—E——~+ a,e B tanh =0

Moreover, with tne notatlon used for the straight
screen, we find: :

_ 20 mle 1 agz 2 mielh
onA = R{ 5 cosh n - 3 + 3 (— 1l + tanh -—-é——l-l——\}
rag mlelP a; az s wlelB"\
= R — h —_— — - <
ap i 5 cos. A + > 5\ 1 + tanh > & /}
a 1eiB as 2 mleif
= R< =% mie . ___< mle >}
ag { 3 cosh N + 5 1 + ténh _E—E_

from which:
ap - oy = R(a,)

C(.B+CcA
oy - ———z;-—— = R(ay)

i +a ip
ag @-R tanhzﬂéﬁﬂg> +E§——A<I+R tanh El§~—> R< cosh"lﬁ >

The problem generally remains indeterminate; to make
it determinate two other conditions prevail (one, repre-
sented by equation (40)), which naturally must depend upon
the profile thickness.

Reserving the treatment of this point for the next

/

paragraph, let us see what the results are from proceeding

on the basis of equation (45). We have:

ig : :
ouC(l-R tanh® Tl )4- G'B+a':‘¥<l + R tanh® F.’ﬁ.?’ﬁ)
2 h 2 2 h

, ip
R(e1B coth El%——-)

Ay =

(52)
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A = LAY

N _
'R <15 coth &

2h /

~

and, substituting in equatlon (48):

( Q=g ap+as—20 ip
I'= 2mV{k ag+k, 32 4.2 2 €z <tanh2 ";eh >}(53)

where k is expressed by eguation (48), ang

2h
Ky = ——— T 5 o (54)
R (eif cosn mle >
\ 2 h

the same k in which-%l replaces length 1.

Zquation (53) coincides w;tn (51) when a, = 0 and
hence (a - aﬂ) + (a - ac) . Other forms into which
equation (53) can be tranoformed are omitted for brevity.

l4, It will be noted that, with the effected position,
we have as a value of the source for x = 0, or for 8 =

/
%, the imaginary coefficient of V &?o cot % + a; sin1%> ,

or:
iB iB
_ e ig wle
€=V I !Ao ' —TF + A e coth —E—E_
\ . s8inh ~————
h

‘This source 1ntens1ty defines an inclination of the
tangents %o the profile on the top and btottom camber
with respect to the tangents to the center line given by
1l € '
2 V
quoted tangents (fig. 7) glven vy *

and, in consequence, an angle T TDetween the two

T

i

i ig i ig
Aq l(}}e cosech “1: + A I(élg coth E%%;—) (55)

Such values of T . ‘are termed Tgq. They vary, as is
seen, with the 1nc1dence, since Ao itself varies as the
incidence varies.

*Angle T 1is positive when the nose is to the left.
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The ensuing solution is a special case. In general,

,ié.

a, = (Ag + 1 Bo)eiB cosgch mie
i

an = (4p + 1 Bp)elf cotn® mietf
’ ' 2 h

should replace equation (45).
With these positions, equation (40) becomes:

By + £! By, = 0 (56)

while continuing the evaluation of eguation (46), or:
' = Va(a, + 2 4,) (46)

Stopping,. as usual, with the first three terms, and
posting, for simplicity of notation,

1B Lopp mlelP ; )

= + i
h p q

3 . - i
elB coth ELE_E
2 h

e cot

"

p, + iq, S (57)
n n1eliP
2 h
<in which . k = —B_ ¢ 1, 8B\
mlp mlp, /
equation (52) the following:

eiB coth = pn + iap

/
we obtain in place of

~ag = oy = A;p; - Biq, (58)
. O + o I '
ag - —B;-———A—" = AZPB - Bg Q= (59)
1 - R tanh® "Ie | 5§Jifé;<14-a tanh2 mie B) Aop - Bog
(60)

Thess formulas are then supplemented by that obtained
by angle T, which, if 1t is cdnsidered that
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oo s iB- I 1- . .. i -
cosech 213—— = coth Eli—— - coth Elf——, 1s written as:
h : 2 h ) h
_ , . - e 3 - :-
T = Ao‘ql ~.q) + .'Bo(p1 - p) + Alql + Blp1 (61)

From (56) finally. follows

B0+Bl=0

After -By 1is substituted for B,, equations (58),
(60), and (61) give three equations in 4&,, B,, and A,
which, resolved, give:

] (62)
T = To + B N
where (A4p + &), and T, indicate the values of 4, + 4,
and of T for B, = 3,.= 0, and, besides:
q; q
M= ===
P, D
o2 (63)
N = M4+ p = —
wies-¥o
iAs to T its value given in (55) can be written

O’
as:

s : . ig\ ag + @ o\ -
T '=-{GC @ - R taph® T1eC >+ 5. Afi'+ R tanh® Hl>j-&£_~g
o Y \ ‘ 2h hs)

2 h 2
+(ag ~ ay)ie (64)
For the prqfile of single camber, so that as = 0
' an +
and hence oag = ,ﬁ_g__é, it simply gives
' = 9y =9, (4 - Q. !
TO = 2 ag D + (G'B @A)E': (64 )

and finally:
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_ ' M : .
lfj“({‘)o» + Vh 3 AT SRR . (:65)

where we post

and (D) indicates the value of I’ for B, = 0, given
in equation (53).

This formula shows that I’ depends not only on the-
form of the "mean line'" of the profile, as for the straight
screen and the screen in tandem, but also on the airfoil
thickness or, if preferred, to the curve of the top and
bottom camber.

The problem is, as seen, rather complicated and the
practical calculation of the oblique screen wich is the
one that involves the propeller and the blades of hydraulic
machines, is necessarily laborious.

15. A few words on the moment calculation. The ele-
mentary moment with respect to origin O 1is p Vv R(¥zxdx),
and hence .

M=pVR/Yxadx

To effect this integration, x is expanded in series
by posing o

X = 2 bp, cos n 8
2 Pn
with - T
by ='% [ x cos m §48 =~ ;i /3 sin 09 BR ¢=1P ‘”iigjif— de
U/ ' m 1-2cos”®6

o J o

whence on e—1iB iB
.o - 228  tanh® mle ~ for n odad
bn = T n ] 2 h
0 for n even

Proceeding as for the straight screen, we find

2 w2 /7 .oi _ip - ip
M = —p 22 V7 R(a '21p cosh nle 1 sh ﬁl“
o P - \&o® N n co )
If it is assumed that
ip

ap = A eP cosecn mie”
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the result is

w2 y2 : ig ip
= h” ¥ / =iB mle nle " Y .
My, = =p p- 4, R (e coth T ln cosh L )

and now the n01nt of appllcatlon of thg 1ift is character-
"ized by- ’

M - ip L iB-
_¥% _ _ n / ig mler nle
Xo = P, = - T R\\eA coth o in cosh N >
Similarly for MnE - '
2 g2 - i i
My = p BT Bﬁ(ane 1By o tanh l"—l-‘e——?-.l‘—[tanhn'*'m%.?_ﬂg

B O . 2 h m

T 16 -
+ tanh '® m,ﬂig——-j}
25 |/
where the + sign applies to m< n - 1, and the - sign
to m>n+ 1.

For
i s i
ap = A eP coth® E%§E~
the result is:
2 .2 s .
n° v°®- n gieiP m i
M = A. R { 1 omie 1 le
n P p- n coth P_— Xnp' tanh S5

X % gtaﬁﬁn+m.E%E%Eﬁétanﬂn’m’ﬂéezs‘l}
“ |
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_____ APPENDIX

The integrals used in the foregoing study are as
follows: . - ‘

1) /" cos n 6 48 = 7 sin n §
Yo

cos 8 - cos 6, sin 8,

The value of the integral is that expressed by the
second term of the preceding formula even if € and 6,
are complete because the line along which the integration
is made, starting from O and terminating at =, passes
through the point 91

2) Posting A = tanh o

i
gos nd 48 = 17 cosh o tanh® &
l1 - cos 8

affords

]

o}

S n
cos n B d8 7™ cosh a,<- tanh 9)
Js L * ANcos 8 , 2

The above integrals reduced to the form

=

Tv
& cos nB 46 oo pP

Jo 1+ p°® -~ 2 pcos 8 .1 = p?

(See Laska, Collection of Formulas, p. 266), by posing

2
—'\/73‘“}\ (p-'<l)=tanh-;'-

p‘—'
5)
y ‘ o for n odd

4
I, = cos n B a9 =i
/ 1 =X%2 cos® ¢ ™ cosh a tanhn% for n even
o

Division of the integral by two shows how easy it is
to verify

Jp = = (Ip + Int)

= 1
n 2
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fl

T . . _
sin 8 sinnb. 1 (7 3 \
l/ql-xzcosae @ mmiooEEe

o
fO for n odd
m coth a tanh™ & for 1n odd
2 .
\
5) -
A
' cos 6 cos ng dg = “_(Jﬁ_l + Jn+1)
1 - A® cos? g
o}
e
0 for n even
- 2
t E—QEESL—g'tanhq-g for n odd
sinh @ P2

The above formulas for the integrals In, I'n, Jn,
and their derivatives, are equally applicable in the conmplex
field.

Translation by J. Vanier,
National Advisory Committee
for Aeronautics.

*Probably an error.
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