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NATIONAL ADVISORY CO MM I TTEE FOR AERO NAUTICS ' 

TECH ll ICAL MEM OR ANDUM NO .. 965 

RECTANGULAR SHELL PLATI NG UNDER 
, 

VNI FORMLY DISTRIBUTED HYDROSTATIC PRESSURE* 

By M. N eu~ e rt and A. So mme r 

SU MARY 

A che ck of th e cal cul at ion metho ds us ed by F5 pp l and 
Hen c ky f or i n vesti ga ti ng t he reli ab ility of she ll p lating 
under hydrostatic p re ss ure has pro ve d tha t the formulas 
y iel d p ractic a l results withi n t he el a s tic r ange of t he 
ma teri a l . F5ppl's app ro x i mate c alcul ation l eav es one on 
the safe s i de. I t furth~r was found on th e ba s i s of t he 
marked ductilit y of the shel l p l at i ng under tensil e s tre s s 
th a t t he st r ength i s from 50 to 100 pe r ce nt hi ghe r i n the 
elast i c range t han e xpecte~ by either method . 

A. I NT RODUCTIO N 

Knowledge of t he stresses i n rectangular shel l p l at i ng 
under hydrostatic pressure . is im p ortant to the a irplane de 
s i g n e r since he f r equent ly has ' t 0 d e al with such s t r u c t u r a 1 -
p~rt s . This app lie s abo v e a ll to hulls and floats wh i ch at 
t ake - off and l and in g or durin ~ handlin g i n rough sea are 
subject to en orm ous wate r p re S9u re by t he wav es . But th e n 
it a l so in c ludes gaso line t a nks . and ga soliue ch a mbers which 
under g o cons i de r ab le int erna l pressure because of hi gh ac
cel e rations . Concernin g the ~alcul at ion the r e are the re
ports by FBpp l ( reference 1) and Hencky ( reference 2) I th e 
p r act ic ab ilit y and reliability 6f wh ich u re checked against 
v ar i ous expe rimental results. . 

B. CA LC ULATIO N OF RECTA~GULAR SHELL PLA~IilG UNDER 

HYDROSTATIC PRESSURE 

Both authors pro ceed from the ass u mpt ion that the 

*'IRechteck i ge Blechhaut unter e leichmA ss i g verteiltem F1Us
si ske it sdr u ck ." Luf tf ah rtf orschung , vol. 17, no . 7, Ju ly 20 , 
19 40 , pp . 207 - 2 10. 
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skin possesses no flexural stiffness (J = 0) and is not 
strained in the relaxed s tate. On t hese p r em~ses F6ppl 
ha s set up difr~rential eQuations for thin p l ates with 
great deflections . His approximate solution published 
in 19 2 0 contained, however, only the . calculation for the 
squ a re skin . A ye~r later Hencky gave a solution of the 
differential equat(~ns with the help of the method of 
diff e rence. 

1. Foppll ~ Meth od 

The evaluation o£ the a pp ro x im a te solut io n for rec
t an gular shell panel s ( fi g . 1) . leads to t h e s i mp le, prac
tical for mulas belo w. FBpp lL J cond i t io n f or ·the validity 
of the formul a s , th ~ t t h e defl Action of . t h e plate must be 
considerably g reat e r th a n the s heet thickness i s probably 
always compli e d ~ith by the s n e et thicknesses em p loy ed in 
air p lane desi 5 n. 

Deflect io n in panel center ( point m): 

f = n ' l a 3 ~ . J Es 

stresses in p a nel center ( point m): 

cr z = n2 
ill 

1 ' 

str e sses on t h e ed g e in the center of the short side b 
of th e rectan gle (point rb) :"" 

~-:; . a 2 

cr Z;r = n4 
2 .., P .;.!, --

b s2 

~------
3 a 2 

cr y = n5 p2 E _ . 
r 'b 8 2 

stress e s on t h e lon g si d e of the rectan gle, a ( point r a ): 



·'T A 0 A . Tee h n i c a I · iv1 e m 0 r a 11 d llm ~r 0 • . 9 6 5 3 

__ n7 :/ p2 E a 2 .. 

""2" s 

where p i s uniform l y distributed hydro stat ic pressure , 
kg /cm 2 

E modulus of e l ast ici·ty , kg/cm 2 

a and b half re ctang l e sides , cm 

s sheet thickness, em 

n 1 to n7 coefficients 

The co eff icients n
l 

to n7 were also determined 
for r ec tangular plates and can b e read from figure 2 for 

. h \ __ b any aspect r at lo of t _ e re ctang le f\, 

a 

Th e ma ximum· stress e s occur accordin ~ly in the center 
of t h e edge of t h e lon g rect angle side i n z direction . 
Even the square ·plate is stressed h i ghest in edge c~nt8r 
and n ot i n plat~ center , as cla i med by FBp~l · in his vol 
ume "Drang und Zwang . " A ne",., edition is to carry this 
correction . I n order to c onvey a clear p icture of the 
stress distri bution over the whole plate , the stress coef 
fic{e~ts n . for ·the s quare plate aresbown in figures · 3 
and 4 p l otted a ga inst the corres ponding plate points . 

Exam T)le : 

Dimensions of plate, 60 x 60 cm 

Sheet t hickness , s = 1 . 4 mm' 

E = 740 , 000 kg/cm 2 

Load , p = 20 t/m 2 

Compute the deflection f in ?la te center and the 
maximum stress O . on the ed ge . 

.. . 

~
a ·~2-X-3-0---

f = 0.8 a -- = 0 . 8x30 x 
Es 740000 xO . 14 

= 1 . 99 cm 
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1---··-
O"z ::: O"y ::: 0. 56 3 E ( pa) 2 

ra orb ' s 

1-3 2 x30 )2 
0 . 5 6 740000 ( -- 2700 cg /cm 2 

::: ::: 

0.14 

2 . Hencky ' s Method 

T!1.is m etl~ od 'las l)ub li sh od in the Ze itschrift f,ir 
an g ewand.te r,1a t he mat ik uud Mechani k (1 92J. ) I pp . 81 and 
423 in the r epo rt entitled: "The Calculat ion of Th in 
Rectangular P lat es wit h Vanishing Flexural Stiffne ss ." 
For t he square p l a te t h e d i f f erence method affo r ds : 

Defle ction f ::: n1 a 3f;;;. J~ 

The n 1 f a ctor s c an be t aken fro m fi gur e 5 . 

Stresses : 

The f a ctor s n2 and n3 a re plotted in fi gures 6 
and 7. Th e determination of the factors for rect angul a r 
plat e s entails considerable raper w or~ a n d has t he refore 
not been made so f a r. 

Fo r the same examp le as below 1 th e deflec tion i s 

0 .72 
f = 1.99 ::: 1 . 8 c m 

0 •. 8 0 

0.4 36 
::: 2700 

0 . 56 
::: 2 100 kg /cm 2 

C. OOMPAR ISON OF EXPERIM~NTAL RESULTS WITH 

THE CALCULATION METHOD 

For pur pos es of ch eck in g the cited cal culation meth
ods as to practicabil it y and r e li ab ility v a rio ls 60x60 em 
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p l a tes of d iffer ent t h i cknesses were s tres sed to fail u re 
unde r hydrostat i c pres sure . The employed t es t set-up is 
sh own in fi gnres 8 and 9 . 

Tank and cov e r we re of rugged construction i n or de r 
to keep i n t e rfer ~nc e " of skin defl e ctioll i n consequence of 
tank def orm a t ion to a minimum . 

The meas ur emen t s disclosed a g o od ag ree men t between 
the comput ed stress e s and deflections and t h e experimental 
resu l ts so lo ng RS pure el as tic behavior o f th~ mate rial 
p rev a il s . The pr inci p le s of t he th e or y a re he re wi th 
re a li zed . Thi s st re ss r anse i s Qe ci sive for our des i gns , 
because accor d i ng to t~e des i ~n spe cifications th o strains 
u nder se rv ice" l oads (j = 1 . 0 ) mu s t lie withi n t he elastic 
li mit and the permanent deformations the r efore r emain 
un i mpo rtant (q percen t ) . 

~he exp eri men t s further p ro ved pure ela s tic behavior 
to be tied to relatively narr01 limit s of the stress . The 
p l astic f orm chang e s start ve r y so on . In this range the 
calculation g iv es , of cou rse , e~roneo u ~ v a lues, de flections 
too small , stresses to o hi Gh . Shee t s under te nsile 
stresses , as we hav e h ere , ar _ capab le of very p r on ounced 
plastic form c.anges and considerable perm a nent strains. 
Through t h i s plas tici zati on of the se ctio ns t he plate 
b u 1 G e s ou t m 0 r e , w _1 i c h t e 11 d s to . e f f e c tar e d u c t ion in the 
str esses . The bearing s tr eng th can the r efore be raised 
co nS ider ab ly abo ve the ma t hemat ic a l values . The p la s tics 
t heo ry l ate l y has been co nce rned with th e st re sses i n the 
pl as tic range , but the th e ory i s still in its i n iti a l 
s t age . 

For conf irma ti on of the forigo i ni a r gum e nts the test 
data of a 60x60 c m, 1 . 4 mm thick sh e ll p l a tin g ~r e i n 
clud ed. F i gu re 10 sh ows the exper i men t al d e f l ect io ns in 
the c ent e r of t he she ll pane l p lotte d aga i ns t the load in 
com par ison with t he ma t hemati ca l v alu~ s , a lo ng wit h the 
pe r manent de formati ons from the different lo ads afte~ "re 
laxa tio n to zero . It i s seeri t ha t t he plas tic d eforma
tions already start between 1 and 2 atmo spheres and that 
in t h i s a rea the the or etical and expe rimen t a l de fl ect ion 
curves also d is pe r se co ns i derab ly . The p l ate d oes not fail 
u nt i l at 11 . 2 atmo spheres ~ hence the elastic r ange up to 
2 atmospheres at most is quit e small co mpa red wit h the 
u l tim ate loael. 
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Accordin g to calculation the fo llowi ng ultimate 
loads vould have been aff orde d for 0 a = 4400 kg/cm 2 : 

= 3 . 8 a tm 

Hen cky : 

= 7 . 1 4 atm 

The ultim a te loads ' obt a in ed a re subs t antially higher 
fo r the stated r oa sono . F6py l ' s approxima t e solution com 
pared to Hencky ' s g ives sub s t an ti a lly lower va lue s in the 
elastic r a~ge ; hen ce it l eaves one on the safe side . In 
fi ~ure 11 Hencky ' s computed e l astic li ne in pane l center 
is compared with the expe r ime :l tal for 2 atmospheres . 

The differe n ce in t his lo ad s t age is small because 
on l y minor pe r manent d eformat ion s are p re sent , accord i ng 
to figu re 10 (i n t he vici n ity of the e l astic r ange). 

Th e edge st r esses rec orded '.: ith tensio e t e r sho1;Jcd 
the ms elve s too small, since ' i n consequence of t he not a l
togethe r negli ~ ible f le xura l stiffnesR of the s heet the 
fixed end moment wa o still effe ctiv . on the test s tation 
and to a lesser exte nt because the te ns io mete r r e co rded 
merely the le ngth change of the chord but n ot tha t due to 
sheet curv a tur e ( fi g . 1 2 ). The load r ecorded a t 2 atmos 
ph ere s i n c e:'1 t e r 0 f pIa tee d g e "1 a s 1 700 kg/ c m 2 , i. e ., m u c h 
10 le r than com pute d previously. . ' 

','h e n the stresses are cOIDl.mted from the . measu r ed de 
forbatio n s, t hey are in better ag r eeme nt wit h the calc u
lation • . The elastic li ne ( fig . 11) satisfies the parabol a 
equation very sat i sfact ori ly 

x = 4f y(l _ y ) 
12 . 

so that t h e ar c l enGth c a n be n scertained a ccordin g to the 
r elat io n (fi b ' 13) 

, 
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b = \ + 8 f2 

3 t 

The tot a l strain on l e ngth 1 is: 

(y ll = b - t li(Ly = = 
t l 3 t 

On the ass um p t ion t ha t the s t re s s e s cr y and C5 z 

over the axis of symmetry of ,., the square a re constant and 
th a t cr z on t he a vera g e i s ~ cry (wh i ch is approximate l y 

j us t ifie d on the basis of the n v al ues of figures 6 
and 7 ) the elastic r ange follo ws Hooke ' s law ! 

1 ( cr z \ 13 cry (y = _ cry - - ! = 
E ;n / 16 E 

With f = 2 . 0 em recorded in the present example, we have 

16 
1 3 

E (y = t~ 740000 '~(f )2 = 2700 kg/cm2 

The a g reement with the computed stress accord in g to 
F6 pp l i s perhaps accidentally so g ood. The failure oc
curred in th e center of the sheet edge , where the stresses 
in the elastic r ange also are maxim u m (fi g . 14 ), 

RJi:FER3iiCES 

1 . F6pp l, A . ani L .: Drang und ZHang . 

2 . Hencky , E .: Die Berechnun E dunner rec~teckiger Plat ten 
n it verschwindender 3ie gu~gs teifigkeit. Z.f . a . M. M., 
Bd . 1 , Heft 2 , April 2 1 , 1 921 , pp . 81 - 89 . 
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Figur ~ ll.- Computpi a nd 
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Figur e 13 .- Pa r abo l a 
notation . 

Figs. 1,11,12 ,13 

Fi gur e 1.- No tation of 
r ec taneular 

ski n pl at i ng . 

Fi gur e 12 . - Tensiometer 
1m if e edge . 
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