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. SUMMARY

The present report deals with the variation of a tur-
bulent velocity profile in flow from rough to smooth wall
and vice versa. Expressions obtained for the shear-stress
distribution with respect to the distance from the point
of junction of the different roughnesses and from the wall
distance, are utilized to ascertain the developing veloc-
ity distrioutions. Under simplified assumptions, the use
of these formulas renders possible the integration of the
motion equations for the shear stress. This calculation
~is carried out and compared with the experiments. Despite
the fact that the assumptions in this particular case do
not prove to be wholly correct, comvaratively gZood agree-
ment is achieved in the most inmportant resgion.

INTRODUCTION

The purpose of this report is to study the variation
of a turdulent velocity profile estadblished in a channel
of known surface rouchness on transition to a different
surface roughness by exveriments, and to develop the for-
mulas necessary for the calculation. The phenomena accom-
panying fully established flow along a boundary of known
roughness may be considered as being understood now {(ref-
erence 1). ZExpressions havo been obtained for smooth and

*"Umformun% eines turbulenten Geschwindigkeitsprofiles."
Zeitschrift fur angewandte Mathematik und Mechanik,
vol. 19, no. 2, April 193%, pp. 87-100,

This artlcle forms the second part of the thes1s, un-
der the direction of Professor Prandtl, entitled:

"Studien zum Ravhigkeitsoroblem," The first part, en-
titled: “Stromung hintor cinem einzelnon Rauhigkeits-
element," anveared in Ing.-Arch., vol. IX, no. 5, 1938,

P, 343,
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rough tubes and channels for the velocity distridution,
resistance, exchange in impulse, and tho mixing path.

If thp_,urface roughness undergocs-a- change, a new veloc-
ity profile has to be formed, and this transition resgion
has, so far, been investigated only theoretically, under
certain simplifying assumptions (reference 2). The au-
thor has carried out experiments over this region and
utilized the results to estadlish a new method for com-
puting the velocity distribution over the transition sec-
tion of a channel when changing from smooth to rough, and
vice versa, provided the shear stress at the wall under
conditions of fully established flow, is known. The pre-
dictions have been confirmed by further experiments,

EXPERIMENTAL SET-UP

Exnerlments were carrled out on a blower whose nozzle
-emptied into a rectangular channel 60 cm wide and 20 ‘cm’
~high, The channel itself consisted of airtight wooden -
boxes, bolted together with felt strips in between, insur-
ing a completely closed channel length which could be -
lengthened or shortencd as necessity arose. The end of

the channcl formed the experiment chamber. Glass windows
on the side assured the most accurate setting of the pltot
tubes. In virtue of the reflection on the smnoth wall, an
accuracy up to 1/10 nm was readily obtainadble for a known
point of contact of the survey tube with the wall and
hence, of the wall distance. The experiment chamber itself
was so arranged that the survey tube could be moved across
the entire .length of the box but not crosswise to the direc-
tion of flow (fig. 1), The box was .l.5 m long.

Above it was the guide rail of an optical bench, to
which the streamlined tube was fastened. The survey tubes
were fitted with threads and laterally screwed to the
streamlined tube. The recorded pressure was transmitted
by means of a valve rubber to a little tube inside the
streamlined tudbe and was removadle from abvove, The slot
in the upver wall was covered during the test by wcll—
fitting wooden strlps.

Since a two-dimensional problem was involved, the
static pressure could be recorded with a disk type of sur-
vey tube originally employed by Motzfeld: (referencc 3),
consisting of a lens-shaped disk of 8 mm’ ‘diameter, 1. nn
maximun thicknegs, with Q;G'mm'diametér orifices in the
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center of, the-curved surfacés. . The. survey . tube should be
so introduced that the mean flow direction is always par-
allel to the. tube. The dircctional unsusceriibility was
approximately £3° and was at any time obtainatle. A cali-
bration. was made in the free stream, back of the fan, in
the "sound" flow, with the static pressuvre set at zero.
The cocfficients were nlmost identical with the employed
survey tubes, averaging around B =:1.14. This value was
larzely ‘independent of ‘the Rgvnolds number. With the no-
tation:

Pg total pressure
Pgy static pressure
't"static pressure recorded
S by the survey tube
q dynamiec pressure
Ve have:
- ! -
Pg = Pgy B aq
Pp = Pt 1 ,
Pgt = Pg — 4 = Py ~ ST = B (g - 1) Pg + Pgy ]

which, with B 1.14, <gives the static pressure at

i

0.14 p, + p_,'
T1.14

Pt

All pressures were recorded with Prandtl manometer
relative to the pressure in the experiment chamber., Strips
0.7 cm high and 1.0 cm wide, nailed 15 cm apart on the
bottom side of the channel, simulated the wall roughness.
The rough length amounted to 5 m. :

PRELIMINARY TESTS

Before proceeding to the actual measurements, it was
necessary to ascertain whether a fully established pro-
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file existed at the end of the rough length., Plotting the
velocity against the logarithm of the wall distance, 3Zave
a straizht line which, according to the lozarithmic law of
velocity distribution, is - an indication of fully developed
floﬁ, as was to be oxpected on the basis of Nikuradse's
carlier pipe flow experiments, which established the ter-
mination of mixing after about 40 pipe radii. Kirsten
(reference 4) claims the presence‘of the final velocity
distridution at 20 pipe radii already. With a hydraulic
radius of '

2 channel section 15 em
r = =
h with circumference

in our case we obtain a distance of 33.3 radii available
as entrance which, considering the marked roughness, should
be sufficient for full development of the profile.

The measurement of the pressure drop was accompanied
by a slight pressure jump behind the roughnesses, on
transition to the smooth wall, caused by the abrupt widen-
ing of the channel. A smooth, carefully alined plywood
board, high enough to assure progressive transition of the
pressure, was nailed at the smooth part of the length. If
the board was too thlck, naturally the opposite occurred:
a pressure jump to too small wvalues. After various trials,
1.0 em was chosen as a practical height.

The static pressure drop records were made in the
middle of the channel. The effect of v, that is, of the
velocity perpendicular to the wall, on the pressure read-
ing, was below the accuracy limit; hence, could be disre-
garded. TFor, with pétv as the additional pressure indi-

cated by v, our calibration above affords:

~p ' =-0.142 2 p 1. =-0-14%u2

ko) ]
“stv st 2 st st

Assuming roughly that v/u in the qénter acts ag 1:100 -
this value is not reached in our case - we have:!

1 - 1
pstv pst 1l
10000

B -
Pst pst

The omission is therefore fully justified.
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The slight irregularity of the velocity distribution
across the width of the channel, was of no import in these
tests as the measurements were made iq a vertical plane.

TEST PROCEDURE

Having to do with a two~dimensional prodblem, the x-y
coordinates are formed by the perpendicular plane of sym-
netry of the channel in the flow direction, its zero point
being situated in the junctioan point of the two roughness-
es. The positive x axis points in the direction of the
principal flow; the positive y axis, perpendicularly up-
W:').rdo

The flow was studied when changing from smooth to
rough wall and vice versa. However, for reasons evolving
from the experiments, only the variation in the profile
from rough to smooth, is to be analyzed in detail, Veloc-
ity measurements were made at x =2, 7, 15, 20, 40, 70,
100, 150, 215, and 290 cm (fig. 2), although only part of
the obtained curves are shown, for the sake of clarity.
The variation in the profile is such that in the lower re-
glons with increasing x, an increase - and in the middle
a decrease ~ in velocity occurs, wheredy the smooth pro-
file evolves gradually. Thig transition is numerically
treated. '

ATTEMPTED SOLUTION

With T = apparent shear stress, the equation of mo-
tion reads:

du du 13p , 1 37
Lr 4 €2 - L = 2= 4 = -
Y ox TV 3y p3x P oy
With the continuity cquation gﬁ + %§_=<Q,_ we obtain,

conformable to a variation by Prandtl (reference 5):

sy &, , 3w _ _138p,1097 = f(y)

ox oy p Ox p Ay

where, for a fixed x, the right-hand side is put equal
to a function of y: or ' B
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o9y . da .

- u — v = . .

S (@) S - i(y)

8y \u “u(y) u(y)?
We integrate from O to y, since v =0 for y = 0,
| y

y oo o o

g = = i—(-4:’:—)-34'dy " and hence, v = = u /P fﬁll;{dy
| culy)© - Jowly)t
' '...o . S Cee e g “o . o

whence differentiation gives the velocity increase: . .

y
.__a.z_"_a_E;.a_< £y)_ )
y T T ox T 3 uL/P uly)?® v
. , .

Starting'therefore from a certain velocity profile, if ' S%

(which-in first approximation can be put constant:because
of the small curvature of the streamlines over the channel
] - T - - . i N,
sectivon) and 5 are known, %ﬁ' can be computed, where-

from follows a new u for (x + #x):

au.>
= + ( — . Ax
ua U1 é‘x N X

The method applied recurrently gives, therefore, the
velocity distributions at the various distances. For the
shear stress, the formula

% = LEE %g %5 (reference 6)

was applied. It could be computed under rough assumptions
of mixing path 1. Reliadble mixing-path distridbutions in a
channel are unknown. Hence, the use of the simple formula

1 = 0.4 ¥ E—:—Z, which for vy ::% givaé, 1 =0,1h (figz.
3); h = channel height,

Tﬁe calculation(wésAfﬁen éﬁtaiﬁted wifh:this-éssump~



ACA Technical Memorandum-No. 951 7

tion, he velocity wu of the initial profile supplied
the measurement, gﬁ had to be defined graphically by

differentiation. The result was the shear stress and

. oT
after another differentiation I The inte%ral /“ fiul—
y 1/ uly)”®
0

dy was graphically evaluated. Reiterated differentiation

P2 . . . v
of u 5 dy finally gave the desired veloclity dif-

ference for the selected vath element A x.

Notwithstanding the various applications of the usu-
ally not too-accurate differentiation and 3Zraphical inte-
gration, we still believed that with the care used, the
results would agree with the actual conditions; dbut it was
otherwise. A conparison with the experimentally ascer-
tained velocities manifested, to dbe sure, close agreement
for greater distances from the wall, but also great de-
partures in the neizhborhood of the wall., The advance of
the rough profile toward the smooth. up to y values of
"several centimeters, took place much faster than the cal-
culation stipulated. The reason could only be ascridbed to
the erroneous mixing-path assumptions.

In the attempted explanation of these conditions, the
opvosite process was essaved - that is, the shear stress
was computed from the recorded velocity profiles and their
differences, and the extent tn which the above functional
relation of mixing path ~nnd y was true or false, and
was independent of x, was checked by means of the formu-

-~ pu L. .
la < = LQE S ;; . The equations of motion and continu-

P P

ity served as bdasis.

The result definitely established the reason for the
discrepancies betwecn calculation and experlment ‘and made
the continuation of the above method apoear little prom-
ising. The rise of the mixing path -with' the distance from
the wall was much more vronounced than we had stivulated
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in our formula, according to Nikuradsé's experiments on
pipe friction. But at greater x values (150-200 cm). -
that is, on approaching the fully established smooth pro-
file of Nikuradse's-distribution, the mixing-path.distri-
bution was approximately similar (it was a little below).

Incidentally, it may be mentioned that, according to
--Prandtl, the mixing path on approaching the: wall ‘tends ‘to-
ward a certain limiting value, which corresponds to the
degree of roughness. This value, being small, was dis-
regarded in our calculations.. To illustrate: Consider our
utilized rough wall; writing, in conformity with the uni-
versal law of velocity distridbution for rough walls (Nik-
uradse, reference 1),

8.5 + 5.75 log 2@ = —2— = 0
ks V%
T
gives the wall distance Voo with velocity = zero, accord-
ing to our law. v, 1is the shear stress and kg the

equivalent grain size, which will be determined later. - As-
suming its value for the present, gives: B

8.5

y Yo . '
1 e - . S L = 0,175 em, ., = 0.068 ¢m
°% k. T %% 528 5.75' Yo "o
This value 1V would not have been able to change the mix-

0
ing path distribution very muca. On the smooth channel

wall used it was, in fact, several percent lower, so that
it could not be considered at all, The wide discrepancies
therefore remained unexplained; hence the solution of the
posed problem by this method must be called unsuccessful,

FORMULATION OF AN EMPIRICAL SHEAR STRESS

DISTRIBUTION FORMULA

a) Determination of wall shear stresses and closer’
characterigation of wall roughness.~ Before going on with
the new method, the utilized roughnéss and its shear stress-
es are scrutinized somewhat more’closely. = * |

T, 1s the shear stress on thé smooth wall; Tf"that
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on the rough wall. Tgr_was obtained once by pressure drop,
: T e - ‘

~at i; = 4,90 X 103;¢m9/s?. But since this value seemed
too uncertain, the determination of T, by the universal

law of velocity distridbution:, '
‘ Vi ¥
u g
——=- = 5.5 + 5.75 log —;-“

V*D_
D

served as check. Logarithmic plotting of the wall distance
y. against the velocity 4 affords a straight line -

u = mg + ng log ¥y

from whose slope vy follows dlrect
5 F
n = 5,75 v v = A/—ﬁ—’— = e————t—
€ ! Yo P 5.75

It ga%e:

T
7? = 5.05 x 10° cn/s®

The factor 5.75 was considered safe. The two obtained val=-
ues agreed fairly closely. The additive constant of 4.32
in- our universal velocity distribution law differing from
Nikuradse's 5.5, is attributadle to the fact that the wall
is not perfectly smooth. Thus the universal law for our

" case- reads: - :

Vo ¥

wo g
——— = 4,32 + 5,75 log ———
V*g v

The slope of the straights is the same as Nikuradse's.

... TWith a = side length, b = height of the channel
'section, 1}/P is now computed from the force equilidbrium

between wall shear stress and pressﬁre-gfddienti
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Analogous to the determination_of,ATg/P, Tr/P can now

be obtained for checking the last-obtained value. For a
rough wall, the universal velocity distridbution law takes
the forn :

u , -y -
;:— = A + 5,75 log E-. u = m, + n, log ¥y
r 8 :
which, plotted.as previously, leaves
IE = ir 155 ¢ Ir 24,1 X loscma/sa
5 = Va, T FT7E = 15 cm/s, 5 o= 24,

Even in this case, the values are fairly agreeadle.

T

With the approximate average value 7; = 23,0 x 10° cma/sh'

were computed,

It should be noted that the roughness of the board
used for the cross-~sectional contraction, was slightly dif-
ferent from the channel wall. This explains the differ-
ence between the above-defined wall shear stress, applica-
ble for the usual channel wall, and that later obtained as

J

'constant after integration of l-/P éggz. nhich represents
) P’ o y

the shear stress of the board. This value ranged from % =

3 x 100 to 4 x 103 em?/s®. “Subsequently, 3.4 x 10° was

used in the calculation, ‘as it involved flow conditions
over the "smooth" board.

At this time, a remark about the shear stress on the
smooth wall when facing the rough wall, may not be amiss.
From the smallness of the discrepancies appearing in the
measurements, it may be concluded that in this case the
wall shear stress is greater than when the whole channel
is smooth, :The rouzhness effect extends across the entire
channel width up to the opposite wall.

For combdring'our roughness with that of others, we
effected a reduction to Nikuradse's grain size, although
this should not be looked upon as generally the best ref-
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erence reoughness. One of Schlichting's grain sizes (ref-
erence 7) might oe;hapq be more approbriate since in
Nikuradse's roughnegs < because of the adhesion of the
sand grains with lacqu*r - the conditions between the
grains cannot be avcurately simulated.

The equivalent grain size gives the grain size of
Nikuradse's sand roughness, having the same resistance as
the roughness used; it is .indicated.bdy kg. The universal
velocity distridution law for rough wall for fully estabv-
lished flow, reads: :

u -
- = A + 5,75 log J

Vox . k
r

A 1is characteristic of any roughness; it is a roughness

" function. TFor sand roughness, the value is A, = 8.48.
Accordingly,

_Bi-2:8,48 + 5.75 log -

V% kS

T
and, comparison with the §réceding relation:

. Mg v
8.48 + 5,75 log —— = A + 5,75 log =
ks k

or, after combining:

kg A
5.75 10% '1;"' = 8'48 - A

Semilogarithmic plotting gives, in our case, A = 3.45,
Hence,

0.876 . 7,52
-.- .80, "IE""'— . .

which, for the k = 0,7 em heicght of roughness used,
amounts to :

ks = 5,26 cm

The size of the equivalent sand rouOhnesv is therefore
72 times greater than that o? the used roughneqs,
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Further calculation. demands an exact definition of
‘the wall distance Schlichting defined it as cqual to the
distance of a flctitlous wall substitubln” for the rough
wall, having the same fluid volume. This was found:to “Dbe

impractica al. The starting voint formed the logarithmic
velocity-distribution law:

u 3‘5-{75_.‘7* 10{';

<
o i

log $L was then plotted asgainst w, while Y, was vdr~
c.o

ied until the extension of the obtained straight lines

passed through zero. The points adjacent to the wall were

omitted, since the law does not apply there. The thus-

obtained vpoint Yo represonts the height at which the ve-

‘locity is zero, and consequently, forms the zero point 'of
the new coordinate system. Yo was equal to 0,17 cm.

This agrees with Nikuradse'!s definition, according to

-8 = D.28
which Y, =0 " In our casse .yo = %20

1l

k = 0,175 k.

The velocity measurements were made at an average air
speed of arcund 14 m/s., The velocity (16.40 m/s) recorded
in the middle of the channel served to effect the nondimen-
sionality.

b) Mathematical shesr stress digtribution.- Reverting
to our original problem -~ that is, the calculation of the
variation in velocity profile - it was necessary to ob-
tain some kindsof expressions. A ray of light in this di-
rection was indicated during the plotting of the shear
stresses computed from the experiment. The shear stress
by fully estabdlished flow is, as known, linearly distridute:
ed across the section. It is zero at maximum velocity and
increases with anproach to the wall up to the correspond-
ing wall shear stress. The shear stresses prevailing at
different distances from the roughness transition ncint,
were all between the lincarly rouzh and smooth distridbu-
tion, working from the rough with increasing x over to
the smooth (fig. 4). The new wall shear stress was imme-
diately available. Its effect spread consistently upward.
Hence, it was presumed that the differences bdetween the
original rectilinear shear stress distridution and that
existiang at certain distances, might be ‘approzimately ex-
pressible by an exponential relationship detween: -y " and
X, Comparisons of various formulas with thc odbtained
shear stress distridution, manifested the following as the
most favoradle:
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Tl(xy) =[ 7, = (5, - %) £(MIB-ZE (1)
£(n) = é. e“b’n with T = f’ﬁ ' (2)

¥y = h indicates the ordinate of the maximum velocity.

For fully established smooth and rough flow, h assumes,
of course, different values - a fact which was not taken
into consideration, as its role is subordinate in our anal-
ysis. A certain compensation might be achieved by resort-
ing to the arithmetic mean of the height as basis of the
calculation. Our choice on transition from rough to smooth
as helght h is the distance of the velocity maximum on
the rough profile from the wall.

During the closer investigation of our previous sur-
mise f(N) was first plotted from equation (1) against ¥y
for different x (fig. 5):

T T{x,5y) h
£(N) =1 + T s T T - z n -y
r g r g '
- n '
A certain value f(M) = a e by/x = constant defines a
certain value 1N = XE,= constant. Therefore,
S x

“1ln y = 1ln const + m 1ln x

After logarithmic plotting of y and x, followed by
the drawing of straight lines through the points obtained
for £(M) = const - the errors encountered being compensated
for as much as possible - their slope m indicates the ex-
ponent of x "(fig. 6). The gratifying feature of our for-
mula (above) is that, with it the average slope of the
straight lines was quite constant; i.e., approximately
equal to 1, in consequence of which f£(T) assumed a form

easily amenable to calculation.. N forms the interscection
on the ordlnate obtained by extension of the straight line
placed as closely as possidble through the points with the
averagoed slope 1 as_far as the intersection with the ordi-
nate ux1s

There remained thée detérmination’of =& and b:

~v < ;
£(M) =ae ¥, .log.[f(M)] =-log a - b 0
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Semilogarithmic vlotting then zave ~'a and b For a we
obtained about 1, as it shouid dbe, if T =T for

_ (xy) g
small y; for b, we obtained 11.16 (fig. 7)

Then, the general relationship of x and y for T
reads?

o o .y o= v S
- - - ~1lel6 =~ {2 =Y
T (xy) —-{Tr (1, Tg) e~ ] I . KS)

This is an empirically established formula for the change
‘in shear stress digtribution on transition from rough to
smooth wall,

Now it remained to be proved, to what extent a gener-
alization of this formula was permissible to other cases..
For this purpose, the investisgations were made by exactly
opposite conditions, as in flow from smooth to rough wall,
The length intended as entrance obtained a bottom support
of 1 cm thickness, of the same boards used in the first
test and, consequently, with exactly the same roughness.

The entrance length of 5 m was considered sufficient for
establishing the profile. :

Next comes a rough length of about 3 m. Great care
was used in fastening the board on the bottom, so as to
obtain a perfect plane and keep the cross-sectional
changes within negligidle limits. The smooth piece was
followed by the strips spaced at the given distances.. The
measurenents were made in the exact center between strips,
X="7¢5,39+5; 71.5, 10%.5, 140, 204, and 290 cn (fig. 8).
For the rest, the calculation was as before. Figure 9
shows the shear stress distribdbutions. Figure 10 contains
the representation of f£{(N). The constant factor in ex-

ponents of (M) =a e X disclosed a aslight difference

from the previous value (fig. 11). 3But this error was too
insignificant to entice us into attempting to express both
processes by the same formula (fig. 7). The mean value of
b represents the above value 11.16. a asgain followed at
around a = 1, and this value 1 was used thereafter.

Our. shear stress distridution formula for flow to
rough wall, has thus the same form as for flow from rough
to smooth wall, except for the exchange of T, and T pt

. 2

Wl

T(thy) E[Tg - (Tg - TI‘) © ]L_E__ (4)
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The same type of shear stress variation- te tifies to the
same tyoo of turdulence.

The extent to which this formula actually. represents
the experimentally achieved distridbution, is shown in fig-
ures 4 gnd 9. In the usually most importarnt region of
small x, where transformation advances most rapidly, the

~01m11at10n is almost complete; subsequent discrepancie
are of much less influence. Concerning the small d1ffer—
ences of the experinmentally defined shear stress distriou-
tion in wall proximity, it may be stated that they are prin-
cipally due to the fact that the integration constants re-

X?'
.~ 1 aT . . .
sulting from the integration of P 37 dy representing

/
o
the shear sitresses on the wall, did not produce exactly
identical values. 'These differences are caused by inaccu-
racy of measurement and evaluation. In this region the
formula seems to reproduce the conditions much detter,
since the same wall shear stress must prevail.

In retrospect, it may be stated that the above formu-
la reproduces the conditions fairly well and can -be used
as a basis for computing siwmilar problems. In general, the
nethod of differentiation will have to be recsorted to -
i.e., start from a known, fully established profile and
define Ju/dx, _exactly as in the firsi attempted solu—
t on - this time with the new shear stress formula - ob-

74'\,
L LTLT

‘tainlng, accordin? to U, = u, + gu:> Ax a new profile.
Granalcal treatment produces qulckest results The x in-
tervals need not be chosen so very small in order to
achieve a good reproduction of the actual curve. In our
case, sections of from 10 to 20 cm directly behind the
Junction point should he chosen, which could even be in-
creased as the spacing is increased.

SOLUTION OF MOTION EQUATION WITH SIMPLIFIED ASSUMPTIONS

In the following, it is attempted to inte3rate the
notion equation under simplified assumptions by introduc-—
tion of the shear stress formula. The equation of .motion
reads: . : i
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:Qu . 1.3p 1 a1
Qul, Q4 . i 2902 4 2 9T 5
"3x TV ay p.ox. P 3y (5)
Our nrev1ohsly obtalned xormula serveq as ba31s.‘
o ‘ .y
L. -y e _ -
T =SS [ty + (75 = Tl)e ]
@ = 11,16, T; and - Tz denote the equilidbrium wall shear
stress for x< 0 and =x = + o,

Now the first simplifying assumption stipulates:

|T3 - le <« T, . dence, we can write
u(x,y) = we(y) + u'(x,y), vix,y) = v'(x,y)

with u' and v'< U. wu,(y) is the velocity profile
over the roughness 1, With the stream function '

| B 1 = -
v Ay’ v . ax
Ju! !
while disregarding the small terms v! 3>- a&and u' S
w2 obtain approximately:
2y Omy W 13p, 101 (7)
*3ydx dy 09ox p & p Oy

With équation (6), the right-hand side assumes the form:

3 oy ) Q
1l 90p 1 - h -y a %
- = o= L S + - X - et - =
p sx Ph [Tl (Tn Tl) e ] p (Ta Tl) % e
Putting

~18p 131y _ _123p Ty g(x)

p ox p Oy . P Ox h

that is, f(x) =0 for x< O, the right-hand side of
equation (7) gives: : : o .

X

f{x) - <h & h - 2") (Ta“‘Tl)" e

X

~ "an/}{
= f(x) - E2gLEr) (ory
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For modium x and not unusually grecat. ¥y, calh = y) > x
for x = ay, the expression is

Lx.+ alh - y) _ a
' ‘h x

N

which is to scrve as nmcar valuce in the subscquent calcu-
lation, This comprises the nost usuvally interesting
‘region (x = 11 y). The velocity distribution wu, it-
sclf is to be represcntcd by an intervening straight linct
ux = A + By. The selection of this straight line should
be such as to assurc its closc approximation to the veloc=
ity profilec in the pertinent region,

Substituting v for - %% and posing for abbrevi-
o : Ta = Ty .
'aplog Ipr the constant value, ———5——~ = ¢, cquation (7)
gives

- (A + By)éz + By = f(x) - & ¢ o~ ATE (8)
oy X

This is a lincar inhomogeneous differential equation of the
first order, which is solvecd by the mcthod of variation of
constantse The soluticn leaves:

: 0/ - Y,
y £(x) - 20 o /X
X

- v = (A + By) :ﬁ dy (9)
J (A + By)?
o}
The iatcgration coanstant is zero, since on the wall, that
is, for y = 0, v nust cqual zero. The condition of
continuity on the other wall is met by mcans of f(x).

Por the further trcotnent of the above integral
1 _ _ .
(A + By)=?

is'devoloped by binomial expaasion, whereby only
the first two tcrhs are coasidered. Thus. '

"__:___i____.=_l.(’1”:2__§z>é
(A + By)®? N A ;
and therefore .

- p! o= (A zsz) /P ['f(x) _ %-p 9ja y[x ] é - §7§1> dy  (10)
0
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whence the continuity equations give the velocity u at

- X .
[ 3
Y | v .
u = / a—:;:d}+u*.
o)
In conformity with the initial condition: x = 0, u = U,

the integration constant must be equal U. Coansequently,
" -vy! must be differentiated again with respect to y and
then intcgratcd with respeet to x, which finally lecads to
the integral ilogarithm and, after intermediary calculations:

BGV[B . 1
U = ———— — X7 - X

AR Ao *hJ
X
’ d'y —~e
1. 338°% > -z~ 1B C B®C <x
+ I-.... - e f e X A
|2 =7 1/ (x)dax + x e [Ae 53 +y
o)
- 4
3 —-QT 2 r EC
- / & iz !EE._ 5—2—— a vy | + Uy - {12)
B '
z = % was chosen as a substitute. Since the integral

logarithm produced is tabulated, the problem may ve coansid-
ered solved. " The integral logarithm is usually expressed
(see Jahnke=Emde) bdys ‘

- -

[fe s =m (ox) (13)

which, in our. case, gives:
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[0+

-~y z
fooemME L, = _Ei/.,r.qz> (1)
/- z- . \' =/ .

In this manner it is possible to compute, by known
wall shear stresses, cvery profile formed on trarsition
to Tp, starting from a velocity profile formed over T,.
We proceeded from the premise that |[Tp = T,| €< Ty .

It should, however, be esqually of interest to apply this
calculation once for our experimentally explored case,
notwithstanding that the assumptions are not completely
satisfied and discrepancies thercfore may be cxpected.

The initial profile was that shown in figure 12,

The interveaning straight line serving as a basis of the
calculation is chosen so as to assure comparatively good
grcement in the lower rogion of the velocity profile,
Surprisingly, there is a fairly close.accord with the
measured velocity profiles for small y, At greater wall
distances the differences are considerable, Above 2all,
the overlapping o©of two coansccutive profiles docs not ap-
pcar, The cffeccted omissions are evidently too grent.
The pr1n01p al rcason probably liecs with the inadmissibile

’

. o s . . 1 .
ity of binomial expansion of ————% for great dis-
(A + By)
. .. . - . By 1
tances, since the scries coanverges only for Y < 1.

Even thc approach to 1 causes scrious felsification of the
rosult through exclusive consideration of the first two
terms., Asidc from that, therc is also the ommission in the
friction tcrms.

Morc accurate results, to be sure at grecoater expease
of time and labor, are obtained if the complete friction
fornula is allowed for in the integration of the above

differcntial cquation and . alonc is, as be=-

- - A A l + A )
fore, introduced in the colculation through the first two
terms in the binomial cxzpansion. This omission.is inevie
tadble if the calculation is to be at all fcasidle. The
solution is:
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X
i 7 m2 3 ,
u?.b:_,e[_@_xz-x]ﬂ‘:-.:;.m £{x)ax
A% 1A o La 4 4
)
- y/xl—B 5 B°C/x + >] /(%o -Qyz dzfc a
+ X € L_A_‘E A:; (\a -} L.A.

C—QYZ ) Fao¢ ay ECaya__14EaC avsl.

[ee]
-
3 B C w2i.m. [e
- a + U+ o dz f
AS J_I ! z 1_ h A h a® 3h A°
.‘lr-A- )
o
. =32 g L 7 xRy 2 xP c ] 2 B°C
+ e *. ~ = xy° + = + = Sy ) —— x| - =
: h A°\3 g a 3 a h .4 3ha? A
(15)
Following this, the velocity for x = 40, y =1 was

computed as a check on the calculation. The difference
from the result obtainad with equaticn (12) was very small
as the effect of the additive termg of the last eguation
does not become noticeable vefore x # aye. <for the region
X = ay, cquation (12) was quite accurately applicablec,.
Greate y values ars, of course, again excluded, because
the b;nomial cxpansion is then no longer admissible.

~In order, therefore, to include this rogion of greater
y valucs as well, it was attnmptcd to replacec the earlicr
obligqguc 1ntnrven1ng straight line of the velocity distribu~

tion by a distridbution U = const, that is, by a vertical
straight lingond the choice fecll %o the average velocity
T = 1390 cm/s. The degree of the differential equation was

lowered hereby.

From cquation (7) followss
52’ 13p 107 _ -

Uy 3 =-—§3+——-—=f(x)+ 93'1-95-—>ce“y/y
7ox p9x  p 3¥ xh
’ (16)

We find
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. 3y 2V
A t = = byl = e
s = 4, ut = 5y v 55
Therefore
5
N . ooogr = L /)l—f(x).*.___.______)C ay
ox d A [ 4L , \-xh z h ¢ ‘ dy

i 0

With thc aid of the coantinuity, we obtoin for ul

X
l p r '_\_.a y/:: v . C - b % T 2

u == [ £(x) += <C¥m -0 a> -5 7/% hx+—u*=‘u'+u*
“ o ' (17)

where U, denotes the initial profile and u' the addi-
s Y /
tional veclocity.

With % = gz chosen as substitution, the intcgration
gives % o oy
- 26ay C TovE C x =a y/x
gt = L1 £(x)ax +< 20ay _ﬂ’.> /’ e g~ et v/
A il\.\..'.‘. A. l’ 2z A h
Y 1A (18)
The velocity profiles were computed for x = 20, 40,

70, 150, ond 290 cm distance. A comparison of thesec re-
sults with the cexperimental velocity distributions surprise—
ingly disclosecd a relatively good agrecment, especially in
thc middle of the channel (fig. 13). The overlapping of

the thecorectical profiles alrcady occurs at smaller y vol-
ucsy so that herc the doparture is somewhat greater. In
dircct proximity of the wall the caleculation is inapplicable
because the integral logarithm

- T - a ¥ = e 2. !
bi—(* x \),,— El\o) R - -

bccomecs ianfinite,

Te achieve o closer zppreach to reality, the profile
could now be replaced in the lower region by an obligue,
in the middle by a vertical straight iine., A stepped dis=-
tribution would also te feasiblec, special consicrations
being then nccessary on the points of discontinuity of the
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clocitics., & comparis
ment would surely be i

n of such results with the experi-

nteresting. Yei another profitable
study should be the extent to which the shear stress for-
mula obtained above holds ftrue in a comparison with the
actual processes under cntircly dissimilar types of rough-
NCSSe

m

Mpanslation by J. Vanier,
Hational Adv1sory uommlttec
Tor Aeronautics.
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Figure 1.~ View of test channel.
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Figure 4.- Shear stress distribution on
transition from rough to smooth wall,
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Pigure 2.- Velocity profiles on transition from
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Figure 12.-~ Comparison of calculated and meésured

velocity distributions on the basis
of the oblique intervening straight line.
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Figure 9.~ Shear stress distribution on transitions

from smooth to rough.
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