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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHENICAL MEMORANDUM NO. 867

THEORETICAL STUDY OF VARIOUS AIRPLANE MOTIONS
AFTER INITIAL DISTURBANCE*

By By .~ Hausg

I. INTRODUCTION

The study of the dynamic stability of airplanes by
the method of small motions involves the determination of
oscillatory and aperiodic motions. There are a great
number of well-established methods that permit us to cal-
culate the periods and the damping factors of these mo-
tions but which do not, in general, give any indication of
the amplitudes of the motions set up. We shall in the
present paper, with the aid of a number of numerical ex-
amples, attempt to clarify the phenomena arising after a
series of typical initial disturbances. It will be found
that the results of these calculations contribute to an
understanding of the mechanism of the motions which are
set up, and it is our belief that the publication of these
results, although limited to particular cases, will facil-
itate the study of the motions and flight paths. In what
follows, we shall strictly separate the study of the lon-
gitudinal from that of the lateral motions and shall not
consider the complete theory.

NOTATION

The 0X, O0Y, and O0Z axes will be assumed fixed on the
airplanc (fig. 1). The projections of the velocity on the
axes will be denoted by u, v, and w, respectively. They
define the angles of attack i, and of yaw Jj, these two
angles fixing the position of the airplane on its path.
When the components v and w are small with respect to
w, We may write:.

¥
"Etude théorique de quelques trajectoires d'avions apres
perturbation initiale." Bulletin du Service Tech-
nigue de L'Aéronautique, No. 17, June 1937.
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and have, noreover, the relation

The projections of the instantaneous rotational veloc-
ity Q on the three axes are p, q, r, constituting the
rolling, pitching, and yawing angular velocities. The
rolling is positive if it tends to lower the right wing
and raise the left; the pitching is positive if it tends
to nose the airplane down, while the yawing is positive if
it tends to turn the airplane toward the left. The con-
trols corresponding to these rotations are, respectively,
the ailerons, elevator, and rudder, their deflections «a,
B, Y being positive when they tend to turn the airplane
in the positive sense of the rotations.

The position of the system of axes O0XYZ fixed to
the airplane, will be determined as a function of a system
of spatially fixed axes O0X,Y,Z, by means of the three

angular. displacements defined in figure 2, The deriva-
tives of these angles

dCE__ 1
dt ¥
48 _ ¢!
at
av - oy
dt

are connected with the angular velocities p, g, r by the
geometric relationsg

P =¢' cos 8 - V' cos @ sin 6
Bt + V' sin @
r =¢' sin 6 + V' cos ® cos 6
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II, LONSITUDINAL MOTION

Method Used

The equations of motion referred to axes fixed to the
airplane are, for nonuniform flight (fig. 3)*

T+ X+ P sinb = g & & qW>
B P and B o iE é‘l-qu) (1)
g \dt
¥ + Tg - 2 ad
g dat
/
to which should be added the relation
at
The equations may be written:
5
g% = fl ('U., w, Q, 6)
%% wmy (n, w, %9.,8)
& (11)
%% s ) fa, %, gl
%—% = B dn, %o Gl )

/

At the instant t,, let the values satisfying the
gysten be Uy, Wo» dos 8o, and let ue give the airplane
an initial disturbance, so that at the instant ¢t, + 8t
the variobles have the values 1ugy + 8u, wWwg + 8Ws ete.

We may replace the four variables by their increments 6&u,
8w, 8q, 66 with respeect to their initial values. This

% 3 . . . i
In the section on longitudinal motion, r denotes the
radius of gyration with respect to OY.
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subgtitution, if the increments are assumed to be gmall,
makes it possible to linearize the system of differential
equations. We thus obtain:

\
alsu) ot o, of, oL 5
= + —= + = + =
1% e 8u Sa 8w 2 5q 39 &8
d(sw)  af, 3, af of
” hisier - e 3 SR
it S su + s 8w + Ba Bialest 30 86
Lis > (TI1)
a(sq df4 3t dt, ot
il k7 TR o Mok 3 b il + —2
3L o su o+ = Sw i 8a 36 58
a(se) af e B af of
ST E AR g e g | T 1]
1% o su 3e swr . 8q 36 56 J

In thig new system the disturbances 6u, 8w, 8qg, 86
are the variables and the partial derivatives are con-
stants whose values are determined by the initial condi-
tions. This system is linecar and readily integrated,
yielding the variables ©6u, 8w, 8§q, 86 as functions qf
the time after an initial disturbance. The integrated
system is of the form:

R

i

3\
8u Clcklt + Cy e Aty C4e)‘4t

§w = 7,1(“,1e7‘1JG % 'Lg('.‘vge7‘at + 13C3e7‘3t + 14C4e7‘4t
: >(1v)
At

%St m4C4eA4t

+

t
§q = mlclekl + mpCse + m,C e

8§06 = nlcle}‘lt + HQCBGAat + nscse)‘sJc + n4C4e>‘4t y

In the above system the four values of A are the solutions

of the characteristic equation of the systen:

2, _, oh o, 35,
- ow dq o6
ofy ofs x 9fz dfa
du dw dq o8 i 18 (V)
ofs ofy 8fy _ o O
3u ow 2q 36
of, ofy oty e
su oW 34a o8
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- The groups of coefficients kymmn;, lpmpny, etce,
will be obtained in accordance with the method of Lagrange,
by means of any three of the four equations of system owT ),
into which are successively introduced the four values of
A

ofy of af

B SN, SR =5 —= =
i T g~ G 9
of, 5 ofs > ofy ofs
= + =l s A e —= + ——= a3 0
3 u ' \aw & oq 4 o6
(Vi)
ou ow da 36
3ty 3%, 3f, 3t )
-4 . e N bl “B'e 3 s0
ou L ow ey o4 - 5 o6

and the constants of integration ©C;, Cz, Oy, and 04, the
latter devending on the initial conditions chosen.

The characteristic equation (V) is generally written:
Mo+ AN+ AN+ AN+ A, =0 (VII)

This equation, in general, possesses imaginary poobs, I1If
e, Teur roobs A _ are ilmaginary :

M. = 2 o B

A' = a! = b'i
equations (IV) may be written:
su = e2tp sin (bt + @, ) + ea'tp t gin (D't + @, t)
sw = eabp_ gin (bt + @ ) + e2'bp_ ! sin (b't + @, ')
¥ é ¢ " (v III)
by, = eatp3 sin Kpt + 9,0 + ea'tps' sin (bW &P, ")

66

1

at : att ! : 1 1
e@%p sin (vt + qa) + e p, ! sin (b't + o, )

In the above form they permit us easily to follow the dif-
ferent disturbances which the airplane undergoes.
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When the four roots of the characteristic equation
are imaginary, the motion of the airplane consists of the
superposition of two oscillatory motions. In each of
these p represents the maximum possible amplitude,

sin (bt + @) determines the sinusoidal fornm, ®  beiag
the phasc shift, and b a value such that the period o ¥ =
/v, oot (equals 1 for & = 0) represents the damping.

We then proceed as follows:

1., Xnowing the characteristics of the airplane stud=-
ied, we determine its characteristic equation (V) and ob-
tain the roots A. Fron these roots we can find the perio
T and the damping factor e2V., These characteristics de-
pend on the airplare and not on the initial disturbance
considered.

2e We next determine by equations (VI) the groups of
factors 1, m, n, these factors being similarly independ-
ent of the initial disturbance considered. When the roots
A are conjugate imaginary the factors 1, n, n will also
be conjugate imaginary and we nay write:

Vi =g ¥ Pt My =0 ¥ 8l n, = € + ol
Za = o ~ Bi Mg = Wi n, = € - @i
%« We now introduce the initial conditions of the mo

tion, that is, the disturbance considered. The latter is
expressed by a real value of one or several of the wvariabl
éu, 8w, 8g, 86, and from it we may determine the constant
of integration, which are conjugate imaginaries:

C, = 4 + Bi Cs = &7 + B'i

1l

Gy = & = Bi G = At = B'Y

The quantity CyeMb? = C,ePet will assume the follow
ing rTormg:

Cle>\lt+cee%2t Cle(a‘l'bi)t + Cée(aﬂ-’bi)t

]

= e2% [C,(cos bt+i sin bt)+0,(cos bt-i sin b
= o2t [(C3+Cz) cos bt + 1(C,;-C5) sin bt]

= e2% [2 cos 4 bt - 23 gin bt]

= gt A [sin o cos Dt + cos ¢ sin bt ]

= eat P,y gin (bt + ml)

d

-y

es
S

—

t))] -
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with
o =2 JETE
3
e 24
gin ' ==
1
P
- 2B
Pogap 2 TIEs
1 Pl

- t
Similarly, the part of the root Llclexlt * t,gCae)‘2
will assume the following forms:

e®% [(1,0, + 1,0,) cos bt + 1 (1,0 = 1,0,) sin bt ]

6% [(24 o - 2B B) cos bt ~ (24 B + 2B a) sin bt]

eat p, sin (bt + ma)
with
4 2 2
= 2 Ao - B + (AB + B
p, =2 /(o = 38)° + (AB + 30)
ain P, = 2 _(Aq = _38)
pB
- 2 (AB + Ba)
cos @, = S
2

Ve may note that p, mey he written:

o =2 [(a% + B%) (a® + 8%)

2

Te sce that the valucs of the amplitudes p and of
the phasc displaccments @ depcnd on the initial condi=-
tionsg. For the same oscillation the ratios pg/pl, ps/pl,
p4/p1 are, however, independent of the initial disturbance

and depend only on the characteristics of the alrplanec.
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AIRPLANES STUDIED

We shall study a series of airplanes differing only
in the coefficient of static stabdility dCy/oi. If i
may be taken equal to - %, the derivatives with respect
to w figuring in the calculations are merely the deriva-
tives with respect to the angle of attack i multiplied
by - %. We have shown elsewhere that the longitudinal
motion of an airplane is sufficiently determined by: five
geometric characteristics; seven aerodynamic characteris-
tics; a characteristic depending on the engine propeller
unit; and a characteristic depending on the weight. In
our example, we have assumed the following values for
these elements: -

l. Geometric characteristics:

b "= 2,3 meters
e Jog B "
g = 0
27 = 2,6
g . & 8
?

V' and S8' ‘being the lever arm and the area of the horizon-
tail surface, respectively.

2. Aerodynamic characteristics:

The quantities 0y and ©, are the coefficients of

the aerodynamic forces in the dircctions of the
axes fixed to the wing.

The angle of attack 1 of the state considered is O

C, = 0.40,

Hinimum drag-1lift ratio at this angle of attack:
B = 00125-
dC. ac,

== = 0,006y —==2 = 0,065.
di
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The damping of the pitching oscillations will be char-
acterized by a coefficient which we shall write in the
ac?
form azjz as if the cntire damping were produced by the
action of the horizontal tail surface. In the above ex~
pression G'Z would be the 11ft coefficient of the taill)
aQ

aBE tlhie rewl apgle of attack of the tafls

As o matter of fact, we shall take a numerical value
somewvhat larger than that corresponding to the derivative
of the 1ift of the tail in ¢rder to take account of the
danping introduced by the parts of the airplane other than
the horizontal tail surface. We shall take:

demally. we shall take

ac
ot
di &

the cocfficient of static stability, as the variable ele-
ment in the example. :

As the variations of the static stability may be ob-
tained by a simple displacement of the center of gravity
without varying the tail surface, we may assume it to be
pogsible to vary p without varying the other charactor-
istics.

2

3. ZElement characterizing the engine-propeller unit.

Weo wribe

giviinge b the 'value 0.5,
4, ZElement characterizing the weight of the airplane.

The weight per square meter will be taken as equal to
40 kilograms. From these data the result follows immedi-
ately that the speed of the asirplane under the conditions
congidered is 40 meters per second (90 miles per hour).
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The above elements permit us to determine the charace
teristic biquadratic equation in X%,

CALCULATED OSCILLATIONS

The equation was solved for eight values of p. The
roots are given in the following table, the coefficient of
static stability being evaluated by taking degrees for the
wnae, angle .

Values of A

Valnes =

of L Short-period Long-period
X : oscillation oscillation
HR=NGS0a8 NS E =R, 02 A = =0.,0408 *0,238i
B = 0,006 No= =ELE P51 A= SUL04E2 XS 2EET
b = 0,004 A = =3,74 *1,861 A = =0.0437 #0,19i
Bk = 0,002 A= el 3 00255 A= =0.0508 x0,1411
W= 0001 A = =458 N = =2,886 N =N=0R056 6 V0RI09 24
b = 0,0 AR=EaBRNG SANN =T 2 0265 A= =0.1275 N A=)
B = «0,001LI A = =5.6 A =RSHNSS A= =0,2307 A =SEREROHS
B = =0,002| A = ~5.97 A = =1.,455 |n= -0.2895 A = +0.127

The motion studied is stable when the roots are nega-~
tive or vhen, if imaginary, their real parts are negative.
The factor 2% or oAb approaches, in this case, zero
25 6 dnereases.

e after which the factor e2% attains the

The tim
s given by:

i

=

value

ry . g _ 0.692

X la|

When the coefficient of static stability has a suf-
ficiently large value the characteristic equation defines
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ir i

in genernl two very different types of oscillation. One

oscillation is of short period and is very damped; the s

ond bhas a long period and

is lesg damped. A4s

the sgtatic

stability decreases the motion ceascs to be oscillatory.

In the cxample given, the rapid oscillation loses its char-

acter somewhat earlier than the slow oscillation. The »
riods and damping are given in the table below.

Short-period Long-period
ggetllation ogieillabron
(seconds) (seconds)
B T T3 7. TS
0,008 2,08 0.185 26.4 Bl
.006 291 ,185 29,5 16,8
004 3e38 %186 33 15,9
+002 Brei/. .186 44,5 13.6
A « 001, averiodic 68 12.4
«00 aperiodic aperiodic

Then W = 0, the two kinds of oscillations vanish,
roots becoming recal and one of them zero.

In passing to the condition of static instability the

total motion is the sum of four periodic motions, three
them corresvonding to disturbances decreasing with tinme,

the fourth corresponding to a disturbance increasing with

time and indicating dynamic instability. The
roots shows clearly that the unstable motion corresponds
to one of the components of the slow oscillation. The

aperiodic motions which replace the rapid oscillation do

Hel Cencss to BHe'sheble within " the lLimite of

bility considered.

Vhen the motions are aperiodic the equations defirning

table of

static ingta-

the motion cannot be put in the sinusocidal form VIII and
must remain in the exponential form IV.

i

2 H e

e-

the

of
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TER OF THE OSCILLATIONS
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The character of the two types of oscillations is

well known.

The rapid oscillation is primarily that about

the center of gravity of the airplane, while the slow os~

¢illation,

on the contrary,
by the center of gravity in the vertical plane.

igs one of the path described
The lgtter

type of oscillation originates in the irregularities pro-
duced by any disturbance of the equilibrium of the forces

applied to the airp

lane.

It is possible by approximate

methods to study each of these types of oscillations inde=~

pendently.

2) Rapid ogeillation.- In studying the rapid oscilla-

tiomr by the method utilized by Munk - taking account of

the loss in altitude of the airplane = it will be found
that the regtoring moment is not proportional to

but to

ac

, 801, 811 g1t

di

and the damping is

but: to

This explains
attained,

ac
M,

a1 ait O

not proportional to

6" i1 °
aes - So o
48 Yoo BT - 40,
at v o™ ai
why,

coefficient of static stability 1s negative.

so long as the maximum 1ift is not
the rapid oscillation could be stable even if the

The rapid oscillation, at small angles of attack,

strongly damped and
result of the wvalue

the function
8. 0.8 ahd. By,

e2tp sin (vt + o),
respectively, practi-

cally ceases to have an oscillatory character.

exanple

Q = e

then

3.75 b =l dea6

Il ifiom

|
|
|
|
|
|
|
{
|
|
|
|
|
|
|
|
a0/ di, o
r
|
|
|
\
|
|
|
|
|
|
|
|
|

a

is |

S a
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21T
m i i 4

T3

e}

=692 _ 0,185
la|

wvhich mcans that after about 1/20 of a period the ampli-
tude is ocgain affected by a factor 0.5. In 'the case where

P = % the amplitudes start out from p, but decrocasc

more rapidly than according to the sinusoidal curve, the
damped motion being that shown in figure 4. The airplane
is, in fact, very encrgetically brought back to the angle
of attack which corresponds to a zero moment about the
center of gravity.

The same does not avply at the large angles of attack.
ac,
di
show thet dC',/di! . is also very small at this instant,
whercas dCy/di, on the contrary, maintains its former

value. The theory thus predicts that the rapid oscillation
nay not be damped at the large angles of attack.

At the maximum 1if¢ = 0, oand tests on numerous models

b) Slow oscillation.- The glow oscillation may be stud-
ied gevarately by exenining the modifications undergone by
the poth when the velocity is subject to a disturbance. It
will rendily be found that the flight path will be of an
oscillatory character. These oscillations are necessarily
accompanicd by disturbances of the other variables. Tok-
ing account of the fact that the airplane strongly responds
to the applied moments M and of the tendency, through
the short-period oscillations, to assume rapidly the angle
of attack of equilibrium, it might bo supposed that these
long=period oscillations are cffected at a strictly con-
stant angle of attack. This conclusion would, however, be
premature. The moment M is, in fact, a function of two
variables w and q, and we may write:

oM oM
My s act dpilioe s
d et dw 3 da

The rapid oscillation does not permit the continued
existence of moments M and therefore, dM = O. The ir-
regularity of the flight path, however, corresponds to
the existence of angular pitching velocities dq, so that
the condition dM = 0 implies the existence of disturb-
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W wor ' &1 ‘“lconnpebed with &g

by
aoC oC
= e =
ow tole}
We thus have:
< l swra act, 30y
8q & “ig ~-,-——> % = g =
v A ow
o0y 1
. el V
whence
a0y
g % 210 o é;_,_
Sw 1 gyt aC?t,
oi!t %

This condition will only be

true provided that:

1) Py and P, - are in the previously given ratio, and

iy 6g and Ow gorres
o LRI

ponding to the short-period os-
ion are out of phase by .

In the case of the numerical examples, we should have!

i

Py 0.,01385 Py for ©

p, = 0.0352 p

it

he airpiape faor whieh' ([ 0,002

v 0,008

il

It may be seen from the numerical tables computed,

that this relation is pract
phase displaccecments are by

DETERNMIVATION OF THE MOTI

In the general motion

is involved to a degree that depends on the nature of the

inttigl Jdisturbances ' EBEreli
stabilizers have led ug to

ically verified and that the
e A e

ON AFTER INITIAL DISTURBANCE

each of the elementary motions

minary studies on automatic
investigate how a given initial
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disturbance is distributed between the two types of oscil-
lations and we here give the results of these computations.
The general method indicated above has been applied to a
sufficiently large number of particular cases. We have,
however, limited our computations, as far as longitudinal
motion is concerned, to six airplanes instead of eight,
eliminating the intermediate case p = 0.001 as well as
that for the unstable airplane i = = 0.,002. The method
used becomes in fact essentially inapplicable when the
disturbances are no longer small. Since certain disturb-
ances increase when there is instability the method is at
fault in cases of instability, and we have therefore lim-
ited ourselves to the study of the unstable case p = =
0,001, which leads to a less rapid increase in the dis-
turbances.

We shall examine the motion of the airplanes for the
following initial disturbances?

1. Increasc in the angle of attack caused by a sud-
den pitching motion. :

2% Increase in the angle of attack caused by a ver-
tical gust.

2., Increase in the relative velocity due to a gust
acting in the direction of the flight path.

4, Sudden engine failure.

In 2 general way we assume the initial disturbance

to be sufficiently large. It may be objected that we are
here departing from the assumption of small motions. The
size of the disturbance has been chosen, however, with a
view toward obtaining variables that may readily be handled
numerically. Since all the equations are linear the ini-
tial disturbance may be divided by an arbitrary number and
2ll the amplitudes will be divided by the same number.

DISPLACEMENT OF THE AIRPLANE IN UNDISTURBED AIR

Suppose the airplane has undergone a sudden disturb-
ance displacing the airplane by a certain angle with re-
spect to the horizontal and the flight path. We shall as-
sume & displacement of 0.2 radian in a direction to nose
the airvlane up. The airplane will then undergo a dis-
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turbance in altitude 68 = - 0,2 radian or - 11.469, and
a disturbance im the angle of attack &§i = + 0.2 radian,
corresponding to 6w = = 0,2 V = -~ 8 m/s (A8 mapsdied.

The numerical values found for p, My eiticls. - anewziven

in table I, and the diagram giving the disturbances B8u
of the velocity wu, (which may be assumed to be the same
as V), 86 of the inclination 6, and 61 of the angle
attack 1, is shown on figure 5. These curves, as

as the figures of the numerical table, show how the
initial disturbance affecting the angle of attack and the
attitude, is distributed between the two oscillations.*
The airplone is suddenly raised as a result of the excess
of 1ift and tends to nose down if stable - these two phe-
nomena decreasing the angle of attack.

The most stable airplane noses down cnergetically by
the action of the rapid oscillation. After a fraction of
a second the disturbance of the angle of attack is prac-
tically annulled by the joint effect of this diving ac-
tion and the vertical acceleration which turns the flight
path upward.

The strong curvature of the &8 curve corresponds to
the vanishing of the rapid oscillations. At the instant
when these vanish the airplane is at an angle of attack
differing little from the normal angle of attack but

stalled by 6° and on a rising flight path. A lack of equi-

lidbrium will be felt in the forces and the long=-period
oscillation will arise from thig fact,

The airplane only slightly stable likewise noses down
through the effect of the short-period oscillation but the
action is less accentuated. The flight path meanwhile
curves upward., At the instant when the rapid oscillation
ceases to he felt, the airplane has nosed down only 20,
but its flight path has been raised and the airplane will
be found on a rising flight path of about 9°, the dis-
turbance in the angle of attack always remaining small.
The nonequilibrium of the forces is greater than in the
preceding case, and the resulting long-period oscillation
will be of greater amplitude.

* 4 5 :

On this figure, as well as on those following, the nega-
tive values of 68 are plotted nbove the x-axis so as to
facilitate reading the diagrams. Upwardly inclined mo-

tions will then correspond to rising curves and vice versa.
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The longz~period oscillation is very clearly brought
out by the disturbances in the velocity TV, to which it
corresponds. The disturbances in the angle of attack
which accompany the long-period oscillation are greater
on o less stable than on 2 very stable machine. The case
of an airplane statically neutral requires no remarks.

In the case of the statically unstable airplane tihe dis-
turbance of angle of attack decreases at first as a result
of the upward curvature of the path; the latter is not
stable, however. The airplane enters a condition of con-
stantly increasing angle of attack, leading inevitably to
such disturbances that the method of small motions, after
a certain time, ceases to anply.

DISTURBANCE OF AKNGULAR VELOCITY

The disturbance above considered, suddenly increasing
the angle of attack and the orientation in space of an in-
portant angle, is not actually realized in practice. 1%
may, of course, be imagined that a localized gust strikes
the rear of the airplane, but the latter cannot instantly
attain the final angle of attack acssumed. The airplane .
will pass through all internediate angles of attack and
the effocts of oxcess 1ift and of the static stability
will make themselves felt during these states.

In order to analyze the case, let us imagine that the
disturbance applied is an impulsive angular velocity tend-
¥ne bto turn the nose up ' 86q « 0. From the disgrams of V,
8, i, we have found that for &q = - 0,96 radian per sec-
ond (which is a considerable value ), the ultimate effects
of the disturbance were the samec as those of the Trd el al
disturbances of attitude and angle of attack studied above.
The innmediate effects of the disturbance cvidently differ.
The aongle of attack starts from zero and tondsg to dinerocase
but the increasc is rapidly stopped and the long-period
phenoncna are thc only ones that subsist after about two
seconds. It does not appear necessary to comment any fur-
ther on the diagrams of figure 6, constructed for the ini-
tial digturbance 6§g = - 0,96 radian.

DISTURBANCES OF THE SURROUNDING MEDIUH

The effect of the disgturbances in the surrounding mo-
diun may be studied by the following device. Let us as-
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sume that the ambient air, instead of being undisturbed,

is subject to a velocity U', having the components wu!
and w!'. Let U of components u and w be the absolute
velocity of the airplane. The relative velocity may be

written:
2 =
¥ie V/zu ~u!) + (w ~w')

and the angle of attack ag

It is always possible, in the case of a given air-
Plane, to investigate the motion corresponding to an equi~
1ibrium of forces in an atmosphere having any absolute '
velocity whatever, since the relative velocity and the an-
gle of attack are independent of the disturbance velocity.
It is therefore simple to investigate the motions which

. the airplane would assume during disturbances of the sur-

rounding medium.

Lot R be the condition of the airplane for which
u'y = 0 w'; = 0. This condition corresponds to the val-
ues u; and w; of the absolute veloecity of the airplane.
In 2 disturbed atmosphere 4z for which wu'f, %0 Tt & 0

the airplane, flying at the same angle of attack and same
relative velocity, will be in a state R, characterized
by different absolute velocities ug and w, determined
O U SRS i T e Yl BS the airplane flying
in state R; suddenly vasses from the atmosphere A; fo
the atmosphere 45, it will cease to be in equilibrium,
It will not be able to maintain its state R, » and waXd
tend to assume state Rz;. The motions of the airplane
could be caleulated by considering the state Ry as that
of equilibrium, and the airplane as dewvid abting £ rom ity by

B s o il

il
l
4
m—-

Sw

This artifice enables us to study the offect of suddon
gusts on the airplane.
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ASCENDING GUST

Let an nscending gust, characterized by wl, =0
w's = 8 m/s act suddenly on an airplane in horizontal
flight. The state R, in the atmosphere A; assumed %o
be undisturbed, is characterized by a system of given val=
ues u,, W, 6; (fig. 7). The state R, in the atmos~
pherée Az 1is a transitory state and not one of equilib-
rium. The angle of attack is very large (fig. 8) and the
flight path of the airplane will be modified. The air-
plane will try to adjust itself to a new state of equilib-
rium Ra in the atmosphere As. It is easy to see that
this state will be characterized by the same values of the
relative velocity, angle of attack, and inclination to the
horizontal as state R,, but the absolute velocity Uy

will be different. The latter becomes ascending, the air-
plane being subject to the motion of the surrounding me-
dium (fig. 9).

Te may study this transitory period by seeking the
sffect of an initial digturbance 6&w = - 8 m/s (fig. 10).
The airplane will be lifted suddenly and if it is statical-
ly stable, it will start a diving motion. These two mo-
tions have the effect of tending to close the angle in-
cluded between the directions OX and V of the figure, each
of these axes approaching the other.

If the airplane has great static stability, it will
oscillate more rapidly and the angle of attack of the
state will be regained by means of a displacement &8

‘larger than would be the case if the airplane had been less

stable. The static stability increases the disturbance in
the attitude 66 due to the rapid oscillation produced by
a vertical gust. The axis of the airplane should, howev-
er, in its final state, regain its initial attitude g A
large static stability therefore results in momentarily
removing the airplane from its final attitude and increas-
ing the noneguilibrium of the forces acting on the moving
center of gravity. This cxplains why the amplitude of the
long~period oscillations will be greater on a Vvery stable
airplane than on a less stable one. A neutral airplane
will be lifted without its axis OX undergoing any change
in attitude 80, "It is the U, axis which will be effecw

tive in destroying the disturbance of the angle of attack
§i. The case of an unstable airplane is sufficiently ex-
plained by the figure and requires no remarks.
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HORIZONTAL GUST

By the same procedure we have calculated the effect
of a horizontal gust of 10 m/s (22 m.p.h.) acting in the
opposite direction to the motion of the airplane. The
initial disturbance is an increase 6u. After the effect
of thig disturbance has disappeared the airplane regains
its horizontal flight at the original angle of attack but
at a different altitude. The airplane undergoes at first
a vertical acceleration. Its angle of attack therefore
decreases, and if it is stable it noses up and then starts
the motions characteristic of the long~period oscillation.
Figure 11 shows the action on the four stable airplanes
considered, on a neutral airplane, and on an unstable air-
plane. The disturbance of the horizontal velocity givesg
rise to disturbances in the attitude associated with the
slow oscillation and their effects in certain cases be-
come far from negligibdle.

DISTURBANCE OF THE FLIGHT PATH

We shall consider the case of a disturbance 686 act—
ing alone - the velocity V, angle of attack i, and an-
gular wvelocity g mnot being disturbed. Such a digturb-
ance occurs under special circumstances, It would result,
for example, from the same angular displacement of the air-
plane and its flight path. The case where an initial state
and final state are characterized by sensibly the same an-
gle of attack and same velocity TV, but where the paths
and the orientation of the 0X axis differ by the same
quantity, is one that may occur in practice, namely, that
of the sudden failure of the engine. Denote the propel-
ler advance diameter ratio V/nD by Y. On some air-
rlanes, when

)]

(oY)
BN

s

i

= 0

0

| o
<3
Q
2

the sudden failure of the engine does not change the mo-
ment about the center of gravity. When thig is true. the
airplane, for the same deflection of the elevator, will be
in equilibrium with its engine cut off and on a descend-
ing flight path over which it will travel with the same
velocity and at the same angle of attack as on the hori-
zontal poth with the engine running.
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The horizontally flying airnlane, subjeet to sndden
engine failure, is then at an angle of attack and wvelocity
of equilibrium corresponding to the new conditions, but on
o path not sufficiently descending, and departs from its
state of equilibrium by an angle which we consider as the
initial disturbance 866 < 0. It is therefore sufficlcent
if we nake the preoceding calculation taking 68 as the
disturbance.

Our figures have becn drawn for 86 = = 0.2 radian
in order to maintain the same magnitude of initial dis-
turbance and facilitate comparison with the preceding fig-
ures.  This number does not correspond to any actual wvelue
of the minimum drag-1ift ratio because the latter would be
tan 11.4° or 0.225, that is, a very poor drag-lift ratio.
The amplitudecs read off on the diagram should be dimin-
ished in this ratio if tho effect of the engine failure is
truly to be taken into account. The diagram is neverthe=
less of some use. It shows that with a nonequilibriun of
the mower aog the initial cause the phenomenon is exclusive-
ly one of slow osclllation.

ATGULAR VELOCITIES AND ACCELERATIONS

The proceding diagrams arc concerned with the wvalues
of the variables V or u, 8, and i or w. We have not in-
dicated the angular velocitics, the latter being obtoined
by determining the slopes of the 6 curves., It is equally
possible to determine the accelerations or the intensgity of
the apnarent weight. Ags regards the sensationsg of the pas-
sengers, the two most important variables arc: the incli-
nation to the horizontal 8 and the magnitude of the ap-—
pareat weight J,.

The quaantity J, mneasurcd by the accelerometer, is
the function

Under normal conditions Jz has the value g and nay

equally well we called the acceleration., It can be calecu-
1ated as o function of the values a, b, p, and © given .in
the tables, observing that
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ééz—_—pe&t [3, agin (bt-l- Cp)+bCOS (bt+ Cp)]
at 3 P & (x)

1
+ p'ae® ® [at sin (bt + o' )+b! cos(blt+ o1)]

It may also be determined from the i and V curves.
We have, in fact,

%ﬁ? - qu) = F, - mg cos ©
whence
dsw

N\ Tiguets
3t — qu-t g cos 5) e y

and from the angle of attack 1 and the veloecity, we may
obtain ¥, .as

2

R a¥ "
whence 2
St s SIS
. = = gy LR

» €% 2g

The sccond nrocedure for determining J; 1is the more rapid
if we are given the curves of i1 and V.

The most important accclerations are those associated
with the short-period oscillation. The latter may be
found cither by examination of the expression (X) or of
the curves of velocity and angle of attack. In the cx-—
pression (X) at the start of the pPhenomenon when t 1is
very small, the first term is the preponderant one since
the quantities p, a, and b entering as factors, are
larger when they are relative to the rapid ogcillation
than vhen they characterize the slow oscillation, The dia-
grams also show us that the large variation of i leading
to large values of C, and J, arc due to the rapid os-
cillations. In the long-period oscillation the angles of
attack oand velocities V vary simultancously. Since the
velocity V 1incroases when the angle of attack i1 de-
creascs, thc variationsg in the accelecration arc not very
large. It is important to note that the acceleration de-
termined by the preceding method, in the case of a verti-
cal gust, corresponds to the roughest sort of caleulation.
It is assumed that the gust is suddenly set up, that the
airplane from the first instant lies entirely within this
gust, ond that any phenomenon of elasticity of the wings
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will not diminish or complicate the action. Numerous
wmorks bascd on more probable assunptions have been pub-
lished. In a remarkable paper published many years ago,
E. B. Wilson assuned as the law for the set-up of the
gust, the following expression?

i 3 0L - a9

Other authors have assumed a sunusoidal law which is gen-
erally arbitrary. The latter assumption leads immediately
to resonance phenomena if the period of the airplane is
the same 2s that of the gust. Fisher, Bryan, and Jones
have studied the cffect of sudden and gradual gusts by
nethods which have become more and more accurate. Kussner,
in a very well-known work of his, takes into effect the
elasticity of the wings. Since our object is to compare
the effect of different disturbances, we have not gone

into the subject in more detail.

EFFECT OF THE ACTION OF THE CONTROLS

The method outlined above enables us in certain par-
ticular caseg to determine how an airplane responds to a
nanipulation of the controls. Let us examine figure 13,
which gives Oy as a function of 1 and B. Agsume the
airplane to be flying level at the angle of attack 1,
with the control deflected at angle B,;, this condition
corresponding to a velocity V,. If the pilot gives the
control a deflection By, the point A passes to B. AL

B the moment M is no longer zero and the point will be
displaced from B to C along the curve Bp. The air-
plane will be in rotational equilibrium about the center
of gravity only at the angle of attack corresponding to
point COes Let 15 Dbe this angle of attack, to which will
correspond a speed V, different from V,. We shall as-
sume that the maneuver is made without altering the throt-
tle and that the velocity 7V, is greater than the veloc-
ity corresponding to minimum power. .Under these condi-
tions the useful power sufficient for making the airplane
fly at the velocity V, will not be sufficient to make
the airplane fly at velocity V,. The path of the airplane
will not be able to remain horizontal dut will incline by
the ongle §{. The axis of the airplane will be lowered by
t + (i; - i5). At the instant when the pilot in deflect=
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ing the control to Bz, passes from point A +to point B

he nay be considered to have departed from his final state
G "By "AEennUERC SR IR Bp BT RN G, 0 86 = Ml S

i) + {, where ¢ 4is computed from the polar of the air-
plane and the variation of the thrust T with velocity.

We hove applied this computation to o numerical exame
ple, choosing the same airplane as above. At about the
velocity of 40 m/s (90 m.p.h.), it was found that states
differing from each other by a difference in velocity &V =
£1 m/s are characterized by a difference in angle of at-
tack of 30,.308°,

Sinilarly, basing our computations on an assumed Do -
lar, we found that a variation in velocity of *1 m/s re-
quires that the slope of the flieht"path vary by FoO:007 0,
corresponding to df{ = - 0,400°. These data were applied
by us to the numerical exampnle by multiplying them by the
factor necessary to obtain anplitudes that may easily be
studied.

Consider, for example, the passage from the level
flight condition at welocity V = 27 m/s to a state where
V = 40 n/¢ by means of a deflection AB required to pro-
dlice a Al = = 49, If this deflection AB igs suddenly
applied, the airplane is deviated from its final condition
by 2

Sl &l e, 20 0ERE B4Ry Bl &) lBglR

How w56y sf.mubl i st blat. 86 = & 9.20, ong porticnyct
which represents the change in angle of attack, and the
other the change in the flight path. It suffices to feducc
the anplitudes of the disturbances of figurasgt 10 1 LTLana

12 in tho decsired ratio and add then. Figurc 14 (continu=
ous line) shows the regult of this conputation for the air-
Plane of eoefficient @ = 0,004, ° The diagram of the angles
of attack shows that the final angle of attack is not cs=
tablished rapidly. We may trace scparately the effect of
each of the elements of the initial disturbance on the vari-
able 61 (fig. 15). The effect of the initial disturb-
ance in the angle of attack decrcases yeryezenidlss The
initial digturbances of velocity and attitude, however, also
have an cffect on the variable i - an insufficient veloc-
ity tonding to increase the angle of attack, and similarly
for a not sufficiently descending path. These two initial
disturbances act on the long-period oscillation. It nay be
seen, in the exanmple chosen, that in spite of the rapidity



NeA,C.A., Technical Memorandum Ho. 867 25

with which the short-period oscillation tends to bring the
airplanc to ite final angle of attack, the airplane may in
certain coses remain considerably deviated from its i Lot W
position by the effect of the components of &1 that devend
on the long-period oscillation.

Remarks

1. If we assume that the deflection AP has not been
instantaneously applied, but in a2 progressive manner (for
example, one-third at time zero, the second third at time
0.5 second, and the remainder at time ¢t =1 second), the
curve of variation of angle of attack loses the abrupt char-
acter which it has during the first second and becomes reg-
ular with its appearance not appreciadly modified there-
after. This condition corresponds to the dash-dot curve gt
figure 14.

2, The airplane will more quickly attain its final
angle of attack if the pilot, to start the maneuver, gives
the control a greater deflection than the amount 4B, which
he must maintaim at the end of the phenomenon.

3, The computation is made on the assumption that the
pilot does not vary the engine throttle. If the pilot in=
creagses the power the finsl path will no longer be descend-
ings The effect of such a maneuver would have to be sepa=-
rately studied.

{IORE COMPLICATED MANIPULATIONS OF THE CONTROLS

The same procedure may, of course, be applied to ana-
lyze the effect of more complicated maneuvers. Let an
initial state be characterized by a given velocity attitude,
angle of attack, and deflection B. For example, in the
case of the airplane consgidered above, V = 27 mfa; d.= 4
g9 Bom- e 49,

The pilot deflects his control by AB, and the air-
plane starts the motions which tend to bring it to s fingl
state B. He applies thig deflection B + AB, however,
only within 2 limited time interval, and re-ecstablishes the
deflection B after n scconds. At this instant the aire
plane has not yet attained its state B Ddut is in an in-
termediate state. We sce on the figure that the momentary
characteristics after 7 socconds arc: V = 34,7 n/s; i = 1°;
@ = + 13,4%°; q = + 1° per second.
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Thier final state of equilibrium, however, defined by
the position of the control, has become state A, and the
airplane deviates from it by St TN S v 30:

68 = 17.4%; 8q = + 19 per second. Taking these values as
an initial disturbance with respect to state A, the
changes in the variables may be easily determined. The re-—
sults of the computation are indicated as discontinuous
lines on figure 14. The computations have been made-neg-—
lecting the effect of the disturbance bldsw whieh dsfless
important than the three preceding ones.

Remarks
ls  The curve of the angle of attack drawn as a thin
t~dash line corresponds to the assumption of a more grad-
21 maneuvering of the elevator.

2e We have calculated the curve of JZ, the apparent

welght or acceleration, for the maneuver described = con=
sisting of nosing down the airplane for 7 seconds, then
nosing up. The result of the computation is given on fig-
wre 165

Tests

It was possible for us to obtain records of the varia-
bles defining the longitudinal motion of an airplane. The
test was carried out on a Fairey "Fox" with the Bouny
equipnent, which will be described in detail in a succecd-
ing Bulletin. Records of "phugoid" oscillations arec suf-.
ficicently numerous. Nevertheless, we believe it useful to
publish here the results of the measurements we have made.

Although this tcst has been conducted on an airplane
differing from the one employed in our calculations, the
curves obtained show o qualitative correspondence with the
calculated curves that appears to justify comparison. The
polar and the curve of moments were known from o tunnel
test conducted under the usual conditions on a model not
provided with a propeller. The airplane itself had a load-
ing of 58,5 kg/m2, At the speed of 45.2 n/s, it flew at a
dETT cooffielcnt of 0,458, corresponding to an angle of at-
tack of 32,6°. The coefficient of mcan static stability
measured in the interval i =+ 6 to 1 = - 4 may be de-
Yernined from figure 17,

!
|
=
]

S 0.00417
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The coecfficient of effectiveness of the elevator for nega=
tive defleections was:
dCy

—= = 2013018
a6 0@

The conditions of cquilibrium, according to the tunnel
tests, show that the flight at C, = 0.458 and 1 = 3.6°,
should be made at an angle of clevator deflection of B =

- 2,55°, Actually, equilibrium was obtained at B = - Feb° ,
which is a sufficiontly good agrecment.

The tost consisted in carrying out the following ma-
neuver: Haoving attained the steady state at velocity V =
45,2 m/s, which here is state 4, the pilot pushes on the
stick and lowers the elevator, the mean deflection becomning
Pra & W%, ©the pllot not touching the throttle. The air-
plane dives and tends toward a new position of equilibrium.
The pilot, however, does not wait until the final state B
is attained. After having maintained the deflection B =
- 1,59 for 7 scconds, he pulls back on the stick, fixes it
in its initial position and allows the airplane, after some
oscillations, to return to its initial state A, The test
is carried out while rccording:

v ig the velocity on the flight path.

vertical component of the velocity neasured
with a variometer.

Vs

B, setting of the elevator.

i, angle of attack.

J,, component of the apparent weight in the dirce—
tlon of the 0Z axis.
Jy, component of the apparent weight in the direc-

tion of the OX axis.
(o angular velocity about the 0Y.axigs
We thus have 7 test curves.
The variometer is an apparatus whose recadings show con=

siderable lag, and can only be used when corrected. The
curve of corrected vertical velocities is shown on one of
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the diagrans of figure 18, A knowledge of Vigh: vand - N

|

| gives the angle of slope of the path and the angle € may

| be calculated from € and 4i. PFinally, having deter-

| mined ©, it is possible to calculate ¢q and check the
readings of the indicator of the angular velocity of pitch.

|

|

|

We shall now consider the curves distinguishing three

le The flight is assumed rectilinear and uniform at
state 4, the doflection being =3.6°, the part
of ‘the eurves to the left of point L.

|

| 2e A period of 7 seconds duration, during which the

} airpvlane undergoes mancuvering Whidlwou%d lead
to state "B /if the deflection B = = 1.5 werxe

| naintained. This period corresponds to the por-

J tlen [ I-B%uof tHe scurved.

|

period following the return to the setting

>
.
=
ot
)

™o

- 3.60, during which the airplane ogcillates
tends to regein its initial state A - that
thevrpart rof “the. curves to the right of point
The relation: g

n
2

no He
L]

‘ By B av®

ons ”
g S Y org

(@}

‘ pernits us to determine Oy and hence, 1.

/ For tlie angle-of-attack curve the computation gave a
| curve wihich , differed slightly from the one recorded, the
] latter lagging behind the conmputed curve and at the ninie
| mun anglc of attack not coning down so low. It vwas possi-
’ bd'e” for ug to show that there was a systematie ‘crror in
‘ the reading of the wvane due to a play of about 1.50, a
fact which explains in part the lag of the record. The
‘ Bouny accelerometer is an instrument with which we are very
familiar and whose rcadings are very accurate. Under these
‘ conditions we think that the computed curve corresponds to
‘ that of actual angles of attack.

| The curve of angular velocities has been obtained with ¢
the 2id of an apparatus designed to measure the angular wve-
locitieg which are produced in spinning and vhich are of

the order of 1 to 2 radians ner second, This apparatus .
did not haove the desired sensitivity for measuring angular
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velocities which are of the order of 0,05 radian per second.
We were able, however, to calculate the angular velocities

q from the angles 6. The angular velocities thus calcu-
lated are, however, obtained after o rather larger number

of operations, among which is the correction for the indi=-
cations of the variometer. Under these conditions, the
agreement of the two curves is not to be considered as very
PooT.

We shall now consider the cur in detalls A&fter the
elevator has been deflected from e iGRP T N - LgE°
thevadralane tends toward a final state Bs ' The latter, cor-
responding to o displacement AB = 1.7°, is characterized
by 'a finel angle of attack:

U3<

ip = 3,6° + bi
where
B . o On0156 4B = = 5°
0.00477
Therefore, L' e e 5° = 1,4°

eorresponding to a 131ft ‘coefficient:

C, = 0.458 -~ 0.0695 AL = 0.111

and a volocity V = 92 mfs

The airplane used is thus extremely seansitive to the
elevator controls. The deflcction was applied during 7
seconds, within which time the airplane began a series of
motions which would have led %to state B if the deflection
had been applied long ecnough. This period is characterized
by the immediate appearance of a component of the velocity
directed downward by the dccrease in the angles of attack
and acceleration J,, and by the increase in the velocity
alonz the flight path., We may note that the increasc in
the velocity is made at first rather slowly, thus confirm-
ing the computations given in figure 1l4.

Let us now oxamine the effect of the return to the in-
itial elevator deflection. At the instant when the stick
ig thrown back to its original position (001n 2), the
curve of accelerations ig suddenly modified, this being the
curve which indicates most exactly the instant when the

aneuver has been executed. The angle of attadk is instant-
&
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ly choanged, the velocity V continues to increase for seve-
eral seconds, and the airplane continucs with a vertical
velocity of descent - the latter, however, attaining its
maximum a little after the maneuver. The different varia-
bles vary in such a manner as to regain the values corre-
sponding to the initial state. The diagram shows up the
long~veriod oscillations with particular clearness, a large
amplitude being odbtained, due to the size of the initial
disturbance imparted to the airplane.

We do not consider it neccssary to comment further on
the exporimental curve obtained. The curve has the same
appearance as that computed and drawn on figure 14 for a
similar moncuver but corresponding to o different airplane,
and thus proves the value of the oo mputations for the theo=
retical dotermination of the flight paths.

It is part of our program to carry out complete compu-
tations, using the characteristics of the airplanes avail-
able for our tests.

III. LATERAL OR TRANSVERSE MOTION
Method and Equations
The equations of translation along the OY axis, and

rotation about the 0X and OZ axes are those that determine
the lateral stability. These equations are:

P /dv ) "
R e = =¥ =« P gin
g ™ pWw P
SRS L W) e, -
it ag T ¢ : Pa 7
dr dp =
C —= « B —= + B~ A) + Eqr = XN
1t s o ) ®

where A, B, and C are the moments of inertia. If the
axes of coordinates coincide with the principal axes of in-
ertia the product of inertia E is zero, and this we shall
assume in what follows.

To the above equations must be added two geometric re-
lations conne cting the angular velocities p and r with
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" 1 ?

the derivatives £ and %y, and ‘resulting from the def-
at at

inition of the rotations:

aep dy :
= — - —= g cos @
P 0% cos © Tt n 6 v
4o ay "
= At gin 0 + 1t cos 6 cos o

These rclations may be writtens

%% = ® oo & 4+ ¥ sln. B
av = .._.-.]_‘..___ (r cos 6 - p sin 6)
dt cos @

The system of equationg is of the form:

%% =y {Bs Dunetiss Tl
_(12 C) fa (V’ .D, r, Cp, w)
at i

r _ ¢ (v, v, v, ®, V)
at :

%—Q'-;- = R Y, v)

%% = f5 (V, by T, O \V)

and may be linearized as in the study of the longitudinal
stability, the disturbances &v, 8p, 8r, &6p, 8¢ ©Docoming
the variables.

The integrated system, after the above ocquations have
been reduced to a linear system, depends on an algebraic
egquation of the fifth degrec in A in place of one of the
fourth ‘degree. This equation will be:
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o AN RRECCT o, af Ry
oV op DT folvs} VY
|
O G TR IR ) \
oY 3p or ap oV
<_3£3 of, of, \ of, oty i B
v 3p or op oV
afi of, of, of, X of 4
v op ar 3w o\
§£§ §f§ §£2 §£§ éf s N
ov op or op oV
It will be found, however, that the derivatives of the
functions with respect to VY are zero. The fifth degree
equation admits of a zero root AN = 0. This facilitates

the analytic study since the characteristic equation be=-
comes one of the fourth degree when this particular solu-
tion is eliminated, and the mathematical study is made by
methods similar to those employed in the study of the lon-
gitudinal stability.

The existence of this particular root corresponds to a
certain physical fFfacks, ' Inf the study of the longitudinal
motion it is found that certain projections of the external
forces depend on the anglé 8, When 6  dis not zmero, the
axis of the airplane is inclined upward or downward with
respect to the horizon, and the weight has along the 0X
axis a componont which adds to or subtracts from the pro=
peller thruste Whon an airplane is dynamically stable, it
returns to its initial state after a serics of oscillations.
The forces acting on the airplane shoula therefore regain
their initial values, and this result can be obtained only
if the airplane regaing its initial longitudinal attitude.

In the study of the latcral motion we meet with the
angular nagnitudes @ and VY, The component of the forces
along the OY axis depends on the angle ¢, since the weight
has a lateral component when the airplane is inclined. If
the airplane is dynamieally stable it returns, after any
disturbance, to its initial atate and should therefore re=-
gopn 1te Indtial dneldngtion  ©®¢ FPhe sgme 'doos not hodid
for the angle V. Whatever the final position of the air-
Plane the projections of the weight on the axes are inde-
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pendent of the rotation V. There exists no force or mo-
ment which is a function of the azimuth. Hence, when an
airplane, dynanmically stable, returns after a disturbance
to its initial state, it should regain a motion character-
izod by the same velocities and by the same angles o and
8 as the initial motion but not necessarily by the sane
angle VY. The airplane, after a disturbarce, does not pos=-
segs any weathercock stability - all the cderivatives with
respect 0 W of the moments and forces being zero. The
existence of a golution AN = 0 is the mathematical conse-
guence of thisg fact.

The integral system will be analogous to that obtained
for the longitudinal stability and will be written:

8v = C,y e Mt 4+ Ca e Nat 4 Ca oMt + C, chat
B by B, oMb & 1, O TeNEb e Tg 6y ePdF @ by By s R
o = ﬁl Cq e>‘1t + mg Op e>‘2t + mgz Cg O>\3t + myg Cy4 €>\4t

8p = n3; C, oMt 4 ng Gy eMab 4 n, By eNab + na G ex4t'

The disturbance 68V can be obtained only by integration?

It is known that the characteristic equation in A al=-
n

the case of lateral stadbility a pair of im-

ways admits i
s %1,3 and two real roots Az and ° Agu The

aginary root
motion will result from the suverposition of an oscilla-
tiomigmd’ two aperiodic motiomng.

STATIC STABILITY IN LATERAL EQUILIBRIUM

The static stability is a phenomenon by which a dy=—
namic restoring moment arises when the airplane has Dbeen
subject to any displacement with respect to its flight
path, The displacement as regards the lateral motion shows
up by anm angle of yaw Jj. The yaw takes place whenever
the aerodynamic velocity V departs from the plane of sym-
metry of the airplanoe and gives rise to two moments L and
N. We shall take:

R T et e
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2
p aV_
ST WL .
2
i, aV
N = 0Oy Sh =—
N bgg

where the reference length b is by convention the span
o1 the airplane.

o0 C
The derivativesg SEL and ggﬂ detormine the static
stability of the airplane. They arc the coefficients of
static stability of roll arnd of yaw. Since J = v/V, we
have also:
aCL 3 i 3 aGL
ov T 3J
or 7.8
ac
It is readily seen that 35 is positive when the ef-

fect of the latecral surfaces of the airplane situated above
the OX axis is greater than that of the lateral surfaces

a0
below the axis and that SEE is positive when the effect
of the vertical surfaces situated at the rear is predomi-
nant. The forn of the wings enters as an important factor
in the lateral static stability. The dihedral increases

e T 90y e
53— while the plan form affects 55—. These coefficients

are covable of numerical ovaluation. Teatls show that,sthe
moments L and N depend 2lso on the angle of attack, so
that 1t nust always Dbe specified, when a numerical value
is given, to which angle of attack it corresponds.,

AIRPLANES STUDIED

Two sets of airplancs were studied - differing [Hm
thelr coefficients of static stability of roll and yaw -
the same airplanes being used as in the study of longitudi-
nal stability. It is necessary to give the span B and it
will be assumed as equal to 10 meters, while the two radii
ot" gyrotion 'will bed
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rc = 2ot
I'Aﬁ m

The
are given by:

derivatives of the forces and aerodynanic moments

aV - al . e a¥

Y"V' = al S E;: L'V = .'14 Sb —F;g Y “V = 3,.7 Sb Zg
! - Q:\. = aV n?e = g al
Tlp = aa Sb &1 AT SAES T
s L b BY Tma. o FITRE © ls a d
¥ 7 Oy e #8358 2 pg Se 0V ELTY 2 2o

In our computations we shall assume

a, = = 0,60 ag = = DgRdgs
9 ENEN0,,0100 3 ag == 0s0668
By = * 0065 By = ¥ 05,0168

]
©

1l

i
B
e
(4]
i~
S

It may readily be seen that:

o0 Cnr
a, = £ & and a, = Sgh

od
where the angles are expressed in radians.

The ¢tability of roll will be characterize
lowing valucs of a,:

g, = 0, 002, 0.04, 0s06,. ant O

In investigating the effect of these variations
ty, we shall combine it with the constant value

The directional stability will be characte
folllewdmes values of - a,*

o
B A% 0502 ¢ i30s01 o 0;  #0a08 | +Ou0E
In varying 8,1 WO shall suppose 2, constant

0.04.,

the constant values:?

d by the fol=

08

in stabili-
a = 0.047.

7

rized by the

+0.065

and equal to
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Remark

WTe assume, in fact, that the coefficients of stability
may vary without having the quantities ag, 8gs 85, and

a8y, which define the aerodynamic damping, vary. It is in~
poFtant to note: this assumption.

SOLUTION OF THE GHARACTERISTIC EQUATION

The movements executed by the tem airplanes studied
arc not all stable. The criterion of stability of Routh
requires, when the characteristic cquation is put in the
form (VII), that each of the quantities

A

be grcater than zero.

We shall take the coefficients of gtatic stability as
variablcs

ay = X &y = ¥

The expressions 4,, 4,, A,, A;, and R become func~

tions of x and y. Let us consider the region of the
Plane dctermined by the extreme valucs of x and ¥y  fronm
WUe02 to 0,10  (fig. 19).

The quantities A; and A; are always > 0 for the
values of the variables =x and y considered. The lines
Ay =0 and Az = 0 do not cross this region of the plane.
The other three relations:

A.3=O A4=O R=O

on the contrary, define lines which cross the region of the
Planc considered. We shall determine & region where sta-
bility exists.

Plotting the points characterizing the ten airplanes
studied, it may be secn that six are dynamically unstable,
and only four are stable. The roots of the equations and
the characteristics of the motions are.given in the following
tabless
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VARIABLE STABILITY OF ROLL

¥alue of &, Inaginary roots Real roots
Al,z Py Ny
0,08 -0,3252 #1,4421 -0.02177 -3.97
.06 -.3595 . *1,4081 -.007 ~3,93
: 04 -.385 +£1,3661 +.,01045 -3489
s02 - ATPE: , i8] , 3108 +, 3035 -3.85
«00 ~o 44l £l g 2t 2a +,492 ~%.815

The period T of the oscillation, and the time T3
required for reducing each clementary motion by half its
value, or doubling it, aco rding to whether the movements
are stable or unstable, are given in the table below:

Value of g, Polnt Oscillation Aperiodic motion
i T3 T T

0,08 A 4,31 2413 31.8 0.175

Y 3 4,45 1,93 99 ,1765

, 04 c 4,58 1,8 66.5 o ,178

$0E D 4,78 1,68 2528 % s 181

«00 B A9 P et le41l 3 o811

s variable the roots

e
2

When the directional stability
are a8 follows$ ;
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VARIABLE DIRECTIONAL STABILITY

| Vale wof | ey Imaginary roots Real roots

| v Al,a A3 Aa

| +0.065 ~0,.3903 *1,6881 +0,0259 -~3,895

| +,040 -, 385 +1,3661 +.01045  =3,89

| e 020 —~, 371 *1l.0221 =,0209 — 3,89

J 0 —,264% =S 6T & —o,2317 - 3489
aey 01 +.04265 *,3261 -.846 =380
—-,02 + o199 +.28531 ~1.58 ~3,89

and the movements are characterized by

Value "o ‘g, Po il Ogcillation Aperiodic motion
T3 T3 TS .
= [0}
+0 4065 il 3.73 178 26.8 o O L 78 Y
.
1]
+,04 2 4,6 1,80 66,3 3 J78
L0 2 & 6415 Te8%7 LR 2 L 78
0 4 P8 2562 2 2178
-.01 5 1825 3825 2 7195 .178
% :
7
-,02 6 24 3.48 § JA 37 178

In what follows we shall denote as the oscillatory mo-
tion that which is determined by the imaginary roots; spiral
motion as the aperiodic motion which is defined by the root
%3; and damped motion as the aperiodic motion defined by
the root A,. We find that the motion corresponding to the
fourth root is always stable and strongly damped, and that
its characteristics are independent of the cmefficients of s
static stability of the airplanc,
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.

hen the airplanes 4, B, 6, D, B are successively
examined, it is seen that the oscillatory motion is stable
in all cases with practically the same period and effec=
tively damped. The aperiodic motion determined dy Az 1is
stable at the beginning but not to a great extent, since
the disturbances do not decrease by half after a sufflclentn
ly long time. This motion becomes unstable as soon as the
1imit A4 = 0 4is crossed, the disturbances doubling in
timesg which become smaller and smaller. This instability
ig the well~known gviral ingtability.

1, 2, 6 = differing In

Let us congider the airplanes
their static directional stability. The aperiodic motion
Ay 1ig unstable at the beginning, the characteristic points
lying outside the region of stability. The airplane ig subew
Ject to spiral instability but the latter disappears as
soon as the boundary Ag = 0 is crossed and the motion A,

becomes very stable. As the directional stability decreases
the period increases, the damping decrcases, and the osclil=

lation becomes unstable at the instant the line R = 0 1is
crossed.

CEARACTERISTICS OF THE MOTION

Dynanic considerationg thus indicate that the stabili-

S a0 90y 3
ty coefficients S%E’ gfz cannot be given arbitrary val-
J ;
uege A simple gualitative explanation of these facts may
!, ol : oCr, oCy
regni i hol epiven. If the two conditlonsg 53“ =00 :5" >0
o

are mnerely gsatisfied without any further inves ig< tion of
the novemonts which will be set up, it is possidle to have
the cirplone dynamically unstable.

he case of an airplane banked fto the

ami &

left ©® > 0. It will then bo under the action of the
si an

e

weight on that side and a disturbance §J > 0 will take
place (fiz. 20)e The latter disturbance will have two ef=~
fectss,
1. The airplane will have a tendency to right self
. . Ct
under theyaetion of %35, the yaw toward the left tending

to inclinc the airplane toward ‘the right.
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2e The airplane will have a tendency to yaw to the

: g oC 4
left since it behaves like a weather vane, —TE being pos~
itive. ‘ 3J

There thus arises a now disturbance, a yaw 8r > 0.
In this motion the right wing will be outside of the turn
and will be displaced more rapidly than the left wing. Its
1ift will be greater and it will tend to raise itself fur—
ther, thus incrcasing the lateral bank., The moment L isg

C
a function of r, the derivative %;L is negative, and

the yaw 6r has a tendency to right the outside wing, which

here is the right wing. Two opposite effects are produccd

and, depending on the proportions of the airplane, one or

the other will predominate. If the effeet of the static

sa b ity ‘of oll ie greater, the airplane after yawing

will regain its initial state - flying, however, in a direc-

tion different from that preceding the initial disturbance

8p. If the effect of the angular velocity r on the rolle

ing moment is greater than the effect of the sidgdldy ' Jiy

the second effect will predominate. The bank of the air- >
plane will increase, the airplane will describe a spiral

path, and will then be dynamically unstable. In spite of

its static stability of direction and roll, it possesses ¢
spiral instability since the first stability is too great

with respect to the second.

Similarly, we can explain how the oscillation assumes
more and more unfavorable characteristics when the stabil=
ity of roll is too great compared with the yaw stability.
Let us imagine that the airplane vyaws to the left, the 0X
axls of the airplane being oriented toward the right with
respect to the flight path, If 3Cp/3dj is high, the air-
Plane will incline energetically to the right and the roll
will be positive. The tendency to yaw to the left will, on
the contrary, be small since 0%y/3J is small. This yaw
will not develop, as a secondary effect, any important nega-
tive rolling moment. Since nothing opposes the motion of
positive roll toward the right, the airplane will bank to
this side but it should then begin to yaw in this direction
and the same phenomena will be reproduced in the opposite
sense. The airplane will have a yawing motion on which is
superposed a continuous lateral swinging. For too small
values of dCy/3j, the suctessive amplitudes increase and
the oscillation is unstable. : <
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.

We shall here discontinue our qualitative explanations
and return to the results of our computations. The first
point is to determine the relative importance of the ele-
mentary motions by calculating their emplitudes for the
given initial disturbances.

GRAPHES OF THE MOTIONS

We gshall consider three initial disturbances, namely ¢

1, A disturbance 6v of 10 meters per second, corro=
sponding to an angle of yaw of 0.25 radian.

Ps A digturbance 8@ of 042 radian.
8, A disturbance 68r of 0.2 radian per ‘second.

It did not avpear necessary to calculate the effect of
a disturbance 6p. Such a disturbance would cause the alir-
plane to bank and would produce in a short time a disturb~
ance - e We prefer to take &8¢ directly as the Intd ol
motion to be considered rather than study the sequence of
successive values of 89 corresponding to an initial 6D.
The amplitudes of the components of the motion are given,
for each initial digsturbance, by the tables which follow.
The resulting motions are shown plotted on figures 21 to
2%, Several component motions are superposed on these
plots. Examination of the curves leads to the following
eonellistonss In cases where there 1s stabdBItg) for ‘alr=
plend@ e "8, 3, and 4, the curves do not present any essen-
tial differences., Spiral instability exists for the alir-
planes 1, 26, E, and D. It is not in evidence for airplane
20, since it is very small and the curves are not prolonged
a Lfflclen* length of time for the instability to show up.
The spiral ingtability is clearly evident on alrplanes B
and D, Similarly, the oscillatory instability of airplanes
5 and 6, is clearly indicated. Fronm a direct study of
these figures, however, the phenomena cannot be analyzed.
To sce more clearly, we shall investigate separately:

A. How the initial disturbances considered are dis-
tributed among the different partial conponent
notions.

B. In ocach partial motion which are the variables most
affected,

&
£
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We shall thus determine the relations existing, in each

component motion, between the values of the different vari-
ables. We know that, for each airplane, these relations
are constant and independent of the initial disturbance.

A. DISTRIBUTION OF THE INITIAL DISTURBANCES

Let us examine how the iniitial disturbances considered
are distributed among the partial motions. This distribu-
tion will depend on the initial disturbance considercd.
With the aid of numerical tables, we may easily show how a
given disturbance &8p is distributed among the amplitudes

Pa » N30z, and ngCy. Similarly, we shall investigate how an

initial disturbance 8r is distridbuted among the ampli~
tudes p;, m,; C5, and maCy, and how an initial disturbance

§v 1is distributed among Py q}, and G, . These distribu-
tions will occur in proportions which depend on the aero~
dynanic characteristics of the airplane considered.

Te find that in each case the amplitude of the motion
corresponding to A, 1s very small, It is revresented dy

the hatched region on the figures. This explains the fact
that the demped motion does not play any important part

in the phenomena., The amplitude of the spiral motion cor-
responding to A, 1is very large when the initial disturb-

ance is an inclination &@p. TWhen the initial disturbance,
on the contrary, is a sideslip v, the oscillatory motion
is the greater. In the case of an initlal disturbance 4r
there is some gspiral motion, dbut the oscillatory motion
predoninates,

B, VARIABLES AFFECTED IN EACH MOTION

For o given airplane, we .ecan characterize each motion
by the ratios of the values of the different variables at
the same instant. These ratios are independent of the in-
itial conditions and d epend only on the stability parame-
ters of the airplane.

The amplitudes of the disturbances of the variables
vy, P, r, ® assgsociated with the damped motion, are propor-

tional to the quantities €, 1,0, m C and n,C,. Those as-
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soci ated with the gpiral motion are proportional to

Cs 150; myCy ny Oy, Let ue choose as the term of conparison
the value of the disturbance of lateral inclination nC

(of desircd subscript). The disturbance of lateral velocw
ity C gives an angle of yaw when divided by the velocity
V. The quantities: .

give the constant ratio which connects, in the elementary
motion considered, the angle of yaw with the angle of lat-
eral inclination. The quantities U/n give the constant
ratio between the sngular velocity of roll and the angle of
roll, m/l the angular velocity of yaw to the angular ve-
locity of roll, m/n the angular velocity of yaw to the
angle of roll, From the nunmerical tables we may derive the
following results.

l, Danped Motion

The ratios ?%Z, gi; gi

different airplanes studied are examined. It is not nec-

essary to follow the changes of these ratios with the co-

efficicnts of static stability, and it will be sufficicnt

to consider mean values for characterizing the phenomeno.
We find: :

do not vary much when the

w4 DL3AM

Vn,

In the damped motion a vositive bank (to the right)
ig associnted with a positive yaw (to the left), the angle
of yaw being always 0,147 times the angle of bank, The
relation

Ya

g

shows that o positive bank corresponds to a negative veloc=
ity of roll tending to make this disturbance disappear

very rapidly (in 1/%.8 seconds if the angular velocity were
constant instead of obeying an exponential law)e We have,
moreover:

|
|
i

m
0.147  and Ti = = 0,0384
&%
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Thesc ratios show that a2 negative rolling motion is associ=-
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ated with a positive but very small yawing motion.

2e Spiral Motion

For the spiral motion the ratios vary from one airplane
to another. Let us draw up the tables below:
Airplane & B c D E
— ~0.0536 -0.,0576 ~0.0663] «1.,985 -1.,41
Vn3
Ya
g -~0.0217 -0.007 +0,0101] +0.3035 +0.,492
3
m
Hl 04216 -0,216 -0.2315| =4,17 -2,3
3
m
-3 +10 3069 '~22.9 il 3e 75 ~4,6
3 |
Airplane 1 2 3 4 5 6
V%— -0.0416 | -0.66273 -0.0115 |[=0.42 -1.1985 | =1,66
3
13
E— +0: 0259 [+0L0101 |=0,0209 [&0,25% ~0,846 | -1,58
3
m
51 w0222 | «0uR2315 |«0:i2290 ~0,207 |=~0,81 -0,91
3
m
51 ~8,.6 -22,9 +10,95 +04893 |[+0496 | +0,57
3

We sec that the ratio of the angle of yaw to the angle

of bank ig always negative.

negative).

Vhen —%
n

ated with an angular velocity of roll of the same sign tend-

1

When the airplane is inclined
to the right (p positive), it should yaw to the right (j
Here again, we have the action of the lateral
component of the weight. :

is positive a lateral inclination is associ=

ing to increase the inclination, the motion then being un-
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ma/ns

reaches rather high absolute wvalues,

is always negative.
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The ratio

the angular wve-

locities of yaw bec ming in certain cases considerably

larger than the angular velocities of roll.

Let

the lateral oscillation.

B.

L% Ry » B
disturbances of the variables
The ratios of thesc amplitudes

3

I

OSCILLATORY MOTION

4

Vy

are given in the tables below:

p, I‘,cp

o] be the maximum amplitudes of the

associlated with

Airplane A B C D B
V%

s 3 1,475 1445 1.42 1. 375 1,849
p4
P
—2 1,325 1.67 2eBdB. | adab? 5¢3
Cq
P ! i 3
- - Dgo 115 Ten 20 2,67 7,93
Py i
;

<"J ——— poe PSRt . SO — — .y

e e — ot e e o s e e ._._1_.__._.. ——

Airplane it @ 3 e 5 &
. 2,23 11.825 | 1.45 0.886 | 0.441 | 0.307
VQ4 l )

P | |
2 Los 11,22 1,097 |.0622. .1 0,329 e
Py g
P |
3. 3,56 | 2,545 129 0.1785 | 0203 Oul@e
P, ’_
P : i
El- 2,075 11.79 1.185 | 04287 o) 0,648 04566
8 j o)
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The foregoing tables should be completed by the phase
differenccs which determine the
disturbances,

sign relations between the

Airplane A B C D R
P =9, 112° 109° 108° 86° 38°
P, -~ @, L8P 104° 106° 108° 109°
S X 16° 29w 15° w2459 -50°
DL < 770 -82° -91° -110° 200°
2 i e
Airplanc 1 2. & 4 5 6
P, - @, 9%°" § 1ga® 108° 116° 410 66
ma =0 1o6° 106° 1109 LIG° gae 569
B o8, g0 15% gae 41° 240° 316°
3
¢, =@ -81° | ~91° ~79° ~75° +158° +266°
2
e AT DEN
The value P, = P4 = x 1indicates that the variable 1

basses through its maximum of positive amplitudes é% 1L
seconds before the oscillation of variable 4, From an ex-
amination of the tables, the following conclusions may be
derived. The disturbance in yaw 8j 1is, in general, great-
er than the disturbance in roll 8¢ when the oscillatory
motion is stable. When it becomes unstable the ratio
8j/6p decrcases. When P, = @, is in the neighborhood of

90°, the oscillation of
yaw, passes through its maximum positive amplitude about a

quarter

imelanatfan,

by a

of a

the wvariable 1,

period ahead of the variadble 4,
The yaw to the left (positive) is followed
bank to the right (positive).

Thig b e

the

of the

lateral
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The disturbance . 6p of the angular velocity of roll
{8 not exactly in qua drature with . The phase differ-
ence ®, - @, varles betwcen 100 and 110° and is not ex=

actly equal to 90°, This may be expected since p 1is not
exactly the derivative of @ bdut

S o . - 3§ ¢0s @ cos e

The rat

the spil
the oscil

0 93/92 regult in smaller values than those for

s
a2l motion. With equal roll the yawing is lesg in
illatory motion than it is in the spiral motion.

i
r

Lét ug now congsider the characteristics of the yawing
motion., When the airplane is stable, @, = ¥4 is included

between 15° and 40°, The yawing motion »passes through ife
positive maximum 1/24 to 1/9 of a period ahead of the pos-
itive maximum of ¢. The yawing is to the left at the in-
stant when the left wing is rising, the secondary effect

of the rotation r thus tending to oppose the roll., The
same conclusion may be drawn from o, = D, When the oscil-
lation becomes unstable, for airplanes 5 and 6, the ghage
difference P, = Pq increases: we find 240° and 316° while

we have @, = @, = 158° and 266°, This indicates a revor-

sal in the sense of tho phenonmena since it is easy to sec
that for o, ~ @, = 180° the two rotations r and p aro
in opvosition. At this instant a positive yaw r (to the
left) is associated with o negative roll p (to the right)
and the secondary effeot of the yaw will be to increase the
o] L1 Y

The obove numerical analysis throws gsome light on the
partial motiong, of which the resultant motion is composed.
Pheticharacteristiceg of each of the thrco motionsg studied
above depend on the airplane but are independent of the insw
itial disturbance congidered.

CONCLUSIONS

1. The analysis of ~the lateral motion ig more compli-
cated thon that of the longitudinal motion. It is thought
that the results obtained from the complete numerical con-
putation of cxamples may be useful in estimating the effect
of the different factors. ' The variable factors here con-
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sidered were the coefficients of static stability. The mo-
tions computed were determined for a zero angle of attack.
It is of course understood that it is not enough that an
airplane shall be stable at a low angle of attack. The
lateral stability should be investigated, particularly at
large angles of attack, and this is a problem which at the
pPresent moment is the most difficult of solution. 4 log—-
ical continuation of the above study would be the computa—
tiom of the motions for flighti at large angles of attack,

2¢ The theoretical determination of the variadbles v,
P, r, ®, and ¥ has already been considered in several
works. Of these, we may note:?

2) The computations carried out by Halliday on a cer—
tain airplane (namely, the Bristol "Fighter!)
for different angles of attack (R. & M. No,
1306). At low angles of attack, the curves
found for this airplane have the same general
appearance as thoge computed by us for the sta-
ble airplanes.

b) An example computed by Mellvill Jones, in volume V,
of We F. Durand's "Aerodynanic Theory."

REMARKS CONCERNING AUTOMATIC STABILITY

The present investigation may be considered as prelin-—
inary to the study of auntomatic stabilizers. We have sought
to determine first how an airplane of average characteris-
tics reacts against the principal disturbances it may en-
counter, It is only after such a study has been undertaken
that one nay inquire as to the effect produced by a stabi-
lizer on the natural reactions. We have already published
several ideas on the subject in articles devoted for the
nmost part to descriptions of the apparatus proposed.

Without entering here into the general study of auto-
matic stabilizers, we may point out that the present work
suggests to us immediately the idea of a stabilizer whose
sensitive member would be a wind vane or pressure plate.
The elements here considered as variable were the coeffi-
cients of static stability - that is, the derivatives of
the coefficionts of the moments with respect to the angles
of attack and of yaw; these angles may be determined dby the
vaness If the vanes are utilized so as to operate the con-
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trols, an automatic stabiliger is created whose action on
an airplanec will be analogous to an increase in the static
stability.

Let us consider, for examvle, the longitudinal stabil-
ity. The moment M 4is a function of i and of B. The
derivative charactorizing the moment about the center of
gravity is?

aM _ oM . oM 4p
di oi 9B di

where dB/di is determined by the mechanical apparatus con=-

necting the deflection B of the elevator with position of
the vane. Our computations are, in fact, referred to the
total derivative aM/di. It scems, from the theoretical
point of view, all other conditiong remaining the sane -
particularly, the total area of the tail surfaces - that
the production of a moment M by means of natural static
stability or by means of an automatic stabiligzer would be
equivalont. The comparison of the curves obtained for dife
ferent values of WK showe the effect that may be expected
from vane stabilizors. The same renark applics to the lat-
eral stability, where a vanc could be imagined as acting

on the ailerens or the rudder?

-d.GL e BCL o BGL _(1._(?
dj 2 8a dj

dCy = aCy " ACy EI

dy: ol Y  aj

It thorefore seems that it should be possidle, if an
airplanc possesses certain unfavorable flight characteris-
tics due to insufficient static stability about one of the
axes, to correcct this lack of stability by the use o &
vane stabilizer, thus avoiding a re-design of part of the
alrplanc,

Translation by J. Reiss,
National Advisory Committee
for Aeronautics.
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LONGITUDINAL MOTIONS

Initial Condition: &w = -8 and 66 = -0.2
0.008 | 0.006 | 0.004 | 0.002 6 1 =000
Short Period Oscillation Aperiodic Motion
@177 0.20 0.2b558 | 0.453 C, 0] -0.015
B.08 | 9.13 |lo.5 14,48 | 1,0, 0 <1.136
J968 | .70 .619 JBL9 | &, 0, 0 +.089
.1587| .1638| .1485| .1612{n,0C, 0 -.016
2E® | 143° uge® 113° g, | ~0.78 | =1,085
243° | 241° 231° Ba® | 1.0, | -8B | <Ele
~g* =" 0 $1° |mg0s 0 - 078
gen” | 218° 206° 150 V. 0 +.040
| = |
Long Period Oscillation Aperiodic Motion
4,24 |5.44 6.86 |11.4 Cs | +16.22 | +7.95
456 | .694 .879 | 1.9 Is0a 1 48,98 | +1 680
<085 | .026 059 .027 {msCs 0 +.012
(1088 .121 .139 177 | S 0 -.052
o 178% 1t8° c, 0 -6.84
SR | 1v9° 178° 178° 18, 0 -1.97
2656° | 354° 3529 355° |m C, 0 -.013
256° 2530 2567 244° |n C, 0 w18
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Initial Condition: 8q = 0.96 rad./sec.
w | 0.008/ 0,006 | 0,004| 0.002 0 -0.001
Short Period Oscillation Aperiodic Motion
Py 0.243 0.314 0.496 1.28% c, +0.189 -0.14
P_]12.26 | 14.35 |19.5 41,0 1,C, [+13.2 -10.59
P.| 1.05 1.%0 1.26 1,76 |m.C | -.96 +.83
e, .218 .241 .288 .456 |'mn,C, | +.185 ~o 148
® | 275° 2620 2450 2139 Cg| ~1.888 | +1.7
9, | 180° 180° 180° 180° | 1,0, |-18.686 | +410.66
e, | 295° 300° 308° 827° Pws1 D +.114
N 153° 153° 154° 161° | paflsl ' © -.063
| l T
Long Period Oscillation Aperiodic Motion
p 1| 4.18 5.25 6.86 | 10.78 Gy [4164 81 w0
e .45 .67 .96 1,80 | 350, | +2,98 -1.65
it .025 025 JORY 085 ] mgls| © -,012
e .104 <117 138 1684 8 B, 4 | @ +.052
o ! 190 £yv° 1¥7° 177° C, |-14.27 +6.34
¢, 19%° iy7° 1% 177° | 1,6, | -3.0B +1.83
w.'| 358° 352° 351° 352° | m,C,| O +.012
p,"'| 288° 2560° 248° 243° | n.C,| -.185 +.166
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Initial Condition: &w = -8 m/sec
w [0.008 |0.006 | 0,004 | 0.002 0 -0,001
Short Period Oscillation Aperiodic Motion
P, |0.1756 |0.202 | 0.257 | 0.441 C, 0 -0.011
Ry 8. 78 |9.23 [I0.1 14,7 1.C1 0 -.84
k. 75 71 .62 .62 m,C, 0 +.066
P,| -156 | .155 150 163 | Bg0y 0 -.012
@, | 340° | 322° 298° 244° Cc | -0.75 | -1.168
o, | 246° | 240° 2339 gl - +B.1% | =%.8
®, 0 0 0 | 0 mg Cyp 0 -.078
@, | 218° | 212° 205° 194° | ny0q 0 +.043
| T I T
Long Period Oscillation Aperiodic Motion
p,'{4.01 |3.848 | 3.34 | 2.896 C, | +0.75 | +1.85
Pl w481 | 290 | 488 | .400 |'1,0, | +.A95 | 4,886
p,'| .0241| .0187| .0130| .0056| m,C, 0 +.002
Pl 10 .086 .068 08 | il 0 -.012
o, 1° 20 40 90 8 0 -0.689
P, e 2 4° g% 1 B8, 0 -.192
@, '| 186° | 179° 179¢ 177V e, 0 -.001
Wt Pe® 95" 76° i gy° limag. 0 -.017
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Initial Condition: &u = 10 m/sec
w | 0.008 | 0.006 | 0,004 | 0.002 0 -0.001
Short Period Oscillation Aperiodic Motion
P, | 0.022 | 0.083 | 0.036 | 0.068 c, 0 -0.005
P, | 1.118 1.508 | 1.425.| 2.276. 1.0, 0 -.378
R .00586 .1178 .0878 0973 m C, 0 +.06
P, .019 .026 .021 .025 | n_ C, 0 -.005
P, 230° e 380" 3209 C, | -0.215}-0.26
P, 287° 304° T R 2269 | 1,0, -2.84 |=1.,63
By 22° 26° 27° 139 | myCy 0 -.017
. 1760 1740 L 4 g 17721l 8.0, 0 +.01
[ [ I 1 |
Long Period Oscillation Aperiodic Motion
p.' |10.134 |10.12 |10.310 [10.70 C, [+10.215| +8.48
gy 2,99 1.29 1,444 | 1,782 | 1,0, | +2.34 | +1.77
A .061 .049 .040 +OB5 | maly 0 +.013
Pt 252 < @27 .208 T 0 -.056
®,' 100° 100° 104° 1109 Ca 0 +1.785
P, 100° 100° 104° 1109 | 140k 0 +.514
®,' 2750 2750 2780 286° [mgyCy, 0 +.003
®,' 1760 1740 1760 1779 Imels | O +.047
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} Initial Condition: &6 = -0.2 rad.

} W | 0.008 | 0.006 | 0.004 | 0.002 0 -0.001

J Short Period Oscillation Aperiodic Motion

P, | 0.0009 0.0012| 0.0019| 0.0026| C, 0 0

P .046 | ,056 078 .086 [1,0; 0 0

‘ By .0039] .0043| 0047 .0037|m, C, 0 0

ﬂ P& .0008, .0009| .0011{ ,0010(n,C, 0 0

®, 94° 82° 65° 33° 2., ~0.08 | 0,08

{ @, ! B852° 15* 49 Y 19,0, -.22 578

} pal 124° | 324° | 127° | 147° [m,6, 0 .004

( ! | 382° | 332° 334° 340° |n,C, 0 .002

o B |

} Long Period Oscillation Aperiodic Motion

? P,"| 8.24 | 9.286 |10.39 13,97 Csz | +15.46 | +6.1

‘ P! .886 | 1,184 | 1.451 | 2.325 |15Cs 3.56 | +1.275

{ Py . 050 045 040 .0326 |m3C3 0 +.009

/ potl 205 | .207 &0 218 |nsCs 0 -, 04

} B.* 5 380° | 180° 180° 180° C, | -15.44 | -6.12

| p,'| 180°| 180° | 180° | 180° 1,0, | -8.3 |-1,775

P, #6569 | 355° 356° 3669 m 0, 0 +.012
' P, @569 | 254° a51% 246° |n,0, -.2 -.1862
N
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LATERAL MOTIONS
Initial Condition; &v = +10 m/sec
m;;rplanes A B C D E
Oscillation
Py 9.62 9,70 9.74 9,05 8.46
Py . 335 yB61 .188 .106 .067
P, .300 . 301 .338 .2846 .2648
P, 2RB 180 .132 JOFY 050
P, 86° 86° 89° 76° 71°
®, 76° 80° 90° 98° 143°
P, 359° §55° 369° 348° 342°
?, 333° ga6° 3440° 350° 33°
'r |
Spiral Motion
C, -0.043 |-0.016 | +0.023 | +1.044 |+1,896
Bt -.004 -.0005 | -.0001| -.0040 .0166
m,C, -, 0048 { <,0015 | +.008 +.055 +.077
040, +.020 +.0070 | -.009 -.013 -.034
i Damped Motion
B, +0.440 | +0.338 | +0.254 | +0.144 |+0.079
1.8, -.325 -.257 -.185 -.101 -.025
m,C, +.0103 | +.0084 | +.0058 | +.0032 | +.0005
n,C, +.0818 | +.0655 | +.047 +.0263 | +4.0006




N.A.C.A., Technical Memorandum No. 867 58
Initial Condition: &v = +10 m/sec
Airplanes 1 2 3 4 S 6
Oseillation
Dl 9.72 9.74 9.83 139 6.54 5.92
pg +186 « 188 214 .203 122 .47
2 387 .338 s .058 .040 .,090
94 w209 SpLcye %, « 323 Wioide .800
®, 89° 89° 84° 82° 9409 55°
P, 90° 90° 90° 89° g7° 509
ws 3590 359° 3590 14° 1859 2950
e, 350° 3440 337° 336° e 358°
|
Spiral Motion
Ca 0.046 [+0.023 |-0.073 [-1.73 +3.19 |+4.60
bl ~.007 | -.0001| -.0003| -.023 | +.056| +.110
mzCa +.,006 +.002 -.003 -.021 +.054 | +.063
nzCz -,028 -.00¢9 +.015 +.103 =, 067 =000
i
Damped Motion
C4 +0.252 |+0.254 ([+0.282 +0.275 | +0.283 |+0.532
1%04 -.186 -.185 -.183 =k D 4, 1611 =i302
m,C, | +.0044| +.0058| +.0070| +.008 +.009 | +.017
Lo +.048 | +.047 +.049 +.045 | +.,041¢ +.077
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Initial Condition: OJp = 0.2 Tad.
Airplanes A B C D B
Oscillation
P, 1.8 1.25 1.25 B Y 13.88
P, .042 .034 .024 .154 .094
P, .038 .039 .039 ,A18 .370
P, .028 .023 .017 .112 .070
¥, 163° 161° 160° 149° 142°
®, 153° 156° 163° 170° 213°
?, 76° 74 25° 60° 54°
P, 50° 52° 58° 63° 104°
|
Spiral Motion
0y 0,878 | ~0.,410 [S0.438 ~5.89 ~7.88
bl s -,0038 | -.0012 | +.002 +.0263 | +.0635
m,C, <0898 | ~.0885 | ~.08% - B8 -.B98
9 +.174 +.178 +.183 +.087 +.130
%
Damped Motion
Cq +0.0207 | +0.016 !+0.012 +0.074 +0.040
140, -.016 | =.012 | -.009 - . 088 <, 018
m,C, +.0005 | +.0004 i +.0003 +.0016 | +.0002
8,0 +.0038 | +.0031 | +.002 +.013 +.003
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Initial Condition: 8¢ = 0.2 rad.
Airplanes 1 2 3 4 5 6
Oscillation
P, 1.066 | 1.25 1.89 4.66 3.85 2.34
Py .02 .024 .035 .081 .072 .098
By .042 .039 .0421 . 024 . 044 .056
B, LOFR QL% .032 + 183 .218 305
©®, 164° 160° 15859 156° 192° 198°
Pp 167° 163° 158° 156° 183° 187°
W, 750 730 59° 819 342° 352°
©, 67° Ba° 489 40° 101° 137°
Spiral Motion
o -0.308 |-0.432 |-0.798 |-1.90 |+0.786 |+0.522
bl +.,008 | 4,002 -,004 | -,026 | +.,014 | +.012
m,C, -.041 | -,037 | -.040 | -.023 | +.013 | +.007
204 +.186 | +.183 | +.173 | 4.113 | -,016 | -,008
Damped Motion
5 +0.012 [+0.012 !+0.015 |+0,010 |+0.014 |[+40.004
s P -.009 | -.009 | -.009 | -.006 | -.009 | -,002
W +.0002| +.0003| +.0003| +.0003| +.0004| +,0001
Bl o +.002 | +.002 | +.002 | +.0016| +.002 | +.060
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§r = 0.2 rad./sec.

Airplanes A B C D E
Oscillation
e, 5,52 B4 5,94 4,066 5.88
pa 5Lz « L85 + LES 048 047
03 <1723 78 o 185 28 .184
Py o« B0 + 106 .080 .035 . 035
®, 183° 1829 182° 203° 1830
P 17ae 1L izt 188° 2240 2530
©q 960 950 949 1140 940
©, 700 72° 790 E170 1440
T :
Spiral MotioL
B +0.278 +0.239 +0,.,178 +1,63 +0.42
150, +.003 +.0007 -.0008 -.0062 -.0037
m,C, +.028 +.022 +.016 . +.08 +,0017
303 -.129 -.104 -.070 -.020 -.007
Damped Motiop
Cy +0.034% +0.011 -0.013 g—0.055 -0.4157
Tafa -.025 ~.008 +.010 i +.,040 +.048
gl +.0008 | +.0003 | -.0003 i -.0012 | -,0009
o P Y +.0063 +.0021 -.0C25 ‘ -.010 -.013
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Initial Condition:; &r = 0.2 rad./sec.
Airplanes i 2 3 4 5 6
Oscillation
P, 4,74 5,94 7.79 |21.28 8.48 9,22
pa > 09l P L 0 .136 869 + 158 386
ps s+ 188 + 185 BB « 107 .098 19
04 053 .080 .134 . 601 .481 1.202
®, 181° 182° 184° 207° 2519 229°
Py 184° 185° 186° 208° 243° 225°
Py 92° 94° 28° 133° 40° 30°
P, 84° 79° 76° 92° 160° 173°
1 L
Spiral Motion
Ca +0.084 (+0.178 |+0.584 |+9.93 +8.02 +7.18
1,04 «,0013 | -.0008 | +,0027 | +.13% | +.041 | #1864
m-C gz +.0011 | +.016 +.,029 +,122 +.136 +.099
- OBk | = 000 | «.187 || =508 | <« 200 L8308
Damped Motion
Ca -0.010 |-0.013 [|-0,020 |-0.054 +0,008" |=0.282
146 4 +.0076 | +.010 +.013 +.034 -.001 +.104
myCa -, 0002 | -.0008] -.0005} -~.0016 +.0007| -.0061
n,C0, -,0002| -,0086! ~.0008| -,0080 +.0004 | -.026
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Figure 3.- Longitudinal equilibrium.

Figs. 1,2,3,4
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Pigure 4.- Dempened oscillation.
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Figure 231.- Effect of an initial disturbance of yaw.
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Figure 24.- Distribution of an initial disturbance of
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Figure 25.- Distribution of an initial disturbance of
angular velocity Sr.
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