
T~CHN1 CAL ME~ORAN~UMS 

~TA1' IONAL ADVISORY cor:MIT'1'EE FOP. AE-qOUAUTICS 

No . 846 

TEE BU CKLI~ G OF CURVED T~NS IO~-?IE1D GIRDERS 

By G. LiMpert 

Luftfahrtforschun~ 

Vol . 14, No . 7, Jul~ 20, 1937 
Verlac v on R. Oldenbourg, Munchen und Berlin 

Wai1hingtcn 
Janu.ary 1 9~8 



NATIONAL ADVISORY CO MMITTEE FOR AER ONAUTIC S 

TECHN ICAL h~E JDRANDUH NO . 846 

THE BUCKL ING OF CURVED TENSION-FIELD GI RDERS* 

By G. Limp e r t 

SUMMARY 

The : resent pape r r eports on expe ri ments made with a 
vi e w of de t e rmining t he buckling load under shear of cir
cular cu r ved tension- field webs . The buckl in g load of 
th e web s m;.ty be expressed with r eference to the buckling 
loa d of t~e st iffen e rs. It is found that wit hin the ex
p'lo r e(} r ange the buckling load is approximately twice as 
great as tha t of the id e ntically stiffened flat wall of 
e qua 1 \"7 e b de p t h . 

I . IN TRCDUCTION 

The analys i s concerns a p l ate girder comprising a 
c y lindrically curved web and two f l anges running length
~ise alo n g the gene r at in g ax i s of the cylinder. The web 
plate and i ts stiffen e rs represent the web (fig. 1). 

Unde r ~ c e r ta i n tr an sv e rse load (buckling - shear 
stress To) the ~eb p l a te bulges first . Under further 

l oad a s har e o f the tr a nsverse load of the web w~ll is 
c arr i e d i n tens i on . Th e stiffeners unstressed so far un 
dergo , e v en if arranged on one s i de at the sheet wall, e 
pure c ompress ive st r ess as a re sult of deflected tensile 
st r esses (very approximate) , whereby the stiffener stress 
resem~18S the load of a rin g under un i form external con
p r esGion (r efe r en c e 1) . 

With the buckl i ng of th e web , i . e . , of the stiffen
ers, toge t he r with th e we b p lat e, the girder reachos its 
c a rryi ng cap a city ( buck lin g load, buckling shear stress 
Tk) ' Th e shear load under wh ich the curved plate girder 
buck l es , is ascertain ed f r om t ests, and the stiffener 
st r ess compu t ed the re f r om . 

- - ------- - -------------- ----------------------------------
II II * IlUbe r eli e :ten i ckung gek rumm t er Zugfe 1 d trage r. II Luft fahr t -

fors c hung, v o l . 1 4 , no. 7 , July 20, 1937, pp. 356 - 360 . 
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II . DESCRIP TIO N OF TEST SPECI MENS 

Ni ne spe ci men s were i nvest i gated - of equal length 
axially (1 , 500 mm ), equal l engt h of st i f f ene rs (50 0 mm) , 
and equal st i ffene r spa cin g (1 00 mm ). All th r ee sampl es 
h a ve the same web thicknes s and the same stiffener section -
d i ffe ring on ly, re spe c t ive l ~ , i n the curvature and ang l e 
at the cent e r ( 30° , 60 0 ,90 ) . 

TTIO me tal st ri ps Sl and S2, r ive ted to both s i des 

of the web p l ate , fo rm t he st i ffene r s ( f i g . 2 ) . In o r de r 
to simulate a linked c on n ect i on as closely as pos sible, the 
s ti ffene r s t e r mina t e at tw o small edge angles G1 and G2 
p l aced so c l ose t o th e clamp in g rail A substituting fo r 
the flange , that the p iec e o f the web i n be tween does not 
buckle . 

Ueb p l a te and st i ffene rs were · of sheet brass of test
ed modulu s of e lasticity. It i s constan t up to a tensile 
st r ess o f (J = 1 , 000 kg/c m2 (fi g . 3) . The wal l dimensions 
c an be read f ro m tabl e I. 

III . DESCRIPTION OF TEST RIG (fig . 4) 

It consists of a four-hing e f r ame . Rail A is s o li d ly 
fastened to the test frame, rails Band C p rovid e th e par~ 
a ll el gu i dan ce of p l ates D and E . The sides of the spe c i 
men walls o re cl a mp e d to r a ils A and E . The c u rved end 
sections are se cur e d a t p l a t es D and E (fi g . 4) . 

The load is appl i ed by a set of p ulleys and levers. 
The i nt r oduced t r ans v e r se load i s r eau on a sp rin g dynam om
e t er , the di splac eme nt on a Ze i ss d i [1.l gage . Th e angle of 
th e wrink l es i s def i ned by p r tracto r . Th e ant icipated 
accuracy of the fo r ce measur ement amoun ts to ±1 0 kg . The 
st r uctural de si gn of the test ri g c an be s ee n i n f i gures 
5 and 6 . 

kg /cm2 x 14 . 2235 = lb·./s q . i n . kg x 2 . 204 6 2 = lb . 
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TABLE I 

;~~~~-~~~~~-~:~~:-I:::~:: 
ness cent e r 

Stiffener 

section inertia 
~Ji1iff~!l~KJi 
Fsheet 

----- ------ ------ --_ ._----

s r,lm cpo r em F eru2 J cm4 __ ~____ __l ______ _ 
1 0 . 1 1 1 31 . 8 90 . 0 0 . 140 6 . 44xlO- 4 

en 2 Q) 
.,-4 

. 1 14 60 4 7 . 75 . 1 ~90 6 .17 xlO- 4 1,22 
H 
(1) 

3 (j) 

-_.---
H 4 
H 

0 . 220 3 1~ 2 90 . 0 0 . 174 10~8 xlO- 4 0 .79 

en 
5 Q) . 225 65 . 4 43 . 8 . 174 10.8 xlO- 4 .77 

.,-4 

H 
Q) 

6 (j) . 21 4 89 32 . 2 . 1 6 7 10.2 xlO- 4 .78 
-----

0.64 

.63 

.61 

Len gt h .. . .. . . . . . . ~ = 1 , 500 mm E = 1. 06 X 10 6 kg/ cm2 

Arc length . . .. . .. h = 500 mID at s=0 . 2 and C.3 
Stiffene r s:pacing ty = 1 00 mr:: E = 1. 0 X 10 6 kg/ cm2 

at s=O . l m;;} 
(mmx O . 039~7=in . ) (kg/ c n 2 x14 . 2235=lb ./ sq .in. ) 

IV . TEST PROCEDURE 

3 

ElD 

Th e load is applied i n stages and the angle of shear
in g s train V , ascertain ed . The start of buckling of the 
web plate is observed . As soon as ur inkling is dist~nctly 
noticeable, s e veral measure ments are made in all panels in 
wrinkle d irec t i6n and of the radius of the s:pecinen wall . 
Th e directions of the ~ rinkl e s a r e made visible by color
ing t he wave e l e vations on both sides of the web plate. 
The buckling load and the corre la ted angle of shearing 
s t r a i n a:::- e est a b 1 i sh e d . ' 
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v. RESULTS OF TESTS 

The experi men ts afforded, other than the des ir od 
buckli ng st r ess in shea r , a r e the bulg i ng stress of the 
web plate , the ~ngle of shoar, and the wr i nkling angle . 
The exper i mental v a lues a r e comparable to those obtained 
f r o~ th e ory and f r om other available t ests . 

a ) Bulgin g of Web Plate 

The fo r mat i on of the tension f i eld approx i mately 
starts at the buckl ~ng l oads for curved sheets known f ro m 
experiments but not s i mult aneously in the i nd i vidual pan
e l s of the test wall . Thia is attr i butable to manufactur 
ing defects - parti cularl y , to unavo i dable mfno r i nitial 
bul ges . 

b ) Angle of Shear i ng Strain, Y 

Th-e theoretical as we ll as the experimental . Y val 
ues are shown i n f i gure 7 . At start of loacin g the shear 
modulus , owing to the initial bulges , is ~ot that of the 
shear -r esistant she e t, but app r oaches that of the tension
field theo r y . On the developed tension field the rise of 
the expe ri men tal cu r ve rese mb l es approximate l y the theo 
r e tical ris e . But on account of the disregar ded flexu r al 
stiffness of the she e t i n the tension-field theo r y , the 
theoretica l values exceed those of the test, and so much 
more as the web n late is mo re curved and thicker . (Speci 
men sheet No ~ 1, especially, disclosed numerous inltial 
bu l ges and consequently , a somewhat different behavior . ) 
The deviation of the test curv e signifies that the propor 
tiona l li mit has b ee n reached . * 

c) Angle of Wrinkl es 

The v alues plott e d in f i gure 8 a r e averages of meas 
urements made on bo th s i d es of the wob plate over its entire 
he i gh t and length . The th e oretical values are included for 

--------------~---------------------------------------------

*The test spe ci mens a r c s i mi lar as regards dimensions . 
They represent only a ve r y limited range of the potent i al 
p r act ical cases . A different ~spect o f the strain curves 
is therefore en tir e ly feasib l e . 
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co mp~riso n . The angl o of wrink li ng under buckling load, 
g i von i n t eble II, is obt a in ed by ext rap olation (cf. fig . 
8 ) • 

TABLE II 

Angle of Wrinkl e s for Buckling Load 

S e ri e s I Series II Series III 

Sh e' c; t ~To . 1 2 3 4 5 6 7 8 9 

o 
a t:!'2oo rotical 35 . 3 32 .3 29 . 0 34 . 8 30 .7 27 . 8 34.4 30.7 28 .0 

aOeApe r iment~l 38.5 34 . 9 2 9 . 5 38 . 4 32 . 4 28 . 7 36.0 30.7 30 .3 
------------_____ _ ___ 1____ -----

d ) Bu c k li ng Shear Stre ss and Stiffener Stress 

W ~ll fai lur e is i n itiated with the buckling of a st i f 
f ene r - the second to f ift h st i ffener usually buckling 
frO D ~oove . Th e e ff e ct produced by the rigid clamping of 
t h e curved end sections, wh i ch l eads one to suspect an un
lo ~d in g of th e sti ffe n e r s, the r efore appears soon to bo 
cnncaled . Tho load then d r opped to about 75 percent of tho 
buc k ling lo~d, a lt hough i n subsequent load applications , 90 
to 95 pe rc ent of the buckli ng load (buckling shear stross 
Tk ) W~G obt a i nab l e aga i n wi th v ery great d isplacements. 
Th e buckl in g nt r esses in s he ~r Tk are unnended in tuble 
I II . Y i ~ur e 9 sho~ s tho failure of spe c imen sheet No. 1, 
figure 10 shows a seri es of fa ilur es of sheets No .3, 6, 
an d 9 , ~h ic h ha ve the s a me curvatur e but different thick
ne cs and sti ffene r s ections . 

I n o r de r to extend the range of validity of the ex
perimental data beyond the scope of the investigation, the 
or e tical co mpar ison poss ibili t i es were provided for the in
t e rpretation of the te s ts . I n the absence of theoretical 
data on the buckling of such curved tension fields~ the 
co mpari so n of the curved wit h th e flat tension field sug
gests ito e lf . On flat tension- field webs, it is expedient 
to exp r eos the we b bu c kl i ng lo ad in stiffener st ress. One 
o f Uagner t s repo rt s (reference 2 ) g ives the ratio of buck
li ng load of the st i ffe n e r s to the Euler load of the free 
ba r TI it_ p i n - jointed end s, as co mparat ive value for the de 
t or~ in at ion of the buckli ng load of the flat web . 
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TABLE III 

Sh eot 
l~ o . 

-;~-TA~!~~- ----··------·r--- ---------------
Tk ~y 

Tk T~ ~y ~E DE 
(~ / ~ ) 

Y E curved 
--------------

s ty cen t e r (~ /~E) 
y flat 

-:-~-t~~~- :. ~;!- ~~~1;~~;--~~ ~;~;:~ ~;-- ----;~~;-----
~ 2 1 . 22 1 . 05 717 17 . 7 370

1

18 . 5 20 . 0 2 . 86 

-~-~- ! -~~~~r~ :~~5- ~~~H~;~~~~r~~~~~ -~;~~- ----~~~~----
~ 5 . 77\1 . 14 678 \ 5 . 95 521 25 ~ 8 20 . 2 2 ! 89 

~ 6 
------

~ 7 0 . 64 u ~ 524 42 7\ 3 . 28 4 60 34 . 0 13 . 5 1 . 93 

~ 8 ! 63 1 . 09 6201 3 . 5 2 585 32 . 9 17 . 8 2 . 54 

j_~_~_~~~L~= __ ~~~L~_~~~ ~~~L~~~~ __ ~=~~~ ____ ~~~~ _____ _ 
Tho stiffener stross of the cur ved ten~ion-field 

we b is the refore comp ut ed f rom the mea sure d buckling- shear 
s t r es s T~;: and the n t 11 era t i 0 

v -

computcc . '~E = Eul e r stre~s of free 

nuds ). F o ~' the quantity (~Y/(yh) flat 
bar ~ith p in - jointed 

t h e value 7, is the 

same for all exper i monta l ral ls , wh ic~ is valid fo r the 
li m i ~ i ng c ase of very closely snaced stiffeners (ref e r en ce 

- * 2) . For the cu r ved shoot the stiffener stress ~y ... is 

* I t was not measured i the test : fi rst , because it is 
d i ff i cult on curved Nob s ; se con d l y , be cau so it me rely 
servos as comparat i ve valu e for defining tho buckl i ng load 
o~ tho w~o l a 1 al l . 
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computed f r om the r e l a tion 

where a , with allowance for To from figure 8, follow~ 

* from the report by Wagner and Ballerstedt (reference 1) . 

TQble III contains the r a tio ( CY Icy ) for the 
y E curved 

in d ivi duQ l shee"ts comput ed i n thi s manner. 

It is to be assu me d that the buckl i ng stress in shear 
Tk an d the rat i o v, respectively, depend, aside from 
the curvature, on othe r design ~uantities such as the ra
t i o of sectional area of stiffeners to the correlated sec
tion of sheet Fy /s t y ' etc . Figure 11 shows v plotted 

* I n thei r r epo rt the s ti ffene r stress is given as 

s ty 
CYy = ( T - To) -F-- tan a 

y 

The shar e of To st ill carri ed herein by the tension field 
i n shear i "s , however, d isr egarded in the present report for 
the st i ffene r stress de terminat i on at the instant of " buck
ling : f ir s t, because th is share on the flat sheet is un
known ; se c ond , because the r eduction through To of the 
s ti ffene r st re ss for dete r mi n i ng the buckling load of a 
t ens i on~ f i e l d we b i s misleading . For if on a web wall the 
web plate is so t h ick tha{ { t fo r ms no tension field under 
tr ansve r se load , the sti ffene rs buckle along with the web 
p l Qte undor a certain fa irly low transverse load without 
being ~ubjected to a compress i ve stress . If the web plate 
wi th unQlt e r ed st i ffene r s is made thinner so as to form a 
t ens io ~ fie ld supporting the st iffeners against buckling, 
th e web wall supports a greate r transverse load before the 
st i ffe e r s bu ck l e . The compar i son shows that the share 
To carried by the tension field in shear, does not lower 
tho stabil i ty of the we b wall wi th respect to an ideal 
t ens ion f i e ld . C onse~uent ly , to use the stiffener compres
s iv e st r ess established fo r tho i deal tension field to in
t e r p r e t the stabili ty load of the actual tension field, is 
t o o v e r est ima te the ant icipat ed t ension- field stability, 
de~p it e the too high mathemat ical compressive stress. 
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a g ainst tho ang l o at the c e nter ~ f i gur e 1 2 plotted 
aga i nst t he ratio Fy/S t y ' Al t hough the th r ee test se -

ri es are un . ik e in ratio Fy/s ty as ne ll as crk /crol the 

exporL.entD-l v d is c los es no systemat ic d i ffo r en ce in 
the test r osults . 01 the othe r hand , the v a lues 

(~~) c e r ta i n l y lie above those of tho flat tens i on , crE c l r ved 
f i o l d , accord i ng to f i g ur e 11 . At ~ = ~ 60 0 , the curva~ 
ture r esults i n a ri se of huck ling 1 0D-d of about 2 . 7 t i mes 
th a t o f t~o fla t tension - f i e l d ~eb . 

Tran slat i o~ b y J . Van i ~ r, 

National Advi ory Co mmitt ee 
fo r Ao ro nl1ut ic s 
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