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ON THE THEORY OF HYDROFOILS AND PLANING SURFACES*

By F. Welnig

The present article describes the application of the
results of alrfoll theory to hydrofolls and planing sur-
faces with conslideration of the boundary conditions of the
free upper surface.

1. BOUNDARY CONDITIONS

In the theoretlical investigation of flows omn a hydro-
foil or on a planing surfece, it 1s probably legltimate to
restrict the treatment to their steady motion. The varla-
tions in runring speeds are, after all, so infsrfor gen-
erally that even such nonsteady motiona vary, on the whole,
neglliglibly little from the steady motlon.

Furthermore, the offects of friction and compressi-
bility nay also be disregarded for the present. For such
ideal steady flows the pressure equation:

p + % w° + Y H = II' = constant (H positive upward)

ies applicable. The air pressure at weter level (subecript

o) belng p_ = p, = constant and because —— = const.,
o L Y g

the boundary condition in this case reads:

)
=2 + H, = constant
28' 0.

This is the general boundary conditlon of the free
water surfoco with allowance for gravity. Solutions with
strlct allowance for 1t are -unknown. - Exact compliance 1is,

for examplo, important in the so~called overflow welrs in
hydraulica.

W Zur Theorie des Untarwaasertragflugela und der Gleilt-
flache. Iuftfahrtforschung, vol., 14, no. 6, June
20, 1937, pp. *14-324.
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Within small finite changes in height A H, and speed
A ws along the surface, the simplification

g & Hy Ho, = Ho,
Awo="'—wo or Foa—“o]-:g_i_o—l———

holds true.

This 1s the boundary conditlon of the free water sur-
face with consideratlion to gravity at small specd cheonges
along the surface. It can, in genernl, be prescribed 1n:
thoge cases rather than the exact boundary condltion,
whore the inclingtion of the free water surface may be
conslderod as bolng small, ot least over groeater zonos, as
for instonce, In the case of wove-mnklng resistanco of
ships. And for planing surfaces pnd hydrofoils, the sim-
Pliflcatlon can frequontly be extended even farther. That
ls to say, 17 the spoed 1s very groat, height changcs
A 55, 1f not too groat, produco only vanishingly minute

changes in 1w, along the surface. Wo therofore confino

ourselvos for the time boelng to such high spoeds that the
specd along the wator surfanco cen pe conslderod constant

and thon tho boundary condltion for the free surfacc bo-

comos?

W, = constant

This is the boundary conditlon of tho froo water sur—
fnce wlth gravlity offect not taken 1nto account; l.c., to
prcacribo 1t, is to ignoro tho effect of gravity on the
flow orocess. This boundary condition 1g ldentical with
that on the boundary of a freo Jot relatlive to a still,
dend watcr, which already could be taken into account in
many problems of hydrodynamics.

But for many invostigations 1t 1s admleslibdle and
thorefore oxpodient to carry tho simplificatlons a step
farthor. In Lho case of minor disturbancos, theo doparturo
of tho shape of the froe surface from tho undisturbod sur-
fnce mny nlso be overlooked without incurring lnadmisel-
bly great errors. )

In thls case the velocity components Vo in motion

direction x must be equal to the velocity at lnfinlty
w and the adnitted small dlsturbance velocities A w =

m'
X = Hy nust be perpendicular to the undigturbed frec sur-

- face, so that
- "JS_A-
e
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becomes the boundary condition of the free water surface
with gravity disregarded for small disturbances.

Thls condition 1s the same ag that on the boundary
of an assumedly slightly disturbed free Jet, as used, for
example, as basls for 1nvestigatlions of the effect of the
finite dimenslions of a wind-tunnel jet on airfoll measure~

‘menta.

2. THE PLANE PROBLEM OF THE EYDROFOIL AND OF THE

PLANING SURFACE

We first treat the plane problem of the hydrofoil =~
l.0., wo conslder its span as belng very great, while bear-
ing in mind that the flow around an airfoil in unlimited
fluld can be obtalned by assuming at the airfoil boundary
a corresponding vortex distribution nnd then superposing on
the ensulng interference flow ~ the ebsolute flow =~ the
parallel flow corresponding to the uniform motion - the
transport flow., The flow resulting therefrom -~ the relative
flow -~ then contains the airfoll as streamline. Before a
simllar nethod can be applied to the hydrofoll itself, com-
Pliance wlth the boundary conditions on one single dbar vor-
tex (fig. 1) at" g = ~ 1ih, +that is, in the abscissa =x = O

and at the depth ¥y = - h below the water level, must be

attenpted, If this depth h 1is not too shallow, and the
circulation I' -of the vortex i1s not too great, the dig-
turbances created thereby on the water surface may be conw-
eldered as belng small, and we need only provide for their
pervendicularity to the undlgturbed water levol.

This, however, is accomplished at once (fig. 2) by re-
flegtion of this vortex through a similarly rotating vor-
tex of the same circulation on the uWndlsturbed surface =
1.0+, by placing a vortex of circulation I' in the image
point g = + 1h., The interforence velocities produced by
these two vortices are perpeondlcular to the water surface,
except for o polnt whore the interference veloclty disap-
pears altogethor, so that in its vicinity the boundanrcon-
ditiona are more than evor complied with.
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. - '\ — _ - - (I
But the reflected vortexv%fig. 3) creates at g = + il
in place of the inltlal vortox at g = - 1h o clty - -~

e “.rL ""."J"c'lij e W = _1:_ _!'—
M dee 1 y zu8 2w 2h
c-" 1 - v..'i-.!.'a'- A

which, while proserving the relative velocity of this vor-
tox in direction, modifies 1%t in magnitude

W = Vo = Waug

Thls diminishes tho 1ift A of the lower vortex fila-
ment in rolation to the 1lift Ao of the samoe vortex fil-
ament in infinite flow. Thlg 1ift reforrod to span ®
l1a, according to Joukowski's theorem:

A=pIlwhd
whenceo

w
A =pTD wbd (1 - ;EE§> agalnst Agp =P Io We b
o)

If the wing chord t 1is small in relation to the’
depth of immersion h, the affect of the reflected vortices
uniformly distributed over the reflocted surface of tho pro-
file may be visualized as belng replaced dy n slngle vor-
tex of the samo total circulation In the reflectlion point
of the coerodynamlc center of the hydrofoil which, meanwhile,
mny itself be vlisuallized as belng exchanged for a single
vortex in 1ts aerodynamic center. As the clrculation for
equal alirfoll and equal effectlive trim 1s provortional to
the relative flow velocity, we have:

a
T'= Pm(l—zﬂ—ﬂ) and hence A:pl"mwm'b(l-hm)
WG wm

wilth
Yeug _ L - _To. (1 - Tzug
Yoo 4m h we 4 L W, Ve
we have: ‘
L
Yeug - 4m h wWe _ 1 - 1
Weo Iy 4w h w,, -
L+ —=— 1+ -—5 grnh 5 Pt Vo
47 h w_ ™ 1 + -
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and consequently, -/
- ) e NeLL o
A =p T l - - -
’ 1+ - =
Ty .
= A1 = 1 lade
‘ra P a
, - R 5 bt oWy “
1+
. t A
with -p———ﬁg——- o= G:’ \p—'A——— = Oa"‘
(o]
Ewma'b‘b /-éwmﬂ'bt

the 1ift coefficient of the hydrofoil ¢y then becomes in,
comparlson with that of the airfoll in infinlte flow Ca

\

c 2
Ja - (1 - a‘”—) (h > ¢) ”

Ca, o 4 81 b

- % -

However, this approximation holds only for such
as are smzsll compared to h. On approaching the free wa-
ter surface (h -=> 0) and at small trim .
-2~

.,-'z..st__’_'_
\t -Fl90 L'-.,L—fl-;’

becones lndependent of ¢,, as will be shown later. To

allow for this (fig. 4), 1t should be guite permissible to
writae

~

Sa i %ee N oLV a
®axm (2 47 op + B L ST
'_:" : ) Z'Ht"z."" 15
For great h/t. in relation to Cq 1;~;39&1t5 in’g“ﬂ
: “

change 1n the original result, while for very small - h/t,
i1t prodbadbly suffices also, since 1t 1g preclsely correct -
&t leest in the extreme case h = 0. For greater trims

c

Ei— becomes, of courese, a little smaller, although 1t al-
(e-]

ways remalng posltive.
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Incldentally, 1t may be poilnted out that the shape of
the profile produced by superposition of the reflected vor-—
ticos, 18 not the same as that of the initial profille, nor
g tho vortex distribution substituting for the hydrofoll,

w
apart from the proportionallty factor (} - ;EEQ). alto-

o]
gether the same as that on the samo proflle 1rn infinilte
flow because, aslde from the mean addltlonal velocitles,
allowance would have to be made for thelr distrihution and
change 1In curvature due to the reflected flow as well,
Thls, howover, 1s without tho scope of thig papcr, as 1%
would osscntlally involve & representation of the theory
of theo two-dimensional biplane problem, to which the prob-
lem treated here 1s clogely related. The poslition of the
aerodynamic center, particularly, 1s changed by the addi-
tional disturbances. The two-~dimensional blplane theory
(reference 1) can also take into account, aside from
changes In relatlive flow direction and angle of attack,
acceleration and curvature of the flow 1induced by the wilng
as well as the change 1n acceleration and curvature along
tho stroamlilnes.

Since, according to Jouzowski's theorem, the 11ft 1g
perpendicular to the directlon of the relative wind, and
it agrees 1ln the two-dimensional problem with the direc-
tion of motion of the hydrofoll, the drag is zero: W = 0.

As the hydrofoll continues to shift toward the sur-
face of the water, it bacomes - on traansition to the bound-
ary of infinitely littlo lmmersion - a vplening surface.
Then, however, the dlsturbaencos are no longer negligible,
and the boundary condltion becomes: w, = constant.

So long as the trim is such that the free surface:
mergos inio the leading edge of the profile (fig. 5), the
conditions, of course, are practically the same as on the
lower surface of ad airfoll in infinlte flow; so that,
since in thls casc the vpogltive prossures on the lower
surface contridbute, in first approximation, Just as much to
the 11f% as the posltivo pressuros on the uppor surface,

c
ca__ 1 (h —>0)
caa 2

At greator trim (fig. 6), howover, the flow. branches
out, exactly as on the lower surface of the profile in in-
finite flow. On the planing surfaco the upper portlion of
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the water 1s flung off forward since a flow around the
leading odge, as on the submeorged airfoll, is no longer
rosgible.

-z i— -

To this epray corresponds, according td the momentum
theory on two-dimengional profiles, a resistance of the
Planing surfate amounting to:

We=1n dy = p dwe® (1 + cos a)
and a qorroapomding 11ft of
A =W cot o = p dug? (1L + cos a) cot a

Onoc method of solving the two-dimenslonal problem of -
tho planing surface with arbitrary camber and trim, 1ls as
follows: Visuallge the plane of flow 2 transformed on
an inage vlano !, that 1s, the planing surface profile
assumedly of lnfinlte lcngth forward transformed on t&
lower helf of tho unit circle of the ! plane @,

a
Furthor, lot Ef = 1 for the infinitely remoto point in

both planos, which is readily attainable by sultablo seloc-
tlon of tho seale.

Tho front part of tho froe surface of tho g~plano is
to mergo into tho part of the £ axls (t>» + 1) 1lying

beforo thoe sonmiclrclo, the rear part of the free surfece
of tho z~planc, the flow-off line, in the part of the ¢
oxls (f < = 1) 1lying bchind tho semicirecle. The forward
end point of.the lmage semicircle 1s to correspond to the
infinitely remote point of the spray. The point ¢ =+ 1
then must contain a sink which carries awvay from the true
image flow - 1,8., from the corresponding quadrant the

quantity m E, 1f the planing speed 1is w, =1 and the

sproy depth 4 = m E. As the angle between the surface of
the circle and the image of the free surface is ﬂ/2, the
point { = + 1 rmust contain a sink with the total absorp-
tion capncity of Q = -~ 4w B, Then, in order that the cir-
cle in tho image flow may boocome astreamline, the image cen-
ter ! = 0 must contain a source Q = + 2m B, To the par-
allel flow 1tsolf corresponds a double source in imnge con-
ter, aftor which the equation of the image of the-flow in
the { plane reads:
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X () =¢ + % © + 2E 1n(l-1) = E in t
Parallel Doudble source Sink at Sink at
flow in { =0 t =+ 1 t =0

Q =4+ &7 E Q=+ 2r &

Azgume that the stagnation points of this flow lie,
nsldo from at { = - 1, the image of the trailing edge,

at Lst the image of the branching-off point and, for
recsons of symmetry, at Ew' the reflection point of the
imnpge of tho forward branching-off polnt.

The flow in the z-plane 1s to follow the equation

X = %x(zg)

which, after differentintion and logarithmic calculation,
glves:
ax

w
1n — = 1n — + 17V
az Ve

where w 1s the absolute value of the veloclty at any
point in the fileld of flow, We the planing speed, and v
the cngle of the directlion of the velocity to the negative
x axis in clockwlse direction.

Our boundary conditlon now demands that LA |
. wm

on tihe free gurface; or, in other words, that

1nl=0
w@

become the boundary condition in the z-plane on the free
surfance. Since U = !(g) after transfornetion of the z-~

plene in the { plane, 1n —g— can be considered as being

n function of the complex { . On the image of the free
surface ¢t > 1, N =0, and f< -1, N =0

1ln _ =0
woo
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must also be the boundary condition in the { plane on

“the image-of- the free. surface;.1.0.,.0n the ¢t axis. It 1s

further postulated that

is regular outslde of the image circle. For the explora-
tlion of a flat planing surface only, it would give:

T o_1n b et
ln ib 1ln £ z}t

For the imaglnary part v of this term is for

{ = eia: that is, for the image of the planing surface

constant for the part of the planing surface forward of
the steognation point, and differing by m 1n the roarward
lying part, and 1n both pnrts as should be. For T = O,

it 1s ﬁL = 0, and so the boundary condition itself 1ls
@

fulfillled.

If 8 1s the planing angle, it must be

Lot = ©

But i1f the planing surface is not flat, 1t can be accounted
for by expcondlng the above equation for the flat planing
surface with additional terms and writing

in %_ 1n %.E_égi + 1 nz Ay -3

Through the selectionsof 4,, which are real, any kind

of vlaning surface and the planing surface flow can be ob—
tained by logarithmic solutions and integratlon:

ax ()
"I'f

'y at
I (L)
Yo

or with
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:
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For { = eia one obtalins the contour of the planing
surface, for { =8¢ >+ 1 the points of the froee surface
from the planing surface and of tho spray; for { = t< -1,
tho points of tho flow-off line.

Tho essentlial problom now conslsts in mscertalning A,
and Cst = e~18 for a zlven planing surfnce and trim,

For small curvature and spray-frees wash, the problem
finds solution in the theory of thin slightly cambered air-
folls, For planing with spray formation at any trim but
snell curvature under the gssumption of Az = Ay = Ag = e
= 0, PFrantel's approximation (fig. 7) 1s excellent (refer-
ence 2)s, He was also able to derive the planing surface
equatlions corresponding to Blasius! equations for the cal-
culation of the 1ift and the moment of an alrfoil in two-~
dimensional unlimited flow.

Waile 11ft and drag are easily and explicitly roepre-
sentavle for small A; nnd Az and the calculation of

the moment for the flat planing surface 1s still fairly
simple, 1t becomes oexceedingly complicated for 4; s 0,

A3zt 0, and graphical methods are therefore preferable be-—

cause tho pressure digtribution is alwnys comparatively
ensy to compute. Anothor method, nslde from this - what
mey be tormed tho isotach-disocline mothod -« 1s the Schwarz-
Christoffol method 1in 1ts original form. 3But its preoctica=
billity onpears to be restrictod to tho treatmont of flat
planing surfaces, ns emplorod by Wagnor (reforonce 3) for
gliding in a stroam of infinito depth, and by Groon (refer-
ence 4) for gliding of a platc in o stroam of finlto depth.
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It 1g the usual method for computing the discharge Jets as
descrlibed earlier by Besant and Ramsay (;eferenoe 6); for
instance, and in which :the case of planing surfacé appears
as a rosult of speclalizdtlon of the conformal parameter.

St11l gnother mothod (reference 6) which, while being
more explanatory than that of Schwarsz- Christoffel, 1s also
largely restricted to the case of flat vlaning surface -
that is, the hodograph method (fig. 8). Its extenslon to
include eny chosen planing surface could, in principle, be
effected 1ln somewhat similar form as ite application for
the determination of airfolls or turbine grid profiles
wlth prescribed pressure distribution over the surface.
Further detalls may, However, be dispensed with, particu-
larly as the previously indlcated isotach-1socline method
l1s more coavenilent.

One important finding of the investigations 1is that
the pressure digtridbution behind the stagnation point of a
planing eurface (flg. 9) even if cambered, is in very good
-agroenent with the pressure distribution behlnd the branch-
ing~off »olnt of a thin airfoll of the same shape 1ir infil-
nite flow and that, therefore, the pressure distridutlons
in -the zone, where the airfoil 1s as yet free from nega-
tive pressure, is still practically comparable -~ as a re-
sult of whleh the pressure distributlon on planing sur-
fncos can be closely approximanted with the ald of the flow
on thln airfoils.,

Suporficinlly, the formation of spray on the planling
surface snpears to 1lnvolve n steady tranaition from hy-
drofoll to planing surface. 3ut that, 1n fact, is not al-
togother so. The flow around tho leading edge of an alr-—
foll with corresvonding setting is accompanled by great
negotive pregsures. An oventunl forming of empty space on
the surface of theo planing surface, whether due to evapo-
ration or infiltration of alr from the side, then resom-
bles tho tranaltlon to plaring surfaco. Thils cavitation
occurs so nmuch more readily as the .depth 1s smaller. 1In
thls nanner a stoady transition of the flow conditlons
from hydrofoll to planing .surface, with decreasing depth of
immoergence h, 4ig nseured. A steady transition betweon
the adhoring flow around tho hydrofoil and the separated
flow with cavitation is, of course, not feasible. TFlgure
.10 1llustrotes such a transition (roference 7). The solu-
tion is, in itsolf, of many meanings which wo have avoided,
howover, by sssumlng tho planing surface to bo of 1nfinite
length forward - ~hich, of course, 1s not admigeiblo on
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transition from hydrofoil to.planing surface. How the -
multipliclty of solutlons 1s attalned can be most easily
seen from the hodograph (fig. 11). The depth of immer-
slon lncreases or decreases as polnt D shifte toward A
or moro toward C!'. The solutions are valid, after all,
only in the vlclnlty of the planing surface, owlng to the
fact that tho undisturbed level for gliding on infinite
wator dopth logarlthmically lies ot infinite depth bolow
the planing surface and, consoquently, also below 1ts
traillng edge, so that at greater distance, ot least, the
effoct of gravity on the velocity dlstributlion at.the sur-
face ond on 1%ts shape, can no longer be disregarded.

Tho trailing edge of the planlng surfacoe may stlll
lio consldernbly above the undisturbed level, even for fi-
nite wnter depth (fig. 12)., ‘4As the refloction on the as-
sumodly horlgzontal background changes the plonling-surfeace
problem lnto the plane-~flow problem of a free Jet through
a channel (fig. 13), we are faze to face with the paradox,
that it 1s not necessary that a Jet of a certalin width
need pass completely and undlsturbed through such a chan=
nel of greater width or, im othér words, that 1t affords
a second solution aside from the trivial solutlon of the
flow problem. This must also be assumed in the three-
dimensional problem and for large channel angles

< <
O#G*'ﬂ

From this follows, for example, the possiblllty that a .
wind-tunnel jet, even for assumedly frictionless flow,

need not dlscharge dlrectly through a larger exit cone and
that reveated change from one flow condlition to another
would cause difflculties in tunnel operatlon unless the flow
1s stablllzed by sultable measures.

It may also be mentioned that even with freedom from
friction, there appears, oslde from the solution with the
outgoing sprany for the planling surface, another possible
one, namely, that a roller extends 1n front of the branch-
ing point, as the flow pnttern and the relevant hodograph
(fig. 14) indicate. But os this solution affords no equl-
librium of the flow forcos, 1t is not steadlly possible.

Tho arguments concerning the plane problom of the hy-
drofolls eand planlng surfaces wilth gravity effect dilsre-
garded, clogse with a reference to the combined effect of
Planing surface and hydrofoil, If it involves an auxilia-
ry wlng near the tralling edge of the planing surfacg, the
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mutual interferences can be readily treated graphically
(rofercnce " 8)., The flow-1g then 'similar to thot on o wing
flop in burbling condition whon an puxtltnfy wing ig Pit-
tod below this flap. The rosult of: such an investigntion
1s illupstrated in flgure 15. e

3, THE HYDROFOIL OF FINITE SPAN ACCORDING TO THE THEORY

OF THE LIFTING VORTEX CURVE AND THE INDUCED DRAG

By observanco of the boundary conditiomns, the hydro-
foill of finlte span may be treated exactly as the alrfoll
in infinitoe fluild; that is, tho mothod of tho llfting vor-—
tox curve can be applied to it.

The froe vortox surface rcmalning downstroam from the
lifting vortox curve conslsts, on tho assumption of small
Intorferornces, of bar vorticos parallel to the freo sur-
facos Thclr roflection as vorticos of tho sameo senso of

_rotation fulfills tho boundary conditions for tholr sharo

of the interforonco flow. Tho lifting vortox curve nood
not bo varallol to the free suvrface (fig. 16). TVisualizing
1t to bo replaced by a stopped vortox curve - one part of
the lifting vortex curve consisting of parts parallel to
tho surfece, tho othor of parts porpeondlcular to tho sur-
faco - tho share parallel to the surface reflected with the
sanc sonse of rotation angaln conmplies with tho boundary
conditlions. The perpendlcular sharos must also be refloct-
ed on the purface. But as an upward vortex filament parti-
clo of the bound vortex curve of the hydrofoll shows in re-
floctlon n downward particle, and vice vorsa, the sonso of
rotetion of tho imago in plan form 1is invorso to that of
tho original vortex filamont particle. 4se o result, those
particlos causo no interforenco on tho freo surfance aftor
roflection, nnd so fulfill tho boundery conditions for

thls share evon moreo.

The refloction reducos tho hydrofoll prodblem to that
of o nonatu gored pilplane of oqual 1lift dlistridbution ovor
both wings (fig. 17) cnd with a wing gap 2h oqual to
twice tho dopth of immoreion h., -

Tho inducod drag. Wy  of tho hydrofoil becomos helf as
great as tho lnducod drag Wy, of this biplanoc. But, ow-

ing to the diminlshod flow volocity on the lower wing due
to the inage, the 1ift 4 of tho hydrofoil 1s slightly
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less than half of the total 1ift Ap of this biplane;
that 18,

1
LF} 5 LI

D

A = A 1.....'_.Lu'-§
D Weo

ni-

whereby, if the aspect ratio 1s not too small and TI'y 1is

the mean value of the circulation over the span, in good
approximgtion:

Wzus - I'm
Vo 4m h w
or with
An/2
5 wma b tm
Ygus - Cap
Yo A
8 tm
and wlth
Lo _ o _ ‘8D
L)) 8m E;

For wings of llnear axls and optimum span loading and
in first approximation even for other not too divergent
1ift dlstributlons, the coefflclent of induced drag Cyy =

cwiD is
c 8 a
a A
D D
c = K ’ Wi = K —
w3 - %a D mgqgb
D

the value K to be read from the appended table:

h/b

0 0.1 0,2 0,3 0.4 0,5 0.6 o

K

1 0.890 0.827 0,779 0,742 0.710 04684 0.500
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follows

h Ca
c = 4 — (1 - / 1l - )

m
or in first approximation for ;mall cg &and %?
- : Ca
ey ~ Ca (1 + 8".%_ (b > tp)
m

This equation holds for high %t only. On approach-

ing the surface, i1t must be e = 2cg at small trim,

a
D
whence 1t is again expedlent to write:

Cap ~ Ca (1 + ;;—:_Z:%> (,ch-m—-x,o)

Ag a result,

- /4 Ca Ca
Cyy 2k (1 + = (h > tp)
1 * g &7 o R
n F
or
c a Cn3 h
Gy, ~ 2K (1 + &—_—) Sa_ ( —>o)
i tgq + Bm B/ o *n
tn ¥

Compared to an identical single wing in infinlte fluild
(subserint E for o) the 1ift, in accord with the difference
for the plane problem 1ig, respectively:?

cep Y\ (n > tg)
Ca =_°aE (} = :E'+ 8 %;) n

Ca
and, for better conslderation of the surface approach?

- Cop ' 3 (11 . >
= l - = — e ()
03, cam ( ( 5 4 .\/-2_) ca h) ' t]!l

+ B —
i tm
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a
.l &%
with c"j_ = ._bf_
E T F
1t is (fig. 18)
o 28 o \8
Copy = 2K<1 + —-—-Q—) (f;—) Coyy (b > ty)
t
m
or
o a
=2k @.+ & 5 (:a ) L _ 5
cwi h a c"71 th 0
cy + 81 Tb'; ] E
c
Thse so-called planing ratio ¢ = EEL beco mes, respectively,
. a
a
€ = 2K é_+ —E&—J —Eéh
8m ¥?! " ;%
and o
[ 4 2 c
€=2K (1 * = h) %”
cg *t 8w E L

Unlesa the axls of the hydrofoll 1s straight and paral-
lel with the surface of the water, the optimum circulatlon
distrlbutlon I' over the span is usually that which 1s
equal to the distribution of the potential Jump transverse
to the vortex surface far downstream from the hydrofoill,
when the assumedly rigld vortex surface and its reflectlon
were movod downward at a constant speed vy . The circula-

o

tion distrlbution over the span then becomes of litself
equal on the hydrofoil and on 1ts roeflected lmage, £s 1ls
necessary for compliance with the boundary conditions. The
rate of downwash vy vig to the hydrofoll, is only

half as great os tho rate of downwash at infinite vy
for reasons of symmotry, that 1is:

= [<.-]

The span loading follows from the clrculation distri-
bution =os:
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i =p Ty (2 - T2 ap

and with it the distribution of thc induced drag as:

vy VE w
= —= = - 20
dwi_%u_pr 5 (1 wm)db
Wgug 18 deflned according to the Biot-Scvart law! The
1ift A and the induced drag Wy ere then obteined after

proper lntogration, -

To circumvent theso intogratlions in the event that the
immorslon h 1s not constant over the span, both A and
Hi nay be estimated with g mean velue hp, which renlaces

h 1in the derived equations.

IZ the sldes of tho hydrofoll penstratec the surfaco
of the wator, the roflection of the submergod portion re-
ducos tho vrodblom of computing such an airfoll to that of
a box plano (Kastondoclor) with cqual circulation diptri-
butlon on top and bottom (fig. 19)s As a simple illusira-
tion of such a hydrofoll, lot us select a semiclliptical
shave Tfor it. Through rofloction, wo then havo an ellip-
ticel box plane (fig. 20). Lot the onan loading be ollip-
tical. It 1s readily percoived thet then tho downwash
dietribution ovor tho span 1s constant and tho circulation
dietribution in consoquonce, the bost for tho givon ollip~
tical shapo.

Sinco the loss in kinotic energy docisive for tho in-
duccd draog on the outsido of the ollipso, 1s equal to thet
on g gstraight single wing of oqual span b in oqual in-
duced downwash, but to which is now addcd that within the
ollipso vhoro tho downwash voloclty is constant, the in-
ducod drag of tho total box plane becomos:

=L a o 3 2h +D
Mip=5vi, 2P

and its 1ift

~

2h +
‘A'D=pwou]41ba_h——b_bvim

The rosulting vy wrltton lnto the ocquation for. wiD
o

then givos tho relation of wiD to Ajp.
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8
w « =Dy
ip = * v
whereby (fig. 21):
k= b _1
2N + b 1 4 2B

The 1ift A of the hydrofoil is with a meoan value of
the addltlonal velocity “zusm=

Ly (o - T2t

and tho previously developo& equations can be applled to
hydrofoils with somielliptical dead riso if h K6 is replaced
by hpe With h = maximum immersion - that is, immersion

at conter of span - h; should estimate about % h.

4. THE PLANING SURFACE AS LIHITING CASE OF THE HYDROFOIL .,
AND THE FECESSITY FOR REPLACING THE CONCEPT OF CIRCULATION

WITH A HORE GENERAL CONCEPT

S0 long as tho immcrsion of tho hydrofoil is small but
ptill flnlte, tho boundary condltion A 1 ¥, 1s compliod

with. But, once the immorsion disappoars and -the hydrofoll
beconos planing surfaco, the turbulent area onanating fron
the trolling cdge of tho planing surfaco, bocomes part of
the froo surface of the wator (fig. 22).

However, recalling to mind that in the problem of the
hydrofoll with tips protruding latorally out of the sur-
face of the water, the boundary condlitlons were always
fulfillod in the zone over the shoddlng vortex surface,
even for very small but definite lmmoerslon, it becomes ob=—
vious to consider the boundary conditlions in the froo sur-:
face of the vlaning surfaco also as Poing undisturbed by
tho shodding vortlccs - as if the 1lmmorslon woro not zero
but rathor vory littlo.

In tho camo of a planing surfaco tho 1ift can no lon-
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ger be computed wilith the clrculation concept. From the
boundary transitlon of the hydrofoll to vanlshing immer-
slon h, 1t follows that instead of the circulatlon, the
difforence of potential o(y) of the interference flow
on the planing surface in relation to potential @, on

the freo water surface must bo introduced, whenco the 1lift
folléws from

dA = p (p(y) - 9,) wy, dy
and: tho roduced drag of the planing sufface from

- d
aWy = ;i dh = p (p(y) = 9p) v1 ¥

As the vortex area of a planing surfaco has subston-
tlally the shape of the trace of a trailing edge, 1t 1is
proper to upe it In the detormination of the lnterference
flow rathcr then tho traco of the »laning surfoce axzls.
Hore also tho best 1ift distribution 1s obtslned with the
concopt of hydrofoll supplemented by refloection on o box
Plane. But tho 1lift and inducod drng must be computed .
with the valuo @(y) -~ @, 1instead of the circulation.

The rosult 1s again that the bost 1ift distribution is ob-
tnlncd on the assumption of fixed vortoex surfoco and down-—
ward dignlecoment at constant volocity. With optlmum

span logding and not too low aspoct ratio, it 1s:

(] = 2 -

w3 11_%

But tho aspect ratio b/t of planing surfaces ls in
many casos qulte bad, at loast for cortaln operating con-
ditions. By profilo chord t 18 moant the distancc boe=
twoen branching point and tralllng odge. In connoctlon
horowlth, wo polnt to the rosult of & 1lift and drag utudy

made on en airfoll with pcor nopect ratio (reforenco 9).
Thogso rosults can also bo nnPTiod te planiding svrfacos nnd

hydrofolls. e T

5. LIHITATIONYﬁF/’TO CAVITATION( OF THE ﬁIFT;)

Tho prossurd difforoncos on the two sides of -the Pro=
filos, rosombling the positive and nogative pressuros
which arc produced as the hydrofoll moves.through the wa-
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ter, are the cause of the 1i1ft and therefore necessary.
Now, the deslired hydrofoll action can be materially im-
palred in two ways: filrgt, an all too rapid - Dbut for
ldeal flow demanded - pressure rise promotes dburbllng,
wilth resulting lmpalrment of the operation of the airfoil.
Propor deslign of the alrfolls removes thls rigk of vortex
separatlon, at least for the princinal opverating condiltlon,
the steady run. Thec eccelerating run iteoclf 1s always
accomnpanied by vortox separation, evon 1f the zirfolls
are good otherwlse.

Favorable alrfoll forms must have & most unlform and
slowest possible pressure rise. To this end the lowest
negatlive pressure 1tself must be as small as Dposslble.
But thls lowest negative pressure 1s the cause of another
departure from the deslred hydrofoil actlion, namely, for
the cavitation, which generally occurs when local condi-
tions proléng the pressure drop untll vapor pressure ©pg
1s reached, The pressure in ideal fluld 1la, according to

Bernoulli's equation: .
D =D - L ge (p L density of watcr)
= o 2 4

Heredby n denotes the pressure of the fluid in a perti-
cle at rogt relative to the wilng in the same depth of wa-
tor:

p

= - B . 'a
PO-PL 'Yh+2wm

Py tiie nlr pressure, Y +the specific welght of water,

- h the depth below the surface, and w_ the running
"spaed. w "ls the reolative velocity of a water particle
iIn relation to the wing. In proximity of the wing, w
may fall velow (decreased veloclty) or exceed (increased

veloclity' w_. Let w = w_ + wy. Then

8

p=pL—'Yh+%wm°-%(wm+w-ﬁ)a
= e . 2
P=p - Yh -5 (2w, wy + wy )

The pressure 1s therefore particularly low, where wy is
high. Hence the increase of speed must be as small as
posslblo 1f cavitation is to be avoided, which corresponds
to thin alrfoils.
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To ingure uniform distribution of the -cavitation rigk
over a.whole wing, Py 2 Py .must be constant. - That is,
with '

K = 3 (py = critical.pressure)
2g '
- =
Voo ,/ . wwa .

Here wjy; denotes the maximum increase of speed at

the partlcular airfoil. The velocity distridbution over an

ailrfoll is contingent upvon its form as well as upon its
angle of attack.

If w, 1s the veloclty dlstribution for a proflle at

zero trim, 1t becomes at trim anglo & with respect to
this lift-free relative flow directilon:

1/2
Wg = W, CO8 § [1 * (%—E{% tan-s]

Heroln ¢ denotes the potential on the airfoill border at
%ncidence 8§ = 0, 1f 1tes scalo 1s so chosen that 1%t ag-
sumos the respective values +1 and -1 1in the forward and
rear staznation points E and A. Transformation of the
Profllo on a circle then ylelds & = cos 4, if 4 1s the
angle at the center of the image circle measured from the
first profile axis, the axis of lift~frec relative flow.
With O = cos 9, the tronsformation results in

w
—i = cos § + cot i sin 38
Wo

Eﬁ _ sln (g + Q)

Vo

sin E

-

With a viow to ascertaining tho relation of veloclty
distribution on an airfoll to 1its incidence and its most
lmportant parameters, camber and thickness, particularly
the maximum of the increase of speed, these relatlions were
computed on a numbsr of Joukowslkil airfolls.

»
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The results and the relevant alrfoils are given in
figures 23 and 24. Ordinarily, the speed is maximum at
both sides of the profiles - the higher one being, of
course, always decisive.

For overy set of airfolls of constant camber, there
ls a lower onvelope for the maximum speed curves. Thilg is
of speclal signiflcance, as 1t indicates the minimum speeds
which must occur for a certaln camber, on Joukowskl alr-
foils, at least, oven by optimum selection of thickness
paramotor. There is a specific 4/l for each point of
theso optlmum spoed maximums for constant f/t. By combin-
ing the polnts belonging to the same 4/l in a dlagranm
(fige 25) of optimum maximum velocity curves for constant
£f/1, 1t becomes possible to ascertailn the best profile
thickness for a given 1ift ¢, and a given canmber.

Thore =also 1s one minimum value of the maximum in-
crease of speed for each profllo. This case occurs when
the mexlmum increases of spoed are the same at both top
and bottom surface of the profile. Cambered airfoils al-
ways have o 1lift even then; dbut, as poth sides manifest
congldorable proessure risos, the profiles aro not favora-
ble at thlis incidence, and must therofore be more heavily
londed =~ i.,e., bo given at higher incidonce than corre-
sponds to thls conditlon (fig. 26).

Joultowsgkl profilss, having a sharp tip as trailing
edge, are unsultable for practical application. The veloc-
ity distribution is so closely related to the fineness of
a profile form, that the results for the Joukowskl alrfolls
are not dlrectly applicable to other airfolls. With skill-
ful design, 1t should surely be possidle to obtaln some-
what more favorable repults than with Joukowskl profilep.

On the whole, however, the results with the Joukowskl
profiles should approximately establish the attalnable op-
timum values for other profileg of the same camber and
thickness ratios. With increasing camber and thickness
and riglag 1ift coefflcient, the attainable optlimum in-
creasc of speed must definitoly increase at practical set-
tings. BEven if skillful design affords some lmprovement,
the cholce of camber and thickness for a stipulated 11ft
coefficient cgy is most assuredly possible, accordlng to

the result for Joultowskl profiles -~ especially, in view of
the qulte favorable behavior of Joukowskl profiles under
changed operating conditlions, as manlfestod in figure 24,
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But the problem may also be to %nd proflles having
2 congtant negatlve presgure on the suctlon side for a
givon 1ift coefficlent. This case has been treated by
Schmioden (reference 10). He found that the cavitation
monace for e glven wing thickness can dbe postponcd to a
coertaln, though not too groat an extent, relative to Jou-~
kowekl!s profiles. "Such profiles have not, howover, as
for as I know, been subJected to enough theoretical and
proctical tests, to warrant diacussion.

That the 11ft coofflcient should not be chosen too
low for the sake of avoiding cavitation, probably need not
be speclally emphasized, as then the frictlon losses would

become too great.
‘ [B[/QN:

! MR
EFFECT OF GRAVITY IN GENERAL { b e
\‘.‘ £ }" &t
The arguments so far havinz been made without regard
to gravity effect, we will now briefly touch upon tho ef-
fect of gravity ans 1t becomes comnspicuous as wave-making

resistanco. Its esmallness, in geoneral, for tho dimonsions
and spoeds under congideratlon, 1s soon from the followilng.

Restricted essentially to the pleno oroblem, we find
that 1n sufficlent water depth the wave length measured
from crost to crest is

21T W
L o= =

g

S0, comparod to the wavo length, the usual t are for the
most vart, quilte smnll. And in that case the theory of
shifting nressure lines in simplificd form , 1s applicable.

If the length eloment Ax of tho planing surfaco
(fig. 27) yiolds tho stroam forco AR =p Ax b, tho cle-
mentary wave helzght ia:

Aa = 2 A.R
bp wpB

The totel wave helght follows from the superposition
of the elementary waves produced by the individual length
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elements. But, elnce the length + of the planing sur-
face may be consldered as being small 1n relatlon to wave
length L, +the wave height of the total wave followg from

bp wma

a8 =

if R 1s the total stream force. The same result could
be obtalned by substituting a single pressure line for the
planing svrface. From tihae kinetlc energy carrled off by
thls wavo, follows the wave reslistance at

a
4 p Wt b

For small inclinatlion of the direction of the result-
ant R toward the direction of 1lift A, we may put R =
A. Tith

R=4=oc¢ 8 vt

njo
d
8

W

n
Q

g - % w&a Pt

8

the coeZflcient of the wave-malklng reslstsnce for

t t

i -t _
L/en  w2/sg
c,3 T
becomes c = —8. = ¢_2
Ve EH;F 2 @
gt
o w 2
or with L = o«
=4
c 2
c = bt

w

T
g L/t

Thig veluo is indevcndent of the aspect ratio so long as
it 1is not too small, ard can therefore, also be used, for

the presont, for a finilte asvoet ratlo.

As for 1%,
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pPlaning surface 1s smaller than the inauced roslstance, -~
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c. 2
= 2 — .
G L ,cwi_, } ﬂ_bZ;. ] . L g!l
: ~? 371
wo have: b -T2 ok
Cuy 2 L gfggﬂyj%
) L T VT - 5 <
So long apg —i‘- > 'L;- ,” tho wave~making resistance of the. Y_IOP 'l

9%

7%

. , : Wor >W
In tho most important caees, the wave-making reslgt—

anco of the planing surfaco 1s therefore subordinato.

Sinco with the hydrofoil the causc of the disturbance
ls ferther awny from the surface, it 1s surely permlesible
to ngesumo, at least in tho easc of small profile chord in
roletion to the wave length, that the vave-maklng resist-
ence of tho hydrofoll is lees than that of a planing sur-
face for equal 1lift,

At the most thore may be an ndditiounl share as a re-
sult cf the finite thickneses of the hydrofoll, Dbut that
effoct cannot vary much from the wnvo-making resistence of

a submerged cylinder: (reference 1l1) of diameter d which,
wvith

w o J

F o=

le glvon through

Cor =?E' °

gzua

The Froude number F 18 usually substantlially greator
than 1. So, unless the immersion h/d 1is too deep, this
supplemcntary share of wavc-making roslistance due to pro-
flle thickness i1s mostly unimdortant.

The offect of gravity roduces the damming up of the
watcr (fig. 28) upstream from the nlaning surface or hydro-
foil in roletion to tho motion without gravity (referonce
3 and otaors). It corrosponds to a reductlon in effectiye
trim of tho planing surfaco or hydrofoil by Bz = Wg/A.

Sinco tho recduction in angle of trim due to the wake causcd
by tho freo vortices is By = W3/A, 1t amounts to
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C
Be _ Vg _"vg _m3d
i wi cwi 2 L

for the »nlaning surface.

According to the foregoing arguments, B,/By is
smaller for the hydrofoll than for the planing surface.

The omission of the gravity in the 1lnvestlgation of
Planing surfaces and even more so of hydrofoila i1s there-—
fore pormissible In very meny important practical cases
or oporating condltions.

Translation by J. Vanier,
National Advisory Committce
for Aeroncutlcs.
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LEGENDS

In first approximation the absolute flow of an
alrfoll may be substituted by a slngle vortex.
But in the case of the hydrofoll 1t Infringes
upon the boundary condlitiong of.the free sur-
face.

Complliance with boundary condition through an
equably rotating vortex 1in the reflectlon of
the hydrofoll.

Supplementary flow created by the reflectlon of
the lifting vortex of a hydrofoll.

Reduction of 1ift on approach of free surface.

Planing surface with smooth transition of free
surface into vlaning surface profile and
princliple of conformal transformatlon,

Planing surface for trim with epray formatlon and
principle of conformal transformatilon.

Planing surface with arbltrary trim and small
camber; also pressure distrlbution.

Flow on flat planing surface wilith relevant hodo-
graph.

Comparison of pressure dlstribution on a flat
pPlanling surface proflle and on the pressure
slde of a flat airfoll behind the branching
point.

Effect of immersion on the flow around & hydro-
foll in flow with cavitatlon.

Hodograph of flow with cavlitatlon around a flat
hydrofoll proflle 1n proximity of the free
surface.

Flat planing surface at finite water depth. The
trailling edge may lie higher than the undia-
turbed water level,
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Flow of open Jjet through a noszle. If the nar-
rowest section of the rnozzle 'exceeds the width
of the inflowing Jjet, 1t afforde aside from
the trivial undisturbed flow under certaln
circumstancdes a solution also with spray for-—
matlon.

Hodograph and planiﬂg surface with water roller
extended in front. But the flow forces must
fling off thisg roller.

Preggure distribution on the pressure side of a
flap in separated flow and as affected by an
auxillary wing, together with pressiure dls-
tributlor. acting on it.

Particle of a lifting vortex line dlagonal to the
free surface and 1ts substltution dDy one par-
ticle parallel and one perpendicular to the
free gurface.

Flow behind a stralght axis hydrofoll and i1ts re-
flection on the free surface. It is equal to
the flow behind a biplane.

Effect of nearness to free surface on the 1induced
reslstance.

Flov behind a hydrofoil with dead rise, where the
tips break through the free surface. Thig flow
ls equal to that behind a rhomblc box plane,

Flow behind an elliptical box vlane as elementary
exanple of flow behind a hydrofoll penetratlng
the free surface.

Coefflclent K for computing the induced resist-
ance of a hydrofoll with strailght aniwlth el~-
liptical axls penetrating thoe free surface.

Flow behind hydrofoll with small immersion com-
pared to flow behlind planing surface,

Joukowskil profiies of various cambers and thick-
nesses.
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The maximum value of the increase of speed on
pressure and suction side of Joukowskl pro-
flles agalnst 11ft coeffilclent.

The camber ratlios of Joukowskl profiles yieclding
minimum increase of speed for a glven 1lift
coofflcient and a given thickness ratlo,

Tho minimum increases of speed and relevant 1ift
coefflclients obtainable with Joukowskl pro-
flles for a glven camber and thickness ratio.

The waves creatod'by a planing surface and by a
Pressure curve,

Comparison of back woter with and without allow=
ance for the gravity,
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