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P r e v i o u s  i n v e s t i g a t i o n  d e v o t e d  t o  t h e  s t u d y  of t h e  
tu r ' ou len t  boundary  l a y e r  and  6ra.g o f  wings  and  f i g u r e s  of 
r e v o l u t i o n  were based. e s s e n t i a l l y  on t h e  a s s u m p t i o n  of t h e  
power law o f  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  boundary  l a y e r ,  
t h e  e x g o n e n t  n i n  t h e  v e l o c i t y  d i s t r i b u t i o n  f o r m u l a  

u = U6 (g 
(where  u i s  t h e  v e l o c i t y  i n  t h e  boundary  l a g e r ,  ug = 
t h e  v e l o c i t y  a t  t h e  o u t e r  limit o f  t h e  boundary  l a y e r ,  
y = t h e  o r d i n a t e  t a k e n  normal  t o  t h e  m a l l ,  and  6 = t h e  
t h i c k n e s s  o f  t h e  boundary  l a y e r )  b e i n g  t a k e n  e q u a l  t o  l/7. 
U s i n g  t h i s  method t h e  problem of t h e  c y l i n d r i c a l  wing vas  
s o l v e d  by M i l l e r  ( r e f e r e n c e  1) and t h a t  o f  t h e  a i r s h i p  
b o d y  bg M i l l i k a n  ( r e f e r e n c e  2 ) .  

However,  a s  v a r i o u s  t u n n e l  t e s t s  have shown ( s e e  
N i k u r a d s e ,  r e f e r e n c e  2 ) ,  t h e  f o r m  o f  c u r v e  (1) v a r i e s  w i t h  
t h e  R e p o l d s  Xumber i n  such  a manner t h a t  t o  a. f i r s t  ap- 
p r o x i n s t i o n  t h e  exponen t  s u c c e s s i v e l y  assumes  t h e  v a l u e s  
l/8, 1/3, 1/10 ,  e t c . ,  as t h e  Reyno lds  Number i n c r e a s e s .  

A c e r t a i n  f o r w a r d  s t e p  i n  i n v e s t i g a t i n g  t h e  e f f e c t  
o f  a change i n  n w i t h  Reynolds  I?umber on t h e  boundary  
l a y e r  and  t h e  d r a g  o f  f i g u r e s  o f  r e v o l u t i o n  was t a k e n  i n  
1 9 3 2  by K .  11. F e d i a e v s k y  ( r e f e r e n c e  1 4 )  w h o ,  making u s e  o f  

"Repor t  E o .  257 ,  o f  t h e  C e n t r a l  Aero-Hydrodynamical  I n s t i -  
t u t e ,  k loscom, 1936.  
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t h e  t e s t  data o f  Efikuradse f o r  smooth t u b e s ,  f o u n d  an ap- 
p r o x i m e t e  r e l a t i o n  be tween t h e  exponen t  n and  t h e  Reyno lds  
Number formed f r o m  t h e  v e l o c i t y  a t  i n f i n i t y  and  t h e  l e n g t h  
of  t h e  body ( R e  = VL/U). 

The above-mentioned method p o s s e s s e d ,  however ,  two 
u n a v o i d a b l e  t h e o r e t i c a l  d e f e c t s ,  namely:  1) t h e  computa- 
t i o n ,  on t h e  b a s i s  of  N i k u r a d s e t s  t e s t s ,  o f  t h e  r e l a t i o n  
n = f ( R c )  m a s  v e r y  a p p r o x i m a t e  and  2 )  t h e  v a r i a t i o n  o f  
n along t h e  body a t  c o n s t a n t  Re w a s  n e g l e c t e d .  The 
f i r s t  defec t  may o n l y  be removed by c o n d u c t i n g  numerous 
t e d i o u s  w i n d - t u n n e l  t e s t s  w i t h  f i g u r e s  o f  r e v o l u t i o n ,  s i m -  
i l n r  t o  t h e  t e s t s  o f  Ni lcuradse,  a n d  t h e s e  w o u l d  h a r d l y  
g i v e  s a t i s f a c t o r y  r e s u l t s  on a c c o u n t  o f  t h e  s m a l l n e s s  o f  
t h o  R e y a o l d s  Xumbers a t t a i n a b l e  i n  our mind t u n n e l s .  Wi th  
r e g z r d  t o  t a k i n g  a c c o u n t  o f ’ t h o  v a r i a t i o n  o f  n a l o n g  t h e  
l e n g t h  o f  t h e  body due t o  t h e  g r a d u a l  i n c r e a s e  i n  t h e  l o -  
c a l  Reyno lds  Mumbsr a l o n g  t h e  body,  we s h o u l d  be c o n f r o n t -  
e d  w i t h  very grea t  m a t h e m a t i c a l  d i f f i c u l t i e s  i n  t h e  so lu-  
t i o n  o f  t h e  b o u n d a r y - l a y e r  e q u a t i o n  i n  a t t e m p t i n g  t o  f i n d  
a n d  t o  s u b s t i t u t e  i n  i t  some r e l a t i o n  between n and t h e  

Reyno lds  Number 

TJith t h e  above c o n s i d e r a t i o n s  i n  mind, we p r o c e e d e d  
t o  work  o u t  a method f o r  a p p l y i n g  t o  t h e  s o l u t i o n  of t h e  
p rob lem o f  t h e  t u r b u l e n t  boundary l a y e r  and drag o f  s t r eam-  
l i n e  b o d i e s ,  t h e  u n i v e r s a l  l o g a r i t h m i c  l t t w  o f  v e l o c i t y  
d i s t r i b u t i o n  t h e o r e t i c a l l y  d e v e l o p e d  by P r a n d t l  ( r e f e r e n c e  
5 )  and  K d r d n  ( r e f e r e n c e  6 )  i n  1929-1930. A s  will a p p e a r  
b o l o w ,  the u n i v e r s a l  l o g a r i t h m i c  l a w  - by t h e  v e r y  p r i n -  
c i p l e  02 u’nich i t  i s  b a s e d  - av0id.s b o t h  t h e  d i f f i c u l t i e s  
mentio:ncd above  rznd o f f e r s ,  if n o t  a f i n a l  s o l u t i o n ,  a t  
l e a s t  o a o  t h a t  nuch more c l o s e l y  a p p r o a c h e s  a c t u a l  condi -  
t i o i l s .  

The u n i v e r s a l  l o g a r i t h m i c  f o r m u l a  o f  K&m& was u s e d ,  
as g i v i i i g  b e t t e r  ag reemen t  m i t h  e x p e r i m e n t  and as b e i n g  
d e r i v e d  f r o m  n o r e  r i g o r o u s  a s s u n p t i o n s  t h a n  t h e  co r re spond-  
i n g  formula o f  N i k u r a d s e - P r a n d t l ,  A s  w i l l  be shown be low,  
h o n e v e r ,  o u r  e q u a t i o n s  a r e  e n t i r e l y  a p p l i c a b l e  also t o  t h e  
c a s e  where t h e  N i k u r a d s e - P r a n d t l  v e l o c i t y  d i s t r i b u t i o n  ? o w  
mula i s  t a k e n  as n s t a r t f n g  n o i n t  s i n c e  t h e  d i f f e r e n c e  
a i l 1  evid-ence i t s e l f  o n l y  i n  the change  o f  c e r t a i n  con- 
s t a n t  c o e f f i c i e r t s .  

In t h e  p r e s e n t  n a ? o r  we s h a l l  c o n s i d e r  a f i g u r e  of  
rcoolution, s o  t h a t  t h e  f o r m u l a s  a p p l i c a b l e  t o  t h e  more 
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s i r i p l e  c a s e s  a s ,  f o r  example ,  a wing o r  a f l a t  p l a t e  w i l l  
f o l l o w  f r o m  our e q u a t i o n s  a s  c o r o l l a r i e s .  

F o r  c h e c k i n g  t h e  r e s u l t s  of o u r  t h e o r y ,  me made u s e  
o f  t h e  d a t a  d e r i v e d  f r o n  t h e  e x c e l l e n t  t e s t s  of  Freeman on 
a, 1 / 4 0 - s c a l e  a o d e l  o f  t h e  a i r s h i p  llAkronl'  c o n d u c t e d  i n  t h e  
l a r g e  B.A.C.A. wind t u n n e l .  

A t  t h e  t i n e  Then OUT w o r k  was a l r e a d y  comple t ed  i n  
i t s  e s s e n t i a l s ,  ve o b t a i n e d  a p r e l i m i n a r y  r e p o r t  on t h e  
a o r k  o f  Moore ( r e f e r e n c e  7 ) ,  i n  which t h e  p rob lem o f  a 
figure o f  r e v o l u t i o n  i s  s o l v e d  by a p p l i c a t i o n  of  t h e  
N i k u r a d s e - P r a n d t l  law. Our e q u a t i o n s ,  however ,  a p p e a r  t o  
bc  n o r e  g e n e r a l  i n  t h e  s e n s e  t h a t  t h e y  a r e  a p p l i c a b l e  t o  
v a r i o u s  b o d i e s  and. appear moreover  t o  be  e x a c t  s o l u t i o n s  
o f  t h e  i n t e q r a l  r e l a t i o n  of X&rm&-i which l i e s  a t  t h e  bas i s  
o f  t h e  b o u n d a r y - l a y e r  t h e o r y ,  s i n c e  we a r e  t h e  f i r s t  - s o  
f a r  as n e  k : i o ~  - t o  t a k e  f u l l  a c c o u n t  of t h e  c u r v a t u r e  
o f  t l ie c o n c e n t r i c  e l e l z e c t s  o f  t h e  bounclary l a y e r ,  i . e o ,  
t h e i r  v a r i o u s  d i s t a n c e s  f r o n  t h e  a x i s  o f  t h e  body of  rev-  
o l u t i o n  and  . t o  s h o n  n u n e r i c n l l y  t h a t  t h e  v a r i a t i o n  i s  
scall and .  d o e s  n o t  a p p r e c i a b l y  a f f e c t  t h e  f i n a l  result - . 
t h u s  r i g o r o u s l y  ? r o v i n g  t h a t  t h e  c u r v a t u r e  nay  be neg- 
l e c t e d .  I n  a d - d i t i o n  we g i v e ,  i n  our  o p i n i o n ,  a n o r e  ra- 
t i o n a l  p r o c e d u r e  T o r  t h c  n u n e r i c a 9  i n t e g r a t i o n  of t h e  
e q u a t i o n s  o b t a i n e d  t h a n  does  Moore. The g r e a t e s t  d i f f e r -  
e n c e ,  however ,  b e t v e e n  o u r  irorlr: ani! t h e  s i n i l a r  w o r k  o f  
o t b e r  a u t h o r s  l i e s  i n  b r i i i 5 i n g  t o  l i g h t  t h e  l a r g e  dev ia -  
t i o n s  o f  t h c  r e s u l t s  o f  a - p p l i c a t i o n  o f  t h e  K&m& t h e o r y  
i n  i t s  o r i g i n e l  f o r n  fron t h e  r e s u l t s  o f  e x p e r i m e n t s .  I n  
t h e  second ,?art o f  t h i s  p a g e r  me have  a t t e m p t e d  t o  e x p l a i n  
t h e s e  d i s c r o p a n c i o s  by  s u b j e c t i n g  t h e  l o g a r i t h n i c  t h e o r y  
t o  a , -e i icral  c r i t i c i s m .  me have t h u s  succeeded  i n  d e r i v -  
i n g  t h e o r e t i c a l l y  a s u f f i c i e n t l y  j u s t i f i a b l e  method o f  
r e n d e r i n g  t h e  l o g a r i t h m i c  t h e o r y  :-lore p r e c i s e ,  a f t e r  
v 3 i c h  i t  vas found t o  bc i n  e x c e l l e n t  a g r e e n e n t  w i t h  ex- 
p e r i n e l i t .  

I n  t h e  f i r s t  p a r t  w e  shall d e r i v e  t h e  f u n d a m e n t a l  
e q u a t i o n  f o r  a body o f  r e v o l u t i o n  a c c o r d i n g  t o  t h e  Kdrna'n 
t h e o r y  i n  i t s  o r i g i n a l  f o r m ,  aild i n  t h e  second p a r t  m e  
s h a l l  g i v e  a11 t h e  c o n p a r i s o n s  o f  t h e  r e s u l t s  o f  t e s t s  
w i t h  t l ie m o d i f i e d  t h e o r y .  
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PART I 

1. URIV3:RSAL LOGARITHMIC FORWJLAS 

B e f o r e  F r o c e e d i n g  w i t h  t h e  ;problem i t s e l f ,  me s h a l l  
b r i e f l y  r e v i e w  t h e  e s s e n t i a l s  of t h e  KQrm&n* t h e o r y .  

Kdrrngn s t a r t s  o u t  from t h e  f o l l o w i n g  t w o  f u n d a m e n t a l  
assur. :ptions:  1) Both t h e  t u r b u l e n t  n i x i n g  c h a r a c t e r i s t i ' c s  
( t h e  mean inixing l e n g t h )  and t h e  t u r b u l e n t  f r i c t i o n  a t  a 
g i v e n  p o i n t  a r e  c o m p l e t e l y  d e t e r n i n e d  by t h e  c h a r a c t e r i s -  
t i c  u a g i i i t u d e s  of t h e  mean f l o w  a t  t h e  g i v e n  p o i n t  - i n  
p a r t i c u l a r ,  by t h e  d e r i v a t i v e s  o f  t h e  mean f l o w ;  2 )  The 
t u r b u l e n t  f l o w  F u l s s t i o i l  p a t t e r n s  a r e  s i m i l a r ,  i . e . ,  d i f -  
f e r  o n l y  i n  t h e  t i z e  a n d  d i s t a n c e  s c a l e s  and do n o t  de- 
pend  on t h e  v i s c o s i t y .  

. A s  t h e  t e s t s  of S t a n t o n  and. t h e  l a t e r  o n e s  of F r i t c h  
h a v e  s l iovn,  the v e l o c i t y - d i s t r i b u t i o n  p a t t e r n s  a t  p i p e  s e c -  
t i o n s  l iav ing  d - i f f e r e n t  mall r o u g h n e s s  - i . e . ,  h a v i n g  a d i f -  
f e r e n t  s h e a r  s t r e s s  a t  t h e  w a l l s  - appear t o  be e n t i r e l y  
i d e n t i c d .  F r o v i d e d  t h e  d i f f e r e n c e  betmeen t h e  maximum ve- 
l o c i t y  a t  t h e  c h a n n e l  a x i s  and  t h e  v e l o c i t y  at  some o t h e r  

p o i n t  i s  e x p r e s s e d  i n  t e r m s  o f  

s h e a i - i n g  s t r e s s  or s k i n  f r i c t i o n  p e r  u n i t  a r e a  a t  t h e  w a l l  
z n d  p i s  t h o  mass 6 . e a s i t y :  

j-? mhere T o  i s  t h e  

I n  t h e  above  z i s  t h e  d - i s t ance  f rom t h e  p i p e  a x i s  a t  
r ig3 . t  a n g l e s  t o  t h e  mean f l o w  d i r e c t i o n  and r i s  t h e  
p i p e  r e d i u s .  Thus t i le  e x p r e s s i o n  et t h e  l e f t  i s  a func-  
t i o n  o n l y  of  t h e  c o o r d i n a t e s  and does  n o t  depend on t h e  
v i s c o s i t y .  T h i s ,  n n t u r a l l g ,  i s  t r u e  o n l y  f o r  r e g i o n s  n o t  
t o o  i l ec r  t h e  n n l l .  

The zbove  s u g g e s t s  t h e  e x i s t e n c e  o f  e c t u a l  m e c h a n i c a l  
s i n i l i t u d e  between t u r b u l e n t  f l o w s  h v i n g  d i f f e r e n t  dynam- 
i c d  boui ldary  c o n d i t i o n s  ( s l ienr  a t  tl:e wal l ) ,  

If tlie form o f  t h e  f u n c t i o n  f ( z / r )  i n  e x p r e s s i o n  
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( 7 )  i s  f o u n d ,  t h e  s r o b l e m  i s  e a s i l y  s o l v e d  w i t h  r e g a r d  t o  
t h e  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  p i p e ,  t h e  m a x i m u m  v e l o c -  
i t y  Ume,x, and  t h e  p i p e  r e s i s t a n c e .  

The m o s t  i m p o r t a n t  f e a t u r e  of  f o r m u l a  (3) i s  t h a t  i t  
i s  t r u e  f o r  any  s u f f i c i e n t l y  l a r g e  Reynolds  Number; i . e o ,  
t h z t  t h e  form of t h e  f u n c t i o n  f ( z / r )  does  n o t  depend o n  
t h e  B e y a o l d s  Numb.er. F o r  small Reyno lds  Murnbers, where 
t h e  e f f e c t  of  t h e  v i s c o s i t y  shows up more s t r o n g l y ,  f o r n u -  
la ( 3 )  h a s  l e s s  v a l i d i t y .  

The p rob lem o f  f i n d i n g  t h e  f u n c t i o n  f ( z / r )  w a s  
s o l v e d  by KBrmdn ( r e f e r e n c e  4 )  by a ~ p l y i n g  t h e  above  as- 
s u m p t i o n s  o f  m e c h a n i c a l  s i m i l i t u d e  of  t h e  f l o w  p u l s a t i o n  
p a t t e r n s  end t h e  a b s e n c e  o f  t h e  e f f e c t  of viscosi t ; lT t c  t h e  
f u n d a m e n t a l  hydrodynamic e q u a t i o n s  ( r e d u c e d  t o  t h e  Helm- 
h o l t z  form on t h e  a s s u m p t i o n  o f  t h e  e x i s t e n c e  of a f l o w  
f u n c t i o n  f o r  t h e  a c t u a l  v e l o c i t i e s ) ,  He o b t a i n e d  a new 
f o r m u l a  f o r  t h e  mix ing  l e n g t h  7 , :  

T h e r e  u t  a n d  un a r e  d e r i v a t i v e s  c f  t h e  v e l ~ c i t y  m i t h  
r e s p e c t  t o  t h e  c o o r d i n a t e  a t  r i g h t  a n g l e s  t o  t h e  mean f l o w  
and R i s  a u n i v e r s d  c o n s t a n t .  E l i m i n a t i n g  Z by t h e  
known e x p r e s s i o n  

T P - -  Z 2  
2 

U '  ( 4 )  

/ /  

(vh ic i ? ,  8,s Karnan h a s  shown, also a p p e a r s  as t h e  r e s z l t  of  
t h e  a s s u n p t i 3 i i  c f  s i m i l i t u d e  o f  t h e  p u l s a t i o n  f i e l d )  where  
T i s  blie s h e a r i n g  s t r e s s  a t  any  p o i n t  o f  t h e  f l o w ,  a n d  
assurciinz T t o  vary l i n e a r l y  w i t h  t h e  d i s t a n c e  z f r o m  
t h e  a x i s  c f  t h e  p i g e ;  t h a t  i s ,  T = T, I. 11, K & r m &  o b t a i n s  

t h e  fulzdamen t a l  . d i f f e r  en t i a l  e q u a t i o n  

L ?  

r 

U f 4  l-0 2 
--% = -- 
u 'I P r  

Ui30n i n t e g r a t i n g ,  v i t S  t h e  cor res l3onding  c h o i c e  o f  
t i le  c o n s t a n t s  of i n t e g r a t i o n  ( a t  z = O u = umaX and a t  
z = 1: u t  = 15)) t h e r e  i s  o b t a i n e d :  

"This e x 2 r e s s i o n  i s  2 r e s u l t  o f  t h e  r e q u i r e m e n t  o f  dynamic 
e q n i l i b r i u m  o f  t h e  c o n c e n t r i c  walls of  t h e  f l u i d  c y l i n d e r s  
f o r  the e s t a b l i s h e d -  mean f l a w ,  

__-_-__________________________~__I__.____--_--- 
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i .e,,  t h e  f o r m  of  t h e  f u n c t i o n  f ( z / r )  i s  c o m p l e t e l y  de- 
t e r r g  i n e d.. 

I n t r o d - u c i n g ,  i n  p l a c e  of t h e  d i s t a n c e  z f r o m  t h e  
a x i s  of t h e  p i p e ,  t h e  d i s t a n c e  y f rom t h e  w a l l  ( Z  = 
r -. y )  f rom (6), u e  f i n d  f o r  t h e  r a t i o  u/lumax 

A s   my be  s e e n ,  t h e  r a t i o  u/umax i s  n o t  s u b j e c t  t o  t h e  
po~. ’ le r  l ~ . , r n .  I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  as t h e  Reyno lds  
Humber i n c r e a s e s  - t h a t  i s ,  n i t l i  d e c r e a s i n g  v a l u e  o f  , /To7P, 
c u r v e  ( S t )  changes  i t s  fo rm,  t h e  c u r v e s  o b t a i n e d  c l o s e l y  
a p p r o a c h i n g  t h e  p0’.7er I an  k i t h  c o n s e c u t i v e l y  d e c r e a s i n g  
e s g o i i e n t s  - l/7, 1/8, 1/9, e t c .  

-- - 

The degendence  o f  t h e  v e l o c i t y  p r o f i l e  on t h e  Reyno lds  
Nunbcr i s  t h u s  a l r e a d y  co l r t a ined  i n  formuLa ( V ) .  I t  i s  
n o t  d i f f i c u l t  t o  shorn t h a t  e q u a t i o n  (61) has a d i s c o n t i n u i -  
t y  et  7 = r; t h a t  i s ,  o n  t h e  a x i s  of t h e  p i p e  - a r e s u l t  
v h i c h  is due t o  t h e  f a c t  t h a t  d e r i v n t i v e s  o f  u w i t h  r e -  
s p e c t  t o  y h i g h e r  t h a n  t h e  second mere n e g l e c t e d .  ”he 
e f f e c t  of  t h i s  i s  o n l y  s l i g h t  s i n c e  t h e  b r e a k  i n  t h e  smooth- 
n e s s  of t h e  c u r v e  ( 6 )  a t  y = r i s  v e r y  small .  At y = 0 ,  
t h a t  i s ,  at  t h e  wall i t s e l f ,  t h e  f u n c t i o n  ( 6 )  g i v e s  i n f f -  
n i t e l y  l a r g e  v e l o c i t i e s  u of l o g a r i t h m i c  o r d e r .  T h i s  i s  
also e x p l a i n a b l e  t h e o r e t i c a l l y  s i n c e  t h e  e n t i r e  t h e o r y  
c e a a e g  t o  be  t r u e  n e a r  t h e  v a l l  as a r e s u l t  o f  t h e  s t r o n g  
i n c r e a s e  i n  t h e  e f f e c t  o f  t h e  v i s c o s i t y ,  The l a t t e r  r e -  
s u l t s  i n  t h e  f o r m a t i o n  o f  E? t h i n  l a m i n a r  l a y e r  a t  t h e  mall, 
t h e  e x i s t e n c e  o f  such  a l a y e r  h a v i n g  been v e r i f i e d  by nu- 
merous t e s t s ,  The t h i c k n e s s  of t’nis l a y e r  a n d  t h e  v e l o c i -  
t y  j u s t  o u t s i d e  i t  c2,n o n l y  depend o n  t h e  f r i c t i o n  at  t h e  
r ra l l ,  t h e  v i s c o s i t y ,  a n d  t h e  f l u i d  d e n s i t y .  On t h e  basis  
o f  d i E e n s i o n a 1  c o n s i d e r a t i o n s  t h i s  t h i c k n e s s  may b e  ex- 
p r e s s e d  as 
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j u s t  o u t s i d e  t h e  l a y e r  as 
U S l a m  

and  %%e v e l o c i t y  

BY t h e  u-se o f  t h e  above e x p r e s s i o n s  XQrmgn was a b l e  
t o  d e r i v e  t h e  l a w  f o r  t h e  r c s i s t g n c e  o f  a round  p i p e .  
Assuming law ( 6 )  t o  'be v a l i d  f rom t h e  o u t e r  boundary  o f  
t h e  l a m i n a r  l a y e r  t o  t h e  c e n t e r  o f  t h e  p i p e ,  t h a t  is, from 

= Slam 
p i p e  a x i s  n s x  be f o u n d  from e x F r e s s i o n  ( 6 ) ,  w r i t t e n  f o r  
Y = S l a m :  

t o  y = r ,  t h e  v a l u e  o f  t h e  v o l o c i t y  at t h e  

S i n c e  g l a m  i s  v e r y  s n a l l  by compar ison  with r ,  
t h i s  e x p r e s s i o n  may be s i a p l i f i e d  by e x t r a c t i n g  t h e  approx-  
i n n t e  r o o t  

The re  i s  t h e n  o b t a i n e d  

S u b s t i t u t i n z  e x p r e s s i o n s  ( 7 )  arid ( 8 ) ,  me o b t a i n :  

where C i n c l u d e s  t h e  c o n s t a n t s  A ,  B ,  e t c .  

S u b s t i t u t i n g  i n  e x p r e s s i o n  ( 3 )  t h e  Reynol-ds Number o f  

arid t h e  n o n d i n e n s i o n a l  f r i c t i o n a l  %ax r t k e  pii3e R = ------ U 
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. .  . 
where C '  = C + I n  xK 

T h i s  depeadence  o f  t h e  r e s i s t a n c e  c o e f f i c i e n t  on t h e  
Reyno lds  ISuLiber a g r e e s  e x c e l l e n t l y  m i t h  t e s t s  o v e r  a wide 
r a n g e  o f  Reyno lds  Numbers. 

I n  1 9 3 0 ,  P r a n d t l  o b t a i z e d  it u n i v e r s a l  l o g a r i t h m i c  l a w  
o f  v e l o c i t y  d i s t r i b u t i o n  somewhat d i f f e r e n t  f rom t h e  l a m  
d i s c u s s e d  a b o v e ,  o f  Kgrmgn. P r a n d t l  c o n s i d e r e d  t h e  i n f i -  
n i t e  f l o w  a b o u t  a f i x e d  w a l l  and  a s s u n e d  t h e  m i x i n g  l e n g t h .  
t o  be p r o p o r t i o n a l  t o  t h e  d i s t a n c e  y f r o m  t h e  w a l l  -. 
i . e . ,  i n  p l a c e  o f  e x p r e s s i o n  ( 4 ) ,  he  bad  

7, = E y  
2 8  

T h i s  g a v e ,  a f t e r  i n t e g r a t i n g  t h e  e x p r e s s i o n  T =  p 1 U , 

B i k u r a d s e ,  
f o r n u l a  

J -6- 
on t h e  S a s i s  o f  h i s  t e s t s ,  o b  t a i i i e  d t h e  

( 6 " )  

w h i c h  r.ay e a s i l y  be  o b t a i n e d  f r o n  t h e  33ra:qdtl f o r m u l a  by 
applJTii?g i t  t o  n p i p e ,  e x c l u d i n g  t h e  c o n s t a n t  c ,  and 

a t  y = r .  T h i s  i s  t h e  %ax u s i n g  t h e  c o o d i t l o n  u = 
f o r m u l z  e l s o  u s e d  by Moore. 

It, i s  i n t e r e s t i n g  t o  n o t e  t h a t  i f  e x p r e s s i o n  ( 6 " )  i s  
2pp l i e6 -  t o  t h e  l n m i n a r  l a y e r  a t  t h e  w a l l  as w a s  done  above  
1 ~ 1 t h  f o r m u l a  ( 6 1 ,  ne o b t a i n  t h e  same e x p r e s s i o n  ( 1 0 )  b u t  
m i t h  t h e  conatac-c  G d i f f e r e n t l y  combined o u t  o f  t h e  un- 
known c o e f f i c i e n t s  A ,  B, e t c .  Thus t h e  same r e s i s t a n c e  
l a w  i s  o b t a i n e d .  Tho c o n s t a n t s  C '  and  K may be de- 
t e r m i n e d  o n l y  e x p e r i m e n t a l l y ,  U p  t o  t h e  p r e s e n t  t h e s e  
c o n s t a - r t s  hcve been d e t e r m i n e d  5 y  K6rm6n and  E i k u r a d s o  en- 
t i r e l y  by e x p e r i n e n t s  on  t h e  dependence  of t h e  r e s i s t a n c e  
o f  p i T e s  O i l  t h e  Reyno lds  Mumber R ,  t h a t  i s ,  by  compar- 
i n g  fo rc?u la  (11) w i t h  t e s t s .  I n  d o i n g  t h i s  i t  w a s  assumed 
t h a t  t h e  u n i v e r s a l  c o i s t a n t  K t h u s  d e t e r m i n e d  i s  iden-  
t i c a l  w i t h  t h e  c o n s t a n t  K t h a t  e n t e r s  i n t o  t h e  v e l o c i t y  



X.A.Q.A. T e c h n i c a l  Memorandum SJo. 842 9 

f o r m u l a s  ( 6 )  o r  ( 6 " ) .  I n  t h e  second  p a r t  o f  o u r  work me 
s h a l l  g i v e  s p e c i a l  c o n s i d e r a t i o n  t o  t h i s  p rob lem a n d  show 
t h a t  a c t u a l l y  t h i s  i s  far  f r o m  b e i n g  t r u e .  F o r  t h e  p r e s -  
e n t ,  me sha l l  p a s s  on t o  t h e  d e r i v a t i o n  o f  t h e  e q u a t i o n  
f o r  t h e  s o l u t i o n  o f  t h e  b o u n d a r y - l a y e r  Problem and  t h e  
d r a g  o f  a f i g u r e  o f  r e v o l u t i o n ,  u s i n g  as  a b a s i s  t h e  ve- 
l o c i t y  and  d r a g - d i s t r i b u t i o n  f o r m u l a s  o f  K6rm6n i n  t h e  
g e n e r a l  form i n  which  he d e r i v e d  them. 

2. DERIVATION OF TEE FUNDAMENTAL EQUATION 

I n  t h e  p r e v i o u s  s e c t i o n  we c o n s i d e r e t l  t h e  l a w s  of  
f l o w  and t h e  r e s i s t a n c e  of a c i r c u l a r  p i p e  as d e r i v e d  by  
K&m& f rom t h e  t h e o r y  o f  mechan ica l  s i m i l i t u d e .  The solu- 
t i o n  o f  IC&rm& r e f e r s  t o  t h e  s o - c a l l e d  I 1 i n t e r n a l  p rob lem."  

" e x t e r n a l  problem,lI  i . e . ,  t h e  c a s e  mhere i n  p l a c e  o f  a 
f l o r r  e n c l o s e d  w i t h i n  a c y l i n d r i c a l  p i p e  me hade  t h e  f l o w  
o f  an i n f i n i t e  mass o f  f l u i d  a b o u t  a body. T h i s  body i n  
O U T  c a s e  w i l l .  be a f i g u r e  o f  r e v o l u t i o n  - f o r  example ,  
t h e  h u l l  o f  ai1 a i r s h i p . 2 )  We s h a l l  n o t  d i s t i n g u i s h  t h e  c a s e  
o f  mot ion  o f  a body i n  an u n d i s t u r b e d - m e d i u m  ( a i r s h i p  
f l i g h t )  f r o m  t h a t  of a t u r b u l e n t  s t r e a m  f l o w i n g  up  t o  a 
body € i x e d  i n  F o s i t i o n  ( ae rodynamic  t u n n e l )  a l t h o u g h  t h e s e  

T h e  drag, as  me know, deyends  c h i e f l y  on t h e  c h a r a c t e r  o f  
t h e  bo-undary l a g e r  which i n  t u r n  i s  d.etermined e x c l u s i v e l y  
by t h e  Reyno lds  Numbor TL/u computed. from t h c  v e l o c i t y  
o f  t3.e r ~ o t i o n  ( o r  t h e  ve!.ocity of t h e  mean f l o w  a t  i n f i n -  
i t y )  sild some l i n e a r  d imens ion  o f  t h e  body. The Reyno lds  
Fumber a f f e c t s  b o t h  t h e  a b s o l u t e  t h i c k n e s s  o f  t h e  boundary  
l a p e r  a n d  t h e  p o s i t i o n  o f  t r a n s i t i o n  o f s t h e  l a y e r  from t h e  
l a m i n a r  t o  t h e  t u r b u l e n t  c o n d i t i o n .  S i n c e  b o t h  o f  t h e s e  
f a c t o r s  a l s o  depend on t h e  d e g r e e  o f  t u r b u l e n c e  o f  t h e  
f l o v  i n  t h e  t u n n e l ,  t h i s  d.egree of t u r b u l e n c e  nay  be t a k e n  
i n t o  a z c o u n t ,  i n  t h e  f i n a l  c o m p u t a t i o n ,  by a c o r r e s p o n d -  
i n g  i n c r o a s s  i n  t h e  R e y s o l d s  Bumber. I t  i s  t r u e  t h a t  
s i n c e  up t o  t h e  p r e s e n t  me p o s s e s s  n o  n e t h o d  f o r  t h e  quan- 
t i t a t i v e  d e t e r m i n a t i o n  o f  t h e  d e g r e e  o f  t u r b u l e n c e ,  me 
cLg.nilot a s  y e t  p e r f o r n  s u c h  a s u n e r i c a l  o p e r a t i o n .  F o r  
t h i s  r e z s o n ,  s t r i c t l y  s p e a k i n g ,  file may o n l y  s t u d y  t h e  DO- 

t i o n  o f  ". body in a n  u n d i s t u r b e d  nedium. T h i s  i s  t h e  c a s e  
o f  g r e a t e s t  p r a c t i c a l  i n t e r e s t .  

I Our o b j e c t  i n  t h i s  work i s  t o  o b t a i n  a s o l u t i o n  o f  t h e  

. c a s e s  are n o t  e q u i v a l e n t  f r o m  t h e  p o i n t  of view of  d r a g .  

__________ ----- ----------- 
I n  t h i s  work me shall c o n s i d e r  o n l y  b o d i e s  w i t h  smooth 2) 

su-i.f'ace. 
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We s h a l l  a.pply t h e  c o n c l u s i o n s  . o f  t h e  p r e v i o u s  ' s e ' c t i on  
i n  t h e i r  e n t i r e t y  t o  t h e  e x t e r n a l  problem.  I t  i s  t h e r e f o r e  

. n e c e s s a r y  t o  c o n s i d e r  t h e  j u s t i f i a b i l i t y  o f  t h i s  p r o c e d u r e  

The t u r b u l e n t  boundary  l a y e r  a b o u t  a body s i t u a t e d  i n  
a f l o w  i s  t h a t  r e g i o n  i n  which t h e  a c t i o n  of  t h e  t u r b u l e n t  
f r i c t i o n  d e s t r o y s  t h e  v e l o c i t y  d i s t r i b u t i o n ,  g i v e n  by the  
p o t e n t i a l  f l o w ,  me h a v e  t h e  same c o n d i t i o n  a l s o  i n  a c i r -  
c u l a r  p i p e .  I n  t h i s  c a s e  t h e s e  f r i c t i o n a 1 , f o r c e s  g i v e  t h e  
v e l o c i t y  p r o f i l e  o f  e x p r e s s i o n  ( 6 1 ) .  S i n c e  t h e  l a t t e r  was 
d e r i v e d  on t h e  a s s u m p t i o n  t h a t  t h 3  e f f e c t  of  t h e  t u r b u l e n t  
f r i c t i o n  shows up  t h r o u g h o u t  t h e  p i r e  c r o s s  s e c t i o n ,  i t  
f o l l o w s  t h a t  i n  t h i s  c a s e  t h e  e n t i r e  r e g i o n  w i t h i n  t h e  p i p e  
i s  a " r o l l e d  up" boundary  l a y e r  whose t h i c k n e s s . i s  e q u a l  
t o  t h e  p i p e  r a d i u s  and  whose ointer l i m i t  h a s  become a s i n 4  
g l o  s t r a i . g h t  l i n e ,  name ly ,  t h e  a x i s  of  t h e  p i p e ,  The ve- 
. l o c i t y  a t  t h i s  a x i s  i s ,  a c c o r d i n g  t o  f o r m u l a  (lo), a func-  
t i o n  o f  t h e  f r i c t i o n a l  i n t e n s i t y  at  t h e  nall, i . e . ,  a func-  
t i o n  o f  t h e  s t a t e  of  t h e  b o u n d a a y . 1 a y e r .  Ln t h e  c a s e  of 
t h 6  e x t e r n a l  Froblem t h i s  v e l o c i t y  j u s t  o u t s i d e  t h e  bound- 
ary l a y e r  w i l l  . appear  as  t h e  boundary  c o n d i t i o n  d e t e r m i n e d  
b y . t h e  p o t e n t i a l  f l ow o u t s i d e  t h e  boundary  l a y e r .  T h i s  i s  
where  t h e  d i f f e r e n c e  l i c s  between t h e  i n t e r n a l  and e x t e r -  
n z l  p rob lems .  The v e l o c i t y  j u s t  o u t s i d e  t h e  boundary  
l s y e r  vc s h a l l  i n  what f o l l o w s  d e n o t c  by ug. 

S t r i c t l y  s p e a k i n g ,  we a r c  n o t  q u i t e  j u s t i f i e d  i n  p 'ass- 
i n g  d i r e c t l y  f rom t h e  in t e rna ,L  f l o w  a l o n g  t h e  r e c t i l i n e a r  
wall o f  t h e  p i p e  t o  t h e  e x t e r n a l  f l o w  a l o n g  t h e  curved. 
b o u n d a r g  o f  a roing o r  f i g u r e  o f  r e v o l u t i o n .  I t  h a s  been 
e s t a b l i s h e d  by t e s t s  t h a t  t h e  f l o w ,  f o r  example ,  i n  d i v e r g -  
i n g  a n d  c o n v e r g i n g  c h a n n e l s  i s  n o t  s u b j e c t  t o  t h e  loga -  
r i t h m i c  law. i t  would ?e  r a r e  r i g o r o u s  i f  t h e  t r a n s i t i o n  
t o  t h e  e x t e r n a l  problem were made f rom t h e  l a t t e r  t w o  
c a s e s .  S i n c e ,  however., we have u p  t o  t h e  p r e s e n t ,  no s o -  
l u t i o n  o f  t h e  problem o f  t u r b u l e n t  f l ow i n  d i v e r g i n g  and  
c o n v e r g i n g  c h a n n e l s ,  we a r e  r e q u i r e d  t o  make u s e  o f  t h e  
g e n e r a l l y  a d o p t e d  method o f  t r a n s i t i o n  t o  t h e  e x t e r n a l  
p r o b l e m  f rom s t r a i g h t  p i p e s .  

Thus,  d e n o t i n g  by 6 t h e  t h i c k n e s s  of t h e  boundary  
l a y e r ,  lye s h a l l  have f o r  t h e  e x t e r n a l  c a s e  as  t h e  v e l o c i t y  
d i s t r i b u t i o n  i n  t h e  boundary  l a y e r  
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rvhere y i s  t a k e n  no rma l  t o  t h e  s u r f a c e  o f  t h e  bod-y. 

P o r n u l a  (11) g i v i n g  t h e  desezldence o f  t h e  f r i c t i o n a l  
c o o f f l c i c n t  on t h e  Reynold-s Dumber, becomes: 

v h e r e  t h e  c o e f f i c i e n t  Cf i s  t h e  r e t i o  of t h e  l o c a l  frJlc- 
t i o n e l  i n t e n s i t  t o  t h e  dynamic v e l o c i t y  j u s t  o u t s i d e  t h e  
boundary  l a y e r  35 

and t h o  Rey2old.s IJumbcr i s  computnd. from t h c  v e l o c i t y  j u s t  
o u t s i d c ?  t h e  boundary  l n y c r  and t h c  t h i c k n e s s  o f  t h e  l n y c r :  

A s  m a y  be s e e n ,  i n  t b e  c a s e  of  t h e  e x t e r n a l  p rob lem 
me b r i n g  i n t o  C o n s i d e r a t i o n ,  i n  ? l a c e  of t h e  knonn r a d i u s  
o f  t h e  ;pipe t h e  unknown t h i c k n e s s  'o f  t 3 e  boundary  l a y e r  
.v;.3ich, a s  i s  shovn by b o t h  t h e o r y  nnd e x p e r i m e n t ,  v a r i e s  
n l o a g  t h e  h u l l ,  Thus,  for 3, com.-plete s o l u t i o n  of  t h e  F rob-  
l c m ,  v.re must have  s t i l l  azlother  c o n d i t i o n  t h a t  c o n n e c t s  
t h e  v,?,ri?,ble t h i c k n e s s  6 o f  t h e  boundary  l a y e r  w i t h  t h e  
o t h e r  v n r i a b l e s ,  o f  a h i c h  us i s  c o n s i d e r e d  a s  g i v e n  by 
t h e  t t s sumpt ion  o f  EL p o t e n t i a l  flov j u s t  o u t s i d e  t h e  bbund- 
n r y  l a y e r .  

Azi n 3 d i t i o n x l  r e l a t i o n  o f  t h i s  k i n d  a p p e a r s  t o  be t h e  
~ - ~ e l l - B r o a a  i n t e g r a l  r e l 3 , t i o n  o f  KirmLn n h i c h  r e  s h a l l  now 
consider. T h i s  r e l a t i o n ,  d e r i v e d  f o r  t n o - d i m e n s i o n a l ,  
s t e a d y  flo-rr r?ssumes, f o r  f i g u r e  of  r e v o l u t i o n ,  t h e  fol- 
lo1.Tins form : 

-----------_-___-I------ --------------------- 
% T h e  l o c r d  f r i c t i o n a l  i n t e n s i t y  as :7e s h a l l  s c e  f a r t h e r  011, 

n i l 1  v a r y  along t h e  h u l l  of t h e  body. ~ 
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v h e r e  s i s  t h e  l e n g t h  aloag t h e  hull of  t h e  f i g u r e  o f  
r e v o l u t i o n ,  ~ i e a s u r e d  f rom t h e  n o s e .  

r *,  r s d i u s  of  a c o n c e n t r i c  e l emen t  o f  t h e  s u r f a c e .  
( S e e  f i g .  1.) 

p,  d e n s i t y  o f  t h e  f l u i d .  

y ,  d i s t a n c e  f rom t h e  s u r f a c e  measured a l o n g  t h e  
no rma l ,  

6 ,  t h i c k n e s s  o f  t h e  boundary  l a y e r .  

u a n d  u mean v e l o c i t i e s  w i t h i n  and j u s t  o u t s i d e  G '  t he 1. ay a 7: . 
;p, s t a t i c  p r e s s u r e  a t  boundary  l a y e r .  

r ,  r a d i u s  o f  c i r c u l a r  s e c t i o n  o f  f i g u r c  o f  r evod  
l u t i o n .  

T ~ ,  l o c ~ ~ l  s h e a r i n g  s t r e s s  ( o r  s k i n  f r i c t i o n  per 
u n i t  o f  a ~ e a )  2nd t h e  v a l r i a b l e s  have  t h e  f o l l o w -  
i n g  f u n c t i o n a l  r e l a t i o n s  among e a c h  o t h e r :  

y l  = r t  Is,y); 6 = 6 ( s ) ;  u. = u ( s , y )  

E q l r e s s i o n  ( 1 6 )  t 5 u w  g i v e s  t h e  r e q u i r e d  a d d i t i o n a l  
r e l a t i o n  e x p r e s s i n g  e f . t h e r  -fo 8,s 2 f u n c t i o n  of 6 2 n d  s ,  
T O ( G , s ) ,  o r  6 3 s  a f u n c t i o n  of -f0 and s ,  6 ( ' r 0 , s )  acd 
t h e  ;problem t h u s  becomes d e t e r m i n a t e .  I n  e q u a t i o n  ( 1 6 )  t h e  
lef%-han?!! s i d e  r e p r e c e n t s  t h e  i n c r e a s e  p J r  s e c o n d  o f  t h e  
momcntum o f  t h e  f l u i d .  a t  a t  e lemen t  of boundary  l a y e r  o f  
l e n g t h  Cs anc? t h e  r i g h t - h a n d  s i d e  g i v e s  t h e  sum o f  t h e  
f o r c c s  a c t i r r g  on t h e  boundary  l z y e r .  Th i s  r e l a t i o n  m i l l  
b e  ??roved b e l o a .  

F i g u r e  1 shows a p o r t i o n  of a s e c t i o n  o f  a f i s u r c  o f  
r e v o l u t i o n  C g s n o r a t i n g  l i n e  a 3 )  T i t k  t b e  bou-rdary l a y e r  o f  
t h i c k n e s s  6 .  Through p o i r - t  A on t h o  body, pass a c o n i c a l  
s u r f c c e  i l o r c s l  t o  t h e  su r i c . ce  o f  t h e  body. L e t  t h e  g e n c r -  
a t i i i g  21-c a.b r e c e i v e  a;i 5ncre:L;ent cis = A A 1  ncd t h r o u g h  
p o i n t  A '  -3ass a conical s u r f a c e  A f 3 r  normal  t o  t h e  sur- 
f a c e  o f  t h c  bod;?. Through the c i r c l e  o f  i n t e r s e c t i o n  o f  
s u r f n c e  A ' B f  r i t h  t 3 e  o u t e r  sur"ace of t h e  boundary l a y c r  
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n e  p?.ss t h e  " s u r f ' i c e  o f  f l o w t t  a t b f .  Ve t h u s  obtain an  
ancu la r  e l e m e n t  o f  a " t u b e  of f l o n "  bounded by t h e  s u r f a c e  
o f  f l o n  and  t h e  bod-y. To t h i s  e l e m e n t  ne  may a p p l y  t h e  
"xoneiltur?. law. I' 

L e t  u s  d e n o t e  t h e  mass o f  f l u i d  f l o w i n g  p e r  s econd  
t h r o u g h  s e c t i o n  AS o f  t h e  boundary l a y e r  by Q a n d  t h e  
mo:;entun a s s o c i a t e d  n i t h  t h i s  mass by 6. These n a g n i t u d e s  
a r e  , ; i n n  by  

6 

Q = /"nrtpudy 

J = J' 2nr tpuz dy 

0 

>6 

0 

In p e s s i n g  t h r o u g h  t h e  e l e n e n t  d s ,  t h e  mass Q a n d  

i t s  uonenturn J i n c r e a s e  by 39 ds a n d  - d s ,  r e s p e c -  

t i v e l y ;  tliat i s ,  t h e  nass a n d  t h e  r:loientum o f  t h e  f l u i d  
flowin;; through s e c t i o n  A1131 m i l l  be  

a s  a s  

4 

The ii:Lcrease i n  t k e  riass - ag d s  can  o n l y  be o b t a i n e d  by 
a s  

%':e e n t r a n c e  o f  a r 'ass of  t h e  p o t e n t i a l  f l o n  f l u i d  t h r o u g h  
n o r t i o r  331 o f  t h e  s e c t i o n  o f  t k e  t u b e  of flow. S i n c e  
t h e  v e l o c i t y  o f  t h i s  i n f l o w  i s  u6 t h e  monentun of  t h e  
f l u i d  i n t r o r ? u c e d  t h r o u g h  t h e  e n t i r e  s e c t i o n  AB1 m i l l  be 

Our su r . ' a ce  o f  f l ow was s o  d ravn  t h a t  t h e  s e c t i o n  A ' B *  
o f  t h e  boundary  l a g e r  i s  a t  t h e  s a n e  t i n e  a s e c t i o n  o f  a 
t u b e  o f  f l o m ,  Thus t i e  i n c r e a s e  i n  t h e  nonen tun  o f  t h e  
f l u i d  t h r o u g h  an  e l e z e n t  o f  t h e  t u b e  of flow m i l l  be 

0 

0 
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T h i s  i n c r e n s e  o f  r ionentun p e r  second s h o u l d ,  acco rd -  
i n g  t o  t h e  norneiitun l a w ,  be e q u a l  t o  t h e  sun o f  t h e  f o r c e s  
a c t i n g  on t h e  e l e r?en t  of  t h e  t u b e  o f  f l o w  i n  t h e  d i r e c t i o n  
o f  t h e  nonon tun  v e c t o r .  If t h e  s t a t i c  p r e s s u r e  a t  t h e  l e f t  
o f  tzie e l e x e n t  i s  9 a n d  t h a t  a t  t h e  r i g h t  p -I- 22 ds t h e  

f o r c e ,  e v i d e n c e d  by t h e  d r o p  i n  p r e s s u r e ,  w i i l  be 
3 s  

0 0 

0 

T h e  i.iinus s i p  i s  chosen  s i n c e  a p o s i t i v e  s r e s s u r e  grad$- 

e n t  -- c o r r e s p o n d s  t o  a f o r c e  i n  t h e  o p p o s i t e  d i r e c t i o n  as 
a s '  

$ 0  the nonentum v e c t o r .  

Bre2.lkiiig up t h e  i n t e g r a l  t h u s  o b t a i n e d  i n t o  t w o ,  w e  
nave  

0 0 

The s e c o n d  i n t e g r a l  v a n i s h e s  s i n c e  i t  i s  i n f i n i t e l y  s m a l l  
i n  compar ison  w i t h  t h e  f i r s t .  The r e s u l t a n t  o f  t h e  turbu- 
lent f r i c t i o n a l  f o r c e s  o n  t h e  e l e n e c t  d s  w i l l  be 

E q u a t i n g  e x p r e s s i o n  ( a )  t,o t h e  sun o f  e x p r e s s i o n s  
(b) a n d  ( c )  and  d i v i d i n g  t h r o u g h  by  ds, .ire o b t a i n  t h e  
i n t e g r a l  r e l a t i o n  ( 1 6 )  o f  KLrrngn. 
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We h a v e  assumed throug:hout t ha t  the? s t a t i c  p r e s s u r e  
d o e s  n o t  v a r y  t2foncz t h e  t l i i c k n e z s  of  t h e  boundary  l a y e r .  
A c t u a - l l y  t h e r e  e x i s t s  a c e r t a i n ,  thongh. v e r g  sxall, ? res -  
s u r e  g r a d i e n t  i n  t1:e b o u a 6 a r y  l a g e r  ( s e e ,  f o r  exampie ,  
r e f e r e n c e  12), of  which n o  q u a n t i t a t i v e  a c c o u a t  c a a  as y e t  
be t a k e n .  A t t e m p t s  t o  d e t e r m i n e  t h e  norrnal f o r c e s  re -  
s u l t i n g  f r o n  t h e  p r e s s u r e  g r a d i e n t  n o r r n d  t o  t h e  s u r f a c e  
by e q u a t i n g  t h e n  t o  t h e  i n t e g r a l  o f  t h e  c e n t r i f u g a l  f o r c e s  
of  t h o  y o r t i c l e s  of  f l u i d  noviilg o n  a g i v e n  c u r v i 1 i n e a . r  
c o i l t o u r  iil  t h e  bo'uridpVry LaZ-er gave n e g a t i v e  r e s u l t s  - t h o  
p r e o s ' u r c  g r a d i e n t  o b t a i n e d  as  R r e s u l t  o f  t h e  c e n t r i f u g a l  
f o r c e s  n a k i n g  u p ,  for example ,  o n l y  h n l f  t h e  v a l u e  tlict i s  
a c t u d l y  o b s e r v e d .  

Our p r o b l e n  ilo:,V i s  t o  b r i n g  eqi ia t ioi?  ( 1 6 )  i n t o  r e l a -  
t i o n  w i t h  e x p r e s s i o n s  (13 )  and  ( 1 4 ) .  me shall f i r s t  tr.?,ns- 
f o r n  e x p r e s s i o n  ( I S ) .  The r a d i u s  r '  o f  t h e  c o n c e n t r i c  
e l e r i e n t  o f  t h e  boundary  layer, , z cco rd ing  t o  f i g u r e  1, i s  
e q u a l  t o  

r l  = r f y c o s  E 

.itrhcre i s  t h e  a n g l e  between t h e  t a n g e n t  t o  t h e  g e n e r a t -  
i n g  l i n e  o f  t h e  %odg  o f  r e v o l u t i o n  ni1d i t s  a x i s .  The 
q u n i i t i t y  y c o s  e i s  g e n e r a l l y -  n e g l e c t e d  by compar ison  
m i t h  r ;  t h a t  i s ,  r '  i s  c o n s i d e r e 3  e q u a l  t o  r and t h e  
e f f e c t  o f  t h i s  s i m n l i f i c a t i o n  02  t h e  f i n a l  r e s u l t  i s  n o t  
a n a l y z e d .  me s h a l l  n o t  i n t r o d u c c  t k i s  s i n p l i f i c a t i o n  i n  
o r d e r  t h a t  we may lnave t:ic p o s s i b i l i t y  o f  d e t c r n i n i n g  t h e  
e f f e c t  o f  n e g l e c t i n g  27 c o s  6 o n  t h e  f i n a l  r e s u l t .  Sub- 
s t i t u t i n g  i n  expressior, ( 1 6 )  t h e  v s l n e  o f  r r ,  8 - i v i d i n g  
by  ?n p and t r a z s f c r r i n g  t o  t k e  l e f t - h a n d  s i d e  t h e  nem- 
b e r s  c o n t a i n i n g  C O ~  8 ,  iTe o b t a i n :  

0 0 0 

0 

Takii lg  r and  c o s  0 o u t s i d e  t h e  i u t e ; r a l  s i g n s  as b e i n g  
indepe/iident o f  y ai:d p e r f o r m i n g  a l l  t h e  p o s s i b l e  d i f f e r -  
e n t i a t i o n s  aizd i n t e g r a t i o L i s ,  we h a v e :  
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0 0 0 

T o  t h e  r e g i o n  o u t s i d e  t h e  boundary  l a y e r  w e  may a p p l y  
t h e  B e r n o u l l i  theorem and  thus e x p r e s s  t h e  p r e s s u r e  gra- 
d i e n t  cr: tering i n t o  t h e  e x p r e s s i o n  on t h e  r i g h t - h a n d  s i d e  
i n  terms o f  t h e  v e l o c i t y  j u s t  o u t s i d e  t h e  boundary  l a y e r .  
'GVe hz4ve : 

us" 
p f ----- = c o n s t a n t  

2 

D i f f e r e n t i a t i n g  w i t h  r e s v e c t  t o  s ,  roe o b t a i n :  

I a13 a% 
- u6 a;- 

P a s  
- - - - _  

G r o Y - L J i n g  t h e  t e r m s  i n  e x p r e s s i o n  ( 1 7 )  and s u b s t i t u t i n g  t h e  
:i ap  

value.  o f  - -- -- p 6  a s  t we have :  

1 T O  - 62 c o s  S \  - r - 
1 P 

- - us -- (r6 f 
a s  

Picking u s e  o f  t h e  v e l o c i t y  d i s t r i b u t i o n  l a v  (12), me must 
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non c2m.nute t h e  i n t e g r d s  i n  e x p r e s s i o n  ( 1 8 ) .  

Ve s h a l l  d e n o t e  t h c  e x p r e s s i o n  /IT: by v * .  T h i s  

e x p r e s s i o n ,  -which a p p e a r s  a s  tile "dynamic s c a l e "  o f  v e l o c -  
i t i e s  i:? e q u a t i o n  ( 1 2 )  and  h a s  t h e  d imens ions  o f  a v e l o c -  
i t y ,  we s h a l l  $.@note - f o l l o w i n g  t h e  s u g g e s t i o n  o f  P r o f e s -  
s o r  T. G. L o i t s a n s k y  - as t h e  "dynamica l  v e 1 o c i t y . I '  me 
s h d l  further i n t r o d u c e  a nenr v a r i a b l e  x: 

x = l -  JT 
n o t i i l c  that a v a r i a t i o n  i n  y f r o m  0 t o  6 c o r r e s p o n d s  
t o  n v a r i a t i o n  i n  x f r o m  0 t o  1. We t h e n  o b t a i n  from 
e x p r e s s i o n  (12) t h e  v e ~ o c i t y  and  i t s  s q u a r e :  

'iPe P<?,;T n o w  conpu te  a l l  the i n t e g r z l s ,  b e a r i n g  i n  mind t h a t  
i n  c:rzemer_t v i t h  t h e  change i n  v a r i a b l e s  (19): 

2 
3' 6 - 6  ( 1 - x )  

TJith0u.k g o i n g  t h r o u g h  all the  c o m p u t a t i o n s ,  we s h a l l  a t  once  
rrriJ;;e 2.0-;m t h e  f i n a l  r o s u l t :  
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I n  %he p r o c e s s  o f  i n t e g r a t i o n  me meet w i t h  i n t e g r a l s  
w i t h  r e s p e c t  t o  x ,  and i t  i s  u s e f u l  t o  s p r i t e  t h e s e  down: 

1 
f .  

1) / 1.n xdx = [x In 9 - X I o  = -  1 1 

. I  
0 

0 

0 

A l l  t h e  above  f n t e g r a l s  are r e a d i l y  i n t e , y r a t e d  by 732rts 
n o t l n g  t h a t  t he  l i r n E t  o f  t h e  e s p r e s s i o n s  x“ Znm x ,  v i le re  
n 2 n d -  rn a r e  pos i5 i i ae  i i ; t e l ;e rs ,  i s  z e r o  a s  3: a ~ ~ r o 2 c l i e s  
z e r o ,  a s  i?ay r e a c ’ i l y  be 13roved b=; r e p e a t e c ?  a p p l i c a t i o n  o f  
t h e  L 1 H o s ] : i t a l  p u l e .  

B e f o r e  s u j s t i t u t i n g  t h e  i r i t e q r a l s  ( 2 1 )  i n  e x p r e s s i o i i  
( 1 8 )  v e  s h a l l  e l i n i i n a t e  f r o m  t h e m  6 .  U s i ~ g  t h e  e x p r e s s i o n s  
for t h e  f r i c t i o i i  c o e f f i c i e n t  Cf mid t h e  Regao lds  Number 
R 6  a s  s ive iz  by (14) a n d  (15), v e  o b t a i n  f r o n  (13 ) :  
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o r  

a n d '  i n t r o c u c i n g  t h e  c o n s t a n t  C 1 unc 'er  t h e  l o g a r i t h m  s i g n ,  
i . e . ,  s u b s t i t u t i n g  e C z  = C2, we o b t a i n  on s ~ l v i n g  t h e  
above  e q u a t i o n  f o r  6 :  

I 

- n = c o a s t a n t  where  v e  heve  s e t  ------- - u 
c, fl- 

'Je shall i n t r o c i u c e ,  i n  a n a l o g y  t o  n h a t  vas  done by  
Kgragn f o r  t h e  f l a t  p l a t e ,  a new v a r i a b l e  z :  

nhcnce  

a n d  

D e n o t i n g  t h e  c o n s t a n t  n u m e r i c a l  v a l u e s  e n t e r i n g  i n t o  
t h e  e x p r e s s i o n  f o r  t h e  i n t e g r a l s  (21) by L e t t e r s :  

= b ;  rJe o b t a i n :  2 3  601 5 
6 9 6 0  1800 

3; -- = a --- 14 - 8 ;  -- = - -  
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0 

The d e r i v a t i v e s  o f  t h e s e  i n t e g r a l s  w i t h  r e s p e c t  t o  s w i l l  
b e  : 

0 

0 

On t h e  r igh t -hanc?  s i d e  o f  t h e s e  e q u a t i o n s  w e  may w r i t e  t h e  
t o t a l  for t h e  p a r t i a l  d e r i v a t i v e s  s i n c e  a l l  t h e  v a r i a b l e s  
dezenl! o n l y  on s. 

S u b s t i t u t i n g  a11 t h e  v a l u e s  o b t a i n e d  i n t o  e x p r e s s i o n  
(18), d i v i d i n g  and  c o l l e c t i n g  s imilar  t e r m s ,  we f i n d :  
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The t e r m s  c o n t a i n i n g  cos  8 mere g rouped  t o g e t h e r  SO 
a s  t o  e n a b l e  the  e f f e c t  o f  t h e  t e rm y cos  6 t o  be m o r e  
a d v m  t " g  e o u  s lg s t u d i  e d . 

L e t  us  n u l t i p l g  t h e  e q u a t i o n  by t h e  magni tude  I -  --,,r 
t Kz21 

a n d  1 7 r i t e  t h e  d e r i v a t i v e s  of u g ,  r ,  and c o s  8 i n  t h e  
f o r m :  

Ve t h e n  o b t a i n :  

3 - E- 
n u6 

- 

The above  e x n r e s s i o n  a l s o  s e r v e s  as t h e  f u n d a m e n t a l  d i f f e r -  
e n t i a l  e q u a t i o n  f o r  f i n d i n g  thn, r e l a t i o n  between z a n d  
s ,  and  t h u s  a l s o  s = g ( s )  ana T~ = ~ ~ ( 5 ) .  

I t  i s  u s e f u l  t o  i n t r o d u c e  i n  t h e  e q u a t i o n  i n  p l a c e  o f  
u g ,  its v a l u e  o b t a i n e d  th rough  t h e  Z r e s s u r e  d i s t r i b u t i o n  
on t h e  h u l l ,  which v a l u e  may e a s i l y  be f o u n d  e x p e r i m e n t a l -  
l y ,  T h i s  i s  t h e  s i m p l e s t  method f o r  f i n d i n g  t h e  r e l a t i o n  
u-6 = US(S).  

F o l l o w i n g  X. K. F e d i a e v s k y  ( r e f e r e n c e  14), l e t  us s e t  
2 

(ig) = f, where V i s  t h e  f o r w a r d  v e l o c i t y  of t h e  body 
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o r  t h e  v c l o c i t g  o f  t h e  f l o w  a t  i n f i n i t y .  

PU + e-- v2  
2 '  

From t h e  Bernoulli e q u a t i o n  p + ---L = 
2 

where  po  i s  t h e  pressure a t  it g r e a t  d i s t a n c e  from t h e  

' c o d r ,  me o b t a i n  e f t e r  d i v i d i n g  by ---- p7T2 
2 

-0 - P o  
z ~ l o i g  t h e  h u l l  i s  e a s i l y  d e t e r -  A h e  v c r i c t i o n  of :--- m 

& p v  
r;: i n  e d exl? e 1' i m  cn t a1 i y . 

whence 

rve obtain: 

T h i s  ? i f f e r e i i t i a l  e q u a t i o n  o f  t!ie f i r s t  o r d e r  with re- 
s p e c t  t o  2; has bsen s e t  U T ~  for a. f ig :ure  of r e v o l u t i d n ,  
F o r  the x o r e  ainple c a s e ,  i . e . ,  thtr'i o f  the i n f i n i t e  cyl- 
i n d r i c ? - l  v i n g  t h e  o q u ~ , t i o n  i s  c c n s f d e r a b l p  s i n g l i f i c d  s i i i ce  
r t h e n  'iecon?es i n  n i t e  and  t h e  l a s t  tmo  t e r m s  on t h e  
ri.ght-hZ,il?. s i d e  v3nis i i .  Thus, for c wing,  we o b t a i n :  
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where L i s  t h e  wing c h o r d .  4 )  

F o r  t h e  even more s i m p l e  c a s e  o f  t h e  f l a t  a l a t e  s i tu -  ”_ / 

a t e d  i n  a f l o w  a t  z e r o  a n g l e  of a t t a c k ,  t h e  s e c o n d  t e rm on 
t h o  l e f t - h a n d  s i d e  of e x p r e s s i o n  ( 2 6 )  l i k e w i s e  d r o p s  o u t  
s i n c e  t h e r e  i s  no p r e s s u r e  g r a d i e n t  a l o n g  t h e  p l a t e  - 

(g.-$)-dg ’= 0 ) .  The v e l o c i t y  jus t  o u t s i d e  t h e  boundary 
1 

l a y e r  u6 = V = c o n s t a n t ,  t h a t  i s ,  f = I. 

T h u s ,  f o r  E p l a t e ,  me o b t a f n :  

where  x i s  t h e  v a r i a b l e  d i s t a n c e  from t h e  l e a d i n g  edge 
o f  t h e  p l a t e ,  I n t r o d u c i n g  i n  t h e  above  e x p r e s s i o n  t h e  
Regno lds  Numbcr R, computed f o r  a n y  d i s t a n c e  x f r o m  
t h e  l e a d i n g  e d g e ,  i . e .  : 

V ax = - dRx - YZ 
U v 3, - 

o r  

I n t e g r a t i n g  t h e  above  e q u a t i o n  between t h e  l i m i t s  
R,, R,, and  z o ,  z ,  we o b t a i n :  

Z O  

which  g i v e r ; ,  a f t e r  s u b s t i t u t i n g  t h e  n u m e r i c a l  v a l u e s  09 
t h e  c o e f f i c i e n t s  A a n d  B and  t a k i n g  t h e  c o e f f i c i e n t  A 
o u t s i d e  t h e  i n t e g r a l  s i g n :  

5e‘-C I p= 
Rx I R = ___-_-I / (z2 - 23 z -+ 2) ez  d z  

15 15 1 0 
E K 3  ,/? ‘ / ‘ zo  

‘It s h o u l d  be n o t e d  t h a t ,  i n  c o n t r a s t  t o  t h e  e q u a t i o n  f o r  
t h e  f i g u r e  o f  r e v o l u t i o n ,  t h e  wing  e q u a t i o n  may be a p p l i e d  
f o r  any  a n g l e s  of a t t a c k ,  t h e  l a t t e r  a f f e c t i n g  o n l y  t h e  
c h a r a c t e r  o f  t h e  f u n c t i o n  h/f = f(s>. 
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i . e . ,  we have  o b t a i n e d  t h e  e q u a t i o n  f o r  t h e  flat p l a t e  i n  
t h e  form g i v e n  by Xdrmgn ( r e f e r e n c e  4 ) .  

3. I K T E G R A T I O X  OF THE EQUATIOXS OBTAINED 

I t  i c  e v i d e n t  f r o m  even 3 s u p e r f i c i a l  g l a n c e  a t  t h e  
e q u c t i o n s  f o r  t h e  f i g u r e  o f  r e v o l u t i o n  and f o r  t h e  wing ,  
r e s l 3 t ? c t i v e l y ,  t h a t  t h e y  canno t  be i n t e g r a t e d  by a n y  known 
n c t h o d .  B e  have  seen  t h a t  i n t e g r a t i o n  i s  p o s s i b l e  o n l y  
for t h e  T l ? , t  p l a t e .  'GITe shal l  t h e r e f o r e  r e s o r t  t o  a graph-  
i c a l  % n t c g r a t i o n  u s i n g  t h e  n:ethod o f  s u c c e s d i v e  a p p r o x i -  
~a t i o n  s . 

Tie s e t :  

a n d  1no2if.j somewhat t h e  e x p r e s s i o n  i n  b r a c k e t s  i n  t h e  l a s t  
terms o n  the left-hr?,rsd s i d e :  

1! In c o s  e 
f ( a2 -b )  --------- f -_------ d l n f i  c? z 

d s  a s  ds ( 2 a z - 2 b f a )  -- 

Frhence, n f t e r  g r o u p i n g  t l ie  t e r m s ,  17e o b t a i n :  

o r ,  i r r i t i o g  tlze suq o f  t i le  d e r i v a t i v e s  as t h e  d e r i v a t i v e  
o f  suz: 

11 
cts as  3 2  - !  [ 2 z f l n (  f i  c o s  e ) ]  - -- [z(;Zb-e) 4 b In c o s  e !  

S u b s t i t u t i n g  t h e  z,Sove i n  our e x p r e s s i o n  ( 2 6 ) ,  t.:e o b t a i n :  

IduLtipLying t h e  e q u a t i o n  by d s ,  i n t e g r a t i n g  betiveen t h e  
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l i m i t s  s o  and s ,  a n d  s e t t i n g  

z(2b-a,)+b In C O S  6 

zo(2b-a)+b I n  c o s  6 ,  

where t h e  l e t t e r s  w i t h  s u b s c r i p t  o dei lote  t h e  i n i t i a l  
v a l u e s  o f  t h e  v a , r i n b l e s .  

The i n t e g r a t i o n  s h o u l d  r i g o r o u s l y  s ta r t  f r o m  t h e  p o l n t  
o f  t r a n s i t i o n .  of t h e  l a m i n a r  i n t o  t h e  t u r b u l e n t  l a y e r ,  i . e . ,  
i n  a c c o r d a n c e  ~ i t h  t h e  n o t a t i o n  o f  K; IC. F e d i a e v s k y  ( r e f e r -  
e n c e  1 3 )  f rom s o  = t .  The p o s i t i o n  o f  t h i s  * ) o i n t  may b e  
de te rmined .  u s i n g  t h e  s a - c a l l e d  c r i t i c a l  Reyno lds  Number 
R wh ich  g e n e r a l l y  l i e s  n i t h i n  t h e  r a n g e  : 

6 k r 6  

1 , 6 0 0  Rg  e 1 0 , 0 0 0  
k r  

- u6 -----I ’ & k r  
Usi i lg  t h i s  c r i t i c a l  Reynolds  iTurnber ’6kr - I) 

and  comgut ing  t h e  l a m i n a r  boundary  l a y e r ,  s t a r t i n g  f r o m  t h e  
n o s e ,  by t h e  l a w s  d e t e r m i n e d  by t h e  two-term f o r m u l a  f o r  
t h e  v e l o c i t y  d - i s t r i b u t i o n  ( r e f e r e n c e  13), i t  i s  e a s y  t o  de- 
t e r m i n e  s o  = t ,  which  i s  t h e  1otve.r l i m i t  o f  i n t e g r a t i o n  
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o f  e x p r e s s i o n  ( 2 9 ) .  If t h e  h y p o t h e s i s  o f  c o n s e r v a t i o n  o f  
momei?tum a t  t h e  t r a c s i t i o n  p o i n t  i s  assumed,  we s h o u l d  ob- 
t a i n :  

I n  view of  t h e  f a c t ,  horvever,  t h a t  R6kr  o s c i l l a t e s  w i t h i n  

a v e r y  wide r a n g e  and. depends  e n t i r e l y  on t h e  d e g r e e  o f  tur- 
b u l e n c e  of t h e  f l o m ,  t h e  above o p e r a t i o n  % o r  f i n d i n g  s o  
c a n  be c a r r i e d  out  o n l x  v i t h  g r e a t  d i f f i c u l t y .  

03 t h e  o t h e r  hand, as t e s t s  h a v e  shown, t o  n e g l e c t  t h e  
l a m i n a r  ; ? o r t i o n  - k.a. ,  t o  assume t h a t  t h e  t u r b u l e n t  l a y e r  
b e g i n s  a t  t h e  n o s e  i t s e l f ,  h a s  a n e g l i g i b l e  e f f e c t  on t h e  
f i n d  resul t ,  a i id  t h i s  i s  p a r t i c u l a r l y  t r u e  f o r  f u l l - s c a l e  
b o d i e s ,  f o r  which  t h e  r e i z t i v e  l e n g t h  o f  t h e  l a n f n a r  por -  
t i o n  i s  ne , . ; l ig ib ly  snail. 

A s s ~ m i r i g  t h e r e f o r e  t h a t  s o  = 0 ,  Tve s h a l l  have  a t  
= v ,,,T; = 0; :-llience f rom ( 2 2 ) :  

u6 0 
t h e  n o s e  6 = 0 and 

The i n i t i a l  v a l u e  c o s  6, degends  O i l  t h e  s h a p e  of  t h e  n o s e  
o f  t hq  hul l .  The t a n g e n t  t o  t h e  g e n e r a t i n g  l i n e  o f  t h e  
f i g u r e  o f  r e v o l u t i o n  i s  g e n e r a l l y  p e r p e n d i c u l a r  t o  i t s  ax- 
is, i . e . ,  c o s  E o  = 0 ;  The i n t e g r t z l  on t h e  l e f t - h a n d  s i d a  
o f  cc-uat ion ( 2 9 )  may be i n t e g r a t e d .  I n t e g r a t i n g  between 
t h e  l i m i t s  z = 0 t o  z = z ,  we o b t a i n ,  d e n o t i n g  t h e  ia- 
t e g r a l  5 : ~  cp, , 

cp4 = f i l  d z  =. . / 'yAz2 - B z  + B) e' dz = 

0 0 

= e [A z2 - ( 2A+ f3 ) z+ 2 ( A+B )] - 2 (A+  B ) ( 30 1 

S u b s t i t u t i n g  t h e  i n i t i z l  v a l u e s  2nd t h e  i n t e g r a l  o b t a i n e d  
i n t o  our e q u a t i o n  (29), ve  f i n d  
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0 - m  

The e q u a t i o n  w r i t t e n  i n  t h e  above f o r m  i s  v e r y  s u i t a b l e  f o r  
p e r f o r m i n g  a n u m e r i c a l  i n t e g r a t i o n  by t h e  method o f  suc -  
c e s s i v e  a p p r o x i m a t i o n s .  The i n t e g r a t i o n  p r o c e d u r e  me have  
p r o p o s e d  a n d  s u c c e s s f u l l y  a p p l i e d  i n  p r a c t i c e  w i l l  now be 
d e s c r i b e d ,  

F i r s t  o f  a l l  we c o n s i d e r  t h e  " z e r o  approximat ionw 
z = f ( s ) .  T h i s  z e r o  aTprox ima t ion  may be o b t a i n e d  by con- 
s t r u c t i n g  6 = f ( s )  f r o m  t h e  e q u a t i o n  o f  IC, IC. F e d i a e v s k y  
a n d  solving t h e  t r a n s c e n d e n t a l  e q u a t i o n :  

Having  t h e  c u r v e  z = f(s), t h e  z e r o  a p p r o x i m a t i o n ,  
we p l o t  t h e  f u n c t i o n s  u n d e r  t h e  i n t e g r a l  s i g n s  o n  t h e  r i g h t -  
hand  s i d e  a g a i n s t  t h e  c o r r e s p o n d i n g  e x p r e s s i o n s  u n d e r  t h e  
d i f f e r c n t i a l  s i g n  nod p e r f o r m  t h e  g r a p h i c a l  i n t e g r a t i o n  up 
t o  t h e  g o i n t s  c o r r e s p o n d i n g  t o  t h e  chosen  v a l u e s  o f  s ai1d 
t h u s  c o m p t e  t h e  v a l u e  o f  cp, f rom f o r m u l a  (31). V i t h  
t h e s e  v n l v s s  of  cp4, m e  f i n d  t h e  n e x t  a p p r o x i m a t i o n  f o r  z 
a n d  r c x ? ? , t  t h o  e n t i r e  o p e r a t i o n  - t h e  p r o c e s s  b e i n g  c o n t i n -  
u e d  u n t i l  v a l u e s  o f  z a r e  o b t a i n e d  t h a t  d i f f e r  v e r y  l i t t l e  
from the p r e c e d i n g  v a l u e s .  The l a t t e r  values o f  z g i v e  
t h c  i n t e g r a l  c u r v e ,  Ge i l e ra l ly  n a  agreement  t o  t h e  second  
d e c i m n l  p l a c e  (which  i s  e n t i r e l y  s u f f i c i e n t )  i s  f o u n d  Etf-  
t e r  r e p e a t i n g  t h e  p r o c e s s  three t c  f o u r  t imes .  

The i n t e g r a t i o n  m e y  a l s o  6 e  2 e r f o r m e d  not m i t h  r e s p e c t  
t o  s b u t  w i t h  r e s p e c t  t o  x, f o r  which p u r p o s e  t h e r e  
s h o u l d  t h e 2  'oc s u b s t i t u t e d  i n  e x p r e s s i o n  (31), ds = dx/cosE.  
Thc  above  i n t e g r a t i n g  p r o c e d u r e  h a s  t h e  a d v a n t a g e  i n  t h a t  
grap1iic::l d i f f e r e n t i a t i o n  i s  e n t i r e l y  d i s p e n s e d  w i t h  (ex- 
c e p t  f o r  Tinil i i ig c o s  G = f ( s )  i n  t h e  c a s e  where t h e  s h c p e  
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o f  t h e  g e n e r a t i n g  l i n e  of  t h e  h u l l  i s  n o t  g i v e n  a n a l y t i c -  
ally and where t h e  p o s s i b l e  e r r o r s  have  a v e r y  small e f f e c t  
on t h e  f i n a l  r e s u l t  due t o  t h e  s m a l l n e s s  o f  t h e  last two 
t e r m s  i n  compar ison  n i t h  t h e  p r e c e d i n g  t e r m s ) .  T h i s  c a n n o t  
b e  s a i d  o f  t 3 e  method 3 r o g o s e d  by Moore who, n e g l e c t i n g  
t h e  te rm y c o s  6 i n  t h e  e x p r e s s i o n  r f  = r f y c o s 6  ( t h i s  
c o r r e s p o n d s  t o  t h e  v a n i s h i n g  of t h e  l as t  t w o  t e r m s  o f  equn- 
t i o n  ( 3 1 ) )  s u c c e e d s  i n  combining t h e  i n t e g r a l s  

I n  r 

i n t o  one  ’oy i n t r o d u c i n g  a c e r t a i n  d i f f e r e n t i a l  o p e r a t o r  
a.nd rmking i t  n e c e s s a r y  t o  p e r f o r m  g r R p h i c a 1  d i f f e r e n t i a -  
t i o n ,  11 view of t h e  f a c t  t h a t  g r a p h i c a l  d i f f e r e n t i a t i o n  
i s  nuch M o r e  d i f f i c u l t  t h a n  i n t e g r a t i o n ,  ve  b e l i e v e  our- 
s e l v e s  j y s t i f i e d  i n  s a y i n g  t h a t  o u r  method i s  s u p e r i o r  t o  
t h a t  o f  !doore.  

The a c t u a l  c o m p u t a t i o n  mas s i i n n l i f i e d  by: 1) d e t e r -  
minii?g t h e  f u n c t i o n s  cp,, c p 3 ,  e t c . ,  n o t  f rom t a b l e s  b u t  
by  making use o f  f u n c t i o n a l  s c a l e s  o f  such l e n g t h  t h a t  2 
coulC- be r e a d  o f f  t o  a3 accura,cy o f  t h r e e  d e c i m a l  p l a c e s  
( t h e s e  s c z l e s  ‘ i re  g i v e n  i n  t h e  n n p e n d i x ) ;  2 )  p e r f o r m i n g  
t 5 e  i;ra_nhici?,l i n t e z r n t  i o n  w i t h  t h e  aid o f  t h e  i n t e g r c p h  
mmlnfac tu red  by t h e  C o r a d i  firm of Z u r i c h ,  and  which  a t  
o n c e  per i2 i t te . j .  t h e  d e t e r m i n a t i o n  o f  t h e  o r d i n a t e s  of t h e  
i n t e g r a l  c u r v e .  The a c t u a l  comput3 t ion  mas t h u s  r e d u c e d  
t o  n mininug.  

T3e c o n p u t a t i o n s  c a r r i e d  o u t  u s i ~ g  t h e  c o m p l e t e  equa- 
t i o n  (31) sho:yed t h a t  t h e  t e r m s  l n (  Jf cos  6) and  b In 
c o s  E Tinder t h e  d i f f e r e n t i a l  s i g n s  i n  t h e  l a s t  t w o  t e r m s  
are v e r y  small- by compar ison  w i t h  t h e  t e rms  22 and  
( 2 %  - a ) z  s o  t h a t  t h e y  nzy be f r o e l - y  d i s c a r d e d . 5 )  T h i s  i s  
p a r t i c u l z r l y  t r u e  a t  large Reyco lds  Kumbers Ele, i n  wh ich  
c a s e  z s t r o n g l y  i n c r e a s e s .  We may t h e n  combine t h e  l a s t  
t l v o  i . n t e g r a l s  i n t o  o n e :  
-----------_____________l_____l__________--------------- ----- 
T h i s  i s  t r u e  e x c e p t  n e a r  t h e  n o s e  and  t h e  t a i l  where 

I n  y/? c o s  G a p p r o a c h e s  - m which  f a c t ,  however ,  o n l y  
s l i g h t l y  a ? f e c t s  t h e  r e s u l t s .  
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a n d  t h e  i i i i t i a l  v a l u e :  

The f i n a l  e q u a t i o n  for t h e  d e t e r m i n a t i o n  o f  z = f ( s )  w i l l  
t h u s  b e :  

1 

V * = k  $ - E s  - 1 cp2 d I n  h/f - i' 0 L -03 

The above c x p r e s s i o n  i s  t h e  f u n d a m e n t a l  v o r k i n g  f o r m u l a  i n  
t h e  m o s t  c o n v e n i e n t  f o r m .  

Gcving  t h e  r e l a t i o n  z = f ( s )  t h e  r e m a i n i n g  f u n c t i o n s  
o f  i n t e r e s t  t o  us nay r e a d i l y  be f o u n d .  Thus, a c c o r d i n g  t o  
(%2), t h e  t h i c k n e s s  of t h e  boundary  I n y e r  

The shearing s t r e s s  d i s t r i b u t i o n  i s  found 
t h e  e x p r e s s i o n  

K us 
v* = ---- z 

whence 
p K 2  v2 f 

z--- To _____ 
2 

i s  e x p r e s s e d  by 

(33) 

iv i th  t h e  a i d  o f  

The r a t i o  o f  t 3 e  s h e a r i n g  s t r e s s  t o  t h e  dynamic i m p a c t  a t  
i n f i n i t y  i s :  

2 2x f z = 2 
T O  

$ p v  Z 

The c o e f f i c i e n t  o f  t o t a l  f r i c t i o r i z l  d r = g  f o r  t h e  e n t i r e  
h u l l  . based  on i t s  volume i s  

( 3 4 )  

( 3 5  1 
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w h e r e  XI1 i s  t h e  r e s u l t a n t  o f  t h e  f r i c . t i ona1 .  forces, and 
U, t h e  volume o f  t h e  b o d y ,  i s  f o u n d  by i n t e g r a t i n g  t h e  
s h c c r i n g  s t r e s s  d i s t r i b u t i o n .  Vo have:  

;L a a ILrf _-----I ;;s 6 ( 3 6 )  
T~ c o s  6 2n r d s  = ~ T T  p K V 

.I 0 

X" = 

0 

mhcrc s~ i s  t h e  l e n g t h  o f  t h e  g e n e r a t i n g  l i n e  o f  t h e  f i g -  
u r e  o f  r e v o l u t i o n  and t h u s  Cu i s  g i v e n  by 

0 

1Ve p r e f e y r e d  t o  i n t e g r a t e  mi'th r e s p e c t  t o  s r a t h e r  t h c n  
i v i t h  r c s ? ? e c t  t o  x 8 s  b e i n g  more c o n v e n i e n t  s i n c e  we have 
t h c  r e l a t i o n  z = f ( s ) .  If we had  performed t h e  i n t e g r a -  
t i o n  7 : I i t l i  r e s p e c t  t o  x f r o m  t h e  v e r y  b e g i n n i n g ,  t h e n  i t  
svou1.d b v e  been  c o n v e n i e n t  t o  s u - b s t i t u t o  also i n  e x p r e s s i o n  
( 3 7 )  c o s  0 as  = ax. 

I n  c o n c l u d i n q  t h i s  f i r s t  ? a r t ,  rye may o b s e r v e  t h a t  if 
me had  nadc  u s e  of  t h e  N i k u r a d s e - T r a n d t l  f o r m u l a  ( 6 " )  in 
p1,oce O S  t h e  Kgrmjn f o r m u l a  ( 1 2 )  a s  t h e  f u n d a m e n t a l  v e l o c i t y  
d i s t r i b u t i o n  lam, t h e  c o n p u t a t i o n s  a l l  would have  come o u t  
t h e  snrnc c s c c p t  t h a t  i n  p l a c e  o f  t h c  c o e f f i c i e n t s :  

A = 5 / 6 ;  B = 14/9; = 2 3 / 6 0 :  3 = 601/1800 

w e  s'.ould have  o b t a i n e d :  
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PART I1 

1. COXPUTATIONS FROM  THE^ EQUATION DERIVED IN PART I 

me d e c i d e d  t o  a p p l y  t h e  c o m p u t a t i o n s  from t h e  e q u a t i o n  
d e r i v e d  i n  Part I t o  t h e  h u l l  o f  t h e  a i r s h i p  "Akron" S O  as 
t o  compare t h e  r e s u l t s  w i t h  t h o s e  o b t a i n e d  f rom t h e  e x c e l -  
l e n t  t e s t s  for t h e  d e t e r m i n a t i o n  of  t h e  b o u n d a r y - l a y e r  
t h i c k n e s s  a n d  s h e a r i n g  s t r e s s  d i s t r i b u t i o n  c o n d u c t e d  by 
Freeman ( r e f e r e n c e  6 )  on a 1 / 4 0 - s c a l e  model a t  a mean 
Reyno lds  Number Re = 1 5 . 8 8  x L O 6 .  

The computa t ion  program i n c l u d e d  t h e  d e t e r m i n a t i o n  o f  
t h e  boundary - l aye r  t h i c k n e s s ,  t h e  s h e a r i n g  s t r e s s  o r  s k i n  
f r i c t i o s  p e r  u n i t  a r e a  d i s t r i b u t i o n ,  and t h e  c o e f f i c i e n t  
o f  f r i c t i o n a l  d r a g  a t  four Reynolds  Numbers: 

1 5 . 8 8  x l o Q ,  79.4 x l o 6 ,  251.0 x l o 6 ,  and  684 x l o 6  
The f i r s t  number c o r r e s p o n d s  t o  t h e  t e s t s  o f  Freeman,  a n d  
t h e  o t h e r s  were  s e l e c t e d  f o r  t h e  F u r p o s e  o f  making an  e a s y  
compar i son  o f  t h e  r e s u l t s  o b t a i n e i i  w i t h  t h o s e  g i v e n  by 
K. K, F e d i a e v s k y  ( r e f e r e n c e  1 4 )  who, u s i n g  t h e  power lam 
f o r  t h e  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  boundary l a y e r ,  as- 
sumed t h a t  t o  t h e  above  Reynolds  Humbers t h e r e  co r re spond-  
e d  t h e  e x p o n e n t s  1 / 7 ,  1 / 8 ,  1 / 9 ,  and  1/10 i n  t h e  f o r -  
mula f o r  t h e  v e l o c i t y  d i s t r i b u t i o n ,  and compared h i s  r e -  
sults m i t h  t h o s e  g i v e n  by t h e  t e s t s  of Freeman. Thus ,  
c o n s i d e r i n g  t h e  l o g a r i t h m i c  lam as  more n e a r l y  e x p r e s s i n g  
t h e  a c t u a l  v e l o c i t y  d i s t r i b u t i o n  t h a n  t h e  power lam, i t  
w a s  n o s s i b l e  i n d i r e c t l y  t o  check t h e  c o r r e c t n e s s  of t h e  r e -  
l a t i o n  n = f ( R e )  g i v e n  by K .  K. Fed iaevsky .  

The v a l u e s  of  t h e  u n i v e r s a l  c o n s t a n t  K and  t h e  num- 
b e r  Cs mere t a k e n  as K t 0.392 Cz = 7.375 which  c o r -  
r e s p o n d  t o  t h e  form f o r  t h e  l o c a l  f r i c t i o n  f o r m u l a  

The c o n s t a n t s  i n  t h e  above  f o r m u l a  a r e  t h o s e  o f  Kdrm&n a n d  
a r e  i n  v e r y  g o o d  ag reemen t  w i t h  e x p e r i m e n t .  

The r e l a t i o n  z = f ( s )  w a s  f ound  by s o l v i n g  t h e  funda-  
m e n t a l  e q u a t i o n  i n  t h e  f o r m  ( 3 2 )  by  t h e  method o f  s u c c e s s -  
i v e  a p p r o x i m a t i o n s ,  t h e  d a t a  o f  K .  K .  F e d i a e v s k y  b e i n g  as- 
sumed as t h e  f i r s t  a p p r o x i m a t i o n .  The o p e r a t i o n  w a s  con- 
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t i n u e d  u n t i l  t h e  d i f f e r e n c e  i n  t h e  v a l u e s  o f  z g i v e n  by  
t w o  s u c c e s s i v e  a p p r o x i m a t i o n s  d i f f e r e d  o n l y  i n  t h e  t h i r d  
d e c i m a l  p l a c e ,  t h i s  c o r r e s p o n d i n g  t o  an  a c c u r a c y  i n  t h e  
d e t e r m i n a t i o n  o f  z o f  0.08 t o  0.13 p e r c e n t .  T h i s  d e g r e e  
o f  a c c u r a c y ,  which may a p p e a r  as  t o o  g r e a t ,  r e s u l t e d  f r o m  
t h e  f a c t  t h a t ,  i n  t h e  f i r s t  p l a c e ,  we d e c i d e d  t o  u s e  g r e a t  
a c c u r a c y  f o r  t h e  f i r s t  c a l c u l a t i o n s  s o  as t o  have  c o n f i -  
dence  i n  t h e  r e s u l t s ;  a n d  s e c o n d l y ,  we wi shed  t o  d e t e r m i n e  
t h e  boundaz-y-layer t h i c k n e s s  6 w i t h  t h e  g r e a t e s t  p o s s i b l e  
p r e c i s i o n r  The v a l u e s  o f  6 change  v e r y  s h a r p l y  w i t h  a 
s l i g h t  change  i n  z s i n c e  t h e y  depend on t h e  v e r y  " s e n s i -  
t i v e "  T u a c t i o n  ,ez  (33) .  Thus. t h e  maximum p o s s i b l e  er- 
r o r s  i n  t h e  d e t e r m i n a t i o n  o f  z g i v e  e r r o r s  i n  6 of 1.3 
t o  1.1 perce -n t .  G e n e r a l l y  t h e  r e q u i r e d  a c c u r a c y  i n  t h e  
c o m p u t a t i o n  o f  z mas o b t a i n e d  a f t e r  fou r  o r  f i v e  approx-  
i m a t i o n s .  The d e t a , i l e d  p r o c e d u r e  i n  c a r r y i n g  o u t  t h e  com- 
F u t a t i o n s  ( f o r  p r a c t i c a l  a p p l i c a t i o n )  i s  g i v e n  i n  a sup- 
p l e m e n t .  

2.  DISCLOSURE OF DISCREPANCIES I N  THE RESULTS OBTAINED 

FOR THE THICKXESS CF THE BOUNDARY LAYER 

E a v i n g  o b t a i n e d  t h e  r e l a t i o n  z = f ( s ) ,  me c o n s t r u c t -  
e d  a d i ag ram 6 = f ( s ) ,  f i g u r e  2 ( topmos t  c u r v e ) .  Expec t -  
i n g  t o  o b t a i n  w i t h  t h e  l o g a r i t h m i c  law much b e t t e r  a g r e e -  
ment w i t h  e x p e r i m e n t  t h a n  w i t h  t h e  power l am,  me were  v e r y  
much s u r p r i s e d  t o  o b t a i n  l a r g e  d i s c r e p a n c i e s .  F o r  t h e  en- 
t i r e  l e n g t h  o f  h u l l  t h e  v a l u e s  o f  6 computed by  our p r e s -  
e n t  t h s o r y  came o u t  a p p r o x i m a t e l y  50 p e r c e n t  g r e a t e r  t h a n  
t h e  c o r r e s p o n d i n g  v a l u e  computed by  t h e  seventh-power  law 
a n d  the t e s t  data,  t h e  v a l u e s  o f  6 f r o m  t h e  seventh-power 
l a m  g i v i n g  good ag reemen t  w i t h  t h e  t e s t  r e s u l t s  as s t a t e d  
by  Freeman and  as  shown i n  f i g u r e  2 ,  

Our g r e a t e s t  s u r p r i s e  w a s  t h e  v e r y  l a r g e  d e v i a t i o n  o f  
r e s u l t s  f rom t h o s e  o b t a i n e d  on t h e  b a s i s  o f  t h e  s e v e n t h -  
*)over  I a n .  I t  would have  been n a t u r a l  t o  c o n s i d e r  n h a t  
t h e  c o m p u t a t i o n  r e s u l t s  would be upon a p p l i c a t i o n  o f  t h e  
v e l o c i t y - d i s t r i b u t i o n  l a m  of P r a n d t l - N i k u r a d s e :  

S i n c e ,  however ,  u s i n g  the  above  f o r m u l a  would have i n -  
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v o l v e d  a l a r g e  amount o f  computa t ion  work and t a k e n  up t o o  
much t i n e ,  178 d e c i d e d  t o  make t h e  compar ison  o f  t h e  compu- 
t a t i o n  r e s u l t s  f o r  6 = f ( s )  f r o m  t h e  K&m&-Nikuradse 
f o r m u l a  and  t h e  seventh-.power l a w ,  r e s p e c e i v e l y ,  f o r  a f l a t  
p l a t e  f o r  n 3 i c h  t h e  i n t e g r a l s  may be d i r e c t l y  e v a l u a t e d .  
The re  $ 7 3 , ~  e v e r y  r e a s o n  t o  e x p e c t  tha t  t h e  r e l a t i o n  between 
t h e  p o s i t i o n s  o f  t h e  c u r v e s  6 = f ( x )  f o r  t h e  f l a t  p l a t e ,  
a c c o r d i n g  t o  t h e  d i f f e r e n t  l a n s ,  would be o f  t h e  same c h a r -  
a c t e r  as  ob ta ined -  f o r  t h e  f i g u r e  o f  r e v o l u t i o n .  F o r  t h e  
f l n t  p1c"te t h e  d a t a  chosen  were :  l e n g t h  L = 5..99 m ,  ve- 
l o c i t y  V = 38.45 m / s ,  c o r r e s p o n d i n g  t o  a Reyno lds  Number 
Re = 15.88 m / s  - t h a t  i s ,  d a t a  a .?proaching t h o s e  o f  t h e  
"Akron".  The c o m p u t a t i o n s  v e r e  c o n d u c t e d  a c c o r d i n g  t o  t h e  
formulas o b t a i n e d  f r o m  t h e  fundamen ta l  e q u a t i o n  ( 2 6 )  a f t e r  
i n t e g r z t i n g ,  s e t t i n g  r = ~3 and f = 1. 

T i t h  t h e  . v e l o c i t y - d i s t r i b u t i o n  lan of Xgrmgn, 

K 3  c, 4- 
cpl dz=cp, = e  [Az2- ( 2 A + B )  2+2 ( A + B ) ]  -2 ( A + B )  = -------- R e  ft L 

0 

and m i t h  t h a t  of N i k u r a d s e - P r a n d t l  : 

whence 
L 6 = I------- 

Re K C2 & 
ze 

a n d  f r o m  t h e  known f o r m u l a  f o r  6 ,  a c c o r d i n g  t o  t h e  sev-  
enth-nower law ( r e f e r e n c e  13), 

1 / 5  -1/5 4 / 5  
6 = 0 .37L  Re X 

T h e  v a l u e s  o f  C2 and  K were t a k e n  t o  be t h e  same as 
for t h e  "Akron1'. 

The r e s u l t s  a r e  shown on f i g u r e  3. A s  may be s e e n ,  
b o t h  l o g a r i t h m i c  l a w s  g i v e  v a l u e s  o f  6 much l a r g e r  t h a n  
a r e  g i v e n  by t h e  seventh-power l a n ,  t h e  N i k u r a d s e - P r a n d t l  
f o r n u l a  g i v i n g  r e s u l t s  n e a r e r  t o  t h e  seventh-power l a w .  
The a t t e m p t  t o  v a r y  t h e  v a l u e  o f  C2 (Moore t a k e s  C, = 
1Q.84) gave  no p a r t i c u l a r  r e s u l t s  as may be s e e n  from t h e  
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f i g u r e ,  I t  m a s  t h u s  p o s s i b l e  t o  c o n c l u d e  from t h e  above  
t h a t  t h e  r e a s o n  f o r  t h e  l a r g e  d i s a g r e e m e n t  i n  t h e  r e s u l t s  
o f  t h e  y r e s e i i t  t h e o r y  w i t h .  ,the seventh-power  l a w  a n d  hence  
a l s o  w i t h  t h e  t e s t  r e s u l t s 6 ' )  w a s  t o  be l o o k e d  f o r  i n  t h e  
t h e o r y  i t s e l f .  Very r e c e n t l y  me r e c e i v e d  t h e  work of  
Moore ( r e f e r e n c e  7 )  w h e r e ,  i n  h i s  f i g u r e  2 ,  mhich  we re- 
produce  i n  o u r  f i g u r e  4 ,  vre s e e  a f u r t h e r  c o n f i r m a t i o n  o f  
o u r  c o n c l u s i o n .  Here t h e  r e s u l t s  o f  t h e  c o m p u t a t i o n  of 

6 for t h e  'fiq.P.L, l o n g  model" a t  Ru = ----- - 
U i s  t h e  volume o f  t h e  model) a c c o r d i n g  t o  t h e  t h e o r y  i n  
wh ich  t h e  X i k u r a d s e - P r a n d t l  f o r m u l a  (SI') i s  a s p l i e d  (de- 
n o t e d  by 6,, ) g i v e  t h e  same o r d e r  o f  d i s c r e p a n c i e s  f r o m  

t h e  seventh-?ower lam ( d e n o t e d  by 8 7 )  as i n  our c a s e .  
The r e s u l t s  o f  Idoore ( f i g .  5 )  on t h e  "Akron" where  v e  s e e  
a much b e t t e r  a g r e e K e n t  w i t h  t h e  t e s t s  and t h e  s e v e n t h -  
p o v e r  law t h a n  was o b t a i n e d  by u s ,  t h e r e f o r e  a p p e a r  a11 
t h e  m o r e  s t r a n g e .  S i n c e  t h e  i d e n t i c a l  t h e o r y  m a s  a p p l i e d  
t o  t h e  t n o  models ,  t h e r e  s h o u l d  h a v e  been  o b t a i n e d  a d i s -  
c r e p a n c y  of t h e  same o r d e r  and t h i s  e v i d e n t l y  w a s  n o t  S O ,  

a s  nay be s e e n  on compar ing  f i g u r e s  4 and  5 .  

vu1'3 - 10 8 (where 
U 

3. EXPLAKATION OF THE DISCREPANCIES OBTAINED 

B c z r i n g  i n  mind a l l  t h a t  vas s a i d  a b o v e ,  we d e c i d e d  
t o  c o n s i d e r  somevrhnt more c a r e f u l l y  t h e  r e a s o n  f o r  t h e  un- 
s n t i s f a c t o r y  r e s u l t s  o b t a i n e d  by our  t h e o r y .  Up t o  t h e  
p r e s e n t  n e  have c o n s i d e r e d  the agreemen t  of t h e  r e s u l t s  
v i t h  t l ic exFer imen t  a p p l y i n g  t h e  t h e o r y  o f  K&m& i n  i t s  
o r i g i n d  f o r m .  We s h a l l  nor7 c o n s i d e r  t h e  v e l o c i t y  d i s t r i -  
b u t i o n  i t s e l f .  Be assumed a t  f i r s t  t h a t  t h e  v e l o c i t y  &is- 
t r i b u t i o i i  i n  t h e  boundary  l a y e r  i s  computed b y  t h e  l o g s -  
r i t h m i c  lan: 

J P  

a n d  t h e  l o c d  f r i c t i o n  by  

b'iiempf ( r e f e r e n c e  1 0 )  h a s  shonn t h a t  f o r  a f l a t  p l a t e  t h e  
s e v e n t h - p o n e r  law a g r e e s  v e r y  w e l l  v i t h  t e s t  r e s u l t s .  
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Ve s h a l l  now a t t e m p t ,  u s i n g  t h e  e x c e l l e n t  t e s t s  o f  
Freeman,  t o  check  t h e  c o r r e c t n e s s  o f  t h e s e  laws. me have  
a t  our d - i s - o o s a l  t h e  t a b l e s  o f  U / U ~  = f ( y )  f o r  t h e  va r i -  
o u s  s e c t i o n s  o f  t h e  h u l l  ( p l a c e d  a t  t h e  end  o f  t h e  r e p o r t  
o f  Freeman) and  a l s o  t h e  e x p e r i m e n t a l  c u r v e  o f  s h e a r i n g  
s t r e s s  d i s t r i b u t i o n  ( t h e  c u r v e  C = -ro/q0 on f i g .  8 o f  
Freeman f s  r e p o r t ) .  The change-over  i n  t h e  computa t ion  

from t h e  v a l u e s  u/ug t o  t h e  v a l u e s  -I-- i s  e a s i l y  
u - ug 

/T 
e f f e c t e d  t h u s :  J -; 

mlie r e 

I f  t h e  f o r m u l a  f o r  t h e  v e l o c i t y  d i s t r i b u t i o n  i s  c o r r e c t ,  
t h e n  by d rawing  t h e  t e s t  c u r v e s ,  u s i n g  as c o o r d i n a t e s  

(1 - IT-‘) -I- IC:” we s h o u l d  o b t a i n  a n d  In 
u - ufj 

i 
---_-I 

Jj 
a grouping;  o f  t h e  p o i n t s  a b o u t  a s t r a i g h t  l i n e  p a s s i n g .  
t h r o u 2 h  t h e  o r i g i n  of c o o r d i n a t e s  a n d  h a v i n g  a s l o p e  de- 
t e r m i n e d  by t h e  magni tude  o f  t h e  u n i v e r s a l  c o n s t a n t  X. 
We p o i n t e d  o u t  a t  t h e  b e g i n n i n g  t h a t  t h e  c u r r e n t  method O f  
d e t e r m i a i n g  X was by t e s t s  on t h e  d r a g .  F o r  t h i s  r e a s o n  
t h e  method p roposed  b y  us f o r  t h e  d e t e r m i n a t i o n  of K from 
t h e  v e l o c i t y  d i s t r i b u t i o n  a p p e a r s  t o  us t o  b e  o r i g i n a l  a n d ,  
as we s h a l l  s c e  below, l e a d s  t o  r e s u l t s  o f  ex t r eme  impor- 
t a n c e .  

If we c o n s i d e r  f u r t h e r  t h e  f o r m u l a  f o r  t h e  l o c a l  f r i c -  
t i o n c l  i n t e n s i t y  d i s t r i b u t i o n  as  t r u e ,  t h e n  we s h o u l d  ob- 
t a i n  a s t r a i g h t  l i n c  on c o n s t r u c t i n g  t h e  f r i c t i o n  c u r v e  
u s i n g  e s  c o o r d i n a t e s :  

1 -_-- f i  E 
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a n d  h a v i n z  a s l o ~ e  t h a t  d e t e r m i n e s  t h e  c o e f f i c i e n t  b and 
h e n c e  a l s o  t h e  same u n i v e r s a l  c o n s t a n t  K. 

F i g u r e s  6 and- 7 shorn t h e  above  c u r v e s  t h u s  p l o t t e d .  
u - us 

The p o i n t s  ------ do n o t  l i e  on one s t r a i g h t  l i n e  b u t  J1,.- 
a r r a n g e  t h e m s e l v e s  a l o n g  some c u r v e  showing t h a t  law ( e r )  
i s  i n  g e n e r a l  n o t  s t r i c t l y  t r u e  a s ,  o f  c o u r s e ,  i s  t o  be  
e x p e c t e d  f e r  t h e  r e g i o n s  n e a r  t h e  m a l l  ( a t  t h e  r i g h t  o f  
t h e  C-iagrams) n h e r e  t h e  v i s c o s i t y  has  n o t  been  t a k e n  i n t o  
accou- i l t  nncl i fhere  t h e  c u r v e  v e r y  a p p r e c i  c b l g  s l o p e s  doan- 
ward. I n  the regi .cn,  however ,  s u f f i c i e n t l y  f a r  r enovcd  
f r o n  t h e  wal l ,  i t  a u ~ e a r s  p o s s i b l e  t o  dram a s t r a i g h t  l i n e  
t h r o u g h  t h e  p o i n t s ,  nh ich  f a c t  ShOX7S t h a t  i n  t h i s  r e g i o n  
t h o  u n i v e r s a l  law i s  v a l i d .  

The r e s u l t  of t h e  computa t ion  o f  t h e  u n i v e r s a l  c o n s t a n t  
f rom t h e  s l o p e  of t h i s  s t r a i g h t  l i n e  led t o  t h e  v a l u e ? )  
K = 0.224 i n  p l a d c  o.f t h e  v a l u e  0.4 g e n e r a l l y  assumed. 
C o n s i d e r i n g  a o w ,  f i g u r e  7 ,  where o u t  of  a v e r y  s m a l l  number 
o f  t e s t  p o i n t s  inaily d r o p p e d  o u t  ( i n  t h c  r e g i o n  f rom 9 t o  12 
f e e t  from t h c  ~ o s e ,  a c c o r d i n g  t o  Freeman ( x / L  f rom 0.4 t o  
3 .6 ) ,  n h e r e  t h e  c u r v e  ~ ~ / q ~  = f ( x )  t a k c s  an i m p r o b a b l e  
d-o lnniTzrd-  s l o p e ) .  F i v e  o f  t h c  p o i n t s ,  however ,  a l i n e  them- 
s e l v e s  s u f f i c i e n t l y  v e l 1  on a s i n g l e  s t r a i g h t  l i n e ,  f r o m  
v h o s c  s l o p e  and i n t e r c e p t  t h e  v a l u c s  a = 3.4, b = 3-77' 
arc o b t a i n c d ,  i n  v e r y  good az reemen t  y i t h  t h e  v a l u e s  as- 
sumed by u s  i n  t h e  c o m p u t a t i o n s ,  np,mely: a = 3.6 ,  b = 
4.15 cnd f rom which t h o  v a l u e  K = 0 , 3 8 9 ,  a h i c h  i s  gen- 
c r n l l g  z c c e p t e d ,  i s  o b t a i n e d .  

Bnving  o b t a i n e d  t h e s e  r e s u l t s  f rom t h e  t e s t s  on t h e  
" A k r o n 1 ' ,  i t  iyas n a t u r 2 l  t o  r e c o n s i d e r  t h o  c l n s s i c a l  t e s t s  
o f  E i k u r c d s e  on p i p e s ,  i n  t h c  l i g h t  of  t h e s c  r e s u l t s  t h e s e  
t e s t s  b e i n g  t h e  o n l y  gejier?.I-ly a c c e p t e d  s o u r c e  f o r  f u r n -  
i s h i n g  t h e  u n i v e r s a l  c o n s t a n t s .  iVe rinde u s e  o f  t h e  d a t a  
o f  t c b l c  VI1 of X i k u r a d s e  o n  smooth p i p o s  ( r e f e r e i c e  3). 
The p l o t  i s  g i v c n  o n  f i g u r e  8 .  C o n t r a r y  t o  wha t  vas  ex- 
p e c t c d ,  i n  t h e  r e g i o n  s u f f i c i e n t l y  f a r  removed f rom t h e  

'&e  c u r v e  c o r r e s g o n d i n g  t o  i s  g i v e n  o n  t h e  
d. i a g  r a m ,  

---__I__________ ______________________________------------------- 
3 = 0.392 
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V a l 1  2 n d -  fer s u f f i c i e n t l y  l a r g e  Reyno lds  Numbers, t h e  same 
s m a l l e r  ? ra lue  o f  X, namely ,  K = 0,306,  t h a t  i s ,  much 
l e s s  t h a n  n h a t  i s  c u r r e n t l y  a s s u n e d ,  w a s  a g a i n  o b t a i n e d  
a l s o  i n  t h i s  c a s e .  From t h e  same t e s t  d a t a ,  b u t  a p p l i e d  
t o  f i n d i n g  t h e  ? r a g  c o e f f i c i e n t ,  v a l u e s  o f  K were  ob- 
t a i n e d  n e a r  0.4 ( t h e  c o r r e s p o n d i n g  s t r a i g h t  v e l o c i t y - d i s -  
t r i b u t i o n  1 - i n e s  a r e  sho:yn on f i g .  8 ) .  We a r e  t h u s  l e d  t o  
t h e  c o n c l u s i o n  t h a t  t h e  " u n i v e r s a l  c o n s t a n t "  b~ no means 
a p p e a r s  t o  be  u n i v e r s a l .  I n  a l l  c a s e s  o f  t e s t s  on t h e  ve- 
l o c i t y  d i s t r i b u t i o n  t h e  c o n s t a n t  comes out  nuch  l e s s  t h a n  
i n  t h e  t e s t s  on t h e  d r a g .  

B e s i d r s  t h e  t e s t s  o f  N i k u r a d s e ,  we have  a l s o  employed 
t h e  d e t a  o f   ans sen ( r e f e r e n c e  11) on a f l a t  p l a t e .  I n  
t h i s  ca,sc a n  u n u s u a l l y  l o w  v a l u e  of  X = 0.175 vas  ob- 
t a i n e d .  

I t  B ~ S  a l s o  o f  i n t e r e s t ,  n a t u r a l l y ,  t o  ~ o r k  o v e r  t h e  
t e s t s  of Freeman,  N i k u r a d s e ,  and  Hansen i n  t e r m s  o f  In &/y, 
t h a t  i s ,  t o  check  the N i k u r a d s e - P r a n d t l  f o r m u l a .  Thc 
c u r v e s  !lave a f o r a  a n a l o g o u s  t o  t h o s e  j u s t  a n a l y z e d ,  a n d  
t h e  value.; of t h e  c o n s t a n t  i n  t p e  r e g i o n  f a r  removed f r o m  
t h e  n a l l ,  a c c o r d i n g  t o  t h e  t e s t s  o f  Freeman,  N i k u r a d s e ,  
a n d  Ha,nsen a r e ,  r e s p e c t i v e l y ,  0 . 2 6 7 ,  0 . 3 6 0 ,  a n 6  0.22. 
An e x c e l l e - n t  e x p l a n a t i o n  o f  t h i s  Fhenomenon a f t e r  i t  was 
d i s c l o s e d ,  h a s  Sesn  Z u r n i s h e d  by PL-o fes so r  L. G o  L o i t s a n s k y ,  
who s t a t e s  t h a t  t h e  r e a s o n  f o r  the c o n s i d e r a b l e  v a r i a t i o n  
i n  K i s  t h e  r e s u l t  o f  n e g l e c t i n g  t h e  e f f e c t  of t h e  v i s -  
c o s i t y  i n  t h e  t h e o r y .  A c t u e l l y ,  the a p g l i c a t i o n  o f  t h e  
t h e o r y  o f  s i m i , l i t u d e  g i v e s  a l o g a r i t h x i c  l a w  o n l y  und.er 
t h e  c o n d i t i o n s  where t h e  e f f e c t  of v i s c o s i t y  i s  n e g l i g i b l e .  
I n  t h o s e  r e g i o n s  far  removed f r o m  t h e  wall, mhere t h e  e f f e c t  
o f  v i s c o s i t y  i s  n e g l i g i b l e ,  t h e  p o i n t s  f o l l o w  t h e  l o g a r i t l i -  
m i c  law n i t h  s u f f i c i e n t  a c c u r a c y  v i t h  c o r r e s p o n d i n g  a c t u a l  
v a l u e  of  K (0 .2  - 0 . 3 ) .  A s  t h e  wall i s  z p p r o a c h e d ,  t h e  
e f f e c t  o f  t h e  v i s c o s i t y  i u c r e a s e s  a n d  t h e  p o i n t s  b e s i n  t o  
d e v i a t e  f r o m  t h e  s t r a i g h t  l i n e  i n  such  a manner t h a t  t h e  
d e r i v a t i v e  

dec rec t se s  c o n t i n u o u s l y  ( c o r r e s p o n d i n g  t o  a c o n t i n u o u s  i n -  
c r e a s e  i n  IC) and i n  t h e  r e g i o n s  n e a r  t h o  mall t h e  in -  
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c l i n a t i o n  o f  t h e  c u r v e  (as  may be s3en  011 t h e  d i a g r a m s )  
c o r r e s p o n d s  t o  a v a l u e  o f  K =: 0.4. 

Ths l a t t e r  c i r c u m s t a n c e  i s  p a r t i c u l a r l y  n o t e w o r t h y .  
A c c o r d i n g  t o  tile c l a s s i c z l  t h e o r y  of  KgrmAn, t h e  f r i c t i o n -  
a l  d rag  lam i s  o b t a i n e d  f r o r n  t h a t  o f  t h e  v e l o c i t y  d i s t r i -  
b u t i o n  by a p F l y i n g  t h e  l a t t e r  t o  t h e  c o n d i t i o n s  on t h e  
boundary  o f  t h e  l a m i n a r  s u b l a y e r  (which  p r o c e s s ,  of  c o u r s e ,  
i s  f o r m a l l y  u n j u s t i f i e d  s i n c e  t h e  e f f e c t  of  t h e  v i s c o s i t y  
i s  s t i l l  v e r y  a p p r e c i a b l e )  - i D e . ,  t o  t h e  r e g i o n  where t h e  
v a l u e  X =: 0.4 s h o u l d  be t a k e n .  S i n c e  t h e  v a l u e  of K 
h a s ,  v p  t o  t h e  p r e s e n t ,  been d e t e r m i n e d  e x c l u s i v e l y  f r o m  
t e s t s  on d r a g ,  t h e  v a l u e  always o b t a i n e d  w a s  n e a r  0 .4 ,  
i . e D ,  t h i s  v a l u e  r e n r e s e n t e d  c o n d i t i o n s  a t  t h e  boundary  
o f  t h e  l a m i n a r  su-b layer  i n  t h e  r e g i o n  v e r y  n e a r  t h e  wall. 
T h i s  r e s u l t  v a s  l i k e w i s e  o b t a i n e d  by us  i n  f i g u r e  7, 

There  was t h u s  o b t a i n e d  a p a r a d o x :  The usua l  method 
o f  t h e  d e t e r m i n a t i o n  o f  IC by s t u d y i n g  t h e  v a r i a t i o n  o f  
t h e  r e s i s t a n c e  'of p i p e s  w i t h  Reyno lds  Number gave  v a l u e s  
o f  K f o r  EL r e g i o n  for v h i c h  t h e  l o g a r i t h m i c  lam, s t r i c t -  
l y  s p e a k i n g ,  m : ~ s  n o t  a p p l i c a b l e  and t h e  r e g i o n  where t h e  
Inn vas a p y l i e d  - t h a t  i s ,  a t  some d i s t a n c e  f rom t h e  r v a l l  - 
w a s  n o t  assigned t h e  c o r r e s p o n d i n g  r n l m  o f  X which ,  2 s  
me no17 s c e ,  i s  nuch less t h a n  t h e  g e n e r a l l y  a c c e p t e d  one .  

From a l l  t h a t  isles been s c i d  a b o v e ,  t h e  f o l l o w i n g  prL?c-r 
t i c c l  c o n c l u s i o n  may be  d e r i v e d .  S i n c e  a e  do  n o t  a t  t h e  
p r e s e n t  t i m e  p o s s e s s  ~ , n y  v e l o c i t y - d i s t r i b u t i o n  lam t h a t  . 
t a k e s  i n t a  co.ccount t h e  e f f e c t  o f  v i s c o s i t y ,  ne a r e  con& 
s t r a i n e d  t o  u s e  t h e  l o g a r i t h n i c  law of  K6rr&n, r e n d e r i n g  i t  
x o r c  e c c u r a t e  bs- assurn ing  f o r  t h e  r e g i o n  far r e x o v e d  f r o n  
t h e  n a l l  a valine o f  X 0.2 ,  aiid near t h e  m a l l  IC =: 0.4. 
We c a n n o t ,  hovirever, d e t e r m i n e  c t e f i i i t e l y  J u s t  n h c r e  t h e  
v a l u e  of K u n d e r g o e s  a d . i s c o n t i n u - i t r  ( c o r r e s p o n d i n g  t o  a 
h y p o t h e t ' c n l  l i m i t  n h e r e  t h e  v i s c o s i t y  c e h s e s  t o  have  a n y  
e f f e c t ) . a j  i Io reove r ,  t h e  bl-ealcing up of t h e  i n t e r v a l  
f r o 2 1  0 t o  1 i 3 t o  t i 7 0  p a r t s  v o u l d  i n t r o d u c e  . c o ~ l i c a t i o n s  in 
t h e  c o m p u t a t i o n .  7 e  t h e r e f o r e  d e c i d e d  t h a t ,  r i t h  v e r y  

'It i n  i n k e r e s t i n g  t h a t ,  a c c o r d i n g  t o  t h e  f o r 3  o f  t h e  d i s -  
t r i b u t i o n  of  t h e  ~ o i n t s  u-ug/v* for t h e  f f A k r o n ' f ,  a s h a r p  
d i s c o n t i n u i t y  i s  observed n t  t h e  v a l u e  y/6 = 0.19 ( f i G -  

y / s  

___.________I_________________________----------- ---....--- - ---- -- 

6 ) .  
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l f t t l c  e r r o r ,  we m a p b a r r i v e  a t  t h e  f o l l o w i n g  compromise: 
f o r  t h e  v e l o c i t y - d i s t r i l m t i o n  f o r m u l a s '  t o  c o n s i d e r  f o r  t h e  
whole r e g i o n  K, = 0.214, and f o r  t h e  r e s i s t a n c e  f o r m u l a  
K = 0 . 3 9 2 .  There  i s  no doubt  t h a t  t h e  v a l u e  K1 i s  af- 
f e c t e d  also by t h e  n o t  e n t i r e l y  c o r r e c t  p roced-ure  i n  p a s s -  
i n g  f rom t h e  i n t e r n a l  t o  t h e  e x t e r n a l  groblem. I t  i s  q u i t e  
p o s s i b l e  t h a t  f o r  o t h e r  c a s e s  o f  t h e  e x t e r n a l  p rob lem d i f -  
f e r e n t  v a l u e s  o f  K1 mould be o b t a i n e d .  The o n l y  t h i n g  
t h a t  may be  a f f i r m e d  w i t h  any c e r t a i n t y  i s ,  t h a t  i n  e v e r y  
c a s e  I.11 w i l l  be l e s s  t h a n  K. T h i s  i s  c o n f i r m e d  i n  a l l  
t h r e e  c a s e s  of f l o w  c o n s i d e r e d  h e r e .  

E a v i n g  assumed t h a t  t h e  r e a s o n  f o r  t h e  v e r y  l a r g e  de- 
v i a t i o n s  i n  t h e  computed v a l u e s  o f  6 f rom t h e  t e s t  val-  
u e s  i s  t h e  i n c o r r e c t  c h o i c e  o f  K i n  t h e  f o r m u l a  f o r  t h e  
v e l o c i t y  d i s t r i b u t i o n ,  we d e c i d e d  t o  r econs id -e r  t h e  t h e o r y  
on t h e  bas i s  o f - t 5 e  above  compromise a s s u m p t i o n  t h a t  l e a d s  
t o  a c h o i c e  of tmo va lue r ;  f o r  K .  

Assuming t h e  v a l u e  K 1  = 0.214,  we o b t a i n  t h e  f o l l 0 r . r -  
i n g  e x p r e s s i o n s  f o r  t h e  i n t e g r a l s  

0 
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i . e . ,  me f i n a l l y ,  a f t e r  s u b s t i t u t i n g  6 f rom e x p r e s s i o n  
( 2 2 ) ,  o b t a i n e d  d i f f e r e n t  c o e f f i c i e n t s  i n  p l a c e  o f  A ,  B ,  
a ,  a n d  b ,  as  f o l l o n s :  

Thc. f u n c t i o n s  cpl, cp,, b,, rp,, and  p5 i n  t h e  funda-  
m e n t a l  e q u a t i o n  m i l l  t h e n  have d i f f e r e n t  c o e f f i c i e n t s :  

q 5 ,  v e  o b t a i n :  
D e n o t i n g  t h e  new f u n c t i o n s  by C D l 1 Y  c P Z l 3  I ; p 3 1 9  cp*l* a n a  

y 2 1 = e Z ( 2 A 1 z 2 - R l z ) = e ~  (2A -- IC z2-B -2- z) ' K 1  . JC 1 

'4 1 = e z  A , z 2 - ( 2 A l + l 3 , ) z + 2 ( A 1 + B l )  -2(Al+B,)=e 

The f i n a l  e q u a t i o n ,  a n a l o g o u s  t o  ( 3 2 ) ,  f o r  t h e  de t e rmina -  
t i o n  o f  z = f ( s ) ,  a p p l y i n g  t h e  l a w  w i t h  two v a l u e s  o f  K ,  
m i l l  b e :  

P*l = //&- -  dz=113c, JZ 
z S I n  f i  

I 2  

i JF as- i; v21 3 l n J F -  
" ,  

- m  ( 4 3 )  
.I 

0 0 
In r , 7 5 1  :%e 

----- La d I n  re----------- 
'3 1 21ClG,  f i  Re 

" i '  
.I 

951 ( z=o ) m - 
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'51 ( Z = O  i s  t h e  v a l u e  o f  c p 5 ,  a t  z = 0 and  i s .  where  

e q u a l  t o  

1 bK 
cP,l&=o) = - 2 (-- a K  - 1) 

S i n c e  i n  t h e  above  e q u a t i o n  t h e  f u n c t i o n s  cp e n t e r  
w i t h  d i f f e r e n t  c o e f f i c i e n t s  ( i n  a c c o r d a n c e  w i t h  ( 4 2 ) ) ,  i t  
mould a p p e a r  n e c e s s a r y  i n  s o l v i n g  i t ,  f o r  u s  t o  recompute  
al-1 o u r  f u n c t i o n a l  s c a l e s  o f  mhich me made u s e  f o r  r a p i d -  
i t y  o f  c a l c u l a t i o n .  T h i s ,  i n  t h e  f i r s t  p l a c e ,  would have  
v e r y  much d-elayed t h e  c o m p l e t i o n  o f  t h e  work,  b u t  what i s  
more i m p o r t a n t ,  mould n o t  have been  j u s t i f i e d  s i n c e  t h e  
v a l u e  Kl = 0.214 h a s  n o t  y e t  been e s t a b l i s h e d  as a u n i -  
v e r s a l  c o n s t a n t ,  and on chang ing  i t  t h e  recomputed  s c a l e s  

would have  become u s e l e s s .  T a l ,  C p q ,  v q l Y  end q 5 1  

6 e  t h e r e f o r e  d e c i d e d  t o  r e d u c e  e q u a t i o n  ( 4 3 )  t o  a 
form i n  crhich i t  may be  u s e d  v i t h  t h e  o r i g i n a l  f u n c t i o n s  cp,, 
cp3 cp4, a n d  cp5 as  may be r?one, as  we s h a l l  s e e ,  by i n -  
t r o d u c i n g  i n  i t  one  e x t r a  term. 

We f i n d  t h e  e x p r e s s i o n s  cPl1) T a l ,  Vz1, cP*l' f r o m  

91' cP2' CP3 , 0 4 '  F r o 9  (42 )  and ( 2 8 )  ne o b t a i n :  

and s i = l i l a r l y  f o r  t h e  r e m a i n i n g  f i m c t i o n s :  

: z  
The f u n c t i o n  cp41 ~e d e f i n e  as cpl1 d z ,  t h a t  i s :  

0 
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0 0 0 
n 

43 

TCJ o b t a i n  a s u i t a b l e  ex_uress ion  for t h e  g r a p h i c a l  i n t e g r a -  
t i o n ,  i t  i s  b e t t e r  n o t  t o  comgute t h e  i n t e g r a l  on t h e  r i g h t -  
h a n d  s i d e  o f  t h e  above e x p r e s s i o n .  With r e g a r d  t o  t h e  l a s t  
member o f  t h e  e q u a t i o n  which t a k e s  a c c o u n t  o f  t h e  e f f e c t  of 
t h e  t e r m  y c o s  6 n e  d e c i d e d ,  i n s t e a d  o f  r e p l a c i n g  cpsl 

i l i r e c t l y  ( s e t t i n g  ky cp,, t o  cornnute t h e  s c a l e  for 

K l  = 0 .214) .  A t  some o t h e r  v a l u e  o f  9 ( f o r  a d i f f e r e n t  
c a s e )  t h i s  would have a n e g l i e i b l e  change i n  t h e  f i n a l  r e -  
s u l t s  s i n c e ,  as  me sha l l  s e e  belotv,  t h e  e f f e c t  of t h e  l a s t  
t e r n  o f  e q u a t i o n  ( 4 3 )  i s  i n  g e n e r a l  v e r a   SEI^^. 

'5 1 

L e t  u s  now s u b s t i t u t e  a l l  t h e  e x g r e s s i o n s  o b t a i n e d  i n  
( 4 3 )  on& s g l i t  t h e  i n t e g r a l s  w i t h  r e s p e c t  t o  I n  e n d  
I n  r i n t o  t w o .  We t h e n  o b t a i n :  

In .J?; la 4% 
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M u l t i p l y i n g  t h e  e n t i r e  e x p r e s s i o n  by K ~ ” / K ” ,  r e a r r a n g i n g  
t h e  t e r n s  ond  combining t h e  i n t e g r a l s  of t h e  f u n c t i o n s  
e 2 z 2  i n t o  a s i n g l e  i n t e g r a l  m i t h  a complex d i f f e r e n t i a l ,  
we f i n d :  

- 0 2  0 
z + l n  rf 

-a3 

(44 )  
L a l  IC1 iy51 ___-- c o s  8 L -----_-_---_ 

2K2 C, f i  Re .I 1 r f i  dy51 
q5l( z=o)  

Ve h a v e  t h u s  o b t a i n e d  ai1 e x p r e s s i o n  t h a t  d i f f e r s  f rom 
( 3 2 )  by one a d d i t i o n a l  i n t e g r a l  a n d  h a s  d i f f e r e n t  c o n s t a n t s  
b e f o r e  t h e  f i r s t  and  l a s t  t e rms  on t h e  ~ i g h t - h a n d  s i d e .  
The p r e s e n c e  of  s t i l l  a -nother  i n t e g r a l  p r o l o n g s  t h e  compu- 
t a t i o n  s o n e v h n t  (by  bout 1 / 5 )  but on t h e  o t h e r  hand  t h e  
new e x p r e s s i o n ,  u s i n g  t h e  same s c a l e s  o f  th.e f u n c t i o n s  Cg 

p e s n i t s  c o m p u t a t i o n  w i t h  ally v d u e  o f  IC,. 

The zbove  method o f  i n t r o d u c i n g  i n t o  t h e  e q u a t i o n  en  
e x t r a  t e rm t h s t  t a k e s  i n t o  a3coun t  t h e  v a r i a t i o n  i n  t h e  
c o e f T i c i c n t s  cp i s  o f  ad-vantage n o t  o n l y  i-lhejl t h e  change 
i s  %roug?l t  a b o u t  by t h e  e q u a l i t y  o f  K and K l ,  b u t  i n  
o t h e r  c a s e s  as  :7cll. I n  p a r t i c u l a r ,  as  h a s  been  p o i n t e d  
o u t  i n  2p-r.t I ,  t h e  c o e f f i c i e n t s  n3y v a r y  as a r e s u l t  of 
t h e  a p F l i c a t i o n  of a d i f f e r e n t  l o g a r i t h m i c  f o r m u l a  f o r  t h e  
v e l o c i t y  d i s t r i l x t i o n .  Le t  u s  p u t  

IT2 A I L f  = a -- ’ A B , f  = f3 --z 3 
IC 1 Kl 

P r o c e e d i n g  v i t h  t h e  f u n c t i o n s  cp as  a b o v e ,  we o b t a i n  fi- 
n 2 ll y : 
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z + l n  rf 

T h e r e  t h e  change o f  c o e f f i c i e n t s  i n  c p 1 5 1  may l i k e w i s e  be 
n e g l e  c t e d , 

The ;l,bove e x p r e s s i o n  i s  s u i t a b l e  f o r  c o m p u t a t i o n  m i t h  
our s c a l e s  u s i n g  3,ny c o e f f i c i e n t s  A. and  B. I n  p a r t i c u -  
lar, if i t  i s  d e s i r e d  t o  u s e  t h e  v e l o c i t y - d i s t r i b u t i o n  
f o rmul-a : 

5 ,  SEPEATED COidPUTATIOMS USIMG ZQUATIOB ( 4 4 )  

The c o m p u t a t i o n s  from e q u a t i o n  ( 4 4 )  mere c a r r i e d  o u t  
f o r  t h e  same Reynolds  Numbers: 

15.88 x l o 6  79.4 x 10' 2'51 x 10' 684 X L O 6  

w i t h  a n d  w i t h o u t  t h e  l a s t  term t h a t  t a k e s  i n t o  a c c o u n t  
y c o s  8 .  The method o f  c o n p u t a t i o n  was t h e  same combined 
g r a p l i i c  a n d  a n a l y t i c a l  o n e ,  s u c c e s s i v e  ap1i roximat ions  i n  
t h e  v a l u e s  o f  z b e i n g  t a k e n  u n t i l  a d i f f e r e n c e  i n  t h e  
t h i r d  d e c i m a l  g l a c e  c n l y  was o 5 t a i n e d .  

On figure 9 a r e  shown p l o t t e d  t h e  changed v a l u e s  o f  
z f o r  d i f f e r e n t  Reyno lds  Kumbsrs a g a i n s t  t h e  r a t i o  x / L  
a l o n g  t h e  "Akron" h u l l .  A s  may be s e e n ,  t h e  e f f e c t  o f  
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t a k i n g  a c c o u n t  of  t h e  l a s t  term w i t h  c o s  6 shows up,  as 
a l s o  may be  e x p e c t e d ,  o n l y  at t h e  t a i l  i t s e l f  where t h e  e r -  
r o r  i n  r e j e c t i n g  t h e  t e r m  y c o s €  i n  t h e  e x p r e s s i o n  

r l  = r f y c o s  6 

i s  a maximum as  has also been p o i n t e 6  o u t  by K. K .  Fed iaevsky .  

The s t r a n g e  bends  i n  t h e  c u r v e s  z = f ( x / L )  on f i g u r e  
9 i n  t h e  r e g i o n  o f  t h e  s t e r n  r e s u l t  from t h e  f a c t  t h a t  t h e  
f u n c t i o n  z f I n  r f ,  n i t h  r e s p e c t  t o  which t h e  i n t e g r a t i o n  
i n  t h e  n e x t  t o  t h e  l a s t  te rm v a s  p e r f o r m e d  h a s  a w a v e l i k e  
fo rm i n  t h e  r e g i o n  o f  t h e  s t e r n .  

Raving  o b t a i n e d  z = f ( s ) ,  v c  p l o t t e d  on f i g u r e  2 t h e  
changed  t h i c k n e s s e s  o f  t h e  boundary  l a y e r  6 = f ( s )  f o r  
R e  = 15.88 x l o 6 .  A s  may be s e e n ,  e x c e l l e n t  ag reemen t  v a s  
o b t a i n e d  w i t h  t g e  t e s t  r e s u l t s  - much b e t t e r  t h a n  mas g i v e n  
by t h e  seventh-power l a m .  P a r t i c u l a r l y  n o t e v o r t h y  is t h e  
g o o d  ag reemen t  i n  t h e  r e g i o n  o f  t h e  s t e r n  ( s  = 4 - 5 m >  
due ii1 l a r g e  > a r t  t o  t h e  f a c t  t h a t  y c o s 6  v a s  t a k e n  i n t o  
a c c o u n t  as  nay  be s e e n  f rom a compar ison  o f  t h e  c u r v e s  
6 = € ( G )  n i t h  and w i t h o u t  t h e  c o r r e s p o n d i n g  t e r m  a c c o u n t -  
e d  for. 

A compar i son  of t h e  s h e a r i n g  s t r e s s  compute6 f r o m  t h e  
f o r mula : 

a c c o r d i n g  t o  t h e  o r i g i n a l  s o l u t i o n  
g ro rn i se"  s o l u t i o n  n i t h  X = 0.392 
t h e  power lax.7, v i t h  t h e  r e s u l t s  o f  
g i v e n  oli f i g u r e  10. 

K = 0.392, t h e  l'com- 
a n d  K1 = 0.205,  and  
t h e  Freeman t e s t s ,  i s  

V c  s e e  t h a t  our conpromise  s o l u t i o n  g i v e s  t h e  b e s t  
a g r e e n e n t  n i t h  e x p e r i m e n t .  Iy1 t h e  c e n t e r  ? o r t i o n ,  v i t h o u t  
c o n s i d e r i n g  t h e  d o u b t f u l  bend i n  Freeman's c u r v e ,  o u r  c u r v e  
a l c o s t  c o i n c i d e s  x i t h  t h e  t e s t  c u r v e ,  In  t h e  t a i l  r e g i o n  i t  
nay  a g z i n  be o b s e r v e d  t h a t  t a k i n g  i n t o  a c c o u n t  y c o s  6 
giyres 3 b e t t e r  agreer? .ent  n i t h  e x p e r i m e n t .  A s  r e g a r d s  t h e  
v e r y  g r e a t  d i s c r e p a n c y  i n  t h e  n o s e  r e g i o n ,  t h i s  phenomenon 
i s  u n a v o i d a b l e .  I n  t h e  f i r s t  p l a c e ,  due t o  t h e  f a c t  t h a t  
t h e  h u l l  c o n t o u r  c u r v a t u r e ,  n h i c h  i s  c o n s i d e r a b l e  n e a r  
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t h e  nose,g) mas n e g l e c t e d ,  t h e  t h e o r y  i s  n o t  e n t i r e l y  t r u e ,  
a n d  i n  t h e  second  p l a c e  (and  t h i s  i s  t h e  more i m p o r t a n t  
r e a s o n )  -the a c c u r a c y  o f  t h e  e x p e r i n e n t a l  d e t e r m i n a t i o n  of  
t h e  s k i n  f r i c t i o n ,  due t o  t h e  s m a l l n e s s  of  t h e  boundary  
l a y e r ,  i s  n o t  v e r y  l a r g e .  

F r o n  t h e  r e s u l t s  o b t a i n e d  a b o v e ,  we c o u l d  p l o t  t h e  
drag c o e f f i c i e n t  a g a i n s t  t h e  Reyno lds  Munber. The v a l u e  
o f  t h e  c o e f f i c i e n t  f o r  e a c h  Reyno lds  Number i s  o b t a i n e d  by 
c o x g u t i a g  t h e  e x p r e s s i o n :  

T!ie r e s u l t s  a r e  p l o t t e d  on f i g u r e  11, which shows t h e  test 
c u r v e s  o f  C i f f e r e n t  models  o f  t h e  '%Akron" and  a l s o  t h e  con- 
-outed c x r v e s  o f  Moore a n d  I:. I<, Fediaevsky . lO)  

We arf: j u s t i f i e d .  i n  s a y i n g  t h a t  our c u r v e  more c l o s e l y  
r e p r e s e n t s  actuzl c o n d i t i o n s  t h a n  t h e  o t k o r  t h e o r e t i c a l  
c u r v e s  s i n c e  i t  a g r e e s  b e t t e r  w i t h  t h e  r e s u l t s  o f  t h e  most 
r e l i e b l c  t e s t s  c o n d u c t e d  on a m e t a l  r.oCie1 i n  t h e  v a r i a b l e  
d - e n s i t y  t u n n e l .  The forn draz ,  i . e . ,  t h e  i n t e g r a l  of t h e  
e x c e s s  a e r o d y n a n i c  g r e s s u r e  along t h e  h u l l  m a s  n o t  t a k e n  
i n t o  a c c o u n t  s i n c e ,  a c c o r d i n g  t o  r e -oea ted  c a l c u l a t i o n s  
( r e f e r e n c e  8 ) ,  t h i s  d r a g  com2onent appears t o  be v e r y  n e a r  
z e r o .  V e  L i a s  t h u s  c o n s i d e r  t h e  c o e f f i c i e n t  C, a s  b e i n g  
t h a t  of t h e  t o t a l  d r a g .  

Figure 11 also shows t i 7 0  ? o i n t s  computed by o u r  t h e o r y  
w i t h  X = IC1 = 0.392. They l i e  c o n s i d e r a b l y  below t h e  
c u r v e  nr i th  IC = 0.392 and  K1 = 9.214 a s  s h o u l d  b o  ex- 
p e c t e d .  The curve  o f  Moore  l i e s  be tween t h e  l a t t e r  c u r v e  
and t h e  :2oints ,  T h i s  a p p a r c o t l y  shows t h a t  t h e  v e l o c i t y  
d i s t r i b u t i o n  o f  N i k u s z d s e - P r a n d t l :  

911~~ i n t r o d u c i n g  t h e  f u n c t i o n  r = f ( s ) ,  we i n t r o d u c e  n o t  
t h e  c u r v a t u r e  o f  t h e  c o n t o u r  but t h e  law o f  v a r i a t i o n  o f  
t h e  surf2,Ce z t  which  t h e  f r i c t i o n  i s  deve loped .  

lo!T!'nc c u r v e s  a r c  g i v e n  2 s  f u n c t l o n s  o f  t h e  Reyno lds  Number 

b a s e d  on t h e  volume t o  t h e  1/3 s o w o r :  
1 /3 R, = IY--. 

V U  
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f o r  t h e  c o n d i t i o n  X = IC1 0.4 c o r r e s p o n d s  more n e a r l y  
t o  t h e  t r u t h  t h e n  t h e  K6rmdn f o r m u l a  u n d e r  t h e  same condi -  
t i o n s .  T h i s  i s  l i k e w i s e  conf i rmed  by t h o  f a c t  t h a t  t h e  

p l o t  o f  t h e  p o i n t s  ----- u - U6 a g a i n s t  I n  - 6 g i v e s  a l a r g e r  
Y 

v a l u e  f o r  IC1 t h a n  K 1  = @,,214. Thus M o o r e ,  c h o o s i n g  t h e  
Hiku- rcdsc -Prand t l  fornula and  n o t  t a k i n g  i n t o  a c c o u n t  nny 
d i f f e r c n c e  between X a n d  K l ,  commit ted a smaller error 
th-,n m e  d i d  i n  o u r  f i r s t  c o n p u t a t i o n s .  The c u r v e  l y i n g  
l o w e s t  i s  t h a t  c o n p u t e d  by t h e  method of IC. X. F e d i a e v s k y  
n i t h  n = var .  

7 r i . p r e  1 2  sho:-rs a c o n p a r i s o n  o f  t h e  v a r i a t i o n  of t h e  
r e l a t i v e  t h i c k n e s s  of t h e  boundary l a y e r  w i t h  d i s t a n c e  
a l o n g  t h e  h u l l  a c c o r d i n g  t o  t h e  p r e s e n t  t h e o r y  u s i n g  IC = 
0,392 and ICl = 0 .214 ,  w i t h  t h e  c o n p u t a t i o n s  o f  
IC. I T .  F e d i c c v s k y .  A l t h o u g h  tho  c a r v e s  a g r e e  s u f f i c i e n t l y  
well for Re = 15.88  x LO6, t h e  n s r e e n e n t  i s  f a r  l e s s  ct 
t h c  h i z h e r  Reyi1old-s Kunbcrs. From t h i s  i t  rnriy be conc lud-  
e d  t h a t  t h e  r e l a t i o n  n = f ( R e )  p r o p o s e d  by I(. K O  
F e d i a e v s k y ,  d o e s  n o t  e n t i r e l y  c o r r e s g o n d  t o  an  zpproxims-  
t i o n  t o  t h e  l o g a r i t h m i c  l a w .  Be f o u n d  b y  i n t e g r a t i n g  v i t h  
r e s p e c t  t o  t h e  c u r v e s  6 = f ( n )  a n d  a v e r a g i n g  t h e  r e s u l t s  
f o r  d i f f e r e n t  s e c t i o n s ,  a new r e l s ~ t i o n  n = f ( R e )  ( f i g .  13), 
which  s!-lould more n e a r l y  b r i n g  t h e  r e s u l t s  of  t h e  computa- 
t i o n s  o f  6 by t h e  pomer law c l o s e r  t o  t h e  a n a l o g o u s  com- 
p u t a t i o n s  by t h e  l o g a r i t h m i c  1,3,w. 

I n  c o n c l u s i o n ,  me may n o t e  t ha t  w i t h  v e r y  c o n s i d e r a -  
b l e  e c c u r a c y ,  f o r  rnore r a p i d  computa t ion  of t h e  r e l a t i o n  

p l i e d ,  c o n p u t i n g  t h e  b o u n d a r y - l a y e r  t h i c l m e s s  by t h e  p o v e r  
law ( u s i n g  t h e  c o r r e c t e d  cu rve  n = f ( R e ) )  and  t h e  s h e a r -  
i n g - s t r e s s  d i s t r i b u t i o n  and  d r a g  c o e f f i c i e n t  by t h e  l o g a -  
r i t h m i c  l a v .  F o r  t h i s  p u r p o s e ,  h a v i n g  o b t a i n e d  t h e  v a l u e s  
o f  6 ,  t h e  v a l u e s  o f  z a r e  n e x t  computed by s o l v i n g  
e q u a t i o n  ( 2 2 )  f o r  z e Z :  

a f t e r  n h i c h  T o / q o  nnd Cu a r e  c o n p u t e d  by formulas  ( 3 5 )  
a n d  ( 3 7 ) .  T h i s  method o f  computa t ion  gave c u r v e  C, = f ( R e )  
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l y i n g  o n l y  s l i g h t l y  above  t h e  more a c c u r a t e  c u r v e .  F o r  
p r a c t i c a l  pur_noses  t h i s  method a,ppe,zrs e n t i r e l y  a c c e p t -  
a b l e .  

6. COBCLUSIONS 

The r e s u l t s  o f  o u r  i n v e s t i g a t i o n  l e a d  t o  t h e  f o l l o w -  
i n g  c o n c l u s i o n s  : 

a )  The l o g a r i t h n i c  law o f  v e l o c i t y  d i s t r i b u t i o n  o f  
/ t  Karman, a p p l i e d  t o  a f i g u r e  o f  r e v o l u t i o n  a n d  t o  a f l a t  

p l a t e  v i t h  t h e  g e n e r a l l y  a c c e p t e d  v a l u e  o f  K =: 0.4, g i v e s  
t o o  s h a r p  a n  i n c r e a s e  i n  t h e  boundary - l aye r  t f i i c k n e s s  a n d  
t o o  small v a l u e s  f o r  t h e  d r a g .  

b )  T h i s  i s  due t o  t h e  f a c t  t h a t  a much s m a l l e r  v a l u e  
o f  t h e  c o n s t a n t  K (E1 = 0.2 - 0.3)  c o r r e s p o n d s  t o  t h a t  
r e g i o n  mhere t h e  l o g a r i t h m i c  v e l o c i t y - d i s t r i b u t i o n  law i s  
a c t u a l l y  ~ p p l i c a b l e  ( i . e . ,  where t h e  e f f e c t  o f  F i s c o s i t y  
i s  n e g l i g i b l e ) .  

e )  If t 3 e  l o g a r i t h m i c  l a n  i s  aiuFl ied t o  t h e  r e g i o n  
n e a r  t h e  i v a l l  mhere t h e  e f f e c t  o f  t h e  v i s c o s i t y  shows up 
s t r o n g l y  and where t h i s  law, s t r i c t l y  s p e a k i n g ,  i s  n o t  ag- 
p l i c a b l e ,  a n  e r r o r  i n  p r i n c i p l e  i s  made which  i t  i s  p o s s i -  
ble t o  c o n p e n s a t e  by t a k i n g  IS z 0.4.  

6 )  S i n c e  3, v a r i a b l e  K c a n n o t  be i n f r o d u c e d ,  i t  i s  
p r o F o s e d  t h a t  i n  t h e  formula, f o r  t h e  v e l o c i t y  d i s t r i 5 u -  
t i o n  c v a l u e  ICl z 0,2 - 0.3 be t z k e n ,  and  i n  t h e  f o r m u l a  
f o r  t h e  drag, E z 0.4, 

e )  W i t h  t h e  nbovc v a l u e s  assumed f o r  KEc,  e x c e l l e n t  
agrecr. .ent i s  o b t a i n e d  w i t h  e x F c r i r r e n t  i n  all r e s p e c t s  
( t h i c k n e s s  o f  t h e  l a y e r ,  sliear s t r e s s  d i s t r i b u t i o n ,  t o t e l  
d r a g )  

f )  F u r t h e r  l i g h t  on t h e  s i g n i f i c a n c e  o f  I( f o r  t h e  
v e l o c i t y - d i s t r i b u t i o n  law can bc o b t a i n e d  o n l y  by m o r e  zc-  
c u r a t e  t e s t s  on p l a t e s ,  w i n g s ,  a,nd f i g u r e s  o f  r e v o l u t i o n ,  

g )  The rnethod p : o ~ o s e d  by us  o f  employing  t n o  v a l u e s  
o f  S f o r  t h e  c o m p u t a t i o n  by t h e  l o g a r i t h m i c  la17 i s  o f  
c o u r s e  c? t empora ry  e x p e d i e n t  t o  be  a p p l i e d  u n t i l  s u c y  t i n e  
as a n o r e  a c c u r a t e  law t h a t  t a k e s  i n t o  a c c o u n t  t h e  ' e f f e c t  
o f  v i s c o s i t y  - i.e., one  c o r r e c t  f o r  a l l  r e g i o n s  o f  t h e  
f l o w ,  i s  s u b s t i t u t e d  f o r  t h e  l o g n r i t b n i c  l a m .  Ob ta i i i i ng  
s u c h  a l a m  i s  one o f  t h e  m o s t  u r g e n t  o f  p r e s e n t - d a y  prob-  
l e n s .  
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APPEXDIX 

Sone P r a c t i c a l  S u g g e s t i o n s  v i t h  Regard  t o  

t h e  Computat ion P r o c e d u r e  

For c c r r y i n g  o u t  t h e  c o m p u t a t i o n  u s i n g  t h e  comple t e  
e q u a t i o n  ( 4 4 ) ,  n e  nay h e r e  p r e s e n t  some p r a c t i c a l  sugges-  
t i o n s ,  g2,insd l r o m  o u r  e x g e r i e n c e ,  t o  t h o s e  n-ho n i s h  t o  
rr?r,ke c s e  of  o u r  method. 

( 2 )  Choic_c-of  i n i t i a l  c o n d i t i o n s . - ~ t  i s  b e s t  t o  be -  
g i n  t l ie  i n t e g r a t i o n  from t h e  end o f  t h e  l a n i n a r y  p o r t i o n  
o f  t h e  boinndary layer. For  d e t e r n i n i n g  t h e  t r a n s i t i o n  
p o i n t  f r o ] - i  t h e  Laminary t o  t h e  t u r b u l e n t  l a y e r ,  i t  i s  nec-  
e s s a r y  t o  make u s e  o f  t h e  c r i t i c a l  Reynolds  Buxlber ( b a s e d  

o n  t h c  b o u n d a r y - l a y e r  t h i c k n e s s )  

n i t l ._ i r :  t l ic railge 1,GPO .r: R8 < 1 0 , 0 9 0 ,  From t h e  c o r r e -  

R8 = -- uG6 a n d  v h i c h  l i e s  
U 

spending vz+lue o f  BG, e ---- ' Rg i s  d e t e r m i n e d ;  rrhence 
61am U6 

A f t c r  t h i s ,  p r o c c e d i a g  t o  z a c c o r d i n g  t o  formula 
( 4 5 ) ,  t h e  i n t e g r a t i o n  i s  begun,  t h e  i n t e g r a l s  b e i n g  t a k e n  
f r o m  t h e  s e c t i o n  chosen  an?. t h e  c o r r e s p o n d i n g  i n i t i a l  v a l u e  
o f  t h e  f u r i c t i o n  cp, round. 

As may b e  s e e n ,  h o n e v e r ,  t h e  c h o i c e  o f  t h e  c r i t i c a l  
Reyno lds  Number i s  s u b j e c t  t o  a c e r t a i n  d e g r e e  o f  i n d e f i -  
n i t e n e s s .  For  t h i s  reason i t  i s  p o s s i b l e ,  s i t h  v e r y  l i t t l e  
error, t o  t z k e  t h e  lover l i m i t  o f  i n t e g r a t i o n  at t h e  n o s e  
i t s e l f ' ,  s o t t i n g  z = 0 a t  s = 0; t h a t  i s ,  c 9 n s i d c r  t h e  
t u r b u l e n t  !.ayer t o  s t a r t  a t  t h e  n o s e  i t s e l f .  T h i s  P roced-  
u r e  n i l 1  be more n e a r l y  j u s t i f i e d  t h o  l a r g e r  t h e  Reyno lds  
Number, R e  = V3/v t a k e n .  Here a new d i f f i c u l t y  a r i s e s .  
h o n e v e r .  Wi th  the  i n i t i a l  c o n d i t i o n s  z = 0 I-ihen s = 0 ,  
t h e  i n t e g r n l s  n i t h  ros iyec t  t o  l n  di' c n d  In r must be 
eval_u?dted from - co ( s i n c e  nhen s = 0 ,  f = 0 2nd r = 0 )  
a h i c h ,  o f  c o u r s e ,  c a n n o t  b e  done g ra13h ica l ly .  However, c s  
comput?*t ions  hzzve shoEn,  t h e  v a l u e s  o f  t h e s e  i n t e g r a l s  con- 
t r i b u t e  v e r y  l i t t l e  n e a r  t h e  nose  on a c c o u n t  o f  t h e  "nezk- 
n e s s "  o f  t h e  l o g a r i t h m i c  i n f i n i t y .  For t h i s  r e a s o n  t h e  
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l o n e r  l i m i t s  o f  t h e s e  i n t e g r a l s  may, w i t h  v e r y  l i t t l e  e r r o r ,  
be  t c k e n  .yet any  p o i n t  s u f f i c i e n t l y  n e a r  t h e  n o s e  ( f o r  ex- 
a m p l e ,  t h e  p o i n t  c o r r e s p o n d i n g  t o  I n  f i  5 - 3.0) n e g l e c t -  
i n g  t h e  i n t e g r a t i o n  '~tp t o  t h i s  y o i n t .  The i n t e g r a t i o n  may 
a l s o  Se begun from any p o i n t  s u f f i c i e n t l y  n e a r  t h e  n o s e ,  
h a v i n g  d a t e r m i n c d  t h e  v a r i a t i o n  o f  6 f r o m  t h e  n o s e  u p  t o  
t h e  :?oint by t h e  method of  K .  K. F e d i m v s k y ,  n i t h  n = v a r ,  
T h i s  i s ,  i i x  f a c t ,  t h o  n o s t  a c c u r a t e  n e t h o d  o f  i n t e g r a t i o n  
nssurnixig z = 0 nhen s = 0. 

( b )  C h o i c e  o f  t h e  f i r s t  a n p r o x i n a t i o n , -  A s  a f i r s t  
s p p r o s i m a t i o n ,  t h e  r e l a , t i o n  b e t c c e n  z and  s o b t a i n e d  
f rom t h e  boundary  d i s t r i b u t i o n  by f o r m u l a  ( 4 5 )  a c c o r d i n g  
t o  tIie rnethod of K. IC, Fediaevs l ry ,  may be t a k e n ,  a s   as 
done  by us.  I t  i s  also p o s s i b l e  t o  t2,ke as t h e  f i r s t  apH 
F r o x i m e t i o n  t h e  s o l u t i o n  of  e q u a t i o n  (44) ,  n e g l e c t i n g  a l l  
t h e  i n t e g r a l s  on t h e  r i g h t - k a n d  s i d e  e x c e p t  t h e  f i r s t ,  i D e r r  

/i s 

L / 3 d s  
f rp, = x I1,2 e2 J-2 

0 
a s  v&s done by Yoore. Having o b t a i n e d  t h e  v a l u e  o f  Cp, I , 
z I  i s  f o u n d  by ?xslng t h e  c o r r e s p o n d i n g  s c e l e .  

( c ?  O b t a i n i n g  t h e  s - i p e e d i a , :  a a ? r o x i m a t i o n s . -  A f t e r  
o b t a i n i n g  -:he r e l a t i o n  z = f(s) f r o n  some one o r  o t h e r  
f i r s t  m s r o r i m a t i o n ,  7::e f i a d  t h e  v r l u e a  o f  t h e  f u n c t i o n s  
cp2' c p 3 '  cp51y i 2 l o t  t h e  fu r i c t io i i s  t o  3e  I n t e g r a t e d  a g a i n s t  
t h e  c o r r e s p o n ? i n :  e x n r e s s i o n s  u n d e r  t h e  d i f f e r e n t i a l  s i g n ,  
i , e . :  

rp2 = f j l n y r f )  

and i n t e g r a t e  t h e  c c r v e s  g r a n h i c a l l y  between t h e  l i n i t s  
c h o s e n  o n  t h e  m e r i d i a n  l i n e  S. Having o b t a i n e d  t h e  v d -  
us's of t h e  i z - , t e g r n l s ,  c c  s u b s t i t u t e  them i n  e x p r e s s i o n  
( 4 4 ) ,  d e t e r x i n e  a nen v a l u e  cp," 2 n d  a new v a l u e  zit cnd 
r e y e a t  t h c  o p e r c t i o n  u n t i l  t w o  s u c c e s s i v e  v a l u c s  of z 
d i f f e r  by a s  l i t t l e  r2s r e q u i r e d .  f o r  t h e  c c c u r a c y  d e s i r e d ,  

I n  T c r f o r m i n g  t h e  i n t e g r n t i o n  o u t r i g h t  a l o n g  t h e  en- 
t i r e  l e c g t h  o f  t h e  m e r i d i a n ,  h o n e v c r ,  t h e  f o l l o n i n g  d i f -  
f i c u l t i c s  2rc' rzet n i t h .  Tlic f u n c t i o r s  In f i  znd ln s 
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gencrnlly v a r y  s h e q l y  n e a r  t h e  n o s e  and  t a i l  ( f i - - - 3 0 t  
r - - - + O ) ,  173erons  i a  t h e  c e i l t c r  p o r t i o n  t h e  change  i s  very 
s n a l l .  The cp f u n c t i o n s ,  on t h e  c o n t r a r y ,  v a r y  much m o r e  
s h a r p l y  et t h e  c e n t e r  p o r t i o n  t h a n  n e a r  t h e  n o s e .  F o r  
t h i s  r e z s o n  i t  i s  q u i t e  i n p o s s i b l e  t o  choose  f o r  t h e  en- 
t i r e  l e n g t h  o f  h u l l  t h e  sane  s c a l e s  for p l o t t i n g  ( 4 6 )  t h a t  
g i v e  more o r  l e s s  t3.e s a n e  a c c u r a c y  i n  t h e  d e t e r m i n a t i o n  
o f  z i n  t h e  d i f f e r e n t  r e g i o n s .  I t  i s  t h e r e f o r e  s u g g e s t -  
e d  tQ t t h e  d i s t a n c e  s be broken  u p  i n t o  t h r e e  i n t e r -  
v a l ~ " ~  a a d  t h e  i n t e g r a t i o n  p e r f o r m e d  for e a c h  o f  t h e s e  
s e c a r r t e l g ,  I t  may a p p e a r  t h a t  t h i s  d e v i c e  n o u l d  p r o l o n g  
t h 3  c o m p u t a t i o n .  The c o m p u t a t i o n ,  h o n e v e r ,  w i l l ,  on t h e  
c o n t r a r y ,  be  s h o r t e n e d  17hile t h c  a c c u r a c y  m i l l  a t  t h e  szme 
t i m e  be  i n c r e a s e d .  The s h o r t e n i n g  o f  t h e  a n o u n t  o f  l a b o r  
n i l 1  be a c c o m p l i s h e d  i n  t h e  f o l l o n i n g  manner: 

h v i n g  i i i t e g r z t e d  o v e r  t h e  f i r s t  i n t e r v a l  and f i n a l l y  
o b t a i n e d  t h e  r e a l  v a l u e  z1 at t h e  end  o f  t h e  i n t e r v e l ,  
t h e  vr?,luos z ( ' I  ",hat mere o b t a i n e d  from t h e  f i r s t  a sp rox-  
i m a t i o n  are cor rec t ec?  i n  t h e  second i n t e r v a l  by  m u l t i p l y i n g  
thein by the r a t i o  z 1 , / z ( ' ) ,  
t r u e  v a l u e  a t  the e n d  o f  t h e  f i r s t  i n t e r v a l  t o  t h e  v a l u e  
o f  t h e  f i r s t  a p p r o x i m a t i o n  z t  the same 2 o i n t .  V e  thus Ob- 
t a i n  at  o:,ce f o r  t h e  s e c o n d  i n t e r v a l  n b e t t e r  a p n r o x i n a -  
t i o n  t o  t>.e r , c? ;ud  c u r v e  z = f ( s ) .  Computa t ions  have 
shown t!ir,t by such  a p r o c e 3 u r e  g o o d  v a l u e s  o f  z mere o b -  
t a i n e d  for t h e  second i n t e r v a l  a f t e r  t w o  o r  t h r e e  apnrox-  
i m a t i o n s ,  1:'nile for t h e  f i r s t  i n t e r v a l  i t  w a s  n e c e s s a r y  
t o  t z k e  f i v e  o r  s i x  a g p r o s i m a t i o n s .  The s a n e  method Is a?- 
p l i e d  i n  n ~ ~ s s i n g  from t h e  second t o  t h e  t h i r d  i n t e r v a l .  
A b e t t e r  r e s u l t  nay o l s o  be o b t a i n e d  i n  p a s s i n g  from one 
i n t e r . v z 1  t o  z n o t l i e r  by m u ~ t i p l y i n g  t i le  f u n c t i o n  e' o r  
rp, corres:3onding t o  z o f  t h e  f i r s t  a p p r o x i m a t i o n  by t h e  
r c t i o s  of  the v a l u e s  o f  t h e s e  f u n c t i o n s  a t  t h e  end  o f  t h e  
f i r s t  i n t e r v a l .  

t h a t  i s ,  by t h e  r a t i o  o f  t h e  

To g i v e  an i d e a  o f  h o w  t h e  l31ot o f  ( 4 6 )  l o o k s  f o r  t h e  
conz2lete 2 r a p h i c a l  i n t e g r a t i o n ,  ~e p r e s e n t  f i g u r e s  1 4 ,  15,  
a n d  IS, s h o v i n g  t h e s e  p l o t s  f o r  t h e  f i r s t ,  s e c o n d ,  a s d  
t h i r d  i n t e r v a l s  o f  t h e  n o d e l  o f  t h e  llAkron'f a t  a Reyno lds  
Number Re = 15.58 x L O 6  and c o r r e s p o n d i n g  t o  t h e  d a t a  o f  
t h e  l a s t  a s p r o x i m a t i o n  z = f ( s ) .  The p o i n t s  a r e  numbered 
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a c c o r d i n g  t o  t h e  numbers  o f  t h e  s e c t i o n s  c h o s e n .  l?he 
t a b l e  (9' 5 6 )  g i v e s  f o r  e a c h  o f  t h e  numbered p o i n t s  t h e  
d i s t e , n c e  f r o m  t h e  n o s e  a l o n g  t h e  h u l l  and  t h e  v a l u e s  o f  
f ,  r ,  and  c o s  8. 

The g r a p h i c a l  i n t e g r a t i o n  of  t h e  c u r v e s  of  a g i v e n  
t y p e  mas p e r f o r m e d  u s i n g  t h e  i n t e g r a p h  of  t h e  Corad i  f i r m  
o f  Z u r i c h  - a n  a p p a r a t u s  c o n s t r u c t e d  on t h e  p r i n c i p l e  o f  
Abdank-Abakanovitch a n d  a h i c h  by  f o l l o w i n g  a l o n g  t h e  
c u r v e ,  gave  t h e  a r e a  u n d e r  t h e  c u r v e  between t h e  i n i t i a l  
p o i n t  a n d  a n y  p o i n t  on t h e  c u r v e .  I f  t h e  above  a p p a r a t u s  
i s  n o t  a v a i l a b l e  t h e  usua l  p l a n i m e t e r  may be  u s e d  or t h e  
a r e a  f o u n d  by summing u p  t h e  s q u a r e s  u n d e r  t h e  c u r v e .  
F o r  c o n v e n i e n c e  i n  comput ing  by our  method,  m e  g i v e  i n  
t h e  a p p e n d i x  t h e  f u n c t i o n a l  s c a l e s  of  cp as f u n c t i o n s  o f  
2. 

Our s c a l e s ,  ho7xever, do g i v e  n o t  t h e  f u n c t i o n s  Cp,, 

rp,, cp4 , c p S l ,  b u t  t h e s e  f u n c t i o n s  d i v i d e d  by K = 0,392; 

t h a t  i s ,  

q 3  '4 , and _-__ cp5 , --_I- , ------ cp2 ----- 
0.392 0 . 3 9 2  0 .392 0 .392  

Thus ,  i n  u s i n g  t h e s e  s c a l e s ,  i t  i s  n e c e s s a r y  t o  d i v i d e  
t h e  t e r n s  of  t h e  o r i g i n a l  e q u a t i o n  b;. 0 . 3 9 2 .  

I n  c o n c l u s i o n  we nay  o b s e r v e  t h a t ,  i n  a c c o r d a n c e  w i t h  
3ur c o m p u t a t i o n s ,  t h e  t e r n  c o n t a i n i n g  c o s  6 may be  en- 
t i r e l y  n e g l e c t e d  i n  t h e  f i r s t  i n t e r v a l  and  a t  t h e  beg in -  
n i n g  of  t h e  second.  Only f a r t h e r  a l o n g  t h e  h u l l  d o e s  t h i s  
member si1ow any  e f f e c t ,  t h e  . l a t t e r  showing u p  o n l y  i n  t h e  
t h i c k n e s s  o f  t h e  boundary  l a y e r  a n d  i n  t h e  d i s t r i b u t i o n  of  
t h e  s h e a r i n g  s t r e s s  b u t  h a v i n g  p r a c t i c a l l y  no  e f f e c t  on t h e  
i n t e g r a t e d  d r a g ,  If t h e  c o m p u t a t i o n s  t h e r e f o r e  a r e  made 
n e r e l g  f o r  t h e  p u r p o s e  o f  d e t e r m i n i n g  t h e  c u r v e  Cu = 
f ( R e ) :  t h e  l a s t  t e r m  nay  be  e n t i r e l y  n e g l e c t e d .  me nay  
also ~ o i a t  o u t  t h a t  f o r  ra - r s id i ty  o f  c o m p u t a t i o n  we n a y ,  i n  
t h e  f o u r t h  t e r n  on t h e  r i g h t - h a n d  s i d e  o f  t h e  l n s t  equa- 
t i o n ,  w r i t e :  

Az" 

i&., i n  t h e  form o f  a d i f f e r e n c e  i n  t h e  f u n c t i o n s  u s e d  
i n  t h e  t v o  p r e c e d i n g  t e r m s .  

T r a n s l a t i o n  by S. R e i s s ,  
I lTatior,al  A d v i s o r g  Cornni t tee  
f o r  Aeroneu- t i c s .  
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Curve correspon3s t o  

1 a=3.4: b=3.77 
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F i q r e  1. 

J. - K=O .43 ; Jf 
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Figure '7.- Check o f  t he  Karman 

( B g - + n I )  f r o m  J'raeman's d a t a  on t he  

a i  r s h i p  mod e 1 " A l a  o n , 

r e l a t i o n  3, =a+b 1g vq 

21 
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Re 
- - 684X1C6 

- - 2518106 
- -79.4X1O6 
---15. 88x1O6 

0 

.1 - 2  . 3  .4 .5 .6 .7 .8 . 9  .10 S/L 

Fi,?re 5,- Var ia t ion  o f  z along the hul l  o f  a i r s h i p  
model "Azron" f o r  d i f f e r e n t  Reynolds Numbers 

(our theory witn K = 0.392: K1 = 0.214). 
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=O ,392, Ez1=0.214 

0 1 .o 2.0 3 . 0 4.0 5.0 6 .0  S 

Yirure  2,- Bounlry-laytr t h i c a e s s  6 in meters along hull f o r  the 
1/4G-scale model of the "Akron" at R e  = vL/v = 15.88X10'. 
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P i c a r e  3.- Bounlary-layer th ickness  3.10~: a. f l a t  ?lake 

o f  f l o w  V = 38.+5 rn7sec. 
Sccording t o  the various t h e o r i e s ,  ve loc i  ty 
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Figure  4 .  Figure 5. 





Jpigurs 11,- !l?horetfcal and experimental variation of frictional 

h h r .  
drag of hull of airship model "Akron" with Reynolds 



If. A ,  C .A. Tecnnical Memorandum No. 842 

l / n  

- - K . K .  10 

Y --Prom 
8 

7 

6 

6 7 8 Y l o g  Re 

F edyaevsky 

d a t a  on "Ai?=ron!' 
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Figure 13.- V a r i a t i o n  of  the exponent i n  the power 

Beynclds Xumbcr. 
l a w  o f  v e l o c i t y  4 i s t r i b u t i o n  with 
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F igu re  13.- I n t e g r a l  curves f o r  i n t a v a l  I .  
Model of a i r s h i p  "Akron" ,Re=15.  88X106. 
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Fi;ure 15.- Curves f o r  i-ntzrval 11. hodel of a i r s h i p  

"AKron" , Re 15. 88x1C6 
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