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THE CRITICAL VELOCITY OF A BODY TOWED BY A CABLE
FROM AN AIRPLANE"

By Ce Koning and T. P. De Haas

Por the accurate measurement of the velocity in flight
tests, static tubes are employed that are towed behind the
airplane at the end of a cable. Fundamentally, the design
of the instrument agrees with that of the usual pitot tube
except that the dynamic pressure tube and the static tube
are scparated, the first one being fixed to the airplane
and the second being towed below and behind the airplanc
at the end of a wire or cable about 20 meters (65 feet)
long.

It has often occurred, in practice, that the static
tube got lost by loosening from the cable or breaking off.
At first this was ascribed to insufficient strength of the
attachment of the instrument to the cable. But even after
the attachment had been made strong enough to withstand a
far greater load than would be expected in normal operation,
static tubes continued to get lost. Upon closer observa-
tion, phenomena could often be obscerved that gave a strong
indication of the setting up of unstable oscillations, a
fact which was possibly the cause of the difficulty de-
scribed above.

Some computations were carried out starting with the
theory developed by Glauert (reference 1) on the stability
of a body towed by an airplane. According to the results
of these computations, however, a static tube of the usual
design and at normal velocities should be stable. The
above~mentioned theory which considers mainly the case of
the stability of antenna weights, hung from the end of a
- very thin wire, -is based on assumptions that all come down
to the fact that the mass of the wire is neglected. The
question was now whether these assumptions should be con-
sidered as valid in our present computations. Considera-
tion of the problem showed that the mass of the wire should

*"Do kritische snelheid van cen lichaam, dat door een vliieg-
tuig aan een kabel gesleept wordt." Rapport A 367,
Rijks Studiedienst voor de Luchtvaart, Amsterdam.
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not be left out of the computation. It was found possible
to set up the system of equations of motion by introduc-
ing other and, in our case, justifiable simplifications.
The solution of these equations, however,, and the determi-
nation of the stability of the system in a given case, led
todifficulties that were only partially overcome.

A positive result. of the investigation, however, was
the finding of a restricted but simple stability criterion.
This criterion is restricted insofar as it does not answer
the question vhether a given system at any given velocity
will or will not be stable. It does give, however, a
"critical velocity" as the upper limit of the range of ve-
locities within which it may be positively stated that no
unstable oscillations will occur.

As will appear in what follows, it is sufficient to
consider only the equations of motion of the towed body
whereas those of the cable may be left out of considera-
tion, The result obtained makes it possible to determine
which factors affect the critical velocity and what modi-
ficationg of the instrument are necessary for extending
“the upper limit of that velocity. Tests conducted with
several forms of static tubes, as deseribed briefly in
section 7, page 16, confirm the results obtained this way.

Although the discussion above deals mainly with the
towed static tube, it is clear that what follows applies
also to other cases (such as other towed instruments and
~antenna weights), provided the assumptions of section 2
(page 3) are applicable. ‘ t '

With regard to the part contributed by the authors in
preparing this report, the following may be mentioned. .
The theoretical development is that of the first-named au-
thor. The computations necessary for determining the ef-
fect of the various factors and for the design of new
forms of static tubes were chiefly carried out by the second-
named author, who also conducted almost all the necessary
flight tests, Some flight tests at very high velocities
‘were conducted by Reserve First Lieutenant L. Th. van
Hootegem. The airplanes used in the tests were kindly -
nmade available by the Aeronautics Division at Soesterberg.
" We here wish to express our thanks for all assistance given,
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2. ASSUMPTIONS

The towed body is considered to perform small oscil-
lations about its steady state condition in a vertical
plane through the body and the airplane, the latter being
assumed to fly with uniform velocity along a straight hori-
zontal path. The towed body is symmetrical, both with re-
spect to the vertical plane and with respect to a plane
that is horigzontal in steady flight, and is attached to
the cable at the center of gravity. The cable is consid-
ered inextensidble and perfectly flexible so that it can
exert a force on the body in its own direction but no mo-
ment., '

The magnitude and direction of the resultant of the
aerodynamic forces acting on the body are assumed to de-
pend only on magnitude of the relative velocity of the
center of gravity with respect to the air and on the angle
of attack, the latter being the angle between the second
plane of symmetry mentioned above and the relative wind
direction. The moment of the aerodynamic forces about the
_ transverse axis through the center of gravity of the body
is also affected, however, by the angular velocity with
respect to that axis as well as by the two factors men-
tioned above. The body is assumed to be statically stable.
The 1ift coefficient increases with increase in angle of
attack and positive damping is set up in rotating about
the transverse axis.

In addition to the above assumptions of a fairly gen-~
eral nature that require no further discussion, there are
two more that will be gone into in more detail.

In the steady motion the form of the cable is generally
taken to be a plane curve. In what follows, it will be as-
sumed that this curve may be revlaced by a straight line
whose direction is the same as that of the tangent to the
cable ot the body. At first view this assumption appears
'to be wholly arbitrary. Although it must be admitted that
a closer study of this point is desirable, the impression
was gained after a consideration of various cases that this
assumption does not deviate too far from the truth.

Another characteristic of the system that will here be
introduced in the form of an assumption, is the following.
If the towed body is removed leaving conditioms unchanged,
the wire may be allowed to perform harmonic oscillations.
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For this it is necessary that a nerlodlc force act at the
outer end of the cable normal to its initial direction.
The work that must be performed by this cable will be poOSsi-
tive; i.e., work is performed on the wire in order to maine
~tain the statc of motion. This property can be derived
from the equation of motion of the cable, which equation
will not be further considered here and which is set up
with the ald of -the conventional assumption that the aero-
'dynamlc force on an element of the wire depends only on the
.gnitude of the relative wind velocity and on the angle
of attack of the element. It-also seems not improbable
that the aerodynamic forces on the cable have a damping
cffect s There are indications, however, that in particu= .
lar cases a'vibrutlng cable may take up energy from the
alr, The assumption herc discussed does not deny the pos~
81bility of exceptional cases such as these but only ex-
cludes them from consideration.

3, THE EQUATIONS OF MOTION OF THE TOWED BODY

a) Notation.~ The meaning of each symbol used will be
indicated at the place where it is first introduced. ‘A
list of the symbols used is also given at the end of the
report, so that it will here be sufficient to call attene
tion to a2 few points of a general character,

The coefficients for the aerodynamic forces and MO=-
ments acting on the body vere, obtained by dividing the
corresponding magnitudes dby 3 p v (for the dampirg moe
ment by % p V &) where p is the mass density of the air,
V the relatiwe velocity of the body with respect to the
alr, 3§ the angular velocity about the transverse axis
through the center of gravity of the body. The coeffi-
cients are therefore, in contrast to those conventlonally
employed, not nondimensional, They were here chosen in
this nanner because the dimensions of the body in practi-
cal applications are generally established and there is
little significance thercforec in always carrying along one
scale of length or some other throughout the computations,

Derivatives with respect to time are indicated in the
usual manner by one or more dots adbove the magnitude under
consideration, while those with .respect to the angle of
attack are indicated by a prime,
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b) General.- The assumptions discussed in section 2
of inextensibility and rectilinearity of the cable lead to
a simplification in the treatment of the problem. Since
only motion in the vertical plane is considered, the body
possesses only two degrees of frecdom, and its motion may
therefore be fully described by assigning two coordinates.
These were chosen as the displacement £ of the center of

gravity in the direction at ri ght angles to the initial
" direction of the cable and the angle of rotation 34 about
the transverse axis through the center of gravity. Both
- were measured from the steady state, their positive direc-
tions being indicated on figure 1l.

The system of coordinates was so chosen (see fig. 1)
that the x~axis was parallel to the direction of flight
with the y-~axis lying in the vertical plane. In the
steady state the wire makes an angle ¢ with the latter
axise The computation of this angle is considered in sec-
tion 3e. ’

: N

The external forces on the body are the tension of _
the cable, the weight, and the aerodynamic forces., To de=
termine the latter, the magnitude of the relative veloc~
ity V and the angle of attack o must be known. The
relative velocity is the resultantt of the flight velocity
Vo 'and the velocity § of the center of gravity of the
body resulting from the oscillation. As may be scen from
figurc 2, the components of { in the x- and y-directions,
respectively, arec:

Ve = Vo ¥ E cos @

Vy = = ¢ sin o

Hence it follows that the absolute valuc of the relative
velocity is given by:
2 2 2 2

v = Ve tov, = VT o+ 2V, é cos o + é (1)

and the angle its direction makes with the xz-a2xis by
-V E sin o

B = arc tan ~ 3 - arc tan -
Vx Vo + § cos o

(2)

The angle the plane of symme try of the body makes with the
Xx-axis is & so that the angle of attack is:
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« =8+ B =2+ arc tan ——b_ 512 O (3)
. Vo + £ cos o

The regults of (1), (2), and (3) hold good for any
- values of ¢. Taking account of the fact, however, that
only small oscillations arg considered, so that the sec-
ond ‘and higher powers of ¢ may be neglected, the above
equations becone: o

v2 = v& + ov, E cos @ ' (4)
B = £ sin o (5)
e .

d = 9§ + jL sin o ' (6)

Vo

c) Eauation of motion of the center of gravity.- The
product of the mass of the body by the acceleration

of the center of gravity in the f~direction must be equal
to the sum of the components of all external forces:

(1]

mg =X, + Xy + X4 - (7)

As indicated above, this sum is made up of the con-
tributions of 'three different forces, namely, the weight,
the cable tension, and the aerodynamic forces., The weight
mg acts in the direction of the negative y-axis, so that
its component in the ¢-direction is:

X, = + mg sin o (8)

The tension T of the cable acts along the direction
of the latter but does not coincide with its initial posi-
tion when the system is in motion. If the angle between
the two directions is 6 then the component of the cable
tension in the E€-direction, since only small deviations
are- considered, is

X, =+ T80 (9)

Strictly speaking, the value of T will also be af-
fected by the motion. Since, however, in the expression
for X, the tension T 1is multiplied by the small quan-
tity 6, +the differences may be neglected and T thus
considered as constant.



N A.C.A, Technical Memorandum No. B32 7

The coefficients of the components L and W of the
resultant aerodynamic force normal and parallel, respec—
tively, to the direction of the relative velocity, may be
introduced in the form kp!' and ky, Dboth being positive
constantse It may be observed here that only small oscil-
latiens about the position of equilidbrium and therefore
also only small angles of attack are considered and, as a
result of the symmetry of the body, k; at a« = 0 and
kg?! are zero.

The a2bove aerodynamic components are therefore:
- 1 2
L=X%XtaszpV (10)
2

p V _ (11)

-

W=kW

As has already been noted, the relative wind direc-—
tion makes an angle B with the x~axis, while the angle
between the latter and the §¢-direction is @. The angle
between the relative velocity and the ¢§¢-directionm is
therefore (p - B) (see fig. 3), and the component of the
aerodynamic force in the latter direction is thus,

Xz = = L sin (p -~ B) = W cos (p ~ B)
Substituting the values of L and_ W from equations (10)
and (11) and then the values of V2, B, and a from (4),
(5), and (6) and again neglecting the higher powers of the
small gquantities, we obtain:
Xz = =% p Vo2 kg cos @ - 3 Vo{:kw(l+cos3¢) +
Kyt sin® @ bE - dp V2 kyt sin @ 9 (12)

Substituting the values from (8), (9), and (12), equation
(7) becomes:

-

m E - mg sin @ + p V& kg cos @ +
+ 30 VO-{kW(l+cosaw)-+ EL' Singfp}é +
+ 3 p Vo kp! sin@ 9 - T & =0 (13)
d) Baquation of motion about the center of gravity.-

The nroduct of the moment of inertia I about the trans-—
verse axis through the center of gravity by the angular
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"

acceleration o 1is equal to the sum of the-external mo-
ments about this axis

IS =M + M - (14)

The lines of action of the weight and the tension
pass through the center of gravity so that the aerodynam-
ic forces alone produce a moment. The latter may be con-
sidered as consisting of two parts, the "pitching moment"
M; and the "damping moment" Mz, The first is taken equal
to the moment which would be exerted if the angle of at-
tack were the same but the angular velocity zero. The
second is proportional to the angular velocity 4§ Dbut
independent of the angle of attack. On the basis of the
same considerations as given above with respect to ki,
the coefficient of the pitching moment may be taken in the
form ky! a. The two moments will then be

[N

My = = o Va ky! o

The sign is so chosen that for the usual case of stat-
ically stable body with positive damping ky! and kyp
have positive values. Substituting the values of V and
o from (4) and (6), we obtain after neglecting as usual
the higher powers of the small quantities:

-

My = =

My o= = 3 p Vo ky! sing £ -} p V," ky! 9
Mz = = % p V, kp 3

so that equation (14) for the motion of the body about the
center of gravity becomes:

I3 +3pVokpd+3p V> ky!d+%p 7V, ky! sing =0

e) Equilibrium of the steady state condition.-For
the steady state the condition of equilibrium of the force
in the ¢~direction is: '

- mg sin @ + 3 p Vo2 kg cos @ = O (16)

and the angle @ 1is therefore given by

tan @ = + S———2—— — (17)
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f) Equations of motion for small oscillations.-— Equa-
tion (13) may be simplified by taking account of equation
(16). Xeeping (15) unchanged, the equations of the body
for small oscillations about the steady state are:

mt +dp Vo fky sin® @b +3p VR kLsincp'B-,-T9=(1C;)
I3 +3p Vokpd +3p Voo ky'd + 3 p Vo ky! sinm%?lg)
with
ky! gin® o
B = 3 > (20)
ky (1 + cos” @) + k! sin” o
1 ]
1ovV,2 Kk
tan @ = 22 o "W (21)
mg

If the term T 6 did not occur in the first equation
the solutions of these equations would offer no difficul-
tiese This term denotes, however, the coupling with an-
other vart of the system, namely, that of the cable, so
that to obtain the solution in question the motion of the
latter system must also be known or at least be determined.
In what follows, however, it will appear that without go-
ing into any deeper analysis, an important result may De
nevertheless derived from the equations above.

4, ENERGY CONSIDERATIONS ON THE STABILITY

In order to determine the character of the stability
for small oscillations of the body, let the term T 8 of
the tension in equation (18) be replaced by an external
force P =P, sin Nt + P, cos A t. The original system

is thus tentatively replaced by another whose equations of
motion are the same, except for the term T 6, as equa-
tions (18) and (19) .and whose motion -is now considered un-
der the effect of the force P. The body will then per-
form an oscillation of frequency A. By a suitable choice
of P, and P,, it is possible to write ¢ = §, sin A t.
From equation (19) we now have:
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2
: (3 p V., A kp ky! sin o )
S = e s - : '2D ML ‘ 5 & sin At +
’ (I A - 2P vo k’Ml') + (.?. P .vo kD )\)
1 a 1 2 1
+ 2P Vo M (I N =35 p Vy ky') sin cp x4
G . TE I t, cos
(TN =3 p Voo ky!')Y +(3p Vo kp A

Substituting the values of ¢ and ¢ in equation (18),
we have the "components" P, and P, of the external force

3 ' .
3 p Vo) Vo kp ky! kp! sin®
Py - fo S { 2 2 } (22)
(1 x - zp ¥, kM') +(3 p V, kDA)
P =+ 3 p V, fo Akp! sin® QP{':J'B-'“*‘
2

+ 3P Vo (IN =3 p V5 kyt) ky! } (23)
3 :

(1 - ':‘,'2" o Vog kM') + ( p V. kD >\)

It is evident that when, for some frequency A of the
system, both of these magnitudes become zero the motion
can take. place without the application of any external
force, i.e., a free harmonic oscillation of frequency A 1is
possible. In general, this will not be the case, so that
the question ¢f the meaning of these magnitudes must be
gone into more closely. To obtain further insight into
this question, let us consider the work performed by the
outside force during a complefe oscillation., The work
done in time element dA = P § dt, so that for a complete
period we have: :

. 2m
)\ .
A =/ Pt odt =
Yo
2m _ A .
A : '
= // (Py sin M+P; cos At)E, A cos At dt=+B fm  (24)
’..o

The work thus appears to be indevendent of P,. As
may be seen from equation (23), P, depends on ‘A and is
proportional to  §4.
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If, for all real positive values of A, the work
given by (24) is positive, this means that oscillations
with constant amplitude are possible only when work is
supplied from the outside. With the system left to itself,
no oscillations of this kind can occur and certainly no
oscillations with increasing amplitude. For the modified.
system considered at the beginning of this section the
stability condition thus obtained is that, for all positive

values of A, Ei > 0.

)

This condition is sufficient but not necessary. Un-
stable oscillations are impnossible whenever this condition
is satisfied but such cscillations will not necessarily be
set up in all cases where the condition is not satisfied.
With regard to the latter statement, it may be observed
that harmonic oscillations, which may be considered as the
limiting case of unstable oscillations, can be set up not
only when P, = O, but also when the condition is satis-
fied that P, = 0,

Considering now the significance of this result in the
case of the original system - that is, for the body towed
by the cable - the following may be observed. As has al-
ready been discussed under section 2, in order to maintain
a state of oscillation with constant amplitude, work must
be supplied to the cable from the eutside. Under these
circumstances it need not be feared that the cable will
supply work to the body. If the cable is now considered
to take over the function of the external force in the
above system, no unstable oscillations can occur if the
above condition is satisfied, Substituting the value of
P from (22) and leaving out all factors that will surely
be pvositive, the condition becomes: No unstable oscilla-
tions can be set up on a body towed by a cable when, for
all real values of A\,

. 2
5p Voo ky' (IN -3

p
2 2 2
(IN ~3p V) ky') + (3p Vo kp A)

Vol ky'!)

1. >0 (25)
B

5. THE "CRITICAL" VELOCITY

_ The denominators of both fractions occurring in (25)
are always positive. .The condition may thus be written in
the form:
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. 2 2
(I A2 - ip ’VO2 ky') + (3 p Vo kp M) +

Expréssed in powers of A "this may be written as

f(A) = a, A+ aé A+ a, } 0 o (27)
where
a4 = f I?
as = + % p% V.2 kDa;-;—pv;a I ky' (2 = B)
2o =+ 3 0% Vo ky'® (1~ B) | |

Since, as may be seen from (20), B is less than 1, =

,and a, are always positive.

Considering now the values of A that satisfy (27),
it is immediately evident that A = O 'is one such value

£(0) =+ a, > 0

Since f(A) 1is a continuous funection-of A, it may become
less then zero only if the eguation

f(A) = a, N + a3 ¥ + a, =0 . (28)

has real roots., The roots are:

- [ = ast Jap -~ 4day a
>\=i/ 2’/.. o <4

2a4

None of these roots will be real when either ap > 0

or az? - 4ag az) > 0., In the first case, provided the
second inequality is not satisfied at the same time, the
numeragtor will always be negative due to the fact that

ag a4 1is positive, so that all the roots are purely imag-

inary. In the second case, independently of the sign of
asy all roots will be complex. Both inequalities lead to

a stability criterion. PFrom the first it follows that the
body will not perform any unstable oscillations whenever,

as may be secn. by substituting the valuc of a, given in

(27) :
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812 =

]
-
[\
<
o]

V% I ky! (2 - 3B) >0 (29)

w
3

{
-

Since B is always positive (see (20}), a, will always
be greater than (% p? Vo? kp? - p Vo2 I ky'). Thus con-

dition (29) will certainly be satisfied when the latter
expression is greater than gzero or

I ky' < % p kD2 (30)

In the above condition Vo does not occur, which

fact signifies that whenever the condition is satisfied,
no unstable oscillationsg can be set up at any velocity.
As will be seen in section 6, this criterion appeared to
be of little practical wvalue, ‘

0f greater practical importance is the second condi-
tion: '

a2 = 4agy a, < 0 (31)
Substituting the values of a,, a,, and a, from (27), the

above 1negua11ty becomes, a*ter discarding the positive
factor Vo oo

sl

F(VO)={%; p kpP-3% 1 kM'(é—B)} - 1% ky'®(1-B) <0 (32)

As follows from (20) and (21), B, and hence also the
above expression, is a function of V,. This indicates
the possibility that condition (32) may bve satisfied for
some values of V5, and not for others. For the first
range of velocities the body will certainly perform no un-
stable oscillations; for the second range no certalnty eX-—
ists with regard to unstable oscillations.

In order to see whether this is actually the case it

is necessary to consider more closely the variation of
F(V,) with Vo, the line of reasoning followed being

similar to that employed in discussing £(A).

When Vo =0, B is likewise zero, and
1l 2 2
F(O) = + i6 p_kD (p kp® - 8 I kM')

In case the above expression is positive criterion (30) is
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satisfied and will not be further considered. If it is
“negative, however, then condition (32) is satisfied for

Vo = 0, Unstable velocities at other values of Vo, for
instance V,, will then only occur when F(V,) > 0. Be-
tween Vy, = 0 and Vg, = V,, however, there must be a

value of V, that satisfies the equation

2
F(Vo)={:% p kp®~3 I kM'(E-B)} ~I2 ky'!2(1-B) =

2 2 2 .
_.:_;_ I kM! B +-fip k-Da I kM' B"']‘_l'@p,kDa (p kDg“BI k}47>=0

- (33)
- Solving the above for B, we have, since only a pesi-
tive root has any significance here, -

- p kp® + 2kpa/2p I ky!
2T ky!

By = (34)

From (20) and (21) the corresponding values of ¢ and V
are:

2By k
sin® o = k¥ (35)
" (1 = Bg) kp' + By ky .

‘ 2 %
Vka - mg tvan o (-36)
P ky
Summing up, it may be said that By and hence also
Vi give the condition at which the value of F(V,) goes

over from negative to positive, Vi thus forming the bound-

ary between the regions of lower and higher velocities for
which condition (31) is and is not satisfied, respectively.
This value of the velocity was therefore dencted as the
"eritical velocity." At velocities V, lower than V.,
no unstable oscillagtions will occur, while at velocities
higher than Vj such oscillations may or may not occur.
The limiting velocity at which these unstable oscillations
will start to occur may thus be greater but certainly not
smaller than V.

6. SOME GENERAL DEDUCTIONS

In the applications of the theory that have been con-
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sidered - up to the present condition (30) appeared to set
such a high requirement that it was practically impossible
to satisfy this criterion. This is bound up with the facit:
that 2 certain degree of static stability is always desir-
able.

More favorable results are obtained by the use of the
second criterion., The latter makes it possible to esti- ;
mate the effect of various factors on the critical velocity
and also compare the latter for various forms. As may be
seen from equations (34) to (36), other conditions remain=-
ing the same, an increase in the weight (mg) and in the
damping (kp) and a decrease in the 1lift slope (kg,t) -
increase the critical velocity Vi« It may also be ob-
served that an increase in By 1ncreases o; and there-
fore also V.

The effect of the remaining factors is not so evident
from the formulas., ZFrom the computations that have been
carried out, the result was obtained that in the range of
velocities considered, an increase in the moment of iner=
tia (I) and in the static stability kM' produced a de-
crease in the value of Vi. On the effect of the drag ky
very little in general can be said since @) increases
with the drag and therefore both the numerator and denomi-
nator of the fraction in (36) increase. From the compu-
tation of a particular case it appeared that an increase
in the drag results in a decrease in Vi Ddut the effect
was not conclusive. Finally, it was found, likewise for a
particular case, that a decrease in the density (p) 1led
to an increase in TV but the corresponding dynamic pres-

sure (3 p Vi2) decreased.

The means by which the critical velocity may be raised
thus appear to be: by an increase in the weight (mg)
and the damping (kp), a decrease in the 1ift coefficient
with angle of attack kp! and a decrease in the moment of
inertia (I) and static stability (ky'). This conclu-
sion is valid generally insofar as concerns the first
- three magnitudes. For the two last-named factors the con-
clusion holds for the rather wide range within which the
practical forms of static tubes are employed. For cases
that fall far outside the range the correctness of the
above statement mwst be checked by computation.

The values of k;!', ky!, and k for bodies such as
L M D
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static tubes depend mainly on the size of the tail surface
and, for the two last-named coefficients, on the distance
of the tail surface from the center of gravity. It thus
appears desirable to malke the tail surface small and the
distance from tail to center of zravity large. :

7. APPLICATION TO TOWED STATIC TUBES

The abave theory was advantageously applied to improv—
ing the dynamic stability of the towed static tube., The
original form of the static tube is denoted by a in fig-
ure 4., Its characteristics were large tail surface, large
moment of inertia, and relatively small weight - all of
which must be considered as the reasons for the low criti-
cal velocity and hence, as undesirable, Flight tests were
conducted with several modified forms applying to a great-
er or less degree the modifications mentioned in section 6,
The intermediate forms and the results obtained with them
will not be further discussed here, with the exception of
a single case which very clearly brought out the effect of
the moment of inertia. For this purpose a static tube was
used, of which the moment of inertia could be varied by
the shifting of movable weights. With small moments of
inertia no oscillations were observed up to the highest
velocity used in the test - about 180 kilometers per hour
(112 miles per hour). 1In a subsequent test, however,
using a large moment of inertia, energetic vibrations
wvere set up even at a low velocity.

The final forms of static tubes developed are indicat=
ed by b and c¢ in figure 4. They differ only in the
dimensions of the center portion, which in both cases is
nassive, The first form (b) was very satisfactory but
on account of its great weight appeared to be too incon-
venient. For normal operation, therefore, the second form
(¢) was employed.,

The data for the three types of tubes are given in
table I (with fig, 4). The aerodynamic coefficients for
static tube (a) were obtained from the results of meas-—
urements in the wind tunnel, and those for the others were
estimated from these results and other available data.

The results that were obtained with the three forms of
static tubes in flight tests, were the followingé¢ The orig-
inal static tube (a) showed unfavorable oscillations at
velocities higher than about 180 kilcometers per hour (118
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miles per hour). The static tube b, however, remained
‘completely undisturbed up to the highest velocity at which
it was tested (about 450 kilometers per hour (280 miles
per hour))e. Similarly, no instability was observed with
the tube ¢ which has been used continuously for some
years at velocities up to 300 kilometers per hour (186
miles per hour), '

Bearing in mind the significance of the critical ve-
locity considcred in section 5 as the lower 1limit of the
range of velocities within which unstable oscillations can
‘occur, though not necessarily, then the agreement between
theory and experiment may be considered satisfactory.

8. CONCLUSZIONS

l, On the basis of the assumptions discussed in sec—
tion 2, two stability criteris may be derived for a body
towed by a cable. Both of these are sufficient though not
necessary and refer to conditions under which it may be
vositively asserted that no unstable oscillations will
occur,

2s The first criterion indicates that whenever in-
equality (30) is satisfied no unstable oscillagtions can
be sef up at all possible velocities.

3« The second criterion leads to the critical veloc-
ity Vy which may be computed with the aid of formulas
(34) to (36). This critical velocity forms the upper lim-
it of the range of velocities within which no unstable os-
cillations can occur.

4. In the applications that have up to the present
been considered, the first criterion set such a high re-
guirement that it was not possible to apply it in practice.

S5¢ The critical velocity Vi can always be raised )
_by increasing the weight (mg) and the damping (kD) and
by decreasing the 1ift coefficient slope (kp!).

6« In the range here considered, an increase in the
static stability (ky') and in the moment of inertia (I)

lead to a decrease in the critical velocity.
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7. 3By utilizing the results of the theory, the dy~
namic stability of the towed static tube could be con-
siderably improved. The agreement between the results ob=
tained with various forms of tubes and the computed val-
ues may be considered as very satisfactory.

NOTATION
ap, @z, 84, are coefficients (see section 5, (27)).
g€, | ~acceleration of gravity.

ky, k., ky, kg, coefficients (see Mz, L, M, w).

m, . mass of body.

t, time.

Vs éy, components of‘the relative velocity V.
X, ¥, coordinates (see fig. l);

4, work done by external force P (see

section 4),
B, (see section 3f, (20)).

I, nement of inertia of body about trans-
verse axis through its center of gravity.

L=kj, % p Va, lift component of the serodynamic force
- at right angles to the relative veloc1ty
(see fig. 3).

M= = ky s p VB pitching moment (see section 3d).

Ma= ~ kq 2 p V 9, damping moment (see section 3d).
P, ﬁ external force (for subscripts see sec~
' tion 4).
T, : tension of the cable.
v, relative velocity of body with respect to

the air.
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Voo _ flight velocity.
Vi critical velocity (see section 5),
W = ky 3P V2, drag component of the aerodynamic force

in the direction of the relative veloc-—
ity (see fig. 3).

X, ‘component of external force in the £
direction. '

o, angle of attack of body (see fig, 2),

B, angle between relative velocity and x-
axis.

D angle of rotation about the transverse
axis through the center of gravity (see
fige 1).

N frequency.

P, mass density of the air.

P> angle between the direction of the cable

in the position of equilibrium and the
y-axis (see fig. 1),

£ displacement of the center of gravity of
' the body from the position of equilibrium
normal to the initial cable direction (see

figse 1).

E > amplitude of forced oscillations (see sec-

° tion 4),

8, angle between the initial cable direction
and thatv made by the body in motion (see
fig., 1),

- = = - Thé‘subscripﬁ "k denotes that the magnitude has ref-
erence to the critical velocity.

Derivatives with respect to time are denoted by dots
above the symbol; those with resmect to the angle of attack,
by a prime.

Translation by S. Reiss,
National Advisory Committee
for Aeronautics.
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LEGENDS

FIGURE 1l.- Full line denotes position .of body in motion; '}

dotted line denotes equilibrium position.
1l = line of symmetry of body.
2 = cable. .

_FIGURE 2.~ Relative velocity V and angle of attack a.

FIGURE, 3.~ Forces acting on the body.

FIGURE 4.~ Towed static tubes.
Ve " a - original unstable form.
b, ¢ - very stable forms.
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Figure 2.-
Relative
velocity
\')
and
angle
of
attack
o .:

»
Figure 1,- Full line denotes position of

Figs. 1,2,3,4, Table I

b 4
body in motion, dotted line
denotes equilibrium position. l=line of
symmetry of body; 2= cable.
y §=direction
y
it
X A Figure 4.~
Table I : Towed
Static tube a | b | c | static
e kg 1,445 4,092 2.274 L tubes
1b 3.18567 9.0213 5.0133 a:
Originel
1 kg-m-sec? 0.00331 0.00345 0.00293 unstable
1b-ft " 0.02394 0.02495 0.02119 §°rmv
yC?
o g ol 0.0103 0.0029 0.0029 vasy
L £t2 0.11086 0.03121 0.03121 stable
= forms.
iy m, 0.,0063 0.0080 0.0063
£t 0.0678 0.0861 0.0678
- n® 0.00424 0.00172 |  0.00172
£t 0.14973 0.06074 0.06074 :
% wt 0.00106 0.00061 |  0.00061
D ft 0.12281 0.07067 0.07067
. kg-m~2 sec® | 0.125 0.125 0.125
1b-ft=% v 0.00237 0.00237 0.00237
v m-sec'1 41 96 75
k ft v 134.514 314.960 246,062
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