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APPLICATION OF THE. IJEORY OF FREE JETS*

..-By A, Betz.and E, Petersohn .

S RS

L, CTHTRODYCTION

‘TAe theory of Ilow of free Jets goés’. back to" Helm—-*-
holtz*%. and Vlrchloff ***f The fundamental idea is the-
dead wa*er aft a bodyg ‘which in the thebdry is“ now'asswﬂ~'
edly perfec Yy’ stLll. whereas the fluid outdide HLthds
dead waver is in potenulal motivi,” AL the Bbun&ary vfthe
two zones, Juead water and potentlal flﬁW, the veloclty .va=-
ries 1rregu1ar1y (drea of d15cont1nu1uJ) s Phed dead'watér
be1ﬁg at Test, the préssure within its entire zone must:
be constant, hence also at the beundary of tae potential

“fiew,’ Applled to the Tatter,®it- Slgl";bb';ﬁht the vsloc-
ity &loag the free Poundary must ve'cohrstant (Bermouliits

'equatlo ). Now tne boundarf condltlon for the DHotential.

£1ow, are.;;- _ P o

, lj'Veloéity at ihfinity’givén{

2) Normal component on the surface of the oody
equal zero, : : :

3) Veloclty‘alogg the-free boundary'cOnStant;

_ " Such oroblems are’ solvable at least for planar flows
and have been treated quite: Lrequently.****- But the whole
theory of the so-called frce ‘jets has come ssriously into.
disrepute for the very reason that tho results are not
wholly in "accord with practlce."“o 111ustruto°7 The thoo-
ry ascribves ,to. tne vertical - plate, sketched 1n Figure 1,

a drag_coexflcleat dw?='42+ﬂw:f_QJ88, ‘whlle 11 rcﬂl;fy

14
. *"Anwenaung der Theorle der frelen Strahleg. Inée@ieur-
Archiv, May, 1931, pp., 190-211, " A ’ S
**ﬁelmholtz, He Vvoi '’ w1ssensch..kbh.; Vol.'I;"p, 146y
Leipzig, 158z, . - . . . ' K ' I
.***Kirchhuff, G,: :Ges, Abh., p. 416, Telelg, 1882,
¥x%*Compare. Handb, 4. Physik, Vol. VII, p. 57 ff,
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it is about 2:0, The drag coefficient is defined by the
relation c

where W o= drag of aréa”'F P o= fluld density and vo =
velocity at infinity). The dlscrepancy between theory and

practice is due to the fact that the areas separating the
dead water from the potentlal flow are not stable, they
dissolve into eddies and set up ‘an intense mingling motion
between the two zones; .The result is that the potential
flow . impresses shearing forces on the dead water zone, -
thyus creating a negatlve pressu*e in ‘the space behind the
plate; which increases the drag, Be31des, the ve1001ty_.
in the dead water zone ceases to be zero, and even the
form of the notent*al flow itself is materially altered .
owing to the other boundary condltlons, particularly in. -
its further course at some distance avay from the body.

' 0n the other hand, thers are cases wherein these proc:
esses have no anpreciable effect on the final results. An
especially important sphere in which the tneory of the free
jet is applicable; is the dischargse of water in air. By
virtue of the breat density difference of the two mediums
the effect of the contiguous air on the flow of water is
very small, The conditions are analogous to cavitation
wherein the water flow borders on the empty spaces of the
cavitation zone replete with vapor and air; Because of
the ever-increasing importance of cavitation with our
high-speed turbines, pumps and ship screws, We choose as
tive subject of our revort the flow through screen-like
arrangements w1tn free jet boundaries which in.a certain
measure represent simplified types of the above—mentloned
machlnes. (figs. 3, 8, and 10i) :

Aside from that, we wish to solve the problem as to
what' extent the results of the theory of free jets are
gualified to renier the actual processes of discharge of
air in air or of water in water without cavitaticn. The
break-up of the discontinuity layer into eddies occurs
after all,.only gradually, and actually results in free
" jet boundaries at the instance of separation from the body.
S0, waen the flow aft of the body approaches asymptotic-
ally a steady state, i.e., as in Figure 2, tuis final at«
‘titude may already have been attained by appropriate meas-
urement before the 1nter;erences die to instability of the -
jet boundaries and the 1nterdependent m1ngllng processes
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make themselves conspicuous, It is to be expected in

such cases that the formation of the areas.of discontinu-.
ity follows, according to the theory, without the subse-—
quent mingling effecting any marked .change, These propi-
tious circumstances are as a rule encountered when the )
areas of quiescent fluid are -large compared with those of
the potential flow,., And the very conditions prevail for .
the flow through the above~mentioned screens, (Figs. 3,
8, and 10, ) :As loag. as the slots are. very’ narrow with re-
spect to the.screen bars,-a close accord between theory o
and practice may be expected. , S R

D

) But when the slots are consistently widened and so
make the stationary pars narroew: relative to the openlng
the process with screen,'accordlng to Figure 3, for in-
stance,. manlfests a .steady. approach toward that shown in .
Figure -1, where the adgacent bars are 8o far removed in
proportlon as to become negllglble. Here the 1nadequacy
of the theory is generally conceded ,and the qaestlon '
arises as to how wide the. slots can ‘be. made withou't br11g~
ing about apprec1ab1y erroneous theoretlcal values,_and
what other circumstances are 1nvolved To answer this-
question, we compared a portlon of the, results arrived at
according to the theory of free Jets W1th correspondlng
experlments. : . ,

For the theoretlcal treatment we made use of Prandt
hodomraph method, This method is quite fam111ar ‘to stu—'
dents of Prandtl, as. well as to a limited c1rcle of other
professional men, but has never been fully descrlbed* as
far as we know, and is taerefore | 1ittle known elsewhere.'
Hence a more detailed account may not be amiss, Compared
to the other conventional methods, the hodograph is clear-
er and for that reason more convenient for the engineer,
because it avoids many abstruse intermediate transforma-
tions, Moreover, in view of the practical importance of
cavitation phenomena, an explanation of the method from
the englneer‘s p01nt of v1ew seems Justlfied

‘The -flow can be’ e“pressed by the complex potential-
functlon . .

*Brlef excerpts may ‘be- found 1n the artlole'"vluid Jotlon,
ia Handworterbuch der: Iaturw1ssenschaften, Vol, IV, P.. 110,
Jena, 1913 as;welhras,inh@er Hutte, - 25th edltlon,,let I,
p. 347, P SR . -
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subject to the complex coordinate

as v o= () o (3
(W;ere f¢.= flow pdﬁeﬁtial' ¥ = stream funetlon, x and
y. =.cobrdinates in thé plane of the flow), With u and v

as veloc1ty components in direction of axis x and.y, re-
spectively, in point 1z, we have ’ ‘
w=u-1v=2L (4)
‘ » Jz - : A
DN : - .

. - This, however,'ls an analJtlcal functlon of Z, be-
cause . is one. So when we plot in.a new representa-
tion, plane w, a pdint w=u - i v . for each point z
of plane z, the lines of plane z Dbecome lines of pline"
w and are conformal to one another because of the ana-
lytical character of the: conformal function,. To illusa-
trate, wihen we transfer a’set: of - stream and potential

1ines,.(w = constant; ¢ = constant) of plane z . (plane of
flow) in this manner to Plane Wy . the result is a confor-
mal transformation of it. This special transformation by

means of velocity vector w is called "hodograph,"* By
conformal representation, however, a potential flow in-
variably changes into a poteatial flow again, as a result
of which the group of lines obtained in plane w, mnay
themselves be looked upon as stream and potential lines
of a new 1ow. Fow, if we succeed in graspving this new
flow tqeoretlcally, that is, define ¢ as fuanction of

*The velocity vector of the flow is w! = u + iv,

hence

w 1is tae conjugated-velocity veector, or in other words,

w is the reflection or image of w'! on axis =z, The
transformation of the flow by its velocity field w! = u -+

iv as well as its reflection by w =1 - iv is called
hodogreph, In the interest of a precise manner of expres- -
sion, it would, of .course, be expedient to confine the term
"hodograph" to the first representatlon w’) ahd to call
tHe other (w) the "reflected hodograph.*®
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w,* ‘the solution for plane 'z, ‘that is . dfz)i. . 'is ag- .
sured, According to equation (4) o

-
from which follows. .fﬁ B S LR _ )

,*'rKhoWing Q9 as funétionubf;'w~ aﬁd.théfeﬁy'fw as
Tunction of ¢ the integral may be carried through, so-
cro= a(@) e ()

o) LU ey

and vice: versa, ‘ o

*The course’ of Tlow is, after all, qualitatively known- as
a rule, Hence the hodograph and the shape of the stream-—
- lines can be readily plotted in itwby estimating the ve-~
locity for a suitable sequence of points on oné stream-
line and then plot it from one point-on (the origin of

the coordirates of the hodograph). The pertinent end
points for one and the same streamline of these velocity
-vectors are then-connected and represent the correspond- -
ing streamline of the hodograph, The latter displays cer-
tain singular. spots (mostly sources and sinks) which then
serve for more exact.definition of the flow in the hodo-
graph,  The frequency of the following cases is noteworthy:
If the flow in the plane of flow at infinity changes into
a parallel flow, the velocity for all streamlines there

is of equal magnitude and unidirectional. In the hodograph
tae equivalent of "at infinity" is one single point into
which all streamlines empty (source or sink). In the
stagnation points of the.plane of flow the velocity is
zero, The corresponding point in the hodograph lies in
the zero point, As branching point of the streamlines in
the . plane of flow it generally becomes branching point ia
tae hodograph also, and likewise stagnation point. .
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2, THE ‘FLAT -SCREEN MOUNTED .P% IRPENDICULAR TO THE 1'“LOW
ACCORDIHG 'TO THE THEORY*

Our examination may be confined to one strip of width
a, Dbecause the flow pattern always repeats itself for each
one of such strips., Besides, it is immaterial how we se-=
lect the boundaries of the 'strip., If our choice falls on
two adgacent streamlines passing through the stagnation
point, as in Pigure 3, the result will be as portrayed in
Figure 2., In the folloW1ng, we let the lines A D and
A, D, represent the boundaries of the cons1dered zone.,

‘ The pertinent flow in plane w, which resembIGS»the
flow in Figure 3, that is, the hodograph reflected in ax-
is x, has the appearance of that of Figure 4. The heavy
lines correspond to the heavily drawn (see fig. 3), rigid
boundaries of Figure 3., The letters in Figures 3 and 4
designate corresponding points, Points coinciding in planse
w are differentiated -in the plane of the flow by arrows,
e begin at point  A;, which is situated at infirity where

velOCIty v, parallel to direction 'x -prevails,.. Corre-
" spondingly, point A 'in plane w 1lies on axis x at.
distance v1 from-the zero point. Proceeding in the plane
of the flow (flg. 3) along the  straight streamline 4,3,
the velocity retains its direction, whereas its magnltude
decreases and drops to zero in point B, Accordingly, we
obtain in plane w a straight line from point A to the
. Zero. point, The latter coincides with point B, . where. the
flow splits up. We first follow the upper branch B Gy
The velodcity increases along the boundary area B Cl- and
becomés v, by the time it reaches the end .of the area
and is perpendicularly upward (positive imaginary direc-
tion)., .Conformably, we have in plane W a downward in-
.clined straight line from zero point (B). (negative im~
aginary direction), becanse w = - i v (reflection of ve-
locity vector on axis x) up to point €, at distance v,
from the zero p01nt "Here is the beginning of the free .
jot boundary C,;D, (in the rlane of the flow), where ve-
locity v remalns constent in mognitwde but varies. in
direction by raavallj changing from vertical into hori-
zontal, The equivalent to this in plane' w "is a circu-
lar arc (constant dlstance from zero point), extending

*Solved by R, v, Mises, V.D.I., Vol. 81, 1917, p. 447,
Treated here merely as particularly simple example for in-
troducing the hodograph method, so as.to make subsequent
more complicated proolens easier to solve,
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from Point: <C; - to 901ntw D~soa axis x {quadrant) .+ The
bounding streéamline <A D3 6f tre plaie.of the flow Vecomes
the- stralght 11ne “AD" in ‘pléne (Wi wiFollowiidg the other

oranch ABC ‘Dy - In- ‘the  garie” Janner, we /6vtain 1A' plane fvl
tae reflec%ed contour of 7 then ene “just explalned,eand botn
ether form’ a" sem1c1rcIe. All otAer ‘streanlines. with-

in thls boundary in--the- plane of tho flow ‘begin-in plane
w in ‘point - A ‘ becéuse &1l have the same- velocity- vy

at 1nf1n1ty. “They ' ‘a1l termlnate in plane w - 1n otie com~
mon point "D, " becauss the términal veldécity' v, 'is the
same for all” streamllnes”of tne plane of the flow.

In addition, since component x of tne veloc1ty nev-
er’ becones negutlve and the adbsolute- value of the veloc~
ity never exceeds ' vy, the streamlines 1n plane ‘w iare’
2ll within tide described 11mits, and for as-much as no
unsteady velocity’ changes oceur in~the’ plaiie .of -the flow
the streamlines of“plane’ W' . likewise fill the allotted
space completely. The. flow in plane wi is now.so chap=’
acterized (boundary dondition),  that all stroamllnes be-
gin in point A . (sourcé), end in point. - (sink), .and:
fills the prescrlbed spaco bounded. by a semlclrcle and.a’
diameter, A -

Wlthal it is Drov1s1onally undeczdcd as yet “how
large the ratlo Vl/Wa' .the initial to tho terminal ve-
locity, is, aad by it, whoro point A" (sourco) lies on
BD 'in planec W, 0bv1ous1y, this ratio is depondont upon.
the relative width of theée slot,.. If the slot is as wide
as the spacing, so that the plates become infinitely nar-
row, the flow -continues without hindrance; it is v, = v, .
On the other hand, if the slot is. very narrow, the free
jet likewise becomes very narrow compared to the oncomiag’
fluid flow, which has the Wnole Wldth of the spacing at

¥,
its disposal, Accordlnglj, Vi< Vo .hence 6}‘”90‘

This interdependence between slot width and - vl/vz -is nof
readily amenable to definition in a gquantitative sense,
and so it becomes-an'important part .of this prodlem to de~
termine this relatlonsnlp.' Sirce we find ‘the processes

in the plane of the flow from its image in the bodograsnh

The selectlon of any two other coagruent lines at dis-
tance " f¥om one another - instead-of the straight bounda-
ry 11nes A3D3; and Ay 3By would result in plane w, in
two curves in place of tihe two coinciding straights AD;
but they likewise coincide because of the congruent shave
of the two boundaries of the plane of flow, so that the two
zones again yield a complete semicircle,
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by integration (equation (6)), we expediently continue in
the same fashion by first assuming point A .arb1trar11J
in- plane w (that is, v, /v,), and then. defins there-
"from the slot Wldth by integration- Yased upon equat1on
(6. ~The result’is, the slot width in function of v, /v,
and through it, of course, also the reversse connectlon. '
The absolute mabnltude of these’ veloc1t1es is of 'fio sig-
nificance, because a proportlonate enlargement of "all ve-
locities does not alter the form of the " streamlines, We-
may tncrefore, put velocity " vy, = 1, wnlca moreover, has
the adventage that the limiting’ 01rcle 1n plane W be-~
comes prec1sely the unit circle. Lik eW1se, ve may, with-
out detracting from the generality, sét the spacing a in
the plane of the flow = 1, Now the yleld of the source
in point A of plane w' is E = vl.““

The flow in plane W, source and sink, within a sem-
icircle are readily treated: TFirst we complete the sem-
icircle to a full circle by reflection on axis® fy' and
further on, by reflection of the 1n31de on ‘the periphery
to the 1ndef1n1tely extended plane. The result i's ‘the
flow, 'shown in ngure 5, clearly . deflned bJ four sources
“and two 'sinks and the premiseés of zero ‘at indefirite ve-
1oclty. “Bach of the four sources has a yield v, and

lies in the points +v , -v,, + #%rand - é?' Each of the

two sinks has the yield -2 v (by - reflection on-the cir-
cle to original yield is doubled) and lies in peints +I'
and -1, respectively. The complex- potential of a source

(sink) in point 3z, and with- 2 yield: E -is in a p01nt
& = 2 1n(z - zo) S g
217 S :

We are primarily interested in the conditions on
0,0, from wnich the length of the planes €, C; 1in the
plane of the flow must now be derived, Our four sources:
(ZE = v,) and two sinks (B = - 2 v,) reveal for a point
of this space at distance r from the zero point, thet
is, for a point =z =i r,

¢ = 5# Flﬁ(lr - vy) + 1n(1r + v ) + 1n glr - ;T>
o+ 1n (i 4 LY 2 1a(ir - 1) - 2 1n(ir + 1)] . - (10)
. . 1/ _

Now, when we resolve the individual 1ogarithm;c terms
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(for exaiiple,;'In /T2 T-v3) 4nts'Feal and “imaginary’ "’

parts . (for example,: arc.tan L. ,. .we find that the imag-
inary parts exactly . annul one ahother -owing to :the . symmet-
rical position .of p01nt y (on axis, y) to. the sources -
and sinks, Only the real parts remain, So, 1nstead of
the~complex .quantities - ¢, w.and -z. of. equatlon (6), we
can s1mply figure with the real quantltles ¢, r and y.
It is. fﬁbn'“ﬂ“ R B -.w~9; LR v s
0 =9 = 21n Pra +, 2) ( CER R, ;J (11)
e . T : o

v,2/ (22 + 1)

and T | ‘
90 - 71 oy L + i - 2__ oo 13y
or em  reot ovi2 o oge g A eor® Rl

e
e ViT o

¥ow,. according to (6), we obtaln for a 901nt ir on
plizne W,;;a correSpondlng pﬂlnt -1y on plane of - the flow

I‘

=y;'=" f

L3
O . r

oF ™ ;r vf" + _l_ S o+ 1k
v,

. 1 - IR
= e —Ll_w— arc tan — +v arc'tan v, r -2 arc tan r1 (13)
T Lv, P 1 _

The Whole'dlsténce C,Cs = b (W;dth of plate) is obtainéd
oy 1ntegrat10n in plane w from C; -to Cg,i that is,
from,vfﬁé:~»l to”'p = + 1. It affords'” ‘ o

S CEEN ZA j; arc tan g vl:arc tan vl -0

R

2" —3—-<vl - QL- arc*tan*vl +.(1 = vi):'”
S 41 Lol L Ve
For s1mp11f10at10n we put aﬁé 1. ah&“v§f=.iQ' To
get rid of. tn:s standardization, we. now replace b by b
and v, by ﬂA so that - : a

-
b _ 1 - Y2 - 2 {1 - <ZL ] arc tan i (14)
S T n_“:“ T A o : '
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Thls relatlonshlp § & sn0wn 1n'F gure 12 (curve! o = 900)'

: To arrlve at force 'ﬁ¥ 1mpressed on each plate strlp
tne nowledge of tne 1n1tlal and the terminal. veloc1ty
suhlicest‘fror“ accordlng to the mpmentum theory

R R ORT

ST p1;~¢:a_:; -=i-r -P. .v1. ‘ a,—.- b'z : a - P vl' ‘ve. a‘.', (15)

where p, and p, .denote the pressure remotely fore
:and;aftwpfmthp@scngenﬁ 3ernou111‘s,equat;qn‘reads‘

SN oy = Paa 1 o
Py = Py = 2 (v52 = vy23) = =v,2 (1~ (L (18)
| 3 Ve 1 5 Ve _. . ) }. S
Gonsecuently, o - - ‘._“f“.” .
B } BENEI - .",-v“.""2'
W= a E v.° (1 - <i¥§ -2 Vit 2 4L> , )
.. 2 @ . vy / Va Vo /
."Afi g R o r
=a by2 a4 ‘<v =Y -2 ‘ = a"-‘&‘vga l1 - Y—l-} (17)
2 ! Vs / Vi ] 2 L Va
A dlmens1on1ess realstance coefflclent ;CW:= 5 il
forned Therefrom, becomes 5 é_véa b
oo =21 GE—)-'Q (18)
W b l s : 'Vg»_'}. ST ) N
: vy s
with relation (equation.(14)) between gz and ol This
is also shown in Figure 187 (a= 90°, ¥ = 0°%)  .where; how-

ever, the more genéralv-cni igiused instead .of cy.  In
the limiting case of %ﬁ —1, that is, for one single

2

plate in -an infinitely wide flow, equa tlon (18) reveals
i

4 + ﬂ

To gain an estimate of the ranldlty with which the
free jets leave the slots and approach their asymptotic
terminal attitude, we examine the curves of the free jet
“1limit itself, . Its couaterpart in plzne w is the circu-~
lar arc fvom C, to D ‘and G to‘“D, respectively,

Oa this circular arc ‘ ' ' T :

Kirchhoff's resistance coefficient cy .=

v

w =..ei8-f_‘ s - (19).

’ N E K !
when ¢ is the angle of the vector component to a point
of the circular arc with axis x. In plane 2z we have
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for these points -~ - :5;:7+'; 
) o

7 - C1 =

Cl

- OJ‘OJ'J.;
.3'9;

1 S T S -

v i T{ s ° 4 (20)
- -§ . es . . P

For the points of the circle, we find

® = & fln(e ~vl)+1n(313+v )+1n< 18_,__> +1n(:1a+ __)

._ 2 1n(elw3_1) 2 1n(el'3+ 1)] .:. ) '(21) .:

"-The 1mag1nary portlod (the stream functlon) elther

disappears’ or else-is: constant because the 01rcle 1s :”fj

streamline, Besides,

20, a8 1'+1+1+‘1 2 2
EE R P Rt 2 T TS SR TR WS D s Dy

ARG (22)

Consequently, we have, according to (20),

z=C, =

g
-3—&-] ds. | (.23).

d
 The’ 1ntegrals 301nt1y have the form 1 = —ryg:j;

wulcg,'wheﬁ resolved into real aad 1mag1nary part, becomes:

(k+cos 3)&& 'ii: C s1n§ d&

I = :
- f l+k‘*2k~cos~é 1+k?+2k~c08'&

I,

éL-[& -2 . arc: tan<1 =k tan.8>+1 1n(1+k +2k cos 34 (24)'

‘Introduction'of this result,into (23), whereby k
assumes for the individual integral, in sequence, .the val-
ues ~v,, tv,, - j; * i&.‘ 1,]+i,~‘yié1ds~-ﬂi '
o o vl‘ v1 T o

\
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v + q 2+ : 1
z-C,= —+ | 1n 1¥cos 9 1 /£L-+v;)1n v gvlf9°s 3 |
2m l-cos .«8 3. vy /s 1tv® -2v; cos §
+ 2. -}——vl> [arc tan —--1v--arc tan —~-—~1-- 9>1n19W (25)
_2m\v, L 91~v1%,A e 1~v12 o

/The :eal portion of this term represents,the "X  co-
ordlnéfes; the imaginary .part the" ¢oordinates of the
free jet ligit in tie plane of flow, ?igured from point
Cre .The course of the free jet limits obtained in this
manner, is illustrated in Flbares 8. éand 7 for several val-
ues of- v, and vl/vg. The screen spacing a, in Fig-
are-6y Was kept coustant| whereas thé -bar width 'b:.:was
varied, In"Figure 7:the- bar width was constant aqd the
screen spacing a, was changed, . S

3, 'THEE SCREEN CONSISTING OF OBLIGUE FLAT PLATES IV
PEIRPENDICULAR FLOW, ACCORDING TO TEE THECRY

We again proceed with screen spacing a =1 and ter-
minegl veloc1tJ of free Jets v, = 1, and review .the phe-
nomena in-a strip of. the. widtn of screen spacing a.

Firet we examine the st”aacllne containing the stagnation
point on the plates (w = 0). Xow this line is no longer
straight. as in.the preceding case, hence its reflection
in plane w. is cirved also. 215‘”8 8 gives the approx-
imate course of the flow and Figure 9, the singularities
of the accompanyiang hodograpi (clane w) reflected on axis
X, Corresponding points are . again designated Dy. the same
letterss In the previous case the initial velocity w,
was -at first undefined and its relation t¢ given dimen-
sions of the plates was established later, Now, we have,
in addition, another temporarily undetermined. quantlty,
naxnely, the direction of the .términal veélocity wv,, which
is chiefly dependont on the setting of thé vlates., To be
sure, the direcction BA 1is given in the hodogrﬂpn oy
point A (source), dut the distance frow ~B .-ig-indefi-
nite and as far as point D (source)’is concerned we:

know it does lic on the unit circle but not at that place.

The first uncertalnty is. temporarlly left as’ it is, 1.e4,
we select. point. - A arbitrarily on the part of axis x
within the unit circle, The 1ocat10n of point D (the,
sink) is defined by the stipulation that point B, the
stagnation point in plane w, must coincide with the zero
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point,.* This is possible only by a well-defined location
of the sink, when that of the source is given.** .Since a
source of yield E, whose distance w from zero point
forms angle X w1th the plete given in zero point .a veloc-
ity component 5%; cos X parallél to the plate (the com-
ponents normal to plate are ;ajnulled by reflection), -and
the sum of the effects of all sources is to be zero, we
obtzin as condition for angle B formed by’ vector BD

and axis - X

'ft 2.cos- (a - 5) <Y1;+ J;>Zcoé @, e (28)

where q 1is the angle of the plates and f the angle of
the free jets at 1nf1n1ty w1th axls X.

The hodograph for this venerallzed case comprises, as
before, a semicircle with one source and one sink (not
syaaetrlcal however) The sink-lies agaln on the periph-
ery, the' source on a p01nt of axis x. .The yield of
source and sink is E = v, . After completlon of the sem-
icircle. to the full plane by reflection, as in the previ-
dus example, we again obtaln a flow con51st1ng of super-
posed four sources and - two. sinks._ (FPig. .9.) The sourcge
yield is E = v, the location is in points v,, v1921a
1/v,, (1/vy )egla .The -two sinks have the yield E .= -2 v,
and lie inlpoints | elf and el(ga*ﬁ). With the potent1a1

on the diameter C,; Qa’ the imaginary portion disappears
again for reasons of symmetry. For & point en 0, C, at
distance .from zero point . (v = r eld) we have:Aw§ '
. v - 1 A 21-‘ - 1
¢ = = -i-ln-{ r?+v,2 -2rv, cos (r2+ — - — coS Q
¢ =55 [ 1 t ] L v,2 v, )
: a . ._241 . .
x [r2+l-2r cos(a-B)] [ - - (27)
and | . I
' ‘ T - L cos o
ap _ vy | r - v, cos Q F LV
dr - m | r® + v,® -2 r vy .cosa r2 + 2 .5 X sosa
. . ) . s vl% v,
;—"é' : - cosla - @y. 1 __‘ | (2é5

r? + 1:— 2 r cos(a -'B)

“xgee ;ootnote, page 5,
**3ece page 1lid. :
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.

Accordlngly, w1dtn b of the screen plate becones,
;accorélng to (8)- : ; , . A

w‘T

1 co
b o=/ l.-f= d:r
SO N 1§¢ -
. - ._a@ﬁ ) . o
Now we 1ntroduce 5 from “(28), - evaluate the-integral,
aonlJ arbltrary spa01ng : ,f end termlnal veloclty va,
S0 t"aj.-. e
[' ST g -2 Q«*> cosa + <
b= L Yalcosa /¥y 4 ¥aNg
a mvg |
[

- v - L= cos{a = B) .-
cos\a 5)1n TE ccs(a Ty

( \ ’ ﬁrc";;—L——- \ 2
u+ AEURIS-R - -
() élna/tan\z v1' szna +ﬁ< )51na n51n(q 5) (29)

'ﬁheféinl 2 co°(a~5) n-’—L + —;\cos oy - accordlng to (26),

With this’ 1&st relation, (29) now becomes

o e (R, s
mve Lo

_1 cos(aeﬁ) cos(a765+cos a

- oA AR AR
- s 1na arc tanf2——%————31na~+n(——31na-51n(a~5)>

“(29a)

Eouations (26), (29) and (29a) reveal the relation
vetween the relative bar width b/a, the angle of de-
flection B, and the.velocity ratio v, /v,. Figures 12
and 15 exhibit the values for v, /v, and B at o = 15°,
30%, and 60° plotted against b/a.

‘The-forces. I . impressed on the indiv1dua1 plates
must Ve vertical. to. the plate. Surluce. Tbelr components
¥y end Ny, accordlng to the momentum th 1eory, are:

" Pootnote from page 13, -

**0One nay 1nstead deterning tbe dlrectdon of terminal ve-
locity v, from the condition that the force on the indi-
vidual plates - dccording to the momentum theorem - must
be normel to the surface of the .vlete, SRR
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Mg =Pv aly =v cosB) *alp -p)  (30)
Wllereby pl - P2 = -2p-(v22 __ vlg.‘); . A A

Ny =P v1 ‘a'vs -sin B . R (31)

It 1é reﬂdlly prdVed tnat “ﬁ- =’ tan'd; that is,
: y T -
the force perpendicular to the plates, when puttlng )

v v
2 cos(a - ﬁ) =2 + L) cos a”
\" Y./
according to (26) For this equatlon pre01sely expresses

the cond1tlon that the force must be perpendlcular to the
plates.* : .

qu resultant force 1s revealed as

N : Ny.:é‘:éu;ﬂ . ’ s1n B '»:.(A )
SF ———= Py, v, a . i (32
cos o ST 1.2 CO-S,.O',4
.TheAdimeﬁsidnlesgicbgffipient.5f~this3force»becomés;.
cp = — N.. N i'ZL.sln g e (33)
e ' b v, cos a S
= v,2 D
2 2 - .

and is shown 1n Flgure 18 (curves“ Y = O ) fer verieﬁs.
values of « .plotted agalnst b/a.‘ CoS

. Allowing' b__.0, results 'in the force- for:the?iﬁdiQ'
a

vidual flat plate at angle of setting «. The executlon
of this limiting transfer, wherein B—>0 and .L__ol,
yields » Vo

_ _2 7 sin a~7, S . (34)
4t osin a i :

s factor defined direct by Lord Rayleigh.

*Compere footnote,'page 14,
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4, SCREEh COWSTS”IAG OF ObLIQJ“ FLAT PLATES IW OBLIQUE
e 'LOW (AGCORDING. TO. THEORY)

Here we have, aside from the constants of the pre~.
ceding problem, the angle o formed by the direction of
the oncoming flow with the normal-to the plane of the
screen, For the rest tne d951gnat10ns remaln the same.
(ngo 10 ) LT R VIR :

Plotting the hodograph again in the usual manner, we
first notice that point A in the hodograph is no longer
on axis x, bdut on a straight line sloping toward it at

angle Y. (Fig. 11.) For the- calculation itself this
would imply but a very trifling change, which would got
Justify a separate treatment of the two cases were it not
for another ‘extremely serious difference, In" the plane of
flow the process in direction y 1is periodic, Points -
shifted in direction y (parallel to plane of screen)
spacing a, have the same velocity, heance coincide in the
hodograph, as points. P, and Py, for. instence, Assuming
a-simple source in point A of the hodograph, as hereto-
fore, reveals the same potential for the coinciding points
P; and P,, But in the plane of the flow these points ob-
viously have a different potentisl; for the lines of con~
stant potential are perpendicular to the streamlines, and
it is manifest that points P, and P! nave the same po-
tential; that, in fact, the notential in P, mnust be
greater, Applying this stipulation at so great a distance
in froanat of the screen that the flow can be considered as
undisturbed, the distance B! F, = @& sin Y aand the po-
tential dlfference between- P3 and B! , or what is the
same, between P, and P,, 1is ‘

CAQ = v;'a;sip Y.

Proceeding in the plane of the flow from point P, toward
point P;, the potential increases by the amount Ay, In
the hodograpn one 31ngle turn around point - A corresponds
to the space from P, ‘to Py, If herein the potential is
to increase by A®, a vortex of circulation .

' =Ap =v, a sin ¥ 0 (35)

mast be at hand in point A, Spo aside from: the source -

with iantensity

E=v, acos Y, (36)
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a vortex of the mentioned intensity must be introduced in
point A, The. comnlex Dotent1a1 of a vortex of circula-
tion I' in point™ Zy iscin & point -z (see equation
(9)) |
L O Eed .5“;-1.;&;:(7--:.-:-z°>--:> R .(37)
To those readers who have some practice in conformal
rep;esentatlon, the.appearance . of- this -vortex may, mores -
over,, be clear, ‘since by. -the-representation of a simple-
perlodlc flow pattern, the components of the velocity at
infinity, which is perpendicular, respectively, parallel =
to the direction of the perlod . _appear as source and sink,

Strictly, a vortex of intensity v, a cos(Y - B)
should be introduced- in point .D,. (the s1nk) also, ZRut
by supplementlng the flow through reflection on the circle
(1st problem) ‘the reflected circle has the opposite sense
of rotation, and since both coincide, the vortices anaul
one_anothers»- L T T e

The stlvulatlon, as in (20),‘of a, stavnatlon point

in the zero. oolnt of -the nodograph (1 e., resultant force
perpendicular tor plate” surface) affords here the relation:

2 cos(a - ﬁ) = (;L + v1> cos a + <—— - ) sii o tan ¥
' (38)

Thus, a calculation of the potential on line C,C3
in the same maﬁner gsqbéforeg Yields a_propgrtipq.

A cosz" [ 2t 24' sa] £é+';l__;g; : ]
QQ._ _¢§~E— n..1 TV~ rvl cosq vlg v, COSGJ

Lra+1 2r cos(a—ﬁ)] 2},_' . o (59)

attrlbutable to the sources and ‘sinks and whose sole dif-
" ference from the value in the preceding problem is the
factor cos 7. .

But to this we must add ‘the. proportion of the vorti-

ces
r - _,J:_ cosQ
{ ’Vl .
oq = (40)
P L.
i vl s:an,
.
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Conformable to (6), ,the plate width - b  is:

;f.;: L __Ail dr + _wnll dx (a1

T -1 r

The first of the two integrals up to cos ¥ is iden-
tical again with that evaluated in (26), For the second,
we have:

a¢ﬂ - sinY sinal - A N 1
or = ™ [r?+v12-2rvlcosa vvl(—l—-frz— EZo0sq)| -
, ' ' T V.2 vy - /1
and ' L
+1 1 0%y - w sinY sing
, J r Or T
o =1 .
o, ‘ + ez
% <Wi‘” j%) 1 1n 1l T2 v, cosa v,2
X v,/ 2 1 -2 vl cosq T v,°
1 2v sina Tl
+{/—— + vl\cota arc tan —d—— - — cota (42)

So whed we discard the standardization and:rQPIécé__b' And
v, by b/a' and -vlfvzy respectively, we at last obtain:

. .' :-.'_- . . . . ] A~ 1 + ) ’ . '— o .
T ces Y fces(a - ﬁ)ln cos (o 6)
Ve L - cos{o - 5)

pjo
W
N

- . . 1 - 2 <—L,cosa <—L>
cosq <_L + _g in

<—_)césa + <3;\

v,
+ ﬂ&n—51na—sin(a—6)\+(——-——‘31nm arc tan 2 s1na\!
/ -Va 'V'lj v 2 __vl
(-—)cosa +
+ 1 Tiginy Slna/iL T2N\n K
T Vs P ‘N v,/ \
- 2<—— cosa-%(——.
T v 2 v, v, : )
o+ (1L 4 Z2\cosa arc tan K_—__l_.jL— sing )~ 247 cosd

(453)
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Y vy :
.Tderedby - 2. cos(a=p) .= —L +q—3 cosa + ;3 ,_;% sina

. v, .
tan ¥, according to (38), and oy applylng thls relatlon
(48) now assumes tne follow1ng form-

.- ;e e - 3

v 1w 140 ( (' cosart €Aﬁ 3
== = A lcosY cos(a—ﬁ)ln J €05 a—B) 27 4
a TV, |

. - i1l-cos{a-p) ; 2
B :L";31§'1.1+2' —\ccsmkz—k\ f

\Vs 4 2/ J

, v. ¥
.4-{-L 31n(a+W)~ Ji 51n(a—V)1-arc tan /2~—1;LW~3-;-51nq>
: V3 : V L V It AR
'fi +. T cos Y { 5= 51n « ~‘81n(a~5)) - dSs'd:siﬁ Y
N l .. ’ '4

'u._ — __J-

(430)

The distaice of stagi atlon point 03 “from plaite edge Oy
is maplfested asA‘: A IR ST .

© od K
b, =/ =224
1 _{:. ,ar
a F © S 2 1+cosa Y,
=$; ;L( osV cos(a—ﬁ)ln - ( ) w-——cos(a—Yﬁn et
. L Va2
[ AR l+(—;\cosa+/ 1\
ST T e TN
T T S Loorow - Lo ‘.‘ Sind'.
4 40 gin(a~B)e +i-sin(g-Y)- —2-si ¥y Fan e
‘C24s1n}a‘6).byés?nfq'7?' vi?lé(q+()jarc:tagjl+cosa

Thus we seé in: Figures‘13 and 14, Vl/Vé, and in L
Figures 16 and 17 the deflection angle B. plotted against
o/a for ¥ = 30° and Y = so°

"Tne forcés ~N"act1ng o0 the in d1v1dual plates again
are.perpbendicular:. to the plate surface,. and their magni-

tude.ls galn revealed oy tne momentum uheo v as-~
- - . . R S ' COSFY

1 a mﬁ sin'Y + Vg Slh(ﬁ— ()] (45)

Tae dimensionlesszcpef£;9l9n$:6isﬁhiéff°?98 is
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N . av cosY v
Cp = e = 2 ks -+ sin?¥Y + Y 46
SR TPASTRE R m[ 7, S *stnp- )J (46)

2

. These values are plotted in Flgure 18 for Y.= 80¢
and 60° conjointly with those for Y = 0°

5., CHECK OF THE THEORETICAL RESULTS BY EXPERIMENTS

From the foregoing dlscuss1on it is-seen that a theou
retical treatment of the flow through screéns by formation
of free jets is not beset by insuperable obstacles nor. very
much restricted in scope. But from the practical point of
view it is of the utmost importance to .know in what cases
the theory supplies correct results and in which cases it
does not, To ascertain this by experiments constituted an.
essential part of our problem, In making the experiments
we encountered certain fundamental’ obstacles, which must
be clearly understood, because they guite often play a role
in the practical application also.

When discharging water through the screen in air the
ensuing jets, as stated in the introduction, are very lit-
tle affected by the surrounding air, The premises of the
theory then are fairly well complied with and the experi-
mental values show ordinarily a quite close accord with
those of the theory. With discharge of water under water
by cavitation the conditions are probably analogous, But
in a discharge of water under water without cavitation or
of air in air, a gradual mingling of the jets with the
quiescent fluid. sets in at the limit of the formed free
Jets, This mlnvllng is accompanied by mutual forces which
can exert a marked bearing on the motion of the Jets as
well as on the fluid around it,

The tneory stipulates a plane flow, i.e{, screen sur-
faces of indefiniteé length, 1In addition, it presupposes
an indefinite series of screen bars. These two assump-
tions are impossible to realize by experiment, which must
be made with air or water of finite sectional dimensions.
After all; by discharge of water in air this is rather
unessentlal because each jet moves practically undisturbed
through the surrounding air and for that reason is largely
unaffected by the adjacent jets .separated from it by air,
The discharge of air in air or water in water calls for
fixed walls (continuation by reflection on the fixed walls)
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instead::of the ‘continuation: of.'the. flow;"In ‘other words,
‘the fluid stream must: 'be .conducted inm a:fiked channel,
If ‘the screen:deflects :the jets, tae: directlon of the-guide
caannel must! Yo so. essayed: that:it harmonizes Wltn the di-
rectioni-of-the jets.,: Dewiatioens from: the right. dlrectlon
are readily recognized from the uneven pressures at the
correspondlng p01nts of tne two 1atera1 channel Walls.
Hereby the: folloW1ng‘disturb1ng phenomenom becomesfi
conspicuous, - The' free "jeots gradually mingle with :the sur-
rounding dead water’ ‘as ‘a result of which the pressure: '
"rises, " This pressurs:- rise is dependent upon the ratio of
jet width to dead water’ width. - Under'certain hypotheses
a reduction in dead water width is accompanied by an in=.
crement in pressure rise which, however, is followed by
- instability of the’jets. . For if -in these cases the spac-
- ing - a Dbetween -two: jets is accidentally narrower than
that of the adjacent jets, ‘the negative pressure aft of -
- the respective screeir surface is'less than aft of the -
adjacent one, because: the pressure ‘in the final attitude:
is . constant and. the pregsure rise’ greater., The result. is
that the two jets, which-"per se" iare already closer to
one  another, incline: toward -one another, and so approach
ohe anotaer still more, because of: tqe greater negative
pressure of dead water ‘between them, - Due to this 1nsta—
bility the jets hawve, under. the conditioas pointed out,
a tendency of cllnglng to one’ s1de of tre cgannel Wall.
Tne 1nstabllity can be reducad by JOlnlng the dead
Water spaces ‘aft; of :the individual screen: bars through .
openings in tire channel walls to :owe .common connecting
channel, and thus equalizing the nressure of the individ-
ual dead spatces., . However,: the pressure- equlllbrlum is
mot complete, particularly when the screen spacing is
close compared to the length of. the bars, 'ise., long aad
narrow dead air spaces,  This ‘is truer the closer the ex=
periment. approaches the theoretical basis of the plane-
flow, It may appear fitting to omit the limiting walls -
(the guide channel) altogether aft of the screen” and . re-
linquish the simulation of plane flow, But even then,
irregular mingling processes persist; especially ‘the two
boundary jets act-difflerently from those in the center.,
One efficient way of stiabilization consists in mounting
auxiliary ‘walls bpenind each -bar of the screen (fig,:27d)
an expedient which, -however, 'cédn !be applied convenlentlJ
'only to flat screen and perpendlcular flow.



22" ¥.A.C. A, Technlcml Hemorandum Xo e 657

Because of thée-time and cost involved, :the experiw-
ments :could not be:carried on 1ndef1n1te1y, and so we se-
lected various typical cases, The change in b/a was
‘largely accomplished by the repeated use of the same
screen bars installed 'in dlfferent numbers into the chan-
nel of glven breadth. : e .

The set-up for dlscharge of water in air is shown in
Figure 19, The water is conveyed from a pressure tank
through the screen without further guiding aft of .the.
screen, Short end.plates X -were attached at the ends
of .the screen bar G  in order to prevent transverse flow,
which otherwise occurs under -the-influence of the pro- -
nounced pressure differences &t the jet -boundaries, We
measured the pressure "p,. .in:front -of .the.screen and the
volume of discharge. The pressgure. behind the screen agrees
with the ‘air pressure in the:experiment. chamber, The vol-
unme ‘of flow was defined by computing the amount of water
flowing inte a receptacle within - a given time period. The
results (dots) together with those of the theory (curves)
may be seen-in Figure 20. .The agreement between theory
and experlment is quite close, except in very extreme
cases, Flat screens in perpendicular flow manifest no
pefééptlole discrepancies from the theory until the ratio
of'plate- width b to. screen spacing a is less than 0,2,
Probably-theé ventilation in the small space back of the
bars is no longer .sufficient, If such is the case, the
deviation would not only be dependent upon the ratio b/a
but on the ratio of bar width - b to bar length also. ]
Since this was not changed in our tests w1t4 water, our
,_plnlons are held in abeyance, E

With the screen con31st1ng of flat leique plates
in perpendicular flow, the agreement for a mean bar width
b =:0,6"a . (fig. 21) is passably close in deflection an-—
..gle B as well as in velocity rat;o vl/ve. The latter
shows a slight deviation at - ¢ = 60° .setting, The devi-
ations become markedly greater as spon as bar w1dth b
exceeds the sp1c1ng a. (Flg. 22, 2 =1, 2. )

For the exnerlments with air we venerally used. a
larger screen than for the tests with water, (Fig. 23.)
However, in order to obtain a reliable comparison with
the water experiments, we also made several tests with
‘the ‘samé screen employed for .our water tests (called
Wsmall screen™ in the plots)., . . Thé volume of flow here was
arrived at by measuring the pressure drop in the nozzle .
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before the screen (p, - P, fig. 23). As pressure be-
nind the screen, we measured p, in the equalizing cham~
ber connecting with the dead air spaces, '

The results of our tests wita air are shown in Fig=
ures 24-26, The flat screen in perpendicular flow re-
veals for large values of b/a, that is, narrow slits
with large dead air spaces between, a toleradly close ac-
cord, (See I, Introductioen, page 1.,) The deviations,
however, begin sooner and exceed those of the water exper-
iments., Subsequently, we shall refer to this again, and
for that reason, we show in Figure 24 only the results
with the small screen (also:used for water tests) and for
free extension only. The unsymmetrical arrangements re-:
veal decidedly greater deviation from the theory. The in-
teraction of the jet plainly sets up an additional nega-
tive pressure on the dead water existing between free jet
and plate, which sucks the jet toward the plate and ef-
fects a greater deflection P 1in consequencs,

Now in order to explain the processes which cause
this variance with the theory somewnat more clearly, we
made some further tests with the flat screem in a perpen-
dicular flow. The various set-ups (a with channel guide,
b free discharge, ¢ with end plates, 4 with channel
"guide and intermediate bars) can be seen in Figure 27,
Two sizes (15 mm and 30 mm width) of screen bars were used,

The results of the pressure readings under the differ-
ent test conditions are given in Figures 28 and 29, 3ut in
interpreting these data it should be noted that in part
they are guite uncertain for a repetition of the tests re-
vealed marked differences often for no clearly visible rea-
son, As one instance of this, we reproduced the two curves
for set-up b as obtained at different times. The processes
really are very unstable in part, so that minor influences
may have comparatively great effects. For tnat reason our
intention is not to draw too far-reaching conclusions from
the results of this test program, Hevertneless, we te- '
lieve to find certain guiding points confirmed by our
tests, The use of the guide channel with equalizing chan-
ber* and the free discharge with end plates evoked a

*In these experiments equalizing chambers were used at both
ends of the bars, interconnected by rubber hose (fig. 27a).
In the previously described tests we used only one such
chamber at one end (fig. 23).
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marked difference for the two plate widths; with the nar-

row plates the d1screpancy is decidedly higher. Apparent-
1y, the ratio of plate length to plate width (200 : 15)

is too high to ensure a sufficiently abundant ventilation

of the dead air spaces back of the plates, The effect of

the above~mentioned intermediate bars behind the separate

plates is astonishing (fig., 27d); the values are in close

accord with the theoretical curve for both narrew and wide
plates.

For a better insight ints the causes .of the differ- .
ent results we measured in some of the set-ups of Figure
27 the velocity (energy) distribution (total pressure) 13
cm aft of the plate (line A-A in figs, 27a and 27d)., The
results are given in Figure 30, It is clearly seen that
the mingling process in the individual jets is very dif-
ferent. It is also manifest, even if not gquite as notice-
able, that the jets do not run parallel while the dis-
tances of the maxima and minima are uneven., The bar be-
hind sach screen plate makes the movement of the jets
much more uniform, It may in part be due to better "guid-
ance" of the jets, thus making them independent of one an-
other, But in the main this greater uniformity undoubted-
ly is due to the fact that now each jet is bounded by a
fixed wall for at least a distance, and that as a result
thereof the difference between the outside and inside
jets is reduced,

In order to be independent of the mutual interference
of the jets, we further examined one single slot (corre~
sponding to fig. 2), first with continuation of channel
and then without channel and with and without end plates.
(Pig. 31.) Thae result is appended in Figure 32. With and
without channel but with end vlates, the results showed
the deviations from the theory to be gquite inferior, as
expected, by the satisfactory ventilation of the dead air
zones, The greatest variation occurred at the jet ends
in absence of guidance. Manifestly, transverse movements
appearing at these places exert a gquite pronounced effect,
(compare fig. 28.)

6. SUMHARY

Based upen Kirchhoff'!s theory of free jets the flow
through different screen arrangements of flat plates, as
chiefly encountered with turbines in the cavitation zone
is defined., It is shown by -experiments that these thees-
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retical results are very well representative in most cases
of the conditions of discharge from water in air and con-
sequently by cavitation, In addition, the experiments re-
veal a picture of the discrepancies between the actual
flow and the theory of discharge of air in air (of water
in water without cavitation). These discrepancies are cx-
plained qualitatively by the mingling processes between-
the jets and the dead air zones, '

1

Translation by J. Vanier,
National Advisory Committee
for Aeronautics,
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Fig.6 Dead air boundaries behind screen bars of
different width by equal screen spacing.
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different screen spacing.
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Fig.9 Phenomena of reflected hodograph to flow according to
figure 8.
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Pig.10 Screen of oblique plates in obligue flow.
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Fig.18 Normal force coefficient plotted against b/a , a and slope
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ig.19 Experimental set-up for
discharge of water in air,

Fige.19,23,27
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Fig.27 Various exserimental arrangements for dis-
charge of air from a flat screer.

a, With discherge channel. b, Free discharge.

c, With end plates. d, With channel and suxiliary bars.
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With channel.
Free discharge.
¥ith channel and bars.
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Fig.3C Energy distribution 12 cm back
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Figs.20,31,32
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Tig.32 Results of tests with solitary slot.
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