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.GOLDSTEIRTIS SOLUTIOH OF THE PILOBLEE OF T H I  

,AIRCRATT PROPELLER R I T E  A FIWITE BUIiBER OF BLADES" 

By H, 3. Helmbol& 

' rb .e .bas i s  of  t h e  modern p r o p e l l e r  t h e o r y  w a s  a t r e a -  
t i s e  S y  A.; Betz i n  1919 on "Screw P r o p e l l e r s  w i t h  Idinimm 
L o s s  '05' Energy" w i t h  an addandurn by L ,  PrazldtL, which con- 
t a i i i o d ,  f o r  t h e  f i r s t  t i m e ,  an approxiulate  s o l u t i o n  o f  t h e  

b l a d e s .  (Reference  1.)  'Phe B e t z  t h e o r y . w a s  l i m i t e d  t o  
f r i c t i o n l e s s ,  l i g h t l y  l o a d e d ' p r o p e l l e r s .  P r a n d t l !  s add-on- 
d u m  shoved how t h e  r e s u l t s  can  be ex tended  t o  r i ode ra t e ly  
loaded p r o p e l l e r s .  . The . c s s e r ? t i a l  p o i n t s  o f  t h e  B c t z  t h e o r y  
are : 

' g r o b l e m  b f  the screw p r o p q l l e r  r r i t h  a f i n i t e  number of 

I .  "The f low behind  A p r o p e l l e r  w i t h  mini;;lum l o s s  
of energy  i s  as i f  t h e  p a t h  t r a v e r s e d  by e a c h  p r o p e l l e r  
b l a d e  (hbli'ctlcl s u r f a c e )  mere congea led  and d r i v e n  a s t e r n  
m i t h  a d e f i n i t e  v e l o c i t y . n  

. 11. "For  synrne t r i c a l  p r o p e l l e r s .  t h e  i n t e r f e r e n c e  
v e l o c i t y  at  t3e b l a d e  i s  h a l f  as g r e e t  as t h a t  at t h e  c o r -  
r e s p o n d i n g  p o i n t  o f  t he  b e l i c a l  surf ace f a r  beh ind  t h e  
p r op e l  1.er ..'I 

face,s"' s t+nd s o  c lose  t o g e t h e r  t h a t ,  wi t l i rn  t i l e  s l i p s t r e a n  
at  cs. f i n i t e  d i s t a n c e  f r o m  t h e  marg in  o f  ' t h e  h e l i c a l  sur- 
f a c e s ,  t h e r e  i s  no r a d i a l  v e l o c i t y ,  and t h e  i n t e r f e r e n c e  
f l o f s  a re  everywhore p e r p e n d i c u l a r  t o  t h e  h e l l c a l  sur f ; tccs .  
The f l o w  i s  t i l o r s f o r e  p e r f e c t  w i t h i n  t h o  s l i p s t r a a r u .  If 
w d e n o t e s  t h o  backward v e l o c i t y  of  t h e  h o l i c d  s u r f a c e s  
and fl t h e i r  p i t c h  a n g l o  at a d i s t s u r c c .  r f r o i n  t5.c a x i s ,  
t h e n  t h e  i n t e r f o r e n c o  v o l o c i t y  mil = m cos  p ,  i t s  a x i a l  
cormonent W a  = w cos2 f3 and its t a n g e n t i a l  coraTonent 
w t  = w c o s  f3 s i n  @, (The r e l a t i o n  between t h e  f l i g h t  speed  
v ,  t h e  a n g u l a r  v e l - o c i t y  w, t h e  radius r an& tlre p i t c h  

*"Uebcr d i e  Goldsteinschel lLXsung d e s  P r o b l e n s  . d e r  L n f t -  
s c b r e i b e  m i t  e n d l i c h e r  B l u g e l z a h l ,  11 

t e c h n i k  und M o t o r l u f t s c h i f f a h r t ,  J u l y  28 ,  1 9 3 1 ,  pp. 429-  
432. 

If t h e  number . o f  b l k d e s  i s  i n f i n i t e ,  t h e  i i e l 5 c a l  sur- 
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a n g l e  p i s  r e p r e s e n t e d  tq'*'.t'ari . The c i r c u l a -  
t i o n  i s  r e p r e s e n t e d  by t h e  p a t h  i n t e g  
t o t a l  c i r c u l a t i o n . s b o u t  all t h e  z .  b 
c i r c u m f e r e n c e  2 ?-i r i s  a c c o r d i n g l y  
s i n c e  t h e  t a n g e n t - i a l  v e l o c i t y  b e h i n d ,  
fo rmly  e q u a l  t o  w t  al'okg 'tLe m'hole 
t h e  f l o w  i n  f r o n t  of tbe. . , , -propeller can y e t  have  no h e l i x  
ang le .  According t o  t h e  theorem o'f Hutta arid Joukowsky 
(Tkc r e s u l t  can also be o b t a i n e d  by t h e  u s e  o f  momentum 
and energy  l a w s  ) *  t h e  p r o p o r t i o n  o f  t h e  thrust f a l l i n g  
on th-e a n n u l u s  o f  t h e  p r o p e l l e r - d i s k  a r e a  between r' and 
r 4- d r  i s  dS = P o  r zP d r  and t h e  c o r r e s p o n d i n g  s h a r e  . 
o f  t h e  moment i s  dhi = r P v zr dr. H i t h e r t o  a l o w  f l o w  
v e l o c i t y  as co rqa red  w i t h  t h e  a b s o l u t e  v e l o c i t y  o f  t h e  
p r o p e l l e r .  b l a d e s  OF, i n  o t h e r  words ,  a l o w  d e g r e e  of load - -  
inl; was . t a c i t l y  assurae,d. 
a2pZies ,  t h e  6 e r i v e d  f armulas  ar,e va l id . .  ' 

.. 

?hen th i s .  -assump.tion no l o n s e r  

s -  

,. v + F P " ' v l - -  v 
2 -  2 t a n 9  = --- -- 

."  . .  w t  . .  Y, 
. .  wr- 2 

Wn w C O S  9; W a   COS^ 9 ; .  W t  = ? C O S  ~p *S 

Khat i s  changed i n  the  t r a n s i t i o n  t o  a f i n P t e  number 
o f  b l a d e s ,  i f  t k e  q u a L i t i t i e s  v ,  w and w remain  imchanged? 
Even t h e n  t h e  i n t e r f e r e n c e  flows a r e  p e r p e n d i c u l a r  t o  t h e  
h e l i c a l  s u r f a c e s ,  if t h e  newly developed  rad ia l  v e l o c i t i e s  
a r e  a t  f i r s t  d i s r e g a r d e d ,  s o  Chat t h e  l a s t  f o r m u l a s  a r e  
n o t  changed, Due t o  t n e  f i n i t e  d i s t a n c e  between t h e  h e l i -  
c a l  s u r f a c e s ,  a c i r c u l a t i o n  about  t h e i r  e d e e s  o c c u r s ,  a i d  
r a d i a l  v e l o c i t i e s  a r e  developed i n  t h e  s l i p s t r e a m ,  The 
flow i s  t h e n  no l o n g e r  p e r f e c t ,  and t h o  f l u i d  avoids t h e  
h e l i c a l  s u r f a c e s .  If t h e  cour se  of  t h e  t a n g e n t i a l  ireloc- 
itis:: i s  now' fo l lowed on  a c i r cumfe rence  2 ' n  r behind. 
t h e  p r o p e l l e r ,  i t  i s  fOiJ-?ld t ha t ,  on tLe ' n e l i c a l  s u r f a c e s  
themse lves ,  t h e  same v a l u e s  o f  w t  exf s t  as f o r  an i n f i -  
n i t e  number o f  b l a d e s ,  but that  changes have t a k e n  p l a c e  
Setmeen them, s o  that  t h e  t a n e a n t i a l - v e l a c i t i e s  a r e  s m a l l e r  
n e a r  t h e  cTr.cumf e r e n c e  and g r e a t e r  n e a r  the , . . eea te r .  1.f .. . 
t h e  whole c i r c - a l a t i o n  .is then  c o n s i d e r e d  as a p a t 3  i p t e -  
gral  o f  ths v e l o c i t y  at t h e  c i r cumfe rence  2 n r ,  we Lave 
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where w t  = K W t  i s  t h e  uear i ' .value o f  t h e  t a n g c m t i n l  ve- 
l o c i t y  on t h e  c i r cumfe rence  a G d  . s k i  i s  t h e  c o r r e s p o n d i n g .  
mean-value f a c t o r  w i t h  rtrspecrt. t o  t h e  v a l u e  w t  the 
h e l i c a l  s u r f a c e s .  A c c o r  t o  t h e  above, t h i s  i s  small- 
e r  t h a n  u n f t y  near  t he  b ajld g r ' e a t e r  t h a n  u n i t y  
n e a r  t h e  a x i s  of r o t a t l o .  e h a v i o r  of t h e  mean- 
v a l u e  f a c t o r  o r  of the  t a n g e n t i a l " v e 1 o c i t y  c a n  be ex- 
p l a i n e d  a s  f o l l o w s ,  With .an iiifiii3.t.e number o f  b l a d e s  
' e k e  c i r c u l a t i o n  i n c r e a s e s  toward t h e  t i p s  and t h e n  f & l l s  
a b r u p t l y  t o  z e r o  a t  t h e  t i p s .  T h i s  i s  n o t  p o s s i b l e  w i t h  
a f i n i t e  number of b l a d e s ,  because  the  s r e s s u r e  d i f f e r -  
ence between t h e  p r e s s u r e  and s u c t i o n  s i d e  can t h e n  be 
e l i n i n a t e d  around t h e  bLade t i p s ,  m'ith a more g r a d u a l  f a l l  
of t h e  c i r c u l a t i o n  t o  z e r o  a t  t he  t i p s .  l i t h  an i n f i i i i t e  
number of b l a d e s ,  t h e  f l u i d  S e h a v e s ,  n e a r  t h e  a x i s ,  l i k e  
a r o t a t i n g  s o l i d  body,  due t o  t h e  p e r f e c t  f l o w  b u t ,  w i t h  
a f i n i t e  number of b l a d e s ,  i t  h a s  more f r s e d o n  o f  rilotion 
between t h e  h e l i c a l  s u r f a c e s  and l e a d s  sorilewhat i n  tile ail- 
g l e  between t w o  s u c c e s s i v e  h e l i c a l  s u r f a c e s .  This i s  clxe 
t o  t h e  f a c t  tha t ,  i n  t h i s  a n g l e ,  t h e  sv-ction s i d e : o l "  t i le 
l e a d i n g  p r o p e l l e r  b l a d e  i s  f o l l o w e d  bx t h e  p r e s s u r e  s i d e  
o f  t h e  n e x t  b l a d e ,  and  t b e  p r e s s u r e  drop between t h e  suc- 
c e s s i v e  p r o p e l l e r  b l a d e s  f o r c e s  t h e  f l u i d  a g a i n  i n  t h e  
d i r e c t i o n  o f  r o t a t i o n . *  

Tile e x p r e s s i o n s  f o r  t h x s t  and torque can  now be 
w r i  t t  en :  

2 IT r d r .  
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* A n o t i e r  c o n s i d e r a t i o n  y i e l d s  a someahat s t r o n g e r  argu- 
nen t .  The f l o w  bekween t h e  h e l i c a l  s u r f a c e s  must bo Tree 
f r o m  r o . t a ' t i o i i ,  s o  tba t ,  for aa o b s e r v e r  c a r r i e d  at long v i t h  
th.e h e l i c a l  s u r f a c e s ,  any f l u i d  p a r t i c l e  i n  t h e  ang le  be-  
t a e e s .  t w o  s u c c e s s i v e  h e l i c a l  s u r f a c e s   st 'nave an O?--IO- 
s i t e .  r o t a t i o n .  T r o m  t h i s  t h e r e  f o l l o n s ,  f o r  t h e  v i c i n i t y  
o f  t h e  a x i s ,  tlie s t r e a i n l i n e  2 o r m  sko';;ln i n  B i g u r c  1, wlitch 
r e p r e s e n t s ,  i n  the d i k e c t i o n  o f  t he  circumfor 'ence,  ai1 ad- 
v a c e  o f  t h e  f l u i d  n i t i i  r e s p a c t  t o  t h e  h e l i c a l  sx r f acca ;  
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The t a s k  i s  now . t o  de t e rmine  t h e  nean-value f a c t o r  K , 
The P r a n d t l  c o n s i d e r a t i o n s  8 r e  l i m i t e d  t o  t h e  s t u d y  o f  t h e  
IC n e a r  t h e  b l a d e  t i p s .  The approximate  s o l u t i o n  i s  a l l  
t h e  b e t t e r ,  t h e  c l o s e r  t h e  ; ie l ica , l  s u r f a c e s  aucceed one 
a n o t h e r ,  i . e . ,  t h e  s m a l l e r  t h e  ratio o f .  t h e i r  pe rpend icu -  
lar  d i s t a n c e  on t h e  margin  t o  t h e  c i r c u n f e r e n c e  

. .  I 

__c 
x - .g. c o s  pR 

' Z  ' 2  R .  '.. 2J-P 

where = t a n  $B = 
U R  

For  a mare h e a v i l y  l o a d e d  p r q p e l l e r  we w r i t e  
t h e  p i t c h  angIe  o f  t h e  p r o p e l l e r ,  

P r a n d t l ' s  fo rmula  now r e a d s :  

. .  

~n F i g u r e  2 ,  Ic i s  p l o t t e d  a g a i n s t  x f l  - :\ 
T i .  T r o l l e r  found that  t h i s  formula g e n e r a l l y  y i e l d e d  e 
c l o s e  ap i3roxina t ion ,  even  i n  c a s e s  where t h e  cond. i t ioi ls  o f  
theorem I were no longer  f u l f i l l e d . ,  i . e . ,  where t h e  ve loc -  
i t y  w i s  no  l o n g e r  independent  o f  t h e  r a d i u s  r ( r e f e r -  
ence 3 ) ,  t h u s  d e n o n s t r a t i n g  t l ie f e a s i b i l i t y  o f  t h e  f o r r m - l a  
"t = yi Vrt .  

i 

A t  t h e  s u g g e s t i o n  o f  P r o f e s s o r  Be tz ,  tile problera wa.s 
r e c e n t l y  a t t a c k e d  Sy t h e  Engl ishman,  5. G o l d s t e i n  and 
so lved  i n  e x n c t  form f o r  t h e  i m 2 o r t a n t  c a s e  o f  a f r i e t S o n -  
l e s s  l i g h t l y  loaded  p r o p e l l e r  w i t h  nininum l o s s  o f  ene rgy .  
(Refe rence  4 . )  The r e s u l t  i s  l i l r e n i s e  p l o t t e d  i n  F i g u r e  2 .  
I z s t e a d  of  P r n n d t l ' s  . y i  cnrve., t h e r e  i s  e s e t  o f  c u r v e s  
w i t h  h ahd z a s : p a r a m e t e r s .  Hovcver ,  as ~l io-kn  b ; ~  t h e  
c o i q a r i s o n '  o f  t h e  c u r v e s  for h ='0.1, z 2 2 , .  and h = 
0.2,  z ' =  4 ,  the '  C O ~ T S C ?  of K +  proba 'bly depends  c h i e f l y  'on 
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t a r  h/z  or l / x .  The P 
r e s e e n ,  r e p r e s e n t s  t h d  '13. i n g  value of t ... 

s t e i n  s o l u t i o n  for h-+ 0 o r  z->m. 

A s i d e  from t he  mean-value f a c t o r  K, tBe r a t i o  o f  
t h e  thrusts  w i t h  an i n f i n i t e  and w i t h  a f i n i t e  nu. 
b l a d e s  = s,/s, i s  impor t an t  f o r  p r a c t i c a l  app 
I n  comparing t h e ' t h r u s t s ,  t h d  qu.ai i t i t ieI j  v,-o, W ,  and B 
arc t o  be r ega rded  as g iven .  Theorem I11 t h e n  a p p l i e s :  
''A screw p r o p e l l e r  w i t h  a f i n i t e  number of b l a d e s  z mid 
wit% t h e  thrust S, i s ,  for a pitch a n g l e  .A, approx i -  
mate ly  s q n i v a l e n t  ( w i t h  r e s p e c t  t o  %lie p r o p g l l e r  s l i p  
9. = w/v) 
b l a d e s ,  b u t  soaearhat g r e a t e r  t h r u s t  S, = f: Sz." Accord- 
i n g  t o  t h e  above c o n s i d e r a t i d n s ,  t h o  r a t i o  o f  t h e  t h rus t s  
i s  c a l c u l a t e d  s imply from 

t o  a p r o p e l l e r  w i t h  an i i i f i n i t e  number of 

. .  

[ :z . s m  . 
R 
f K d S  

0 

T ~ C  c o n d i t i o n s  o f  t l ieorem I ' y i e l d  t h e  f u n c t i o n  p 09 l / x  
r e p r e s e n t e d  i n  Yigure 3. This g r a p h  was chosen ,  i n  o r d e r  
t o  Br ing  t h e  r e s u l t s  f o r  z = 2 and. z = 4 i n t o  conform- 
i t y  as n e a r l y  as p o s s i b l e ,  F o r  s m a l l  v a l u e s  o f  I/%, t l ie 
f u n c t i o n  can  b e .  approx ima te ly  r e p r e s e n t e d  by 

y, = 1 I- 2 Z 1 - k  4 &. 
Z .. 1; . . . .  

Knomlcdge of t h e  propellar s l i p  9 = . %  i s  n e c e s s a r y  f o r  
c a l c u l a t i n g  t h e  p r o p e l l e r  s h q e ,  For riioderat e l y  l o a d e d  
p r o p e l l e r s  o'f the  i3et;z t ype  ( r e f e r e n c e  2) ,  w e  have 

v 

and approxi rna te ly  

--- - S 
Giveil a r e  the p i t c h  a n g l e  h ,  the  l o a d i n g  c s  - 

- v2 IT R2 
2 
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o r ,  i n s t e a d  of t h i s ,  t k e  per fprmance  z a t i q g , .  cz. I - --- EJ 
P 

, -  : . 2 ~3 R2 
and t h e  f i n e n e s s  r a t i ' o  E ,  The q u a n t i t i e s  ip and cp' ' a r e  
f u n c t i o n s  o f  t k e  p i t c b  a n g l e  h. .-  . 

repregexi ted i n  B igure  4. Since  t k e  p i t c l i  a n g l e  i s  no t  
k i i o m  at f l r e t ,  . f o r  t K e  c a l c u l a t i o n  o f  c p ,  cp' and 5 ,  h 
i s  f i r s t  r e p l a c e d  bg h ,  t h e  p i t c h  angle  

h = h (1 3. 8) 
i s  c a l c u l a t e d  w i t h  t h e  found 9 , and w i t h  this! a n  in- 
p r o v e d  v a l u e  of $ i s  found,  The method conve rges  qu i te  
r a p i d l y .  The blade chord  i s  found f r o m  

. .  

\ 

milere ta - - ca t ,  t h e  ' l l i f t  c h o r d , f f  i . e . ,  t h e  b l a d e  c h o r d  

f o r  the l i f t  c o e f f i c i e n t  c, = 1. F i g u r e  5 s7_iovs s e v e r a l  
e x a ~ i p 1 . e ~  o f  d i s t r i b u t i o n  o f  t h e  b l a d e  chord a l o n g  t h e  radi- 
us for t h e  c a s e  of a l i g h t l y  l o a d e d  p r o p e l l e r  (h--> x).  
F o r  b e t t e r  comparison,  ca = 1. w a s  y u t  f o r  two-blade pro- 
pey- le rs ,  cg = 0.5 f o r  f o u r - b l a d e  p r o p e l l e r s  and & = 1 
thro-q$hout .  For  t h e  sake  o f  comple t eness  me m l l l  a l s o  i n -  
clu9.e t b e  approx ima t ion  fo rnx la  f o r  t h e  p r o p e l l e r  e f f i c i s n -  
cy. (Reference 2,) 
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Fig.1 Flow near pro- 
peller axis. 
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with finite number 
of blades plotted 
agai2st the ratio 
of the perpendicular 
distance of the 
suc c e s s i ve 11 e 1 i c a1 
surfaces to t5e 
prop ell e r- di sk 
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Pitch angle,h = h (1+ - )  

Fig.4 Auxiliary diagram for computing the propel ler  
slip. 
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