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\TRI4JKLIKG OF REINFORCED PLATZS SUBJECTED TO SHEAR STRESSES* 

By Edgar Seydel 

R e s u m e  

It i s  com~ion p rac t i ce  t o  s t i f f e n  f l a t  p l a t e s  by r i b s  or 

spec ia l  shaping (corrugat ions) ,  Now i n  many load cases the  

p r inc ipa l  s t r e s s  i n  a p l a t e  i s  the  ahear which, upon reaching 

a c e r t a i n  l i m i t ,  the so-called c r i t i c a l  load, forces  the p l a t e  

t o  wrinkle. 

Vneii these re inf  ~ rce r~ len t s  a r e  appropriately applied the 

s t i f f ened  p l a t e  can be t rea ted  a,s a  homogeneous p l a t e  (orthogo- 

nal-anisotropic) with uniformly and c losely  spaced reinforce- 

ments ( d i f f e r e n t  i n  both d i r e c t i o n s ) ,  and the  formula f o r  buck- 

l i n g  i n  shear i s  defiuced from a d i f f e r e n t i a l  equation of the' 

four th  order .  By introducing the  c h a r a c t e r i s t i c  value of the  

or  thogonai-anisotropic p l a t e  and applying f u r t h e r  appropriate 

parameters the  so lu t ion  can be ca r r i ed  out fo r  a  p l a t e  s t r i p  of 

g rea t  length  by a r b i t r a r y  p l a t e  s t i f f ene r s .  The edges may be 

f r e e l y  supported or r i g i d l y  constrained. 

-- 
*"Beitrag zur Trage des Ausbeulens von ve r s t e i f  t en  P l a t t en  b e i  
Schubhean~pruch~ng. From Jahrbuch 1930 der Deutschen Versuchs- 
ansta.1-t f u r  L ~ f t f a h r t  e.V., Berlin-Adlershof - Verlag von R. 
Oldenbourg, Ei:unchen-Berlin 1930, pp. 235-254. 
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Tile buckliag strei lgfk i n  simar (and the vibrat-ion) of long, 

t h in ,  iso'cropic p l a t e s  supporJcod' a t  the long edges has been 

t r ea t ed  qu i t e  exhaustively by R .  V .  Southwell and S. W. Sksn 

( ~ e f e r e n c e  1). st. Sergnam 2nd H.  ze issner  ( ~ ~ f e r e n c e  2 )  ex- 

tend-ed Xout!mellts theory t o  i ~ c l u 8 e  the case of anisot ropic  

(orthogonal-ani sot ropic)  p l a t e s  v ~ i  t h  v2nishing and co~nparably 

low bendins s t i f f n e s s  longi  tudinal ly .  Tlieir da t a  a re  included 

i n  t h i s  resoz t .  C .  Schmiedcn ( ~ e f e r e n c e  3) t r e a t s  the case o f  

equal longi  tudinzl  s t i f f n e s s  i n  bending and d i s t o r t i o n ,  bu t  h i s  

z~cthods were incorqprehensible t o  me and h i s  da t a  'are conf irrned 

only fo r  the  case of i n f i n i t e l y  low d i s t o r t i o n  s t i f fnes s .  
(C 

34. T. 3uber (~eferemlce 4) established the 'cheory and the  

general d i f  f c r e n t i a l  equation of Sellding i n  o r  thogolial-aniso- 

t rop i c  p l a t e s .  , 

the  present repor t  problem buckling s t rength  and- 

lobed form of f a i l u r e  02 anisoJcropic p l a t e  s t r i p s  i s  ca r r i ed  t o  

a c e r t a i n  conclusion and the da ta  f o r  a rb i t r a ry  s t i f f n e s s  i n  

bending i n  two d i rec t ions  a t  r i g h t  angles t>3  each other ,  and f o r  

a r b i t r a r y  d i s t o r t i o n  s t i f f n e s s  i s  exhibited diagraimiatically. 

For the sugses-tionn 'on t h i s  repor t  a,nd helpful  advice I an1 in- 

debted t o  Professor E. 3eissner .  
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P r o b l e m .  

1. The system ( t h e  r e in fo rced  p l a t e ) . -  The t h i n  p l a t e  (met- 

a l  o r  plymood) i s  a s t r u c t u r a l  e,lement which f i n d s  extensive use 

i n  q i rp lane  cons t ruc t ion .  Among o t h e r s  i t  i s  intended t o  form . . . , \ ,  

a s u b s t i t u t e  f o r  bracing and f o r  t h a t  reason i t  i s  i n  many load  

cases  c h i e f l y  subjec ted  t o  shear.  The low s t i f f n e s s  of the  t h i n  

p l a t e  which induces bulging ( lob ing ,  wr inkl ing)  even under re la-  

t i v e l y  low shear s t r e s s e s ,  and t h e  i n a b i l i t y  t o  absorb compres- 

s i o n  and bending s t r e s s e s ,  n e c e s s i t a t e s  reinforcements.  This 

s t i f f e n i n g  can be accomplished with r i v e t e d  or glued s t r i p s  

( r i b s ) ,  or  by s p e c i a l  shaping (corrugated  p l a t e ) ,  u s u a l l y  i n  

one o r  t ~ ~ : o .  d i r e c t i o n s .  . , . . . . 
. . 

Wrinkling i s .  an , e l a s t i c  forrfl change i n  which d e f l e c t i o n s  

and d i s t o r t i o n s  occur i n  the  o r i g i n a l l y  f l a t  p l a t e  cen te r ,  and 

depends t h e r e f o r e  on t h e  s t i f f n e s s  i n  bending and d i s t o r t i o n  of 

t h e  p l a t e .  

This s t i f f n e s s  (wi th  r e s p e c t  t o  u n i t  length\) of t h e  homoge- 

neous i s o t r o p i c  p l q t e ,  .being the smc? at every po in t  and i n  ev- 

e ry  d i r e c t i o n ,  i s  higher a% t h e  reinforcements  than  at t h e  non- 

r e i n f o r c e d  po in t s .  I n  add i t  ion ,  t h e .  bending s t i f f n e s s  (depend- 

ing on shape of reinforcement) cis u s u a l l y  d i f f e r e n t  in  d i f f e r -  

ent  d i r e c t i o n s  of the  s t i f f e n e d  p l a t e .  

If the reinforcements  a r e  equal ly  spaced and under c e r t a i n  

circumstances of 'equal th ickness ,  the  s t i f f n e s s  ( w i t h  r e s p e c t  

t o  u n i t  l eng th )  i s  p e r i o d i c a l l y  v a r i a b l e  along t h e  two axes. 



A f l a t  p l a t e  may %e visuz,lized as taking the place of a  corru- 

gated sheet  ( located iil the ieesl meeian plane of the corru- 

gated s h e e t ) ,  whose s t i f f n e s s  corresponds a t  every point with 

t h a t  of the  corrugated sheet ,  Iil t h i s  case the  s t i f f n e s s  again 

i s  subject  t o  periodic changes -- here,  contir~uous - while i n  

the  p l a t e  with reinforcin.g s t r i p s  tha cross sec t iona l  i n e r t i a  

monents and through them, the s t i f f n e s s  changes irre'gularly 

( a t  l e ~ s  t , l*~hen making the usual s inq l i fy ing  assumptions regard- 

ing the s t r e s s  of a  bcanl i n  bending). Thus, the s t i f fened  p l a t e  

represents ,  even i f  it cons i s t s  of i so t rop ic  mater ia l ,  a  ilon- 

homogeneous system, because the e l a s t i c  p roper t i es  of the  p l a t e  

a r e  not the  same a.t every point .  3ut  we speak of a mean bend- ' 

ing  s t i f f n e s s  i n  one and i n  the other  d i r ec t ion  ( p a r a l l e l  a ~ i d  

a t  r i g h t  angles to  the  d i rec t ion  o f  the re inforc ing strip). 

Hence, w e  must d i s t ingu ish  betwcen the  nean bending s t i f f n e s s  

'4 9 znd the  mean bending s t i f f ~ e s s  D,, with respect  t o  two 

axes given by the d i r ec t ion  of the  reinforcements, aild which 

may be assumed as the  x and y axes of a  system placed i n  the  

( i d e a l )  median plane of Sle r e i~ l fo rced  p l a t e ,  Eereby Dl i s  

the  bending s t i f f n e s s  correspon5-ing t o  the s t r e s s  i n  bending 

ox i n  the  x-direct ioa,  and D conformal t o  the  ilormal ten- 

s ion  Oy.  I n  t h i s  maxner me a r r i v e  a t  an idea l ized  honiogeneous 

p l a t e  system whose e l a s t i c '  p roper t i es  are  d i f f e r e n t  i n  two di- 

rec t ions ,  which, i n  f a c t ,  i s  coi:fornal t o  a f l a t  noiireinforced 

p l a t e  of orthogonal-ani'sotropic a a t e r i a l  (o r ig ina l ly ,  i so t rop ic  - 
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or ,  b e t t e r ,  quasi- isotropic mater ia l  1~1hen ro l l ed ,  assumes such 

q u a l i t i e s  t o  a  s l i g h t  e x t e n t ) .  

Naw, when tke p e ~ i o d s  of the  stiffness-c<ange of an actu- 

a l l y  reinforced pfqte a r e  s u f f i c i e n t l y  small, the  e l a s t i c  sur- 

face  of t h i s  nonhornogeneous p l a t e  i n  bending (and d i s t o r t i o n )  

def lec t ion  d i f f e r s  only s l i g h t l y  from the e l a s t i c  surface of the  

corresponding homogeneous orthogonal-anisotropic p l a t e ,  and we 

may speak of a  quasi-homogeneous system. Hereby it  should be 

borne i n  mind tha t  the  periods of stiffness-change raust not only 

be small with respect  t o  the  p l a t e  length,  bu t  a l so  be so s n a l l  

t h a t  the e l a s t i c  surface of the i d e a l  sys3em conforms t o  the  
. .. ac tua l ly  ex i s t i ng  system. 

Disregarding the transverse elongation with i t s  t r i f l i n g  

and f requent ly  negl ig ible  . e f f e c t ,  the'bending s t i f f n e s s  i s  the 
! - .  

product. of the  Y Q U ; ? ~ ' S  modulus of the  i i a t e r i a l  and the (megn) 

i n e r t a i  i~ioiiient of the reinforced p l a t e  sect ion per un i t  length .  

The determination of the  d i s t o r t i o n  s t i f f n e s s  requ i res  an exam- 

ina t ion  of the  e l a s t i c  form changes of the re inforced p l a t e ,  

where i t  i s  assumed t h a t  only shear moments (no Sending nioments) 

a c t  i n  every in t e r sec t ion  p a r a l l e l  t o  the x-axis and p a r a l l e l  

t o  y-axis, due to  the load being applied t o  the  edges. A s  a  
, . 

r u l e ,  the s t i f f e n e r s  do not mater ia l ly  r a i s e  the  d i s t o r t i o n  

s t i f f n e s s  o f  a f l a t  p l a t e  when the  re inforc ing s t r i p s  a r e  small 

i n  coinparison t o  t h e i r  spacing, although the edge attachment 

of a  corrugated p l a t e  seems t o  a f f e c t  i t s  d i s t o r t i o n  s t i f f n e s s  

cons idera7~ly ,  
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The p resen t  r e p o r t  i s  confined t o  t h e  rectangulax p l a t e  of 

( i n f i n i t e l y )  g r e a t  l eng th  ( i n  t h e  x-direct ion)  and of 2a  width 

( i n  t h e  y-d i rec t ion) .  The s t i f f e n e r s  a r e  p a r a l l e l  t o  t h e  edges, 

and t h e  p l a t e  th ickness  6 i s  small with r e spec t  t o  t h e  width. 

A t  t h e  edges Y = 2 a t h e  p l a t e  i s  f r e e l y  supported o r  r i g i d l y  

constrained.  

2. .Loading.- Such a s t r i p  i s  subjec ted  t o  an evenly d i s t r i b -  

u t e d  constant  shear  t , p e r  u n i t  l eng th ,  which a c t s  d o n g  the  

four  edges i n  t h e  median p l m e  of t h e  ? l a t e  a d  i s  i n  outs ide  

equilibriwfl.  The r e s u l t  i s  a constant  shear  s t r e s s  i n  t h e  

quasi-homogeneous p l a t e .  

wiiile t i s  low the  p l a t e  remains f l a t ,  but as t h e  shes 

i n c r e a s e s  and f i n a l l y  becomes rnaximm, t h e  p l a t e  reaches  i t s  so- 

c a l l e d  shear s t r e n g t h  t k r ,  and upon exceeding t h i s  c r i t i c a l  

l i m i t ,  t h e  p l a t e  wrinkles.  Figure 1 shows the  b a s i c  form (con- 

t o u r s  and c ross  s e c t i o n s )  which t h e  e l a s t i c  surface assumes by 

i n c i p i e n t  wrinkl ing.   h his e l a s t i c  su r face  i s  d iscussed  i n  a 

subsequent s e c t i o n  (111). It depends on t h e  r a t i o  of bendi'ng . 

and d i s t o r t i o n  s t i f f n e s s  and t h e  boundary cond i t ions . )  The 

s t r e s s  a t t i t u d e  of t h e  p l a t e  changes, bending and normal s t r e s s e s  

occur, t h e  p l a t e  a t tempts  t o  assume a new a t t i t u d e  of equilib-. 

rium, but f a i l s  if t h e  u l t i m a t e  s t r e n g t h  i s  exceeded o r  l o c a l  

buckling s e t s  i n .  We begin with t h e  determinat ion of t h e  shear  

s t r e n g t h  tkr. 
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11. T e s t .  D a t a  

- - 

.:. 3. The shear streng.th.- B e f o ~ e  going in to  d e t a i l s ,  we wish 

t o  s t a t e  the  r e s u l t .  
. .  , . ".   he sfiear strength, tkr i s  computed from one of two forrlu- 

, . . .  i 
l a s  : 

t k r  = Ca 
43572- 

a2 
(14 

or ,  according to  Bergiizann and Reissner 

Here a = half width of p l a t e  s t r i p ,  

D, = rflean s t i f f n e s s  i n  bending i n  d i r ec t ion  of 
x (~t?.ilgth) > 

D, = mean s -b i f fkcs '~  i n  bendillg i n  d i r ec t ion  of 
y (width) ,  

D3 = mean s t i f  fnecs i n  d i s  tor t io i l  tor hen disregarding 
the transverse elon.ga,tion) Y 

of the rc iaforccd p l a t e ,  the s t i f f l i esc  i s  ex-pressed i~ u n i t s  of 

cross  sec t iona l  v~ id th ,  that  is ,  i n  kg cni, while c  and cb a r e  - ---- ----- - - - - a  
*See footnote,  next page. 

2 



8 B . A . C . A .  Technical. Memorandum 110. 602 

absolute coe f f i c i en t s  cont ingentupon ' 

and which become apparent from Figures 2a and 2b. I f  9 > 1, 

these f i gu re s  shorn t h a t  i t  i n  preferable  to  use equation ( l a )  

or  ( l t a )  , but  i f  9 < li tha t  formula ( l b )  OX ( l ' b )  would be 

more su i t ab l e .  Vi~en the beading s t i f f n e s s  vanishes i n  t he  

X-direct ion,  t ha t  i s ,  i f  D, = 0, then 9 = 0,  and formula 

( l a )  y i e ld s  t k ,  = m x 0 ,  or an indeterminate value, but  ( l b )  

and ( l t b )  give i n  t h i s  case 
7 

tkrf  = 11-71 D2 D3 - = 11.71 a" 
by f r e e  support 

a2 

and 

t k r  e=  18.59 D2 D3 f 18.59 
D, fi- 

by r i g i d  r e s t r a i n t  
a2 a2 

0.n the edges y = 't a.  Tn~eil the bending s t i f f n e s s  disappears 

,- 

*(Foot i~ote  from page 7 )  
Considering the idea,lized Poissonfs  r a t i o ,  vx and vy i n  the 

x- m d  y-direction (coi~~pare  sect ion V I ,  formulas ( 6 )  and (7 )  ) 
would y i e l d  the more qccurate va,lues f o r  the bending s t i f f n e s s  
i n  un i t  length  

D, = (EJ )x  i n  x-direction, 
1-vx VY 

&!hL i n  y-direction, D2 = 1-v, uy 

while D3 i s  given by 

where 2 ( G J ) ~ ~  i s  the d i s t o r t i o n  s t i f f n e s s  of the orthogonal- 
a>nisotropic p l a t e  ~i f i th  respect  t o  the  cross-sect ional  width 
"one. The de f in i t i on  of vx and vy i s  given i n  sect ion V I .  
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i n  the x-direct ion the shear s t reng th  tkr* i s  therefore not 

zero (but  D2 = 0 y i e ld s  tkr = 0). On the other  hand, i f  the 

d i s t o r t i o n  s t i f f i ~ e s s  i s  D, - =  0, tlien 8 = rn and, according 

t o  ( l a )  and ( l ' a )  

' J - -  
tkr f = 8.125 - -  = 8.125 by f r e e  support,  

a2 a2 

and 
4 '  ~ , 3  

. t k r  = 15.065 = 15.065 D~ F by r i g i d  r e s t r a i n t ,  
a" a2 

vrhile ( l b )  fo r  the time beirlg y i e l d s  an indeterillillate value 

x 0 .  

If value 8 i s  very la rge  or  v e q  small, o r ,  a t  any r a t e ,  

~luch higher or  lover than "one, one may f igure  with the Ca 

value f o r  8 = rn and cb fo r  8 = 0, where the  tkr f i gu re s  

w i l l  be somevrhat too lov~;  the e r ror  colali-tJced liere can be see11 

on Figure 3a where the  quolotieilt cajc,(g=,) i s  p lo t t ed  agains t  

9. Tlie shear s t rength  (for 9 1) i s  c o ~ p u t e d  as 

- ca  4m 8.125 -- 
t lcr  - c a ( i = m )  

by f r e e  support 
a2 

and 
- - ca 15.065 75-F by r i g i d  r e s t r a i n t  

Ca(8 = a) a2 

where c , , /~ , (~  =,) s l i g h t l y  exceeds lfone,tt and on Figure 3:3 with ---- 
"Serpanil  and Reiss i~er  f i rs t  resolved the problem by a,ssulizillg 
D1=O. Their value 

13 = --- 8.283 +./T,x f i  
'-92 ,in a2 

i s  i i  exact a,grecment with the above i'orl~iula. In t k e i r  second 
repor t  tPPyy showed the i n i t i a l  tai~geil t  of the frrnction 



10 K.A.C.A.  Technical ELerzoranclun go, 602 

ab/cb (9=0) p l o t t e d  a g a i n s t  1/9. Thus the  shea r  s t r e n g t h  f o r  

9 c 1 becoines: 

- Cb - -.--...-..A 18.59 d.LD3 (by r i g i d  r e s t r a i n t )  
'b (3 =o) EL2 

w o t i e i l t  cb/cb($ =o) be ing  s l i g h t l y  higher 'cilan one, If when 9 

i s  mate?:ia.Lly lamer than  llone.ti 'ffllen 9. = 1, so t h a t  P = p2* 
-.--..--------..L--- .-- --..---.A -. - .-------- ---- 
*The czse 9' = 1 tir~.s e:~al-..~ineci by Srouthwell, 2,nd our 'ata, al- 
though esta1~21ished f o r  the  iun%ropiz p l a t e ,  a p p l y  f o r  c e r t a i n  
cases  o f .  t h e  a n l s o J ~ r o p i c  p l a t e  ars v:eil. Sc'. ~1,i leden -: ' f i r s t  t r e a t s  
the  case p -1 p . ( = ~ )  and ~rileil r e s o l v i n g  the  ~:roblel;i,  conf ines  
hinrcelf t o  very si:~.a~ll. p ( = A )  valuzs . I-le a.sau:i;ies t h e  K value ,  
which he derlotes by h ,  and which i s  iilvern,ely p ropor t iona l  -to 
t h e  1FTave I-cil~;-th of t h e  el.a,stic su r face ,  t o  ' ~ e  i n v e ~ s e l y  propor- 
t i o n a l  -to yp- (= 7x7 i n  the  cane of c r i t i c a l .  shear load ,  so 
t h a t  Kg-!. 6 :  (= h i s  cons tant ,  (i. e. ,  m a 2 f  ec tad  5y P) . From 
t h e  speciz.1 case  p = p -1 1, fie p ~ o c e e d s  t:, t h e  more genera l  case 
IJ. = C, p k 0 ~.iid,  z ssu~i ing  vs,~.ishiiilg p l a t e  th ickness ,  pub l i shes  
the r e s u l t  yrithout g iv ing  a c o r r e c t  d e ~ i v s t i o n .  \Then P = P = A ,  
theil 4 = 1/* when .A ' i o ~ r e s  -tor;~.rd 'eero,  8 goes toward in- 

4- 
.- 

EL and equals  f i n i t y .  Thz term K >JP ccuzls  a A/ la = ~ / C I  , 
c a r  i n  t h e  shear c-Lrongth cese ;  he re  cat . depends on 8 oilly. 
Thus i t  nzby ?5e proved* t h a t  K,, .c i s  a c t u a l l y  c ? n s t a ~ t  f o r  a 
cer ta i i?  8 value  (say, f o r  8 = m )  . Ylith Sc';lnied:nfs assum-ption 
p = p, 9 =,a,  of course ,  i s  syno3ymous ~ r i t h  P = P = 0 ;  t h a t  i s ,  
m-ith -the su.--posi t ion t h a t  bending s t i f f n e s s  D, a.:_ld. dis-tortioi? 
s t i i Y l 1 r s s  D3 c i i~appea~r ,  i n  'clizis czse  tile shcnr  s-Lrcss i s  a l to -  
gs&r u a s t a b l e .  To conf ine  the  co::~putation of c, i n  -the shear 
s t ~ e n g t h  f o r p u l a  -to t h i s  case  adlone ~ ~ o u l d  be wu:-erfluous, be- 
CZLUSC t h e  f o r c ~ u l a  :riclds tgT = 0 ni-iFT3y. The proof t h a t  fac- 
t o r  ca (which i s  a f f e c t e d  by 8) a r z i v ~ d  a t  f o r  9 = 03, can be 
int;.o&~cod. f o r  high,  but  f i i z i t c  9 va,luec, Secories a-cparent i i l  

t h i s  repcirt.  ~dcord'ii?.g t o  F i p r e  3a, $11c crror ~oia.rlitted (say ,  
f o r  9 = 20). , doe,s no t  exceed 3, wLen cu-bs t i tu t ing  f a c t o r  ca 
f o r  9 = m '  ( i n s t e a d  of 8 2- .20) ,  ~-?Slile with 9 = 1, the  discrep-  
ancy i s  ne,-rly soc$. the  rcinfcrceii~ci-lts a r e  ari.a.;?..ged i n  
lei?gJsh aiic!. vsidtk as Gch,iicdeii asz7xA,:s (p = 0 ) ,  tile   position 
of v c..i\.i sii? 12.g pl-ste t!-~ickrzcoe cc~~tival-ci;t t o  t h a t  of vz,iilioi~.iizg d is -  
to"-i;i,,n sJb.lffuccs, correapolads t o  '<he caEe 9 = m, li~hich (wi th  
IJ. = 0) y i o l d s  a, shea,r s-tren.gtl1 d i f f  c ren t  from zero.  S ~ ~ l i ~ l i e d o ~ ~ ~ s  
coinputcd nu.morical va,lues agrcc with our dc",ta f o r  8 = 03, 



17 . A .  C .A .  Technical Uenorandurn ITo. 602 

then 

To make a stcLblc s h e s  s t r e s s  a t  a l l  poss ible  requires  a 
. 

c e r t a i n  bc:~diag st i ff lness D, ( > 0) slthough the shear s t r e s s  by 

vanishing D, or D3 i s  s t ab l e  a t  the beginning (as long as 

t < t:,, ) - 
To enable us t o  make comharison with Irloiss;x~?~s adnd Berg- 

rna.nn1 s l a t e s t  experiments i n  which tliey prove t h a t  cb, when 

approachiiig I9 = 0 ,  i s  a regular  function of a2 = o/v2 and 

c, nhen nsnr 118 = 0 EL regular  function of 1/8 = P/&'. : 

wc p lo t t ed  i n  F i p r & 4 b  and- d ,  the Ca f a c t o r s  against  a2 .  

 he cb f ~ ~ c t o r  i s  thc  same as iri Figure Zb, the only di f ference  

being the  absc i ssa . )  The 4otted secants  through the po in t s  with 
2 abscissas  9 = 0 ail6 82 = 0.04, i n  F iDwe 5b, denote the  d-i- 

2 r e c t i ons  of the t ~ n g e n t s  i n  the po in t s  v ~ i t h  tLe abscissa 9 = 0. 

Figure 4b and 5'0 Pse a l i k e  5u t  f o r  the l a rger  sca le  of 192 and 
r' 2 <  i t s  rarige confined to  O =  9 = 1. 

In s imi la r  idannex Figure 4a shows the ca fac tor  p l o t t e d  

agains t  1/19 ( l i k e  i n  Figure 2a bu t  fo r  the absc i ssa ) ,  and 
< < Figure 5a, ca plot ted.  against  1/8 fo r  0 = 1/4 = 1. To ap- 

proximate the  tangent d i r ec t ion  i n  the points  with abscissa  

1/8 = 0,  the  dotted secaats  are  defined by the points  with ab- 

s c i s s a  1/8 = 0 a id  1/+ = 0.025 (-9 = C" and 8 = 40). ( The 

abscissa  sct.le i s  diff'erein'c from Figure 4a . )  

On conparison, ;re now f ind t h a t  curve cb ( 8 2 ) ,  i n  f a c t  

from P = 0 (D, = 0)  t o  a3out a2 = p/p2 = 0.25, t ha t  i s ,  
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9 = 0.5, ca,n 5e  subs t i tu ted  by i t s  iirl i t ial  tzngent, and t h a t  

curve ca (1/$) from IJ. = 0 (3, = 0)  t o  approximately 1/9 = 
! 

= 1 can be subs t i tu ted  by i t s  i n i t i a l  tangent. A s  a re- 

s u l t  cb, i n  the neighborhood of P = 0, can be developed i n  a 

power s e r i e s  accor6ing t o  a2,  and ca, on approaching IJ. = 0, 

i n  a power s e r i e s  according to  119, a s  proved ana ly t i ca l ly  by 

Be rg~~~aan  and Reissner. 

The diagrams can be sumaarizcd a s  follows : 

Iii tro&;~cing the constants  
, " 

Cao = 8.125 and 15.065 

we have fo r  pir=-jainted and constrained support 



F.A.C.A. Technical 1~emorandv.m 20. 602 13  

4. The nave Length of the e l a s t i c  surface.- We have already --- ---- -- -.- . 

s t rexsed . the  importance of the t e s t s  on the de f~ rma t ions  i n  in- 

c ip i en t  wrinkling, so as t o  gain at  l e a s t  an approximate con- 

ception of the  f e a s i b i l i t y  of the orthogonal-anisotropic p l a t e  

(with evenly d i s t r i bu t ed  s t i f f n e s s ) .  

Iil t h i s  the chief i n t e r e s t  cen te rs  i n  the  length of a 

half  wave of the  wrinkle n~ea~sured i n  the d i r ec t ion  of the  x-axis, 

which i;l~ust be greater  than the spzcing of the s t i f f e n e r s ,  or the  

aesumption of a iaean value fo r  the bending s t i f fwess  I& i s  no 

longer va l id .  Tile length  of the half-7~1ave of the e l a s t i c  sur- 

faxe (nea.sured along the  p l a t e  length)  wllich begins -Lo form un- 

der c r i t i c e l  shear car? be computed fo r  the id-eal orthogonal- 

anisot ropic  p l a t e  with one of the two e p a t i o D s :  

The absolute f ac to r s  ca! and cbt a r e ,  l i k e  ca and cb, depend- 

ent  on 9 (formula 3 )  end can be read from Figures 6a and 6b. 

 a actor car i s  used t o  determine ( f o r  9 7 1) the half-wave 

length  forming on the e l a s t i c  surface at  1:~~inkling (1 kr = ca' 
4 

a m ,  Figure 6a; aild cbt ' ( f o r  9 < 1) to determine t h e  half- 

.nave.length a t  wrinkling (zkr = cb t  a&), Figxre G ' b . )  Wen 

9 > l', equation ( 4 a ) ,   hen 9 < 1, equation (4b) should be used. 

The a;npro::imate fori:lulas fo r  the wave lengths  with constants  



1 1 (from = 0 t o  = 1) 

f o r  e l a s t i c a l l y  aBnd r i g i d l y  constrained support. 

5, Exampl~.- A long, f l a t ,  rectangular  duralumin p l a t e  of 

2a = 100 cm width and 6 = 0.05 cm thickness,  l i k e  the c ross  

sect ion shown i n  Figure 7 (alozlg x-axis, p l a t e  length)  i s  equip- 

ped with r i ve t ed  ~"~figle p l a t e s  .which run p a r a l l e l  t o  the y-axis 

( p l a t e  width di rect io i l )  . The even spacing (dis tcnce  a t  cen t e r )  

of t ~ e  s t i f f e n e r s  i s  d = 4.0 dm.  KO s t i f f e n e r s  a re  provided 

i n  the x-axis. 

Vfe disregard the  transverse elongetion for  the present ,  so 

t h a t  Poissonts  r a t i o  becozies u = 0 ;  of course, t h i s  does not 

1 hold good when the shear mod~ulus of the  mater ia l  i s  G = E; 

E = Young' s modulus. 

Owing t o  'che d i f f i c u l t y  of cor rec t  i n t e rp re t a t i on  of the  

e l a s t i c  edge r e s t r a i n t ,  i t  i s  no more than a rough ca lcu la t ion ,  

so tha t  our s i i ~ p l i f y i n g  assumption i s  J u s t i f i a b l e .  Id~reover,  

the  cross  s t r e s s  i n  a reinforced p l a t e  i s  decidedly l e s s  effec- 

t i v e  than i n  a s t r i c t l y  honogeneous p l a t e .  

The nngle p l a t e s  h m e  no appreci3ble e f f e c t  on bending 



N . A , C . A .  Technical lkrnorandwfl ,KO. 602 15 

stiffness D,, so that we can substitute that of the nonrein- 

forced plate, which, igmori.ng the trmgverse elongation, yields 

The stiffeners have likevise nomarked effect on the dis- . -.  . . . . 

tortion stiffness, so that (omitting v, m d  up) : 

The cross-sectional inertia mornen! of four angle plntes with re- 

spect to the x-axis is 

J = 0.665 cm4, 

so that the rrlezn bending stiffness D, beco:ms 

According to 
. ' 



The figures, .  2a-.and. 2b; yie ld  the corre'sporrding value': : 

Caf = 8.25 ( f r ee  support),  
and 

c,, = 15.25 ( r i g i d  edge r e e t r a i n t ) ,  

so the shear strengt'll computed with ( la)  becornes: 

and 
= 6.1 kg/crn ( f r e e  support),  

= 11.25 kg/cm ( r i g i d  r e s t r a i n t ) .  

To determine the distance . tkr of the junction l i n e s  on the 
.. 

e l a s t i c  surface, we reso r t  t o  t h e ' f a c t o r s  given i n  Figuras 6a and 

6b. For 4 = 40, we subst i tute  the f igures fo r  & = m: 

and 

where, according to (4a), the half-wave length i s  defined a s  

In  the present case the half-wave length exceeds the center 

distance d of the s t i f f ene r s ;  moreover, the d is t r ibut ion  of 

the reillforcements i s  comparably uniform within length 1 , so  
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t h a t  the  cs lcu l s ted  ohea,~ s t rength  should be qu i te  accurate.  

In  a s~xbsequent sec t ion  (10, page 49) ( ~ i g u r e s  15a and 15b), 
, I ' .  . 

we show t h a t  a s l i z h t  deviat ion ' ( inc rease  or  decrease) i n  hzlf-  

wave length  - i n  a homogeaeous or Dpoganal-t2ni so t ropic  p l a t e  - 
presupposes an increase i n  sheax load only s l i z h t l y  lo'ger +Jhm 

t h a t  of the  she<= strength.  A c e r t a i n  discrepancy from the  f ig-  

ure  given by formula (4 )  slirraya v r i l l  e x i s t ,  U ~ I ~ C S S  the re in-  

f orcemel~ts c re  d i s t r i bu t ed  perf c c t l y  evenly and n i  th vanishing- 
. . ,  

. . . . 1.y s n z l l  spacing. , . .  . . .  . 

..- 
L ~ ~ ~ U T E L ~ ~ Y ,  we must not coqc.lude herefrom tKat the'  shear 

s t rength  computed by e q u ~ t i o i l  . (1) would a1way.s be a l i t t l e  too 

low. l o c a l  reinforcements a f f e c % , t h e  pos i t ion  of the  junc- 

t i o n  l i n c s  ( a t  va,riai?ce with tile approxinate cc lcu la t ion)  so 

t h a t  the reinforced po in t s  on the  p l ~ ~ t e  ~ v e  subjected t o  lower 

form changes than t h e .  a,-?proxiinntion c a l l s  f o r ,  c?Ad the whole 

worli: of def lec t ior ,  a t  lgriilkling, and thereby the slile,~ s t reng th ,  

i s  perhxps lower than the  ca lcu la t ion  warrzr,ts. 

In  order to  defiine the in9l.uelzce -of 'the re inforc ing pl'ctes 

on the shear s t rength  me exzmiile thc  noiireinf.orced 0.5 i'nr11 th ick  

cl.uralw1iin p l a t e  (p ln t e  s t r i p  ~ i i t h o u t  angle p l a t e ,  2a = 100 cia). 

Again disregardiqg. the  trarisverse elbngation, - the p l a t e  s t i f f -  

ness i s  wr i t t en  a s  . - 

Including the  transverse elongation, v;e have ins tead of E 66312, 
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f o r  D ( D ~ ,  D 2 ,  D3): 

The D va lue  now i s  mul t ip l i ed  by a f a c t o r  
. . .. 

Poisson 's  r a t i o  v f o r  metals  i s  

v =  0.25 t o  0.3. 

This corresponds t o  f a c t o r  

With c, = 1 . 0 7 .  f o r  duralwnin, vlre obkain* 

Sinoe 9 =  1, w e h a v e ,  

7 . 8 ,  t k r f =  13.165 X 3 = 0.041 kg/om ( f r e e i y  supported)  

7.8 t k re=  22.15 X - . . 50" = 0.069 kg/cm ( r i g i d l y  r e s t r a i n e d )  

ikre = 1 - 6 6  x 50 = 83.0cm. 

*Elending and d i s t o r t i o n  t e s t s  on d i ia lumin  p l a t e s  yicl-ded as high 
as u = 0.24. (~oirrpa~re Z. f .  Tech. Physik, Vol. 8,  1927, pp. 355- 
359: I.!. Bergstra.sser "Determinaticn of the  Dmo E l a s t i c  Constants 
i n  P l a t e l i k e  ~ o d i e s .  j The equiva lent  of v = 0.24 would b e  
Cu = 1,06. 
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For v = 0, the f i gu re s  f o r  tk, and 7kr would be  75 

lower; 2kr would remain ~mchanged . 
T;:;e c r i t i c a l  sheax s t r e s s  of the norifeillforced s t r ip  ly ing  

between the  angle p l a t e s  can bit' calcula ted i n  the sane manner 

( ~ i ~ .  7 ) .  The half-wid-th of these s t r i p s  i s  l e s s  than 1 em. 

Calculat ing without r e s t r a i n t ,  v?e obtain a c r i t i c a l  shear 

s t r e s s  which i n  any case i s  higher than 

A s  i s  t o  be expected, t h i s  f igure  i s  f a r  above . that  fouhdlfor 

the  whole reinforced p l a t e .  . . 

T$.e conformity of very th in  i so t rop ic  homogeneous p l a t e s  

with our assumptions s e t  up i n  the  development of the formulas - 
p l a t e  thickness sunall. compared t o  length  and width, and small 

e l a s t i c  deI"1ection r e l a t i v e  t o  p l a t e  thickn.ess - may lead one 

t o  conclude t h a t  tlitia cor~rputed! e l a s t i c  c~ .z face  mould appear par- 

t i c ~ l a ~ r l y  ~rcell i n  t e s t s  with very tksa  p ~ a t e s .  This, homever, 

i s  not alnays t rue ,  because such p l a t e s  ce,nnot be r~zliufactured 

absolutely f l a t  a1xl sho~nr slizall bulgee r?;Z.oh, owing to  the  thin- 

ness of the n a t e r i a l  rnust be taken in to  consideration. 

. . 



- - 
a\ .Ae% d A .  'I'echnicrd. ~~4ernorandw.a Mo. 602 

I n v  g a t i  

6. Thz d i f f e r e n t i a l  equation of the e l a s t i c  surface of an 

or  thogonal-q~isot ropic  plate.-  Let 

p = load per u n i t  of p l a t e  a r ea  act.ing perpendicularly 
t o  t5e median plzne; 

l.ly and = bending moments per un i t  of leilgth ac t ing  on 
a reas  of in tersect io l i  6 dx aild 6 dy; 

Hxy = $x = X = shear momeiits per uilit of length ac t ing  on 
the  areas  of  in te r sec t ion .  

The equation of equilibrium bet wee-^, load p and nioments 

Mx, My, aad H then reads: 

JTQ assunptions a s  t o  Lhe e l a s t i c  p roper t i es  of the p l a t e  

were made, and the  equation appl ies  equally ' t o  a p l a t e  with any 

e la ,s t ic  property or with any elongation i n  p l a t e  area. 

Each of these moments, Elx, XYy, and H induces c e r t a i n  elas- 

t i c  deformations, .but  of which oiily the  defornations w ( i n  the 

d i r ec t ion  of the  z ax i s ,  positive.,  dow~ward) .hold any p a r t i c u l a r  

i n t e r e s t  f o r  us.  Vith only a constant  Sending moment I n ( t h a t  

is ,  % = X = 0) ac t ing  i n  an a r b i t r a r i l y  long p a r t  of the  

p l a t e ,  the  r e s u l t  - when a l l  po in t s  of the p l a t e  are  i d e n t i c a l  

i n  e l a s t i c  property, i. e., the p l a t e  i s  hoinogeneous - i s  

1 )  a constant  cxrvature (a30ut y-axis) along x-axis; 

2 )  a c e r t a i n  (lower) curvature (about x-axis) i n  the y-direct ion,  

due t o  the  transverse e1onga"con. So i n  order t o  describe 



t h i s  f or21 change, me i l a tu ra l ly  xilust k:~ow the two necessary quan- 

t i t i e s  011 :!rhich the e l a s t i c  p r o p e r t i e s  of the  a a t e r i a l  depend 

(cons tant  i n  ho~~~ogeneous a a t e r i a l s ) .  This a p p l i e s  t o  moilleilt M37 

al-so. WiJc:l only I! ( t h a t  is ,  Nx = My = o), a c t i v e ,  a d i s t o r -  

t i o n  r e s u l t s .  H a c t s  on all, four  i l i t e r s e c t i o n s  (6 dx and 

6  dy) of t h e  assmiedly cut-out. p l a t e  elemei?ts, i.rkric5, t o  de- 

s c r i b e  t h i s  a t t i t u d e  of deforaiation, recluires only one e l a s t i c  

gv.ai~tity ( a  cormxtal~t i n  holaogeneous mate r i a l ) .  

The s p e c i a l  (or thogonal)  an iso t ropy of the  p l a t e  i s  i n f e r r e d  

from the  s, '~sence of d i s t o r t i o n  by the  beilding noments Mx or  My, 

and fi-on1 t h e  absence of d e f l e c t i o n  by d i s t o ~ t i o i l  mome~~t H wi th  

r e spac t  t o  t h e  x, y  axes.  Owing t o  the  l i m i t a t i o n  t o  sziall de- 

f l e c t i o n s  w ,  t h e  ensv-ing small quan::ities a r e  n e g l i g i b l e  mid 

3" w t h e  curvature i s  ex-pressed as -- and a2 IN and the ' d i s t o r -  
8 x2  a2 w a 7  ' 

t i o n  as --. 
* 3 x ' a y  

XOYT the  described e l a s t i c  p r o p e r t i e s  of the  orthogonal- 

a n i s o t r o p i c  p l a t e  c ~ i  be  wr i t te i l  as 

wi th  -Dx m d  v as c e r t a i n  i d e a l  P O ~ S G O ~ I ' S  r a t i o s .  Resolving Y 
t hese  equatiails  according -to Idil., My a,nd H, we have 
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I!le f i v e  e l a s t i c  quan t i t i e s  ( E J ) ~ ,  ( E J ) ~ ,  ( G J ) ~ ~ ,  v x  , and 

vy EoiV s r e  defined by forinula,~ ( 6 )  and (7)  ; the  e l a s t i c  quanti- 

t i e s  :?eed. not even be co~ l s t an t s ;  they might a l so  be funct ions  of 

the locus (nonhomogeneous p l a t e ) .  Accordingly, these e l a s t i c  

quanti- t ies  must be def ixed by experinenta i n  bending; and. d i  s tor-  

t i o n  in .~vb ich  only one cons$cnt bending and d i s t o r t i o n  moment i s  

act ive .  Poissonts r a t i o  v, and vy i s  general ly 10s enough to  

be s e t  a t  zero fo r  the zonventional p l a t e  reinforcements. Be- 

ginning, a s  i n  the case of tlie f l a t ,  honlogei~eous p l a t e ,  wi th  

simple load cases ( t ens ion  an.d shear loading) and deriving equa- 

t ions  ( 6 )  by applying sone known tileorem (~ool re ,  ~ e r n o u l l i ) ,  the  

f i v e  e l a s t i c  quan-tit ies can be d'eltermiiled -9raix 'che tension and 

shear load a t t i t u d e s .  B,it inaszuch a s  t h i s  does not enter  i n t o  

the  question i n  the majority of the  systens considered here,  we 

assume these  e l a s t i c  q u a t i t i e s  defined by (6)  and (7 ) .  

Tile work of form change of an orthogonal-anisotropic p l a t e ,  

loadecl ~ i t h  moments ' lix aiid My i s  5-naffected by the  sequence 

i n  which lix sand- XY a r e  ueed, a,nd 2he e l a s t i c  quan t i t i e s  y i e ld ,  

according t o  IBa,zvell and R e t t i ,  the following r e l a t i on ,  
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Vy ( $ J ) X  = u, ( E J ) ~  

Thus t h e  osthogonal an iso t ropy of a t h i n  p l a t e  i s  charac- 

t e r i z e d  by four  e l a s t i c  q u a n t i t i e s ,  the  case of general  an iso t -  

ropy of a t h i n  p l a t e  by s i x ,  and t h e  three-dimensional bod-y by 

Put t i i lg ,  b r i e f l y ,  

I .. . . 
. * .  . . # 

and i n s e r t i n g  forrm~las  ( 7 )  i n  formula ( 5 ) .  the  d i f f e r e n t i a l  'equa- 

tion o:i' A'; bile e la ' s t t c  s u r f a s e  of a t h i n  orthogonal-ailisotropic 

p l a t e  r eads  

7. S t a i l i  ----- e u a i o n  edge equat ions a i d  o r e  f o r  -- re- 

s - o l v i i ? ~  ----- t he  d i f f e r e n t i a l  , -___ ~ u n t i o i 1 . -  -- -- -- ~ l n b j e c t i n g  the  edges of an ' 

e l a s t i c ,  or thogonal-anisotropic  s t r i p  of in f  i r ; i t e  length  and of 

2a width t o  an evenly d i s t r i b u t e d  shear t ,  produces at  f i r s t  

a pure shear  s t r e s s  a t t i t u d e  i n  t h e  p l a t e ,  b u t  as soo;i ads t 

rcac;ies a certa,iii  ~ a g i ~ i t u d e ,  the  p l a t e  begiim t o  buckle, This 

l i n i t i n g  case  of the  s t a b i l i t y  i s  given f o r  t h e  lowest l o a d  
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t ( tkr),  and equation (91 i s  complied with when me s e t  

and ( 9 )  becomes 

Since the  s t r i p  i s  of i n f i n i t e  length i t  i s  necessary tha,t 

the  so lu t ion  be per iodic  i n  the loizgituclinal- direcJcion (x) . 
According to '  Sout l~v~el l  and Skm, m e  wrire 

. . 

where K i s  to: b e  r e a l ,  and the quai9tit ies h  r e a l  or  complex. 

mis equation, vrri'cten i n  (10)  then y i e ld s  

Now m add the  r e a l  quan t i t i e s  (compare formula ( 2 ) )  

D t a2 D3 p = -A and TL = p, J. -- 
D2' D2 D 2  

and ve ar r ive '  a t  the cha rac t e r i s t i c  equation with the  unknown 

fac to r  h: 
h 4 + 2 p ~ '  A ' - 2 T 1  K h + P K 4 = 0  (12)  

Vith h,, A,, h3, and h4 as the roo t s  o f '  'chis fornula,  we have 
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Since  he term with k3 does no t  appear i n .  ( 1 2 ) ,  as a corrrpari- 

son of t h e  c o e f f i c i e n t s  i n  (12) and (12a) shows, the  four  r o o t s  

rii~~st comply wi th  , , 

h, + hz + A, + h, = 0, 

and we express  them as 

The c o e f f i c i d n t g  i n  (12)  (+ 2 p K', - 2 TI K' and ,  + p x4) 

a r e  r e a l ;  i f  t h i s  equ3t ion has  a comylex i n s t e a d  o f  r e a l  r o o t ,  

t h e  conjugate-coiilplex y1urdaer i s  a r o o t  a l s o .  The r e s u l t  i s  

t h a t  m and n a r e  e i t h e r  r e a l  o r  pure ly  iimaginary ( t h a t  i s ,  i n  

no case s o ~ i ~ p l e x )  , end a a l w ~ y s  r e a l .  

A compzrisoil of the  f a c t o r s  i n  (12) x i t h  those i n  (12a)  

' y i e l d s  f o r  h ,  t h a t  i s ,  f o r  a ,  m and n 

and f u r t h e r  r e l a t i o n s  b e k ~ e e n  a, m, and 11 f u r n i s h  the edge 

equat ions .  

The ? l a t e  s t r i p  i s  s w p o r t e d  on the  edges y  = + a and 

y = -  a, and ~ve  t h a t  t h e r e  i s  no d e f l e c t i o n  on these  



edges. Now, the  f i rs t  two equc7,tions a r e  

This conforms t o  the  suppos iJ~fon of bending-res is tan t  edge sup- 

p o r t s .  * 
IvIoreover, we iiz~st de tern ine  t h e  e f f e c t  of the  type of sup- 

p o r t  on the  t a n g e ~ t  s lope  of t h e  e l a s t i c  su r face  a t  t h e  ax 
edges. If t h e  support  i s  on knife-edges the  p l a t e  i s  n3 t  pre- 
- .  ----__C- - ..- - 
*The i n c l u s i o n  of bending of -tile l o n g i t u d i n a l  support  could be 
accorxplished by means of oile of t h e  follow in^ equat ions f o r  t h e  
e l a s t i c  l i n e  of the  edge s v p p o ~ t  wi th  ( ~ 1 ~ ~ 7  bonding s t i f f n e s s ,  

. naniely 

Ip tlie f i r s t  f o r i ~ ~ u l a  t h e  bending aonent a t  p o i n t  x of t h e  edge " 

support  i s  c a l c u l a t e d  as the  smi of a l l  tu rn ing  moments of t h e  
c r o s s  s t r e s s  Qx and- of t he  tu rn ing  molnent H of tbe p l a t e  a t  
t h e  cut-off par  ; t h a t  i s ,  whe:~ t h e  g i r d e r  i s  nov~here su--ported: 

I n  the  second equatioil tile loading  pi per  u i ~ i t '  of l eng th ,  com- 
p r i s e s  tha  c r o s s  s t r e s s  Qy and t h e  d e r i v a t i v e  of H, t h a t  i s :  

The edge g i r d e r  need no support  because,  due t o  t h e  pe r iod ic  
cha rac te r  of the  so lu t ion ,  the  edge s t r e s s e s  a r e  i n  equi l ibr ium. 
If ,  Iloviiever, a c u p g ~ r t  i s  p o v i d e d ,  the  l a t t e r  nzust be evenly 
spaced ( 1 )  so as t o  conform ts the  pe r iod ic  s o l u t i o n  (equat ion  
(11) ) and, i n  a d d - i t i o ~ ,  the  s o l u t i o n  i s  genera l ly  narrowed be- 
cause of t h e  added f o r r x l a ,  
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vented from such a slope of i t s  e l a s t i c  surface. But a s  a r u l e ,  

the  p l a t e  i s  so fastened to  the edge s~lpport  t h a t ,  by pe r f ec t  

attachment, t h i s  support d i s t o r t s  ' to  'an amouht equivalent t o  

angle @ of the e l a s t i c '  surface 'on the bearing. I f  the edge 
a Y  . . .  

support o f f e r s  an e l a s ~ i c : . ' r e s i s t c n c e  against  t h i s  d-is tort ion,  

i E  produces beilding rnoixents My i n  the p l a t e  and d i s t b r t i o n  mo- 

ments (per  u n i t  length)  i n  the edge support of the 'sme s i z e  a s  

the  p l a t e  bending moments, and the  r e s t r a i n t  i s  e l a s t i c .  Now 

i t  mzy be in fe r red  tha t  the increase i n  d i s t o r t i o n  angle (per  

u n i t  length  of support a x i s ,  or, of +he edge l i n e )  of the edge 

support i s  a , t  every point  proport ional  to  the  ( i n s ide )  turning 

moment of the  edge support. This corresponds, s t r i c t l y  speaking, 

t o  a support of constaiat, sound cro-ss sect ion with uniforin dis- 
c 

t r i b u t i o n  of the turning nordents over the cross  sect ional  per- 

iphery. Eut . . ill fir '$% &groximatioi1 , . . ,  it could equally be applied 
I , . 

t o  other than round cross  sect ions.  

A t  the edge y  = + a the d i s t o r t i o n  angle a t  ai?y poin t  i s  
. , 

and the increase i n  d i s t o s t i o n  2ngle per uyiit length i s  

the  d i s t o r t i o n  load ma appl ied ' to  the  supbort per up i t  length  

now equals tile beniiing moment ( 1 1 ~ )  y=+a of the  p l a t e ;  hence, 

according t o  ( 7 )  =1d ( 8 )  : 



The i n s i d e  . d i s t o r t i o n  moment a c t i n g  at  p o i a t  x i s  found by in- 

t e g r a t i n g  over the  d i s t o r t i o n  load  r ~ ,  assuviiing tile 'edge swp- 

wort,  t o  be  u3protected aga ins t  d i s t o r t i o n .  

i t  ( G '  J ~ )  as d i s t o r t i o n  r e c i s t a i ~ c e ,  we have 

and, by i n s e r t i n g  t h e  corresponding v d u e s  

For edge y = - a $he col?_form$l equ-$ti011 ( s i n c e  d i s t o r t i o i l  

a2 h a s  a, corresponding d i s t o r t i o n  moncnt  id = - ( ! ~ d ~ ) ~ = - ~  ZG? 

*The i ~ i t e g r a t i o n  can be avoided, as i n  the  preceding footnote ,  
by usiilg a,notlier ( equ iva len t )  forri of , tors ioi l  balance of tlie 
edge sxppor t , namely, 

i n s t e a d  as above .TF 
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Now vwe i n s e r t  (11) i n  (15a) t o  (15d) and have: . 

I n  the terms with double s i p s , .  t h e  upper s ign (equations 

a a n d  c )  i s  v a l i d  once only i n  each equation, and then the  lower 

s ign for equations b aild d.  Tne l a s t  term i n  ( c 9 d )  disappears 

accord ing  t o  equation ( n , b ) .  The r e l a t i o n  f o r  eihr i s  

e 'ihr = cos h, f i s i n  X, 

and we abbreviate 

D2 a E' = ---- 
( G '  J ~ )  K~ 

Wow the  equations (a,b) and ( c ,d )  become: 

r=4 r=4b 

( a , b )  . . . .  C (2, cos & i. i Z C, s i n  = 0 
I'=l I'=l 

r= 4 r ~ ~ 4 ,  

(c,d) .... \,=I ' c C; h, cos + E r x =n cr s i n  $1 
T z 4  r=4 

i- i (rgl  Cr  h, s i n  h, - E r=1 Z cos %J==o 
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Set t ing the r e a l  and the ixla.ginary p a r t s  of t h i s  equation t o  

zero, the  four-edge equations noa read 

1'= 4 

C .  C* cos hr a )  r=l 

r= 4 
b )  C C, s2n?br = 0 

r= 1 

r= 4 r= 
r=i  r= 

= "  

C )  G Cr X, ~ o s  X, + E Z Cr s i n  A, = O 

These a re  four homogeneous equations with the unknown C 

fac tors .  To assure'nondisappearing C values, the determinant 

of  the denominator must disappear. T'nis y i e ld s  a transcendent 

equation with the four roots ;  by introclucing (13) we estab- 

l i s h  a r e l a t i o n  between a, n, I-??, and E . 
c depends on the  form of the  edge su-pports and may, accord- 

ing  to  ( ~ 1  J ~ )  assume any value between zero m d  i n f i n i t y .  

To ~ i r ~ ~ p l i f y  the  ca lcu la t ion ,  we use only these two l imi t i ng  val- 

ues of c i n  the subsequent e x a ~ i n a t i o n .  

For 

' i t  corrzsponds t o  an i n f i n i t e l y  high (GI Jd) ,  value, -that i s ,  

an edge r i g i d  ilz d i s t o r t i o n ;  t h i s  i s  the  case of r i g i d  r e s t r a i n t  

(case l f e l f ) ,  where the  angle of tangent slope aw of the e l a s t i c  ay 
surface equals zero a t  Yne edge. 

Row we divide (16c) and (16cl) by c ,  and make 

1 - = 0, t ha t  i s ,  e = @, 
f .. 
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whick corresponds t o  t h e  k11i.f e-er?ge support ( f r e e  support , case 

llf I f )  of t h e  p l a t e  edge, and where bending z~onent ( M ~ ) ~ = ~ ~  d i  s-- 

appears.  

Pihen we i n s e r t  t h e  given va lues ,  and de te rn ican t  of the  de- 

nominator becomes. zero,  the  r e l a t i o n s  between a, i l ,  and m, f o r  
, . 

cgsea l l f l f  and "elf a r e :  

fa) ~8 n 'm [ c o s  2 n a cos 2 m a - cos 4 a] 

-'.C4 (n2 -!- ra2) - (n2 - r n ~ ) ~ ]  s i n  2 n a s i n  2 rrl n = 0 1 
(by f r e e  support)  

e )  2 n m c c o s  2 n a  cos  2 m a  - cos 4a] 

- C 4  - ~2 - rnz] s i n  2 ii a s i n  2 m a = 0 

(by r i g i d  r e s t r a i n t )  

8. The c r i t i c a l  shear s t r e s s . -  The equation. (14) combined -- ------- -- - .-----.- -- 

wi th  one of (17)  y i e l d  the  r e l a t i o n s  'tse-tween D l ,  D2, D3, a 

and t h a t  shear  s t r e s s  t ,  a t  which the  pure shear s t r e s s  ceases  

t o  pxesent a s t a b l e  a t t i t u d e  of equi l ibr ium, b u t  where t h e  equi- 

l ibr iuin equatioils y i e l d  a possib1.e s t a t e  of d e f l e c t i o n  conf orma- 

b l y  t o  equat ion  (11). Hereby i t  i s  assumed t h a t  the  s t r e s s e s  

c o n s i s t e n t  wi th  t h i s  a t t i 'cude do not  exceed the  p r ~ p o r t i o n a ~ l  

e l a s t i c  limit. 

The" four  equations - (14a, b ,  c ) ,  (17f )  and (17e) ,  respec- 

t i v e l y ,  con ta in  f i v e  unknown f a c t o r s :  K , a ,  n, rfl, m d  t. The 

K va.lue determines,  i n  accordance wi th  equ-atioii (11), t h e  wave 

l e n g t h  of t h e  e l z s t i c  suri'ace i n  t h e  d i rec t io l i  of a x i s  x, 

I n  a d e f i n i t e  sjrstem wi th  d e f i n i t e  D l ,  D a ,  a-?d a, we 



may a t  f i r s t  asswile an a r b i t r w y  wave length,  o r  a su i t ab l e  K , 
and then d e t e r a i ~ ~ e  the  respect ive  t from the four equations. 

Tl~e des i red  shear s t reng th  tkr i s  the lowest t value a t  

ahich the  pla,te com:ences t o  wrinkle,  or iil other  words, where 

a function w (equation 11) d i f  l e r e n t  from zero, prevai ls .  

To extend the app l i cab i l i t y  of the  systems considered here 

( f o r  a r b i t r a r y  q , D2 , D, , =and a) we transform the equations. 

We introd-uce i n  (14) the fac tor  9 f o r  the o r t h o g o ~ a l - a ~ i s o t r o p -  

i c  p l s t e  defined fror~i equation (8 )  

which nay assur~e any real. value from zero 

we introduce the pnrar.leters 

i n f i n i t y ,  Then 

iTol.v me fiivide - (17) i n t o  a trxnscendent function 9 equivalent 

f o r  cases f and c ,  which c o n t a i i ~ s  a, m, and n; and i ~ t o  

ail algebraic function 9 d i f f e r en t  fo r  cases f and e ,  and 

which co i3 t~ ins  n and m only. 

The r e s u l t  i s  



. . 
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5) - 1 -  n2 + m2 - : 1 1. 
2 - ' $  a , .  and = Cb 

9 . D3 a2 (n? - m2) 
and = 

a2.. J T b  

With Bergmanil end Reissner designations (19c) becomes : 

. f) q~ = tf (by f r e e  s u p p o r t ) ,  

e)  cp = 1, (by ri 'gid r e s t r a i n t ) ;  

i t  denotes . . 
, > .. . .  

s i n  2 n a s i n  2 m ct 9 = ----- 
cos 2 n a cos 2 n a -  cos 4 a  

= w ,  t an  2.11 a. t a n  2 a 
. , 

1 - cos 4 a 
. .  cos 2 n a C Q S  2 '-i a . .  . 

and 
- 8 n m  --- 

'f - 4 ( n 2  + m a )  - (n2 - rn2F 



This i s  s i m p l i f i e d  wi th  

= ( s e e  equat ion  18b),  

and the  s h e ~ r  s t r engfh  t of equat ion (19c) now y i e l d s  
0 

For t h e  case tlist t represent8  the  ].owest value a c t u a l l y  

obta inable ,  i. e. ,  shear  s t r e n g t h  tkr, we have 

when 

and 

These a,re va lues  v~hich, as we s h a l l  show, may be represented  as 

simple func t ions  of 9 ,  

Nqw we proceed as follows: me d.etermine n and m as terms 

05 9 and of {a o r  % , conformally. t o  (19a) and- (19b) ; 

then  we compute the  corresponding a from ( 2 0 f )  or  (20e) ,  and 

Ca and Cb from (21). C ,  and C b  assume, as 5, and 5% func- 
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t i ons ,  c e r t a i n  minimms fo r  each 4 (value) .  These minimwns 

represent  the  desired coe f f i c i en t s  Ca and cb. 

NQW we asce r t a in  whether 0, and % and thereby t a s  

functions of 9 and !& (and cb) a re  SO f o r ~ e d  t h a t  these func- 

t ions  represent  a  solut iol l  of equation (11-) when 8 assumes any 

value be-bfeer, zero  and i n f i n i t y ;  theu a e  mst f ind  the range of 

C a  and Cb a s  k n c t i o n s  and t h e i r  minimum value. 

We begin with the  p a r t i a l  funct io~ns  which comprise funct ion 

Ca (3rd  Cb) - equations ( 2 l a )  and (2 lb ) .  

F r o i ~ .  ( l 9 a )  and (19b) we. c a l cu l a t e  n and m a s  veil as 

( $  -I- m 2 ) ,  (n2 - m 2 ) ,  and n I m: 

C 

and 

and 

-- 
rfl = * n2 + In2 - ---- -A*-..---. r n2 irA2 
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= f J - (1 4- lb) - J ( 2  + Cb) - 4" tb2 I and 

n m - (-E.~-E)~ - (EL- - m2)" 
- J 2 j 2 1 

- Z'  (b - and = J Cb2 i 
According t o  assumption (equations 11 and 13) K 

I 

and a, 

a s  well  a s  9 (equation 13) axe r e a l ;  thus i t  follows from (18) 

t ha t  5, aild Cb a re  always real  and pos i t ive .  Eut, according 

t o  ( 2 2 ) ,  (n2 + m2)  a re  always r e a l  ( a d  negative) .  So n and 

m are  e i t h e r  real o r  purely irfla,^inary, but  never complex (corn- 

pare equation 13)  ; t h i s  i s  f ea s ib l e  only when (n2 - m 2 )  i s  

r e a l  a l so ;  o r ,  i n  other  words, (Gornpare equation .22)  when 

Then w e  can wr i te  P &  .> . . 
2 + - = .[, 

9 

For 9 5 9 t l i i s  equation i s  complied with fo r  every posi- 

t i v c  , while 8 > 1 yie lds  

and 

For these Ca a d  lb values, 
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Figures 8a and 8b shov n a:~d rn as  ordinates  p lo t t ed  

against  the abscissas [a and c.b with 8 a s  parameter. In it- 

se l f  (as ide  from the l i n i t i n g  cases )  one of these two would suf- 

f i c e  ( Ca or 51D a s  absc i ssa ) .  Eut fo r  8 > 1. the  numerical 

~ a , l c u l a t i o i l  i s  more sirxple vhen (a i s  used a,s var iable ,  but  

f o r  9 < 1, tb is  preferable.  Bcc~rd ing ly ,  the  curves a r e  

more comprehensive when we se l ec t  tyro d i f f e r en t  var iables  la 
and Cb f o r  d i f f e r en t  9. For 4 = 1, 5, = Cb and the  shape 

of the  curves i s  the same (compare equations 18 and 22). 

Within the  range and considered hece, ",'and 

upper l i m i t  f o r  9 1 i s  -given i n  equation ( 2 3 ) ,  m i s  always 

inaginary (equation 22).  Fo? imaginary values of m and n we 

vr ike ,  f o r  shor t :  

For [k = 0 ( a n d  'cqD = 0)  m has (independent of 4 )  

the value - m = ,/ 3. 
TiShen C8 (Cb) increases,  . _ m  increases a t  f i r s t  (except 

f o r  9 = w ) . For 1 5 9 <= my , g .becomes by 

- 4 9 - -- 
( a ,  & 2 , - 1  
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and then drops to  a minimum: 
7 

~rihich i s  reached by the l i m i t  value 5, i n  (23) .  For 

0 (= 4 5 1, _m tends uniformly t o  i n f i n i t y .  ' For 5, = 0 (tb = 0)  

n i s  n~axirfluni 
- + 1 (independent of 9 ) . %ax - 

A s  [a({b) increases,  n remains - a t  f i r s t  r e a l  and then  

d-rops evenly to  a minimum n = 0, which with a perpendicular 

curve tangent i s  reached a t  

and 

When ( a ( (b )  exceeds t h i s  value, 2 becomes imaginary. For the 

highest [a value consid-ered here (equation 23) curve n with 

perpendicular tangent changes i n t o  curve . Likewise, of i m -  

portance a r e  functions 

and 

i l l u s t r a t e d  i n  Figures (9a)  and (9b) .  Bath functions have an 

i n f i n i t e  value when {, = 0 a,nd cl, = 0. For 9 > 1, la 
turns  uniforzily t o  zero, which i t  reaches with perpendicular tan- 

gent by 
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- 2 
[a - 1 (~orflpare equation '23) .  

I.-$ 

For 19 c 1, xb reaches a minimum 

Beginning a t  t h i s  miniilum ib Goes evenly t o  i n f i n i t y  when 

Cb increases.  9 = 1 yie lds  a hor izonta l  asymptote with ordi- 

nate 4. So ,, nh i l e  X , and 1 b decrease when fa( Cb) increases 

beginning a t  [a = 0 and ((b = 0 ) ,  a and a2 increase and 

approach i n f i n i t y ,  s o  t h a t  the  product a2 X a  (and a2 Xd 
(Compa.re equa.tion 21) , assumes a mi.niiliull? value. 

Every 9 value an8 every ' l a ( (b )  value within the range 

defined i n  ( 2 3 )  has a. c e r t a i n  p a i r  of n and m ,values ( see  

equation 8)  and, i f  beginiling a t  5, = 0 ( Cb = o) ,  n i s  a t  

f i r s t  r e a l  and 12 irna*ginary'. T:-,.is i s  vrhy the l .e t ter  i occurs 

i n  the numerator of rp and i n  ( z o ) ,  a;zd which i s  expressed by 

cP - s i n  2 n a s i n  2 rii a 
F - 

I -- - - . - . - -  --- -_-_- 
i eos 2 n -5; cos 2 111 a - cos 4 a -- - 

= tali 2 n a  tan  2 m a w -- - 
The funct ion i *  i s  shown p lo t t ed  i n  Figure 10 fo r  2n arbi-  

t r a r i l y  chosen pa i r  (according t o  equation 22) n (= 0.87) and 
----L----.---.LÎ -- .-.----. ----- - 

*The a i i n  i s  t.o express t ha t  m aa,s im3ginary. I f  ri a~ id  n are  
imaginary the expression c p / i 2  (insteac? of -cP) i s  used. Jr/i 
and @/i2 are  used i n  the same uanner. 
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in (= 1.72) which corresponds t o  8 = 10; ca = 0.98; the  f igure  
3 

a l so  includes t an  2 n a and q f / i  and qe / i  p lo t ted  agains t  

a ( see  equation 20).  Iq a subsequent ca lcu la t ion  of the  c r i t i -  

c a l  shear s t r e s s  we intend to  show t h a t  n i s  never much lower 

than "oneu;  and even f o r  mater ia l ly  lower n the  course of 

function not  much d i f f e r e n t  t h a t  Figure 

The zero po in t s  of the  function a re  usually a t  cw, values which 

form an i n t e g r a l  mult iple of n/2n, while the functions a t  

those a values where the  denominator disappears,  have perpen- 

d icular  asymptotes and change from -t- t o  - m. With a = 0 

denominator and numerator disappear ; double d i f f e r e n t i a t i o n  of 

numerator and denominator of fuilction 9 y ie lds  

Tnis, according to  (20) i s  the value fo r  qe,  s o  t h a t  

qe (9 = -  
T l/a=o i .  

By a = 0 function ~ / i  ' has a horizoiltal  tangent as be- 

comes evident fo r  the reason t h a t  

so t ha t  the function i s  syninetrical with respect  t o  the ordinate  

axis .  Frori a = 0, cP goes eveilly toward isifiizity. When 

1 > 11 > 273 there i s  ail asymptote f o r  a value a, which i s  

somewhat higher than i n  alry case there  i s  an asymptote 3 5' 
andbetween near t h i s  value a i~d  enother asylirptote near - 

4 5' 



the tmo V i n t e r s e c t s  the  ax i s  of the  abscissa  when a = 1 5 . 
2 n 

Each c p / i  Simction with a p a i r  of n, nl values has c e r t a i n  

q f / i  and qe/ i  values (equation 20) which a r e  shown i n  Figures 

L2a and 12b p lo t t ed  against  9 and ca( b )  ; $f/i i s  elways neg- 

a t i ve ,  and qe/ i  pos i t i ve .  I n  Figure 10, i and qe / i ,  

being independent from a, are  p a r a l l e l s  of the ax i s  of abscissa,  

m d  a t  a = 9 the s t r a i g h t  i i s  a tangent of function 9 .  
. . 

The i i ~ t e r s z c t i o n s  of the  s t r a i g h t  $ with curve cp yie ld  a as  

so lu t ion  of equation ( 2 0 ) .  For Ca = O (Cb = 0 ) ,  tf/i and Je/i  . . 
y ie ld  ail a3solute rilaxirnua, which i s  equivalent fo r  every 9 

value. 

For other  possible p a i r s  of 11 and rn then i n  Figure LO,  

the  s a l e  coilditions p reve i l ,  when a i s  used as multiple of n / n ;  

the  -position of the perpendiculax asylnitote an8 the  ord-inate of 

(9 ),=, i s  slight137 sh i f t ed .  For n values near zero t he  

s t r a i g h t s  Sf /i and ge/i are  very cloce t o  the  ax i s  of the 

abscissa ,  an,d coinlcide, l i k e  V, With this ax i s  when n = 0. 

Aside 2 r o m  t k i s  spec ia l  case the solut ions  of equations q / i  = 

, i y i e l d  a -va lues  'nhicli a re  s l ig l i t ly  lose r  than the i n t e g r a l  

mult iple of n/2n, while q/i = te/i yie lds ,  as ide  from a = 0,  

other  a values -:~hich a r e  s l i g h t l y  higher than the i n t e g r a l  rfiul- 

t i p l e  of ~/211. 

Being 3,'al.e to  cor~gute a by a p p r ~ x i m ~ ~ t i o n , ,  f a c i l i t a t e s  the  

solut ion,  ~ c c o r d i e  t o  (23) '  ~ / 1  can be decornpoged in to  

w = ,---.-- I -- 
I. - cos 4 a,.--- cos 2 n a  % - 2 z U  
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t a n  2 rn a l i e s  between 0 a n d ' l ;  when 2 m a increases i t  a,p- - - - 
proaches "oneN very quickly. Since --. m here i s  greater  than n 

tan  2 m a i s  not rnuch ( i n  ~ i o s t  cases twice a s  great  a s  n ) ,  - - 
t an  - 

smaller than ftonefl f o r  a ::/2 n ( f o r  exmple  J 2 IT = 0.999993). 
. .  . 

The 0 value f o r  a = 1/8 n,  3/8 n, 5/8 n, etc .  i s  "onelf (un- 
', 

l e s s  n = 1) , because then cos 4 u  = 0. By a = 1/4  x n / n ,  

3/4 x n/n,  5/4 x n/n, e tc . ,  U = 0, because cos 2 n a = 0. 

For, a values  which s a t i s f y  equa,tion cos Q a  - coo 2 n a  -- cos 

2 _m a., a = * m ,  because the denoininator of distippears. 

On these po in t s  we f i n d  the asymptotes of curve c P / i .  Figure 11 

shows a p l o t t e d  agains t  the  c p / i  curve of Figure LO. Near 

'$a t an  2 na. 
1 

Having 'defined a,i: approxinlate .value f o r  a we compute 

o - t an  2 - m a and estimate the e r r o r  of the a;pproxirnation. The 

dot ted"l ine  i n  Figure 10 represents  the  approxir~~ation curve 

t a n  2 n '  a. 

Of a l l  f ea s ib l e  so lu t ioas  of equation cp = q ,  the  solut.ions 

a near ~ / 2  n rep,res.ent o:ily those values which y ie ld  the  

c r i t i o a l  shear s t r e s s .  Presuming -thi.s a s se r t i on  correct ,  the  

funct ions  0, = a2 X, and % = a2 Xb become minimum. 

When '9 > 1,. then a a ~ d  a re  f i n i t e  f o r  Ca = 0, and 

increase evenly when 5 ,  increases;  fo r  n Secomes smaller a s  

f, increases  (~oriipare Figure 88). Since the  chailges of qf 
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aild $ i n  equation v / i  = $/i (when Ia changes) have a re l -  

a t i ve ly  small e f fec t  on tile a solut ions ,  the  a values a r e  ap- 

p rox in~ , te ly  inversely proport ional  t o  n  and thus increase 

with 5,; vhen n goes .to zero, a becoiiieo. i n f i n i t e .  But Xa 
. . 

decreases evenly i.n t h i s  aar,le range from Xa = ( fo r  (a = 0 

and ausuies f o r  c8, where n = 0 (See equation 25) a f i i i i t e ,  

r e a l  value. For ca = 0 a d  for  5 ,  coilforinal t o  (25) ,  the  

grofiuct of a2 and Xa becotles a l s o  i n f i i i i t e ,  while between i t  

i t  assvxes f i n i t e  values. 

For 8 < 1 the Xb function bscoiiies i n f i n i t e  a t  cl, = 0 

and ' Cb = ; between these two i s  the i;iinir~~um indicated by ( 2 6 1 )  

a becoiiies f i n i t e  f o r  = 0. Aside f rom '&he 1-iinitii~g case 

9 - 0 ,  n decreases a s  cb increases;  :nfllea g b  approaches 

the  value given by.(25) - where n  = 0 - then a becomes i n f i -  

n i t e .  Setweell t h i s  value of  C b .  and- c b  = O the product of 

f  ulic t ions a2 and X-b has a  fiiini:?ulii value . 
That - thei-e i s  a miniraw~l fo r  a2 XT, even i f  9 = 0, was 

saer . proved by Bergnann and Rei,=. 

When n  i s  very s:ia!.i, a a-pproe,clies i n f i ~ i t y .  Inen 

n =  0, ap.y s a t i s f i e s  equation c p / i  = $/i. 

When c a (  Cb) increases  beyond the  v d u e  given i n  (25 ) ,  fo r  

mhich: :.a = 0 ,  then n becoxes imaginary. Since i n  t h i s  range 

(.xi2 - rn2) axid and xb (26)  decreas'e s t i l l  fu r ther ,  i t  

seefils f e a s i b l e  t ha t  the nioirnum of (equation 21) l i e s  i n  

j u s t  t h i s  range. With (24 ) ,  equation (20)  nov becomes 
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cp -- = o t a n  2 n a t a n  2 m a  
i2 - 3 - -3 

1 - cos 4 a 
cos 2 g a cos 2 m - .-( 

and the p r o d ~ c t  t an  2 n a t an  2 m a 
_? - 3_. - are  always 

pos i t ive ,  consequently cp/i2 i s  pos i t i ve  a lso .  But $f/i2 i g  

always negative. In  the  case of f r e e  support t h i s  range of 

C a ( C b )  y i e l d s  no solu%ion for  a ,  except when - n = 0 ( n  = 0) .  

Otherwise a solut ion mould be prac t icab le  only i n  the case of 

r i g i d  r e s t r a i n t ,  because 'rte/i2 i s  always posi t ive .  

me shape of curve c p / i 2  with respect  t o  a i s  l i k e  t ha t  

of curve 9 ;  Figure 13  shows 9/ i2  and t a n  2 - n a - t a n  2 _m a 

and p l o t t e d  against  a fo r  - n = 0.62, - rn = 1.58 (equivalent 

t o  a = 5, C, = 2.2) '  and f o r  n = I; m = 1 (equivalent t o  . . - - 
?= m, fa = 2 . 0 ) ~  The s t r a i g h t  l i n e  i 2  i s  again ( a s  Jre/i 

by c p / i )  the  tailgent t o  curve v/i2 a t  point  a = 0. While 

~ / i  d i f f e r s  only s l i g h t l y  from t a n  2 n a when a increases,  

the  c p / i 2  funct ion procet?ds ' l ike  the function -- t an  2 - n a - t a n  2 

( i n  is, approaches It one" 

The di f ference  between ep /i2 and funct ion -.. te.9 - 2 - n a - t a n  2 - m a 

i s  expressed i n  @, which i s  a l s o  shown i n  Figure 13. When _n 
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Secoiaes very s;.iall, 9/i2 a g a i ~  ( l i k e  i a- proa aches the  

ax i s  of the abscissa,  and coincides : :~ i th  i t  when n = 0 ( n  = 0 ) .  - 
By the naxizluai value of f o r  -. n 8x2 _m a s  give1 by (23) ,  

we ob-Lain value rtonett vrhen 9 = e. A l l  cp / i 2  c:lrves f o r  

8 = l i e  between t h i s  upper l i m i t  curve znr! -i;l~c ax is  of ab- 

sc i s sa .  For smal-ler 8 the l i m i t  curve (where n f n >= - - 1) 

s h i f t s  wp::~ard, n and m become inf  i a i t e  vhen. 9 'ecrea,ses and 

5, increases.  Tle l i n i t  curve y/i2 (~rhere  - n = r n )  approaclies 

vhen 9 decreases to:;ra,rd. none,N the r:traigllt l i n e  v i t k  the  ordi- 

nate  llolie. I t  l ~ s i l l  be seen tha t  i n  -li-,is range ( f o r  a:?y n aild - 
so lu t ion  of transcendent eciuation i s  the 

a = 0 fo r  every 4 value. For ,; - 0 aDy value a f u l f i l l s  

the  equation p/i2 = q/i2 ( l i k e  CP/i = q / i ) .  

The next problen i s  t o  f ind  which of the various so lu t ions  

a y ie lds  the  :iini.nurn ca = a" X a  and c% = a2 Xb (equation 21 ) .  

We begin ~ i t h  a = 0 and case n = 0 ,  e r e  a i  a represents  

a  so lu t ion  o f  CP = q s  

If a = 0, we see from (2.3) thc,'~ , a l l  four roo t s  A disa-p- 

pear ,  i . e . ,  they are  of tile same riagxitudc ( A l  = Az = = A , ) .  

I n  t ha t  case (11) does not y ie ld  the  p n e r e l  i n t e g r a l  fo r  re- 

solving the theorem i n  (11); ins tead  of the  four a r b i t r a r y  con- 

s t a n t s  ve have only one. Vith four  equal roo t s  Xr = XI the  

so lu t ion  (conformal t o  11) of the  d i f f e r e n t i a l  equation read-s: 



The czse of n = 0 i s  t r ea t ed  i n  the sa.rfle nlaniier; i t  y i e ld s  

X1 = h2, and i n  place of equation (11) for  m we have 

SotB cases (a = 0 )  aild (11 = 0 )  y ie ld  a new theorem f o r  

function m, and equa t ioa  (16) supply nex equations -.;rhose deter- 

n inas t  of tile deiiominator, vhen. bade zero, leads  to  a r e l a t i o n  

between 11, 12, and u es expressed i n  theorem 1 (equation 11) 

by equations (17).  The fina,l r e s u l t  i s  t ha t  the re  i s  no func- 

t i o n  IT - not zero - . in  the form ca l l ed  f o r  by tno o r  Inore 

equal r o o t s  A,. (~outh.ir1e.11 axld Skan uade t h i s  exaaination f o r  
.. . 

9 = 1, a:~d Bergniai~n and Xeissner f o r  9 = 0,  i n  Ze i t s ch r i f t  
. . 

f a r  Slugtechnik und l ig to r lu f t sch i f fahr t ,  V a l .  20, 1929, pp. 477-8.) 

This leaves us the  solut ions  which a r e  aear the i n t e g r a l  

mult iples of n/2n a:xd which r e s u i t  irom an equation ~ / i  = $/i 

(where n i s  r e a l ) .  

Siilce we seek the  i i l i i l i ~ ~ ~ m  value of shear t ,  t ha t  i s ,  of 

C, a i d  Cb ( see  equatioii 21),  the  solutio?l ilea1: n/2n i s  the  

only one t o  be considered fo r  every 9 value. For the case ( f )  

of f r e e  support a i s  s l i g h t l y  lower; fo r  ( e )  r i g i d  r e s t r a i n t  

somewhat higher than n/2n. 

NQW me can develop a forinula f o r  ca and cb (equz.tion 21 ' ) .  

Fiithin the  range considered 

1 $ a = - a r c  t an  2 n 



cal2 be very accura te ly  a-pproximated by i n t r ~ ? ~ u c i i i g  f o r  W a 

c o ~ r e s p o n d i n g  a ~ p ~ o x i m a t i v e  f ~ f i c t i o i l  or  sirIiply a constant  

(W 1). 

IVriting t h e  ~:ppro:rimated a i n  (21)  it  i s  probable that a 

. d i f f e r e n t i a t i o n  y i e l d s  an a s a l y t i c a l  func t ion  f o r  the  minixlwn 
. .  . 

~ ~ ( 4 )  w i t h v a r i a b l e  9 .  But t h i s  f u i c t i o n  which the  equat ion  

v~ould (3,pproximately) r ep resen t  ( s e e  Figures 2a a ~ d  2b) would be 

very complicated and unsui ted  t o  p r a c t i c a l  use.  Far t h a t  reason 

we p r e f e r r e d  t o  ca;lculate a s e r i e s  of p o i n t s  oil t h i s  curve and- 

t o  express  the  r e s u l t  g r a p h i c a l ~ y  i n  Figures 2a and 2%. 

9. Calcula t ion  of ca 'and cb f o r  va,rious 9 values.-  For -- -.- -I-..C- 

9 > 1 we have a range of la l i m i t e d  by ia = 0 and ca as 

defined i n  equat'ioil (25) .  For 9 < 1 the  range i s  between 

c b  = 0' ancl l b  a s  deTined i n  ( 2 6 1 ) .  For cny 5, and 5b values 

w i t h i n  t h i s '  range, we nave 

n2 ' + 1;12 n2 - 
2' -' 11, m aild n xi (according t o  eq. 22) 

2 

The s i g n  of n a;ld nl i s ,  according t o  ( 2 2 ) ,  e i t h e r  posi-  

t i v e  or negat ive ,  b u t  we coizfine ourse lves  t o  t h e  p o s i t i v e ,  be- 

cause t h e  negat ive s i g n  y i e l d s  t h e  saue r e s u l t .  For, changing 

t h e  s i g n  by rn(_rn) o r  n t h a t  f o r  y(cp/i) and q ( Q / i )  changes 

a l s o ,  s o  t h a t  ( 2 0 ) ,  ( 2 1 )  and (26)  a r e  not  a l t e r e d .  The s i g n  f o r  

a , 1.v11ich Likevise can be p o s i t i v e  o r  negat ive ( ~ o r ~ p a r e  (20)  ) 
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has no e f f e c t  on the Zisa l  r e s u l t ,  b e c a ~ ~ s e  i t  i s  af fected o:~ly 

by the d i r e c t i o n  of t ( ~ o ~ ~ p a r e  ( 1 4 ~ ) ~  which ma13 be a r b i t r a r i l y  

assumed. 

The so lu t ion  of (20) i s  a-ppzoxiinated with = 1 C t h a t  i s ,  

a = ($  n )  a r c  t an  Jr 1 , the  so lu t ion  a' being inser ted  only near 

n/2n. Tllis i s  a very s a t i s f ac to ry  approxiniatioii f o r  the case of 

r i g i d  r e s t r a i n t .  

5y la = 0-([ ;  = 0) me f ind  n = 1 sand p =  f i  f o r  a l l  

9 values;  mc! as  a minimum we f ind :  

a = l.306 (a-pproxinated = 1,309) by f r e e  support.  

a = I-. 8330 ( 11 = 1.832Z) by r i g i d  r e s t r a i n t .  
and 

As e:;airple, Figure 14  shows the Tunctions -$ X a ,  a, p, m / i , /  1/13 

C, p lo t t ed  against  Ia fo r  9 = 5 by h e e  e d ~ e  support. The 

renge of has been e n l u g e d  beyozzz p r a c t i c a l  use. For 

( I b '  0.73, f o r  4 = 0 st lb < 1.35 and f o r  9 =.a a t  

G a  " 1.0. 
. . 

Tire rcnge of [, 2nd cb f o r  p r a c t i c a l  purposes 'is: 

= 0.7 t o  1.0 fo r  a > 1, f r e e  support 
. . 

(a = 0.9 1.1 6 > 1, r i g i d  r e s t r a i n t  

For 9 = 0 ,  1/5,  1/2, 1 and 9 = 2, 3, 5, 10, 20, 40 and a, 

the  ca lcula t ions .  a re  G ~ O T ~  i n  Table I 2nd tabulated i n  Table 11. 

Thjla f i gu re s  fo r  ca ( f o r  6 1 1) and cb ( fo r  b s 1) 
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v e r e  rou--?5ed- of f  t o  f i v e  u-nits, t h e  c a l c u l a t i o n  was nade wi th  

cor~.esponding accuracy (i. e . ,  t he  -eri-or f o r  c, asid cb does not  

exceed 0.3 pe r  c e n t ) .  In F i p r s s  2a and i3b, Ca a ~ i d  cb a r e  

p lo t ted .  a g a i n s t  9 .  

10.  3qua,tio-n and c a l c u l a t i o n  of c8t and. cb '  der ived f o r  ----- -.---.--- -- 
t h e  wave l e n g t h  of tLe e l a s t i c  s u r f ~ + c e . -  Equation (11) e x p e s s e s  ----.- ---- 
t he  e l e s t i c  sur face  of t h e  s t r i p  when ~ ~ r i : ~ k l - i n g  under shear .  

I t  conta ins ,  a s i d e  from a, the  f i v e  cons tan t s  K , Cl , Cz , C3 , 
C 

a i d  C4,  of which t?te four,'constan-1;s can bc coxputed from t h e  

l i i i ea r  ho::_logeneous eclcations (16)  . . The r; cons tan t ,  de f ines  t h e  

wzve leiigth of the  e l a , s t i c  sur face  i n  t h e  ::-direction. Accord- 

i n g  t o  (18) we have 

- 
K = a J i a  and - J4;; 

J D3 P- 

There a r e  f i v e  cons ten t s  f o r  every p a i r  of Q ,  [a and 

9, Cb oil, i l l  o ther  ~ ~ o r d S ,  eVt.ery -pair 112,s a  corres-poizding elas-  

t i c  su r f  ece ,  which i n  a ';io~izo;;eneous or t3ogonal-mi so t rop ic  p l a t e  

r,aoulc?. :secone t h a t  of the shear  tks: 3ut si-ce tke  u.sua,l s t i f f -  

ened p l a t e  netFer exa,ctly a.grees s i t h  our assu~ned i d c z l  system, 

t h e  e l a s t i c  sur face  of a p , la te  when wri~&lj.lig dev ia tes  r~iore or  

l e s s  f r o n  tile c a l c u l a t i o g  here .  

we i n f e r  from ec~uatioii (11) .that t h e  half-:;rave Z of the e l a s t i c  

su r face  equals  ha l f  the  per iod  of the  s i n e  fu-nc-tion, t lmt  i s ,  
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So, mllen we introduce K c o ~ i f o r x ~ l  t o  (18) the wave leiigth 

where n n 
Ca,! = cb ' = -.- = 

G '  
C,' f i  ( ~oliipare eq. 18b) 

dJ&- 

If the  respect ive  shear equals the shear s t rength  tkr, 

we sul2stitute licr and C a t  and c b l  fo r  1 ,  C a t  and Cgl, s o  

t ha t  (4a)  and (4bj  y i e l d  

T3;e ca lcu la t ion  of C a t  and uade by equation (27) f o r  

various 9, [a z~ id  (b i s  shown i n  Table J ( co lu~ms  9 and 13 ) .  

The values fo r  car mild cb l  % a r e  aocurztely coi:;ipute:_? to  1 t o  3 

per cent .  

Figv.re 15a shopis 3, z t a 2 / ' J w  p l o t t e d  agains t  

C ' = L  1 a a . 'iThei1 1 ( C a r )  ch2ages near t h e  m i i i i i i i ~ i  (ca)  of 
h C a y  bne change i n  t ( c ~ )  i s  oomp::ratiuely s l i g h t ,  p a r t i c u l a r l y  

by f r e e  s~rpport .  

Figure 153 exhib i t s  Cb = t a2 /v' 3 g p l o t t e d  agains t  

1 1  cbt = -  
a JT= . -  This f igure l i kev i se  sho?~s the s l i g h t  change i n  

t ( c ~ ' )   hen 1 ( C b l )  cilanges m a r  the nini:mci cb) of Cb. 
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TABLE I (cont . ) 
1 1 2 1 3  1 4  5 6 1 7  I 8 I 9  ' 10 I 11 1 12 1 13 

I 

I Free Su~port Rigid Restraint 

I n  

' 
m_= - " Xa c. *f - I , C 8 C, i i a 'a 1 i c a 'a f 

I 

20  1 20 , 21 27 2 0 
I 

0.5095 1 1.9843 1 8 1 9 1 5  1.669 

I I 

I 
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TABLE I (cont  .) 

1 

20 27 20 1 20 21 27' 
I 

2.44 1 
2.15 1 1 

0.4751 / 2.084 / 15.549 1.507 

1 0.4562 2.144 15.458 1.410 

1 0.4513 1 / 2,160 15.448 
1 0.4450 / 2.178 ! 16.463 / 0.4373.2.207 '15.439 
1 0.42341 2.260 1 15.618 

i 
I 

3 

n 

2 

fa 

4 

m_=F 
1 

5 

a 

6 7 1 8  3 
Free Sunport 

- - 
i 

10 I 11 1 12 1 13 
Rigid Bestraint 

i 
a 'a 9 'a 

1 
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'i N.A.C.A. Technical PIIern~ra3dua No. 602 59 

Recapitulation of shear s t rength  fac tors :  ca and cb ( fo r  
com;?uting tkr according to  l a  and 13) and c,' and cbt 

( fo r  c o q u t i n g  the confcrm~l  v:ave length lkr of the 
e l a s t i c  surface according t o  4a and 4b). -- 

3 -- 3 
8 1 9  

0 ] & I  11.71 el 1.92 cn 1.16 

1 13.165 13.165 22.15 1.66 1.66 

2 10.8 15.25 1 2.28 1 3.23 26.55 1.54 2.18 1 
I 

/ 9 * 9 5  
17.2 2.16 ; 3.75 / 17.55 1 30.45 1.48 2.57 

5 

10 

20 

9.25 

8.7 

8.4 

3.22 

4.45 

6.20 

8.74 

CO 7 

40 1 8.25 

--A- 

I 
20.65 / 2.13 l 4 . 7 7  1 6 . 6  1 7 . 1  1.44 

I 
I I 

27.45 2.08 1 6.55 50.05 1.41 
i 

1.39 

1-38  

1.38 

I I 

9.17 

5 2 2 5  

- d  I 

15.45 

15.25 

15.065 

6 

96.5 

,a 



F i g . 1  Z l a e t i c  
su r facs  

(contours  and 
s::ct ions )  of 
orthogonal ~ K I U ~  

an i so t rop ic  p l a t e  
s t r i p  wile11 ?~i3.;:klin& .Deflect  ion mvar ies  p e r i o d i c a l l y  i n  t h e  
1ougi. tudinal dir3ol;ion of t h e  s t r ip .Ti ie  d i s t ance  of t h e  
e n s u i n ~  junct ion l i n e s (  the  half-wave l eng th )  i s  I,. 

1 - -  

Fig .33  ca p l o t t e d  
aga ins t  4 .  

The c o e f f i c i e n t  c, 
i n  the  equat ion of  
s::aa,r str-en-th - 
~ ~ T = C J / U ~ D ~  37-ii2 
i s  depeildent on 

& = V D ~ ~ D , ~ ~ / D ~  
20 30 40 50 

2 5 8 

Fig.20 cb p l o t t e d  

aga ins t  1/8. 
Fact or cb iil f o r ~ n l ~ l a  

dependent on 



'I N . A .  C .A. Tecimical i.lemoran$m $?o .SO2 Figs. 3a, 3b 

Fig.Sa, Quotient c,/ca(8 = a) plotted against 8. 

1 I/& 

Fi;.Jb Quotient cb/cb(8 = 0 )  plotted a;ain 



N.A.C.A. Technical  :Leiilorandum !:T0.602 Figs. 4a, 4b 

F i g . 4 a  c, plotted a g a i n s t  1/9 

100 

rl 

L3 
0 

Curve e,rigid r e s t r a i n t  
f ,  f r e e  support 

6 

Fig.4b cb plotted a g z i n s t  8 2 



N . A . C  . A .  Tecknicel  F:eur,~randum No .602 F i g s .  5a, 5b 

F i g . 5 a  c, p l o t t e d  a g a i n s t  119 mi th in  range o f  0 5 1/$ 5 1 

Fig .  5b 2 < 2 cb p l o t t e d  a g a i n s t  9 v?ithir:.. range o f  O = 9 



Figs .6a,6b,7 

Fig.62 c , '  
p l o t t e d  
~ ~ a i i l s t  8. 

Fig. 7 

--g-+-+-++-~+~+:-&+l.~+ 1 r -  
6 

I 
d=4 .t> 

S e c t i o n  o f  r e i i ~ f o r c e d  v l a i e   example^. 



X . A . C . A .  Tzc?inical i~<eacr~an~lu~~ X0.602 Figs  .8a,,$b 

8  i =  e.ld m / i  (=a) plott~d cgainst tFu 2~35. 8 
(1 28 co) .(co~~ure equetion 22) 

F i g .  8b 

0 1 2 3 4 

tb 
n( n / i z G l  and m / i  (=a) plotted e,gainst t b  
( 0  -3 = l)(see equation 22) 



i Fa 

Fig. 9a X,=(n2- m a ) /  2.; pIotted against tb and -3, (1 ) 

Fig. Sb 

0 1 2 3 4 

Sb 
2 Xbz(n -ma) /-!db plotted against tb and&, (0 



u, 
s i n  2 na s i n  2@a Fig,l v/i = -- ( = t a n  2na t a n  2 ga w )  
cos 2na cos 2sa-cos 4a 

and t z n  2 na as well a s  Qf/i  end $,/i p l o t t e d  
a g a i n s t  c ( s e e  oqua t ion  2 ~ )  

Fig.11 w = - . -  
cos 4 a 

1- - - . . . -  
p l o t t e d  aga ins t  a for (n .andm - 

of ~ i g .  10) 
cos 2na cos 2ga 



N.A .C  .A. Tschi~icxl  i\J~iilox-.n&lm $To .GO2 Figs.  l 2 ~ ,  l 2b  

Fig. l 2a  q f / i  and $ , / i (qe/ i2)  p lo t t ed  against  c a  and 4, 
(1 S &  5 * 

Fig-lZb ? b f / i  and 9,/i(Jie/i2) p lo t t ed  agains t Ib  and 4 
(0 2.3.5 1) 



. - - - 8 .  A .  A .  i l  o r  A;o. 592 Figs. l3 , l -1  

1.0 
v / i 2  

t a n  2na 
t a n  22a 

W 0.5 

a 

Fig.13 9 / i2  and t a n  2ma t a n  2 ~ a  a n d w p l o t t e d  aga ins t  a .  

ba 
Fig.14 Functions 1/2 Xa,a,n,m/i and 1/10 Ca p l o t t e d  

aga ins t  c a  f o r 8  =5 by r i g i d l y  r e s t r a i n e d  edges. 



-a icJ.A.C.A. Technical b:emorandun No.602 

A 

F i g s .  l 5 a ,  l5b 

e ,  r i g i d  r e s t  r n i n t  
f, f r e e  I support 

41----- -L 1 
Fig.15n C c t  a 2 / v ~ i ~ 2 3  p l o t t e d  agains t  C , ' =  - 5 

5b Cb=t $/ 7.v3 p l o t t e d  agains t  O b i =  




