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Abstract

Starting with evaluations of propagator and wave function for the damped harmonic oscil-
lator with time-dependent frequency, exact coherent states are constructed. These coherent
states satisfy the properties which coherent states should generally have.

Since Schrodinger[1] constructed the coherent states for the harmonic oscillator, they have been
widely used to describe many fields of physics[2,3,4]. Glauber[5] has used coherent states to dis-
cuss photon statistics of the radiation field, and Nieto and Simmons[6] have constructed coherent
states for particles in various potentials. Hartley and Ray([7] have obtained exact coherent states
for a time-dependent harmonic oscillator on the basis of Lewis and Riesenfeld[8]. Recently Yeon,
Um and George obtained exact coherent states for a damped harmonic oscillator with constant
frequency[9] and also the propagator, wave function, energy expectation values, uncertainty rela-
tions and coherent states for a quantum forced time-dependent harmonic oscillator[10).

In this paper we evaluate the wave function and uncertainty relations and construct exact
coherent states for the damped harmonic oscillator with time-dependent frequency described by
the modified Caldirola-Kanai Hamitonian through the path integral method,

¢ ? ‘Hm ? t, 2
H=f(t)[e"'-2-’:+e -2—(w2+ﬁm—§}(7(%)%t], (1)
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where f(t) is dimensionless time-dependent function and has the value f(t) |e=o= 1.

Very recently, we have obtained the propagators and wave functions for the damped driven
harmonic oscillator with an external driving force F(t)(11], driven coupled harmonic oscillator{12],
quantum oscillator chains[13] and a mode of the electromagnetic field in a resonator with time-
dependent characteristics of the internal medium(14] by the path integral method. Through similar
calculations in the above papers we may evaluate the propagator for the Hamiltonian of Eq.(1) :

mwe? (t+)
2rihsin(w f; f(t) dt)

2ed(t4+t) g o . v
sin(w J§ f(t) dt) + [cot(w /,, f(t) dt) + W]e z?%} . (2)

The solution of the Schrédinger equation is given as the path-dependent integral equation with
propagator K, .

Kz te\t) = | 12 exp{ Spleot(w [ £(2 dt)‘zu;(_‘)]e"z’

¥(z,t) = / K(z,t;2',0)y(',0) dz’ , 3)

which gives the wave function y(z,t) at time ¢ in terms of the wave function ¥(z',0) at timet = 0.
At t = 0 the Hamiltonian [Eq.(1)] reduces to the Hamiltonian of a simple harmonic oscillator, and
the corresponding wave function becomes

J/mofh .
00 = (e [T )T @)

Substitution of Eqs.(2) and (4) into Eq.(3) yields the wave function

vmwo/h b4l '
Y(z,t) = (__°/_)llze__ exp{—i(n + 1/2) cot|w/wy cot(w L f(t) dt) + 2—1;]}

2 nl/T €
x eA* H.(Dz) , (5)
where 4 . ¢

€ = raim s [ 1wyt + Lsinew [ £ dt) 41, (6)

A = -BR it [[ £ ) - )
— [eot{w /o' £(8) dt) + L)) (7)

3 2

D= %CT, ReA=*—2—, w2=wg—%- (8)

To evaluate the uncertainty values, we calculate the quantities

<I>mn = /-w Ym(z,t)zn(z,t) dz

vn+ 1 K -4
WC ’(‘)Jm,n-l-l + \éﬁDe '(')5m.n-1
= P6m.n+l + [‘-6m.n-1 * (9)
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<mipln> = [7 vt (e ) de
- /—(_,\/— Ah)e"“’Em..+1+ \/-(_,\/- 2AR,, e ¥05, |

= Némnr1+7 6m n-1 (10)

<m|z}|n>= Vin+2)(n+1) u Smpnsz + (2n 4+ Dpp'bma + \/n(n - ) p ¥z, (11)
<m|p*|n>=/(n+2)(n+1) n*6masz+ (20 + 1) 6ma+ y/n(n = 1) 0" 26pmpa,  (12)

) I
<m|§(zp+pz)|n> = V(n+2)(n+1)pnbmnsa +
) + m# n 6m,n-2 1 (13)

8(t) = oor‘[-“i cot(w /0 " 1(t) dt) + ﬁ] , (14)

m,n

where

sl(t)

wt) = 75p = 27:‘--’0
\/_A £

gedrteitd) (15)

n(t) =

= \/_ gelz 1l =i 2 eoto [ f1t) dt) - - Ts)

= (oot(w [ 5(t) dt) + L))

_ \/'m—;’o_ﬁ%eh:ﬂ(t)ei[eot-'o(:)+a(=)1, (16)
o(t) = Z{¢eot(w [ £(1) dt) - o)~ feotle [ 1wy an+ Ly, (17)

B(t) = y1+%2) . (18)

With the help of Egs.(9)-(12), the uncertainty relations in the various states can be obtained as

[(Az)*Ap) I, = [(<2?>-<z>)(<p*>-<p>) i

= y(r+2)(n+1)|pulln]
- g,/(n T+ 1) B(2) (19)

(A2) (A, = 2n + 1), (20)
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h
(A2 APV = 3(20 + 1DBE) (21)
Changing (n + 1) to n and (r + 2) to n in Eqgs. (20) and (21), respectively, we can easily obtain

the uncertainty in the (n — 1,n) state and (n — 2,n) state.
Now we return to the coherent states. Before we construct the annihilation operator a and

creation operator at, we will briefly discuss the properties of the coherent states. These states
can be defined by the eigenstates of the nonhermitian operator a,

ala>=ala>. (22)
Using the completeness relation for the number representations, we expand | a > as

o0 a"
o> = et S pn s
n=z0 n!
= embafgeet g5 (23)
where | 0 > is the vacuum or ground state and is independent of n. The calculation of < 8| a >

in Eq. (23) gives
< 8| a>= ¢ lelHpl)tas 2

Here, Eq. (24) has nonzero values for a # £, and thus the states are not orthogonal, but when
| @ — B |*— B the states become orthogonal.

Since the eigenvalues o of the coherent states are complex numbers u + iv, the completeness
relation of the coherent states is written as

/|a><a|?=l, (25)

where 1 is the identity operator and d?a is given by d(Re u)d(Im v).
From Eqs. (9),(10),(15) and (16), we have the relation

nut = n'u=ih. (26)

We can define the annihilation operator a and creation operator al for the damped harmonic
oscillator with time dependent frequercy as .

1
a = E(qz - up) ,
b e e
a ZWp-nz), (27)
where the expressions of z and p by a and al are

z = y'a+pat,
P = na+na. (28)
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Since 7 is not equal to x in Eqs. (15) and (16), we can easily confirm that a and at are not
Hermitian operators, but the following relations are preserved :

[z,p) =ik,

[a,af]=1. (29)

Here, the operators a and a' are different from a} and ay, i.e., creation and annihilation operators
of the harmonic oscillator, and can be expressed as

a = Aag+val,
a' = ulao+ral. (30)

Therefore, the coherent states of the damped harmonic oscillator with time-dependent frequency
are the squeezed states of the simple harmonic oscillator.

We can evaluate the transformation function < z | a > from the coherent states to the
coordinate representation | z >. From Eqs. (22) and (27) we have

[nz—pg%]<z|a>=iha<:|a>. (31)
Solving this equation, we obtain the coordinate representation

<zla>= Nexp[;l‘-az — (2thp) 2% . (32)
Here, N is the integal constant constant. Choosing N to satisfy Eq. (25), we find the eigenvectors

of the operator a given in the coordinate representation | z > as

Lap-itay, (33)

< a>= -
z | 7 lel oy

————l ex [lez + gz —
@rupe) 4 P ik p U

where

Qrup*) V4 = (_rmhﬁ)lnfl/zc-}:‘

o _menl L 4
e % £° 1 —io(t)], (34)
“o“ e—m‘(l).

Next, we prove that a coherent state represents a minimum uncertainty state. With the help
of the relation between a,a', z and p, we evaluate the expectation values of z, p, z? and p? in state
| a > as follows :

<z> = <a|pa+ua|a>=u‘a+pua”,
<p> = <al|n'a+nat|a>=na+na",
<z’> = p*la? + ppr(l + 2a0") + pla"?, (35)

<p*> = n i +9°(1 + 2aa’) + n’a"?.
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FIG. 1. (Az)? for the (0,0) state as a function of wt at various values of v/w with w/( = 1.

From above expressions, we get

. _ h -t
(Az)! = pp" = 2mu°€’e : (36)
(0o = = P et (31)

and thus we finally obtain the uncertainty relation

(8z)(Bp) =1 4 ll 1 1= 3800). (38)

Equation (37) is the minimum uncertainty corresponding to Eq. (13) in the (0,0) state.

Taking v = 0 and f(t) = 1, all the formulas we have derived are reduced to those of the simple
harmonic oscillator. The propagator [ Eq.(2)] and the wave function [ Eq. (5) ] do not have similar
forms to those of Cheng[15] and others[16], but are of new form. We should point out that the
same classical equation of motion can be obtained from many different action, and thus one may
have many different propagators correspoding to the actions.

Figures 1, 2 and 3 illustrate the behaviors of (Az)?, (Ap)? and Ap- Az as a function of wi at
various values of v/w and w/( for F(t) = e¢* at v # 0. When oscillation starts, (Az)? and (Ap)?
have the period I, but their periods decrease rapidly with increasing time, and the amplitude of
(Az)? decreases exponentially, while that of (Ap)? increases exponentially. The uncertainty for
the (0.0) state with period II is reduced to that of the harmonic oscillator of 0° and 180°.

From all of the above results, we conclude that the coherent states for the damped harmonic
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FIG. 3. Ap- Az for the (0,0) state versus wt at various values of v/w with w/( = 5.
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oscillator with the time-dependent frequency described by the modified Caldirola-Kanai Hamilto-
nian which we have constructed satisfy the renowned properties of coherent states.
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