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PREFACE

The Sixth Copper Mountain Conference on Multigrid Methods was held on
April 4--9, 1993 at Copper Mountain Colorado and was cosponsored by NASA,
the Air Force Office of Scientific Research, the Department of Energy, and the
National Science Foundation. The University of Colorado at Denver, Front Range
Scientific Computations, Inc., and the Society for Industrial and Applied
Mathematics provided organizational support for the conference.

This document is a collection of many of the papers that were presented at
the conference and thus represents the conference proceedings. NASA Langley
graciously provided printing of this book so that all of the papers could be
presented in a single forum. Each paper was reviewed by a member of the
conference organizing committee under the coordination of the editors.

The multigrid discipline continues to expand and mature, as is evident from
these proceedings. The vibrancy in this field is amply expressed in these
important papers, and the collection clearly shows its rapid trend to further
diversity and depth.

N. Duane Melson
NASA Langley Research Center

Steve F. McCormick and
Tom A. Manteuffel
University of Colorado at Denver

The use of trademarks or manufacturer's names in this publication does not
constitute endorsement, either expressed or implied, by the National Aeronautics and
Space Administration.
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OPTIMAL RESOLUTION IN N94- 21 4895

MAXIMUM ENTROPY IMAGE RECONSTRUCTION
FROM PROJECTIONS WITH

MULTIGRID ACCELERATION

Part 2

Mark A. Limber
Tom A. Manteuffel
Stephen F. McCormick

Computational Mathematics Group
University of Colorado at Denver
Denver, CO.

David S. Sholl

Program in Applied Mathematics
University of Colorado at Boulder
Boulder, CO.

B Abstract

We consider the problem of image reconstruction from a finite number of pro-
jections over the space LY(Q), where 2 is a compact subset of IR?2. We prove that,
given a discretization of the projection space, the function that generates the cor-
rect projection data and maximizes the Boltzmann-Shannon entropy is piecewise
constant on a certain discretization of 2, which we call the “optimal grid”. It is on
this grid that one obtains the maximum resolution given the problem setup. The
size of this grid grows very quickly as the number of projections and number of cells

- per projection grow, indicating fast computational methods are essential to make
. its use feasible.

We use a Fenchel duality formulation of the problem to keep the number of
variables small while still using the optimal discretization, and propose a multilevel
scheme to improve convergence of a simple cyclic maximization scheme applied to
the dual problem.
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1 Iht}éaﬁciion

In computerized tomography (CT), one encounters the problem of reconstructing an im-
age, or a density, defined by the function Z(s,t), given only a finite number of projection
data. General references include [1] and [2].

The projection data is typically of the form

* :/51;31 Z(s,t)ds dt (1.1)

where the support of Z is assumed to lie in the bounded region ¢ R? and QF is the
k™ strip orthogonal to the m® projection (see Figure 1). We assume that there are M
projections and that the m™ projection has K, cells. Let b be the vector of projection
data, N the length of b, and ¥ the characteristic function of QF'. We then rewrite (1.1)
as

b= Az, (1.2)

where A : L}{(Q2) » R" via
(Az)g m = /ﬂa:(s,t)z/)}'c"(s,t)ds dt. (1.3)

The reconstruction problem we study is: given the projection data b, find a density
function z such that Az = b. Since A has an infinite-dimensional kernel, solutions, if they
exist, are not unique. The problem then becomes: find the “best” function zy such that
Azy = b. The concept of “best” is ambiguous to be sure, but some criteria have been
gaining acceptance. In this paper we choose to study the solution with maximum entropy
as defined by Shannon [3] in information theory. For an informal discussion of entropy
and information theory, see for example [4]. For a discussion of maximum entropy in
image reconstruction, see [5].

In our context, we wish to find the function z, € L*(Q2) such that z, attains

sup {— /ﬂ z(s,t) In[z(s,t)|dsdt : Az = b} . (1.4)

This is the maximum entropy solution to Az = b. Simply because we would rather
minimize a convex function than maximize a concave function, we rewrite this as a convex
minimization program via

p = inf {/ﬂ z(s,t) In[z(s,t)]dsdt : Az = b} . (1.5)
This is called the primal problem. If we further define the function ¢ : R — (~o0, +00]
by -
ulnu u>0
p(u) =4 0 u=20 , (1.6)
+o0 u<0
362 e R
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Figure 1: The geometry setup.

then we can rewrite (1.5) as

p = inf {/ﬂ #(z(s,t))dsdt : Az = b} , (1.7)

which is in a form that has been receiving much attention in the optimization community
of late. In particular, see Borwein and Lewis [6]. One of the features of this functional is
that it forces feasible functions to be nonnegative, as a density or image function should
be. We shall see that it has other properties that are computationally and theoretically
attractive, one of the most important being that solutions exist in L'(Q) under rather
mild conditions.

In this paper we shall characterize solutions to (1.5) given some reasonable conditions
on the data, b, and show that the solution in L'(Q2) for the CT case is piecewise con-
stant, but usually not on a rectangular grid. While this result seems to be known in
the tomography community, it is rare that one finds a mathematically sound derivation
of the solution. The first half of this paper discusses the difficulties in addressing this
problem and references the literature to outline a correct proof of our characterization.
Note that we do not initially impose a discretization of L*(£2) or Q, only of the data. The
discretization we shall use arises as a consequence of the form of the functions ¥}’

The second half of this paper discusses implementation details. It will turn out that
the appropriate grid for optimal resolution (the “optimal grid") is very large compared
to the amount of data, N, one has. We shall also see that finding the optimal function
can be reduced to solving a problem in IRY, but the intermediate calculations require use
of the (large) optimal grid. We have found that a simple cyclic coordinate maximization
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scheme applied to the Fenchel dual of (1.5), while convergent, tends to stall after a few
iterations. We describe a multigrid approach to accelerate convergence.

2 Maximum Entropy Solutions

2.1 The Entropy Functional
Using the entropy functional

f:LY(Q) — (—00,+00]: x> —/ﬂq&(:z(s,t))dsdt (2.1)

to pick a “best” density function z has been popularized by Shannon in information
theory, but also arises in the context of thermodynamics with Boltzmann. For this reason
we call this the Boltzmann-Shannon entropy.

Entropy is, in short, the expected amount of information present in a probability
density z. In our context, one can think of an image (appropriately scaled) as a probability
demnsity function, and computing the feasible density with maximum entropy yields the
density carrying the most information. The standard reference is Shannon and Weaver (3],
but many basic probability books contain some discussion of information and entropy (see
[4, 7] for example). References that deal specifically with entropies in image reconstruction
are [5, 8]. '

We remark that the theory and methods developed here apply directly to other objec-
tive functionals, in particular, minimum L?-norm solutions. In fact, with the minimum
L?-norm functional, our iterative method is essentially only changed by replacing * by +
and / by —..

2.2 Existence of Solutions

In this section we prove that solutions to (1.5) exist. Usually, this point is ignored, but is
nevertheless an important issue. ' '

Throughout, let X be a linear normed space with topology 7. We begin with some
definitions.

Definition 2.1 We say a sel K € X is T-Sequentlally déiffpaét if every scquence from
K has a T-convergent subsequence.

Definition 2.2 Given a function f: X — (—o00,+00]. for a € R. we define the lower

level sets L, of f to be ,
Lo =A{z: f(z) < a}. (2.2)

The following is a general existence theorem for solutions to constrained optimization
problems.
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Theorem 2.3 Let f be T-lower semicontinuous (lsc) possessing T-sequentially compact
lower level sets, and let C be a T-closed set. Then

p=inf{f(z):z€C} (2.3)

is attained for some xg € C.

Proof: Let {z,} C C be asequence such that f(z,) — p. Letting a =p+ 1, eventually
all z,, € La, for n > N. By 7-sequential compactness of Lq there is a subsequence T,
that converges to a point xp € L. Since C is 7-closed, then o € C; f is T-Isc, so

p=lim f(en) 2 f(z) 2P (2.4

and, thus, p = f(zo)- ' |

We are interested in the case where the 7-topology is the weak topology on L(€).

Let C = {z : Az = b} for A: X — R linear and continuous. Then C = A™'({b})
is closed (since A is continuous) and convex (since A is linear) and, hence, weakly closed.
This is called Mazur’s theorem; see [9, Corollary 4 Chapter 2], for example.

We now direct our attention to the functional

fle) = [ 2.t Infz(s, £)|ds dt. @)

From [10, Theorem 2.2}, we see that f is weakly Isc with weakly compact lower level
sets, provided € is of finite measure. To apply Theorem 2.3, we need weakly sequentially
compact lower level sets. The Eberlein-Smulian theorem [9] states that a subset of a
Banach space is weakly compact if and only if it is weakly sequentially compact, and thus
we see that the lower level sets of f are weakly sequentially compact, so we can apply
Theorem 2.3 to obtain the following:

Theorem 2.4 Wfithrf defined as in (2
linear and continuous, the infimum

p = inf {f(z) : Az = b}, (2.6)
if finite, is attained for some g € L'(Q) such that Azo=b.

5) and Cz{:c : Az = b} for A: LY(Q) —» RY

Note that if X = L, then the level sets L, of f are not bounded in the norm
topology. Hence L, is not compact for any of the norm, weak or weak-x topologies,
which is a consequence of the fact that a continuous function attains its maximum on a
compact set, of the theory of dual pairs[11], and of the principle of uniform boundedness,
respectively. Thus, although it is tempting to approach the image reconstruction problem
in L™ the initial problem of existence is much more difficult. However we will see that
L'-optimal solutions are actually L>-optimal solutions as well. We will also see why one
might want to pose the problem in L.

365

Iy



2.3 Uniqueness of Solutions

In this section we show that solutions to (1.5) are unique.

Definition 2.5 A function g : X — (—o00,+00] is convex if. for all z,y € X and dll
A€ (0,1), we have
gz + (1= A)y) < Ag(z) + (1 - N)g(y). (2.7)

Also, g is strictly convex if, whenever x #y and g(z), g(y) € IR, this incqualily is strict.
A set C C X is convex if, whenever z,y € C and X € (0,1), then

Az +(1-NyeC. (2.8)

Lemma 2.6 If f(z) = /qS(:z:(u))du, then f is strictly conver if and only if ¢ is strictly
convexr.

Proof: Assume that f is strictly convex and that there exists a u # v and a A € (0,1)
such that

d(Au + (1 — A)v) 2> A(u) + (1 — N)p(v). (2.9)
Then let z(t) = u and y(t) = v, so that
fAz + (1= XNy) 2 Af(z) + (1 - N f(y), (2.10)

contradicting the assumption that f is strictly convex.
Conversely, let E = {t : z(t) # y(t)} and assume that m(E) > 0. Then

FOa+1=Ny) = [ 60w(t) +(1- Ny(t)dt+ [ p(a(e))de (2.11)

< [ 2E0)+0-Newe)d+ [ s (212)
= M@ +(1-Nf) (2.13)

where the strict inequality is due to the strict convexity of ¢. [ |

It is easy to check that ¢(u) as defined in (1.6) is strictly convex, thus f from (2.5) is
as well.

Theorem 2.7 If f is strictly conver and C is a conver sct, then solutions to
p=inf{f(z): z € C} (2.14)

arc unique, provided they exvist.
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Proof: Supposep = f(z) = f(y), where z # y € C. Since C is convex, then sx+3yeC
and

F(e/2 +3/2) < 31(E) +35@) = (215)

contradicting the definition of p. [ |

Putting together these results we have the following.

Theorem 2.8 If Q is a sct of finite measure, then the solution to (1.5) exrists and is
Unique.

2.4 Characterizing the Solution

In this section we characterize solutions to

p=inf{/¢(z(s,t))dsdt:f:mp;;'=b;g, m=1,...,M, k=1,...,Km}, (2.16)

ulnu—u u>0
o(u) :{ 0 u=0 (2.17)

+00 u<0.

where

This is the image reconstruction problem we introduced in Section 1. We have included
a linear factor in the objective functional; however, if we assume that the projections
cover the image, then this factor does not change the solution; it only simplifies certain
formulee. A typical approach is to attach a Lagrange multiplier A to the constraints and
differentiate the Lagrangian at the optimal zo (which we now know exists) to obtain

zo(s,1) = (¢) 7} (ATA(s,1)) = exp (ATA(s, 1)), (2.18)
where M Ko
AT L) — RN via (ATX) (s,t) = Z_l :L_j AT YT (s, 1) (2.19)

However, the functional f(z) = / #(z(s,t))dsdt is not differentiable. Indeed, f = +o0 on

a dense subset of L'(2) and is therefore not even continuous. It is for this reason that
some people have chosen to work in C(£2) or L™(f) [12, 13] where f is differentiable, but
the question of existence and attainment is much more difficult there.

A correct approach is to use Fenchel duality with a constraint qualification (CQ).
While the classical CQ fails to apply in our example, in [6] a CQ is developed that does
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apply to CT. Heuristically, we assume a multiplier A exists so that

p = inf{f(z)+ (b— Az,X)} (2.20)
= (6, +inf { f(z) - (z, ATV} (2.21)
= (b,N) —sup{(a: ATY) - f(z)}. (2.22)

For a convex function g : X — (—o0, +-00] we define g* : X* — (—o0, +00] by
9"(y) = sup {{z,y) - g(=)}. (2.23)
This is called the Fenchel conjugate of g at y. Using this definition, we see from (2.22)
= (6% — - (ATX). (2.24)
Now, for any A,
inf {f(z) + (b — Az, )} = (5, \) — f* (A"A) <inf {f(z) : Az =b} =p.  (2.25)
Therefore, if X exists, then

= max ax {(b,A) — f(ATN)}. (2.26)

This is the Fenchel dual of (1.5). In our problem, it can be shown [14] that for y € L=(0)

Fw= [ ¢ 0 s, (2.27)

that is, the conjugate of the integral functional f is given as an integral function of
¢*. From [6], if 3% € L'(?) where Z > 0 ae., f(Z) € R and AZ = b (the constraint
qualification), then a Lagrange multiplier X does exist. Also, if X solves (2.26), then the
optimal zy(s,t) for (1.5) is

zo(s,t) = (¢°) (ATA(s, 1)) (2.28)
In the case ¢ is of the form (2.17), it Visreasy to show that ¢*(v) = e, and we get
zo(s,t) = exp (ATX(s, 1)), (2.29)

where A solves (2.26). This matches the heuristic derivation, but this is no accident since
in fair generality, (¢)~! = (¢*)’. Thus, solving the image reconstruction problem, (1.5), is
equivalent to solving the dual problem (2.26), which is an unconstrained finite-dimensional
differentiable concave maximization problem.
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Figure 2: The optimal grid.

2.5 The Optimal Grid

Rewriting the solution to the image reconstruction problem (2.29) in a more explicit form,
we have

M K.
Zo(s,t) = exp (Z }:-de)}c"(s,t)) , (2.30)

m=1 k=1

see (2.19). It can be seen from the concavity of (2.26) that any function z of the form
(2.30) that satisfies Az = b must be optimal.

Recall that ¢ is the characteristic function of the k'* strip emanating from the
m™ projection. Thus, the solution in (2.30) implies that the optimal function in L'(Q)is
plecewise constant on the grid obtained by intersecting all of the strips. This grid has been
observed for physical reasons, [8], but here we have shown that the best (from maximum
entropy considerations) function from L(f) is this piecewise constant function. For this
reason, we call this discretization of  the opti mal grid.

A typical grid is shown in Figure 2. Here we have used 8 projections each divided into
12 cells. The central point of the theory presented above is that the exact solution of the

image reconstruction problem is piecewise constant on this grid.
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3 Implementation

3.1 Relaxation

Now we develop a simple iterative procedure to solve the image problem by solving the
dual problem (2.26) for the optimal A. Recall that to solve the dual problem we seek to
maximize o

G\ = (b, A) — / exp(AT (s, t))ds dt. (3.1)

This is a simple matter once one observes that @ is concave and differentiable, so maxi-
mizing G is just finding critical points. The derivative with respect to A is

VG(\) =b— A / exp(AT\(s, t))ds dt. (3.2)

This gives N equations for the N unknown \’s.

An obvious iterative scheme is to cycle through the components, Ay, of VG , correcting
each )\; in turn so that the kth component of VG is zero, that is, so that G is maximal
with respect to each individual variable. We choose AL so that

by = (A exp(AT)\)) = /Qm exp(ATA(s, t))ds dt. (3.3)

km
After some simplifications, a single step of this scheme can be written as
by . b
7 — ’ m?
Lo (S0rer) [T )%
k! !

exP()‘;:},) - / (34)

Q

where 37 is the sum over all projections m and cells & except m’ and k', []' is similarly
defined and u7* = exp(A}).

Now, because AT\ is piecewise constant on the optimal grid, the integral of exp(AT \)
along any strip is just a sum over each polygon in that strip of the area of the polygon
times the product of the u’s that correspond to the particular cell from each projection
that makes up the polygon:

L G = % [area(p) 11 uz;}, (35)

m
i peR) m#Em’

where the product is only over the cells kr in projection m for polygon p.

The point of this discussion is twofold. First, we can see from (3.4) that we never
need to exponentiate since we only need the u’s. Second, the areas of the polygons can
be precomputed, meaning that these integrals can be calculated exactly; no numerical
integration is needed.
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Figure 3: A subset of the optimal grid.

An important feature of this development is that there are no approximations or
discretizations being made in the whole program, except for the initial discretization of
the data into the vector b. We have characterized the L'(Q) solution as a piecewise
constant function on the optimal grid, and the necessary integrals can be performed
exactly on this grid. For this reason, in our implementation we calculate the areas of each
of the polygons in the optimal grid; in fact, to obtain Figure 2, we in fact plotted the
polygons themselves, not just intersecting lines. To demonstrate this fact, in Figure 3 we
plotted 1000 of the 2096 polygons from Figure 2.

As can be observed in Figure 2, the number of polygons in the optimal grid can be very
large compared to the number of projections and cells per projection. This number grows
very quickly as a function of these two variables; for example, with 12 projections placed
uniformly around the circle and 10 cells per projection, we generate 2904 polygons; with
20 cells per projection we generate 12,561 polygons. While the optimal grid generation
is a time and storage intensive procedure, given a fixed geometry we need only run this
part of the program once. To reconstruct images using such large data sets, fast methods
are essential.

The iterative method described above tends to stall after a few iterations. This effect
can be observed in the reported data from [8]. In Figure 4 the top two curves represent the
rates of convergence using this scheme on a 3 projection, 4 cell per projection problem.
Here we have graphed both the rate associated with the residual ||Az — b||~ and the
rate of convergence of the entropies computed as G(A™"). Since we give as initial data a
known function of given \’s, we can compute the true entropy to which the iterates should

be converging; this is a useful debugging tool since we can monitor both the residual and
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Figure 4: Residual and entropy rates, with and without MQ.

the entropy. While convergent, note that the convergence is initially good, but the rate
degrades rapidly to steady off at about 0.85.

= 3.2 Multilevel Methods

To improve the convergence rates observed, we have implemented a two-grid multilevel
_ scheme with unigrid [15] corrections. In this section we describe our method and give
. some preliminary results.

Coarsening is achieved by pairing adjacent cells in the projections and updating the

" associated u’s with a single correction that makes their average residual zero. On the

- coarse grid, we iterate this relaxation process until the norm of the vector of average

residuals is below a user supplied ¢, typically 0.05. All of the calculations are done in a

unigrid fashion on the fine grid. This makes the process more expensive than necessary,

but its performance is equivalent to the more efficient V-cycle multigrid scheme and it is
much easier to implement and manipulate.

Using the same geometry and data as before, but with relaxation accelerated by coarse
grid corrections, we obtain the rates given in the lower two curves in Figure 4. Note that
with only a two-grid scheme, we have reduced the convergence rate from about 0.85 to
about 0.72.

As a demonstration of the reconstructions we can obtain, we present Figures 5 and 6.
Recall that the reconstruction is computed on the optimal grid, but for plotting purposes
we essentially use a square grid. While there are several ways of translating from the
optimal grid to a square grid, we have chosen simply to evaluate the optimal image
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Figure 5: Original image.

function as reconstructed from the optimal A via (2.30) at the lattice points of the square
grid without performing interpolation. Improving this process could be a direction of
future investigation.

Figure 5 is the original image. Note that this is not a piecewise constant function
on the optimal grid, so our reconstructions cannot be exact. In fact, the function of
maximum entropy with the data generated by this function is not the original image; as
shown previously, it is piecewise constant on the optimal grid, as are our reconstructions.

To obtain Figure 6, we use a simple two-dimensional integrator, based on Simpson’s
rule, on the original function to make b using 5 projections each with 8 cells. We then
iterated our multilevel scheme to convergence (so that the £, norm of the average residuals
was less than 10-%) and plotted the result in Figure 6 as discussed above. This process
produces a set of \'s that we then used as our initial data in the routine to obtain a
reconstruction of the first reconstruction. This next reconstruction is virtually identical
to the first, as the theory predicts.

As a final note, an extra benefit of this scheme is data compression. Given a data
collection geometry, when we collect the N pieces of data, we need only solve the recon-
struction problem once to get the N p's. From these we can reconstruct the image to any
Jevel of resolution desired; indeed, we have shown that the piecewise constant function on
the optimal grid is the most information one can extract from the data.
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Figure 6: Reconstruction.

4 Conclusions

We have seen that the solution to the maximum entropy image reconstruction problem
posed in L'({) is a piecewise constant function on the optimal grid. We have also seen
that each iterate of the simple iterative scheme for solving the associated dual problem can
be computed exactly; no numerical integration or approximations are needed. Finally, we
observed that a unigrid scheme to accelerate convergence shows potential, though more
testing and analysis is needed.

As a final comment, we note that that the mathematics used to derive the optimal grid
and the iterative scheme can be applied to other objective functionals f and other geome-
tries, for example, minimum L?-norm, fan beam projections and non-symmetric placement
of the projections. These issues and a more complete discussion of the mathematics in
optimization techniques for image reconstruction from projections will be covered in a
= future paper.
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FLOW TRANSITION WITH 2-D ROUGHNESS ELEMENTS IN A 3-D CHANNEL
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We develop a new numerical approach to study the spatially evolving instability of the
streamwise dominant flow in the presence of roughness elements. The difficulty in handling the flow
over the boundary surface with general geometry is removed by using a new conservative form of
the governing equations and an analytical mapping. The numerical scheme uses second-order
backward Euler in time, fourth-order central differences in all three spatial directions, and
boundary-fitted staggered grids. A three-dimensional channel with multiple two-dimensional-type
roughness elements is employed as the test case. Fourier analysis is used to decompose different
Fourier modes of the disturbance. The results show that surface roughness leads to transition at
lower Reynolds number than for smooth channels.

INTRODUCTION

Transition from laminar to turbulent flow is a phenomenon of great importance and practical
interest. Major experimental work in aerodynamics has been pursued to study boundary layer
transition, and this in turn has led to a critical need for further understanding of this fundamental
process. Unfortunately, to date, no reliable methods exist for predicting transition in the presence of
surface roughness, either experimentally or numerically. In fact, there are many factors that affect
transition, such as solid wall temperature, solid wall curvature, pressure gradients, free-stream
disturbance, and surface roughness. There has been some experimental activity dealing with the
effect of both 2-D and 3-D roughness elements on transition from laminar to turbulent flow. For
example, Klebanoff et al showed that surface roughness induces early transition [1]. Also, others
have obtained limited numerical results with 2-D flow [2].

The purpose of the present work is to develop new efficient and easy-to-use methods for
numerical simulation of the effect of surface roughness on flow transition. A new conservative form
of the governing equations is derived. Because of the high sensitivity of transitional flows, a high
order scheme based on our earlier work (cf. [3] - [6]) is developed. For the grid generation scheme,
an analytical map is used, so the Jacobian coefficients are computed exactly. Moreover, we develop
the governing equation in a form that enables a much simpler numerical process.

We impose single and multiple 2-D-type roughness elements on the lower solid wall to test the
effect of surface roughness on flow transition. A Fourier transformation is employed to analyze
different modes of the resulting disturbance. The computational results show that the induced
mean flow distortion and other high frequency waves make the flow more unstable.

* This work was supported by NASA under grant number NAS1-19312.
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GOVERNING EQUATIONS

In this study, the three-dimensional, time-dependent, incompressible Navier-Stokes equations,
which are nondimensionalized by the channel half-height h and the centerline velocity U, are

considered as the governing equations for 3-D channel flow (Figure 1):

Ou Ouu Ouv Ouw 1 Pu O*u u, OP

E_*_ Oz + Oy + Oz -E(6x2+6y2+3z2)+_0;:0’
@+0vu+6vv+8vw__l_(@+@+§2)+8_P:O
ot o0z Oy 8z Re 8z® 0y> 022 Oy '
213+3wu+6wv+8ww_i(82w+62w+32w)+£9£:0
ot 0oz Ay 8z Re 0z 0Oy? 02 0z !
O0x 0Oy Oz '

(1)
2
(3)
(4)

where u, v, and w are velocity components in the z—, y—, and z— directions, respectively, P is the
pressure, and Re is the Reynolds number based on the centerline velocity U.. of mean flow, the

channel half-height h, and the viscosity parameter v:
U.h

v

Re

2.0

L,

z

Figure 1. 3-D channel with a single 2-D-type roughness element.

For the current work, we consider a special mapping

r=¢ E=z
y=y(&n¢) or n=n(zy,2)
z = C C =2z,
which implies that
J Ty
fx = Cz =1,
&z = Cx - 01
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and the final forms of the momentum and continuity equations are:

ou ouwU  ouwV ouW 0 d 1
- — —Aju=
&+m(%-+&7+ach—%+m )P u =0,

Re

@-i- (<9vU+6vV+BvW)+ a—P—iAv—O
t e TTap T ac ) ™Man T Re T
ow owU JOwV oOuW 0 0 1
v 9 O P Aw=
ot T o t o T ) T g, Y g f TR A0
8U+6V+6W .
€ o¢ ’

for the total flow, or
Ju Au(U + Uy) + ugU] + Ou(V + Vo) + wV] + (W + W) + weW]

0 0 1
—_——Au=
(a€ + T’:Xi )P Re 1U 01
QE + (a['U(U + Uo) + ’U()U] + 6[v(V + %) + 'U()V] + B[U(W + Wo) + 'U(]W])
ot M ¢ an ag
opP
+77y 6?’] - ﬁA]’U = 0
ow (a[w(U + Up) + woU] N Ow(V + V) + weV] L Aw(W + Wy) + woW])
at M € on aC
0 0 1
+(77z'é;" + EC-)P - EAl’w =0,
oU + ov + ow -0
E3 a7
for the perturbation flow, where,
2 62 2 62 62 a
Ay = — ) Ty
1 662 (nx +T’y +7’z) a<2 +277$3£6 + nza ac (Uxx+77yy+77z )a_n

The inverse transformation of the variables under thxs spemal mapping becomes

u = Ung;' '
w Wny,
v = V-Un—Wn,.

1

Here we have seven unknowns (u, v, w, P, U, V, W), seven equations ((6) - (9), (15) -

(6)

(7)

(8)

(9)

(10)

(11)

(12)

(13)

(14)

(15)
(16)
(17)

(17)) for

the base flow or total flow, and seven equations ((10)-(13), (15) — (17)) for the perturbation.

Our solution process is outlined as follows:

1. Perform the surface and grid generation process to obtain the required Jacobian coefficients.
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2. Solve system (6) — (9) and (15) — (17) to obtain the base flow solution.

3. Solve system (10)—(13) and (15) — (17) to obtain the perturbation solution based on the above
base flow.

For the channel flow, though the boundary conditions are quite simple, there are still some
difficulties we need to overcome. The so-called buffer domain [7] technique is used here for both the
base flow and perturbation. For details, see [6]. The boundary condition for the solid wall is the
no-slip boundary condition:

Uyall = Vwall = Wwatl = Uwall = Vapatl = Wyau = 0. (18)

No boundary condition is needed for the pressure at the solid wall since we use a staggered grid.
For the inflow, Poiseuille flow is imposed at the inlet for the base flow solution, and the
eigenfunctions obtained from the linear stability theory with specified Reynolds number are
employed at the flow inlet for the perturbation. The final outflow boundary conditions are:

e for the base flow,
U

522_ = 0 forU,
%%/. =0 forV,
%2? -0 forW, (19)
| e for the perturbation flow, (;_2] n %g n %%/_ =0 forU,
-6% =0 forV,
a_;g =0 for W, (20)

and the associated u, v, w can similarly be obtained by the inverse transformation (15) — (17).

Periodicity is assumed in the spanwise ¢ —direction.
_ NUMERICAL PROCEDURE

Surface and Grid Generation

Assume that no stagnation points exist in the computational domain. Solitary type roughness
elements are overlapped on the lower solid wall of the channel to simulate surface roughness. For
the 2-D roughness elements (because the grid is uniform and the domain is periodic in the spanwise
z direction, we need only discuss the 2-D case here), the surface can be expressed as

f@) = 3 rusech(bu(z - z1)), (21)

=1
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where k; is the height of the roughness element, b, is a parameter for adjusting the curvature rate of
the roughness element, and z; is the peak point coordinate.
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L+ N~ n 1
/: e O
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(x.y) (x'.y") (¢m)

Figure 2. Physical, stretched, and uniform grids.

Our grid generation approach consists of two mappings(see Figure 2):

e from the physical grid that conforms to the rough boundary to the stretched intermediate grid
that is uniform in the z direction but nonuniform in y,

e from the stretched grid to the uniform computational grid.
The resulting mapping from the physical to the uniform computational grid is

_ yma:c(a + ymaa:)(y — f(il?))
= Ymaz (0 +¥) — F(2)(0 + Ymaz)’ 22)
and its inverse map is
y = no (yma:c - f(x)) + ymazf(x) (0 + Ymaz — "7), (23)

Ymazx (G + Ymaz — 77)

where Y, is the maximum height of the computational domain and o is the parameter for
adjusting the density of grids near the lower solid wall. The required Jacobian coefficients are

ymazfxo'(a + ymax)(y - ymax)
"= maslo T3] TG0 i) 9
_ Ymaz 0 (0 + Ymaz) Ymaz — f(z
™= e +9) — F@)0 + Ua) %)
Nzz = yma:za(o' +ymaz)(y yma:z:)
fzzlYmaz (0 +y) — F(2)(0 + Ymaz)] + 22 (0 + ymaz) (26)
[Ymaz(o +y) — F(2)(0 + Ymaz)]?
_ _2?:/1%1”0'(0 + Ymaz) (Ymaz — F(2))
M= a0 +3) — @) (0 + U 27
Ne = Mz =0. (28)

Here, f, = 8 5 and f., = 3—3-
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Discretization

In the computational (£, n, () space, the grids are uniform. Suppose u, v, w and U, V, W are
defined in terms of a staggered grid in the computational space (see Figure 3). Here, the values of P

are associated with its cell centers, u and U with centers of the cell surfaces parallel to the (7, ()

plane, v and V with centers of the cell surfaces parallel to the (£,¢) plane, and w and W with

centers of the cell surfaces parallel to the (£,n) plane.

Second-order backward Euler differences are used in the time direction, and fourth-order central

differences are used in space. Details of such an approach can be found in [5]. With those

assumptions, we can write the discretized governing equations symbolically as follows:

 Agpgpugpg + Agug + Awuw + Awwuww + ANNunN + ANun + Asus + Assuss
Arrurr + Arur + Apup + Apuss — Acuc + DwwPww + DwPw + DgPg — DcPc
Bggveg + Bgve + Bwvw + Bwwvww + BNnunN + Bnun + Bsvs + Bssvss
Brrvrr + Brvr + Bpvp + Bppvep — Bcvc + EssPss + EsPs + ENPv — EcPe
Cerwgg + Cevwe + Cwww + Cwwwww + Cnvwny + Cnwn + Csws + Csswss
Crrwrr + Crwr + Cpwp + CpwpB — Ccwc + FppPpp + FpPp + FpPr — Fc Pc
DUggUgg + DUEUg + DUwUw — DUcUc + DVNNVNN + DVNVN

DVgVs — DVoVe + DWrppWrp + DWrWr + DWpgWp — DWcWe

U = T);‘CU(;,

we = 17,°We,
ve = n.°U.+ Ve +n°W..

n
v, V
,J/j/!/z!jll
th// At 7;—'
314 Y A1 VT
7 :7‘1_'
—Vﬁj%:__.u,U
/1 7 _74*,;_.
4
P P —74-/j_.—._’
") 3
eV _7¢.
A
A A Pz 4~
7
w, W

¢

Figure 3. Staggered grid structure in the computational (£,,¢) space.

+

-+

-+

+

(29)
(30)
(31)

(32)
(33)
(34)
(35)

The coefficients and source term for the interior points of the discrete £—momentum equation (29)

associated with uc are given as follows:

1
Apg = + e

12ReAE? 12A§(UEE o),
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3ReAEE 3A§ (Up + 2Ua.),

4 nyC
3ReA ' 3AE
1 _ 2nyc
12ReAE2 ~ 12AF

ac Nye _
12Relr? T 1247 (Von + Vo)

dac 2"7yC
3ReAn? 3An (Vo +¥o.) +
dac 277yC 2ve
3R6An 3ReAn’

cc lec Ye
2ReAr? ~ 12800 % Vo) T5Rean

1 yC
T3ReAC? T T2 1 T Wo):

4 2nyc
3ReAC " 3AC V! T W),
4 2"7310
3RAC T 3AC
1 NyC
12R€AC2 - 12AC (Wbb + WObb)a
3 + 5 ( 1 4 (s 704 + 1 )
2At  2Re A An? | ALY
1
—Dww = AL’
27
24AE’
—4ul +u5 ! —Py,, + 8P, — 8P, + P,,
oAt T e 1247 +
(_UONNVnn + Bugn Vi — BupsV; + ugssVss N
yo 12An
—uorrWys + 8uorWy — 8uog Wy + UOBBWbb) _
12A¢
—Ugnn + 8u£n — 8u£a + Ugss —Uenn t+ su(n Su(a + U¢ss
6Re =C An +7c An )

(UW + 2U0“ ),

(Uww +2Us,,,,),

_Yc
12R6A17’
2vc
3ReAn’

(V+Vo)—

(W + W),

D¢ =

(36)

Here, superscripts n and n — 1 are used to indicate values at previous time steps, and the
superscript n + 1, which indicates the current time step, is dropped for convenience. Lower case
subscripts denote the approximate values of the v and w at points where the associated values of
are located (Figure 4). Other symbols used in the above formulas are as follows:

a = AR ANL Y= T+ My + N,

du ou

ue = 8—5’ ’uCZEC-.

383



A VZI’"‘ A fo_»
7 UNN ¢ 1 UuUfrF
Va Wt
n
ﬁ% uUN TTuF
_luww | UwW Vi_,uco _lYE | UEE _{www uw Wﬁ UC, UE UEE
Pww  Pw Pe Pg Pww Fw P Pg
Vs Ps WQ
ﬁT’ us “TuB
’7 Vesip,, ¢ Wiy
A ‘*%‘ uss AL | uBB
¢ £ 7 £

Figure 4. Neighbor points for {—~momentum equation
(U are at the same points as u and are not shown here).

All function values that are required at other than the canonical locations are obtained by
fourth-order interpolation in the computational space. For example (see Figure 5),

V. = (Q(VC +vny + Vaw + Vw) — (szw + Venww + Vs + VNNE))/32, (37)
P, = (Q(PS + Pgw) - (PSE + Psww))/lﬁ. (38)

The coefficients for the 7— and ¢ — momentum equations are defined in an analogous way, the
discrete continuity equation is developed simply by applying central differences to each terms.

On the solid wall boundary points, we change the n—direction difference to second order, and
maintain fourth-order in both the £— and ¢~ directions. For more details, see [6].

} }

| ’ |
Vnvww VWV Wn VNNE
|
Ve
]
VSWW VW VC VSE
} }
- l It l -
o o +P s 0 o
Psww Psw Pg Psg

Figure 5. Neighbor points for fourth-order approximation for V, and P,.
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Line Distributive Relaxation

We use here the same basic line distributive relaxation method developed in our previous work
(cf. [5]), with some modifications. Figure 6 shows the distribution of corrections for the group of
variables that are located in the (£,7) plane.

The process that we use for solving the discrete system (29)-(35) can be described as follows:

o Freezing P, U, V, W, v, and w, perform point Gauss-Seidel relaxation on (29) over the entire
computational domain to obtain a new wu. )

e Freezing P, U, V, W, u, and w, perform point Gauss-Seidel relaxation on (30) over the entire
computational domain to obtain a new v.

o Freezing P, U, V, W, u, and v, perform point Gauss-Seidel relaxation on (31) over the entire
computational domain to obtain a new w.

e Use transformation (33)—(35) to obtain new U, V, W.

e Forall j =2,3,---,n; — 1 at once: change Uijk, Uiyt jk, Vijx, Wijk, Wij k41 to satisfy the
continuity equations, then update P;jx so that the new U, V, W and P as well as the
associated transferred u, v, w satisfy the three momentum equations.

fV;n,k =0
l
Uiex — €6| Pi6k0+ 80 Uit16x + €6
Vier + 65 — b
}
|
Uisk, — €s| -PiSko+ B Uit1 50 + €5
Visk + 04 — 65
}
|
Uisk — €4| Pi4ko+ Yo Uiy1 4 + €4
Viak + 63 — &4
}
I
Uisk — & Pz‘3k0+ Y3 ___‘_Ui+l 3 + €3
Visk + 62 — 83
- ¢
l
n Uiar — €| Pi2k0+ Y2 Uit1 % + €2
|'
Viar, =0
¢ 3

Figure 6. Distribution of corrections in the (£,7) plane.
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Remark. Since all of the u, v, w have been previously relaxed, and the U, V, W are updated to
perform the latter corrections, we assume that equations (29)—(31) hold exactly. Let ¢, 6, o and ~y
represent the corrections for U, V, W and P, respectively. Thus, for cube ijk, when we distribute
the corrections according to Figure 6, the correction equations corresponding to (29)—(31) are

(AFn v 4 AZknsn)e; — DFy; =0, (39)

BY*(6; — 8j11) = BE (6,1 - &;) — Ed*y; =0,  (40)

(C”k wiktt 4 CHFp vk )o; — ng’)’] 0, (41)

(DUE + DUE")e; + (DWE* + DWEN)o; + DVI*(8; = 6;.1) = DVE* (8,1 — 8,) = S, (42)
J=2,3,--,n; — 1

This system has 4(n; — 2) equations and 4(n; — 2) variables. Unfortunately, coupling between the

correction variables makes the problem somewhat complicated. To develop a simpler approximate
system, define

€:
_ Y
Wy E)
7

0',

_ Y

wzj"‘?1
J

with fixed 7 and k. Then

B ka (Bz]k z_1k)6 Bijk5]+1 Bt kaj 1 43
Wzj = Et]k (At]k'rbu?+l Jk Az]k u;ﬂ.)é) ( )

B zgk (B';_\yrk + Bz]k)aj _ Bt]k6J+1 Bt k6] 1 “
wzj - Egk (C;‘Zk wx]k+1+03kn;v.]k)6j ( )

From (36), we see that AR ~ ~ s for high Re and small At, which is much larger than A%*.
Similarly, BZ* ~ 3% and C"" ~ 2. These yield

D, An
i~ = - - 45
wa:] EJCT]y,Jk ASTIZUAUZTJL ( )
FL A

T Elnyt Ay

With the above approximations, w.; and w,; can be treated as known parameters, so equation (44)
can be written in terms of the unknowns é; only:

[(DUE* + DUE*)w.; + (DVE* + DVE*) + (DWEF + DWEF)w,,]6;
—DVE*8; 1 — DV§i*6;,, = Sk, (47)
Let
a; = (DUE*+ DUE )w; + (DVE* + DVE*) + (DWE* + DWE ), (48)
b, = —DVi¥, (49)
¢; = —DVF*, (50)

.7_213:"'1"'_1'_1'
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Then we obtain the tridiagonal system

[ a, b, T & 1T Sf;"
C3 as b3 63 S:ﬁk
N (51)
Cn,—2 Qn,—2 bp, 2 | | On, 2 ri_r?‘_z k

! Cn,~1 Gn,-1 | | On,—1 ] | gin -1 k_
Thus, 6;, j =2,3,--+,n; — 1 can be determined very efficiently. The other velocity corrections are
given by

€ = wgb;, 05 = Wy,

§=2,3,+,n; — 1.

The u,v, and w are then updated on all cells in the ¢, k y—line as follows:

Ui+1 Ik UH—l ik + €5y
Uitk gk _ ¢
W Ry R a;,
Wijk — Wijk - aj,
Jj=23,---,n; -1,
Vik o V4§, — 6,

Finally, the pressure corrections 7; are determined as follows:

SLAZ + BE +JICE

Y2 ak 1
(ag + a5 T 2w 7

b - 214 + BEF +50d
J 3

(g + a5 +2c)m”"
j=3,---,n; — L
P is then updated via

PBijr — Pk +1v;,
j=2,3,---,nj—1.

(52)

(53)

(54)

(55)

(56)
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COMPUTATIONAL RESULTS

We first tested the code by applying it to single and double roughness elements using a moderate
sized grid. A 170 x 50 x 4 grid, including a five T-S wavelength physical domain and a one
wavelength buffer domain, was used. Considering that Re = 5000 corresponds to a decreasing mode
according to the linear stability theory, we use this Reynolds number in our code to investigate the
effect of roughness elements. Fourier analysis is used to decompose different Fourier modes of the
disturbance. For details about the Fourier transformation approach, see [8].

Let x; = 0.15 and b = /2. For the single roughness case, the peak point is at i = 30; for the
double roughness case, the peak points are at ¢ = 42 and i = 70. The stretch parameter o is set to
4, and the amplitude of the disturbance e is set to 0.0025v/2. Figure 7 displays contours of the
perturbation streamfunctions, showing that the roughness elements make the disturbance increase
for a certain distance downstream. The results of Fourier transformation given in Figure 8 show
that the mean flow distortion and first and second harmonic waves are amplified over this distance.

To test the effect of multiple elements, a 402 x 66 x 4 grid (including a nine wavelength physical
domain and a one wavelength buffer domain) is used. Here we set x; = 0.12, b = 2.0, and 0 = 4.5.
The first roughness is at ¢ = 82, which is two wavelengths from the inflow boundary. We placed
seven roughness elements in the computational domain, starting from ¢ = 82 and spared 40 grid
points apart. Figures 9 and 10 depict the contour plots of streamfunctions and vorticities, showing
very clearly that the disturbance is amplified after it passes each element.

Figure 7. Contours of perturbation streamfunctions with Re = 5000, «; = 1.5,
€ = 0.0025v/2 and 170 x 50 x 4 grid. Flow direction is from left to right.
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Figure 8. Maximum amplitudes of fundamental wave ui, v, mean-flow distortion ug, vy,
first harmonic wave us, vz, and second harmonic wave us, vs for Re = 5000,
k; = 0.15, and €= 0.0025v/2 with two roughness elements (grid: 170 x 50 x 4).
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390

perturbation streamfunction contours

Figure 9. Contour plots of perturbation streamfunctions and vorticities
for Re = 5000, k; = 0.12, and € = 0.0025+/2 with seven roughness
elements (grid: 402 x 66 x 4, flow direction is from left to right).

total streamfunction contours

(a)

Figure 10. Contour plots of total streamfunctions and vorticities for
Re = 5000, x; = 0.12, and € = 0.0025+/2 with seven roughness
elements (grid: 402 x 66 x 4, flow direction is from left to right).

PEEa e



CONCLUDING REMARKS

As expected on physical grounds, we find that the spatial growth rates of the disturbance
increase when surface roughness is present. Though our work is limited to roughness without
stagnation points in the computational domain, such a scope includes a rather large variety of real
roughness elements. Moreover, the code is very efficient, requiring about 2.68 seconds per time step
for the 402 x 66 x 4 grid case (equivalent to about 26 ps per time step per grid point).
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SUMMARY

We consider the numerical solution of the single-group, steady state, isotropic transport
equation. An analysis by means of the moment equations shows that a discrete ordinates Sy
discretization in direction (angle) with a least squares finite element discretization in space does not
behave properly in the diffusion limit. A scaling of the Sy equations is introduced so that the least
squares discretization has the correct diffusion limit. For the resulting discrete system a full
multigrid algorithm was developed.

1. INTRODUCTION

The single-group, steady state, isotropic form of the Boltzmann transport equation for one
dimensional slab geometry is given by ( Lewis and Miller [6] )

Hang 1) +o(z,p) — 0,5 /1/)(2: u) dy' = q(z, p)
Y(a,p) = gi(u) for p>0
Y(b,u) = g2(p) for p <0

where z € [a,b] and ¢ € [~1,1]. When 0, — oo and & — 1, which is the so called diffu~ion limil,

this equation becomes singular. The limit operator (I — P), where P denotes the operator

Py(z,p) = 3 f' ¥(z, )dy, has in its nullspace all functions that are independent of angle .
Moreover, in this limit transport theory transitions into diffusion theory in the following way.

Let € be a small parameter. Substituting o, by %, o, by (El — g0,), where g, is O(1), and scaling the

right hand side by €, equation (1.1) becomes

[u% + 1I - (é —an) P:I Y(z,u) = eq(z). (1.2)

(1.1)

€
In addition, it is assumed that the external source ¢q is independent of p. As a consequence of this

parameterization the diffusion limit is now equivalent to the limit ¢ — 0. By expanding the solution
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of (1.2) as . _ -

b =

e
A
4

Y(z,p) = Yz, 0) + ) & ¥ (7, 1)
j=1

it can be shown ( Larsen [2] [3], Larsen, Morel and Miller [4] ) that some mean-free-paths away
from the boundary the zeroth order term, /°(z, 1), is independent of 4 and is a solution of the
following diffusion equation

10D pe) = ala). (19
Thus, in the diffusion limit the solution of the transport equation will converge to the solution of a
diffusion equation.

For the numerical solution of (1.1) it is important to find a discretization that has the same
property; i.e., for diffusive regimes ( o, large, 2= = 1 ) the difference scheme for the transport
equation must approximate a diffusion operator.

In the last two decades a large amount of work was dedicated to developing special
discretizations for the transport equation that have the correct behavior in the diffusion limit.
Among them are the Diamond Difference scheme [6], the Linear Discontinuous scheme [1], and the
Modified Linear Discontinuous scheme [5]. In the one-dimensional case their implementation is
straightforward, but their extension to higher dimensions is difficult.

In this paper we try to develop a general framework for finding discretizations for the transport
equation that have the correct behavior in the diffusion limit. In Section 2 we describe the discrete
ordinates Sy discretization in angle and a least squares finite element discretization in space and
discuss why this simple approach does not behave properly in the diffusion limit. A scaling
technique for the transport equation is introduced in Section 3 that yields a least squares
discretization with the proper diffusion limit. In Section 4 we present numerical results based on a
full multigrid solver for the resulting discrete system. In Section 5 we draw conclusions and suggest
further applications of the scaling technique.

2. DISCRETIZATION

For the discretization in angle we use the standard discrete ordinates Sy method. In the case of
one-dimensional Slab geometry, this is a Galerkin discretization with normalized Legendre
polynomials as basis. That means we are looking for a flux solution that has an expansion in the
first N normalized Legendre polynomials,

N-1

Y(z,p) = Y, du(z) Bip). (2.1)

=

Since the normalized Legendre polynomials form an orthonormal basis for
Ly([~1,1]), the moment coefficients ¢, are given by the following integral, which can be
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written exactly as a sum by using a Gauss quadrature rule. We have

$u(z) = %/d}(z,u)Pz(u)du

= Z““'J Y(z, 1 Pl(“])

Here p; denotes the Gauss quadrature points and w; denotes the Gauss quadrature weights.

By introducing the vector notation

U= @, m), 9@ un) s 2= (¢o(a), - dn-1(2))’
and defining matrices 7 and {2 as
[T]; ; = Pioaus); Q = diag(ws, ... ,wN)
the relationship (2.1) and (2.2) between the flur ¥ and the moments @ can be written as

= TOQU
= T'&.

e e

As a result of the Galerkin discretization of (1.1) with the ansatz (2.1) we obtain the Sn
equations
H1
LY =¢ = + 1% —(1-€'0,) RY =€,
oz =
UN
where

RE(l,...,l)T(wl,...,wN).

(2.2)

(2.3)
(2.4)

(2.5)

When we insert (2.4) into (2.5) and multiply by T2 from the left, we get the moment equations

€20, l ebg;% 0 0
Ebo% 1 €b1¢—%_ 0
0 Eblaﬁ'z 1 Ebz-é% -

M®

I

L]
Il
m

(%]

B~

with
j+1
\/4]+1 -1

o-
If

(2.6)

Normally, the computations are done in the flux representation (2.5) since in this representation
the boundary conditions are equal to simple Dirichlet boundary conditions. However, as we will see

later, the moment equations are very useful for theoretical insight. In the following the flux
operator is denoted by L and the moment operator by M.
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For the spatial discretization of the Sy equations we use a least squares finite-element method

based on the functional \

F@) = [(a(Ly-g),L8 - q). d=, (2.7)

and piecewise linear continuous elements 7; as basis functions for each component of ¥. In the
following §* denotes the finite dimensional space S* = span {n;} and (S*)" denotes the space of
N-tuples whose elements are in S™*.

The advantage of this approach is that a least squares discretization converts the Sy equations,
which are a coupled system of first order equations, into a self-adjoint variational formulation.
Based on this variational formulation Multi-Level Projection Methods [7] can be applied in order to
guide the development of a multigrid solver for the resulting discrete system.

Unfortunately, this discretization does not behave correctly in the diffusion limit. In order to
explain this fact, we use the moment equations, since ¢p = ¢ in the diffusion limit. Further, it is
easy to see by using the relationship (2.3), (2.4) and the identity TTTQ = I that

b

BN / (Q(LE - g) LY - g) o do &=

b

PO (T

which justifies why it is also possible to look at the least squares discretization of the moment
equations.

In the S, case with o, = 0, for example, a least squares discretization of the moment equations
results in the following discrete system

2
E 7 '
g(n,n)

€ 1]
. 7—5(7]177) (¢6’:)= 83 0, ),
S | N\ BT

where, for example, (7,7) is a mass matrix and (7',7) a stiffnes matrix with elements
b

b
il = [ m@n@dz, (oMl = [ TE @)z

a

%(n, )

and

b T

(n',q0) = (.\..,/g—%)qo(:c)dz,...)

Forming the Schur complement we get the following equation for ¢h

{%(n’,n’) - %(n’, ) {(n, n) + %(n’,n’)} — (n n’)} b5
(2.8)

=<'\ [(n,n) +%tn’,ﬂ')}— (', 90)-
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For sufficient small £ we have

[(n, n) + %2(77’,77')} - (mm)™' - %i(n,n)‘l(n’,n’)(n, m) ™'+ O(e). (2.9)

Plugging (2.9) into (2.8) and dividing by €? leads to

sln) = @) )
(=1)

s (') () (') + 0(54)} b5 (2.10)

62

3

- _%2(77’, m)(mn) " (', go) + O(e*).

In the limit € — 0, the solution approaches a valid discretization for the diffusion equation (1.3)
only if the term (1) vanishes identically. For piecewise linear, continuous basis elements this term
does not cancel out and becomes the leading term in the equation. Consequently, in the diffusion
limit (2.10) is an approximation for ¢ = 0, which results in a linear solution, connecting the
boundary conditions. In general, the term (*1) does not have the proper behavior unless the mass
matrix, (n,7), is lumped, that is, replaced by a diagonal matrix.

3. SCALING

A closer look at the moment equations (2.6) shows that this system is unbalanced. There are
O(e?), O(e) entries as well as O(1) entries. The idea is to scale this system before the discretization.
First, let us consider the case o, # 0. In our inner product the adjoint moment operator, when

homogeneous boundary conditions are assumed, is given by

elo, l —eb%% 0 0
M —€b()a;ax 1 —Ebl 6_(2: 0
o 0 —eby a% 1 —Ebg%

Scaling the moment equations by
1
Eay,

n
il

(3.1)

and forming the normal equations results in
M SM® = ’M"S§ <>
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[ 30, — %B%:g 0 —£3bgblg—;¢2 0 \
2 2z
0 N 0 —&3b1ba s
—e3boby Zx 0 e—e3(0% +03) &y 0 L4
k 0 —€3b1by 2o 0 £ —e3(b2 + 03) 2y
%o
-&_ 8¢
:;30'“ oz
= 0 . (3.2)
0

Note that (3.2) already has the correct limit equations for the moments on its diagonal and all first
order derivatives are eliminated.

Applying a Galerkin discretization to (3.2) and forming the Schur complement leads after
division by £* to the following discrete equation for ¢f

{utnm) +50,1) + 0N} 8 = (n.d0) + O,

which is a valid discretization of the corresponding diffusion equation (1.3) in the limit ¢ — 0.
When we define b, ; = €;7x(z), where g; denotes the j-th canonical unit vector of IRY, we can write
the Galerkin discretization of (3.2) as follows

b
Vbi; [ (M°S (MB=4) ,bi;) o do = 0. (3.3)

a

Assuming homogeneous boundary conditions and splitting S = v SVS, (3.3) is equivalent to

b
Ve [ (VS (M2-3),VEMb,) . de =0

a

b

= gmin, [ (V5 (M8 1) V5 (M2 1)) .

which is a least squares discretization of the moment equations, scaled by v/ S. Consequently, a
least squares discretization of the moment equations, scaled by V'S, also has the correct behavior in
the diffusion limit.

Notice that (3.2) has the proper behavior for any ¢, # 0. The second equation contains ;— on
both sides and yields the proper solution for ¢; as g, — 0.
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On the other hand, if o, = 0 the scaling (3.1) cannot be applied. In this case, scaling the
moment equations by

1
a
So = N , (3.4)
with
a=¢eP, where p>2 (3.5)
and forming the normal equations results in
[ —eab} 6‘5’; | —eabyZ _Ezabgbl% 0 .. \
el |a-eXbi+abl) s, 0 —e2abby 2
—€%abob 2 0 a—2a(b? + b3) & 0 ®
0 —e2abiby s 0 a—ea(b} +5) L,
0
—e3by 2
. dx
= 0 . (3.6)
A Galerkin discretization of (3.6} leads to the following discrete system
0
2 32( 7 oo 3 1A
( e2abi(n', ') | Au )gh _|e bo(g , o) | 37
Ao | An
where
AOl = (_Eabﬂ(n: 77/): €2abobl (77,1 77/)7 0,.. )
Ay = (eaby(n,n'),etabebi(n,7'),0,.. )"
and A;; =
aln,n) +e* (¥ + a)(n’,7') 0 abib2(n',n') 0
0 a(n,n) + €% alb] + b3)(n',n') 0 etabbe(n',7')
e2abib.(n', ') 0 a(n,m) + 2 (b +b7) 0

0 elabb.(n',n") 0 a(n, n) +ea(d? + b3)
For sufficient small € we have

1 / -1
=\n,n
1 1 b"( ) e a
Al = o(%) +Q1+Q: +0(3),
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with Q1 = O(%) and @, = O(%) Using this expansion when forming the Schur complement in
(3.7) we get
e%bo(n', o)
{E2abl(n, 1) — An AT A} ¢ = ~ A AT 0

which after some algebra becomes

{0t 1) — @2(m, )Y .1 + O(e'a)} ¢h
=—e*a(n, )0, 7) (', d) + O(a®) - (3.8)

Because of (3.5) we have ?‘3‘% — 0, so that (3.8) is a valid discretization of the corresponding
diffusion equation in the diffusion limit. Using the same argument as above it follows that the least
squares discretization of the moment equations, scaled by /Sy, also has the correct behavior in the
diffusion limit.

As mentioned before, the computations are done in the flux representation. Therefore, we need
to transfer the scaling of the moment equations to a scaling for the Sy equations. By means of the
relationship (2.3) and (2.4) it follows that a least squares discretization of the moment equations,
scaled by v/§ is equivalent to a least squares discretization of the Sy equations, scaled by

TTVSTQ =

@R+\E(I—R).

A further multiplication by /€0, leads to the following scaling in the case o, # 0
R+e\/o,(I —R). (3.9)

Similarly, in the case o, = 0 the least squares discretization of the moment equations, scaled by
V8 with p = 4, is equivalent to a least squares discretization of the Sy equations, scaled by

R+e*(I-R). (3.10)

In order to avoid an “if else” in the computations it is possible to combine the scalings (3.9) and

(B10)to o St
R+ (evo.+€%) (I-R). (3.11)

4. NUMERICAL RESULTS

For the solution of the discrete system that results from a least squares discretization of the Sy
equations scaled by (3.11), a full multigrid in space algorithm with

e standard coarsening in space by doubling the mesh width,

e u-line red-black smoothing,
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Scalar Flux: ( mesh size h=1.25)
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Figure 4.1: Scalar flux solution of problem (4.1)

e full weighting,

e linear interpolation,

was developed. The full multigrid process starts by solving the problem on the coarsest level and
uses this solution as a starting guess for the next finer level, where a single V-cycle is performed.
Recursively, the solution process proceeds from coarser levels to finer levels by halving each grid
cell, using the coarse level solution as a starting guess and performing a single V-cycle on the next
finer mesh. This algorithm yields V-cycle convergence rates that are below 0.09. Therefore, by
performing one full multigrid V-cycle, a solution with an error on the order of the truncation error
is obtained (cf. [7]).

As test problem we used the same problem that was used by Larsen, Morel and Miller in [4],
which is shown below:

o, N
—2 +100¢; — 100 Y w, ¥, =0.01

Ki

Oz =1 . (4.1)
’(,bJ(O) =0 for Hj >0
¥;(10) =0 for p; <0

In our parametrization (1.2) this impliéé €= O.dl, Oq = 0 and q= 1.0. The exact solution of the
corresponding diffusion equation is

3
o(z) = —59:2 + 15z,
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Scalar Flux: ( mesh sizeh=1.25)
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Figure 4.2: Scalar flux solution of problem (4.2)

which is plotted in Figure 4.1 in solid. The least squares solution of the scaled Sy equations,
computed by one full multigrid V-cycle, is shown in Figure 4.1 by the crosses. We see that this is a
very satisfactory result, especially when we take into consideration that we used a mesh size of 1.25,
which is much larger than €.

Finally, we mention that the least squares discretization of the Sy equations without scaling will
give the zero solution for problem (4.1), indicated by the stars in Figure 4.1.

For the sake of completeness we present in Figure 4.2 the results for the test problem

Y, N 3,
i g 1009, ~ 99993 w, = 001 (1 —sat 15m)

¥;(0) =0 for u; >0 '
¥;(10) =0 for pu; <0

(4.2)

where 0, = 1.0,e =0.01,g=1— %x"’ + 15z. The exact solution of the corresponding diffusion

equation is the same as for problem (4.1) and is again plotted in Figure 4.2 in solid. The least
squares solution, computed by 1 full multigrid V-Cycle is given in Figure 4.2 by the crosses and the
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solution for the least squares discretization of the Sy equations without scaling is given by the stars.
5. CONCLUSIONS

From the analysis in Section 3 and the numerical results presented in Section 4, we conclude that
the least squares discretization of the scaled Sy equations has the proper behavior in the diffusion
limit.

Further, we point out that the scaling can be used in the case of nonhomogeneous material,
where o, or, equivalently, ¢ are discontinuous, because the equations are only scaled from the left
side so that no derivatives are applied to the scaling operator.

Adaptive refinement can be combined with the full multigrid solver in a natural way. Areas of
new refinement can be identified by examining the difference in the solution for two consecutive
grids. This is especially important for nonhomogeneous material, where interior layers may exist.

Numerical results show that with a slightly different scaling both a Galerkin finite element
formulation with piecewise linear elements and an Upwind Difference discretization of the Sy
equations also have the correct diffusion limit. We believe that this scaling approach will result in a
general framework for the development of discretizations that posses the correct diffusion limit.

Finally, we hope to apply the scaling techniques developed here to higher dimensional problems.
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Abstract -

We study the potential performance of multigrid algorithms running on massively parallel
computers with the intent of discovering whether presently envisioned machines will provide an
efficient platform for such algorithms. We consider the domain parallel version of the standard V-
cycle algorithm on model problems, discretized using finite difference techniques in two and three
dimensions on block structured grids of size 106 and 10, respectively. Our models of parallel
computation were developed to reflect the computing characteristics of the current generation of
massively parallel multicomputers. These models are based on an interconnection network of 256 to
16,384 message passing, "workstation size" processors executing in an SPMD mode. The first model
accomplishes interprocessor communications through a multistage permutation network. The
communication cost is a logarithmic function which is similar to the costs in a variety of different
topologies. The second model allows single stage communication costs only. Both models were designed
with information provided by machine developers and utilize implementation derived parameters.
With the medium grain parallelism of the current generation and the high fixed cost of an
interprocessor communication, our analysis suggests an efficient implementation requires the machine to
support the efficient transmission of long messages, (up to 1000 words) or the high initiation cost of a
communication must be significantly reduced through an alternative optimization technique.
Furthermore, with variable length message capability, our analysis suggests the low diameter
multistage networks provide little or no advantage over a simple single stage communications network.
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0. Introduction

In the current generation of massively parallel (MP) computers there is a
convergence towards a common set of architectural characteristics. From the

standpoint of a computational scientist, this convergence presents the opportunity
to study the class of machines as a whole, in order to determine whgzther or not they
can be efficient platforms for the solution of various computationally intensive

tasks.

We studied the potential use of these machines for the solution of multigrid
algorithms. Our study included a wide range of multigrid algorithms and
encompassed several different architectural characteristics.

In this paper we present the architectural ideas suggested by this study which
would enable the current generation of MP machines to become efficient platforms
for various multigrid applications.

Our approach was to develop a set of models of parallel computation based on
the common characteristics of the current generation of MP machines. We
implemented a representative set of structured multigrid algorithms on these
models. We then looked at the performance predictions and tried to understand
their implications.

The remainder of the paper is organized as follows. First, the models of
computation are developed, followed by a brief description of the multigrid
algorithms and their implementations. Next, the performance predictions are
presented and finally their implications are summarized.

1. The Current Generation of Massively Parallel Computers

The power and availability of RISC microprocessor chips have increased
dramatically over the past several years. The proliferation and decreased cost of
these "workstation-size" processors have spawned the current generation of
multicomputers. Some of the major architectural similarities of this generation are
summarized below.

VM:r;l’itiiéomputers These miliﬁircrdmpliters are interconnection
networks of physically distributed processors and memory, linked in a -
variety of different topological configurations.

Powerful Microprocessors The processors are generally "off the
shelf" single chip RISC microprocessors. They can perform integer and
floating point computation significantly faster than the bit-serial
processors which characterized many machines of the previous
generation.



Medium Grain Size The increased size, cost and speed of the
individual processing elements has delineated a medium grain size for
the current generation. Most of the machines are targeted for the range
of 1K processors, with larger machines possibly ranging up to 16K
processors.

Slow Network Communication The current machines generally
exhibit slow interprocessor communication speeds relative to on-chip
events. This is frequently a result of handling the network
communications processing in the software layer.

Single Program Multiple Data Mode of Execution Unlike the
more rigid SIMD and asynchronous MIMD patterns of the previous
generation most of the newer machines execute the same program on
each processing element with different data, enforcing synchronization
only as required by interprocessor communication.

The current generation includes the CM5 by Thinking Machines, a network
of Sun SPARC processor nodes, potentially with vector accelerators, connected in a
fat tree topology; the Touchstone Delta, developed by Intel and Caltech, a three
dimensional mesh of two Intel i860s per node; the Paragon by Intel, a 3D mesh
topology with one to four i860 processors per node; the Kendall Square Research
machines, a hierarchy of concentric rings with shared virtual memory, with two
custom designed chips per node. Cray Research is building a machine with DEC
Alpha processors connected by a yet unrevealed topology.

2. Models of Parallel Computation

The models of parallel computation presented in this paper were designed to
capture the salient characteristics of the current generation of massively parallel
computers. The guiding philosophy behind the development of these models was
to strike a reasonable balance between machine independence and practicality,
simplicity and accuracy. The goal is to find a set of models which facilitates efficient
algorithm design, and ideally, provides feedback into the machine design process
itself.

The models of computation reflect the paradigm of the multicomputer:
processors and memory are physically distributed throughout an interconnection
network. Motivated by the large disparity between the speeds of on-chip and
network events, the models reflect the costs of a two level memory hierarchy. The
cost of a local memory access is included in the cost of an arithmetic operation while
the cost of a remote memory access is treated separately. The models were
parameterized to facilitate analysis under different ratios of problem to machine

407



size. In addition, this parameterization allows the incorporation of changes in
technology, such as increases in on-chip computation speed or a decrease in network
communication latency. The models assume the processors operate in a Single
Program Multiple Data mode of execution.

The analysis of this paper utilizes three of the models developed. The
characteristics of these models are similar, differing only in their treatment of
communication costs. The different treatment of communications costs ranges
from assigning a simple topologically-blind cost for a network communication to a
more complex function which potentially provides more accuracy. The cost of a
floating point computation, treated similarly in each of the models, is separated
from the cost of a remote memory access.

3. Communication Costs

Accurately and simply accounting for inter-processor communication is the
toughest challenge in the development of a useful model of parallel computation.
The three alternative treatments presented here are based on the common
components of network communication costs exhibited by the current generation of
multicomputers.

1. Fixed Start-Up Costs There is a large fixed start-up cost associated
with any message passing, packet-based communication. To execute a
network communication often requires a processor interupt, complete
with a full context switch. The message must be packaged and tagged
with destination information and injected into the network.

2. Variable Cost Per Node This component of communications
cost is the time to route the message through the network to its
destination. Cut-through, circuit switched routing, a common general
technique, for example, imposes a per node path formation cost. These
routing and path formation costs are actually a complex function of the
routing algorithm, the communications pattern and network topology.
Taken in sum, these comprise the different aspects of contention. In
these models, this complex distance-related component is simplified. It
is approximated as the product of a machine-dependent constant and
the number of processor nodes along the required communications
path. Sensitivity analysis is used to potentially understand the impact
of different degrees of contention.

3. Spooling Costs Per Node A third component of network
communications costs is the cost to physically spool the message
through the network. Experimental results suggest the spooling cost
can be approximated by a linear function of the message length, up to a
message size of 1000 words. In these models the spooling cost of a
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message is treated as the product of a per-word cost and the length of
the message in four-byte words.

4. Fixed Costs of Receipt Finally, receiving a message generates a
set of costs on the receiving processor, analogous to those required by
the originating processor, namely, interrupts, context switches and
message unpacking.

4, Three Models of Computation

The three models of computation used in this analysis were based on the
common architectural characteristics discussed above and differ only in their
approximation of the components of network communications costs. The
following descriptions assume the models use only fixed constant size messages to
accomplish all network communication.

The GAP Model The first model, the GAP model, is a simple, topologically
blind model which grew out of a set of discussions with a group of researchers at
Berkeley. So named because of the "gap" in processor utilization caused by the
initiation of a network communication, the GAP model charges one fixed cost for
every communication regardless of its source and destination.

The LOG Model The second model, the LOG model, introduces a variable
topologically-based cost to the fixed cost component. The LOG model assumes the
processors are physically connected in a 2D mesh with an overarching multi-stage
permutation network. To approximate the distance a message must travel, the LOG
model uses the logarithm of the Manhattan distance (or L; norm) between the
sending and receiving processors on the 2D mesh. The motivation for the use of
this function is twofold. First, it realizes the lower bound on path length between
any two nodes in a network with a bounded branching factor. Second, it generally
approximates the behavior of a variety of networks which realize logarithimic
communication distances, such as butterfly and shuffle-exchange networks. Thus,
communications cost in the LOG model, with fixed length messages, is
approximated by the following function.

Communications Cost = Fixed + Variable * Distance
where Distance = Log(Manhattan Distance)
The Single Stage Model The Single Stage model also treats the cost of a
communication as the sum of fixed costs and a per-node distance dependent cost.
This model, like the LOG model, also assumes the processors are physically

connected in a two dimensional mesh. In the single stage model, however, there is
no overarching multi-stage network. All communication is accomplished by single
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or multiple hops along the physical connections of the 2D mesh. The motivation
for this model was the possibility of quantifying the impact »f a multi-stage network
on performance for various applications. The cost of a communication with fixed
length messages, therefore, is approximated by the following function.

Communications Cost = Fixed + Variable * Distance

where Distance = Manhattan Distance

Model Parameters

The three models, with fixed length messages, are parameterized by a fixed
component and a per-node variable component of communication, the cost of a
floating point operation, and the machine size (number of processors). In this
analysis eight different pairs of values for fixed and variable cost per node are used.
Five pairs are used to represent different possible conditions in the LOG and Single
Stage models, while the last three, where the variable costs are zero, represent the
similar conditions in the GAP model. The values in the table below were based on
timings of random end to end communication patterns on an early release of the
CMS5 performed by both an internal Thinking Machines applications group and
more independent sources.

Table 1

Model Parameters

Fixed Variable Machine State
2500 200 Current
1000 200 Current-Low
500 200 Potential
500 100 Potential
- 100 50 Ideal
5000 0 Current
3600 0 Current Low
1000 0 Potential

The first two pairs of values approximate the current fixed and variable cost
on working machines running "off the shelf" software. The first pair (2500, 200) is
an averaged approximation while the second pair is more idealized. With a 33Mhz
clock, such as the current clock speed of the SPARC chip used in the CMS5, for
example, a 2500 cycle fixed cost and a 200 cycle per-node variable cost translates to
approximately 75 and 6-7 microsecond costs, respectively. The next two pairs
represent reductions in cost which may be possible within this generation. The fifth
pair represents an ideal. The last three pairs attempt to replicate the three different
states within the GAP model. The cost of a 32-bit floating point operation, in
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machine cycles, is estimated at 6 cycles. While on-chip computing speeds are rapidly
increasing, this value attempts to approximate the current state without accelerators
which have a "peak"” rate of two operations per cycle.

When the message size is allowed to vary up to approximately 1000 words, a
fourth parameter, the per-word spooling rate, is introduced. Experimental data
suggested a 4 cycle per-word cost would be a reasonable value, with a sensitivity
analysis up to approximately 12 cycles per-word.

Parallel Machine Size

The current generation of massively parallel machines is characterized by
"medium-grain" machines typically consisting of approximately 256 to 16K
processors. This analysis considers machines with 28, 210, 212, and 214 processors.

5. Multigrid Algorithms and Implementations

The analysis presented here considers the standard V and F-cycle in two and
three dimensions. This analysis considers only the simplest problems and solution
schemes: model problems are considered on structured meshes spanning square and
cubic domains. Explicit weighted Jacobi schemes are used to solve problems
discretized using second order finite difference techiniques. The hierarchy of
structured meshes is constructed using a coarsening ratio of two in each dimension.
The cycling schemes execute two relaxation sweeps onthe downstroke and one on
the upstroke. o

The problems were implemented on the parallel models using simple,
practical domain partitioning strategies. In two dimensions the finest mesh was
simply partitioned into load-balanced square subdomains and mapped to the
analogous processor in the 2D mesh of processors. In three dimensions, the domain
was analogously partitioned and the processor mapping was only slightly more
complicated and was within a factor of two of optimal.

6. Analysis Overview

The remainder of this paper presents the results and implications of the
implementation of the standard multigrid algorithms on the three models of
parallel computation. The following two sections present the performance
predictions for the two and three dimensional V-cycle when fixed length messages
are used to execute all of the required network communication. Next, the results of
the same analysis are repeated with variable length messages where the message
size is allowed to vary up to 1000 words. The results of an implementation of the 3D
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V-cycle on the Single Stage model are then presented. Finally, the implications of
the set of predictions are summarized.

7. The Standard V-cycle in Two Dimensions

The performance predictions for the two dimensional V-cycle on both the

LOG and GAP models were not encouraging. On moderate sized machines, those

with 1K to 4K processors, with a 2500 fixed communications cost (approx. 75
microseconds) , the models predicted speed-ups of only 55 times over the serial
implementation. For larger machines, the speed-ups do not even reach 200 times.
The table below shows the speed-ups of the V-cycle for different machine sizes
under different assumptions of fixed and variable communications costs. The
problem size is 1,000,000 points or 1000 points per dimension.

Table 2

Speed-Up
Two Dimensional V-cycle
with Fixed Length Messages
- N2 = 1,000,000

GAP and LOG Model Predictions

Processors 256 1024 4096 16,384
Fixed, Variable

2500, 200 27.1 55.1 103.2 172.6
1000, 200 58.3 125.5 238.6 387.1
500, 200 94.4 218.8 424.0 660.9
500, 100 949 2235 450.5 755.0

100, 50 190.4 585.7 1462.1 2881.7
5000, 0 19.5 39.3 74.4 128.6
3600, 0 19.8 40.4 79.3 147.0
1000, 0 58.7 128.6 255.4 4532

Because the information prbvided by these models attempts to bridge the gap

between abstract models of computation and machine-dependent benchmarks,

interpreting the data is not straightforward. From a theoretical perspective these

speed-ups are far from linear. On the other hand computing the wall clock time

associated with these predictions, then scaling these model problem times to reflect
the increased complexity of actual applications, produces running times which are
unacceptably slow.

microseconds with a 33MHz clock, the models predict speed-ups in the range of 200
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times. Only in the ideal case where the fixed cost of a communication is 100 cycles
or approximately 3.3 microseconds, do the speed-ups become somewhat attractive.

These discouraging predictions are a result of very high communications
latencies. With a fixed problem size of 1,000,000 points, in this range of processors,
the fine grid communications costs dominate both the cost of the computation and
the cost of coarse grid communications.

Very fast processors and relatively slow network communication create very
poor processor utilization in this range of processors and problem sizes. The
increased cost of the microprocessors in these machines makes efficiency an
important performance criterion. We define efficiency here as the ratio of the time
spent on computation to the total time on both computation and network
communication. The table below shows the efficiency predicted by the models for
the two dimensional V-cycle using the same eight pairs of values for the fixed and
variable cost of a network communication.

Table 3
Efficiency

Two Dimensional V-cycle
with Fixed Length Messages

N2= 1,000,000

GAP and LOG Model Predictions

Processors 256 1024 ' 4096 16,384
ixed, Variable
2500, 200 10.6% 5.39% 2.55% 1.13%
1000, 200 22.77% 12.29% 5.91% 2.53%
500, 200 36.88% 21.44% 10.51% 4.32%
500, 100 37.10% 21.90% 11.17% 4.95%
100, 50 74.41% 57.38% 36.36% 17.54%
5000, 0 5.62% 2.80% 1.33% .60%
3600, 0 7.63% 3.85% 1.84% .85%
1000, 0 22.94% 12.60% 6.33% 2.97%

Both the LOG and the GAP models predict very low efficiency levels when
the fixed cost of a communication is high. With a fixed cost of 2500 cycles, small to
modest sized machines, consisting of 256-1024 processors, reach only 5%-10%
efficiency. With a fixed cost of 1000 cycles (approximately 30.3 microseconds using a
33Mh clock), efficiency is still only 10%-20%. Driving the fixed cost down to 500
cycles (15 microseconds) produces more reasonable levels of 20%-30% for modestly
sized machines. To reach 40%-60% efficiency where the machine begins to leverage
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the power of these new microprocessors, the fixed cost needs to be reduced all the
way down to the 100 cycle range (3.3 microseconds).

8. The Standard V-cycle in Three Dimensions

The implementation and analysis of three dimensional problems differs from
the two dimensional analysis in several ways. First, the additional dimension
increases the computational burden by a factor of O(N), to O(N?), while increasing
the required communication by a factor of N/P1/6. Second, mapping the three
dimensional problem domain to a two dimensional machine model tends to
increase not only the complexity, but the distance of interprocessor
communications. Third, the problem size in the analysis is increased by a factor of
1000, while still considering the same range of machine sizes.

The LOG and GAP models predict only slightly improved levels of
performance for the three dimensional V-cycle. Table 4 below lists the speed-ups
predicted by the models for three dimensional problems with one billion points.

Table 4
Speed-Up

Three Dimensional V-cycle
with Fixed Length Messages

N3 = 1,000,000,000

Processors 256 1024 4096 16,384
Fixed, Variable

2500, 200 49.1 130.6 338.1 859.3

1000, 200 86.7 240.3 636.8 1632.5

500, 200 116.2 333.7 902.7 2332.2

500, 100 129.5 389.2 1102.2 2969.2

100, 50 202.7 702.6 2288.7 6954.7

5000, 0 30.1 79.2 205.3 526.7

3600, 0 7 39.9 106.8 279.7 722.5

1000, 0 7 102.3 302.4 855.2 2333.5

Generally, the predictions are not encouraging. The slight increase in
performance is due to the increased amount of computation relative to both the
amount of communication and the number of processors. For a 1024 processor
machine with a 2500 cycle fixed communication cost, the LOG model predicts a
speed-up of only 130 times. If the fixed cost of a communication drops to 500 cycles,
this improves by a factor of 2-3. Only in the ideal case of a 100 cycle fixed
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communication cost do the results approach acceptable levels for moderately-sized
machines and design tool levels, with thousand-fold speed-ups, for very large
machines.

As with the two dimensional predictions, the sluggish predictions are due

mainly to the overwhelming costs of the network communication. Table 5 below
shows the efficiency levels which coincide with these speed-up predictions.

Table 5
Efficiency

Three Dimensional V-cycle
with Fixed Length Messages

N3 = 1,000,000,000

Processors 256 1024 4096 16,384
Fixed, Variable

2500, 200 19.19% 12.75% 8.25% 5.26%

1000, 200 33.85%% 23.46% 15.54% 9.96%

500, 200 45.40% 32.59% 22.03% 14.23%

500, 100 50.58% 38.01% - 26.92% 18.12%

100, 50 79.17% 68.61% 55.87% . 42.45%

5000, 0 11.7% 7.7% 5.01% 3.22%

3600, 0 15.59% 10.42% 6.83% 4.40%

1000, 0 39.95% 29.53% 20.87% 12.42%

The predictions of these models are in contrast to the asymptotic predictions
of more abstract models of computation. Asymptotic analysis suggests the fine grid
communications costs become negligible as the problem size gets large for a fixed
range of machine sizes. These results suggest the huge imbalance between the cost
of communication per word and the cost of a floating point computation causes
communication time to dominate the time spent on computation, even with one
billion points.

The standard V-cycle algorithm alternates between computation and
communication systolically, placing a heavy communications burden on a multi-
stage interconnection network. On medium-grain multiprocessors, those with 256
to 16K processors, for realistic problem sizes, local, fine-grid communication is
predominant. By the time the grids have coarsened beyond one point per processor,
only a small fraction of the computation remains. This magnifies the importance of
a small fixed cost per word and de-emphasizes the importance of low variable per-
node communications costs. Unfortunately, the models in the previous section
show the demand for inexpensive local communication is answered in the current
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generation of massively parallel machines by a high fixed communications cost
producing discouraging levels of performance for both two and three dimensional
problems.

9. The Standard V-cycle with Variable Length Messages

The previous analysis assumed all communication was accomplished
through fixed length messages consisting of only a small constant number of words.
Sensitivity analysis suggested that acceptable levels of performance required lower
fixed costs per word. The low spooling rate per word exhibited by these machines
motivates potentially lowering the average communication cost per word by
transmitting large blocks of words per message. With large messages, the fixed cost
of initiating a network communication can be amortized over a larger number of
words, lowering the effective fixed cost per word.

In the analysis of this section, spooling costs are added to the communication
cost functions of the previous section. The cost of a message is a function of the
distance and the length in words, and is the sum of fixed start-up and receipt costs,
variable per-node costs and spooling costs.

Experimental data suggest that approximating the total spooling costs as a
linear function of message size is reasonable up to approximately 5000 words. The
analysis here assumes a maximum message size of 1000 words and uses a per word
spooling cost of 4 clock cycles. Approximating the spooling rate was accomplished
with the help of timings provided by Pablo Tomayo of Thinking Machines, Inc. The
rate was determined by a regression analysis on three node ping pong rates of
message sizes ranging from 1 to 5000 words. Sensitivity analysis with rates up to 12
cycles per word showed the results of this section are relatively insensitive to small
changes in the per-word spooling rate.

The predictions for the standard V-cycle algorithm in two dimensions with
large message transmission were generally far more encouraging than the fixed
message length predictions. The table below lists the speed-up and efficiency
predictions for the same eight pairs of fixed and variable communications costs.



Table 6
Speed-Up
Efficiency

Two Dimensional V-cycle
with Variable Length Messages

N2 = 1,000,000

Processors 256 1024 4096 16,384
Fixed, Variable

2500, 200 170.1 314.0 368.0 354.5
66.49% 30.76% 9.12% 2.32%

1000, 200 208.3 501.8 709.4 715.5
81.41% 49.17% 17.59% 4.69%

500, 200 225.1 626.9 1027.0 1083.1
87.99% 61.42% 25.47% 7.10%

500, 100 ' 338.1 667.1 1197.3 1360.8
89.23% 65.36% 29.69% 8.92%
100, 50 446.1 882.6 2396.4 3839.6
96.21% 86.47% 59.44% 25.1%

5000, 0 132.5 200.8 216.5 207.7
51.77% 19.67% 5.36% 1.36%

3600, 0 152.8 258.6 294.2 286.7
59.72% 25.33% 7.29% 1.88%

1000, 0 213.8 555.4 882.9 979.7
83.55% 54.42% 21.9% 6.42%

These predictions show at least a factor of 6 speed-up on moderate-size
machines and a factor of two speed-up on large machines over the fixed length
predictions. For example, on a 1024 processor machine, with a fixed
communications cost of 2500 cycles, with variable length messages, the speed-up
predicted is 314 as compared to 55 on the models with constant message size. There
is a corresponding improvement in the efficiency of 30% versus 5%. If fixed costs
can be driven down to 500 cycles, the variable message length still provides
approximately a factor of two improvement over the fixed length predictions.

With large messages reducing the fine grid communication costs, the coarse
grid communications costs, which are proportional to log2 P, grow to counterbalance
the computational speed-ups provided by additional processors. The increase in
speed-up as the number of processors gets large is less pronounced. In addition, the
optimal number of processors implied by this trade-off occurs in a more reasonable
range. For example, with fixed and variable costs of 2500 and 200 cycles respectively,
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the models predict that the optimal number of processors for this computation is
approximately 4900.

With the three dimensional V-cycle, the models suggest that the ability to
send variable length messages, up to 1000 words, produces a marked increase in
solution speed in this range of processors, on problems up to one billion points.
The table below shows the speed-ups predicted for the three dimensional algorithm
by the LOG and GAP models.

Table 7
Speed-Up

Three Dimensional V-cycle
with Variable Length Messages

N3 = 1,000,000,000

Processors 256 1024 4096 16,384

(tFl tV)

2500, 200 253.3 1006.1 3965.4 15,192.1

1000, 200 - 253.9 1010.3 3999.2 15,555.7
500, 200 2541 1011.7 4010.6 15,680.8
500, 100 254.2 1012.3 4016.9 15,773.9
100, 50 254.4 1013.7 4029.3 15,924.2
5000, 0 - 2525 1000.3 3922.4 14,785.1
3600, 0 253.0 1004.2 3953.3 15,105.8
1000, 0 254.1 1011.5 4011.8 15,739.9

With variable length messages, the high fixed communications cost can be
effectively amortized over a large number of words, driving down the average cost
per word to a more ideal range. Computation costs dominate the total execution
time, producing almost linear speed-ups in this range of problem to processor size.
Almost all of the complementary efficiency levels are above 90% for each of the
eight fixed, variable communications cost pairs throughout the entire range of
machine sizes.

These results suggest the average communications cost per word can be
driven down far enough through the efficient transmission of large messages to
effectively leverage the increased computational speeds of the current generation of
microprocessors. Thus, the ability to package messages into large blocks, up to a 1000
word maximum, can potentially bring these machines closer to the goal of design
tool performance on these problems.
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10. The F-Cycle

Performance predictions for the standard F-cycle were very similar to the V-
cycle results. With both fixed, constant length and variable length message
transmission, the F-cycle slightly outperformed the V-cycle. With fixed message
lengths, this was due mainly to the reduced amount of fine grid communication of
the F-cycle. With the ability to send large messages, the F-cycle out performed the V-
cycle in three dimensions because of the reduction in the amount of required
computation.

11. Standard V-cycle on a Single Stage Machine

The two and three dimensional V-cycle algorithms were implemented on the
Single Stage model in order to try to determine the impact of a multi-stage network
on the performance of multigrid algorithms. The single stage model assumes the
processors are connected by a 2D mesh and all communication takes place along
these physical connections. There is no overarching multi-stage communication
network. The model is parameterized by the same machine dependent costs,
namely, fixed and variable communications costs, spooling rates and floating point
computation rates. The only difference in communications costs is in the variable,
distance related cost component. In this model the distance a message must travel is
simply the Manhattan distance (the L; norm) of the location of the sending and
receiving processors on the mesh.

The results in both two and three dimensions suggest the impact of a multi-
stage network on performance is very small, regardless of the maximum message
length. The table below shows the increase in total time caused by sending messages
through the mesh connections rather than through the logarithmic multi-stage
network defined by the LOG model.

Table 8

The Percentage Increase in Total Time for the 3D V-cycle
Implemented on the Single Stage Model
from the Time Required On the Multi Stage LOG Model

Number of Processors % Difterence M=1 % Difterence M=1000
256 5.88% 05%
1024 8.17% 19%
4096 11.54% 1.19%
16,384 16.47% 8.79%

The table shows a less than 10% increase on moderate sized machines with
fixed message length communication, where the fixed and variable costs of a
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communication are 2500 and 200 cycles respectively. For machines with variable
length message capability, the increase in total time is less than 1% for moderate
machines.

In three dimensions, the increase in communications costs alone with
variable length messages is small, except on very large machines. The table below
isolates the communications costs and shows the percentage increases.

Table 9

The Percentage Increase in Communications Time for the 3D V-cycle
Implemented on the Single Stage LPSS Model
from the Time Required On the Multi Stage LOG Model

‘network communication may be through the efficient transmission of large

amortized over a large number of words.

420

Number of Processors % Difference M=1000
256 4.38%
1024 10.87%
4096 37.30% )
16,384 120.91%

The table shows the small increase in communications costs with only a single stage
permutation network. For very large machines the increase is only slightly over a
factor of two. These results suggest that even for very large machines with fixed
length messages, the addition of multi-stage networks does not seem to enhance
performance enough to justify the additional machine complexity.

12. Conclusions

The performance predictions presented here suggest the fixed cost of a
communication on the current generation of massively parallel machines needs to
be driven down into the range of 15 microseconds to produce acceptable levels of
performance. Ideally, the cost should be in the range of 3 microseconds. The
computational speeds of the next generation of microprocessors appear to be
increasing rapidly. Though these and other hardware advances may produce
enhanced performance, they will certainly exacerbate the huge disparity between the
speeds of on-chip and network events. Driving the average cost of a local
communication appears to be imperative if these machines are to become efficient
platforms for the the solution of multigrid applications.

One way to accomplish this reduction in the average cost per word of a

messages. This capability would allow the fixed cost of a communication to be

I

Finally, expensive multi-stage networks appear to have little impact on the
performance of standard multigrid algorithms. In this range of problem to machine
sizes, with both fixed and variable length message transmission, performance



degrades only slightly when communication is forced to traverse the physical
connections of a 2D mesh of processors.
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SUMMARY

A numerical scheme to solve the unsteady Navier-Stokes equations is described. The scheme is
implemented by modifying the multigrid-multiblock version of the steady Navier-Stokes equations solver,
TLNS3D. The scheme is fully implicit in time and uses TLNS3D to iteratively invert the equations at each
physical time step. The design objective of the scheme is unconditional stability (at least for first- and
second-order discretizations of the physical time derivatives). With unconditional stability, the choice of
the time step is based on the physical phenomena to be resolved rather than limited by numerical stability
which is especially important for high Reynolds number viscous flows, where the spatial variation of grid
cell size can be as much as six orders of magnitude.

An analysis of the iterative procedure and the implementation of this procedure in TLNS3D are
discussed. Numerical results are presented to show both the capabilities of the scheme and its speedup
relative to the use of global minimum time stepping. Reductions in computational times of an order of
magnitude are demonstrated.

INTRODUCTION

Although significant progress has been made in the last twenty years to numerically model many
physical situations, most numerical schemes are limited to the prediction of steady flows. This limitation
is particularly true in the field of computational fluid dynamics (CFD), where solutions to the Navier-Stokes
equations for steady flows are now calculated on a regular basis. (See, for example, references [1-3]).
An important factor that has lead to the increased use of Navier-Stokes solvers is the recent success in
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reducing the computer resources necessary to obtain converged solutions. Perhaps the most promising

work has been in the use of multigrid acceleration techniques. Convergence to steady state has been
~ shown in O[log(n)] work, where n represents the number of unknowns to be solved. This reduction in
" computer requirements has made steady-state solutions affordable to the practicing engineer.

However, many physical phenomena (e.g., separated flows, wake flows, buffet) are intrinsically
unsteady. The solution of unsteady problems in CFD has been limited to simplified subsets of the
Navier-Stokes equations (panel methods, potential-flow solvers, and some limited use of Euler equation
solvers). Unsteady Navier-Stokes calculations have been too expensive for routine use.

The present approach is to apply an iterative procedure for the solution of an implicit equation; thus,
the approach is called an iterative-implicit method. The concept is not new; in fact, many of the methods
developed in the field of linear algebra for inverting large matrices are iterative. Within the field of
CFD, similar work is discussed by Jameson [4] for unsteady flows and by Taylor, Ng, and Walters [5]
for steady-state flows. The present approach is similar to that of Jameson in that a Runge-Kutta based
multigrid method is used to solve the implicit unsteady flow equations. The Navier-Stokes equations have
been treated in the present work, and Jameson’s implementation has been modified so that the robustness
of the scheme is dramatically increased.

A detailed description of the implementation will be followed by an analysis of the method and the
numerical results from one- and two-dimensional test problems.

TIME-DEPENDENT METHOD

In the present work, a modified version of the thin-layer Navier-Stokes (TLNS) equations is used to
model the flow. The acronym “TLNS” used here describes an equation set obtained from the complete
Reynolds-averaged Navier-Stokes equations by retaining only the viscous diffusion terms normal to the
solid surfaces. The effects of turbulence are modeled through an eddy-viscosity hypothesis. The Baldwin-
Lomax turbulence model [6] is used for turbulence closure. For a body-fitted coordinate system (&, 7, ()
fixed in time, these equations can be written in the conservation-law form as

o, 1, _ OF 0G OH oF, 0G, O0OH,
~FUT = et e Y T T & W

where U represents the conserved variable vector and F, G, and H represent the convective flux vectors. In
the above equation set Fy,, G, and H, represent the viscous flux vectors in the three coordinate directions
(¢, m, ¢), and J is the Jacobian of the transformation. These equations represent a more general form of the
classical thin-layer equations introduced in reference [6] because the diffusion terms in all three coordinate
directions are included in this form. The Euler equations can easily be recovered from equation (1) by
simply dropping the last three terms on the right-hand side. o h

The temporal derivatives are cast as a fully implicit operator in physical time. For first- or second-order
discretizations in time, this produces an unconditionally stable scheme, which allows the time-step size
to be chosen based on the temporal resolution needed in the solution rather than limited by the numerical

424



stability requirements. The fully implicit terms are iteratively solved with multigrid acceleration rather than
direct inversion, which would be too costly for the nonlinear three-dimensional Navier-Stokes equations.

IMPLEMENTATION OF TIME-DEPENDENT METHOD

Original TLNS3D Method

In the original TLNS3D program, a semidiscrete cell-centered finite-volume algorithm, based on a
Runge-Kutta time-stepping scheme [1][7][8], is used to obtain the steady-state solutions to the TLNS
equations. A linear fourth-difference-based and nonlinear second-difference-based artificial dissipation is
added to suppress both the odd-even decoupling and the oscillations in the vicinity of shock waves and
stagnation points, respectively. Both the scalar and matrix forms of the artificial dissipation models [9]
are incorporated.

In the steady-state implementation, the physical time T' is replaced by a pseudo time 7, which gives

—ai(.]‘lU)= QE+%+?_I£_0FU_BG,, _6‘HU. @
T ot dn  OC o€ on ¢

At steady state, the left-hand side of equation (2) disappears, and the right-hand side (the residual) goes
to zero, so that any stable scheme may be used to advance the solution in pseudo time.

In the original TLNS3D program, the solution is advanced with a five-stage Runge-Kutta time-stepping
scheme. Three evaluations of the artificial dissipation terms (computed at the odd stages) are used to obtain
a larger parabolic stability bound, which allows a higher CFL number in the presence of physical viscous
diffusion terms. Such a scheme is computationally efficient for solving both the steady Navier-Stokes
and the steady Euler equations. The stability range of the numerical scheme is further increased with
the use of the implicit residual smoothing technique that employs grid aspect-ratio-dependent coefficients
(1]1oJ01].

Equation (2) can be rewritten to group the convective and diffusive terms from the right-hand side as

o(U)
o
where the equation has been multiplied through by the volume Vol and C(U), Dp(U), and D,(U) are
the convection, physical diffusion, and artificial diffusion terms, respectively. The implementation of the
Runge-Kutta time stepping is shown by rewriting equation (3) as

Vol + C(U) = Dy(U) = Do(U) =0 3)

uk-u° k-1 0 k-1
Vol =Y— + C* YUY - D,(U)-D; " (U)=0 4
0 akA’T + ( ) p( ) a ( ) ( )
where the superscript k indicates that the given term should be evaluated at the kth Runge-Kutta stage.
The k — 1 superscript indicates that the terms are evaluated with a linear combination of the values from

previous Runge-Kutta stages.
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The solution is advanced in pseudo time with the maximum allowable time step for each cell. Enthalpy
damping, which has been used in several previous studies to accelerate the convergence of the numerical
scheme, is not employed because the Navier-Stokes equations generally do not admit constant enthalpy as
a solution. The efficiency of the steady numerical scheme is also significantly enhanced through the use
of a multigrid acceleration technique as described in reference [1]. The original TLNS3D program was
extensively modified to facilitate solution of the flow fields over a wide range of geometric configurations
through domain decomposition. A consequence of this work is the generalization of the boundary
conditions of the program to easily accommodate any arbitrary grid topology. A detailed description
of this capability is given in reference [12].

Time-dependent TLNS3D-MB

The physical time derivative of equation (1) is approximated by a discrete operator of the form

% ) LtUn+l = _1_ (% an Un+1—m) — L[QOUTL-FI + E(Un Un—l Un+1_]t[)] (5)
1 AT , -

m=0

to give
LUt = S(Umt) (6)

where E denotes the portion of the discrete physical time derivative that involves values from the previous
time steps and S (U ”“) denotes the discrete approximation to the right-hand side of equation (1).
Equation (6) is an implicit time-accurate equation for the time advancement of the unsteady solution
of the Navier-Stokes equations. The first task is to put equation (6) in a form that is amenable to time-
asymptotic steady-state methods such as TLNS3D. This involves construction of an iteration procedure
that can be interpreted as a pseudo time. The TLNS3D code employs a Runge-Kutta and multigrid
methodology to advance the pseudo time, which introduces an additional level of iteration. To avoid the
use of multiple indices and, hopefully, avoid confusion between the various iteration procedures within
the overall algorithm, the following change of variables is introduced. Let W = U"*! and W! denote
the /th approximation to W. Thus, Ilim W' is equal to U™t! whenever the iterative method used for the
—0

solution of equation (6) is convergent. In describing the Runge-Kutta scheme, let V* denote the solution
obtained in the kth stage of the Runge-Kutta scheme.

Equation (6) is rewritten in this notation to obtain

S g ,
W —=5SW 7
where E again involves the portion of the physical time derivative at previous time steps and is invariant
during the iteration process which advances the solution from 7™ to T"*!. An iterative equation is
constructed from equation (6) simply by adding a pseudo-time derivative term to the left-hand side.
The only consideration is that the sign of the new term must be the same as that of the physical time
derivative.
E

o _
WT+EW+E_S(W) (8
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When X = agA7/AT is small, equation (8) differs from equation (2) by only a small perturbation.
Thus, we can reasonably expect that any method that efficiently solves equation (2) would also solve
equation (8).

In the previous work of Jameson [4], all contributions from the physical time term were carried to
the right-hand side of the equation and treated as explicit terms within the Runge-Kutta stages. With
efficiency as a consideration, Jameson suggested the use of this approach only when the CFL, based on
the physical time step, is greater than 200. (Note that a large CFL corresponds to a small 2). A later
section shows that this explicit approach is actually unstable for large values of .

In many flows, especially high Reynolds number viscous flows, X may easily become large. In the
present work, the Runge-Kutta scheme is made stable for all values of X by treating the contribution
of the physical time derivative implicitly within the Runge-Kutta scheme. Because the time derivative
appears only as a diagonal term, the modification is easily implemented as follows.

VO — WI
(1+ad)VF = V04 qATRFH(YV)  k=1,2,3,..K )
Wit = K

where R(V) = S(V) — E/AT denotes the modified residual, and the superscript % — 1 denotes that the
residual may be a combination of ﬁ(V) at all the previous Runge-Kutta stages.

This formulation is not yet appropriate for steady-state flow solvers such as TLNS3D. The reason is
that these codes use several acceleration techniques, such as implicit-residual smoothing and multigrid,
both of which are designed to operate on a residual term that goes to 0 as the solution converges. Because
I? contains only the portion of the physical time derivative at previous physical time steps, it converges
to AW as W! goes to W. To accommodate the above acceleration techniques, R is rewritten as

-~

ATR(V) =2V =3V + ATR(V) =3V + ATR(V) (10)
where
R(V)= S(V) — (a,V + E)/AT (11)

The residual IR contains all the physical terms and goes to O as W' goes to W. The Runge-Kutta method,
with implicit-residual smoothing and multigrid, becomes

v =w! (12a)
(1+ M) V* = VO 4 aXVET 4 eparLil e [RF1() +f]  k=l23.K (129
witl = & (12¢)

where L;, denotes the implicit-residual smoothing operator, and f denotes the multigrid forcing function
(which is zero on the finest grid).
The usual coarse-grid equation that would result from applying multigrid to equation (8) is

WO Z RED) 4 [Ig’ﬁlij‘)]}(h)(w(ﬁ)') ) (IE}QL’)L) W("‘))] (13)

where the superscript in parentheses denotes the multigrid grid level at which the operator or variable is
defined (h on the fine grid, 2h on the next coarse grid, etc.), and the operator Igi’)‘) denotes the restriction
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process from the fine grid () to the coarse grid (2h). Because F is invariant during the multigrid cycle,
its influence in the operator R(2h) cancels on the coarse grid. Consequently, the coarse-grid residual
can be rewritten to exclude E, which eliminates the need to restrict and store this term. The actual
coarse- grld equation is now

(2k) _ p(2h) (2h) 13(h) (MY _ peh) (1(2h) iy (Y] = B(2h) (2
Wi = R (W)—|—[I(h)R (W ) R (I(h)W )]_R (W) + 0 (14)

where

p(m) _ R(W) (m) =h
R = {S(W) W (m) = 2h,4h, .. (15)

STABILITY ANALYSIS

Two stability issues are associated with the iterative-implicit method. The first issue is the stability
of the implicit equation that contains all the physics (equation (6)). The second issue is the stability and
convergence of the iterative algorithm that is used to invert the implicit equation. The second issue can
easily be studied independently of the first. The first issue can be studied independently of the second
by assuming that the implicit equation can be solved exactly (i.e., the iterative procedure is convergent).
The following analysis concentrates on the stability of the Runge-Kutta/multigrid method that is used to
solve the implicit equation; however, the section is concluded with a few comments that pertain to the
stability of equation (6).

Fourier stability analysis is used to illustrate the effect of treating the physical time derivative implicitly
instead of explicitly, as well as to illustrate other algorithmic choices. The analysis is performed for the
Runge-Kutta method given by equation (12) with a scalar model equation of the form

oW (aw e4, . SO0'W

o T = o T m8 G
The fourth derivative and its scaling closely model the numerical dissipation common to codes such
as TLNS3D. Note that because the terms F and f are constant during the Runge-Kutta integration,
they have no influence on the stability and have been dropped from the analysis. The particular
version of Runge-Kutta used by TLNS3D and for this analysis is a five-stage method defined by
{ax} = {1/4, 1/6, 3/8, 1/2, 1}. The convection terms are commonly treated differently from the dissipation
with regard to the definition of the & — 1 index. In addition, the V¥~! terms, which appear twice on the
right-hand side of equation (12b), may be treated differently in each instance. In this stability analysis,
the convective and dissipative terms are treated exactly as TLNS3D treats them in a steady-state case.
These algorithmic choices are denoted by rewriting (12b) as

> =S+ 54 (16)

(1 + oDV = VO 4 qe VT 4 aArL7Le (S§“1 +8h=1 _ XyE-l

] - i (17)
=1 = BpSh1 — (1 - B) S5 2
SY=0
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where {3} = {1.0, 0.0, 0.56, 0.0, 0.44}. The new parameter 7 allows both implicit (y = 1) and ¢ explicit

(y = 0) treatments of the physical time derivative to be studied. The choice of V*~1 and VE-1 is the
subject of this analysis; however, the analysis will focus on forms that are easily implemented within the

current version of TLNS3D. To this end, both Vk/: 1 and V*=1 are defined in a manner similar to the
dissipative terms with the use of oy and oy, respectively.
An evaluation of the spatial derivative with central-difference operators and the transformation to
Fourier space gives
[iXsin (8)G*~" —AJeqsin' (6/2)G5™ -2G:™']
1+e2 sin® (6/2)
(1 + ’yakX)

y 1+ ’)’akXGIC“;_I + o
GF =

(k=1,2,3,4,5) (18)

where
GE = A6 - (1= BIGE

GEl = 4 GF ! - (1—ap)GE2
Gt = 3G - (1-0x)G7? (19)
G =G4=G%=G)=1
G;'l=G'=G;1 =0
£o is the coefficient of implicit-residual smoothing, and A = aA7/Axz is the CFL number based on the
pseudo-time step.
The influence of implicit versus explicit treatment of the physical time derivative is best illustrated

by considering a simplified case of equation (18). Consider the case in which e3 = 0 and oy = ok = P,
for which equation (18) becomes

1 + ak{i/\ sin (9)G*1 — [A}eqsin® (A/2) + X (1 - 7)]G§:1}

Gk = -
(1 + yoxX)

(k=1,2,3,4,5 (20)

Equation (20) clearly shows that an explicit treatment of the physical time derivative (y = 0) simply
translates the stability region to the right as )\ increases from O; an implicit treatment reduces the
amplification factor, which expands the stability region. This difference is illustrated in figures la—,
which show equally spaced contours of the amplification factor “G5“ as a function of the real (dissipative)
and imaginary (convective) parts of the spatial operator Z(#) = A[isin () — 3€4 sin® (6/2)]. Values of the
contour lines are indicated by line types as indicated in the figure legend. Figure la shows the steady-state
case A = 0 as a point of reference. Figures 1b and lc show the explicit and implicit cases, respectively,
for X = 1. Each figure also shows the locus of the spatial operator for A = 3. Other choices for €2, a,
and oy, give qualitatively similar results. An explicit treatment of the physical time derivative will always
become unstable for sufficiently large values of X; the implicit approach is stable for all values of by

By plotting the amplification along the locus (figure 2), an unusual property of equation (16) is
revealed. For A = 0, the amplification goes to 1 as 8 goes to 0, which is often considered a consistency
condition. However, for X # 0, the solution is damped across the entire spectrum. This property is
a consequence of the source term 2W, which appears in both equations (8) and (16) and is not caused
by an inconsistency in the derivative operators. The acceleration technique known as enthalpy damping
makes use of the same property to improve the convergence of inviscid flows. This analysis suggests
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that an implicit treatment of enthalpy damping may lead to further improvements; however, verification
of this possibility is beyond the scope of this work.

Alternative choices for o, and oy, are considered with the implicit-residual smoothing reinstated with a
coefficient of 0.25. The parameters are tuned to obtain good high-frequency damping, but also to obtain a
scheme for which ||G5H( ) > “G‘E’H(ZF)) whenever possible. The latter criterion will reduce the influence
that aliasing error may have on the coarse-grid equation. Other obvious choices for o, and oy, (in addition
to o = o = f3; used above) are {1.0, 0.0, 0.0, 0.0, 0.0} = 50 and {1.0, 1.0, 1.0, 1.0, 1.0} = S1. The

first choice corresponds to the case in which V*~1 or V-1 = VY the second corresponds to the case in
por p

which V*-1 or V¥=1 = V¥~ Figure 3 shows the amplification for several implicit schemes, where, for
example, {S1, 3} denotes that {e} = S1 and {04} = {5x}. Although the case with {S1,3;} has the
lowest overall amplification, the case with {S1, 51} is more monotone in & and, as such, is the preferred
method. Figure 4 shows the amplification of the latter case for a range of ).

So far, the discussion on stability has been limited to the behavior of the Runge-Kutta used to solve
equation (6), which does not imply that equation (6) is stable. Equation (6) falls into the class of multistep
schemes for which the usual notion of absolute stability is not sufficient to ensure convergence. Instead,
the scheme must satisfy the more stringent conditions of relative stability [13] to ensure convergence to
the proper solution. Equation (6) can be shown to be unconditionally stable when the time operator is
approximated to either first or second order. Similarly, time operators of the form given in equation (6) for
which M is also the order of the operator are unconditionally unstable for A > 5. Although conditionally
stable methods would not normally be considered appropriate for large AT calculations, the nature of the
instability is such that even the conditionally stable methods are useful in many situations. A detailed
study is beyond the scope of this work; however, the interested reader is referred to the cited reference.

NUMERICAL RESULTS

To demonstrate the capability of the present method, the results of several numerical experiments are
given. The first case that is examined is the solution of an impulsively accelerated flat plate, which is
also known as Stokes first problem [14]. An analytic solution for incompressible flow is available for
this problem, which allows comparison with solutions obtained numerically with global minimum time
stepping (GMTS) and the present method (with variations in time-step size and in the temporal order of
the numerical discretization).

The analytic solution of Stokes first problem [14] shows that the time-dependent solution collapses
to a single solution of nondimensional velocity versus the similarity parameter 7 defined as

_ Y 2n

2vuT

where y is the direction normal to the flat plate, v is the kinematic viscosity, and 7 is the physical time.
Figure 5a shows the analytic solution plotted in the similarity parameters. A solution calculated with
GMTS after 2000 time steps is also plotted. Calculations were also performed with the present method
with 1, 5, and 10 time steps to reach the same physical time as the GMTS solution. Different orders
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of accuracy of the discretization of the physical time derivative were used, and the solutions are plotted
in figures Sb-f.

Figure 5b shows the comparison of a first-order solution for the various time steps with the GMTS
solution. The single time step does not accurately match the GMTS. As more time steps are used (smaller
physical time steps), the comparison improves, although all show some error fromn = 1.5 to n = 2.0.

In figure Sc, comparisons of the present method with second-order physical time discretizations for
the three time-step sizes are made with the GMTS. As expected, the smaller the time step, the better
the agreement.

Comparisons for third-, fourth-, and fifth-order discretizations are shown in figures 5d—f, respectively.
For the third-order solution, good agreement occurs for the two smaller time steps; however, this agreement
degrades for the fourth- and fifth-order solutions. This degradation can be attributed to starting errors
caused by the unavailability of information at previous time steps for the first few steps of the higher
order schemes. This study demonstrates that third-order discretization agrees with the GMTS solution
better than second-order discretization.

The work units required to obtain the solution of Stokes first problem at the same physical time as
the GMTS solution after 2000 steps are shown in table 1 for a first- through a fifth-order physical time
discretization. The single step solutions with the present method were performed in the least number
of work units; however, the accuracy of the solution is unacceptably poor. For first- and second-order
time discretizations, the ten-step solutions were obtained in fewer work units than the five-step solutions
because of better convergence. (All work units in the table are based on converging the viscous drag at
each time step to six significant digits.) Third- through fifth-order solutions required fewer work units
for the five-step calculations than for the ten-step calculations. These results suggest that a balance exists
between convergence speed at a given time step and the number of time steps used to obtain a solution
with the present method. If the time step is too large, then the accuracy is poor. If the time step is too
small, then unnecessary work is expended to converge at unneeded time steps.

Table 1. — Work units required to calculate solution for Stokes first problem.
Order of Physical Time Number of Physical Time Steps
Discretization 1 5 10
Ist 54.6 2109 193.8
2nd 51.2 182.4 171.0
3rd 42.1 159.5 171.0
4th 15.8 165.3 193.8
5th 15.8 153.8 171.0
GMTS 2000.0

The second test case used to demonstrate the present method is the unsteady flow over an impulsively
started two-dimensional circular cylinder (with a Reynolds number of 1200 and a Mach number of 0.3).
Detailed experimental and numerical investigations of the flow behind a cylinder have been performed
previously by other authors. (See, for example, reference [15].) The initial flow is symmetric with zero
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lift as the wake behind the cylinder begins to grow. As the wake continues to grow, it becomes unstable
and begins to shed from alternate sides of the cylinder.

An examination is made of the first part of the solution where the symmetric wake begins to grow.
In these calculations, 4600 GMTS steps were used to reach ¢* = 2.4. Detailed comparisons of the first-
through fourth-order solutions with both the present method and GMTS for ¢* = 0 to ¢* = 2.4 are shown
in figure 6. The calculations were performed with the present scheme with 10, 20, and 40 steps to reach
t* =2.4. As with Stokes first problem, the first-order discretization does not give satisfactory results
(figure 6a). Second-order differencing (figure 6b) shows much better agreement with the GMTS solution.
Third-order differencing shows good agreement for the two smaller time-step sizes (figure 6c¢). Fourth-
order differencing gives bad overshoots for the 10-step calculation and instability for the 20- and 40-step
calculations (figure 6d). ) . -

The present scheme was then used to calculate the flow around the cylinder out to times where the
vortex shedding occurred. Time histories of the lift coefficient C; and the drag coefficient based on
integrated pressures Cy, are shown in figure 7. From experimental data and the results of the GMTS
calculations shown in reference [15], the period of the oscillation of Ca, is known to be approximately
4 in terms of the nondimensional time t*. To give 40 time steps per period, a time step of At* = 0.1
was used. This time-step size is roughly equal to the time step used in the 20-step calculations shown in
figure 6. The first-order discretization predicted a Strouhal number of 0.21. The second- and third-order
discretizations predicted a Strouhal number of 0.24 compared with the experimentally obtained value of
0.21. The fourth-order physical time discretization calculation diverged.

CONCLUSIONS

A method to accurately calculate time-accurate solutions to the unsteady Navier-Stokes equations
has been presented. Multigrid acceleration has been successfully employed to accelerate the calculations
of the iterative-implicit method. Run times that are one order of magnitude smaller than the run times
required for global minimum time stepping have been demonstrated.
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MGGHAT (MultiGrid Galerkin Hierarchical Adaptive Triangles) is a program for the solu-
tion of linear second order elliptic partial differential equations in two dimensional polygonal
domains. This program is now available for public use. It is a finite element method with linear,
quadratic or cubic elements over triangles. The adaptive refinement via newest vertex bisection
and the multigrid iteration are both based on a hierarchical basis formulation. Visualization is
available at run time through an X Window display, and a posteriori through output files that can
be used as GNUPLOT input. In this paper, we describe the methods used by MGGHAT, define
the problem domain for which it is appropriate, illustrate use of the program, show numerical and
graphical examples, and explain how to obtain the software.

SUMMARY

INTRODUCTION

MGGHAT (MultiGrid Galerkin Hierarchical Adaptive Triangles) is a program for the solu-
tion of linear second order elliptic partial differential equations in two dimensional polygonal
domains. It solves equations of the form:

(P ) Hauy)y tru = inQ
u=g onoQ,

ou
—87+cu=g on dQ,

where Q is a polygonal domain in R2 and p, ¢, 7, f, ¢, and g are functions of x and y, and n is the
unit normal direction.

MGGHAT uses a finite element method with linear, quadratic or cubic elements over trian-
gles. The adaptive refinement via newest vertex bisection and the multigrid iteration are both
based on a hierarchical basis formulation. Visualization is available at run time through an X
Window display, and for post-run analysis through output files that can be used as GNUPLOT
input. The program is now available in the public domain through mgnet and netlib.

NUMERICAL METHOD

" The numerical method used by MGGHAT is a finite element method with adaptive
refinement of the grid and a multigrid solution of the equations. In this section we briefly

describe the method used. More details of the method can be found in [1], and a full description
and analysis in [2], which is contained in the MGGHAT software package.
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Discretization

MGGHAT solves elliptic differential equations using the standard Galerkin finite element
method. A ftriangular mesh is used over the 2D domain. The basis functions are C! continuous
piecewise polynomials of any specified degree. Currently, the program only handles linear, qua-
dratic and cubic polynomials, but can be modified to handle higher order polynomials by defining
a quadrature rule of the appropriate accuracy.

Adaptive refinement

The program provides automatic adaptive refinement of the grid to ensure the highest accu-
racy for the number of nodes used. The refinement of triangles is performed using the newest
vertex bisection method. This method divides pairs of triangles through the midpoint of their com-
mon edge, which is equivalent to enhancing the approximation space by one hierarchical basis
function (in the linear case). The error estimate, used to determine which triangles should be
divided, is based on an estimate of the coefficient of the new hierarchical basis function.

Solution

The equations are solved using a hierarchical basis multigrid method. The relaxation phase
consists of red-black Gauss-Seidel iterations on the nodal basis equations. The number of itera-
tions can be user specified, but usually a red phase before coarse grid correction and a red and
black phase after coarse grid correction suffices for optimal convergence rates. The grid transfers
are a natural consequence of the transformation between the nodal and hierarchical bases, and can
be shown to lead to a method equivalent to the "Galerkin" multigrid method in simple cases.

MGGHAT SOFTWARE

MGGHAT is written in standard FORTRAN 77, and is callable as a subroutine. An exam-
ple main program for MGGHAT is shown in Figure 1. The program has been tested on 3 com-
puter configurations: 1) a Pyramid computer using the f77 compiler under a dual port of UNIX
SysV Release 2.0, 2) a Sun workstation using the f77 compiler under SunOS 4.1.1, and 3) an 486
based PC using the f2¢ translator and gcc compiler under the Linux operating system. The pro-
gram is easily installed with the makefile provided in the distribution, and requires only a FOR-
TRAN compiler for the basic functionality. A C compiler is required for the UNIX dependent
supplied timer routine (which can be replaced by the user). A C compiler and X Window
libraries are required for the (optional) X Window graphics capability.

Problem Definition

The differential equation, boundary conditions and domain are defined by user supplied
subroutines. Figure 2 contains examples of these routines. The subroutine pde defines the equa-
tion by providing the value of the functions p, ¢, r and f at any point (x,y). Subroutine bcond
contains the boundary conditions. The boundary is partitioned into a set of pieces in the initial
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triangulation. The piece containing the point (x,y) is passed to bcond through ipiece. bcond
returns the functions ¢ and g and sets itype to flag the boundary condition as Dirichlet or Mixed
(including Neuman if ¢=0). If the true solution is known, the user can supply functions true,
truex, and truey to obtain error calculations. The initial triangulation (coarse grid) is defined by
the user in subroutine inittr (not shown).

Parameters

The user has control over the program through several parameters.
mxvert, mxtri, mxlev, mxnode and mxtime: maximum values for the number of vertices, triangles,
refinement levels, nodes and execution time can be used as termination criteria.
tol: an error tolerance that can be used as a termination criterion.
outlev: controls the amount of printed output. Can be 0 for no output, 1 for summary at the end
of execution, 2 for summary after each program phase, 3 for detailed information, and 4 and 5 for
debugging level output. An extraction from a level 2 output is illustrated in Figure 3.
iorder: specifies the order (degree+1) of the piecewise polynomial basis functions.
nul and nu2: number of (half) red-black Gauss-Seidel iterations to perform before and after coarse
grid correction, respectively.
ncyc: number of multigrid cycles to perform in each solution phase.
unifrm: a logical variable to indicate a uniform refinement should be used rather than adaptive
refinement.

7 Graphics

Graphics support is provided in two forms: run time graphics on an X Window display,
and output files suitable for input to GNUPLOT. The run time graphics use a small set of rou-
tines which call on the X Window graphics library. The user can expand this to support other
graphics devices by writing equivalent routines (draw a point, draw a line, print some text, etc.)
for the desired device. There are nine forms of run time graphics:

1) contour plot of computed solution with triangulation

2) contour plot of true solution with triangulation

3) contour plot of error with triangulation

4) color plot of computed solution

5) color plot of true solution

6) color plot of error

7) triangulation

8) graph of number of nodes vs. relative error in energy norm (or error estimate)
9) contour plot of both computed solution and true solution

Either one or two of these forms can be displayed during one run. When two are
displayed, additional numerical information is printed on the display, including grid size informa-
tion, norms of the error and error estimate, and execution time. Figure 4 contains an example of
the run time graphic displays.

The user can select to save information in data files for later processing by GNUPLOT.

These files contain the triangulation, computed and true solutions, and convergence data. Figures
5 and 6 contain plots generated by GNUPLOT.
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OBTAINING MGGHAT

MGGHAT is now available in the public domain. It can be obtained either from mgnet or
netlib.

mgnet

To obtain MGGHAT from mgnet (the multigrid network) ftp to casper.cs.yale.edu. Login
as anonymous and use your email address as the password. Change to the mgghat directory by
typing cd mgnet/mgghat. Then type Is to see what files are available, and ger filename for each
file you desire. To leam more about mgnet, also get the file mgnet README from the mgnet
directory.

netlib

MGGHAT can be obtained from netlib using ftp, the mail server, or xnetlib. For ftp
retrieval, ftp to research.att.com and follow the anonymous login procedure described above.
Look for MGGHAT in the directory netlib/pdes/mgghat. To obtain MGGHAT via email, send a
message to netlib@oml.gov, netlib@research.att.com, or one of the other netlib servers with the
message send index from pdes/mgghat. To leam how to obtain materials from netlib through an
X Window interface, send the message send index from xnetlib to one of the netlib mail servers.
For more information on netlib, send the message send index to one of the netlib mail servers.
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C

program main

include ’commons’

! all parameters are passed through common

¢ set maximum allowed values based on dimensions

C

C

mxvert = ndvert

mxtri = ndtri

mxlev = ndlev
mxnode = ndnode

C set program parameters

C

mxtime = 12.¥60.¥60. ! maximum execution time in seconds

ioutpt = 6
outlev = 2
iorder = 2
nul =1
nu2 =2
ncyc =1
tol =0.001
mgfreq = 2.

unifrm = .false.

igrfl =0
igrf2 = 0
grflst = 0.
grfsiz = .1
grffmn = 0.
grffmx = 2.
gptri=0
gpsol =0
gpconv = (

call mgghat
stop
end

Figure 1. Sample main program.

! unit for printed output
! amount (level) of printed output
! polynomial order (linear in this case)
! number of relaxation iterations before
! and after coarse grid correction
! number of multigrid cycles
! error tolerance for termination
! how often to do multigrid cycle
! flag for uniform/adaptive grid
! run time graphics selections (no
! graphics in this example)
! a value for which a contour line is drawn
! and the spacing between contours
! bounds for determining the color
! map for color contour plots
! set to 1 to save triangulation for gnuplot
! set positive to save solution for gnuplot
! set to 1 to save convergence info for gnuplot

! invoke mgghat
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C

subroutine pde(x,y,p,q.r.f)
real x,y,p,q,r,f

¢ return the values of the pde coefficents at (x,y)

C
C
C

C

(pxy) *u ) -(gxy) *u )+1(xy) *u=1fxy)

p=1.

q=1.

r=0.

f=-20.%(x**3 4+ y**3))
return

end

subroutine bcond(x,y,ipiece,c,g,itype)
real x,y,c.g
integer ipiece,itype

¢ returns boundary condition coefficients at (x,y)

C
C
C

u +c(xy)*u=gkx,y or u= gx,y)
n

¢ In this example, the b.c. is Dirichlet on piece 1, and 0 Neuman on piece 2

C

if (ipiece.eq.1) then
itype = 1
c=0.
g = true(x,y)
else
itype = 2
c=0.
g=0.
endif
return
end

real function true(x,y) ! true solution of the pde
real x,y

true = x**5 + y**5

return

end

Figure 2. Examples of subroutines to define the problem.



MULTIGRID GALERKIN HIERARCHICAL ADAPTIVE TRIANGLES (MGGHAT)

Version 0.9 (March 1993)

input parameters:

output level 2
polynomial order 2
number of cycles 1
relaxes before cgc 1
relaxes after cge 2

multigrid frequency  2.00
error tolerance 0.0E+00
refinement adaptive

begin initialization
initializations complete
time for initialization .00

begin refinement
refinement complete

number of vertices 18

number of nodes 18

number of triangles 22

number of levels 3

time for refinement (this grid) .02
time for refinement (all grids) .02

begin solution
solution complete

norms of error:

max norm at vertices 1.20466471E-01
max norm at nodes 1.20466471E-01
max norm at quad pts  2.12660193E-01
continuous energy norm 3.30431342E-01
relative energy norm  1.49259701E-01

time for solution (this grid) .01
time for solution (all grids) .01

Figure 3. Sample level 2 output.
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begin error indicators
error indicators and estimates complete

maximum error indicator 1.99157119E-01
error estimate 4.55372840E-01
effectivity index 1.37811637E+00
relative error estimate 1.96938977E-01
relative effect index  1.31943834E+00

time for error estimates (this grid) .00
time for error estimates (all grids) 00
time for this refinement/solution step 03
total time so far .03

final solution complete

maximum error at vertices 7.39555359E-02
maximum error at nodes  7.39555359E-02
maximum error at quad pts 1.25789344E-01
continuous energy norm  2.70688415E-01
maximum error indicator  1.41879827E-01
error estimate 4.30013269E-01
effectivity index 1.58859134E+00
relative energy norm 1.87541485E-01
relative effect index 1.58822513E+00

number of vertices 32
number of nodes 32
number of triangles 45
number of levels 5

time for initializations .00
time for refinement .08
time for solution .02
time for error estimates .00
total time 10

termination due to achieving maximum nodes
execution sucessful

Figure 3. Sample level 2 output (continued).
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SUMMARY

—

Multigrid methods are good candidates for the resolution of the system arising in Numerical
Fluid Dynamics. However, the question is to know if those algorithms which are efficient for the
Poisson equation on structured meshes will still apply well to the Euler and Navier-Stokes equations
on unstructured meshes. The study of elliptic problems leads us to define the conditions where a Full
Multigrid strategy has O(N) complexity. The aim of this paper is to build a comparison between the
elliptic theory and practical CFD problems.

First, as an introduction, we will recall some basic definitions and theorems applied to a model
problem. The goal of this section is to point out the different properties that we need to produce
an FMG algorithm with O(N) complexity. Then, we will show how we can apply this theory to the
fluid dynamics equations such as Euler and Navier-Stokes equations. At last, we present some results
which are 2nd-order accurate and some explanations about the behaviour of the FMG process.

INTRODUCTION

One first important element is the mesh independent convergence speed. Hackbush, in [1] for
example, proposes a demonstration of this property. It is done in the special case of an elliptic
problem on structured nested meshes. We want to evaluate the properties that we must keep in order
to get the mesh independent convergence speed when we use unstructured non-embedded meshes.

The problem to be solved is the following:

{ Au = f on Q convex polygonal domain
u € H(Q) and f € L2(Q)

The discretization is a usual linear P1-Galerkin finite element. Thus, we get a discrete space Hp
whose dimension is equal to N, (number of nodes), and where the subscript A indicates the mesh

'Work partly supported by DRET Groupe 6 under contract.
2Supported by INRIA and “Région Provence-Alpes-Céte d’Azur” (France), and ICASE (USA).
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size. The resulting problem consists now in solving the linear system:
Apun = fa (2)
We may evaluate the discretization error thanks to the Aubin-Nitsche’s theorem and usual regularity:
lu—wunlle < Co B llullaz < Cs h* |fllee (3)

The linear system (2) may incur a lot of CPU time because of its size (large number of nodes). The
idea is then to use a second finite element subspace H g whose dimension Ny is less than the previous
one (usually H = 2h). We have then the following relationship between both spaces (also called

grids):

A
RNH - RNH
R 1 1 P
RN;, - RNh
A;l

where P and R are linear interpolations (transfer operators). The iterative process can be written
as:

uZH = M, u} + Ny fr where: M), = Sy’ (I—PA;,l R A) 7, Sh:I—“’Df:lAh

(S defines the basic iterative smoother, 1 and v, the number of pre- and post-relaxations). Such
a process converges if [Mx]| < 1. A very important property of this kind of method is that the
convergence is independent of the mesh size. In order to simplify the notations (and the study) we
rewrite M), as the following ideal-2-grid operator [2]:

M, = (A;' — P Ay R)(Ax S3) (4)
The norms of both factors of the right hand side of the equation (4) will determine the norm of My:

e The smoothing property:

|An S3II < 1/h% n(v)
Jim n(v) = 0 )
depends a lot on the basic smoothing process, and, we will not give any details.
e The approximation property is:
14 — P A7 R|| = O(K") (6)

Let us focus on (6): it takes into account the transfer operators, and overall, represents the
difference that exists between the solution on the fine grid and the solution on the coarse grid.

An MG scheme that exhibits these properties will result in a convergence speed that is independent
of the mesh size:
Vp 3u(p) such that || My vy — uall < pllvn — uall
We may notice that demonstrating the approximation property leads to the evaluation of the following
quantity:
lpnP A7 Rra — A7
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For nested meshes, thanks to (3), one can easily derive this from the following equality:
pnP = pu

On the other hand, for unnested meshes, p, P is not equal to py and this evaluation is more difficult.
Actually, it is the same as evaluating the difference between two interpolated solutions. Zhang [3],
thanks to Bank-Dupont’s theory, proposes such an evaluation.

Remark: The multigrid iterative V-cycle algorithm can easily be deduced from the previous 2-grid
algorithm recursively. It maintains the convergence speed independently of the mesh size and has an
O(N log N) complexity.

In order to apply the previous result of convergence, we propose to use a Full Multigrid (FMG)
strategy (proposed by Brandt in [4]). A well known result is the one given by Hackbush in {1], which
is given below:

Theorem: We note: k the consistency order, C; = , ax l(hk_l/hk)’c the ratio of accuracy

between two solutions, S the reduction factor of the MG process, i the number of MG iterations
applied to reach the solution @}. If uj is the solution of the discrete problem, we have:

i i . ; St
Ik —well < CiCihy with C3 = 3—F&-5
Assuming that C, = 2%, we deduce the exact number of cycles in each FMG phase to solve the

1st-order problem (S* < 1/4) and the 2nd-order problem (S* < 1/8). The number of cycles ¢ in
each phase is constant, which leads to an algorithm that has O(N) complexity.

Once again, the relative interpolation error [1] conditions the quality of the initialization in each
phase. Thus, in order to stay close to the ideal scheme (where the different subspaces are nested), we
propose to build meshes where:

e The mesh size ratio is close to 2,
e The triangles aspect ratio is locally comparable in the whole domain.

We have thus identified the different necessary ingredients to build an algorithm having O(N) com-
plexity:

. A sequence of grids,

. A basic smoother (ex: Jacobi,Gauss-Seidel),

. Intergrid transfer operators (ex: linear interpolations),
. MG algorithm (ex: V-cycle, W-cycle),

. FMG strategy.

G QW N

We may now apply it to more complex fluid dynamics problems such as the resolution of the
Navier-Stokes/Euler equations.
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FLUID DYNAMICS APPLICATIONS

We recall first the formulation of the steady Navier-Stokes equations:
OF (W) + oG(W) 1 (aR(W) + osS(W)

) , W=(p,pu,pv,E)" |

ox Oy Re or Oy
pu pv
| pl+p _ puv _ [ F(W)
F(W) - puv G(W) - p’l)2 +p ) F(W) - ( G(W) ’
(E +p)u (E+p)v / ()
0 ( 0
Trx sz
R(W)= Try S(W)= Tyy 5 ’

YK e KkOe

UTzy + UTzy +—P—r-é; \ UTzy + UTyy + Pr oy

p=(y—-1) (E-—%p (u2+'u2)) , e=CT=2_1(?++?)
where 7y = 1.4 is the ratio of specific heats, T is the temperature, u and  are the normalized viscosity
and thermal conductivity coefficients. The components of the Cauchy stress tensor Tez) Toy and Ty,

are given by:
== =3k \“5z oy)’ Tvw =3k gy oz )’ T TH Oy Oz

Re = pyUyLo/po is the Reynolds number and Pr = poC, /Ky is the Prandt] number, where po, Us, Ly
and py denote respectively the characteristic density, velocity, length and diffusivity of the considered
flow. It is easily seen that, if the right-hand side is equal to zero, then we recover the Euler equations.
The inlet conditions are defined by the farfield flow. For Euler flows, we impose the slip condition
on the wall (V.7i = 0), and for Navier-Stokes flows, on the wall, the no-slip condition (V = 0) and
the isothermal condition (T" = T). The discretization is given by a mixed FEM/FVM formulation
[5], where the mesh is a finite-element type (triangles), on which we construct control-cells (FVM) in
order to solve the variational formulation of the equations, such as, for the Euler flows:

)> [ ) . ﬁ,-.i«’(W)da] + [ o BF(W)do = Tle [ > ( Raaqf . Sa;yf) dxdy} ®

JeK(i) AEN

The computation of the fluxes, appearing in (8), between two cells, is managed by Roe’s numerical
flux vector splitting in the domain, and by the Steger-Warming numerical flux vector splitting for the
farfield boundaries. The 2nd-order accurate scheme is obtained by the use of the MUSCL method
developed by van Leer [6]. We solve the discrete equations with non-linear relaxation algorithms 6],
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namely here the multistage Jacobi algorithm [2, 7]:

VVJ-(O) — W;}
For ks = 1 to nstage
aq) o ks)
[DL;; = {W(Wi W)
J
k 0 — a ka g
W _ O ) 5 D)} e(We, Wi: i)
ieK(j

atl _ yy7{nstage)

Let us now look at the meshes. We start with an initial given fine mesh Fig.1.a. Finer meshes are

a. Initial 800 nodes b. 3114 nodes c. Finest 12284 nodes
Figure 1: NACA0012 fine meshes.

obtained by triangle subdivision (Fig.1.b,.c). Then, we use a coarsening algorithm due to Guillard
8] to build coarser meshes, from the initial one. This produces a sequence of node-embedded meshes
(Fig.2.a,.b,.c). We get 6 meshes for the NACA0012 profile, where the finest has 12284 nodes and the
coarsest 19 nodes. This method allows us to keep the mesh size ratio close to 2, and a comparable
local mesh aspect ratio. The intergrid transfer operators [9] are linear interpolations, concerning the
variables and the corrections, and linear distributions, concerning the residuals. The MG algorithm
will be the W-cycle, because it is the natural extension of the ideal-2-grid scheme. Furthermore, there
exist several ways to obtain 2nd-order accurate solutions:

e Mavriplis [10] uses an FMG algorithm, where 1st-order accurate solutions are computed on the
coarse levels, and 2nd-order accurate on the finest. Some experiments with our upwind schemes
showed us that the convergence speed is hardly independent of the mesh size.

e Hemker-Koren [11] propose to get a 1st-order solution with an FMG strategy and then to
compute a certain number of DeCV-cycles: They use the Defect Correction (DeC) algorithm
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a. 223 nodes b. 67 nodes ¢. Coarsest 19 nodes
Figure 2: NACA0012 coarse meshes.

[12], in order to solve the 2nd-order accurate following problem: F,(W) = S. It is written:
FWY) = 8§,
(10)
FWNY=F(WN)-FRWN)+S§, N = 1,2, ...

Actually, we define the DeCV-cycling method where the 1st-order problem in (10) is approxi-
mately solved with one V-cycle. However, we do not know how many DeCV-cycles are to be

performed and we lose the O(N) complexity.

We propose here two different methods in order to obtain 2nd-order accurate solutions with an O(N)
complexity algorithm [1]. ' '

e FMDeCV is an FMG strategy where we use DeCV-cycles in each phase, with two Jacobi sweeps
per level (FMDeCV-2RK1).

e FMG2 is an FMG strategy where we use on each level of the different phases the good damping
properties of the multistage schemes (see [13]) for smoothing directly the second order accurate

problem.

A result of convergence of the DeCV method is given in [14] and assures that DeCV-cycling has a
convergence speed independent of the mesh size:

”DCCV’U,:—’&?L” < S Hu‘,’{—ﬂi“ , Sy = S1 + SiSpec + Spec < 1 (11)

where DeCVu$ is the a — th iterate of the DeCV-cycling and @2 is the solution of the 2nd-order
accurate problem.

Remark: Desideri-Hemker in [12] show that the convergence speed Spec of the DeC process is at
least equal to 1/2. From (11), we should use MG 1st-order accurate algorithms whose convergence
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speed S; (independent of the mesh size) is less than 1/3. Actually, the experiments showed us that
S; > 1/3 does not induce difficulty.

SECOND ORDER ACCURATE RESULTS

Euler Flows around a NACA0012 profile

10

LASTSPHASES  RES(x)=0.125--

67 223

iiLog (RES)II

o Mog RESHI

r1(3—06
Number of W-cycles Number of W-cycles
. X . : . 0.01 ; , . . .
0 20 40 60 80 100 120 140 5 10 15 20 25
a. Mesh Independence b. FMG Convergence

Contours interval:  0.12500E-01 Contours interval:  0.50000E-01 Contours interval:  0.50000E-01
Min./ Max. Mach 0.83693, 0.9726: Min./Max. Mach 0.54446, 1.2158 Min./Max. Mach 0.39513, 1.4854
c. 19 nodes d. 67 nodes e. 223 nodes

Figure 3: Euler FMG2 phases, isomach contours, M, = 0.9, a = 0°.

The test-case depicted in Fig.3 to Fig.5 is defined by a farfield Mach number equal to 0.9, and
a zero angle of attack. The smoother is the (4 stage) RKJ one, whose coefficients (on = 014,02 =

455



Contours interval: O:SOObOE—Ol Contours interval: O.SOOOOE-Ol Contours interval: O.SOOOGE-OI
Min./Max. Mach 0.22627, 1.4630 Min./Max. Mach 0.12322, 1.4793 Min./Max. Mach 0.45E-01, 1.5196

a. 800 nodes b. 3114 nodes c. 12284 nodes

Figure 4: Euler FMG2 phases, isomach contours, M., = 0.9, a = 0°.

0.2939, a3 = 0.5252, a4 = 1) are due to van Leer [15], and defines the FMG2 strategy. In Fig.3.a,
we present the convergence histories of the logarithm of the residual versus the number of cycles in
each phase. The convergence is estimated as obtained when the residual decrease reaches 10-5. The
first history is a 1-grid convergence on the coarsest mesh (19 nodes), the last (4-grid scheme) on the
800 node mesh. At the end of the convergence of each phase we produce an initialization of the
next phase by interpolating the solution on the next finer mesh. We may notice that the different
convergence histories tend to be straight lines with the same value of slope: this allows us to say that
the convergence speed is independent of the mesh-size and that we may use an FMG strategy. In
Fig.3.b the residual convergence histories of the last 5 phases are depicted (the first one is a 1-grid
convergence history with a residual decrease equal to 10%). In order to neglect oscillatory non-linear
phenomena we choose to impose a residual decrease equal to 1 /8 (and not a defined number of cycles):
the FMG convergence histories follow exactly the peaks of the (corresponding) phases on Fig.3.a, and,
the solutions are not either changed. A solution on the finest grid (Fig.1.c) is reached after only 5
cycles (77 WU, 673 s on Convex C210 with non vectorized software). In Fig.3 and Fig.4 we show the
different solutions obtained at the end of each phase: they are non-symmetrical solutions (Fig.3), due
to the fact that the coarse meshes are non-symmetrical. However, this phenomenon vanishes when
the different meshes become symmetrical (Fig.4). Another important remark is that the solution
between the finest mesh and the next coarser one does not vary much: we may say that we get a
nearly converged solution on the 3114 node mesh. In order to verify the previous assumption, we
compare the FMG solution of Fig.5 with the solution obtained after a 10~ residual decrease: the
Mach number extrema are approximately the same although the isomach lines are a little bit more
oscillatory for the FMG solution.
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Contours interval:

Contours interval:

0.50000E-01 0.50000E-
M/ Max. Mach O0.45E-O1, 1.5196 Min.,/ Max. Mach O

01
47E-01, 1.5146

a. FMG2 b. Converged (RES = 107%)

Figure 5: Euler FMG2 solutions, isomach contours, M, = 0.9, a = 0°.

Navier-Stokes Flows around a NACA0012 profile

The first test-case is defined by a farfield Mach number equal to 0.8, an angle of attack equal to 10
degrees and a Reynolds number equal to 73. We use here an FMDeCV-2RK1 strategy (justified by
the mesh independent convergence of Fig.6.a). The solution (Fig.6.c) is obtained on the finest mesh
after 4 cycles that represent 42 WU computation and a total CPU time equal to 537 s. In Fig.6.d we
{llustrate the behavior of the pressure lift, CL (drag,CD) coefficient with a solid (dash) line, versus
the number of finest-grid iterations, up to a residual decrease on the finest grid of 10712 The points
(cross) represent these coefficients during the FMG process, thus up to a 0.125 residual decrease. We
can notice that the value of each of them is almost obtained at the end of the FMG phase (the error
is equal to 64.10°° for the CL coefficient and to 16.10~° for the CD coefficient). '

The second test-case, presented in Fig.7, is defined by a farfield Mach number equal to 2, an angle
of attack equal to 10 degrees, and a Reynolds number equal to 106. This time we use an FMG2
strategy (more robust than FMDeCV-2RK1 that needs TVD limitation and implies that the residual
stalls from the value of 10~%); this produces a solution after 7 cycles (Fig.7.c, 109 WU, 1862 s), and
we can make the same remarks as in the previous test-cases. The next coarser mesh results in CL
and CD values within 1% of their final values which are obtained after 7 cycles on the finest mesh
with a related error respectively of 2.107% and 2.10~° (Fig.7.d),

The last tesi-case shows us one limitation of this method. It is defined by a farfield Mach number
equal to 0.8, an angle of attack equal to 10 degrees and a Reynolds number equal to 500. Here again,
we use an FMDeCV-2RK1 strategy (Fig.8). We may note, once again, that the FMG convergence
histories (Fig.8.b) look like the corresponding peaks on Fig.8.a, thus we think that the solution does
not vary between a 107! residual decrease and a 10~% one. However, on Fig.9.a we note that the
isomach lines are deformed up until the last solution (Fig.9.c) which presents two bumps. Actually,
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Figure 6: Navier-Stokes FMDeCV-2RK1 solution, M, = 0.8, a = 10°, Re = 73.
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Figure 8: Navier-Stokes FMDeCV-2RK1 phases, isomach contours, M, = 0.8, a = 10°, Re = 500.
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Figure 10: Navier-Stokes FMDeCV-2RK1 solution, M., = 0.8, a = 10°, Re = 500.
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since the solution differs a lot between the one obtained on the finest mesh and the other on the
next coarser mesh (Fig.9.c and .b), we may say that we did not obtain a grid-converged solution.
Furthermore, these two humps may be justified because the meshes that we use (especially the coarse
ones) are not adapted for such a viscous flow and may not capture the boundary layer. Our assumption
is confirmed by the CL and CD behaviors (Fig.10.b), where we note an error for the CL coefficient
equal to 5.1072 and for the CD coefficient equal to 8.103. Moreover, we get a solution (Fig.10.a)
after 105 cycles (1107 WU, 14112 s), for a residual decrease of 10~!2 and which tends to confirm that
the FMG solution is not a steady solution.

ILog (RES)II

Nuniber of W-cytles )
W W 0 T T T T

Figure 11: Convergences

CONCLUSION

We want to point out that the use of FMG2 or FMDeCV strategy allowed us to get 2nd-order
accurate solutions in most of cases with a limited number of operations (O{V) complexity). FMDeCV-
2RK1 is more adapted to smooth problems and costs half as much as FMG2. Furthermore, we had
to use an entropy correction technique [16] to get the above results, and occasionally a 10712 residual
decrease required to increase the value of this correction to prevent the residual from stalling or to
improve robustness on the finest grid (this increased slightly the number of cycles in each phase
without changing the solution greatly). As depicted in Fig.11, these types of computations do not
induce any stall during the convergence. The main two difficulties, non-embedded meshes and the
requirement of 2nd-order accuracy, were remedied, respectively, by using a coarsening algorithm based
on a Voronoi technique, and basic iteration techniques that were sufficient smoothers. The difficulty
encountered in using an FMG strategy, with our meshes, increased as the Reynolds number was raised.
Actually, it is obvious that our meshes are not adapted to these computations and that boundary
layer problems will need the production of stretched meshes and different specialized smoothers, as
suggested in [14].
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SUMMARY

In the present study, a scheme capable of solving very fast and robust
complex nonlinear systems of equations is presented. The Block Adaptive
Multigrid (BAM) solution method offers multigrid acceleration and adaptive
grid refinement based on the prediction of the solution error. The proposed
solution method was used with an implicit upwind Euler solver for the solution
of complex transonic flows around airfoils. Very fast results were obtained
(18-fold acceleration of the solution) using one fourth of the volumes of a
global grid with the same solution accuracy for two test cases. _

INTRODUCTION

Although multigrid methods were introduced as grid adaptation techniques
they have been established only as fast and efficient solvers for large scale
computational problems. Up until today only a few adaptive multigrid schemes have
been presented, e.g. the Multilevel Adaptive Technique MLAT (ref. 1), the Fast
Adaptive Composite grid method FAC (ref. 2) and others (ref. 3), but the domain
of applications has been mainly restricted to the solution of elliptic type
equations. Regarding the development of adaptive schemes for hyperbolic
systems of equations, only a few attempts have been made to take advantage of the
favourable multigrid concept for the acceleration of the solution. On the
other hand great advantages have been pointed out for the wuse of the
truncation error prediction as a reliable error sensor for grid adaptation,
though few studies exhibited numerical proofs (ref. 4,5).

The present study, a dynamically grid adaptxve method, namely the Block
Adaptive Multigrid (BAM) method, is presented, incorporating a reliable device
for the prediction of the error and a composite multigrid solver. The method
is based on a Full Multigrid scheme: starting from an acceptable coarse mesh
the solution creates finer grid patches with block grid refinement. The
refined regions are grouped into rectangular blocks defining a composite
structure which is totally handled by the multigrid method. In this way an
adapted non uniform domain is decomposed into regular subdomains solved with
common solvers. Further, the communication between blocks and the

This work was partially supported by CEC/ Brite-Euram contract AERO-0018C.
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parallelization of the BAM method are based on domain decomposition ideas. For
the integration and relaxation of the time marching Euler equations, an
unfactored implicit upwind finite volume scheme is employed. The proposed
method is tested for two complicated transonic invisctd cases for two
different airfoils. Using the proposed method stable and accurate results are
obtained in a small number of work units (18-fold acceleration with 4.5 times
fewer volumes).

FINITE VOLUME DISCRETIZATION

The general inviscid flow is described by the Euler equations that can be
solved using the very popular time-marching conservative formulation. For the
two dimensional case, conservation laws are used with body- fitted coordinates

& n
au dE aF _
51t 3% + a = 0 (2.1)

The steady state solution is found when the time derivative of the solution
vector becomes negligible. The solution vector and the fluxes normal to
£E=const. and n=const. faces are given respectively:

U=J-0 andE=1-(EE+FE), F=T- En +Fn) (2.2)

At the Cartesian coordinate system the corresponding solution vector and the
inviscid fluxes are given by:

Y ou, ov
‘2 S QU 5o QU +p = _ QU
U= |ov and E = ouv , F = QV¥+p (2.3)
e (e+p)u (e+p)v

In equation (2.3) e is the total energy (e = - +a u2+V7']), and p are

the pressure and the density respectively and J is the Jacobian of the inverse
mapping.

For the discretisation of equation (2.1) a cell-centered finite volume
method is used. For the pseudo-time evolution a Newton linearization scheme is
adopted which, being an implicit scheme, allows high CFL numbers (100-200) to
be used with local time stepping (different At for each volume):

AU o S :
it (A" AU ) + (B" AU )y = - (E2+ F:) (2.4)
Or else:

L" AU = [At'1+ Az + B:] + AU = - Res"(U") (2.5)

Where AU is the correction of the solution vector, A and B are the Jacobians
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of the fluxes E and F respectively for the time level n:
n n
Ul - UM + AU, A" = [—g%-] and B" = [—gg—] (2.6)

Upwind differencing of the flux vectors is used to achieve a diagonal
dominant system of equations. Thus, using a symmetric collective point Gauss-
Seidel relaxation scheme very good smoothing properties are attained for the
multigrid  calculations. For the flux calculations a linear locally one-
dimensional Riemann solver (Godunov- type) is employed thus, the homogeneous
property of the FEuler fluxes [7] is guaranteed. The mean values of the
conservative variables at both sides of the faces are used as input variables
for the Riemann solver. For the calculation of the fluxes E and F the
conservative  variables are extrapolated using an upwind characteristic
variable interpolation method (MUSCL- type). The interpolation scheme uses two
volumes from both sides of each face. The accuracy of the scheme raises up to
third order depending on the sign of the local eigenvalues of the Jacobians A
and B. The local accuracy of the finite volume method is sensor- controlled so
the monotonic behaviour of the solution is guaranteed. Boundary conditions are
required for both sides of eq.(24), so for the RHS of eq.(24)
characteristic boundary conditions are extracted from the Riemann solutions at
the wall and at free surfaces. For the LHS of eq.(24) simple boundary
conditions are prescribed on the AU in phantom shells.

THE BLOCK ADAPTIVE MULTIGRID METHOD

The Block Adaptive Multigrid (BAM) method is composed of three main
parts: the fast nonlinear multigrid solver, the truncation error approximation
for the prediction of the solution error and the block composite grid solver.
Additionally an efficient solution strategy is required in order to achieve
fast and robust accurate solutions.

Multigrid Implementation

Concerning the multigrid method the Full Approximation Scheme (FAS) is
employed as it is better than the Correction Scheme (CS) for Newton
linearisation schemes. FAS has the major advantage in that it operates with the
same solution vector of the initial algorithm so it is best suited for the
solution of composite grid structures. The efficiency and the performance of
the multigrid implementation are maintained adopting the "alternate point of
view" of the FAS (ref. 1). Following this approach the finer grid levels are
considered as devices to increase the spatial accuracy of the solution whereas
the coarser grid levels are devices to accelerate the solution. The
formulation of the solution is independent of the grid level (coarse or fine)
and the type of grid (local or global) by simply adding to the RHS of eq.(2.5)
the appropriate fine-to-coarse defect correction (t). For the enumeration of
the multigrid levels the classical mode is adopted. Thus, the current grid
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level is denoted by n, its next finer level by n+1 and its corresponding
finest grid level by m (m =z n = 1) (1 is the coarsest grid level of the
domain). The solution formulation for the current grid level n is given as:

L - AU = —Res (U) + T (3.1)

n

considering that the fine-to-coarse defect correction is:

n+l_ <n+l . . . (tl m+1_
ez [Ln+1 AUMI] L-@ AU ) and "= 0 (32)

n n

Because one multigrid cycle equals one time step the time scale is not
considered.

Because of the applied cell centered finite volume scheme the cellwise
coarsening is adopted; each coarse volume is constructed by four consequently
finer ones. The cellwise coarsening maintains the outer edges of the volumes
(straight implementation of conservation laws) but the coarse grid centers are
not a subset of the fine ones. Therefore, two different restriction operators
are required. The restriction operator (I) for the physical variables is the
simple average over the four fine volumes:

_ z AUn+1 (33)

AU = I"Au
n n

n +1

In contrast, the restriction operator (Z) for the generalized residuals, Res
and t, is the summation of the residuals of the corresponding fine volumes. The
fluxes of the inner common fine grid faces are canceled, thus flux
conservation at the coarser grid levels is maintained:

n+1
Resn = Z i Resn+ | = ZR&anr ’ (34)
For the reverse direction of the multigrid cycle (coarse-to- fine direction)
neither Euler solutions nor relaxation sweeps are required. Therefore, AU
variables are stored for all grid levels and only these are prolongated from
the coarse-to-fine direction using the standard FAS prolongation formulation:

n n+1
AU | - AU+ I, (AU -1 n AUn+1),, ) (3.5)
For the prolongation operator (II) simple injection is adopted, i.e.:
— n -
U= L U, = 4, (3.6)

Due to the composite grid structure, complicated interpolation schemes would
have increased considerably the programming complexity with minor advantages.
For the present multigrid implementation the V-cycle is applied with the
improvement of increasing the number of relaxation sweeps as coarser levels
are processed.

Solution Error Approximation

To determine the erroneous regions of the computational domain where



increase of the accuracy is required, a reliable error indicator is required.
Two approaches essentially exist: the first one is the physically based
information of the problem, ie. solution gradients, while the second one,
numerically motivated, is the evaluation of the discretization error. The
former approach may implicate the refinement process to reduce errors that
have no influence on the global solution. In contrast, the evaluation of the
truncation error approach indicates errors which can be confronted by the
refinement procedure. On the basis of the Richardson extrapolation an
estimation of the truncation error is formulated as:

Tn= Q(h)-u (3.6)
Whereas for a uniform Cartesian mesh holds:
T = co(h)® (3.7)

In equations (3.6), (3.7) Q is the differential operator, u is the physically
correct solution, h is the mesh size of the finest grid level, p is the local
order of accuracy and ¢ is an unknown grid independent factor. Guided by the
physical interpretation of the truncation error and the Richardson
extrapolation concept, the difference of residuals between the two finest grid
levels is used for the truncation error calculation. This error sensor
provides a reliable local estimation of the solution error. Although the
fine-to-coarse  defect correction of eq.3.2) is directly provided by the
multigrid solution it was proved to be an unreliable error indicator.
Fortunately the use of the Res(U) operator instead of the L.AU operator gives
very good results. The explanation is that due to the Newton linearization
scheme the Res(U) differential operator is insensitive to relaxation errors
maintaining the accuracy of the solution. Therefore, the solution error
evaluation for the grid level m-1 (m is the current local finest grid level),
is given by:

m - m - = m B m
T, =z T T z Resm(Um) Resm_l(lm_lUm) (3.8)
For a totally converged solution equation (3.8) reduces to:
m _ m
Tm_ L = Resm_l(Im_ 1Um) 3.9

As this truncation error sensor is a vector, a reduction norm to a single
value is required. At the present study the Euclidean norm has been adopted
because it shows similar distribution to the pressure error of the solution.
The proposed error sensor requires additional work of only one fourth of a
simple flux calculation and it does not demand totally converged solution
(Resm(Um)an) although it converges from the early time steps to the steady

state.

The prediction of the solution error for the new finer grid level m-1 can
be computed only if the assumption of a uniform Cartesian mesh is adopted
(h 1= hm/2). Thus following equation (3.7) we get:

+1 _ -p m
™ = 2F T 7, (3.10)

For the determination of the order of accuracy (p) of €q.(3.10), which
varies from one to two depending on the flow features, the sensing functions
that are used to control monotonicity at the integration routine are also used
to calculate the local accuracy of the scheme. Unfortunately, equation (3.10)
holds only for Cartesian grids, thus using this equation in arbitrary grids
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errors are expected to the predicted error levels.

Composite Grid Structure and Solution Procedure

For the optimal approximation of the most accurate solution within the
minimum amount of work, several grid adaptive techniques and structures have
been developed. The composite grid structure has many advantages by enabling
the solution of a globally non uniform grid using a union of locally uniform
subgrids  (blocks) (ref. 2). Subgrid uniformity is essential to assure
multigrid  efficiency using simple solution routines (similar to the single
grid solver). Moreover, significant simplifications to the data structure and
to the interface manipulation are attained when the blocks are restricted to
rectangles in the computational domain and the grid refinement ratio is 2 for
each refined direction (ref. 5).

In a composite multigrid method the major problem is the requirement of
special manipulation at the artificial boundaries to maintain the accuracy of
the global solution. To suppress errors inconsistent with the solution method
at the artificial boundaries (two fine volumes share the same edge with a
coarse one) certain special boundary conditions must hold. Namely: accuracy
preservation of the integration scheme, flux conservation and flux- splitting
compatibility with respect to the global grid solver. To preserve the accuracy
of the solution across an artificial boundary, the fluxes of the domain should
be calculated at the block’s finest grid level. For these calculations the
standard integration routine has been employed. The basic idea is to properly
construct false fine volumes at the coarse grid boundaries using all the
available information near the interfaces. The modified scheme at the
intergrid boundaries is depictea in fig1 and fig2 for the one and two
dimensional  analogs, respectively.  Following these analogs the flux
calculations should be started from Block 1 including the boundary interfaces.
For the evaluation of the virtual volumes F3 and F4 (fig.1) the coarse volumes
C1, C2 and the fine ones F1, F2 are considered adopting the same MUSCL- type
extrapolation scheme used by the integration routine. At the two dimensional
analog, the same couple of coarse volumes is used with the corresponding fine
volumes (fig2). In this way, the order of accuracy of the global solution
scheme is maintained. After calculating the fluxes of the finest subgrid
(Block 1 in fig.1), the boundary fluxes of the neighboring coarser subgrids
(Block 2) can be calculated explicitly using conservation of fluxes. According
to the multigrid restriction operator for the residuals, flux conservation
across the artificial boundaries is achieved by addressing the summation of
the fluxes of the fine volume faces to their adjacent coarse volume face (fig.
2).

With respect to the relaxation procedure, the modifications to the flux
vector splitting and the relaxation scheme at the subgrid interfaces are
totally handled by the multigrid algorithm. Adopting the "horizontal"
communication mode among subgrids, the fine subgrids (i.e. block 1) are
relaxed at the first grid level (fig.1). At the next multigrid level the
coarse subgrids (i.e. block 2) are relaxed together with the restricted fine
ones, while the block structure of the composite grid is preserved throughout
the multigrid cycle.



Due to the block structure, the composite grid has the advantage of a
straightforward implementation of vectorization and parallelization. This can
be achieved when subgrids are considered totally independent from each other
introducing ideas from the domain decomposition theory. Concerning the
"wertical' communication mode (ref 11), each subgrid is solved and relaxed
independently for the complete multigrid cycle whereas data exchange among
subgrids is permitted only at the start and/or the end of each cycle. The
computational domain decomposition (different from the composite block
structure) (ref. 8) should be performed according to load balancing and
vectorization criteria taking into consideration the hardware configuration.
The "vertical' communication mode is preferred from the "horizontal" mode when
we deal with parallel processing and is used even though the latter mode has
better convergence rates. Using the "vertical' mode the idle and communication
time among processors can be considerably decreased.

With respect to the dynamically adaptive multigrid strategy a modified
Full Multigrid scheme is applied, starting with a global coarse grid of
acceptable grid resolution. After convergence (or after a fixed amount of
work) at the current grid, the truncation error is calculated and the solution
error is predicted. In regions where the prediction of the error is above a
threshold the corresponding volumes are flagged and grouped into rectangular
blocks. Afterwards, the domain is decomposed to the appropriate blocks where
only those which contain the flagged volumes are refined to the next grid
level injecting the coarse grid solution to the refined grid. The refinement
procedure continues until the entire computational domain has local truncation
errors below a given threshold. Clearly this strategy has the benefit of a
continuous iterative procedure without wasting CPU-time on calculations that
will not be used after the mesh refinement. Taking advantage of the most
accurate available solution the proposed scheme converges straight to the most
efficient solution.

RESULTS AND DISCUSSION

In order to verify the accuracy and to validate the efficiency of the
proposed method two transonic inviscid test cases were investigated. The first
case is a NACA- 0012 airfoil for Mach 0.80 at angle 125 degrees while the
second case is a RAE- 2822 airfoil for 0.73 Mach at 2.79 degrees. A Work Unit
(W.U.) is defined by the CPU-time required for a global finest grid relaxation
sweep in lexicographic order while for a single grid running one time step
costs four work units.

For both test cases the grid adaptation procedure as described above was
applied. Starting point is two global multigrid levels with 64x14 volumes at
the finest grid level. The user supplies only the maximum number of the
additional grid levels which for both test cases were the same: two refinement
grid levels. The truncation error threshold was defined explicitly targeting
to a three- fold reduction of the initial error levels. For the convergence
criterion the Euclidean norm of the correction vector was employed.

For the first test case (NACA-0012) a comparison between the computed and
the predicted truncation error contours is given in figures 3 and 4, resp..
Some differences, not crucial, are due to the incorrect evaluation of the

471



472

local accuracy of the solution (p). For the same grid level the actual
pressure error contours and the entropy contours in figures 5 and 6 are
included. A comparison between the truncation errors and the pressure errors
shows their similar distributions. Following the proposed method very accurate
results were obtained in comparison to the global solutions as depicted in
fig.7. In fig.7 the Mach- distributions along the airfoil are depicted for two
global grids (256x56 and 128x28) and one composite grid sharing both grid
levels. A comparison of these Mach distributions shows that at regions
with the same mesh size the solutions between a global and a local refinement
coincide. Additionally, in fig.8 the Mach contours together with the composite
grid are given. In fig9 the efficiency of the BAM method with respect to the
single grid and the global multigrid schemes is clearly indicated. A 19-fold
and 4-fold acceleration were achieved with respect to the single grid and to
the multigrid cases, respectively. The final grid adaptive solution requires
4.5 times fewer volumes (from 14336 to 3200) for practically the same accuracy
with a globally refined grid (0.35% discrepancy of the computed CI).

Similar efficiency was achieved for the second test case. The domain
decomposition into subgrids took place after 50 time steps spent on coarser
grid levels. Using the same truncation error threshold as in the previous test
case, a 17-fold acceleration was achieved with respect to the single grid and
a 4.7- fold reduction of the volumes (from 14336 to 3056) for practically the
same accuracy (Cl discrepancy is 0.2 %). The convergence histories of the
error reduction and the lift coefficient are shown in fig.10 while in fig.11
the final composite grid together with the isomach contours are depicted. It
is important that throughout the solution process the multigrid convergence
rates were maintained while the overhead for the interface computations was
negligible, ie. only 2 % for a nine block structure with respect to an
equivalent global grid.

As no parallel machine was currently available a simulation of the
parallelization for the procedure has been attempted in order to evaluate the
performance of the two different communication modes for the BAM method. To
achieve this, the data exchange was properly adjusted among subgrids according
to each communication mode. For the "horizontal' mode (semi-parallel) and the
"vertical’ mode (parallel) the convergence histories are shown in fig.12. A
comparison between the parallel modes and the sequential BAM method shows only
a small reduction of the convergence rates for the parallel ones. What is
further required for a parallel implementation is a computational domain
decomposition of the composite structure based on specific load balancing
criteria in order to reduce the idle time among processors.

CONCLUSIONS

The great advantages of the Block Adaptive Multigrid (BAM) method were
exhibited. The incorporation of numerous efficient schemes into the BAM method
makes the ultimate target of solving complex problems in just a few work units
feasible. At the same time robustness, simplicity and accuracy of the single
grid code were maintained at the new method. The extension to viscous and
hypersonic three dimensional problems is straight forward though semi
coarsening multigrid can be also included. On the other hand, in order to
improve the adaptation capabilities, a moving grid point scheme should also be



considered as the grid alignment towards certain flow features is essential in
some problems in combination with the present grid refinement procedure.

Although the basic features of the BAM method have been determined and
verified, a few other issues remain to be settled. The first is the
construction of a data structure which will handle more efficiently the block
structure of the composite grid. The second is to approximate more precisely
the local order of accuracy of the solution in such a way that the prediction
of the solution error would be more accurate. Additionally, the implementation
of the BAM method to other solution algorithms and equations is foreseen as
the BAM method was designed in the general concept of the finite volume
method.
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Figure 3. Computed truncation error contours for the finer grid level, CASE 1.
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Figure 4. Predicted truncation error contours for the finer grid level, CASE 1.
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Figure 5. Pressure error contours for the finer grid level, CASE 1.
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Figure 6. Entropy contours for the finer grid level, CASE 1.
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Figure 7. Mach distribution along the airfoil for a global fine,
a global coarser and an adaptive composite grid (CASE 1).
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Figure 9. Convergence histories of the lift coefficient and the logarithmic Euclidean
error reduction for the single grid, global multigrid and B.A.M. method (CASE 1).
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Figure 10. Convergence histories of the lift coefficient and the logarithmic Euclidean
error reduction for the single grid, global multigrid and B.A .M. method (CASE 2).
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Figure 11. The adaptive composite grid and the corresponding Mach contours (CASE 2).
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ABSTRACT

Several multigrid schemes are considered for the numerical computation of viscous
hypersonic flows. For each scheme, the basic solution algorithm employs upwind spatial
discretization with explicit multistage time stepping. Two-level versions of the various
multigrid algorithms are applied to the two-dimensional advection equation, and Fourier
analysis is used to determine their damping properties. The capabilities of the multi-
grid methods are assessed by solving two different hypersonic flow problems. Some new
multigrid schemes, based on semicoarsening strategies, are shown to be quite effective in re-
lieving the stiffness caused by the high-aspect-ratio cells required to resolve high Reynolds
number flows. These schemes exhibit good convergence rates for Reynolds numbers up to
200 x 108,

INTRODUCTION

In the past several years, multigrid has been used to accelerate the convergence of
Navier-Stokes computations for a variety of flow problems at both subsonic and transonic
speeds (refs. 1 and 2). More recently, multigrid methods with either central or upwind
differencing have been applied to viscous hypersonic flows to achieve convergence rates
that approach those obtained at lower Mach numbers and moderate Reynolds numbers
(Re < 107). However, at the higher Re values experienced by high-speed flight vehicles,
a dramatic slowdown occurs in the convergence rate. One reason for this slowdown is the
deterioration in the high-frequency damping of the multigrid driving scheme caused by the
very high-aspect-ratio cells that occur in the computational mesh in order to resolve the
thin boundary layers.

The present paper describes an effort to understand and improve the use of multigrid
schemes for the computation of viscous hypersonic flows. First, various two-level multigrid
schemes both with and without semicoarsening are introduced. Then we use a Fourier
analysis of the schemes, applied to the two-dimensional convection equation, to reveal the
behavior of their components. For each multigrid approach, the solver uses an upwind dis-
cretization combined with an explicit multistage scheme. We next consider the numerical
solution of the Nav1er-Stokes equations for hypersonic ﬂows The basic elements of the
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the time-stepping scheme to fine- and coarse-grid problems are presented. The extension
of the two-level schemes to multilevel ones is then discussed. Elements of multigrid that
are of particular importance for high-speed flow computations are given. In the results
section, we consider two different hypersonic flow problems to assess the capabilities of the
multigrid schemes. Semicoarsening is shown to be quite effective in relaxing the stiffness
that arises from the resolution of thin boundary layers.

MULTIGRID METHOD AND STRATEGIES

The multigrid approach is based on the full approximation scheme of Brandt (ref. 3).
The grid transfer operators are those considered by Jameson (ref. 4). Coarser meshes
are obtained by eliminating alternate mesh points in each coordinate direction. Both the
solution and the residuals are restricted from fine to coarse meshes. A forcing function
is constructed so that the solution on a coarse mesh is driven by the residuals collected
on the next finer mesh. The corrections obtained on the coarse mesh are interpolated
back to the fine mesh. The multigrid schemes investigated within the present work are
displayed in Figure 1. Figure 1(a) shows a two-level scheme with full coarsening. Re-
striction of the solution from the fine mesh (m,n) to the coarse mesh (m/2,n/2) is done
by injection, whereas full weighting is used for the restriction of the residuals. Prolonga-
tion of the corrections is done by bilinear interpolation. Figure 1(b) shows a scheme with
semicoarsening in the different coordinate directions. Again, injection and full weighting
are used in the restriction process. The corrections obtained on the coarse meshes are
averaged before they are added to the current fine mesh solution which is indicated by the
numbers at the “up” arrows. Because of this averaging, half of the individual corrections
on the coarse meshes are lost. We, therefore, anticipate that the scheme in Figure 1(a)
should be computationally more efficient, provided that enough high-frequency damping
can be obtained with the smoothing scheme of the fine mesh. In order to overcome this
deficiency of the semicoarsening scheme, two more variants are considered. For the scheme
of Figure 1(c), the solutions on the coarse meshes are computed sequentially. Hence, the
corrections obtained on the (m/2,n) mesh can be used to update the (m,n/2) mesh before
time stepping (as indicated by the horizontal arrow). The sequential update of the second
coarse mesh allows the full corrections to be passed up to the fine mesh. Note that this
multigrid variant is not compatible with the idea of parallel computations. An interesting
compromise between the schemes of Figures 1(b) and 1(c) was suggested by Van Rosendale
based on the work of ref. 5 (Figure 1(d)). Here, only the corrections common to both

of the coarse meshes, (m/2,n) and (m,n/2), are averaged, whereas the corrections to the

‘modes that live either on (m/2,n) or on (m,n/2) are passed to the fine mesh in full. This
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scheme does allow parallel computations for the coarse meshes.
FOURIER ANALYSIS OF THE SCALAR ADVECTION EQUATION

A crucial factor in constructing an effective multigrid method is the selection of a
smoothing or driving scheme. Local mode (Fourier) analysis is generally applied to evaluate
possible smoothers on the basis of stability and high-frequency damping properties. The



screening of schemes is often performed with a single-grid analysis. Since a stable single-
grid scheme may not be stable for the multigrid process, the behavior of a smoother with
a particular multigrid strategy is needed. In addition, the multigrid process can have
a substantial impact on the performance of the multigrid method. In fact, as we will
demonstrate in this paper, semicoarsening can provide significant improvement, relative to
full coarsening, in the damping of the multigrid, especially when a strong mesh anisotropy
is present due to the high-aspect-ratio cells.

In ref. 4, Jameson models a multigrid scheme as a multilevel uniform scheme and
analyzes the stability of this scheme when applied to the linear advection equation in one
space dimension. With the multilevel uniform scheme, fine-grid and coarse-grid corrections
are computed at all points of the fine grid. Then, a nonlinear filter is applied to remove the
coarse-grid corrections at fine-grid points not contained in the coarse grid. The filtering
produces additional errors in the form of a carrier wave with a frequency depending on
the fine-mesh spacing. This approach does not allow for the coupling (aliasing) effects due
to the restriction operator (fine to coarse grid transfer operator) in the multigrid method.
However, it does offer the advantages of simplicity and application to more than two-level
schemes. Thus, it allows the rapid comparison of multigrid algorithms. If a multigrid
method is unstable or inefficient according to Fourier analysis of the multilevel uniform
scheme, then it is probably not a reasonable scheme.

In ref. 6 we consider the scalar two-dimensional advection equation and perform a
Fourier analysis of the multilevel uniform scheme for different multigrid strategies. The
effects of mesh-cell aspect ratio are included in the analysis. For details of the analysis,
see ref. 6. Here, as in ref. 6, a five-stage scheme with three weighted evaluations of the
numerical dissipation is used for a solver. The explicit stability limit of this scheme is
extended with variable-coefficient implicit residual smoothing, which results in a Courant-
Friedrichs-Lewy (CFL) number of 5. A two-level analysis is applied to both full coarsening
and semicoarsening strategies. Figure 2 presents contours of the amplification factor g as
a function of Fourier phase angles for the full coarsening and sequential semicoarsening
strategies when the mesh-cell aspect ratio (AR) was set to 10. Even with this AR, one
can clearly see the improved damping (reduced g) in the direction of the long side of the
cell with sequential semicoarsening.

SPATIAL DISCRETIZATION

A finite-volume approach, where the flow quantities are stored at the cell vertices, is
used for the spatial discretization of the Navier-Stokes equations. For the convective flux
calculation, an auxiliary grid is used, which is defined by connecting the cell centers of the
original cells (see Figure 3). The inviscid numerical flux is separated into the sum of an
averaged term that corresponds to central differencing and a dissipative term that adapts
the discretization stencil in accordance with local wave propagation. The dissipative flux
function is based on the second-order-accurate upwind scheme of Yee and Harten (ref.
7). In the case of viscous flows the entropy correction for this scheme must be carefully
designed, as discussed in ref. 6. The physical viscous fluxes are approximated by central
differences with a local transformation from Cartesian to curvilinear coordinates (ref. 2).
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MULTISTAGE SCHEME FOR THE FINE AND COARSE MESHES

‘We have observed the need to pair spatial discretization and particular time-stepping
schemes for the solution of the Navier-Stokes equation. The most robust choice of spatial
discretizations found to this point is to use a second-order upwind scheme on the fine
meshes and to set the limiter to zero everywhere on the coarse meshes. An alternative
taken in refs. 8 and 9 is to use scalar second-difference dissipation terms on the coarse
meshes. This approach turned out to be less robust because the second differences are
less diffusive with respect to the acoustic modes; also, the central-difference scheme allows
waves to travel upstream in supersonic flow. As indicated previously, a five-stage explicit
scheme with three evaluations of dissipation is used for time advancement. Disturbances
are most effectively expelled out of the computational domain by using local time stepping
and implicit residual smoothing (refs. 8 and 10). The smoothing of the residuals allows the
CFL number of the explicit scheme to be as high as 5.75, which extends the stability limit
(CFL*) by a factor of 2.5. The time step is proportional to the ratio of the cell volume
to the sum of the spectral radii of the inviscid flux Jacobians in the different coordinate
directions.

To stabilize the schemes in regions where the viscous stability limit is more restrictive
than the inviscid limit, the coefficients of the implicit residual smoothing operator are
locally increased, as outlined in refs. 8 and 9. At strong shocks, however, high Courant
numbers are not appropriate. Consequently, an adaptive time step is employed. By using
the nondimensional second difference of the pressure as a switch, the value of CFL is locally
reduced to approximately 2 at the shock.

MULTIGRID SCHEMES

For the numerical solution of the Navier-Stokes equations, the two-level strategies
presented in Figure 1 are extended to multilevel schemes, as displayed in Figure 4. The
only differences between the two-level schemes and the multilevel schemes occur in the
restriction process. Whenever two “down” arrows meet at a coarse mesh, averaging is
used to obtain the restricted variable. The multilevel arrangement of the coarse meshes,
shown in Figure 4(b), was first given by Mulder (ref. 11), who used semicoarsening to solve
the flow alignment problem. Suitable coordinate meshes for thin boundary layers exhibit
mostly cells with high aspect ratios in the surface-aligned direction. In this paper, other
variants of semicoarsening, which are computationally cheaper than the semicoarsening
schemes shown in Figure 4, are also considered for these situations.

One may notice that the central restriction and prolongation operators discussed pre-
viously allow for upstream propagation of disturbances in supersonic flow. Furthermore,
the corrections given by the standard multigrid scheme near strong shocks lead to diver-
gence of the calculation, especially when free-stream initial conditions are used. Therefore,
the restriction operator is damped by using

Rij'—ma.x(l—ez]( ) O)RIJ’ (1)

where R; ; is the standard restriction operator and € ;(™ is a switch to detect strong
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shocks, and
€i; (™ = k™ max (vs, Vi1, Vie1, V5, Vi1, Vi-1), (2)

_\Pi—1,j — 2Pi,j T Pit1,j

= Pij—1 — 2Pi,j + Pij+1 3)
Pi-1,j + 2pi,j + Pi+1,j

Dij—1+2pij +Pij1|’

i

7 vy =

where p denotes pressure. The damping coefficient k(™ is given a value of approximately
1 in the start-up phase of the multigrid process and is decreased to a value of about 0.4 at
later cycle numbers to allow for good asymptotic convergence rates. Such a local damping
with a k(™ that does not vanish is in line with the restriction damping of Koren and
Hemker (ref. 12), who based their damping coefficients on a more physical analysis.

A fixed V-type cycle with time stepping only on the way down is used to execute the
multigrid strategies described above. The robustness of the overall scheme is improved
by smoothing the resultant coarse-mesh corrections before they are passed to the finest
mesh. The smoothing reduces the high-frequency oscillations introduced by the linear
interpolation of the coarse-mesh corrections. The implicit residual smoothing procedure
with constant coefficients of around 0.1 is used for this smoothing. Also, the application
of full multigrid (FMG) provides a well-conditioned starting solution for the finest mesh
that is considered.

NUMERICAL RESULTS

Two different hypersonic flow cases are used to assess the capabilities of the multigrid
schemes. These are laminar Mach 10 (M = 10) flow over a compression ramp and turbulent
flow over a slender forebody at high Reynolds numbers. Table 1 gives a summary of the
geometries and the flow parameters of the test cases. In this table, T}y is the dimensional
free-stream temperature, and T,, is the specified wall temperature. Also, the finest grid
used for each flow computation is characterized by the streamwise and normal leading-edge
spacings Asje, Anje, with the normal spacing An;. at the end of the geometry.

_ The flow over the compression ramp is identical to case 3.2 of the Workshop on
Hypersonic Flows for Reentry Problems, Part II, held in Antibes, France, in 1991. This
allows comparisons with the performance of other computational methods published in
ref. 13. Figure 5 displays the coordinate mesh generated for this test case. The low
Reynolds number allows for a mesh with moderate aspect ratios between 5 and 50 near
the wall. The 129 x 81 mesh is successively coarsened down to 9 x 6, which yields 9 grid
levels with semicoarsening and 5 levels with full coarsening. The semicoarsening strategy
is expected to eliminate most of the stiffness associated with aspect ratio. The converged
flow solution is shown in Figure 6 for the 129 x 81 and 65 x 41 grids. The computed extent
of separation in the corner is somewhat smaller for the coarse mesh than for the fine mesh.
The fine-mesh results agree well with grid-converged computations published in ref. 14.

In the next figures, we investigate the performance of the different multigrid schemes.
For this purpose, computations were started from a solution that was converged to about
plotting accuracy. Results from the different schemes of Figure 4 are compared in Figure
7 The numbers indicate the final convergence rate r of the schemes and the rate of data
processing (RDP) on a CRAY-YMP to advance one grid point by one multigrid cycle.
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The sequential semicoarsening scheme (Figure 4(c)) gives by far the best convergence rate.
For this scheme, the effect of the modifications in the multigrid strategies of Figure 4 is
investigated in Figure 8. The meshes obtained by full coarsening and by semicoarsening in
the direction normal to the wall are both important in achieving good convergence rates.
From Figures 7 and 8, we conclude that semicoarsening with a selected number of coarse
meshes is most effective for this flow problem. Semicoarsening is about 2.4 times faster
than full coarsening, which does a surprisingly good job because of its low work count. In
particular, the multigrid scheme with sequential semicoarsening converges (i.e., the residual
was reduced 3 orders of magnitude) in roughly 33 sec (CPU time) on a Cray-YMP, which
is 10 times faster than the single-mesh scheme.

The flow over a slender forebody is chosen to represent a generic configuration that
corresponds to a high-speed civil transport aircraft or an air-breathing space transportation
system with low wave drag. The high Reynolds numbers yield thin boundary layers, which
can only be resolved with highly clustered coordinate meshes and large-aspect-ratio cells.
The mesh used for the present investigations is displayed in Figure 9. The cells near the
wall have aspect ratios up to 25000. The flow computations were done with fixed transition
at 2 percent chord and with the assumption of an adiabatic wall. Figure 10 shows the Mach
contours for the mesh of 256 x 96 cells, and Figures 11 and 12 show the solution obtained on
three successively refined meshes. Both the distributions of the skin friction and the wall
temperature are accurately computed, even with only 25 points in the normal direction.

Next we examine the convergence behavior of the multigrid schemes. The fine mesh
with 257 x 97 points allows 11 grid levels to be used with semicoarsening. The full diamond-
shaped tree of coarse meshes cannot be run because the time-stepping scheme is not well
suited to handle the extreme aspect ratios that occur on the coarse meshes. With the
proper half of the diamond, which includes the meshes with relatively low aspect ratios,
the numerical solution converges. Figure 13 displays a comparison of the different multigrid
strategies. The computations are started from a preconverged solution. Again, the scheme
with sequential semicoarsening converges best. The differences between the multigrid
schemes for this case, which has cells with very high aspect ratios, are larger than for the
ramp flow. The final convergence rate of the scheme with sequential semicoarsening is 15
times better than the rate with full coarsening. A comparison of the performance for the
complete FMG process is given in Figure 14. The sequential semicoarsening scheme takes
194 cycles and 570 sec to reduce the averaged residuals to 1072 on the fine mesh. The
scheme with full coarsening takes 1024 cycles and 1430 sec, and the single mesh code takes
7762 time steps and 6190 sec to achieve the same convergence level. Note that residuals of
10~2 correspond to a solution that is converged within plotting accuracy. If we compared
computer times to reach lower levels of residuals instead, then the results would have been
even better for the multigrid scheme with semicoarsening.

CONCLUSIONS

New multigrid schemes for hypersonic flow computations have been investigated. The
basic solution algorithm employs upwind discretization and explicit multistage time step-
ping. Various multigrid schemes with semicoarsening are introduced to overcome the



stiffness that results from the high-aspect-ratio mesh cells used to resolve viscous flows.
The basic components of the algorithm are examined with a Fourier stability analysis ap-
plied to the two-dimensional advection equation. Both the results of the Fourier analysis
and the computations of high Reynolds number flows suggest that the semicoarsening ap-
proach is effective. The convergence rates shown for hypersonic viscous flows are similar
or even better than those previously published for the transonic regime in refs. 1 and 2.
Further work is required to make the computational scheme less expensive. This need for
more research is particularly true for the coarse meshes used within the semicoarsening
approach, which make up the major portion of the overall work count of the scheme.
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Table 1. Flow and geometric parameters for test cases

Flow Case M o Re, Tt Tw/Tins | No.Pts. Asij/c Ang/c Angfc
———
M
.- € ——] 10 20° 18119 52K 5.57 129x81  0.004 0.0008 0.0008
<< o ]

7 5 2.E8 100K adiab. | 257x97 4.4E-5 2E-7 2.E-6

(m, n) (m, n)
1
1
(m/2,n/2) (m/2,n) (m,n/2)
(a) Full coarsening. (b) Semicoarsening with simple averaging.

{(m/2,n) {m, n/2) (m/2,n) (m,n/2)

(c¢) Sequential semicoarsening. (d) Semicoarsening with selective averaging.

Figure 1. Two-level multigrid schemes investigated in present work .
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Level g
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0.89
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(a) Two levels, full coarsening, AR = 10 (CFL = 5.0, CFL" = 2.4).
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(b) Two levels, sequential semicoarsening, weights = 1.0, AR = 10 (CFL: 5.0, CFL" = 2.4).

Figure 2. Contour plots of amplification factor for 5-stage Runge-Kutta
scheme with first-order upwind approximation and 3 evaluations
of dissipation (coefficients : 0.2742, 0.2067, 0.5020, 0.5142, 1.0).
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Figure 3. Control volume for nodal-point scheme.

(a) Full coarsening. (b) Semicoarsening with simple averaging.
(c) Sequential semicoarsening. (d) Semicoarsening with selective averaging.

Figure4. Multilevel schemes.
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Figure 5. Coordinate mesh for ramp-flow problem with 128x80 cells.
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(b) Pressure coefficient. (¢) Skin friction.

Figure 6. Flow solution for ramp-flow problem.

491



RDP = 56us
r = 0.975

RDP = 170us

—4 \\ """ r =0.949
. AN RDP = 170us

. r = 0.906

AY

AR RDP = 189us
-6+ N r = 0.869

-7 L ! i i 1 i
0 40 80 120

multigrid cycles

Log||9p/0t]»
/

Figure 7. Influence of multigrid strategies on convergence for ramp-flow problem.
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Figure 8. Influence of selected coarse meshes on convergence for ramp-flow problem.
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0.0025 =~

1.00

0.25
Q
> s
0.00 =
%\N#;/
o e e P e ey
- = \ —
\\\
- oSS
1 1 1 1 l L 74 1 X l i L 1 1 I 1 1 1
0.00 0.25 ¢.50 0.75 1.00
X/C

Figure 10. Mach contours for turbulent forebody.
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Figure 11. Distribution of skin friction along forebody.
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Figure 12. Distribution of adiabatic wall temperature along forebody.

494



Log||0p/ 0|2

RDP = 56us
-3 r = 0.996
RDP = 112us
r =0.976
RDP = 112us
r = 0.960
P = 118us
r = 0.941
—_ 7 I 1 I ! { J
0 40 80 120

Figure 13. Influence of multigrid strategy on convergence for forebody, mesh 256x96 .

Logl|0p/8t||2

Figure 14. Convergence histories for single-mesh time stepping and multigrid with sequen-

tial semicoarsening.

multigrid cycles

é RDP = 118us

1 | 1

single mesh
RDP = 32us

0 2000
multigrid

4000
cycles

495






N94-21474

LAYOUT OPTIMIZATION WITH ALGEBRAIC
MULTIGRID METHODS

546
Hans Regler and Ulrich Riide
Institut fiir Informatik 6 ‘!23
/72 157

Technische Universitdt Miinchen
Arcisstr. 21, D-8000 Miinchen 2, Germany /‘/
e-mail: regler/ruede @informatik.tu-muenchen.de

SUMMARY

Finding the optimal position for the individual cells (also called functional modules) on the chip
surface is an important and difficult step in the design of integrated circuits. This paper deals with
the problem of relative placement, that is the minimization of a quadratic functional with a large,
sparse, positive definite system matrix. The basic optimization problem must be augmented by
constraints to inhibit solutions where cells overlap. Besides classical iterative methods, based on
conjugate gradients (CG), we show that algebraic multigrid methods (AMG) provide an interesting
alternative. For moderately sized examples with about 10000 cells, AMG is already competitive
with CG and is expected to be superior for larger problems. Besides the classical “multiplicative”
AMG algorithm where the levels are visited sequentially, we propose an “additive” variant of AMG
where levels may be treated in parallel and that is suitable as a preconditioner in the CG algorithm.

THE PLACEMENT PROBLEM IN INTEGRATED CIRCUIT LAYOUT OPTIMIZATION

In this paper we present some results of research in algebraic multigrid methods (AMG). Our
interest in these methods is motivated by an application arising in the layout optimization for
integrated circuits. Modern integrated circuits consist of several millions of transistors. The layout
optimization for an integrated circuit is usually based on grouping the transistors into cells (also
called functional modules) like NAND/NOR-gates. This leads to the problem of finding the optimal
location (placement) for hundreds of thousands of such cells on the chip surface. The goal of this
optimization is to find a design that uses as little surface area as possible and that minimizes the
time delay caused by long connections between cells. Short connections are desirable, because they
permit higher clock rates and thus faster chips.

Generally, finding the optimal layout for a given functional description of an integrated circuit is
a formidable task. From a mathematical point of view the problem begins with the modeling of the
above informal optimality conditions. Furthermore, cells cannot be positioned freely on the chip
surface. Clearly, they must not overlap, so that we must consider their individual size and shape.
Additionally, the manufacturing process introduces constraints on the locations permitted.

*This research is supported by the SFB 0342 of the Deutsche Forschungsgemeinschaft (DFG)
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Our research is done in the context of GORDIAN, a state-of-the-art layout synthesis package!
that has been developed at the Institute for Electronic Design Automation, Technische Universitit
Miinchen, see Kleinhans, Sigl, and Johannes [1, 2]. Within this package, the placement problem is
handled by breaking it into two separate steps, the relative placement and the final placement.

The purpose of the relative placement step is to provide a good initial guess for the final
placement by finding the global optimum of a sequence of problems with a simplified optimality
condition. After relative placement, only local effects are considered in the final placement, much
simplifying the task of positioning a cell within the constraints.

The global relative placement optimization is based on a force model where connections between
cells are weighted according to their Euclidean length. Modules are connected by signals that can
be interpreted as abstract connections of the cells. Implicitly, the positions of the signals are also
subject to the optimization process.

The functional in the relative placement optimization is quadratic with a positive definite
M-matrix C whose entries represent the graph of connections between the cells and signals.
Mathematically, the problem can be stated as

min 7 Cz — 2b7z, (1)
zeR"
where z,b € R", and C € R™".

An unaugmented minimization of (1), however, tends to cluster the cells in the center of the
chip. This is unrealistic, because there is too much overlap between the cells so that the final
placement step would not be able to find acceptable positions for the cells. Therefore, the
optimization is augmented with linear constraints of the form

Az =d, (2)

that specify centers of gravity for groups of cells. These constraints are introduced successively by
recursively partitioning the cells into groups with equal overall cell surface area, and assigning their
center of gravity to subdomains of the chip surface. This is illustrated in Figs. 1 and 2, where the
results after five successive partitioning steps with 1, 2, 4, 8, and 16 constraints are shown; see also
Regler [3].

THE AMG ALGORITHM OF RUGE AND STUBEN

Our application leads to a large, sparse, positive definite system of equations, which is in no way
related to a partial differential equation. A typical matrix structure is displayed in Figure 4. The
placement optimization program GORDIAN presently uses a preconditioned conjugate gradient
method for the minimization in the relative placement step. We now study the suitability of
algebraic multigrid as an alternative. Classical, geometric multigrid methods have been very

tIn fact, GORDIAN compared favorably at the 1992 “TimberWolf Hunt”, an international competition for place-
ment algorithms
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Figure 2: Partition 3, 4, and final placement

successful for solving (1) when the matrix originates from the discretization of elliptic partial
differential equations. Here, however, we need an algebraic multigrid method that works as a
black-box solver given only the system matrix C and the right hand side vector b.

In general, the key to multigrid methods is a family of smaller, coarse level systems

min_(zF)T CFzF — 2(b%) z*, (3)
ok eR™

fork=1 2,’: .., K, where the superscript denotes the level and where z*, bk € R"k, and
C* € R™ *™ | and where the dimensions n* form a decreasing sequence

nl>n?>...>nf>1
The original system coincides with the first and largest problem in the family, C=C,Lb=0.

For an AMG algorithm, the sequence of matrices C* must be constructed algebraically. The
smaller C* are computed successively by selecting a subset of the unknowns of the level k — 1
system and by evaluating the strength of the connections between the unknowns in C*-1. The basis
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for this paper is the AMG method of Ruge and Stiiben [4] that uses the assumptions

C = (7ij)1<i,j<n Symmetric positive definite,
7:]S0 fOTlSZ,JSn,z#J, (4)
Yiami 20 for1<j<n.

With (4) the effect of Gauss-Seidel iterations on C is well understood and can be used to guide the
construction of the coarser level systems C* for k = 2,3,..., K.

AMG methods were first introduced in the early eighties by Brandt, McCormick, and Ruge
[5, 6, 7). AMG is necessarily less efficient than highly specialized geometric multigrid solvers for
elliptic problems on uniform rectangular grids. However, for more complicated cases with complex
domains, AMG has been shown to behave quite favorably in terms of operation count and CPU
time. AMG also works for problems where geometric multigrid methods are impossible to design.
In this paper we will show that AMG works very satisfactorily even for the matrices in chip design.

The generality of AMG must be paid for by a setup phase that may take 80% or more of the
overall time. This setup is needed to construct the sequence of reduced matrices C* together with
appropriate transfer operators from level k to level k + 1.

IR S R ()
This step is quite expensive and contains code that does not vectorize or parallelize well.

We will briefly review the AMG algorithm, as introduced by Ruge and Stiiben [4, 8]. The most
interesting part may be the setup routine to build the family of systems (3) with the transfer
operators (5).

The matrices C* are constructed such that each of the unknowns z¥ on level k, (k > 1), will
represent an unknown on the next finer level ¥ — 1. The level k¥ — 1 unknown represented by z¥ on
level k is denoted by x;‘(: ', the corresponding finer level unknown. This naturally partitions the
unknowns on each level (except the coarsest) into those that correspond to a coarser level unknown,
and those that do not. These will be called the C- and F-unknowns of a level, respectively. The
partitioning is performed in two phases on each level. At the beginning of the first phase, the
unknowns with strictly diagonal dominant matrix rows are determined. These unknowns are not
restricted to a coarser level.
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SETUP PHASE I:

1. Set Fy=10

2. Vi€ Q:If @yii > Tpui | vy | then set Fg=FaU {i} endif
3.Set C=0andset F=0

4. While CUF # (Q\ Fy) do

Pick i € (Q\ Fy) \ (C U F) with maximal | ST | + | ST N F |
€| ST | +|STAF|=0

then set F = (Q\ Fy))\C

else set C = C U {i} and set F = FU (87 \ C);
endif

Next, in a second phase the final C-point choice is made.
SETUP PHASE II:

1. Set T =10
2. While T C F do

Pick i € F\ T and set T =T U {i}
set C =0 andset ST =5;NC
get P=S;\ 8!
While P # () do
Pick j € P and set P = P\ {j}
1t (s, S1) < Ad(i, (7))
then if | C' |=0
then set € = {;j} and set ST = ST U {5}
else set C = C U {i}, set F = F \ {i} and Goto 2
endif
endif

set C=CUC, set F=F\C
3. (Set F=FUFy)

In these algorithms we use
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and S; := {j € N; | d(3,{j}) > a},ST :={j | i € S;}, where N; := {j | j # 1,7 # 0} is the set of
neighbors of 1.

After tkli? unknowkns of the level have been partitioned, the interpolation operator
If, :R™ — R™ is defined by v* = I%  o*+!

o Thal for i € C*
U_ch(i) =< - 2leck ’thU{CH/’Yﬁ' for i € F*\ F} . (6)
0 for i € F¥

The coarse level system for level k + 1 is now defined by the so-called Galerkin or variational
conditions. The restriction operator is the transpose of the interpolation operator

Kt = (Ig)" (7)

and the reduced system matrix is

Ck+1 = Il{:c+ICkII’:+1' (8)
Note that all coarse level matrices inherit the positive definiteness from C, provided all I, *+1 have
full rank.

The AMG algorithm can now be described as follows.

l.setk=0
2. Do set k = k + 1; SETUP PHASE I and SETUP PHASE II; until |Q*| = 1
3. While [[b - Cz|| > 6

MGSTEP(1)

MGSTEP (k):

1. If k = K then solve (11)
2. else SMOOTH(z*)

set bk+l — Ilt:+1 (bk _ CkiL'k)
MGSTEP(k+1)
set % = z* + IF  xkH!

SMOOTH(z*)
3. endif
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VARIANTS OF AMG

We now discuss the handling of constraints in the AMG-algorithm. Just like the system matrix,
the constraints (2) must be transferred to the coarse levels. Equation (2) thus becomes a family of
constraints

AFzF = d*, (9)

for k=1,2,..., K corresponding to the reduced systems (3), where
ARt = AFTE (10)
The original matrix coincides with the first and largest problem in the family, A = Al d=d.

The algorithm is modified such that (9) is satisfied on each level. On the coarsest level this is
accomplished by solving the system with constraints directly using a Lagrange multiplier approach

CK AK T :L‘K bK
[AK(O)][A = e | D
The definition of the coarse level equations and constraints by a Galerkin condition has the effect

that the finer level equations remain satisfied after a coarse grid correction, provided the coarse
level constraints have been satisfied.

After each smoothing step, the constraints will be violated. This is compensated by an
additional projection that enforces the constraints. Note that for general constraints the transfer
can lead to coarse grid problems that are not well defined. This has been studied in detail in
Bungartz [9]. Even if both A* and I, have full rank, A*I% | may not. In this case constraints
have become linearly dependent and the subspace determined by Ak+igk — dk+1 g either
overdetermined or empty. In the case of overdetermined constraints, the number of constraints
should be reduced. Numerically, however, detecting and treating this situation is difficult. Ideally,
the matrix of constraints A* should already be considered in the coarse level setup.

Here, we concentrate on the type of situation arising in the placement problem. With each
constraint, a group of cells is assigned to a subdomain. Each cell is uniquely assigned to one such
subdomain and the coefficients of the matrix A¥ are determined by the relative surface area of the
corresponding cells. Clearly, the rows of A¥ are orthogonal. The coarse level constraints will remain
consistent, if the interpolation I k | is constructed such that a coarse level variable only interpolates
variables belonging to the same subdomain. Unfortunately, the constraints are still unknown in the
(first) setup phase. In practice inconsistencies rarely arise, if we guarantee that the dimension of
the coarsest level is larger than the number of constraints.

On the coarsest level the Lagrange multipliers A must be calculated. This requires the solution
of a full system of a dimension that is equal to the number of constraints. The number of
constraints doubles with each partitioning step. Thus the coarsest permissible level may be quite
large and expensive to solve exactly, making the algorithm unacceptable for large chips.
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Figure 3: The double arrow shows in which direction the solution is calculated, here it is started in
y direction. The box indicates the subdomains for which the computation is performed. The dashed
line indicates a separation of the regions; cells cannot cross such a line during the overall placement
calculation.

Experience shows that the influence of cells in different subdomains is rather small and may be
neglected. Additionally, earlier experiments with GORDIAN have shown that the quadratic
objective functional is only a crude approximation to the true one. It can be argued that the usual
routing of connections in the final layout induces a measure of distances that is modeled better by
an L,-like norm and a linear objective functional (see Sigl [10]). This motivates an algorithm that
recursively splits the problem into indepeundent ones by partioning into subdomains. A solution
subdomain is defined as two neighboring subdomains that have been obtained by partioning a single
subdomain of the previous iterations. We can now simulate the effect of a linear objective
functional by keeping the cells fixed in all subdomains except those in the current solution
subdomain. This must be repeated for all solution subdomains. Thus, though the above
simplification changes the mathematical model, the modified algorithm may help to produce better
overall layouts. This is indicated by experimental results.

The algorithm is illustrated in Figure 3. The first two calculations are performed as before,
without any change. After the second partitioning, the computation of the overall chip is split into
an upper and a lower solution subdomain. When the new solution for the upper solution
subdomain is computed, the cells of the lower solution subdomain are kept fixed. Simultaneously; -
the lower solution subdomain is computed with fixed upper domain cell positions. This is repeated
recursively until the partitioning is completed. Clearly, this algorithm can be easily parallelized
because each solution subdomain can be computed independently. Because no data exchange
between the different solution subdomain is necessary, this is a plain divide-and-conquer algorithm
inducing a natural parallelization. Note, that we have to solve systems with at most two
simultaneous constraints. This leads to an algorithm, where it is sufficient to perform the setup
once at the beginning of the computation. Before each optimization step the (at most two)
constraints are tested for linear dependencies. In the case of inconsistent constraints the previous

504



level is taken for the coarsest level.

The conventional setup of the coarse level matrices is variational in the sense that (7) and (8)
are satisfied. Experience shows that the coarse level matrices tend to fill up rather quickly. On the
other hand, the definition by equation (8) often leads to small matrix entries, so that one may have
the idea to modify the coarser matrices by dropping small entries. More precisely, we may perturb
each C* to

C* = C* + BF, (12)

such that the matrix remains sparse. This will not only speed up each individual iteration, but also
simplify coarser matrix setups. We suggest performing the perturbation such that the matrix
remains symmetric and such that dropped values are added to the diagonal with the opposite sign.
For an analysis of these perturbations see Muszynski, Riide, and Zenger (11], Bungartz [9], and
Chang and Wong [12].

Classical AMG is used with a single sweep of Gauss-Seidel smoothing on each level.
Alternatively, we may use Jacobi-type smoothers. As usual, the Jacobi method must be damped to
obtain good smoothing. Though the Jacobi method is usually a less efficient smoother than
Gauss-Seidel (even with optimal damping), it may be an interesting alternative, because it has a
symmetric error propagation matrix without performing sweeps in reverse order. Jacobi-AMG may
thus be used directly as a preconditioner for the conjugate gradient method. Another advantage of
Jacobi is parallelization. To parallelize Gauss-Seidel we would have to find a coloring scheme for a
general unstructured matrix that permits the parallel execution of relaxation steps. Our
experimental results (see Figure 5) indicate that two optimally damped Jacobi iterations are about
as good a smoother as a single sweep of Gauss-Seidel. This is in agreement with experience for the
solution of partial differential equations. In future work we intend to experiment with other
smoothers, like conjugate residuals or incomplete LU decomposition; see €.g. Bank and Douglas
[13].

We denote the diagonal part of C* by D¥ and can thus write a damped J acobi iteration for level
k as

zF — z* + w(D*)7(* - C*z*), (13)

where w is the relaxation parameter. For the error e = — C-1b in the original system, a relaxation
on level k has an effect that can be described by

e — (I - I}(D¥)'I¥C)e, (14)
where
k-1
Ir=T1E". (15)
j=1

The AMG algorithm in its simplest form (with a single sweep of Jacobi on each level) has an error
propagation

e+ ﬁ(I — I(D®)IFC)e. (16)
k=1

This is a typical multiplicative method.
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All conventional multigrid methods, including AMG, are multiplicative algorithms in the sense
that the levels are visited sequentially in a predetermined order. The recent development of
multilevel methods has led to the formulation of a class of additive multilevel methods. These
include the AFAC type algorithms (see McCormick [14]), the BPX method (see Bramble, Pasciak
and Xu [15]), and the multilevel additive Schwarz methods (see Dryja and Widlund [16]). Formally,
these methods do not form a product of operators as in (16), but a sum, whose terms can — in
principle — be computed simultaneously.

With some exceptions (like the AFAC method), additive methods provide only preconditioners
that are divergent when used as iterations by themselves. However, they define operators with
improved condition numbers, and so they will lead to fast convergence when suitably damped or
when they are used in combination with self-scaling iterative methods, most notably the conjugate
gradient algorithm. Recent results have shown that these methods can have typical multigrid
efficiency with convergence rates independent of the problem size.

We will show that for our problems

k .
PrESN I DY) e (17)
1

i=

also has a better condition number than the original matrix C. Note that an application of P* does
not require the explicit construction of the corresponding matrix, but only the restriction of the
residuals to all levels, just like in conventional AMG. An iteration based on P*, like

z=z+wy I(DF)IFb - Cz) (18)

will only converge, when suitably damped with w < 1. Preferably (18) is used as a preconditioner
for a conjugate gradient iteration.

NUMERICAL EXPERIMENTS

Our first example is a typical benchmark chip called Primary I with 752 cells, 81 fixed cells, and
902 signals. Figure 4 shows the corresponding matrix structure, and Figure 5 displays the
convergence history of (multiplicative) AMG using different smoothers for the solution of (1).
Clearly two sweeps of damped Jacobi are almost as good a smoother as Gauss-Seidel (GS). In
Table 1 the minimal and the maximal eigenvalue (Amin, Amaz) plus the condition number
K = Amaz/Amin Of P* are shown. On the coarsest level (k = 6) D* is replaced by C*. This means
that the coarsest level equations are solved exactly. In Figure 6 we present the corresponding
spectrum of the eigenvalues for k = 1,3, 6. In each case, the first few eigenvalues are marked by
asteriks(*) and diamonds(o), respectively. In column 5 and 6 of Table 1, the density and dimension
of the coarse level system C* are displayed additionally.

In Figure 7 we show the convergenc‘erﬁié‘tory for pfeédnditioned CG in analogy to Figure 5 in

comparison to the AMG-solver with Gauss-Seidel smoothing. Conventional AMG is superior to
AMG-preconditioned CG, partly because Gauss-Seidel is a better smoother than Jacobi. However,
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Figure 5: Convergence history for AMG with different smoothers

k Amin | Amaz % | density | dim
170.0085 [ 1.8301 | 215.3 |  0.02 | 752
2 0.0302 |3.4020 | 133.4 | 0.09 | 343
3] 0.05984.2936 | 71.8| 0.33 | 147
401117149196 | 40| 0.72| 59
5 0.2500 [ 5.9495 | 23.8] 0.95| 26
[6]0.4060 [ 6.1167] 151 ] 1.00] 10|

Table 1: Eigenvalues and characteristics of Primary I
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Figure 7: Convergence history of preconditioned CG for Primary I

AMG-preconditioned CG is an interesting alternative when we consider its potential for
parallelization.

In further tests we have applied the AMG algorithm to a problem of similar size arising from the
discretization of a partial differential equation and have found that the behavior is surprisingly
similar.

Finally, we present results for a real-life chip with 25178 cells. The original preconditioned CG
solver (CG) in GORDIAN is replaced by the AMG routines combined with the divide and conquer
strategy. In Table 2 we compare the CPU times for CG and AMG for the optimization after each
partitioning step. The first AMG step includes the setup time, which is 9 times as expensive as the
iteration itself, but still faster than CG. AMG outperforms conventional CG for almost all subpro-
blems, except the very last six partitions. In the overall time AMG is still clearly superior to CG.
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| Partition | CG | AMG ] sol | par |
0 1263 | 437 | 4.2
1 1045 | 54 | 49 | 54
2 91.1 | 338 | 83 | 152
3 851 | 29.7 | 82 | 6.9 |
4 792 | 267 | 7.8 | 3.4
5 765 | 45.0 | 25.8 | 19.7
6 61.7 | 354 | 178 | 9.6
7 581 | 242 | 9.0 | 0.6
8 582 | 504 | 343 | 94
9 115.0 | 47.9 | 30.3 | 3.0
10 915 | 382 | 152 | 0.9
11 729 |[1144| 334 | 0.5
12 304 | 137.0] 378 | 04
13 157 | 41.7 | 132 | 0.1
14 127 | 194 | 11.0 | 0.0
15 62 | 112 | 95 | 0.0
16 9.0 | 87 | 0.0

| total | 1084.9] 71322794 - |

Table 2: avq : time [s] spent per partition
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Figure 8: avq 1: time [s] spent per partition
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Following the divide and conquer strategy, we transform the system into separately solvable
subprobleme after the second partition. This requires a transformation of the data that is not yet
optimally implemented. The column labeled “sol” therefore shows the time for the AMG solution
process without the overhead for this data transformation. The overhead for the transformation
increases with the number of partitions, adding to the cost of the AMG method.

However, each subdomain can be computed in parallel. To illustrate the potential for
parallelization, the “par” column shows the maximal time needed for computation of a subdomain,
thus simulating the effect of an optimal parallelization. The example chip for this calculation is a
standard cell chip. This type of chip has a fixed number of rows of cells. Thus subdomains with
height below a certain minimum are not permitted. To avoid this, GORDIAN computes the
partition for both directions until the maximal number of rows is reached. Here, this applies to
partition 9,10,11 during conventional CG; for the AMG method this happens during partition
11,12,13. As the partition progresses, the original AMG setup may not be suitable any more and
must be repeated for the subdomains that cause trouble. In our example this has been the case in
partitions 5,8, and 9. For further discussion see Regler [3].

CONCLUDING REMARKS

We have discussed the application of algebraic multigrid methods and have proposed several
variants and extensions of the classical AMG method of Ruge and Stuben, including constrained
optimization and a new additive algorithm. We have shown that the AMG method is a highly
competitive alternative for the layout optimization of real life chips.

Acknowledgements: We wish to thank H. Bungartz, K. Doll, F. M. Johannes, G. Sigl, and C.
Zenger for many helpful discussions.
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OPTIMAL CONVOLUTION SOR ACCELERATION

OF WAVEFORM RELAXATION WITH APPLICATION
TO SEMICONDUCTOR DEVICE SIMULATION
7/ =&/
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Cambridge, MA

SUMMARY

In this paper we describe a novel generalized SOR algorithm for accelerating the
convergence of the dynamic iteration method known as waveform relaxation. A new
convolution SOR algorithm is presented, along with a theorem for determining the
optimal convolution SOR parameter. Both analytic and experimental results are given
to demonstrate that the convergence of the convolution SOR algorithm is substantially
faster than that of the more obvious frequency-independent waveform SOR algorithm.
Finally, to demonstrate the general applicability of this new method, it is used to solve
the differential-algebraic system generated by spatial discretization of the time-dependent
semiconductor device equations.

INTRODUCTION

To achieve highest performance on a parallel computer, a numerical algorithm must
avoid frequent parallel synchronization [1]. The waveform relaxation approach to solving
time-dependent initial-value problems is just such a method, as the iterates are waveforms
over an interval, rather than single timepoints [2, 3, 4]. Like any relaxation scheme,
efficiency depends on rapid convergence, and there have been several investigations into how
to accelerate WR [2, 5], including using multigrid [6] and conjugate direction techniques [7].

In this paper, we investigate using successive overrelaxation (SOR) to accelerate WR
convergence. In particular, we show that the pessimistic results about waveform SOR
derived in [2] can be substantially improved by replacing multiplication with a fixed SOR
parameter by convolution with an SOR kernel. We derive the optimal SOR kernel using

* This work was supervised by Professors Jacob White and Jonathan Allen and supported
by a grant from IBM, the Defense Advanced Research Projects Agency contract N00014-91-
J-1698, and the National Science Foundation contract MIP-8858764 A02.
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Fourier analysis techniques and then demonstrate the effectiveness of the approach for a
model parabolic problem. Finally, we demonstrate the general applicability of the approach
by using the method to solve the time-dependent drift-diffusion equations associated with
modeling semiconductor devices.

We begin in Section 2 by reviewing waveform SOR, and in Section 3 we relate the
algorithm to pointwise SOR to demonstrate the difficulty in accelerating WR with a fixed
SOR parameter. In Section 4, we use Fourier analysis to derive the SOR kernel for the
continuous WR algorithm, and give a proof of optimality. In Section 5 we briefly consider
the effect of time-discretization, and in Section 6 we apply the method to device simulation.
Finally, conclusions and acknowledgements are given in Section 7.

WAVEFORM SOR

In this section, we consider applying waveform relaxation methods to the model linear
initial-value problem

(1) (§ +A)=(t)=b() with =(0) = z,,

where A € R™", b(t) € R" is a given time-dependent right-hand side vector, () € B™ is
the unknown vector to be computed over simulation interval ¢ € [0,T], and @, € R™ is an
initial condition.

Given the relaxation splitting A = D — L — U, and subtracting successive waveform
relaxation iterations, the waveform Gauss-Jacobi (WGJ) and waveform Gauss-Seidel
(WGS) iteration equations, respectively, may be written as:

(2) (& +D)Az*(t) = (L +U) Az*(t)
(3) (£ +D-L)Az*(t) = U Az*(1),
where Az™!(t) = **(t) — 2*(¢) is used to eliminate the right hand side b(t).

The waveform SOR method for acceleration of WGS is a simple extension of algebraic
SOR. To derive the waveform SOR iteration equation, compute a waveform £ (t) on
t € [0,T], as in WGS:

+1 n
@ (& +“"i) 27 (t) = bi(t) =D ezt () — 3 ayak(t) with 2(0) =z,
=1 J=itl

and then update z¥(t) in the iteration direction by multiplication with an overrelaxation
parameter w,

(5) P (t) — 2k () +w- [287 (1) - 2b 2))].

[N+



Combining equations (4) and (5) yields
(f; + aii) o (t) =

(6) (1-w)[(g +as)2k(®)] +w b,.@)_'s;a,.,.xfﬂ(t)_ I

j=i+l
which, after subtracting successive waveform relaxation iterations, leads to
(7) (g—t + D —wL) Az* (1) =[(1— w)(ft + D) + wU] AzF(t),

where AP (t) = ¥ (t) — z*(¢).

Note that the iteration matrices implied by equations (2), (3) and (7) correspond
exactly to the standard algebraic relaxation and SOR matrices with diagonal matrix D
replaced by (& + D). Also note that waveform SOR as defined by (7) is not the same as
the dynamic SOR iteration considered in [2], because, unlike WGJ or WGS, the waveform
SOR iteration equations are not of the form

(8) 4 AzFt + M Az = NAz*

where M, N € R™™,
RELATION TO POINTWISE SOR

Discretizing (1) in time using a multistep integration method yields
3 3
(9) Y ojzim —j] =R B; (blm - j] - Az[m - j]),
3=0 j=0

where o = 1 and «[m] denotes z(t) at timepoint ¢ = mh with timestep h. Thus, the
time-discretized model problem can be rewritten as a sequence of linear algebraic problems

I + b A] zlm] =

(10) hoblm] — ila,-w[m 4R B, (blm — §] — Azm — j]).

Jj=1

We now compare the convergence of the waveform SOR method to the convergence of
pointwise SOR, in which algebraic SOR is used to solve the matrix problem at each
timepoint.

The pointwise SOR iteration equations are derived by applying the relaxation splitting
A =D —L —U to equation (10) and taking the difference between the (k+1)st and kth
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iterations. More precisely, the pointwise SOR iteration equation applied to solve (10) for
Az m] = 2™ [m] — x*[m)] is

| (I +1BoD) — whBL| Ax*[m] =
(11) [(1=w) (T + hBoD) + whU | A*(m),

where w is the SOR parameter. It follows that the spectral radius of the iteration matrix
generated by pointwise SOR at the mth timestep is

(12) p ([ (I + kB D) — whf L] - [(1—w) (I +hBD) + whﬂoU]) .

If waveform SOR is used to solve the model problem (1), and a multistep method is
used to solve iteration equation (7), then Az*"[m], now denoting the discretized difference
in waveform iterates, satisfies

gﬂai [A‘cbﬂ{m —jl— (1 —w)Az*m —j]] =

(13) hi:ﬂj{—(D—wL)A:c"’”[m—j}+[(1——w)D+wU]A:v’°[m—j]}.

=0
This can be rewritten as the discrete-time analogue of (7):

3= [(@sI +h,D) — whfi;L) Ac*fm — ] =
j=0
(14) i[(l —w) (a1 + hf; D) + whB;U|Azkm — j].

j=0

As the similarities of equations (11) and (14) suggest, if the time interval is finite,
ie. the number of timesteps is some finite L, then for a given timestep h and a given
SOR parameter w, the time-discretized waveform SOR method has the same asymptotic
convergence rate as pointwise SOR.

Theorem 3.1. On a finite simulation interval, the iterations defined by (11) and (14)
have the same asymptotic convergence rate.

Proof. Let y* denote the large vector consisting of the concatenation of vectors Az*[m)]
at all L discrete timepoints, i.e. y* = [A:ck[l]T, ... ,Aa:’“[L]T]T. Collecting together the
equations (14) generated at each timepoint into one large matrix equation in terms of
vectors ¥**! and y* yields M Ay**! = NAy* where M, N € &L"*In 316 block lower
triangular banded matrices, with blocks of size n x n, and with block bandwidth s. It is
then easily seen that M ~!IV is block lower triangular, with diagonal blocks equal to -

(15) [(T+hBD) — whioL] " [(1 - w) (I + hBoD) + whU).



Therefore, p(M ~' N) is given by (12), implying that the iterations defined by (11) and (14)
have identical asymptotic convergence rates. O

Theorem 3.1 suggests that parameter w for waveform SOR should be chosen to be
precisely equal to the optimum parameter for the pointwise SOR method. However, this
does not necessarily lead to fast convergence, as the following example illustrates.

Exvample 3.1. Let t € [0,2048], (0) = 0, and let matrix A € R32%32 and time-
dependent input vector b(t) € E32 of the model problem (1) be given by

2 —1 ]
A= |71 2
-1
L -1 2 |
(16) L :
o 2nt
7r .
b(t) = 0 where bl(t) :{ 1 —cos (—2'5'6) if t <256
; 0 otherwise.
| 0

Consider the four problems generated by discretizing in time with the first-order backward
difference formula, using 64, 128, 256, and 512 uniform timesteps of size h = 32, 16, 8 and
4 respectively.

Since the tridiagonal matrix A is symmetric and is consistently ordered [8, 9], the
matrix (I +hByA) of the pointwise time-discretized model problem (10) is also consistently
ordered, and the optimum pointwise SOR parameter wop: is given by

2

(17) .
’ 1+ 4/1— p?

where u; = p(H ) is the spectral radius of the pointwise Gauss-Jacobi iteration matrix
Hgy; = (I + hBoD) Y(hBoL + hBU). For the four problems with 64, 128, 256 and
512 timesteps, the optimum pointwise parameters wqp are 1.669, 1.586, 1.482 and 1.364
respectively.

Curves PT64, PT128, PT256 and PT512 of Figure 1 show the convergence of the
waveform SOR method versus iteration for the four problems with their optimum pointwise
SOR parameters woy. Note that as the total number of timesteps is increased, the initial
convergence rate is slower, approaching a limiting value of the convergence rate of the
continuous Gauss-Seidel WR algorithm (shown as WR in Figure 1). In each case, the
convergence rate of the waveform SOR eventually approaches the expected asymptotic
value of wept — 1. Note that with a reasonable error accuracy tolerance such as 10°%asa
stopping point, the asymptotic convergence rate is ncver reached. For comparison, Figure 1
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also shows the superposition of four convergence plots (CSOR) of the new convolution SOR
method to be introduced in the following sections.

g

108
100 108
B B
E o ] E o 170
£ , 5
.5 109 WR E 109} WR
8 3
104 104
§ 105 - PT. E 5 109 + 4
E =]
1oy CSOR 64 128 PT256] to CSOR 163 \1-482
1015 4 J 1013 -
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iterations iterations

Fic. 1. Convergence of waveform SOR using Fic. 2. Effect on convergence of the 256-timestep
the pointwise optimal parameter (PT) compared to  waveform SOR of varying the SOR parameter from
waveform relazation (WR), and convolution SOR the pointwise optimum w,,, = 1.482.

(CSOR), with 64, 128, 256 and 512 timesteps.

To illustrate the effect of choosing a different SOR parameter w, Figure 2 shows the
convergence versus iteration of the 256-timestep example for waveform SOR with values
of the SOR parameter w not equal to the pointwise optimum Wopt = 1.482. When
w = 1.30 < wypt, the convergence curve lies between the pointwise optimum curve and
the WR convergence curve, i.e. both initial and asymptotic convergence rates are slower.
By increasing the SOR parameter to w = 1.63 > Wopt, the initial convergence rate can
be made faster at the expense of slowing down the asymptotic convergence rate. But as
the w = 1.70 curve shows, once the SOR parameter is increased beyond some point, the
waveform SOR method may appear to diverge before eventually converging. Also, the
solution produced by the w = 1.70 example contains spurious oscillations, as shown in
Figure 3. Note both the growth and translation of the oscillation with iteration.

The optimum pointwise SOR parameter Wopt does mot dramatically improve the
convergence rate of waveform SOR because the matrix M !N which describes the
waveform SOR convergence is far from normal. This suggests that although the spectral
radius of the iteration matrix determines the asymptotic convergence rate of waveform
SOR, it does not determine the practically observable convergence rate. The convergence
rate could be characterized, for example, by computing the pseudo-eigenvalues [10] of the
waveform SOR iteration matrix. In the following section, we take an alternate approach.
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x%(t) versus time after iterations 250 and 500, Q) of the Gauss-Jacobi WR (solid), Gauss-Seidel
for the 256-timestep waveform SOR method using WR (dashed) and waveform SOR (dotted) iteration
w = 1.70, showing the growth and translation of an matrices for an 8 x 8 version of the continuous-time
oscillating region. problem of Ezample 3.1.

FOURIER ANALYSIS

In [2], the spectral radius of dynamic iteration operators which map x* to !, such
as those given by equations (2), (3), and (8), was related to their Fourier transform. In this
section, we make a more detailed use of Fourier analysis to derive a frequency-dependent
SOR parameter for the waveform SOR operator of equation (7).

The Fourier transform of «*(t) is given by
(18) 2k (i) = / 2k (t)e i dt = F{z*(t)},
where Q is frequency. Standard Fourier identities can be used to show that Ax*(iQ) =
H (i) Az*(if), where for WGJ (2), WGS (3) and waveform SOR (7), the iteration
operator H (if2) is given by

(19) Hg,;(iQ) = (@QI+ D) (L +U)
(20) Hgs(iQ) = (QI+D-L)"'U
(21) Hsor(i) = @I+ D —wL)'[(1 - w)(EQd + D) + wU]

respectively. The obvious interpretation of equations (19)—(21) is that the spectral radius
p(H (iQ)) yields the asymptotic convergence rate for errors in the frequency component (1.
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Figure 4 is a plot of the spectral radii of H¢; (i), Hgs(i?) and H 5o (i) for an
8 x 8 version of the continuous-time problem given in Example 3.1, using w = 1.49 for
H sor(i€?). From the plot it is clear that very high frequency components of the error are
damped much more quickly than low frequency components. However, the spectral radius
p(H sor(iQ)) is greater than one over a range of frequencies, and therefore the waveform
SOR iteration magnifies errors in this frequency range. This effect was predicted in [2] and
is easily seen in Figure 3.

This situation can be remedied by using a generalized SOR algorithm, in which
equation (5) is replaced by an overrelaxation convolution with a time-dependent SOR
parameter w(t),

(22) () — 2b @)+ [ wit-r)- [ (1) -2b(r)] dr.
The Fourier transform of the SOR operator is then given by
-1
(23)  Ho(iQ) = [i0I + D - w(@L] [(1-w(i®)) (i1 + D) + w(i@)U],

where w(iQ?) is the Fourier transform of the time-dependent w(t). We refer to the SOR
algorithm represented by iteration matrix (23) as the convolution SOR algorithm (CSOR).
The theorem below, which is the main result of this paper, gives a formula for determining
the optimal frequency-dependent SOR parameter w(iQ?).

Theorem {.2. If the spectrum of H ¢, (i(2) lies on the line segment [—u; (i2), u; (i2)]
with |u;] < 1, then the spectral radius of H ¢ (if2) is minimized at frequency Q by a unique
optimum w(if)) = w,p: (i) € C given by

2
1+ /1 — i (iQ)?

(24) Wopt (1§2) =

where /- denotes the root with the positive real part.

Proof. For brevity, the argument (i§2) will be omitted in the following, and H ¢ {w) will
denote the convolution SOR operator (at frequency ) computed using SOR parameter w.

Let p; = rip; denote each eigenvalue of Hgy, where r; € [—1,1]. Classical SOR
theory [8, 9] guarantees that for each u; = r;u,, there is an eigenvalue )\; of H¢(w) which
satisfies

(25) A,‘ - WTi}Ll\E,' + (w - 1) = 0,

and therefore, from the quadratic formula,

R . 2
(26) V=" \/(”‘le) —w+l
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Let w to be the conjectured optimal wey;. Combining equation (24) with (26) yields

b)

(27) A = \%leopt [Ti+ T: —1” = l%mwopt

ri+f1i - 1\ =1forr; € [-1,1].

where the rightmost equality follows from the fact that
And as (27) holds for all 1,

(28) p(H o(wepe)) = N = | Grarone)

Equation (28) implies that p(H ¢(w)) cannot be decreased below p( H ¢c(wopt)) by using
an w such that |w — 1| > |wep: — 1|. This follows from the fact that, in general [8, 9],

(29) p(How)) 2 lw =1

for any w.
To show that p(H ¢(w)) also cannot be decreased by choosing a value of w such that

|w — 1] < |wept — 1}, consider the eigenvalue \; corresponding to pi:

2 .2
pw mMw
(30) \/)\j = fi(w) = ——; + 1 w+1

and note that f, : C — C, given by equation (30), is a single-valued, continuous function
that is analytic except at

2
(31) Wy, Wy = —————.
14+ /1— p

Since |u:| < 1, points w; and w; lie in the interior and exterior, respectively, of the
circle |w — 1| = 1 in the complex w-plane. Note that w; equals the conjectured wep from
equation (24). :

Let D denote the interior of the curve given by the perimeter of the circle lw—1] =1,
except with a cut along the line defined by the circle’s center and w;. The cut follows the
line from the perimeter down to w;, and then back up the other side to the perimeter, as
shown in Figure 5. The function f; is nonzero everywhere within D, since equation (25)
implies that a zero can occur only at w = 1, and f+(1) = p1. Therefore, the minimum
modulus theorem [11] implies that |f,(w)| attains its minimum value somewhere on the
boundary of D. Finally, the lower bound in (29) implies that w; = wWept in (24) is the only
point on D which can achieve as low a p(H ¢(w)) as given in (28), completing the proof. 0

Note that when the eigenvalues u lie on a real line segment, this is yet another
alternative proof of a classic SOR Theorem [8, 9, 12]. Also note that, in general, the
optimal overrelaxation parameter w(i{?) is complex.
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The conditions of optimal SOR parameter Theorem 4.2 are satisfied by a large class of
matrices.

Corollary 4.3. If A in (1) is consistently ordered, symmetric, and has constant diagonal
D = dI, then the optimal SOR parameter is given by (24),

2

———
1
1+\1_(d+m)

where yu; denotes the spectral radius of D™'(L + U).

(32) Wopt (i2) =

Proof. To show that Theorem 4.2 applies, note that (19) implies that for a constant
diagonal A, the H ¢ ;(iQ2) eigenvalues u(iQ2) are given by u(iQ) = duy/(d + i), where uqo
are the eigenvalues of D™'(L + U). Since yq lie on the real axis, the u(iS2) lie on a line
rotated in the complex plane. O

Corollary {.4. If A in (1) is consistently ordered, symmetric, and has constant diagonal
D = dI, then the optimal time-dependent SOR convolution waveform w(t) is real.

Proof. Equation (32) implies that w,p(if2) is a conjugate-symmetric function of . 0
DISCRETE-TIME MODIFICATION

For the sake of brevity, we consider only the first-order backward difference formula,
in which case equation (14) becomes

Az™[m] + h(D — wL)Az*[m] — Az [m — 1] = |
(33) (1 - w) Az*[m] + [ (1 - w) hD + hwU]|Az*[m] - (1 — w) Az*[m — 1],



where h is the uniform timestep. The z-transform of @[m], defined by

oo

(34) z(z) = . a[mlz"™ = Z{z[ml},

n=—0co

may be used to show that Az*(2) = Hc(2) Az*(z), where the 2-dependent convolution
SOR operator is

Hc(z) = (1 _hz_l I+D— w(z)L)—l [(1 — w(2)) (1 —hz—l I+ D) + w(z)U] .

Since w(z) depends on z, overrelaxation becomes a convolution sum

o0

(35) P [m] — 2bm] + 3 wim — 1+ (B []-=54)

j==c0

where w(z) = Z{w[m]}. To determine the optimal w(z), we have the following theorem,
whose proof is analogous to that of Theorem 4.2.

Theorem 5.5. If the spectrum of H g;(z) lies on the line segment [~ (2), p1(2)] with
|u1| < 1, then the spectral radius of H c(z) is minimized at z by the unique optimum
w(z) = wopt(2) EC given by

2
1+ 41— p(z)

(36) wopt(z) =
where /- denotes the root with the positive real part.

In Example 3.1, matrix A has constant diagonal D = dI, so that

(37) 7 Wopt (z) = 2 27

dp
1-—2
h

14+ {1-—

-1

d+

where p; denotes the spectral radius of D7'(L + U). Thus, to compute the optimal
convolution SOR sequence w[m] for the four CSOR plots of Figure 1, equation (37) was
used to compute w(z), and then the inverse z-transform of w(z) was computed analytically
by series expansion.
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DEVICE TRANSIENT SIMULATION

A device is assumed to be governed by the Poisson equation, and the electron and hole
continuity equations:

(38) Viut+a{(p—-n+N) = 0
(39) Vn — VaVu —nVi = 62%1
(40) Vip + VpVu + pVu = 63%

where u is the normalized electrostatic potential, n and p are the electron and hole
concentrations, NV is a background concentration, and ¢;, c,, c3 are physical constants [13].

Given a rectangular mesh that covers a two-dimensional slice of a MOSFET, a common
approach to spatially discretizing the device equations is to use a finite-difference formula
to discretize the Poisson equation, and an exponentially-fit finite-difference formula to
discretize the continuity equations [13]. On an N-node rectangular mesh, the spatial
discretization yields a differential-algebraic system of 3N equations in 3N unknowns.

The convolution SOR method was implemented in the WR-based device transient
simulation program WORDS [14]. WORDS uses red/black block Gauss-Seidel WR, where
the blocks correspond to vertical mesh lines. The equations governing nodes in the same
block are solved simultaneously using the first order backward-difference formula. The
implicit algebraic systems generated by the backward difference formula are solved with
Newton’s method, and the linear equation systems generated by Newton’s method are
solved with sparse Gaussian elimination.

The three MOS devices of Figure 6 were used to construct six simulation examples,
each device being subjected to either a drain voltage pulse with the gate held high (the D
examples), or a gate voltage pulse with the drain held high (the G examples). All examples
ranged from low to high drain current, and in the G examples, the gate displacement current
was substantial because the applied voltage pulses changed at a rate of .2 ~ 2 volts per
picosecond.

Sv
device I description | mesh | unknowns + ) — Ov/ \

 kar abrupt junction | 19 x 31 1379 | | Opsec 512 psec
Idd || lightly-doped drain | 15 x 20 656 « >
soi silicon-on-insulator | 18 x 24 856 2.2 microns
1

F1G. 6. Description of devices and tllustration of the drain-driven karD ezample.
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Figure 7 shows the convergence of the six examples as a function of iteration for WR,
ordinary waveform SOR (using the pointwise optimum parameter), and the convolution
SOR algorithm. The convolution SOR sequence w[m| was calculated by linearizing (38)—
(40) about the initial condition, estimating the spectral radius of the iteration matrix as a
function of z, applying Theorem 5.5 and inverse transforming. Both overrelaxation methods
were applied only to the potential variable u. All simulations began with 64 initial WR
iterations, and used 256 equally-spaced timesteps. In Figure 7, convergence was measured
using the terminal current error.

Despite the nonlinearity of the semiconductor equations, the convolution SOR algo-
rithm converged substantially faster than either WR or ordinary waveform SOR, demon-
strating the robustness of the approach.
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CONCLUSION

In this paper, a new waveform overrelaxation algorithm was presented and applied
to solving the differential-algebraic system generated by spatial discretization of the time-
dependent semiconductor device equations. In the experiments included, the convolution
SOR algorithm converged robustly, and substantially faster than ordinary WR.

The author would like to acknowledge extensive conversations with his advisor,
Professor Jacob White, and also thank Professors Alar Toomre, Domnald Rose, Paul
Lanzcron, Andrew Lumsdaine and Olavi Nevanlinna for many valuable suggestions.
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SUMMARY o

A flux-difference splitting type algorithm is formulated for the steady Euler equations on un-
structured grids. The polynomial flux-difference splitting technique is used. A vertex-centered finite
volume method is employed on a triangular mesh.

The multigrid method is in defect-correction form. A relaxation procedure with a first order
accurate inner iteration and a second-order correction performed only on the finest grid, is used. A
multi-stage Jacobi relaxation method is employed as a smoother. Since the grid is unstructured a
Jacobi type is chosen. The multi-staging is necessary to provide sufficient smoothing properties.

The domain is discretized using a Delaunay triangular mesh generator. Three grids with more or
less uniform distribution of nodes but with different resolution are generated by successive refinement
of the coarsest grid. Nodes of coarser grids appear in the finer grids. The multigrid method is
started on these grids. As soon as the residual drops below a threshold value, an adaptive refinement
is started. The solution on the adaptively refined grid is accelerated by a multigrid procedure.
The coarser multigrid grids are generated by successive coarsening through point removement. The
adaption cycle is repeated a few times.

Results are given for the transonic flow over a NACA-0012 airfoil.
THE SPACE DISCRETIZATION

Flux-Difference Splitting

Figure 1 shows part of an unstructured triangular grid. In the vertex-centered finite volume
method nodes are located at the vertices of the grid. Every node has a control volume, constructed
by connecting the centers of gravity of the cells surrounding the node. To close the control volumes
on the boundary, the midpoints of the boundary edges are chosen as vertices of the control volumes.

To define the flux through a side of a control volume, use is made of the flux-difference splitting
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Figure 1: Vertex-centered discretization.

principle. The Euler equations in two dimensions take the form

au of 3g__
—a-t—‘f"'a—x-l-b—?;—o, (1)

where U is the vector of conserved variables, f and g the Cartesian flux vectors, given by

P 2P’u pv
pu pu” +p puv

U = 1 = ? = H 2
v f puv g pv? +p (2
pE puH pvH

where p is the density; u and v are the Cartesian velocity components in the z and y directions,
respectively; p is the pressure; E = p/(y — 1)p+ u?/2 + v?/2 is the total energy; H = yp/(y— 1)p +
u?/2 + v?/2 is the total enthalpy; and + is the adiabatic constant.

For the side ab of the node 7 and node j control volumes (figure 1), the flux-difference can be
written as
AF;; = (nzAfi; + nyAgij)Asi 3)

where A f; ; and Ag; ; denote the differences of the Cartesian flux vectors, n; and n, are the compo-
nents of the unit normal to the side ab in the sense ¢ to j, and As; ; is the length of the side. The
differences of the Cartesian flux vectors are

Afij=fi—Ffi, DAgij=g;— 9, (4)

where f;, g; and f;, g; are the flux vectors calculated with the flow variables in node 7 and node 7,
respectively. === srseces oo s T

~ The flux-difference defined by equation (3) can be written as

AF’i.j = Ai‘j(Uj - U,')AS-,',J' = Ai,jAUi,jASi,j. (5)
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To define the discrete Jacobian A, the polynomial flux-difference splitting is used. This splitting
technique was introduced by the second author [1]. Full details are given in [2, 3]. The polynomial
flux-difference splitting is a Roe-type technique , i.e. it satisfies the primary requirements formulated
by Roe [4]. However, it is simpler. Its simplicity follows from dropping the secondary requirement
of having a unique definition of averaged flow variables. This secondary requirement defines the
original Roe-splitting within the class of methods allowed by Roe’s primary requirements. However,
the secondary requirement is not necessary. The precise splitting used is not really relevant for the
method we describe here. Therefore, we do not detail the method any further. The only important
result is equation (5).

The discrete Jacobian A; ; in equation (5) has real eigenvalues that are discrete analogs of the
normal velocity through the side of the control volume, and the normal velocity plus and minus the
velocity of sound. The Jacobian also has a complete set of eigenvectors. These properties are a direct
consequence of the hyperbolic character of the Euler equations with respect to time. The Jacobian
matrix A can be written as

A=RAL, (6)

where A denotes the eigenvalue matrix and where R and L denote the right and left eigenvector
matrices in orthonormal form. The matrix A can be split into positive and negative parts by

At=RAYL, A-=RATL. (7
Upwind Flux Definition

For the side ab of the node i and node j control volumes (figure 1), the first order upwind flux is
defined by

1
F;

1 1 _
= §(F.~ + Fj) — E(Af,j — A; AU, ;As; 8
where

Fy = (nofi + nygi)As; j, Fj = (nef +ny95)Asi 5

Using equation (5), equation (8) can be written as

Fl

i!j

= F+ A:’J AU,',J' AS,',J'. (9)
This way of writing the flux shows the incoming wave components.

In order to define a second-order flux, the second part in the right hand side of equation (8), which
contains the positive and negative parts of the flux-difference, is decomposed into components along
the eigenvectors of the Jacobian, according to
. )\':j l:J AU,',J' AS,"J', (10)

L% 3

AFE = Af; AU Asij=) 17
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where r™ and [" are right and left eigenvectors of A associated to the eigenvalue A™. r™ and I™ are
components of R and L, respectively. By denoting the projection of AU; ; on the n'* eigenvector by

o;; =17, AUy, (11)
the parts of the flux-difference become
AF:S =) T )\:‘]i or; As; ;= b AF.-’,‘;E. (12)
The second-order flux is then defined by
2 1 1 | ne 1 znt 1 = -
F; = 5(B+F)—; ; AR +5 ; AF; +5 g AF; = Zﬂj AF, ;, (13)

where Aﬁ’ni are limited combinations of the flux-difference components AF™* and the shifted differ-
ences A Fnt , in the sense of i for positive components and in the sense of j for negative components.
The limiter used here is the minmod-limiter. The shifted flux-difference components are constructed
based on shifted differences of conservative variables. These are obtained by extending the line seg-
ment ¢, j into the adjacent triangles and constructing intersections with the opposing sides (point #;
and point 7; in figure 1). The shifted flux-differences are defined by

rnt _ .n yni ~nt . — e \nt n Frnt .
ARG =13 N5 057 Bsiy =10, ATT I8 AUT Asy, (14)

where A(j,-',‘f denotes the shifted differences. The employed technique to define the second-order flux
commonly is called the flux-extrapolation technique. This concept was introduced by Chakravarthy
and Osher [5]. For examples illustrating the quality of this second-order formulation on structured
grids, the reader is referred to [2, 3, 6].

Boundary Conditions

The examples to follow are either channel flows or flows around airfoils. The internal-type flows
have solid, inlet, and outlet boundary conditions. The external-type flows have solid boundaries and
far-field boundaries. Figure 2 gives an example of an external flow. The grid generation is detailed
in a section below. The far-field boundary is a hexagon with sides 100 chord lengths away from the
airfoil.

Inflow and outflow boundary conditions are imposed through the definition of the boundary flux.
The boundary flux is calculated by equation (8) with the flux Jacobian A; ; determined with the values
of the variables of the boundary node and the difference AU;,; taken as the difference between values
in the boundary node and in a ficticious node. The variables in this ficticious node are calculated
by the classic extrapolation procedure. At a subsonic inlet, the Mach number is extrapolated while
stagnation conditions and flow direction are imposed. For outflow, the stagnation properties and
flow direction are extrapolated while the Mach number is imposed. -

At solid boundaries, impermeability is imposed by setting the convective part of the flux equal to
zero. Thus a special flux definition is used for the boundary edges of the control volumes of boundary
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Figure 2: Triangulation around an airfoil with a hexagon far-field boundary 100 chords away from
the airfoil. The large distance between boundary and airfoil makes that the airfoil itself is not visible
on this figure.

nodes. For a point on the boundary (¢ in figure 1), the flux through the boundary side can be written
as

Fil,jl = F'iln (1‘5)

where F}, is the flux calculated with the variables in the node i/, and where the convective part of
the flux is set equal to zero. To give the same appearance to a boundary flux as to an interior flux,
all flux expressions can be written as

Fi,j = E + A;—,J AU,"J' AS,',]’ -+ SO, (16)

where S.0. denotes the second-order correction. For a boundary node the point j does not exist. This
can be introduced by taking the values of the variables in the ficticious node j equal to the values of
the variables in the node 4. So, the first order difference of the variables AU; ; and the second-order
correction term S.0. in the r.h.s. of equation (16) vanish. The matrix A;; in equation (16) is then
calculated with the values of the variables in the node i. The impermeability is introduced in the
term F;. As will be discussed in the next section, the matrix A;, at a solid boundary plays an
important role in the relaxation method, although it is multiplied with a zero term.

For an external-type flow, fluxes through edges on the far-field boundary are defined by equation
(9). The Jacobian is calculated with the values in the boundary node. The values in the fictitious
outside node are taken from the uniform far-field flow. By the flux difference splitting this procedure
is equivalent to the use of Riemann invariants.
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THE MULTI-STAGE RELAXATION METHOD

In our earlier multigrid formulations for steady Euler equations using structured grids, the Gauss-
Seidel relaxation method was always used [2, 3, 6]. Gauss-Seidel relaxation was preferred to Jacobi-
relaxation because it has much better smoothing properties (effectiveness of the coarse grid cor-
rection) and much better speed of convergence (effectiveness of the relaxation method itself). For
structured grid applications the sequential Gauss-Seidel relaxation is very natural. However, it is
not simple to use a sequential relaxation method on an unstructured grid, since this requires the
construction of paths through the grid. On an unstructured grid, a much more natural method is a
simultaneous method instead of a successive one. A simultaneous relaxation method, like the Jacobi
relaxation, also has the further advantage of being easily vectorizable and parallelizable. The only
drawback is that a simultaneous relaxation method, at least in its basic form, is much less effective
than a sequential method.

To repair this, we bring multi-staging into the Jacobi method in the same way as multi-staging
is used for time-stepping methods and we use the optimization results with respect to smoothing
known for time-stepping schemes. This was first suggested by Morano et al. [7], but not worked out in
detail. A more detailed analysis on the possible multigrid performance was made by the authors [g].

We do not intend here to enter a principal discussion on the possibilities of multi-stage Jacobi
relaxation. We only want to illustrate that it can be used and that it is sufficiently effective, certainly
on unstructured grids, to be attractive in a multigrid context. We choose here a priori the defect
correction multigrid procedure as was used in [2, 3, 6]. This means that the second-order part of
the flux (S.0. in equation (16)) is updated only on the finest grid and is frozen on all other grids.
We choose this configuration mainly for simplicity. The inner, multigrid, iteration cycle is then
based on a linear discretization scheme for the partial differential equations. As a consequence of the
linearity, this cycle can be rigorously optimized. The outer, defect correction, cycle does not involve
any parameters and does not require optimization. In the outer cycle, a second-order accurate flux
definition is used. The second-order part of the flux is highly non-linear due to the TVD-limiter.
It is certainly possible to use second-order operators in the multigrid formulation as shown in [7]
and (8], but it is not clear how to optimize. Therefore, the difficulties associated with non-linear
discretization schemes in the multigrid formulation are avoided and only first order discretizations
are considered.

For the time-dependent Euler equations, the first order discrete set of equations associated with

the node ¢ reads dU
VOlith +> AU - Uy)As; j =0, (17)
J

where the index j loops over the faces of the control volume and the surrounding nodes and where
Vol; is the area of the two dimensional control volume. A single-stage time-stepping method with
local time-stepping applied to equation (17) gives

Vol; —
('A—Ot_) O -+ A G (U7 —UM)As; ; =0, (18)
* J

where the superscript n denotes the time level.
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Using increments 6U; = U*! — U, equation (18) is written as

VOli -n n n

The Jacobi-relaxation applied to the steady part of equation (17) reads
> AL(UF - UM )As;; = 0. (20)
3

Using increments 6U; = Ul**! — U?, this gives
(—- ZAi_’jASi'j) 6U; + E A:’](U;‘ — U?)AS,',J‘ = Q. (21)
j j

The 4x4 matrix coefficient of §U; in equation (21) is non-singular. In equations (18) to (21), the
matrices A;; are at the time or relaxation level n. The difference between (single-stage) Jacobi
relaxation equatlon (21) and single-stage time-stepping equation (18) is seen in the matrix coefficient
of the vector of increments 6U;. In the time-stepping method, the coefficient is a diagonal matrix. In
the Jacobi method, the matrix is composed of parts of the flux-Jacobians associated with the different
faces of the control volume. The collected parts correspond to waves incoming to the control volume.
In the time-stepping, the incoming waves contribute to the increment of the flow variables all with
the same weight factor. In the Jacobi relaxation the corresponding weight factors are proportional
to the wave speeds. As a consequence, Jacobi relaxation can be seen as a time-stepping in which all
incoming wave components are scaled to have the same effective speed. This is very important for
the optimization in the sequel.

For a node on a solid boundary, an expression similar to equation (21) is obtained provided that
for a face on the boundary the flux expression of equation (16) is used and that the difference in the
first order flux-difference part is introduced as U? — Ut ( similar to the term U? — UM which is
used for a flux on an interior face). In order to avoid a singular matrix coefficient of the vector of
increments in equation (21), this special treatment at boundaries is necessary. A boundary node can
then be updated prec1se1y in the same way as a node in the mtenor

To bring in multi-staging is now very sxmple For instance, a three—stage J acobi relaxation is given
by

: U] = U() + o 6[]'0
Uy = U+, 5U,1
Us = U+ a3 60;-2
U;:n-H = U31
with
2 J

533



The parameters a;,a; and a3 are to be chosen. The increment EUE is obtained from the single-
stage Jacobi relaxation method. The method is converted to a multi-stage time-stepping if 6U! is
replaced by the increment obtained from the single-stage time-stepping method with C'FL-number
equal to 1. In the sequel, we use the optimization results obtained by Van Leer et al. [9]. For three-
stage relaxation, the parameters are a; = 0.1481 a3, oz = 0.40 a3 and o3 = 1.5. Since by the Jacobi
relaxation all wave components are scaled to have the same speed, the tuning of the smoothing is
correct for all wave components.

To illustrate the performance of multi-stage Jacobi relaxation, we consider a test problem in which
no adaption is used. Figure 3 shows the test geometry discretized with two unstructured grids with
10557 and 2657 nodes. The grids have a more or less uniform distribution of the mesh size. Two
coarser grids (not shown) with 683 and 182 nodes are also used. The bump has a height of 4% of its
chord. The channel height is equal to the bump chord.

Figure 4 shows the iso-Mach line results obtained for a transonic case with an outlet Mach number
of 0.79 and for a supersonic case with inlet Mach number of 1.4

Figure 5 shows the convergence history. A full multigrid method with W-cycles is employed.
The calculation starts from uniform flow on the coarsest grid. On each level one three-stage Jacobi
relaxation is done. One Jacobi stage and one residual evaluation for all nodes on the finest grid, are
both counted as one work unit. The corresponding work on a coarse grid is counted proportional to
the number of nodes on that grid. A second-order correction is also counted as one work unit. The
work associated to intergrid transfer is neglected. Coarse grid points also appear in the finer grids.
So injection is used for function value restriction. Defect restriction is obtained through weighting
by

Ry 1 ( . 13 R,
Vol ~ 2 VRlL T ZVJT) !
1y \ oty n 3j 0L

where the node i on the finer grid corresponds with the node ¢’ on the coarser grid and where j loops
over the n neighboring nodes of i. R; stands for the residual as given by equation (22) and Vol; is
the volume of the control volume. The prolongation is constructed by direct transfer of the coarse
grid correction to the corresponding points in the finer grid. Fine grid points that do not correspond
to a coarse grid point are given a correction value based on an average of the corrections at the
neighboring nodes that do appear on the coarser grid.

The convergence history of the maximum residual is shown in figure 5. The convergence rate is
about one order of magnitude per 250 work units. This is an acceptable performance. The best
convergence rate on structured grids using Gauss-Seidel relaxation on comparable problems is about
one magnitude per 50 work units [2, 3, 6, 10]. Due to the use of a Gauss-Seidel type smoo ther the
convergence rate in the structured case is better.

THE MESH GENERATION

The automatic triangulation of an arbitrary set of points can be achieved using Delaunay trian-
gulation. Robust algorithms to construct this triangulation in 2D are available.
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Bottom : Finest grid with 10557 nodes.
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Figure 3: Top : Unstructured grid with 2657 nodes

Mach lines calculated for the transonic test case Mach 0.79 (top) and the supersonic

Figure 4: Iso-

imiter.

Defect correction result with minmod-1

test case Mach 1.4 (bottom). Iso-mach lines per 0.02.
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Figure 5: Convergence behaviour for the second-order defect correction scheme (TVD minmod-
limiter) using three-stage Jacobi relaxation. Transonic (T) and supersonic (S) test cases.

The grid generator is built with two basic algorithms. The first one is based on the advancing
front method, developed by Tanemura et al. [11], simplified to work on a set of nodes which are
already connected. The nodes have to lie on the boundary of a polygon. With this algorithm a
given, not necessarily convex, polygon can be triangulated. No extra nodes are added. The result
is a constrained Delaunay triangulation of the given polygonal boundary. This algorithm was used
for the generation of the initial triangulation of the domain. The domain was defined by discretizing
the boundaries based on local curvature and local grid spacing.

The second basic algorithm used in the grid generation allows the addition of a node to an existing
triangulation. The new node is connected to three or four existing nodes: three nodes if the new
node lies inside a triangle, four nodes if the new node lies on an edge. The triangulation is made
Delaunay by the use of a diagonal swapping algorithm [12].

For a sequence of multigrid grids, our formulation of the intergrid transfer operators demands
that a node of a coarse grid appears in the finer grids. Two strategies can be used to satisfy this
condition. A sequence of grids can be constructed by refining a coarse grid (adding nodes), or by
coarsening a fine grid (deleting nodes). To add a node to a triangulation the second basic algorithm
is used. To delete a node, the node (together with all the connected edges) is removed from the
triangulation and then the remaining cavity is retriangulated using the first basic algorithm.

To allow stretching in the construction of the grid, the above described Delaunay triangulation is
performed in a transformed space. Every node has it’s own transformation parameters, (0, 52,8y).
The transformation is a rotation over the angle 8, followed by a rescaling of the new z’ and 3’ axes
by s, and s,,. The criteria by which the Delaunay triangulation is built are based on transformed
properties.

_For the first test case, the bump in a channel of figure 3, multiple grids are built from coarse
to fine by adding nodes. An initial grid is generated based on the discretization of the boundary.
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Transformation parameters are calculated from boundary mesh spacing and boundary edge direction.
The initial grid is refined to form the coarsest grid in the computation. Interior nodes are added in
the middle of selected edges, until all edges satisfy an edge length criterion in the locally transformed
space. Finer meshes are generated by taking a smaller value of the threshold on the edge length.

The final mesh is smoothed, moving all the nodes of all the grids. It is possible that by this
smoothing the triangulation is no longer Delaunay. Therefore, an edge swapping algorithm is used
to restore the Delaunay property on all the grids.

For the second test case, the NACA-0012 airfoil, the first multigrid sequence is built in the same
way. Then a solution is determined. A new mesh is now generated based on flow adaptive refinement,
in which three refinement criteria are used. The first criterion is based on the pressure difference
over an edge. If |p; — P;|Ls ; = Lyes |Pmaz — Pmin|/Cp, then the edge ¢, is refined by placing a new
node into the center of the edge. In this formulation p; is the pressure at node i and L; ; is the length
of the edge. The variables at the right hand side are minimum or maximum values taken over all
the nodes. L, is a problem dependent reference length and C, is the sensitivity constant for the
pressure criterion. This criterion triggers shockwaves and stagnation regions. The second criterion is
based on the entropy difference over an edge. It is similar to the first criterion, however p is replaced
by the entropy s. This criterion triggers shock waves and tangential discontinuities. Further, edges
are refined where the flow passes through Mach number equal to 1 from supersonic to subsonic flow.
This criterion also triggers shock waves.

The adaptively refined mesh can be included directly in the multigrid sequence but large parts of
the mesh might coincide with the next coarser mesh. This results in a degradation of the multigrid
performance. Therefore, it is better to generate coarser meshes by coarsening the new mesh. The
simple criterion, removing a node only if no neighbors of this node are removed, is used. The number
of nodes is decreased by roughly 1/4 by doing this. This coarsening is repeated twice to get a coarser
mesh.

MULTIGRID RESULTS USING ADAPTIVITY

Starting from the grid shown in figure 2, two successive stages of refinement were done using a
threshold value on the edge length in the locally transformed space. Figure 6 shows part of the final
grid generated this way. On this grid a solution is calculated using multigrid. By the use of the
foregoing adaption criteria, this mesh is refined. Three coarser grids are generated from this grid
with the above described coarsening procedure. A solution is calculated using the four grids. The
adaption is repeated three times. The solution on the final mesh is given in figure 7 in the form of
iso-Mach lines. The NACA-0012 profile has an angle of attack of 1.25 degrees and the Mach number
of the incoming flow is 0.80. In total, 4 fine meshes (with for every fine mesh 2 or 3 coarser meshes)
were used with 1302 (figure 6) (594,300), 2243 (1256,720,421), 2834 (1577,911,522), 3236 (figure 7)
(1782,1010,580) nodes. Figure 8 shows the final grid structure in the shock regions. Figure 9 shows
the final grid structure in the leading edge and the trailing edge regions. The refinement of the fourth
grid is shown in the left part of figure ?? where only the edges selected for refinement are shown.
The right part of figure 10 shows the pressure distribution over the a irfoil.
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Figure 10: Left : Edges selected for refinement from third to fourth grid; Right : Pressure distribution
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Figure 11: Convergence behaviour for the second-order defect correction scheme ( TVD minmod
limiter) on the NACA-0012 test case, using three-stage Jacobi. Logarithm of the residual as function
of local work units. Multigrid with fine grids 1302 (a), 2243 (b), 2834(c), and 3236 (d) nodes.
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Figure 11 shows the convergence behaviour. For each multigrid phase, the work unit is defined
based on the number of nodes in the finest grid during this phase. This way of representing the
convergence is chosen to demonstrate the mesh independency of the convergence.
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SUMMARY

Two-level domain decomposition methods are developed for a simple nonconforming
approximation of second order elliptic problems. A bound is established for the condition number
of these iterative methods, which grows only logarithmically with the number of degrees of freedom
in each subregion. This bound holds for two and three dimensions and is independent of jumps in
the value of the coefficients.

INTRODUCTION o

‘The purpose of this paper is to develop domain decomposition methods for second order elliptic
partial differential equations approximated by a simple nonconforming finite element method, the
nonconforming P, elements. We consider a variant of a two-level additive Schwarz method
introduced in 1987 by Dryja and Widlund [1] for a conforming case. In these methods, a
preconditioner is constructed from the restriction of the given elliptic problem to overlapping
subregions into which the given region has been decomposed. In addition, in order to enhance the
convergence rate, the preconditioner includes a coarse mesh component of relatively modest
dimension. The construction of this component is the most interesting part of the work. Here we
have been able to draw on earlier multilevel studies, cf. Brenner [2], Oswald [3], as well as on recent
work by Dryja, Smith, and Widlund [4]. Our main result shows that the condition number of our
iterative methods is bounded by C (1 4 log(H/h), where H and h are the mesh sizes of the global
and local problems, respectively. We also note that this bound is independent of the variations of
the coefficients across the subregion interfaces.

The face based and the Neumann-Neumann coarse spaces, that we are introducing, have the
following characteristics. The nodal values are constant on each edge (or face) of the subregions
and the values at the other nodes are given by a simple but nonstandard interpolation formula.
Thus the value at any node in the interior of a subregion is a convex combination of three (or four)
values given on the boundary, in case of triangular (or tetrahedral) substructures. We note that an

*This work was supported by a graduate student fellowship from Conselho Nacional de Desenvolvimento Cientifico
e Tecnologico - CNPgq, in part by the National Science Foundation under Grant NSF-CCR-9204255, in part by the
U. S. Department of Energy under contract DE-FG02-92ER25127.
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~ important difference between nonconforming and the conforming case is that there are no nodes at
the vertices (or wire basket) of the subregions.

We note that ideas similar to ours have been used recently in other studies of domain
decomposition methods for nonconforming elements; cf. Cowsar [5,6] and Cowsar, Mandel and
Wheeler [7]. In particular, an isomorphism similar to ours was independently introduced by
Cowsar. We point out that by using these isomorphisms, we can analyze any nonconforming
version of domain decomposition methods which have already been analyzed for conforming cases.
In this paper, we focus on the case where there are great variations in the coefficients across
subdomains boundaries for both two and three dimensions. We define and analyze new coarse
spaces and obtain condition numbers with just one log factor.

A short version of this paper was entered into Copper Mountain student competition in
mid-December 1992. The present paper is a slight modification of a technical report [8].

DIFFERENTIAL AND FINITE ELEMENT MODEL PROBLEMS

To simplify the presentation, we assume that 2 is an open, bounded, polygonal region of
diameter 1 in the plane, with boundary 2. In a separate section, we extend all our results to the
three dimensional case.

We introduce a partition of  as follows. In a first step, we divide the region {2 into
nonoverlapping triangular substructures Q;,7 = 1,--., N. Adopting common assumptions in finite
element theory, cf. Ciarlet [9], all substructures are assumed to be shape regular, quasi uniform and to
haveno dead points;i.e. each interior edge is the intersection of the boundaries of two triangular
regions. We can show that the theory also holds if we choose nontriangular substructures, where
the boundary of each substructure is a composition of several curved edges, and each curved edge is
the intersection of two substructures. Naturally, we need assumptions related to the quasi
uniformity and nondegeneracy of this partition. Initially, we restrict our exposition to the case of
triangular substructures since the main ideas are seen in this case. This partition induces a coarse
mesh and we introduce a mesh parameter H := max{Hj, -, Hy} where H; is the diameter of ().
We denote this triangulation by 7H. Later, we extend the results to nontriangular substructures.

In a second step, we obtain the elements by subdividing the substructures into triangles in such
a way that they are shape regular, and quasi uniform. We define a mesh parameter h as the
diameter of the smallest element and denote this triangulation by 7". Similarly, we assume the
triangulation 7" does not have any dead points.

We study the following selfadjoint second order elliptic problem:

Find u € Hy(Q), such that
a(u,v) = f(v), Vv € Hy(Q), (1)
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where

a(u,v):/(;a(x) Vu-Vvdz and f(v):/ﬂfvda: for f € L%.

We assume that a(x) > o > 0 and that it is a piecewise constant function with jumps occurring
only across the substructure boundaries. This includes cases where there is a great variation in the
value of the coefficient a(z). We remark that there is no difficulty in extending the analysis and the
results to the case where a(z) does not vary greatly inside each substructure.

Definition 1 The nonconforming Py element spaces (cf. Crouzeiz and Raviart [10]) on the h-mesh
and H-mesh is given by
Vh .= {v|v linear in each triangle T € T,
v continuous at the midpoints of the edges of T, and
v =0 at the midpoints of edges of T" that belong to 0Q},
and
VH .= {v|v linear in each triangle T € T H
v continuous at the midpoints of the edges of TH and
v =0 at the midpoints of edges of TH that belong to 6Q}.

These spaces are nonconforming; in fact V¥ ¢ V* and VP ¢ HL(Q).

Let T be a region contained in  such that 9% does not cut through any element. Denote by Vlhﬂ
and 7" 5 the space V* and the triangulation T" restricted to &, respectively.

Given u € Vl’g, we define the discrete weighted energy semi norm by:

lulty () = ag(u,u), (2)
where
al(u,v)= Y, / a(z) Vu- Vudz. (3)
Te T"“: T

In a similar fashion, we define the inner product aff (u,v) and the semi norm lulm (o) for

u,v € VH(Q). In order not to use an unnecessary notation, we drop the subscript Q when the
integration is over 2 and the subscript a when a = 1.

The discrete problem associated with (1) is given by:
Find u € V*, such that
ah(u,v) = f(v), Vv e VHQ). (4)

Note that | - |g1, () is a norm, because if |u|m @) =0, then u is constant in each element. By
the continuity at the midpoints of the edges and the zero boundary conditions, we obtain u = 0.
Note also that f is a continuous linear form. Therefore, we can apply the Lax-Milgram theorem
and find that there exists one and only one solution of the discrete equation (4).

We also define the weighted L? norm by:

s, = /E a(z) [u(@)[Pdz foru € (VP +VH + L)z (5)
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We introduce the following notation: z <y, f > g and u < v meaning
z<Cy, f2>cg and cv<u<Cuv, respectively.

Here C and c are positive constants independent of the variables appearing in the inequalities and
the parameters related to meshes, spaces and, especially, the weight a(x).

M. M,
T

M,
Figure 1.

Sometimes it is more convenient to evaluate a norm of a finite element function in terms of the
values of this function at the nodal points. By first working on a reference element and then using
the assumption that the elements are shape regular, we obtain the following lemma:

Lemma 1 Foru € V§,

lullzz ) < B* Y- a(T) (WP(My) + (M) + uP(Ms)) (6)
Te T"lg
and
[ulwz, < 32 a(T) {(w(M) — u(Mp))? (7)
Te 7"‘]2

+(u(My) — u(My))? + (u(Ms) — u(M1))*},
where My, M,, M3 are the midpoints of the edges of the triangle T as in Figure 1.

An inverse inequality can be obtained by using only local properties. It is easy to see that for
ue Vh,
|ulr, =X 7 lullzz (8)

ADDITIVE SCHWARZ SCHEMES

We now describe the special additive Schwarz method introduced by Dryja and Widlund; see
e.g. [11,12]. In this method, we cover Q by overlapping subregions obtained by extending each
substructure (; to a larger region ;. We assume that the overlap is §;, where §; is the distance
between the boundaries 99; and 92, and we denote by § the minimum of the §;. We also assume
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that ), does not cut through any element. We make the same construction for the substructures
that meet the boundary except that we cut off the part of (] that is outside of 2.

For each €, a P, nonconforming finite element subdivision is inherited from the h-mesh
subdivision of Q. The corresponding finite element space is defined by

VP = {v|ve V", support OfUCQ’i}: i=1,---,N. | (9
The coarse space V* C V*(Q) is given as the range of I}y (or %) where the prolongation

operator I (or I7) will be defined later.

Our finite element space is represented as a sum of N + 1 subspaces

VE=Vr+ Vi + VR (10)
We introduce operators P; : V* -V}, i=0,---, N, by
a*(Pw,v) = a*(w,v), Yve VP, (11)
and the operator P : V* — V*, by
P=PFP+P + -+ Py. (12)
In matrix notation, P, is given by
Py=IN(INTK I INTK (13)

where K is the global stiffness matrix associated with ax(, ).

We replace the problem (4) by

N
Pu=g, g= Y g; where g; = Pu. (14)
i=0
By construction, (4) and (14) have the same solution. We point out that g; can be computed,
without knowledge of u, since we can find g; by solving

at(gi,v) = a*(u,v) = f(v), W € V. (15)

The operator P is positive definite and symmetric with respect to a*(-,-). We can therefore solve
(14) by a conjugate gradient method. In order to estimate the rate of convergence, we need to
obtain upper and lower bounds for the spectrum of P. A lower bound is obtained by using the
following lemma: cf. Zhang [13,14].

Lemma 2 Let P; be the operators defined in equation (11) and let P be given by (12). Then

a*(P7lv,v) = mzi:n S aM(vi,v), v € VE. (16)
v=) Y%
Therefore, if a Tepresentation v = 3 v; can be found such that
N
3ot (v, v;) < Coat(v,v), Vv € Vh, (17)
i=0

then
Amin(P) 2 CO_2.
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An upper bound on the spectrum is obtained by bounding
a*(Pv,v) = a"(Pyw,v) + o*(Pv, v) + - +a"(Pyv,v) (18)

from above in terms of a*(v,v). Using Schwarz’s inequality, the fact that the P; are projections,
and that the maximum number of regions that intersect at any point is uniformly bounded, it is
easy to show that the spectrum of P is bounded above by

max{#(i:p€ %) +1}.

PROPERTIES OF THE P, NONCONFORMING FINITE ELEMENT SPACE

We first define two local equivalence maps in order to obtain some inequalities and local
properties for our nonconforming space. Through these mappings, we can extend some results that
are known for the piecewise linear conforming elements to our nonconforming case.

- Weusea bar to denote conforming spaces. Let & la, be the conforming space of piecewise linear
functions in (;, where the h/2-mesh is obtained by joining midpoints of the edges of elements of
T,

We define the local equivalence map M, : Vhg, — Vglni, as follows:

Isomorphism 1 Given u € VR 5., define @ = Myu by the values of & at the three sets of points (cf.
Figure 2.):

i) If P is a midpoint of an edge of a triangle in T", then
a(P) := u(P).

i) If P is a verter of an element in T" and belongs to the interior of Q;, and the T; are
the elements that have P as a vertez, then

u(P) := mean of ulg(P).
Here u|1,(P), is the limit value of u(z) when x € T; approaches P.

1) If Q is a vertex of T"|sq,, and Q; and Q, the two midpoints of T"|sq, that are nert
neighbors of Q, then

Q) [eXe]
‘U.(Q) . lQlQr U(Q() + IQleru(Qr).
Here |Q.Q| is the length of the segment Q,.Q.
Case ii) is illustrated in Figure 2., where
1 6
aP) =3 Y uln(P)
i=1
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Case iii) is required in order to have property (21), which will be very important in our analysis.

Lemma 3 Given u € V*|g,, let w € Vglm given by & = Mu. Then

Iﬁ‘lﬂ.}(ﬂi) = |u|Hj_h(Q.-) s (19)
Gl L2 < llullzz@n - (20)
and
_ _ _ 1
-/6ﬂ,- u(s) ds ./an,- u(s)ds (21)

Here | - |gi(q;) is the standard weighted energy semi norm for conforming functions.

Proof. We first note that we have results similar to (6) and (7) for the conforming space & la, »

where now M, M; and M are the vertices of a triangle in T%. In order to prove (19), we compare
(7) with the analogous formula for the piecewise linear conforming space.

For instance (see Figure 2.),

a(Q) — u 2= 1901 u(Q;) — u(Qr)*
The right hand side can be controlled by the energy semi norm of u restricted to the union of the
triangles 77, Ty and Tp.

We also prove that if we take next two neighboring vertices of T% in the interior of €, the
energy semi norm can be bounded locally. If a(z) does not vary a great deal, we can work with
weighted semi norms. Using the fact that our arguments are local, it is easy to obtain the upper
bound of (19).

The lower bound is easy to obtain since the degrees of freedom of VP are contained in those of

wi>

7

Similar arguments can also be used to obtain (20).

Finally, it is easy to see that (21) follows directly from iii) even if the refinement is not
uniform. 0O
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We define another local equivalence map M : Vhlg, — Vg, by:

Isomorphism 2 Given u € V*|g, and an edge E of O, define @ = MPu by the values of @ at the
three sets of points (cf. Figure 2.):

i) Same as step i) of Isomorphism 1.
1) Same as step i) of Isomorphism 1.

i) If V is a vertez T"|pq, and an end point of E, and V; the midpoint of T*|g that is
the next neighbor of V, then

(V) = u(V,).
w) If Q is a vertez of T"| o, and we are not in case iit), then
_oy . 1QiQ] 1Q-Q|

Using the same ideas as in Lemma 3, we can prove:

Lemma 4 Given u € V5, let i € V3|5 given by i = MEZuy. Then
Q; 3; Y i

|8l my) < [ulnz, @y (22)
2l 20 < Nullzy) (23)
and
a(s) ds = / ds. 2
[ (s ds = [ u(s)ds (24

THE INTERPOLATION OPERATOR

Let v € V" and let P; be the midpoint of the edge E;j common to €); and Q;.

Definition 2 The Interpolation operator IF : VP 5 VH g given by:
1 1
IH ) (P, :=—/ v|g.(z) do = — vlg.(z) dz. 25
B =15 Jp, V@ do=p [ o, (2) (25)

The second equality follows from the fact that the mean of v on each edge of an element of 7" is
equal to v(M,), where M, is the midpoint of the edge. It is important to note that the value of
(Ifv)(P;;) depends only on the values of v on the interface E;;. This allows us to obtain stability
properties that are independent of the differences of a(z) across the substructure interfaces.

Before studying the stability properties of this operator, we need two lemmas for the piecewise
linear conforming finite element space.

The following lemma is a Poincaré-Friedrichs inequality. The idea of the proof can be found in
Ciarlet (Theorem 6.1) [9] and in Neéas (Chapter 2.7.2) [15]).
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Lemma 5 Let T be a subset of 8%, such that T' and 8Q; have measures of order H. Then,
lal2s0y % H¥falin, + ([ 3(@) do)’, Vo€ H'(). (26)
As a consequence, if [rt(z)dz = 0, we have the Poincaré inequality
Izl Lz = H @]y (27)

The next lemma is a Poincaré-Friedrichs inequality for nonconforming P; elements. It is obtained
by using Lemmas 3, 4 and 5.

Lemma 6 Let u € H} (%), where Q; is a triangular substructure of diameter O(H ). Let T be 0
(or an edge of 0Y;). Then,

lullZaay < Hluliny + ([u(z) do)’, Vu € HA(Q). (28)

As a consequence, if fru(zx)dx =0, we have the Poincaré inequality
lullzz, @0 = H lula; , @0 (29)
The next lemma gives an example of an operator that is L2— and H;—stable.

Lemma 7 Let 4 € H(Q;), where Q; is a triangular substructure of diameter of O(H ). Define a
linear function Gy in Q; by

1 .
wn(Py) =g [, 8@ ds, =123, )

where the E;; are the edges of Q;, and P;; is the midpoint of Ey;. Then,

_ 1 _ _
|2u(P;)1? < ﬁllullizm,-) + a3y, (31)
lGe| Hy) 2 18lm1@0), (32)
and
lam — @iz X HlElai0- (33)

Proof. Consider initially a region Q with a diameter of 1. Using that |Ei;| = O(1), the
Cauchy-Schwarz inequality and a trace theorem, we have

(@n(Py) x| [ (@) dof* < alta,)
ij

= ||ﬁ||ifg,(Eﬁ) < @l g, 2 @32z, + 180,

We obtain (31) by returning to a region of diameter H.
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Note that for any constant ¢
lﬁthq;,(n,-) =< (34)
|@n (Pa) — @n(Pa)|? + |25 (Pi) — tu(Pa)® + @ (Pis) — @a(Pa)l?
< — cllF -

By choosing ¢ = @(P;;) and T' = E;;, we can apply Lemma 5 and obtain the H!-stability (32).

We now prove the L2-stability. Since # — %y has mean zero on 8);, we can apply the Poincaré
inequality (27) and obtain
@ — @ull20) 2 H |G - Ga|me,).
Using the first part of this lemma, we obtain the L2-stability (33). O

The next lemma shows that the interpolation operator I, defined by (25), is locally L2— and
H! —stable.

Lemma 8 Let u € V*(Q). Then uy = IFu satisfies the following properties

lunla 00 3 lulm @) (36)

and
luer — ullez@y = H lulm 0y, i=1,---,N. (37)

Proof. Let ug = Ifu and let @ € H'();) be given by @ = My and let @y (P;) be given by
(30). Using the properties (24) and (25), we have

ug(Py) = ag(Pa). (38)

Therefore, by (38), (31) and Lemma 4, we have

_ 1, _
lur (Pa)? = @ (Pa)l? X 'fﬁ“u”%?(ni) + |} 0, (39)

1
= ﬁ”“”iz(ni) + ulf -
We also obtain the same estimate for |uy (P;p)| and |ug(Pis)|.

The rest of the proof is similar to that of Lemma 7. We now use the Poincaré inequality for
nonconforming elements. O

THE PROLONGATION OPERATOR

In this section, we introduce several prolongation operators and establish that they are stable.
The range of each of these operators will serve as a coarse space in our algorithms.
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Definition 3 The Prolongation Operator Iy : VH — V*, is given by:

1) For all nodal points P of T that belongs to an edge Ey; common to Q; and Qy, let
(I'yug)(P) := up(P;), where Pij is the midpoint of the edge E;;.

ii) Given Iug at the nodal points of T' = U;0Q; from 1), let Ihug(Q) be the
P, -nonconforming harmonic extension inside each ;.

It is easy to check that u, = Ifyuy € V*(Q). A disadvantage of step i) is that we have to solve

exactly a local Dirichlet problem for each substructure in order to obtain the harmonic extension.
Other extensions can be used, which we call approzimate harmonic extensions. They are given by
simple explicit formulas and have the sa