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Abstract

We have devised a technique that makes it possible to obtain energy estimates for
initial-boundary value problems for nonlinear conservation laws. The two major tools to
achieve the energy estimates are a certain splitting of the flux vector derivative f(u)z, and
a structural hypothesis, referred to as a cone condition, on the flux vector f(u). These
hypotheses are fulfilled for many equations that occur in practice, such as the Euler
equations of gas dynamics. It should be noted that the energy estimates are obtained
without any assumptions on the gradient of the solution u. The results extend to weak
solutions that are obtained as pointwise limits of vanishing viscosity solutions. As a by-
product we obtain explicit expressions for the entropy function and the entropy flux of
symmetrizable systems of conservation laws. Under certain circumstances the proposed
technique can be applied repeatedly so as to yield estimates in the maximum norm.






1 Introduction

Most of the existing theory for nonlinear conservation laws is concerned with the initial
value problem. The basic tenet of this paper is to devise a technique that makes it possible
to obtain energy estimates for the initial-boundary value problem. The key to obtaining
an energy estimate lies in a certain splitting of the flux vector derivative f(u),. Based
on this splitting one can obtain energy estimates without assumptions on the gradient
uz, provided the flux vector [ satisfies certain structural hypotheses. It should be noted
that these hypotheses are fulfilled for many equations that occur in practice, such as the
Euler equations of gas dynamics. In certain cases the proposed technique can be applied
repeatedly so as to yield estimates in the maximum norm.

We now give a brief presentation of the contents of this paper. Section (2) deals
with the scalar problem in one space dimension. First, we consider flux functions of
the form f(u) = w?, for which it is very easy to derive an energy estimate. Next we
assume that f(u) can be expanded in a convergent Taylor series and apply the technique
to each individual monomial w’. This procedure leads to a certain differential equation.
Conversely, the solution to this differential equation will achieve the correct splitting of
f(u)., even if f is non-analytic. To obtain an energy estimate, the “dangerous” boundary
terms must be eliminated by means of the characteristic boundary conditions. This can
not be done in general, however. We therefore propose a so called cone condition to single
out the relevant fluxes. In section (3) we repeatedly apply the ideas developed in the
previous section. The main result is a maximum norm estimate for the scalar initial-
boundary value problem. The principles of section (2) can be generalized to systems in a
straightforward manner. This is the major issue of section (4). To begin with, we confine
ourselves to symmetric hyperbolic systems, i. e., systems where the Jacobian satisfies
f'T = f'. The cone condition is generalized to systems, and we are thus able to derive an
energy estimate. Next, we require that the system be symmetrizable by means of a change
of variables u = u(v). The Euler equations belong to this latter category. Applying the
splitting to the time derivative as well, we are able conclude that v satisfies a generalized
energy estimate. We use the term generalized energy estimate, because the norm will,
in general, depend on u(v) (but not on the gradient of u). As a by-product we get an
explicit expression of an entropy function U(u) and the corresponding entropy flux F(u).
Section (5) is concerned with generalizations of the preceding sections to several space
dimensions. Finally, in section (6) we prove energy estimates for weak solutions that can
be obtained as limits of vanishing viscosity solutions.



2 Scalar Conservation Laws in One Space Dimen-
sion

Consider the conservation law

u + fr =0, z€(0,1) t>0
u(z,0) = (z). 1)

At the boundaries * = 0,1 we prescribe data ¥(t) for the ingoing characteristics, which
are determined by the sign of f’(u(z,t)), ¢ = 0,1. The flux f(u) € R is assumed to be
a continuously differentiable function of v € R. It is well known that eq. (1) allows an
energy estimate when f(u) = u®. One way to see this is to make use of the splitting

(), = 2 (), + ]

which is valid for smooth functions u. If we use this splitting in eq. (1) and apply the
energy method we obtain
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il = 3 [ (), + vt de = 3 [ (s9), dz = 5 (w0, — u(1,09) |

where || - || denotes the usual norm associated with the scalar product

1
(u,v)=/ uvdz .
0

If u(0,t) > 0, then we prescribe u(0,t) = o(t). Similarly, if u(1,t) < 0, then we set
u(1,t) = 91(t). We then obtain an energy estimate.

More generally, any monomial f(u) = u’ satisfies the identity

i - _J j i1
(@), = 77 (@), +v"e] 2)

Suppose for the moment that f(u) is analytic. Then there exists a convergent Taylor

series such that -
u) =3 ciul.

=0
Since the convergence is uniform we get
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using eq. (2). Some simple calculations show that
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Define . 1
F(u) = —/O f(v)dv:/O F(Bu)df . (5)
Egs. (3), (4), (5) imply that

fo=(f = F)t 5 (/= Fus. (6

From definition (5) it follows immediately that F" satisfies the following differential equa-

tion Fu=—F 4/ (7)
F(0) = f(0).

It will henceforth be assumed that f(0) = 0. This is no restriction, since we can always

replace f(u) by f(u) — f(0) without affecting eq. (1). Furthermore, most examples that

occur in practice satisfy f(0) = 0. Combining eqs. (6) and (7) gives

fe=(F'u), + Flug, (8)
which we will refer to as the canonical splitting.

Conversely, let F(u) be the solution to eq. (7), where it is no longer required that f(u)

be an analytic function. It is clear that F'(u) is given by eq. (5). Hence,
f:r=(f_F)I+Fr=(F,U)I+Flur,
where the second equality follows from eq. (7) and the chain rule. We have thus established
the canonical splitting for all f such that eq. (7) has a C'-solution. We shall henceforth
assume that f is differentiable. We point out that if f is a linear function of u, i. e.,
f(u) = au, then F(u) = (1/2)au and thus F'(u) = (1/2)a. Consequently,
1
fr= §(au), + %aux,

which is the usual skew-symmetric form of a linear hyperbolic PDE.

The energy method applied to eq. (1) yields

Hd—t||u||2 = —2u, fo) = —2(u, (F'u);) — 2(u, F'ug) = —2uF'ul},

where the second equality follows from the canonical splitting (8). To obtain the actual
estimate we must analyze

uF'u = uf—‘/(;u f(v)dv = Auf'(v)vdv.

From the last expression it is clear that, in general, knowledge about the sign of f'(u),
upon which the characteristic boundary conditions are based, has no bearing on the sign
of uF'u. We must thus limit ourselves to flux functions f such that the sign of f'(u) will
determine the sign of

/Ou f'(v)vdv = uF'u, (9)

if we are to obtain an energy estimate.



Definition 2.1 A function f: Q — R, Q C R, is said to satisfy a cone condition if

sgn(f'(u)) = sgn (/: f’(v)vdv) u €.

This cone condition is satisfied if

sgn(f'(u)) =sgn(u), ueq. (10)

Suppose that f'(u) > 0 at the lower boundary £ = 0. We then have an ingoing character-
istic, which implies a boundary condition at z = 0. Now, eq. (10) implies © > 0, whence
0 < v < u. But then (10) implies that f'(v) > 0, that is, f'(v)v > 0. Consequently,

uF'u = /u f(v)vdv >0,
0

which shows that the boundary energy has the needed sign. Similarly, if f'(u) <0, i. e.,
there is an outgoing characteristic, then v < 0 from (10), which again leads to f'(v)v > 0.
But the upper limit of the integral in eq. (9) is negative, and so the entire expression is
negative. Below we show the graph of f'(u) for a function f satisfying the condition (10).
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It should be noted that the condition (10) holds for all monomials of even order; in
particular, it is true for Burgers’ equation. Furthermore, it is also true for the non-convex
Buckley-Leverett equation for u € [0, 1], which is a natural restriction since u describes
the saturation of water in a two phase flow.

Another sufficient condition for the cone condition to be true is furnished by
sgn(f'(u)) >0 (orsgn(f'(u)) <0) ueq. (11)

For, if f'(u) > 0, then the integrand of eq. (9) satisfies sgn(f’(v)v) = sgn(v). Hence,

sgn (/Ou f’(v)vdv) = sgn (/Ou vdv) =1,



sgn(f'(u)) = sgn (/()u f’(v)vdv) ,

which shows that f satisfies a cone condition. Monomials of u of odd order, linear fluxes
in particular, belong to this second category.

Before proceeding we note that the boundary data ¥ (t) may be restricted; for example,
the cone condition (2.1) requires that f’ and uF'u have the same sign. This is the case
for Burger’s equation (f’(u) = u,uF'u = (1/3)u®) in which case the condition (10) holds.
If we have an ingoing characteristic at = 0, then clearly u > 0 and we may thus only
prescribe data ¥(t) > 0. From now on it will always be assumed that the boundary data
is compatible with the cone condition.

Proposition 2.1 Let u be a smooth solution of the initial-boundary value problem (1),
where it is assumed that f is differentiable and satisfies a cone condition (2.1). Then u
satisfies an energy estimate.

Proof:

By means of the canonical splitting we get
d
Zllull? = ~2uF"uly,
where N
uF'u = / f'(v)vdv.
0

Since f satisfies a cone condition it follows that the sign of uF'u is uniquely determined
by that of f'(u). For convenience, we assume that there is an ingoing characteristic at
z = 0 and an outgoing one at z = 1, 1. e., f'(u(0,t)), f'(u(1,t)) > 0. Hence,

d. 2 vy
— <
ZlulP <2 [ S (w)dv,

where the data () at z = 0 is such that the integral in the right member is nonnegative
(because of compatibility with the cone condition). Integration with respect to time yields

t py(r)
u(, 12 < [lell? + 2 /0 /0 f/(v)vdvdr,

which proves the proposition. 0

Remark: If there are no ingoing characteristics we get an energy estimate in terms of the
initial data alone. Also, if there were an ingoing characteristic at z = 1 (f(u(1,t)) < 0),
then there would be a second boundary term in the energy estimate. In the case of a
linear equation (f = au) we get uF'u = (1/2)au?, and we thus recover the familiar form
of the energy estimate. It should be emphasized that no gradients appear in the estimate;
if f'(v) o< vP~2, then there is an energy estimate for all time if ¥(t) € L?(0, o). O
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3 Sequences of Conservation Laws

The canonical splitting (8) implies that the original conservation law (1) can be formulated
as

u + (Flu)y + Flup, =0,
where F satisfies eq. (7). Multiplication by u and the product rule yield

(%“2)z +(f1), =0,
where fi = uF'u = /0 " fo)vdy .

This is a new conservation law for (1/2)u? associated with the flux f; = uF'u. But then
we can split this new flux in canonical form

(f1), = (Flu), + Flu,,

where F} satisfies
Fl'u = —F1 + f1

Hence, multiplication of ((1/2)u?); + (f1) = 0 by u implies

(%ua)t +(f2), =0,

where u
fo=uFlu= /0 fi(v)vdv.
But
fi=wWFu) =(uf —uF) =f—F~Fu+ flu= flu,
whence

fa= /ou f’(v)vzdv.

The process can be repeated. A simple induction argument shows that

1
____up+l) +(f )g;:Oa p=0,1,... ’ (12)
(P+1 ¢

where

= [ rewd, p=o1,...

We have thus established a sequence of conservation laws. In the following we shall restrict
ourselves to the subsequence where p is odd, i. e.,

(%}Uzp)t + (fap-1), =0,  fop1 = /ou f'(w)*dv. (13)
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The conditions (10) and (11) guarantee that

Sgn(pr—]):sgn(fl)a p=112v"' .

Consequently, integration of eq. (13) over (0,1) x (0,t) yields

u(- )12 < [l 2 +2p// o ldvdr, p=1,2,... (14)

where we have assumed f'(u(0,t)), f/(u(1,t)) > 0 for convenience. The elementary in-
equality
1
(c+y)7 <zv+ym, z,y20,
implies

et < el + (29 [ [ P ar) ™ (15

where the last term of the right hand member is nonnegative since we have required that
the boundary data be compatible with the cone condition. But

“ % ¢ Pl %
( / / 2p—1dvd'r) ’ < (Zp/ / If'(v)|v2p—1dvdT) ,
0 JO

and
1
2p

W’(T)I 2p-1 » 2
p// W) ldvdr) < | max |f(v |/|¢T)|pd7'
o<v<y(r)l
0<r<t
Define the maximum norm of the boundary data 1 € L*=(0, c0) as follows
lleo = sup [9(7)]- (16)

1’ o

Then

1

(oo [/ [ ropr i) T <ol | mox 170

0<u<fw (7))l
0<r<t

Let ¢ be fixed and let p — oo. We get

21p
li 2 v ' dvd < |¥loo -
maun (3 [ 7 row )7 < ol



Similarly, it can be shown that
lim sup [ll2p = [l¢lleo

for initial data ¢ € L*°(0,1). From eq. (15) it then follows that

[lu(-s)lloo < llloo + [1#]]0o -

This estimate is valid for all ¢ > 0, and we have thus arrived at a maximum principle for
conservation laws. The result is summarized in the following

Proposition 3.1 Suppose that there is a smooth solution u(z,t) to the initial-boundary
value problem (1) fort > 0 and that f satisfies either of the conditions (10), (11). Then
u(z,t) satisfies the mazimum norm estimate

(s t)loo < lplloo + [1#lloo -

Remark: Lax has shown in [5] that any weak solution with compact support of the
initial value problem (1) satisfies ||u(-,%1)|lo < ||u(-,0)|loo for t1 > to, i. €., |[u(:,t)|]oo is
a nonincreasing function of time. m]

4 Systems of Conservation Laws

We now proceed to the case where u € R? is a vector of unknowns and where f = f(u) €
R? is a vector valued function of u; each component u; is a function of z,t € R. We

consider
ut+fx=0, 36(0,1) t>0

u(z,0) = p(z) (17)
wi(z,t) = Siwo(i,1) + vi(t) 1=0,1,

where w; and wp are the ingoing and outgoing characteristic variables. To begin with, it
will be assumed that eq. (1) is symmetric hyperbolic, i. e., f7 = f', where

f1u1 e flud
fluy=1| s
fdu1 v fdud

is the Jacobian matrix of f. Thus, there exists an orthogonal matrix Q(u) such that

QT (w)f'(w)Q(u) = A(u)

is diagonal. The characteristic variables are defined as
w=QT(u)u. (18)
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Let

Q(u) = (Q1(u) Qo(u)),
where @) contains the eigenvectors corresponding to ingoing characteristics; o contains
the remaining eigenvectors, 1. e., those corresponding to outgoing characteristics and those
whose eigenvalue is zero. We now define w; = Q7u and wp = Q%u. In general, the rank
dy of Q; € R and the rank d; of Qo € R¥%, d; + d; = d, will depend upon the

solution .

The key to obtaining an energy estimate for the scalar conservation law lies in the
canonical splitting (8), which in turn relies upon eq. (7). For systems of conservation laws
we thus consider

Fu=-F+ f

F(0) = f(0)
where u, f(u), F(u) are vectors; F”’ is the Jacobian matrix of F'. As in the scalar case, we
require that f(0) = 0. Equation (19) is the inhomogeneous Euler’s differential equation
(not to be confused with the Euler equations of gas dynamics). Suppose that there is
a solution to (19). The symmetry condition F'T = F’ implies that Euler’s differential
equation can be written as f = (uTF),i. e

f/ — (UTF)” ,

which in turn shows that f'7 = f’. Hence, it is necessary that the Jacobian matrix f’ be
symmetric. Conversely, suppose that f'T = f, then it is easy to verify that

- / " f(6u)do (20)

FT=F, (19)

solves Euler’s differential equation (19). Furthermore, f'7 = f' clearly implies F'T = F".
Thus, eq. (19), subject to the constraint F'T = F', has a solution (20) iff /7 = f’. For
details on how to solve (19) we refer to [4]. Note the complete similarity between eqs. (5)
and (20). With F' given by (20) we achieve the canonical splitting

fo=(f~=F)et Fo=(Fu)s + Flu,.
Consequently, the solution u of eq. (17) satisfies

d !/
E”ullz =—2(u, fz) = —2(u, (F'u)z) — 2(uaF,uI) .
Partial integration and F'T = F’ imply that

d
il = —2uT Pul, (21)

which, formally, is an energy estimate. To get a true energy estimate we must make sure
that the boundary terms

T Fly = f o7 f'(6u)fudd

9



have the correct sign by applying the characteristic boundary conditions. As was seen
in the scalar case, this will not be true for arbitrary flux functions. This remark also
pertains to the vector valued case. Some kind of cone condition is needed. We generalize
definition (2.1) to

Definition 4.1 A vector valued function f : @ — R*,Q C R® is said to satisfy a cone
condition if

1
/ uT f'(0u)8udd > (<)0 we M,
0
where M C ) is a submanifold such that

ul flu > (<)0.

We note that the cone condition is fulfilled if there are constants ¢g > 0 and ¢; > 0
such that
af SF <af. (22)

Assuming that this condition is true, then, by eq. (21) and the definition (18), we obtain
d
EHqu < 2c0wT Aw(0,1) — 2c;wT Aw(l,t) .

But
wlAw(0,2) = wTA 1w, (0,2) + wT Aowo(0,t) + wI A_w_(0, t),

where A4, Ao, A_ contain the positive, zero, and negative eigenvalues of f’ for a given value
of u. At z = 0 the positive eigenvalues correspond to ingoing characteristics; the remaining
ones are treated as outgoing characteristics. With A; = Ay, Ao = diag(A¢ — A_),
wi = wy, and wp = (wp w-) it follows that

wT Aw(0,t) = wF Arwr(0,1) — wSAowo(0,1).
Similarly, at £ = 1 we have
—wTAw(1,t) = Wl Agwr(1,t) — wlAowo (1, 1),

where A; = —A_, Ao = diag(Ap A4), wr = w_, and wp = (wg w4 ). It should be noted
that A; > 0 whereas Ao > 0. The characteristic boundary conditions (17) yield

w?A;w; — ngowo < 2wg (STA1S - Ao) wo + 21[}TA1¢ .

The first term of the right hand member is non-positive if |S(u)] is small enough. In order
to control the second term a bound on Aj(u) is needed. The characteristic boundary
conditions can be expressed in terms of u as

= PutQrp, (23)
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where the projection P(u) is given by

P(u) = Qi()S(#)Qo(u)” + Qo(w)Qo(w)" . (24)

Hence,

Ar(u) = Af(Pu+ Qrd).

We, therefore, make the following

Assumption 4.1 There ezists a function Ap:Q — R4 QcC R*, such that

Ar(Pu+ Qry(t)) < Arlg(t))

holds at z = 0 and z = | for some vector g(t) € R, which is independent of u.
The results can now be summarized in

Proposition 4.1 Let u be a smooth solution of the initial-boundary value problem (17),
where it is assumed that f is differentiable and that condition (22) holds. If assumption
(4.1) is true, then u satisfies an energy estimate.

Remark:

(i) Assumption (4.1) states that the signal speed of the ingoing characteristics can be
estimated at the boundary independently of u.

(ii) Assumption (4.1) is superfluous in the case of homogeneous boundary data (¢ = 0),
since we obviously have ¢pTAyp = 0.

(iii) If all of the characteristics are ingoing, then Ay = A, Q; = Q, Qo =8, which implies
P = 0. Hence,
Ar(Pu+ Qry(t)) = MQu¥(1)).

Furthermore, since @ is orthogonal, there exists a vector g(t) such that ¥(¢) =
QTg(t), i. e., Q¥ (t) = g(t), which shows that

Ar(Pu+ Qri(t)) = Alg(?)) -

Thus, assumption (4.1) is true. O

We point out that, in general, the boundary data must be given in characteristic form,
even if assumption (4.1) holds, if we are to obtain an energy estimate. This is true since

YT A () < ¥TAI(g)¥ < p(Ar(9))¥T ¥,

11



where ¢ = QT g for some data vector ¢ € R? since Q; has full rank. Consequently,

YTA(w) < p(A1(9))9"Q:QTg.

Clearly, the right hand member will depend on u through Q;QT. An exception to this
is when @; = @, in which case we have Q;Q7 = QQT = I because of orthogonality.
If, however, @ is independent of u, then of course we get an energy estimate in terms
of the non-characteristic data g. In this context it should be noted that the coefficient
matrices of the primitive Euler equations can be symmetrized such that the resulting Q
is independent of u [1, 8].

Condition (22) can be strengthened in certain cases. Suppose that the flux vector f
satisfles Euler’s differential equation

fru=pf, (25)

the solution of which can be written as [4]
fw) = (22, 2)
Ui U,
We then have ) - 1
F:/0 F(0u)d8 = ;/0 (6u)ouds = - [ 200,

Integration by parts yields

1 1 M 1 1
F= ;f—;/o Jewdo = f~-F,

1
F=——of,
P+ lf
which strengthens condition (22) to
1
Fle——f. 26
Tl (26)

The flux vector of the conservative Euler equations of gas dynamics satisfies eq. (25) with
p = 1. Unfortunately, the Euler equations are not symmetric, i. e., f'7 £ f’.

Example: We consider eq. (17) where

u u? + u2
(i) o= ().

Hence,



Obviously, f7 = f' and f'u = 2f. Thus, the cone condition is fulfilled. The energy
method yields

d 2 ,
5Hu|lz = —gqu u|3» (27)

where we have used the canonical splitting. The eigenvalues and eigenvectors of f'(u) are
given by
/\l(u) = U3 — Uy

1 1 1
/\2(u):ul+u2’ Q:(ql QZ):“\/_i(_l 1).

Here we have an example where @ is independent of u. Consequently, the characteristic

variables are
1 Uy —u
QT 1 2
w —_ u _ — .
\/i ( uy + Uz )

Next, we verify that assumption (4.1) holds. For brevity we confine ourselves to the lower
boundary z = 0; the upper boundary z = 1 is treated in a similar fashion. Assume that

A(u) < 0 and Az(u) > 0. Hence,
Ar(u) = Aa(u) = V2wp = V25w + V2% = Shi + V21 < V29
if § > 0. This implies an energy estimate provided S > 0 is small enough. a

Remark: It is not necessary that S > 0 in the previous example since
uT flu = [(Ul —ug)’ + (ur + uz)s] <

[(ul - U2)3 + (So(ul —up) + \/it/))s] < V2yR

N e | —

for |S| small enough. O

We now consider eq. (17) when we no longer require that f'T = f'. Before proceeding
we recall the definition of an entropy function.

Definition 4.2 A conver scalar function U(u) is said to be an entropy function for

eq. (17) if U(u) satisfies
urf =FT (28)

for some scalar function F(u) called the entropy fluz. The prime denotes differentiation
with respect to u.

Introducing a new dependent variable v and setting u = u(v), f(v) = f(u(v)), we get
ut+f1=ut+fzzu'vt+f'v_r:0. (29)
Equation (17) is called symmetrizable if v’ = u, and ' = f, of eq. (29) are symmetric

matrices, and if u’ is positive definite. In [3, 2] it is shown that eq. (17) is symmetrizable
iff there exists an entropy function U(u). Using the new variable v we can thus apply

13



the technique used for the symmetric hyperbolic case. The only difference is that v, is
preceded by a symmetric positive definite coefficient matrix u’, which implies that the
change of variables u = u(v) is well defined. It is therefore natural to apply the canonical
splitting to the time derivative as well. Thus, let U(v), F(v) € R? be the solutions to

UOv=-U+u UT=0"
[ L F T o (30)
Flv=-F+f F'=F
where U’ = ll,, Fr=F, Hence,
. 1 N 1
U(v) = / w(Bv)dd  F(v) = / F(6v)do . (31)
0 0
Applying the canonical splitting to u, + ft in time and space yields
(U'v)t+0'vt+ (F"v)x-f-ﬁ'v, =0, (32)
which after scalar multiplication by v implies
Ty T pt _
(v U’v)t + (v F'v)z =0. (33)

Integration of eq. (33) with respect to z yields
d -
2ol = —T P,

where :
llo]3 = / oT0'vdz
0

defines a norm since it follows from eq. (31) that U’ is positive definite. In general, U’ will
depend on v. Assume that f(v) satisfies f'v = pf for some p > 0. Then F' = (1/(p+1))f,
whence

d . !
Ellv”fj i

Let A denote the eigenvalues of f ‘. Arguing exactly as in the symmetric hyperbolic case
one obtains

lva"vlll,.

ol < — (W Ao(0,) + T Apa(1,1) (34)
This is not an energy estimate in the usual sense because [/’ and A; depend on v. However,
since U’, Aj are both positive definite we shall call inequality (34) a generalized energy
estimate. We have thus shown

Proposition 4.2 Suppose that eq. (17) can be symmetrized by a change of variables u =
u(v) such that f(v) = f(u(v)) satisfies f'v = pf. Then any smooth solution v satisfies a
generalized energy estimate (34).

14



Remark: Harten [3] has shown that the Euler equations of gas dynamics can be sym-
metrized by a change of variables © = u(v) such that f’v = pf. Thus, according to
proposition (4.2) a generalized energy estimate is obtained. 0

Equation (33) shows that eq. (17) provides an additional conservation law. It is

therefore tempting to regard yTU'v and vTF'v as entropy and entropy flux. Indeed, we
will show that vTU’v and v7 F’v fulfill the conditions of definition (4.2). To this end we
define the scalar functions

v=ovTu—oTU

v=oTf—0TF "’ (35)

2TV’
oTF!

where the last equality is a consequence of eq. (30). The Jacobians U’(v) and F'(v) are
symmetric by construction. Furthermore, v’ = v, is symmetric positive definite since it 1s
the inverse of the symmetric positive definite matrix v’ = u,. These symmetry relations
and eq. (30) imply that

Uu)=v, FT@)=v"f(u).

Also, U"(u) = v'(u) > 0, i. e., U(u) is a convex function satisfying
UITfI — FIT

whence U(u) defined by eq. (35) is an entropy function associated with the entropy flux
F(u). We have thus arrived at an explicit expression for the entropy/entropy flux. We
summarize the results in

Proposition 4.3 Let eq. (17) be a symmetrizable system of conservation laws. Then an
entropy function U(u) and the corresponding entropy fluz F(u) are given by

Uu) = /0 L oTw(6v)0udd  F(u) = /0 " oT ' (6v)0vdo (36)

where v = v(u) is the change of variables that symmetrizes eq. (17).

Remark: In the symmetric hyperbolic case we have u = v, whence U = (1/2)v. This in
turn implies U(u) = (1/2)|u/|? in agreement with our previous results. O

In the scalar case we obtained a sequence of conservation laws (13). Define the scalar
functions
Uy(u) = —u®?, =1,....
p(u) 2 p
Hence, U, = u**~'. From eq. (13) it follows that f},_, = f'u?~1 and thus

U;,f'=f;p_1, p=1,....

15



Consequently, {U,, f2p-1} is a an entropy/entropy flux sequence. This sequence allowed
us to derive an estimate in the maximum norm. Assume that there exists a corresponding
sequence in the vector valued case (17), i. e.,

W)+ (F), =0, UTf=FT, p=1,..,

where the entropies satisfy ¢,|u|** < U,(u) < C,|u|* for some constants ¢,, C, such that
P P P Cpy Uy

C .\
lim sup (—p) =1.
p—oo Cp

We note that these hypotheses hold in the scalar case. Also, in the symmetric hyperbolic
case we have U (u) = U(u) = (1/2)|u|. Integration over (—oo, 00) x (0,t) yields

| Utz )z = [ Uy(p(2))da,

where we have assumed that u has compact support. The hypotheses on U, imply

C,\ %
(s )l < (;) el

Finally, taking the limsup of both sides of this inequality leads to the maximum norm
estimate

[, oo < [lelloo -
Thus, the existence of an entropy sequence implies a maximum norm estimate for the
initial value problem (17), provided the entropies satisfy c,|u|** < Up(u) < Cp|u|?.

Remark: Lax [5, 6] has constructed a sequence of entropy functions satisfying certain
growth conditions for 2x2-systems. This sequence is then used to prove that the maximum
norm of the Riemann invariants is a nonincreaing function of time. ®]

5 Conservation Laws in Several Space Dimensions

We begin by considering scalar conservation laws

ut+Z(f,-)I'=O z€QCR* t>0

u(z,0) = p(z).
At the boundary T' = 9§ we prescribe the ingoing characteristics using data v(z, t). It will
be assumed that the boundary T is almost regular as defined in [7). Thus, the divergence
theorem can be applied to 2. Let v(z) denote the outward unit normal at z € . The
characteristic is said to be ingoing at z € T if

(37)

n

vI(z) ' (u(z,t)) = 3 vi(e) fl(u(z, 1)) < 0. (38)

=1

The cone condition (2.1) is replaced by
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Definition 5.1 A function f:Q, — R, Q. C R, satisfies an n-dimensional cone condi-
tion if

sgn(vT f'(u)) = sgn (/Ou qu'(v)vdv> u € §,

for all unit vectors v € R".

This cone condition is fulfilled if we require

sgn(v? f'(u)) = sgn(v" f'(v)), 0<v<uoru<v<O. (39)

Remark: It should be noted that the generalization of condition (10) to
sgn(fi(v)) =sgn(u), i=1....,n, uell, (40)

would, in general, be insufficient to ensure the cone condition (5.1), except for the special
case of n = 1 when condition (40) implies (39). Similarly, the generalization of (11) to

sgn(fi(u))>(<)0, i=1,...,n,uel, (41)
will, in general, fail to imply cone condition (5.1). In the special case where
filw)=cg(u), 1=1,...,n
condition (39) follows if g(u) satisfies either condition (10) or (11). O

Partition the boundary as I' = I'; U T'g, where

Iy ={zel:vT(z)f(u(z,t)) < 0}

o =T\T;, (42)

i. e., I'; corresponds to ingoing characteristics and ['o to outgoing ones.

Proposition 5.1 Suppose that there is a smooth solution u(z,t) of the initial-boundary
value problem (87) for t > 0 and that the flur functions f; satisfy condition (89). Then
u(z,t) satisfies the marimum norm estimate

(s t)lloo < Hlplleo + 11#lIrs.00 s

where H‘/’”I‘hoo = Supt,xerl |¢’($,t)|

Proof:
As in the one-dimensional case, the canonical splitting can be applied repeatedly to each
separate flux vector (f;);, to yield

1 = -
(), Z U)o,
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where

0= [ i,
0

Due to condition (39) it follows that

sgn(vT f'(u)) = sgn (/Ou VTf’(v)vz”'ldv)

for all unit vectors ¥ € R™ and p = 1,.... Consequently, the cone condition holds for each
p. Integration over {) implies

i||u||2p = -2 v~ duds

e = T

by the divergence theorem. Hence,

Gl < =2p [ [0 o) idvds

since the cone condition holds for each p. Along I'; boundary data ¥(z,t) is given, i. e.,

d
Slulz <2 [ [0 e duds.

Let t be fixed. Define
M= max [Tf(v).
0<v<|Y(z,7)]
o<
el

Integration with respect to time results in

t
- 122 < [l + M /0 /r Ip[*Pdsdr .
I

Thus
lu(- )15 < llellzp + TrMEIIF ., ,
where |I';| denotes the surface measure of I';. Taking the 2pth root of this inequality
yields
(e, )l l2p < Hlellen + (T2IMO [[3]Iryc0

Letting p — oo proves the proposition. o

Next, we consider (37) where u, f;(u) € R%. It will be assumed that the flux vectors can
be symmetrized by a change of variables u = u(v), i. e., u(v) is symmetric positive definite,
and f!(v), i = 1,...,n, are symmetric (f;(v) = fi(u(v))). The boundary conditions are
defined in terms of the new variable v by egs. (23), (24) (with u replaced by v = v(z, 1))
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at every boundary boundary point z € I'. The inflow and outflow boundaries I'; and ['o

are defined as
I ={zeTl:X(u(v(z,t))) <0 for some j, 1 <j < d}
Io=T\T};

where the A; are the eigenvalues of

— ”/
D=3 ufi)

=1

i.e..A=Q7Tf'Q; Q is composed of the (orthogonal) eigenvectors of f'.

(43)

(44)

Proposition 5.2 Suppose the initial-boundary value problem (37) can be symmetrized by
a change of variables v = u(v) such that the fluz vectors f(u(v)); = f,( ) satisfy f v=pfi
for some p > 0. Then any smooth solution v(w,t) satisfies a generalized energy estimate

oo < Wolly + = [ 00T
where
6l a, = [ wT A
1

Proof:
Let U(v), Fi(v) € R? be solutions of

Uv=-U+u :;’vz—:z+~z

u(0) =0 i(0) = fi(0)

Fl=—f!
1 p+l 1
and thus Lo
@T0) + —= > (07 flv)s, =
p + 1 i=1
The divergence theorem yields
£||v||2 = L Tf (v,v)vds = L (wTA1w1 ——wTAowo) ds.
dt v p+1 p+1Jr ! ©



According to the definition of I'; and o it follows that A; =@, Ao = A > 0 on ['p. Thus
i]|v||2 < L/ (wTA wi — whAow )ds
dt'" "0 = py Jp, IO o © )
The boundary conditions on I'; imply
d 2 2 T
ZiplE < —— Ay .

Integration with respect to time yields the desired estimate. 0O

6 Weak Solutions

In all of the previous sections we have assumed the solutions to be smooth. This as-
sumption allowed us to introduce the canonical splitting, which is a crucial step in the
derivation of the energy estimate. Suppose now that u is a weak solution of

w+Y (fi),, =0 2€QCR” t>0
i=1

‘U=PU+Q1¢) zely
u(z,0) = ¢(z),

(45)

where v = v(u) € R? is a change of variables that symmetrizes eq. (45); 'y is defined
by eq. (43), and the projection P is given by eq. (24). In general, one cannot hope for
an energy estimate to hold since the canonical splitting no longer exists. We therefore
assume that eq. (45) can be regularized in the following sense. Let u* = u(v,) be a smooth
solution of . .

u¢+2(f,-)ri =p2u,m t€QCR" t>0

=1 =1
pu, + (I = Pv=Qpp zel
u(z,0) = ¢(z),

where p > 0; u, denotes the normal derivative of u at T.

(46)

Definition 6.1 A weak solution of the symmetrizable system (45) is called a viscous limit
of
lir% u’(z,t) = u(x,t) (dz)-a.e,z€Qt>0

p—
lin(lJ u*(z,t) = u(z,t) (ds x dt)-a. e., (z,t) € T x (0, 00),
“—"

and if these limits are bounded on Q and T x (0,1) for each fized t; dz is the n-dimensional
Lebesgue measure, and ds is the (n — 1)-dimensional surface measure on I' induced by dr;
dt is the 1-dimensional Lebesgue measure.
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Proposition 6.1 Let u be a weak solution of the symmetrizable system of conservation
laws (45). If u is the viscous limit of solutions of (46), then u satisfies the entropy
condition

in the integral sense; U(u) and Fi(u) are given by
1 1 .
Uu) = / oTu/(6v)vdd  Fi(u) = / oI f1(6v)0vdf .
0 0

Proof:

We mimic the proof of Theorem 5.6 in [6]. The regularized solution u* satisfies
U:‘ + z (fiu)z.— = ”z U;“I'
=1 =1

where u* = u(v,), v, = v(uv*), ff' = fi(u*) = fi(v,). Since u* is a smooth solution we
can split the hyperbolic part canonically, which after scalar multiplication by v, leads to

(UTU/(U” uu)e + Z ( i (vu) Uu) =p Zv# Uz,

where

O = [ woo)ds,  Fio,) = [ Ji(u)d0

Define the scalar functions
Uu*)= vz'[f'(vu)v,‘ ,  Fi(u*) = vTF'(vu)vu.

Hence, U'(u*) = vy, F/T(u*) = vl fi(u*), i. e, UT(u#) fi(u*) = FT(u*), where U(u*) is

1
a convex function. We thus get

Uu*)e+ Y Fi(u*)e, = D U(u¥)ziz, = pZu“TU" ul .

=1 =1

Integration over {2 x (0,t) and the divergence theorem imply

/ﬂU(u“)dx—/nU dm+/ / VT F(u*)dsdr <u/ /U (uM)dsdr,  (47)
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where U, denotes the outward normal derivative, and

= Zu;F‘,-(u
=1

p/ot/l:U,,(u“)dsdT = u/ot/rU'T(u“)uf,‘dsdT.

The normal derivative u# can be eliminated by means of the boundary conditions. Thus

But

u/ /U dsdr—// Q4% — (I — P*)v,)dsdr .

Using definition (6.1) we can apply the Lebesgue dominated convergence theorem as
p—0

lim s [ t [ U()dsdr = / ' [o7(@rp ~ (1~ Pyo)dsr.

u—0

At the outflow boundary I'o we have Q; =0, P =1, i. e.,

lim g //U ) dsdr—// (@1 — (I — P)v)dsdr .

On Ty, however, the boundary conditions v = Pv + Q;¥ are satisfied (dt x ds)-a. e.
Consequently,

t
i H —
‘l‘l_r‘rtx)u[) /FU,,(u Jdsdr = 0.
The left hand side of eq. (47) can be handled analogously. We have thus arrived at
¢
T
— <
/QU(u)dx /QU(cp)dm +/0 /Fu F(u)dsdr <0,

which concludes the proof. ]

As a consequence of proposition (6.1) we have

Proposition 6.2 Let u be a weak solution of the symmetrizable system of conservation
laws (45) where the fluz vectors satisfy f’v = pf; for some p>0,:=1,...,n. Ifu is the
viscous limit of solutions of (46), then v = v(u) satisfies a generalized energy estimate

2 t
GOl < Nl + = [ 6,71, 0,

Proof:
From proposition (6.1) it follows that

/QU(u)dz—/nU(cp)dx < —/Ot/rVTF(u)dsdT,

22




where

1 . . 1
U(w) = [ oT(@0)60ds = o0, O(o) = [ u(Bo)do

and

n n 1 -
VTF(u) =Y wiFi(u) =3 1/,-/ o7 f(6v)8vdf .
i=1 =1 0

Using f,’v = pf;, the identity

1. 1 .
T pt T ¢t
(0v)6vdl = -
|| vTFeu)pude = 0T fiw)o
follows easily by integration by parts. Thus
vIF(u) = L Zn:vTV flo = 1 oT (v, v)v
p+l1s 7 T p+1 ’

The entropy condition can then be expressed as

1 t ~
”U(,t)”?'j < ||$0||?j - — va'(v, v)vdsdr .
p+1JoJr

The remainder of the proof is identical to that of proposition (5.2). o

The essential step in the proof of proposition (6.1) was the establishment of scalar
functions U(u), Fi(u) (U(u) convex) satisfying U'T f = F/T. In the scalar case we know
that there is a sequence {U,, F'}, p = 1,... such that U, f! = F/®. U, and F® are

given by
1 U
Uplw) = 3o, FP(w) = I i, (48)
0

For each pair {U,, F®} proposition (6.1) is true, i. e.,
Up(u)e + 3 FP(u)s, <0 (49)
i=1

holds for all weak solutions u of eq. (37) that are viscous limits of the regularized problem.
If condition (39) is met, it follows that the cone condition (5.1) is valid for all p. Equations
(48), (49) thus imply an energy estimate for each p. Taking the limit as p — oo yields

Proposition 6.3 Let u € R be a weak solution of the scalar conservation law (37), where
the fluzr functions f; satisfy condition (89). If u is the viscous limit of the regularized
problem, then u(z,t) satisfies the marimum norm estimate

(s D)l < lleplloo + |1lIrs.c0-
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Thus far, it has been tacitly assumed that the sign of the eigenvalues Aj(u(z,t)) is
independent of t for each = € I". This implies that for a given boundary point the rank
of @1 (Qo) is constant in time, which means that the rank of P also is constant in time
(recall that the coupling operator S has to be “small”). As a consequence, the inflow
boundary T’y is time independent.

The estimates obtained in the previous sections have been derived from an extra con-
servation law (or possibly a sequence of conservation laws) subject to the same boundary
conditions as the original one. To study the impact of piecewise rank constant boundary
conditions it suffices to consider eq. (45). Assume that the rank of P is constant on [0,2)
and [t;,00). According to proposition (6.2) we have

2 t
”U(,t)”?} S ”‘P“zfj + mv/‘; ”1/)(0)("7.)”!2“(10),/\(10)(17.’ 0 S t < t] y

and
9 t
RGO < o )15 + == [ 10,7l i, 1 <t < oo,

Now, since v = v(u) is the viscous limit of a regularized problem it follows immediately
that

lim (1o, O)llg = llo(- )l
which yields t
oty < llell + == [ 19O D ot
Define

F(,o) 0<t<ty
Pr=1r 4 <y
I 1 =

with similar definitions of ¥ and A;. Thus

2 t
oGOl < el + = [ 1wC, 7l 0,0, €20,

which is identical to the estimate of proposition (6.2). The maximum norm estimates
follow from a sequence of inequalities of the above type. Consequently, all energy estimates
and maximum norm estimates hold when the boundary conditions have piecewise constant
rank in time.

7 Discussion

Our aim has been to derive energy estimates for the initial-boundary value problem for
nonlinear conservation laws by means of a few basic principles: the canonical splitting
and the cone condition. These principles apply to scalar conservation laws and systems,
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to one or more space dimensions (even the time dimension), to smooth solutions and
weak solutions that are viscous limits of vanishing viscosity solutions. For symmetrizable
systems the canonical splitting gave rise to a new scalar conservation law

U(u). + 2 Fi(u)s, = (<) 0 (50)

where the convex function U(u) and Fi(u) are related via U7 f] = F'T; fi(u) is the flux of
the original conservation law. Thus, the canonical splitting implies an entropy condition.
Furthermore, we have obtained an explicit expression for the entropy function U(u) and
the entropy flux Fi(u).

For the initial value problem a generalized energy estimate follows immediately by
integration of eq. (50), since

Uu) = oT0'(v)v,

where U/(v) is symmetric positive definite; v = v(u) is the change of variables that
symmetrizes the original conservation law. If we want an energy estimate for the initial-
boundary problem, then we need to impose a cone condition on the flux vectors fi(u).
The cone condition ensures that potentially dangerous boundary terms will be eliminated
by enforcing the boundary conditions. The cone conditions will, in general, impose rather
stringent conditions on f;(u), even in the scalar case. Convexity, however, is not needed.
This contrasts with the initial value problem, in which case one can prove existence and
maximum norm estimates for single conservation laws under very general hypotheses (f(u)
differentiable, initial data p(z) € L'(R*)N L= (R™)N BV(R"))[2]. Albeit a restrictive con-
dition, the cone condition is fulfilled for many scalar equations that occur in practice,
such as the Burger’s equation and the Buckley-Leverett equation. For systems a partic-
ularly important class of flux vectors is given by those that are positively homogeneous
functions of v, i. e., f'v = pf for some p > 0. The Euler equations belong to this category.
Summing up, if a cone condition holds, then a generalized energy estimate follows from
eq. (50) and the characteristic boundary conditions. Thus, the energy estimate appears
as a special case of the entropy condition (50). In particular, there exists a generalized
energy estimate iff the system is symmetrizable and a cone condition holds.

We saw for a single conservation law that it was possible to generate a sequence
of entropy conditions from which we could deduce a maximum norm estimate. It is
an intriguing question whether systems of conservation laws that originate from physics
possess a sequence of entropy conditions such that a maximum norm estimate would
follow. As mentioned earlier, Lax [5] has constructed such a sequence for 2 X 2-systems.
Harten [3] has introduced a family of entropies for the Euler equations such that symmetry
and homogeneity are preserved. It remains to be shown if a family can be found that
satisfies the necessary growth conditions. Finally, we conclude this discussion by noting
that many of the energy estimates carry over to the semi-discrete case by extending the
technique in [9] to the nonlinear case. This is the topic of a forthcoming paper.
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