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Effects of Assumed Tow Architecture on the

Predicted Moduli and Stresses in Woven Composites

By
Clinton Dane Chapman

Texas A&M University

ABSTRACT

This study deals with the effect of assumed tow architecture on the elastic material
properties and stress distributions of plain weave woven composites. Specifically, the
examination of l;ow a cross-section is assumed to sweep-out the tows of the composite is
examined in great detail. The two methods studied are extrusion and translation. This
effect is also examined to determine how sensitive this assumption is to changes in
waviness ratio. 3D finite elements were used to study a T300/Epoxy plain weave
composite with Qymmetﬁcally stacked mats. 1/32nd of the unit cell is shown to be
adequate for analysis of this type of configuration with the appropriate set of boundary
conditions. At low waviness, results indicate that for prediction of elastic properties,
either method 1s adequate. At high waviness, certain elastic properties become more
sensitive to the rlnethod used. Stress distributions at high waviness ratio are shown to
vary greatly dep%endin’g on the type of loading applied. At low waviness, both methods

produce similar results.



I. INTRODUCTION

As engineering technology continues to increase, more and more demands are placed
upon structural materials in many industries, including, aerospace, automotive, and
biomedical. Composites are designed in order to fulfill these demands. - Fibrous
composites are well established as being useful for many demanding structural
applications. One method of fabricating fibrous composites is weaving. By grouping the
individual fibers into fiber bundles called tows or yamns and weaving them together,
preforms can be made in complex shapes. And with th¢ addition of resin, woven
composites are produced.

Woven composites have recently been receiving considerable attention due to their
beneficial properties compared to laminated composites. Some of these properties include
a high resistance to "damage and impact [1]. These composites also exhibit a higher
transycrse moduli than their counterpart, the laminated composite [2]. Since the
composites are woven they also exhibit a resistance to delamination which is a major
failure mode for 'll.aminated composites. The contribution of these composites to
manufacturing is also substantial. Due to their ease of handling woven composites reduce
manufacturing error as well as provide the ability of near-net-shape manufacturing
capability [3,4].

To design high performance composites, accurate techniques to predict the material

properties of the composite must be developed [5]. Material property prediction can come



from experiments or analysis of the composite by analytical or numerical methods. Due
to the ,immcqsc amount of cost, material and man-power, that would be required in order
to get the required properties using experimental methods, analysis of the composite using
analytical or numerical methods presents the only cost effective way of prédicting
properties oﬁ woven composites.

'Wove;,n composites can be constructed in several different ways depending on how
the tows arc woven together. These types of weaves can be brokeén down into two
general categories: Two-dimensional and three-dimensional. Some 2D weaves are plain,
satin, and tﬁ-axial weaves. The fabrication of three-dimensional composites is very
complex. T_é avoid such complicated geometries, this research will be concerned with the
simplest vtypjfe of 2D textile composite, the plain weave.

As ;éscarch continues on the analysis of woven composites, many researchers are
assuming differcnt <;ross sections in their analyses. Accurate description of the tow
architecture? is essential for predicting the mechanical behavior of textile composites [6).
The objccti\i'c of this research is to dcterminé the effect of assumed tow architecture on
the prcdicte%d effective elastic properties of woven composites. Since an analysis of this
type will reﬁuire a detailed stress analysis of the composite it is not practical to analyze
a complete structure due to the relative size of the structure compared with that of the
microstructure. The alternative is to analyze a representative volume element (RVE) to

!
obtain effeq:tive properties WHicf\ can then be used in a structural analysis.
A silbstantial difficulty encountered when analyzing composites is the size of the

inhomogenbities compared to the size of the RVE [7]. When studying unidirectional

composites, the RVE can be reduced to a section of a single fiber in matrix material, but



for woven composites, to reduce the analysis to this minute a detail would so complicate
the analysis that it would currently be futile to attempt. A larger RVE must be considered
when dealing with woven composites. Since the physical size of the fibers is too fine to
model these properties must be accounted for using a homogenization process.

Homogenization of the properties of the fiber tows can be performed using several
techniques [9]. However, this homogenization must capture the transversely isotropic
nature of the fiber tows. After homogenization, the tows can be idealized to any
geometry which greatly simplifies the analysis.

Due to the highly complex geometry of the fiber tows inside woven composites
which will be modeled in this analysis, it is difficult to model the RVE using analytical
methods [2]. Instead, the finite element method will be used due to its ability to represent
complex geometries and give detailed stress levels throughout the RVE. By employing
traditional 3D ﬁnite‘ elements, a detailed analysis will be performed to determine the
effect of various geometrical assumptions on the behavior of the composite.

As stated earlier, this research is primarily concerned with the plain weave. A
typical plain weave is shown in Figure 1.1 (the resin pockets have been omitted for
clarity). This type of composite has only 0° and 90° tows which follow an undulating
tow path. In this study, the warp and fill tows will be assumed to be identical. The warp
tows run in the primary load carrying direction. For this study, the load carrying
direction will be the x direction. The fill tows run perpendicular to them in the y
direction.

Many cross-sections have been considered in the literature, including the Pierce

geometry, race-track, and lenticular. For this research, the lenticular geometry will be




Fill Tows

Figure 1.1: Typical plain weave composite unit cell modeled with finite elements
with warp and fill tows indicated.




used. The complexity of the analysis is highly dependent on the assumptions made when
describing the shape of the tows. Obviously, one does not want 10 model details which
are insignificant. Since there are many assumptions which can be made about the
geometry of the composite, these must be considered individually to determine there
significance. The objective of this study is to determine the effect on moduli and stress
distribution of how the cross-section is assumed to sweep-out the volume of the tow. A
study of how this effect changes with waviness of the tows will also be considered.

Since the geometry of the unit cell is fairly complex, reduction of the unit cell due
to symmetries in the RVE will be exploited to allow a more detailed analysis of the
composite. Various load cases produce different boundary conditions and each will be
developed in detail for various subcells of the unit cell.

This research will hopefully provide needed information which will help future
researchers in the investigation of woven composites. To this end this research is

presented in the following chapters.




II. LITERATURE REVIEW

In the last twenty years, woven composites have received considerable attention
due to their complex nature and beneficial properties. Modeling the behavior of woven
composites is difficult because of their complex geometry, but it is this geometry which
gives these composites their favorable properties.

The scale of woven composites compared to the scale of the fibers used in the
tows of the composite is one difficulty in the analysis of woven composites. For finite
element modeling it is impractical to try to model a woven composite with a resolution
fine enough to capture individual fiber influence due to the enormous amounts of memory
and computer time which would be required. One solution to this problem is to combine
the properties of the resin and fibers in the tows. This process is known as
homogenization. Homogenization theories assume that the scale of the microstructure is
small compared to the size of the composite, and that the composite can be represented
as an homogeneous medium [8]. Much work has been done on the homogenization of
material properties including a text by Mura [9] which covers many applicable methods
for homogenization of material properties for unidirectional composites. One particular
method which presents an appealing solution due to its ease of implementation and
reliable results is the Mori-Tanaka method.

The main focus of research on woven composites has been directed into prediction

of effective moduli as well as stress analysis and failure prediction. There have been
several attempts to predict effective properties using analytical methods with some relative

success. Analytical methods have also been used to try to predict stress distributions with



little success due to the inadequate representation of the three-dimensional nature of these
composites [2]. Finite elements have been employed by researchers to model this
complex geometry. Several have used 2D and 3D finite element models to try to capture
the effective moduli, stress distributions, and some predictions of failure.

Research done on textile composites can be broken down into Fwo,main categories:
analytic and finite element work. A review of work in these twd categories are presented

in the following sections.

2.1 Analytic Models

Many analytic models were generated using classical laminated plate theory
[10,11]. Ishikawa [12], Ishikawa and Chou [1,13-17], and Ishikawa er al. [18] have
developed’ several models for the prediction of thermoelastic properties of woven
composites using modifications of classical laminated plate theory [10,11], namely, the
mosaic model, the fiber undulation model, and the bridging model.

The mosaic model [12,13,17] idealizes a woven composite as a collection of cross-
ply laminates and is a simple means for estimating upper and lower bounds on the elastic
constants of woven composites. Figure 2.1 shows a cross-section of a five-harness satin
composite with its idealization using the mosaic model. As can be seen from the figure,
the model ignores fiber undulation as well as fiber continuity. The mosaic model does
however provide an upper and lower bounds depending on how the stress and strain are
assumed to vary through the cross-ply laminates. The two extreme cases are constant

stress and constant strain.
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Figure 2.1: Five-harness satin modeled using mosaic model: (a) cross-sectional
view of five-harness satin; (b) idealization using mosaic model.



Another model developed by Ishikawa and Chou [17] is the fiber undulation
model. Unlike the mosaic model, the fiber undulation model takes into account the
continuity and undulation of fibers by assuming that for each infinitesimal slice, dx,
along the x axis as shown in Figure 2.2, classical laminated plate theory is éermane.
The compliance of each slice is a function of the amount of undulation which the fiber
exhibits. These compliances are averaged along a representative length (See Figure 2.2)
of composite and then inverted to give the overall stiffness of the composite.

The bridging model also developed by Ishikawa and Chou [1,16] is an extension
of the crimp model to idealize satin weave composites. The representative unit cell of
the satin composite is broken down into a region of undulation and several surrounding
regions. Continuity and undulation of the warp tow is ignored in this model but is
considered insigniﬁpant if the composite is loaded in the fill direction only. The stiffness
of the undulating region is found using the fiber undulation model mentioned earlier.
The stiffness of the surrounding region is found using classical laminated plate theory.
By allowing a force to be exerted on the undulation region and the surrounding regions,
an average compliance can be determined and then inverted to give an overall stiffness
of the composite. The bridging model provides excellent agreement for graphite/epoxy
composites when compared to experimental results [3].

In two papers by Naik and Shembekar [4,19], the authors extend the work of
Ishikawa et al. [17] on the fiber crimp model to two dimensions. The authors present
elastic analysis of plain weave textile lamina and laminates. They report large

discrepancies using the 1D model, as reported in earlier literature, and fairly good results
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using their developed 2D model. In-plane elastic moduli are found to agree well with
experimental results. Laminate stacking and their offsets to one-another were also
studied.

Ma et al. [25] developed a method of analyzing three dimensional combésites by
representing the composite with a brick like structure whose corners are connected with
rods. Variation of elastic moduli with changes in fiber volume fraction as well as fiber

spatial orientation were given in closed form expressions.

2.2 Finite Element Work

Three dimensional finite element work has only recently become more feasible
due to the relatively inexpensive computer time and post analysis software for viewing
the computed results of the analysis graphically. Consequently, most pre-90’s analysis
deals primarily with two dimensional finite element work.

Avery and Herakovich [20] studied two dimensional woven carbon-carbon
composites. They used a quasi-three dimensional finite element model to represent the
behavior of an eight harness satin in order to get an understanding of what effects the
stress distribution in the composite. They predict how stress distributions in the fill and
warp tows of the composite are affected by changes in the stacking sequence of the
laminates. They also found that when the composite was subjected to in-plane loading,
the stress distributions were highly sensitive to changes in the geometry. The authors
state that the moduli in the region of undulation of the tows are dependent on the offset

ratio and stacking sequence. (Offset ratio refers to the distance between the undulating
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Figure 2.2: Typical two dimensional fiber RVE showing parameters for fiber
undulation model developed by Ishikawa and Chou [17].
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regions in different laminae.) The geometry changes considered by the authors are
related to the stacking of the woven mats used to make the composite and not to the
physical shape of the tows and tow paths.

Foye (21] performed a 3D analysis to determine the effective properties of woven
composites. In this analysis, a 1/16th unit cell is modeled by one eight-node hexahedra.
The geometry of the tows and cross-sections is not mentioned, and integration performed
on the element is done across material boundaries with no apparent regard to the jump
discontinuity in material properties. He does however report fair agreement with
experimental data for a graphite/epoxy with a 64 % fiber volume fraction for the weaves.

In a later paper by Masters, Foye, et al. [6] the same technique was used to
model tri-axial braided composites. A finite element model was used to idealize a tri-
axial braided AS-4 fabric impregnated with Shell 1895 epoxy resin. The results of the
analysis compared as well or better than analytical techniques in predicting elastic
properties of the composite when compared to experimental data. One analytical model
used was a laminate model, which models each set of tows in the composite as if it were
a symmetric laminate made from unidirectional plies. This model ignores any undulation

of the tows. To account for this, another model, a corrected laminate model, applies a
correction factor which can account for the braid undulation. The last model used for
property prediction was the diagonal brick model as discussed previously [25].
Whitcomb [2] developed several techniques for performing three-dimensional
finite element analysis of plain weave composites. This paper deals with aspects of

analyzing these composites which are different from the traditional analysis of laminated
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composites. Analysis of various plain weaves was performed to show the impact of tow
waviness on the overall moduli and Poisson’s ratios as well as strain distributions
throughout the composite. The unit cell used by in his analysis is a quarter-unit cell as
shown in Figure 2.3. This quarter-unit cell is small enough to allow more highl‘y refined
meshes than that of the full unit cell. Some results which Whitcomb found were that the
in-plane moduli decreases almost linearly as tow waviness is increased. Also, when the
plain weave composite is subjected to uniaxial loading, large normal and shear strains
developed due to tow waviness.

Woo and Whitcomb [2], Whitcomb and Woo [5], and Whitcomb er al. [23]
developed new macro elements which account for the spatial variation of material
properties within a single element in order to simplify 3D analysis of textile composites.
These elements are particularly useful for analyzing a woven composite with finite
dimension because it reduces the amount of memory required to analyze the model. The
disadvantage to using macro elements is that macro elements can only model small
number of degrees of freedom compared to that of the full finite element mesh.
Although these degrees of freedom can effectively model the stiffness of the composite,
stresses in the element are erroneous near the edges of the elements. However, away
from the edges of the macro elements, Woo [8] reports very close agreement with
standard finite element results.

Paumelle et al [24] presented an analysis of woven composites by homogenization
of the fibers and resin to get tow properties and then homogenizing the tows and resin

to get composite properties. Stresses induced inside the woven composite microstructure
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Figure 2.3: Quarter unit cell of plain weave textile composite used by Whitcomb [6].
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were calculated using three dimensional finite elements. This analysis was performed
on a balanced glass fabric embedded in an epoxy resin. The primary goal of their study
was to reveal the overstresses of the materials in the composite as well as point out the
problem of delamination at the yarn-matrix interface. They point out in their
investigation that the overstresses induced in the composite can be as much as 7.8 time
the macroscopic loading. They also contend that the resin undergoes the maximum
loading relative to its strength and that failure will initiate there.

In an earlier study [7], Paumelle ez al presented results which reflect the effect

of geometry changes on the effective properties. The geometry effects considered were:

—t
.

Distance between yarns which is analogous to waviness ratio.

2. Shape of yarn section which reflects the flatness or circularity of the cross

sectiQn.

3. Fiber content of the tows.

4. Resin thickness between layers of fabric.

The authors make several conclusions based on their study. They observe that
the Young’s modulus of the resin greatly effects the values of E,, G,,, and G,,. Also,
the remark that a readjustment of the yarn shape could increase the shear modulus of the
composite.

Woo [8] studied woven composite using two dimensional and three dimensional
finite elements. The author’s research dealt with the study of two types of macro
elements: single-field and multi-field. A comparison of results obtained with these

special elements was compared to conventional finite elements. Also, work was
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performed to determine initial points of failure in the composite as well as some work
on the prediction of elastic properties and their variation with waviness-ratio. The
material system used by Woo was a T300 graphite fiber in an epoxy matrix. Since
Woo’s work contains work which is initially closely related to this research, these

material properties will be used in all analysis in this thesis.
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[Il. THEORY

This chapter contains relevant theory related to plain weave composites. The
purpose of this chapter is to give the reader a better understanding of woven composites
and explain how and why certain results were obtained. A description of various terms
related to woven composites will be covered in the following section. After this
description, mesh generation will be covered to explain the theory involved in the
generation of the finite element meshes used for this research. Next, application of loads
to the meshes will be covered along with the appropritate boundary conditions for the

RVE’s used in this research.

3.1 Nomenclature

A woven co;nposite like conventional fiber composites is made of a matrix
material surrounding fibers. However, the fibers in a woven composite are twisted into
a dense fiber bundle called a tow which can be combined with other tows to make a
textile. After the addition of resin, the tow contains resin and fibers. The fiber properties
can be homogenized with the resin to give effective properties of the tow. These
homogenized properties can be found using micromechanics. For a plain weave, there
are two different names for the tows - warp and fill. The warp tows run in the primary
load carrying direction, and the fill tows run perpendicular to them.

The tow is characterized by a tow path which is a desciption of how the

midplane of the tow changes with position. The tow path of a typical tow is shown
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in Figure 3.1. The tow path is the most important feature in describing a woven
composite. It will be shown later that by specifing a tow path, many parameters which
further describe the tows can be found. For this study, only sinusoidal paths will be
considered.

The tows of a composite are characterized not only by the tow path but by a
parameter refered to as waviness ratio (WR). Waviness ratio is - as the name suggests -
a measure of the waviness of a tow. It is more specifically, the ratio of the thickness of

the mat to the wavelength of the tow path. Or in equation form

WR=— 3.1.1
A

where ¢ is the thickness of the woven mat and X is the wavelength of the towpath (see
Figure 3.1).

Tows can be woven together in many ways. The one that this research is
concerned with is the plain weave. This type of weave has only 0° and 90° tows which
follow an undulating tow path. A typical plain weave is shown in Figure 3.2. In this
study, the warp and fill tows are assumed to be identical. This is type of configuration
is known as a balanced weave.

Several other terms describing the assumed geometry are also utilized, but these

are better addressed in the following section on mesh generation.



WR =Yy

Figure 3.1: Cross-section of plain weave showing towpath and parameters
used in waviness ratio.
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Fill Tows

Warp Tows

Figure 3.2: Typical plain weave composite unit cell modelled with finite elements
with warp and fill tows indicated as well as coordinate system used in this study.
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3.2 Mesh Generation

In order to determine the effect of gecometry on the effective properties and stress
distributions, a mesh generation strategy must be developed in order to automate the
tedious task of mesh generation. Since the geometry of woven composites are rather
unique, the generation strategy must be consistent with the geometry of the tows. The
following section details the development of meshes used in this thesis. To generate
three dimensional meshes, an understanding of the generation of simplier two
dimensional meshes is beneficial. Therefore, mesh generation for 2D models will be

discussed first, then generation of 3D models will be addressed.

3.2.1 Generation of 2D tow by translation of cross-section

Translated tows are the simpliest to generate and understand. The term translated
actually refers to the way a representative cross-section is used to generate a solid object
(see Figure 3.3(a)). For 2D models, it physically means the distance above and below
the tow path is kept a constant. For a tow path described by the function f(x), the top
and bottom of the tow are given by f(x)+h/2 where h is the height of the fiber tow.
Knowing this, generation of elements for the tow can be done by simply using this

functions to pick off values for the top and bottom. For example, if the tow path is

described by

fx)=sin(x) 3.2.1

and has a height of =2, then the top and bottom are described by the functions




(a) Translated cross-section.

(b) Extruded cross-section.

Figure 3.3: Solid objects created by translating and extruding a cross-section.
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8,(x)=fIx)+1=sin(x) +1
3.2.2
& () =f(x) - 1=sin(x) -1
respectively, where the subscripts *T’ refers to the top and 'B’ to the bottom of the tow.
The coordinates for the top and bottom of a translated tow is represented by a function
which is no more complicatec than that which describes the tow path.

The translated tow does have one major drawback, distortion of the tow at high

waviness ratios. For example, a tow path described by the function
fx)=sin(Z) 323
5

with a height of 2, has a WR=1. This tow is shown in Figure 3.4. The thickness of the
tow is dramatically smaller near A’ than at *B’ as indicated by the arrows. This is
physically inaccurate because the tow still contains the same amount of fibers so should
be the same width at A’ and *B’. A better way would be to keep the thickness
perpendicular to the tow path constant. This method of generation will be termed

extruded.

3.2.2 Generation of 2D tow by extrusion of cross-section
As stated above, the extruded tow is generated by keeping a constant distance
perpendicular to the tow path. Figure 3.3(b) illustrates how a representative Cross-

section is used to generate a solid model. Functions for the top and bottom of the tow



Figure 3.4: High waviness ratio translated tow showing unrealistic tow

thicknesses through the tow.
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Figure 3.5: Right triangles used to derive equations for extruded tows.



can be derived using the Pythagorean Theorm with the triangle shown in Figure 3.5,

at+b?=c? 3.2.4
Dividing by a® gives
a b 3
. _c 32,5
a’> a?

Rewriting using trigonometric functions for the r.h.s. gives

2
1+(_’Z) o ! 3.2.6

a) cos’é
here @ is the angle opposite side b. Setting a=dx and b=dz as shown in Figure 3.5

gives

2
1+(£’£) i 32.7
dx) cos’6
or, using z=f(x)" gives
Ir N2 1
14F ()= 3.2.8
cos’6
Solving for cosf gives
1
s onefls—0 — 3.2.9

V21

'z is used so that transition to the discussion of 3D mesh generation will be made

simpilier.
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Similarly, an equation for sind can be derived and is given by

/
sing=iuf 3.2.10
V)t
Using the above relations for sinf and cos0, it is possible to obtain values for
Ax., Az;, Axy, and Azg as chown in Figure 3.6. These relations in terms of f(x) and h

as shown in Figure 3.6 are

f
ML 3.2.11
2 1
Az;%—l———- 3.2.12
fl(x)*+1
/
it SR 3.2.13
2 f/(x)2+1
By 2o Lot 3.2.14
2 fr1

Adding these relations to x and z=f{x) gives

L 1 3.2.15

e T 3.2.16

2 Fe+1



(Xp(X).y+(x,))

Figure 3.6: Parameters involved in the derivation of extruded tows.
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xyexe kLD 3.2.17
2 [flay+1
z,,(x)=/(x)——l1 . .3.2.18

2 /fl(x)Z +l
To obtain an equation, gy(x), which describes the top surface of the tow, one must first

recognize that

f’(x) =g;(x7‘) ) | 3219

as shown in Figure 3.6. Starting with

h 1 .
4 1(x ) =Z1(x) =Xy +—— v 3.2.20
o 2 [Farei |

Substituting (3.2.19) into (3.2.20) gives

81(xp %) —%’- E

s 3.2.21
“ (erlx+1

Solving for x in (3.2.15) and substituting in (3.2.19) gives

!
X
pox o b 80D 32.22

2 [ele+1

Finally, substituting (3.2.22) into (3.2.21) gives

’ /
g,(x,r)=f(xT+ﬁ 8107 -k L 3.2.23

2 feiegter % Jertpel
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It is cumbersiome to solve this highly complicated-equation for gy(x) to determine points
on the tow ﬁath. An approximate solution can be obtained by fitting a spline through
points generated using equations (3.2.15)-(3.2.18) and then evaluating the splme along
the path. ThlS spline technique was used herein.

As wlth translated tows, extruded tows have disadvantages. Half the height of
a translated: %tow cannot exceed: the radius. of curvature of the tow path or the formulation

for gy(x) will become multivalued. The radius of curvature, p, for a function f(x) is

given by

3

_Aw)? 3.2.24
ool
which gives the condition
h
A 3.2.25
5 <P

Ifa tow paih is described by the function

f(x)=cos(%’1 ) | 3.2.26

with a height of 2, the waviness-ratio is

WR=—42 3.2.27
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Substituting (3.2.26) and (3.2.24) into (3.2.25) gives

L)

‘ 3.2.28
(2. (27, '
—} cos| —
()
The r.h.s. is minimum when x=X\ which gives
1<(_"_) 3229
2z ‘

This condition is false for A<2w. This implies that WR cannot exceed 4/27 for an
extruded tow with this particular combination of tow path and height. This is important

to know because it implies that the height of a tow has a maximum value for a specviﬁc"

tow path.

3.2.3 The 90° tows

So far all that has been discussed is generation of one tow which will be termed
the 0° tow. The tows running perpendicular to the 0° tows will be designated as the 90°
tows. If one assumes that the 0° and 90° tows have the same tow path, then a maximum

height of the tow can be found. The height, Iz, of the tows is given mathematically as

h=max(f(x)) -min(f(x)) 3.2.30

This equation assumes that the minimum of the 90° tows occurs at the maximum of the
0° tows and vice versa - which is the case for plain weaves. The thickness of the mat

may also be found and is given by
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t=2h 3.2.31

With this itjis possible to proceed to the development of the cross-section of the 90°

tows.

3.2.4 Cros.;"-Sections

The %c,ross section of the 90° t,oWs is determined by the tow path of the 0° tows.
There are an infinite number of different cross-section shapes which can conform to this
statement. However, it is important to consider what constrains the cross-section shape
in order to get a maximum area cross-section shape. Since both the 0° and 90° tows
always wéqt to straighten after being woven together, they are forced to contact. Asa
simplifing gssumption, if the cross-section is assumed to be constant along the tow path,
then the ;Hape is constrained and only one maximum area cross-section exists. The
cross—sectiQn generated by way of this assumption is symmetric about the mid-plane of
the tow. 'fhis means that the distance form the mid-plane to the top is the same as the
distance from the mid-plane to the bottom of the tow. The cross-section can then be
represented by a function h(x) which gives the distance from the lower surface to the

upper sudacc of the cross-section. Consequently, the distance from the mid-plane to

either the top or bottom of the cross-section is just i(x)/2 (see Figure 3.7).

3.2.5 Geﬁeration of 3D translated tows
After the cross-section has been determined, generation of 3D tows is possible.

The top and bottom of a single 0° translated tow are created using a formula similar to



Figure 3.7: Cross section of tow showing function for height, h(x).
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that used in 2D (eq. (3.2.2)),

85 () + ”—g_yl
3.2.32
4 go(x ’y) -—ﬂ)C) h(y)

Notice that the only differénce is that & is now a function’y. (The 0’ in the subscipt on |
g refers to ith'e‘ 0° tow.) Coordinates defining the surface of a translated tow may be
picked easily using the above formulas. The tow path of adjacent 0° tows for a plain
weave are }offse’t in the x direction by M2. This gives the following equations for

adjacent 0° tows:

Eax)=flxs & >+ ‘”
3.2.33
gga(x:}’) =flx+— )‘ O,)

The 90° tows may also be added by using the above formiila and making a change
of variable (ie. switching x and y).
Erooti) Ay ) + XD

3.2.34
h(x+r)

.-

F4 Bga(xs)’) f(y +C) -

To insure ?com;iatibility between the 0° and 90° tows, ¢ and r have been added to the

previous equation. An example may clarify the meaning of ¢ and r.
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Example: If a tow path is given by

§(69) =ACOS(%£)’ 3235

Then the top and bottom surface of the 0° and 90° tows are described by

2,0 =Acos(ﬁ’£)¢@ 3.2.36
A 2
and
8o (%)) =ACOS( 2 ”g +0) )-:t h();ﬂ) 3.2.37

At (x,y) = (0,0), g5o(0,0) should equal gr,(0,0). So to insure this, ¢ and-r should be

given the values

c=—'21—,r=0. © 3.2.38

Next, generation of 3D extruded tows will be covered. Compatibilty will be enforced

in the same way as it is for the translated tows above.

3.2.6 Generation of 3D extruded tows
The extension from 2D to 3D is also not difficult for extruded tows. The main
difficulty is an increase in the amount of data which must be kept. Using equations

(3.2.15)-(3.2.18) and substituting a function in for i which describes the cross-section,

the following equations are produced
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x,(x,y)=x—;’@—ﬂ£)—~ 3.2.39
2 f/(x)Z +'l

z,(x,y)=f(x)+l1—(y—); - 3.2.40
R

xB(x,y)=x+zi@——Z—(—(£}—— 3.2.41

) 09T —— 3.2.42
2 Jhor

Again, it .rhay be possible to obtain equations describing the top and bottom surface of
the tow, bpt these equations will be highly non-linear and difficult to solve. Using a
'two-dimens;ional spline fit or collections of 1D splines, it is possible to obtain an
approximate function for the upper and lower surface of the tows.

In the abové equations, (3.2.39)-(3.2.42), h(y) has been included. This function
for the créss~section of the tow must also be approximated using splines. Using all of
these splines means that a substantial amounts of "book-keeping" must be performed in
a mesh génera‘tion program.

Td obtain equations describing the 0° tows adjacent to the single 0° tow, an offset
of A2 mujst be added to x as shown in the translated section previously. The equations

describing the 90° tows can also be generated similar to the translated section using the

constants ¢ and r.
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Several extruded tows are shown in Figure 3.8. As indicated by the arrow in the
figure, there exists a gap between the 0° and 90° tows. This gap is not present with the
translated tows. The gap exists between the extruded tows because the edges of the
perpendicular tows, which are the same as the tow pa§l1 of the perpendicular tow, do not
have the same shape as the cross-section of the tow. where the two tows should meet.
This is shown in Figure 3.9. This is not true for the translated tows whose cross-section

shape is the same as the part of the tow path in contact.

3.2.7 Generation of Matrix

After generating the tows using any method, all that remains is to generate the
matrix elements. Generation of the matrix elements for the translated model is fairly
simple to acbomplish. This is done by breaking the matrix into two regions - one above
the tows and one below the tows - and generating each region seperately. For the upper
region, the containing surfaces are the top of the tows and a plane where z = constant.
The elements are created by just picking off points from the upper plane and top of the
tows and then dividing the region into the number of desired elements. A 1/8th subcell
translated mesh which has been sectioned is shown in Figure 3.10.

For the extruded model, this strategy is all right if the matrix elements being
created are abové;r below two tows. But the extruded model has a few surprises.
There exists a matrix pocket between the warp and fill tows as shown in Figure 3.8 and

Figure 3.9. Elements must be created for this region also, and additionally, must be
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Figure 3.8: Extruded tows with arrow indicating gap between warp

and fill tows.



A

Position of cut

Cross-section of tow

Edge of perpendicular tow
(same as tow path)

Figure 3.9: Cross-section of extruded tow showing that edge of perpendicular
tow does not have same shape as cross-section.
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incorporated into the rest of the matrix. Figure 3.11 shows a seperated 1/8th subcell

extruded mesh and one possible way to do this.

3.2.8 Variation of material properties

The material properties of the tows can be found by homogenizing the properties
of the individual fibers with the resin. These properties can then be applied to the
individual elements representing the tows of the composite. Although, the tow is
assumed to be homogeneous and transversely isotropic in the material coordinate system,
the orientation of the tow in the global coordinate system varies considerably depending
on the angle of the tow path at a particular point. The angle of rotation for the warp
translated tows is constant along lines of constant x. For the warp extruded tows, angles
of rotation are constant along lines which are perpendicular to the tow path.

For this research, the variation of angles of rotation for the warp extruded tows
will be assumed to vary linearly along lines of constant x. In was found that the actual
variation of the angle across the tow varied less than 0.5° from this linear fit at 2 WR =
1/3. This is assumed to be a small effect and will add little error to the analysis. Unit
cells with lower waviness ratios will experience even less deviation from the correct
angle.

For each element two methods of specifing the angles for the elements will be
studied for initial analysis. One method assume a constant rotation angle for an entire

element. This will be refered to as the single angle method. The next method allows



S
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Figure 3.10: Sectioned view of 1/8th subcell translated mesh showing how

matrix is added to tows.



igure 3.11: Sectioned view of 1/8th subcell extruded mesh showing how

matrix in regions between tows is combined with rest of matrix.
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a variation of material properties at each integration point by specifing the angles at the
nodes of the element and then interpolating using shape functions to obtain the values at
integration points inside the element. This method will be refered to the multiple angle
method.

These methods will be examined in a convergence study later in this chapter to

determine which method is better and if such complication is truly necessary.

3.2.9 Parameters describing meshes

To differentiate between different meshes used in this research, a brief description
will be presented for several different meshes and parameters used in their generation.

Two full unit cells of a woven composite are shown in Figure 3.12. The size of
the unit cell is depe;ndent on the stacking sequence of the mats. For symmetric stacking,
the unit cell is larger than the unit cell for simply stacked mats. The basic building block
of both unit cells is 1/32nd of the unit cell for the symmetric stacking and 1/16th the size
of the simply stacked. This smaller block is shown in Figure 3.13. To generate a mesh
for this smaller cell, three numbers will be used to describe the division of elements
inside the mesh. The first number represents the number of elements through each fiber
tow in the z direction. The second number represents the number of elements through
each fiber tow in the y direction for the 0° tow and x direction for the 90° tow. The

third number is the number of elements above the tows and below the tows. For



(b) Unit cell for simply stacked mats

Figure 3.12: Unit cells.




Figure 3.13: Basic building block of unit cells in Figure 3.12.
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example, a 1/32nd 243 model of a woven composite with translated tows is shown in
Figure 3.14.
In this research, the number of divisions will not exceed 9 for any of these

indicies due to immense amount of memory that this would require, consequently this

numbering scheme will be adequate.

3.3 Boundary Conditions

Boundary conditions for woven composites vary with the type of unit cell being
used and the type of loading being applied. For a general unit cell, the boundary
conditions are completely periodic. This means that any displacement on one side must
be the same on the-opposite side plus or minus some constant. Any periodic loading can
be applied to the full unit cell with these boundary conditions. Due to symmetries
which exist in the unit cell, reduction can be performed to the unit cell in order to allow
a more detailed analysis of the composite when subjected to specific types of loads. The
boundary conditions must be modified for the various subcells. To derive the boundary
conditions for the various RVE’s used in this analysis, a general approach will be used.
The following will apply to the symmetrically stacked mats as shown in Figure 3.12.
The derivation for simply stacked mats is very similar and will not be covered in this
research. The periodic boundary conditions will be given for a general full unit cell, and

these will then be modified for different types of loading.



47

90° Tow (Fill Tow)

0° Tow (Warp Tow)

Figure 3.14: 1/32nd 243 translated model.
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3.3.1 Periodic boundary conditions of general unit cell

For the unit cell in Figure 3.15, the periodic boundary conditions are summarized
in Table 3.1. These equations fully describe all the displacements on each face of the
unit cell.

Since the distance between any one face and its oppsite face is always constant
after a load has been applied, ie. at equilibrium, the macroscopic displacement gradients

of the unit cell can be calculated. These are given by

ge) Macvs,  c[Eey Bac¥e | Jeu) BB 3.3.1
), a = Bk a 0z), 2c
P aade gl Ya¥e o (@) W - 332
- A 5 ¥ a ’ oz e
Qw_.. =wA—wB‘ La! :wA_wC‘ -@ =wA—WD 3.3.3
ox J, i % Jo oy ozl 2

Substituting eqns. (3.3.1), (3.3.2), and (3.3.3) into the periodic boundary conditions

gives the following nine periodic boundary conditions

a a ou

2 voy=u(-2, L. 3.3.4
u( 2,y,z) u( 3 Y,2) + )0

a a dv

2 siyw-2. icie 385
W : ¥,2) 5 y,z)+a( )0

a a ow
—_ = —— — 3-3-6
W(Z»)’,Z) w( 2:)’»2)""1‘ 3 )0



Table 3.1: Summary of periodic boundary conditions for the unit cell in Figure 3.15.

x==x

a a
U(Zy2)=U(=Z92) Uy U

y==

N[

a a
u(x,a,z) =u(x,—§,z) U, U

z=%xC

I e A

U(XY,C) =U(xy, =€)+t 4~Up

a a
WEy2) V(- 597)Va Vs

a a
V x’_ =v x’—__ Z +v —v

V(EY,C) =V(XY,~C)*V4Vp

a a
W(Z50%) o G e A

a a
w(x,—i,z) =w(x, ——2-,2) W W

WEY,C) =Wy, ~C) W4 ~Wp

6v
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Figure 3.15: Unit cell used for derivation of boundary conditions.



B ity % S
u(x"iyz)_u(x, 2’2) a(ay)o

@b G5 [0V
W d ) vis,- 2.2 ’{ay)o

PTCNPRR T
W(x,?z)—W(x, 2,z) a(ay)o

Ju
u(x,y,c)=u(x,y,-c)+2c| —
(53,0 =5y, -0) (az),,

YEEDsE) =W, ,~c)+2c(%)o

ow
,Y,C)= »y>,—C)+ s
w(x,y,c)=w(x,y,-c) 20( )

0
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0

3.3:8

3.39

3.3.10

3.3.11

38.42

These boundary conditions are the basis for any reduction which is to be made to the unit

cell.

Macroscopic engineering strains can also be calculated using the following

equations

3.3.13
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5, %) 3.3.14
0
T = ﬂ) 33,15
\az 0
s {ou) (o 3.3.16
9 9y Jo \0x),
E;(ﬂ) +(ﬂ) 3.3.17
aZ 0 ay 0
s -[9%) (9w 3.3.18
it 3 o \ Ol

3.3.2 Extension
Starting wit!l the full unit cell as shown in Figure 3.15, boundary conditions for

the 1/8th and 1/32nd subcells can be derivied for extension. If an extension is applied

along the x-axis, the only non-zero macroscopic strains are ¢, Ey and ¢,. If we define

uo_-ﬁ(@) ; vo=£(‘_3"_) : wo=c(-a—w) 3.3.19
&)y "2la), 2 )
and impose that

U,=-Up=u, V, =-V=v,, W, =-Wp=w_ 3:3.20

then by inserting these into the periodic boundary conditions given in Table 3.1 gives the

nine following periodic boundary conditions for extension.




At x=+—

a
At y=+—
= 2

and at z=+c

u(%,y,z)=u(—§,y,z) +2u,
wZ.y,2) =v<—§,y,z)

2

S nengi
W(E,y,z)—W( 2,y,z)

a a
u St =u i
(x, 2,2) (x 2,z)
V(x,—;,z)=V(x,——; 2)+2v,

B oy Sl
W(x,E,z)—W(x, 2,2)
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3.3:21

3.3:122

3.323

3.3.24

3.325

3.3.26
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u(x,y,c)=u(x,y,—c) 3.3.27
v(x,y,6)=v(x,y,~C) 3898
w(x,y,c)=w(x,y,~c)+2w, 3.3.29

Symmetry about the xy, xz, and yz planes produce the following useful relations.

u(x,y,z)= u(x,y,~z)
xy: { v(x,y,2)= v(x,y,-2) 3.3.30
W(X,)’,Z)=‘W(xa ,_Z)
u(x,y,z)= u(x,-y,z)
xz { v(x,y,2)=-V(x,-y,2) 3-3.31
w(x,y,2)= w(x,-y,2)
3882

u(x,y,z) = "u( "x,)’,Z)
¥z V(x,y,2)= V(-X,y,2)
w(x,y,2)= w(-x,y,2)

If these symmetries are applied to eqns. (3.3.21)-(3.3.29), the following non-trivial

equations are produced.

a a
u e =-U e =U 3.3.33
( 7 ¥,2)=—u( 3 Y,2)=U,
_a a
Vv —_ =— x’-— =y 3.3-34
(x, 2,z) 14 2,z) A
w(x,y,¢) =-w(x,y,-c)=w, 3335

Eqns. (3.3.33)-(3.3.35) are the non-trivial periodic boundary conditions for extension of
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the woven composite unit cell in Figure 3.15. Eqns. (3.3.30)-(3.3.32) also imply that

atx,y,z =0

u(0,y,2) =V(x,0,2) =w(x,y,0) =0 3.3.36

This equation along with eqns. (3.3.33)-(3.3.35) fully describe the boundary conditions
for the each 1/8th subcell in the unit cell. If the origin is now translated to center of the
1/8th unit cell in the region x,y,z > 0 as shown in Figure 3.16, the boundary conditions

on the 1/8th unit cell become

u

a a o
u(—y,0)=-u(-—y2)=—;
( 4y,2) ( 2 ¥,2) 5
a a__Yo 3.3.37
x’— =—-v x’—_ ::___; el e
W 4,2) ( 4,2) >
siid T
w(x,y,z) w(x,y, 2) 51

To get boundary conditions for the 1/32nd subcell, symmetries in the 1/8th subcell must
be exploited. Anti-symmetry about the x, y, and z axes in the 1/8th subcell shown in

Figure 3.16, gives the following relations.

V(x,,2) =-Wx,-y,-2) 3.3.38

v { u(x,y ,Z) == u(x, =Y _Z)
X-axis.:
w(x,y,2)=-w(x,~-y,-2)

v(x,y,0)= W(-x,y,-2) ' 3.3.39

7 { “(x,)’,z) i —u( =X,Y, “Z)
y-axis:
w(x,y,2)=-w(-x,y,~2)

v(x,y,2) = -V(-X,-y,2) 3.3.40

: { u(x,y,2)=-u(-x,-y,0)
Z-axis:
w(x,y,2)= w(-X,-y;2)
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These equations imply that on the yz, xz, and xy planes in Figure 3.16, the boundary

conditions become

v0,y,2)= v(0,y,-2)=-v0,-y,2) -3:8.41

{ u(O,y,z) = _u(o’y: _Z) o —M(O, ")’,Z)
yz
w(0,y,2)=-w(0,y,-2)= w(0,-y,2)

V(x,0,2) =-W(-x,0,2) =-¥(x,0,-2) 3.3.42

{ u(x,0,z)=-u(-x,0,2)= u(x,0,-2)
XZ
w(x,0,2)= w(-x,0,2)=-w(x,0,~-2)

v(x,y,0)= v(-x,y,0)=-v(x,-y,0) 3.3.43

{ 3 u.(x.’ ’0) = —u( _xayao) = u(x9 _yr())
xy
w(x,y,0) =-w(-x,y,0) =-w(x,-y,0)

These boundary conditions are valid for two different 1/32nd subcells. However, only
the one shown in Figure 3.17 will be used for this study due to the mesh generation

strategy used. The boundary conditions used for extension are

a,x % 3.3.44
u(—,x,y)=—- L3
( 2 ) 5
w
w(x,y,c)=w(x, ,—c)=—2° 3.3.45
W L —v" 3.3.46
X5 = e I
4’2) 7

v(0,y,2)= v0,y,-2) 3.3.47

{ u(O’y ,Z) = —u(osy ’ "‘Z)
yz
w(0,y,2) =-w(0,,-2)




Figure 3.16: 1/8th subcell used in derivation of boundary conditions.
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Figure 3.17: 1/32nd subcell used in derivation of boundary conditions.
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u(x,0,2)= u(x,0,-2)
xz: v(x,0,2) = -¥(x,0,-2) 3.3.48
W(X,O,Z) = —W(x,O, _Z)

With the boundary conditions fully described for the full, 1/8th and 1/32nd subcells for

extension, we will proceed to the boundary conditions for an applied ¢, shear strain.

3.3.3 e, shear
Starting again with the full unit cell in Figure 3.15 and applying a shear strain,
boundary conditions will be derived for the 1/8th and 1/32nd subcells. If a shear strain

is applied such that

W, =-Wp=W_; U,=-Up=u 3.3.49

o

the non-zero macroscopic displacement gradients are given by

) Yo (3w) 2 3.3.50
a2}, ‘c iy &g

Applying these to the periodic boundary conditions given in Table 3.1 gives the nine

following periodic boundary conditions for shear.




At x=:tg
2

a
At y=+—
¥ 2

and at z=+c

a a
u(—,y,9)=u(-—,
(2 ¥,2) =u( 5 ¥,2)

V(g,y,z)=-v(—%,y,z)

a a
wW(—,y,2) =w(-—,y,2) +2w
( 5 ¥:2) 5 Y,2) +2w,

a a
u(x,—,z)=ulx,~—
(: 2,z) ¢ 2,2)

EAvir-2% e
v(x’_i’z) —v(x, 272) 0

@ Newix. -2
W(x’E’Z) W(xa 2’2)

“(x,)’,c) =u(x)y: ‘C) +2uo
V(x;)’,c) =V(X,)’, _C)

w(x,y,6) =w(x,y,—C)

3.3.51

3352

3.3.53

3.3.54

3.3.55

3.3.56

3.3.87

3.3.58

3.3.59
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Symmetry about the yz, xy, and xz planes gives

u(x,y,z)= u(-x,,2)

¥z { V(%,y,2) =-V(-X,),2) 3.3.60
w(x,y,7) =-w(-X,y,2)
u(x,y,2)=-u(x,y,~z)

xy { V(x,y,2) =-v(x,y,~2) 3.3.61
W(X,}’ ’Z)= W(x, ,_Z)

3.3:62

v(x,y,2) =-W(x,-y,2)

{ u(x,y,z)= u(x,-y,z)
XZ
w(x,y,2)= w(x,-y,2)

If these symmetries are applied to the above periodic boundary conditions, the non-trivial

boundary conditions become

v(g,y,z)=v(—§,y,z)=o 3,264
W(—Z—,y,z)=-W(——‘25,y,z) =w, 3.3.64
v(x,—‘zf,z) =V(x,—%,z) -0 3.3.65

u(x,y,c)=-u(x,y,-c)=u, 3.3.66

v(x,y,c) =v(x,y,~¢) =0 3.3.67

Using eqns. (3.3.60)-(3.3.62) at x,y,z = 0, the following boundary conditions are also

established for each 1/8th subcell.
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I { %0,5,2)=-10,9,.2)=0 3.3.68
| M0y.)=-w(0y.)=0

xy: { u(X,)’,O) = —u(x,}’,o) =0 ) 3 .3.69
v(xxyro) = ‘V(X,)’,O) =0

2 { vx502)=-1x,02)=0 3.3.70

Shifting the origin to the center of the 1/8th unit cell in the region x,y,z > 0, the

boundary conditions for this region become

B ooviar. 2 via £y
V(Z,y,z)—V( 4,y,z) v(x,y, 2)

3.3 .71
C a a
x’ N x”'— = x,""—' =0
v(x,y 2)V( 4,z)V( 4,z)
W(f,y,z)=—w(—3,y,z)=& 3.3.72
4 4 2
u
u(x,y,6)=—u(x,y,—c)=—2‘l 3.3.73

To get boundary conditions for the 1/32nd subcell, symmetries in the 1/8th subcell must

be exploited. Anti-symmetry about the y axis produces

u(x,)’,z) = _u( —X,Y, —Z)
xy,2)= W(-x,y,-2) 3.3.74
w(x,y,2)=-w(-x,y,-2)

which gives at x=0
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u(O,)',Z) T —u(o’),s _Z)
v(0,y,2)= v(0,y,~-2) 3:3.75
w(0,y,2)=-w(0,y,-2)

Noting that a negative load gives the opposite displacement than that of the same but
positive load, the v displacement gives
v(x,y,2) | *;n=—v(x,y,z) I-En 3.3.76

Since the -y region of the 1/8th subcell is anti-symmetric to the +y region, the shear

being experienced by the -y region is opposite that being experienced by the +y region.

This gives
vy ,z =-v%-%-2| 5 3.3.77
(3.3.76) into (3.3.77) gives
vxy2) |5 _=vx-y,-2) 5 3.3.78
So, along y = 0,
v(x,0,2) =v(x,0,-2) 3.3:9
Similarly,
w(x,0,2) =w(x,0,-2) 3.3.80

The above fully specifies the boundary conditions for each 1/32nd subcell in the 1/8th
subcell. The following is a summary of the non-trivial boundary conditions for the

1/32nd subcell shown in Figure 3.17 subjected to €, shear.




a c C a
S yZ =V x, S )= x’ Lo =V x’_. =0 3.3.81
MG, D)=y, ) =v(x, S 2)
] 3.3.82
W2 3 _
u(r,y, S)=-u(xy,-S)=—2 3.3.83
2 )

u(0,y,2)=-u(0,y,-2)
V(O,)?,Z)= v(O,y,—z) 3.3.84
w(0,y,2)=-w(0,y,-7)

u(x,O,z) = _u(xaoa —Z)
v(x,0,2)= v(x,0,-2) 3.3.85
w(x,0,9)= w(x,0,-2)

Boundary conditions have been specified for the full, 1/8th and 1/32nd subcell for €q

shear. Next (73 shqar will be covered.

3.3.4 e, shear

Again, starting with the periodic boundary conditions for the full unit cell,
boundary conditions will be derived for 1/8th and 1/32nd subcells. If a special case of

Macroscopic ,, shear strain is applied such that

qu_uC=vA=_vB=d 3.3.86

the non-zero macroscopic displacement gradients are given by

(éﬁ) =(ﬂ) _2d 3.3.87
dy)o \ox), a
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Applying these to the periodic boundary conditions given in Table 3.1 gives the nine

following periodic conditions for shear.

At x=t£
2
u(Z.y,9)=u(-2,y2) 3.3.88
2 X
V(g,)’,z)=—V(—3,y,z)+2d 3.3.89
2 2
W(—‘i,y,z)=W(-3,y,z) 3.3.90
2 2
a
At y=+—
y 12
u(x,g,z)=u(x,—3,z)+2d 3.3.91
2 2
a a
x’_ = g 3.3.92
W 2,2) v(x. 2,z)
e A 2 3.3.93
w(x, 2,z) w(x, 2,2)
and at z=+c¢

u(x,y,c)=u(x,y,-c) 3.3.94




V(x))’7c) =V(X,)'» —C)

W(x:y,c) =W(X,)’, _C)

Anti-symmetry about the z axis gives

u(x,y,z) = —U( X, _)’>Z)
v(x,y,z) = —v(—x, ‘)’,Z)
w(x,y,2)= w(-x,-,2)

Symmetry about the xy, xz, and yz planes gives

V(X,}’ ,Z) = V(x:)’ > _Z)

{ u(xy)’,l) = u(x,)',‘z)
Xy
W(X,)’ 9Z) = —w(x,y s ‘Z)

V(x,y,2) =-V(-x,y,2)

{ u(x,y,2)= u(-x,y,2)
yzZ
w(x,y,2) =-w(-x,,2)

v(x,y,2)= V(x,-y,2)

{ u(x,y,z) =-u(x,~y,z)
XZ
w(x,y,z) =-w(x,-y,2)

Eqn. (3.3.98) implies that
W(x,)’,o) = ‘W(X,)’,O) =0

Further, periodic boundary conditions for w at z=+c¢ imply

W(X,}’ ’C) =W(x:)’ E) _C)

but
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3:3.95

3.3:96

3:3.97

3.3.98

3.3.99

3.3.100

3.3.101

3.3.102
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w(x,y,¢) =-w(x,y,~C) 3.3.103
which gives
w(x,y,c) =w(x,y,~c)=0 3.3.104
Similarly, at y = 0, eqn. (3.3.100) implies
u(x,0,z) =w(x,0,z) =0 3.3.105
and at x = 0, eqn. (3.3.99) implies
¥0,y,2)=w(0,y,2) =0 3.3.106

Also, using eqns. (3.3.98)-(3.3.100) to trivialize the periodic boundary conditions in

eqns. (3.3.88)-(3.3.96) gives the following non-trivial conditions

W32 ==y =V, 3.3.107
2 2
a a
u(x,—,2)=-u(x,-—,2)=u 3.3.108
( 2,z) ( 2,2) £
a a
W(ii,y,z) =w(x,;t5,z) =w(x,y,+c)=0 3.3.109

If the 1/8th unit cell in the region x,y,z > 0 is again considered and the origin is
translated to its center as shown in Figure 3.16, the non-trivial boundary conditions

become

d lonl e R Vo 3.3.110
_.’ _—v —-_’ - - -
W( 4y,Z) ( 4)’,z) 3
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e =- = = 3535 11
ux, = =, = A = 1
( ,Z) u(x Z)

a a C
i_, =W x, — =W x’ L= :O .3.3. l 12
w( 4y,z) ( t4,z) (yiz) ,

In order to obtain boundary conditions for the 1/32nd subcell, symmetries inherent to the
1/8th subcell must be exploited. Anti-symmetries of geometry and loading similar to the
anti-symmetries around the x axis for ¢, gives the following relations about the x and y

axes in Figure 3.16 of the 1/8th subcell subjected to e,,.

u(x,y,z)=-u(x,~y,-z)
x { vx,y,2)= v(x,-y,~2) .4 3313
w(x,y,2)= w(x,~y,-2) e

v(x,3,2)=-V(-X,y,-2) 3.3.114

{ u(x,y,Z)= u(—x’ ,_Z)
y
w(x,y,2)= w(-x,y,-2)

Anti-symmetry about the z axis gives

V(X,y,2) = -V(-X,-y,2) 33118

{ u(x,y,z) =-u(-x,-y,z)
z
w(x,y,2)= w(-x,-y,2)

At x,y = 0, the following conditions develop.

u(0,y,2)= u(0,y,-z)
v(0,y,2)=-v(0,y,~2) 3.3.116
w(0,y,2)= w(0,y,-2)

u(x,0,z) = -u(x,0,-z)
v(x,0,2)= v(x,0,-2) 33117
w(x,0,2)= w(x,0,~2)
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Equations (3.3.116) and (3.3.117) along with the following four are the boundary

conditions for the 1/32nd subcell.

8 i le 3.3.118

W 4,y,z) i .

U(X,E-,Z)'—'Eg 3.3.119
"Rt

w(—Z—,y,x) =0 3.3.120

w(x,%,z)=o 3.3.401

Again, it must be emphasized that these are for the special case of ¢, where the
displacements on the x and y faces of the full unit cell are the same. If different
displacements are afpplied, u and v displacements on opposite faces on the 1/32nd subcell
become dependent on one another and this is very difficult to enforce using finite

elements.

3.3.5 Savings due to unit cell reduction Table 3.2: CPU times and memory
requirement for 111 translated model.

To illustrate the amount of savings
Cell CEu Memory
which is produced by the various simplications Type | time | Requirement
(s) (Words)
mentioned previously, the memory and CPU 1/39nd 9 3 4K
time required to analyze the model in extension 1/8th 7/ 25K
are compared for the 1/32nd, 1/8th and full Full 90 0.625M

unit cell models of a woven composite. A summary of the results is presented in Table
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3.2. The amount of memory required for the 1/32nd 111 translated subcell for extension
is about 3.4K Words. A 1/8th 111 translated subcell requires almost eight times that at
25K Words, and the full unit cell requires 0.625M Words, about 180 times that of the
1/32nd subcell. CPU time is also cut severely by these simplifications. Thé 1/32nd

subcell takes about 1/50th the amount of time required to analyze the complete unit cell.

3.4 Material Properties

The material properties used in this investigation were selected in order to allow
direct comparison with some existing results [8]. This made it possible to detect errors
which may have been made in the analysis. For the warp and fill tows, the elastic

properties are the same and are given below with the resin properties.

Fiber Tow:.
E, = 206.9 GPa, E, = E, = 5.171 GPa
Uy = Vg = v, = 0.25
G,, = G,, = G,, = 2.386 GPa
X, = 1034 MPa, X, = 689.5 MPa
Y, = Z = 4137MPa, Y, = Z_ = 117.2 MPa

Sy =S,, = §,, = 68.95 MPa

Resin:

E = 3.45 GPa, v = 0.35, G = 1.28 GPa

X, = 103.4 MPa, X, = 241.3 MPa, S = 89.6 MPa
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3.5 Convergence Study

A convergence study was done in order to determine finite element models which
could adequately predict moduli and stress distributions. The effective elastic properties
of the composite will be presented first. A study of translated and extruded meshes is

studied. The meshes used for the convergence study are shown in Figures 3.18 and

119

3.5.1 Elastic Properties

The convergence of elastic properties for the translated and extruded model with
a waviness ratio of 1/3 is presented in Tables 3.3-3.6. There are only 6 independent
elastic material parameters for a balanced plain weave composite. These are E,, vy, Vs,
E,, G, ard G,,. E, and E, are equivalent as well as v,, and v,,. Also, Gy, is the same

as G,,. Material properties of the woven composite are studied individually to determine

the convergence of each with mesh refinement.

Translated Model

Tables 3.3 and 3.4 show the convergence of the elastic material properties for the
translated model. For the 121 multiple angle model, the value of E, is only 0.8% greater
than that predicted by the nearly converged value of the translated 454 multiple angle
model which contains 25 times the number of elements than the 121 model. The single
angle 121 model predicts a value that is -6.6% less than that predicted by the multi-angle

454 model. It is interesting to note that convergence of the values is substantially
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111 112 211
42 Nodes 62 Nodes 56 Nodes
4 Elements 6 Elements 6 Elements

121 222 232
121 Nodes 221 Nodes 436 Nodes
16 Elements 32 Elements 72 Elements

343 454
1049 Nodes 2056 Nodes
192 Elements 400 Elements

Figure 3.18: Meshes used in convergence study for translated tows. Elements are
3D 20-node hexahedrals.
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1Ll 112 211
105 Nodes 161 Nodes 127 Nodes
16 Elements 24 Elements 20 Elements

121 222 232
228 Nodes 396 Nodes 687 Nodes
39 Elements 69 Elements 128 Elements

343 454
1500 Nodes 2763 Nodes
295 Elements 564 Elements

Figure 3.19: Meshes used in convergence study for extruded tows. Elements are
3D 20-node hexahedrals.




Table 3.3: Convergence of moduli with mode

I type for translated model with single angle approximation and WR = 1/3.

Translated Model with Single Angles

Model E E, G, G,, Vay Vaz
(GPa) (GPa) (GPa) (GPa)

111 25.95 4.77 1.9567 2.7233 0.0002 0.8808
112 25.93 4.71 1.9567 2.7165 0.0002 0.8801
211 25.14 4.76 1.9549 2.6966 0.0020 0.8603
121 25.92 4.78 1.9462 2.5220 0.1049 0.8450
222 25.45 478 1.9453 2.4968 0.1064 0.8340
232 26.48 4.78 1.9443 2.4855 0.1201 0.8613
343 26.93 4.78 1.9439 2.4753 0.1256 0.8733
454 N/A N/A 1.9437 2.4698 N/A N/A

vL




Table 3.4: Convergence of moduli with model type for translated model with multiple angle approximation and WR = 1/3.

Translated Model with Multiple Angles
Model E, E, G,y . 5 % Vi Ny
(GPa) (GPa) (GPa) (GPa)

111 29.45 4.80 1.9566 2.6428 0.0940 0.9384
12 N/A 4.80 1.9565 2.6335 N/A N/A
20 29.35 4.80 1.9545 2.6081 0.0937 0.9382
121 28.00 4.79 1.9462 2.5356 0.1049 0.8450
222 27.89 4.79 1.9453 2:5037 0.1326 0.8952
232 27.80 4.78 1.9443 2.4954 0.1325 0.8953
343 27.71 4.78 1.9439 2.4813 0.1327 0.8952
454 27.76 4.78 1.9437 2.4698 0.1328 0.8951

SL
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different for the multiple and single angle models. The coarse multiple angle models
over predict the values of E,, whereas the coarse single angle models under predict
values for E,. The 343 multi-angle model produces a value for E, which is less than
.04% greater than that of the 454 multi-angle model and still has only half the élements
of the 454 model. Similarly for v,, and v,,, the 343 multi-angle model produces results
which are within 1/10000th that of the 454 multi-angle model. Although the single angle
model has not converged, it seems to be approaching the results predicted by the 454
multi-angle model.

As Table 3.4 shows, values for E,, G,, can be predicted using very rough models
as can be seen by the small variance of the calculated values as the model is refined.
Even the 111 multi-angle model was able to predict values within 0.67% of the
converged values for these two properties.

For G,, predictions converged as slowly as the values for E,, v,,, and Vy- This
indicates that for these for properties, a fairly refined mesh is needed. Therefore, for
moduli comparison in the results section, the 343 multi-angle model will be used since
values predicted by it differ by less than 1% from those of the 454 model, which requires

substantially higher ammounts of memory and CPU time.

Extruded Model
Convergence of the extruded model with multiple angles was as fast or faster than
the translated model with multiple angles as shown in Table 3.5 and 3.6 due to the higher

number of elements in an extruded model compared to like translated models.




Table 3.5: Convergence of moduli with model type for extruded model with single angle approximation and WR =

Extruded Model with Single Angles
Model E, E, G, G Vay v,
(GPa) (GPa) (GPa) (GPa)
111 N/A N/A ]1.9065 2.6137 N/A N/A
112 24.39 4.73 1.9062 2.6113 0.0541 0.8235
211 23.86 4.73 1.9058 2.5866 0.0505 0.8097
121 24.86 4.74 1.8999 24781 0.1208 0.8246
222 24.45 4.73 1.8993 2.4530 0.1223 0.8151
232 26.04 4.73 1.8988 2.4481 0.1356 0.8386
343 25.63 4.73 1.8986 2.4387 0.1411 0.8518
454 25.82 N/A 1.8985 2.4353 0.1437 0.8530

1/3.

LL



Table 3.6: Convergence of moduli w

ith model type for extruded model with multiple angle approximation and WR = 173,

Extruded Model with Multiple Angles
Model B E, G,y G, Viy Viz
(GPa) (GPa) (GPa), (GPa)
111 27.05 4.75 1.9064 . 2.5140 0.1290 0.8837
112 27.04 4.75 1.9061 2.5112 0.1292 0.8836
ZE1 26.94 4.74 1.9054 24812 0.1291 0.8828
121 26.21 4.73 1.8999 2.4456 0.1499 0.8612
223 26.01 4.73 1.8993 2.4199 0.1504 0.8586
232 25.30 4.73 1.8987 2.4184 0.1506 0.8582
343 26.01 4.72 1.8985 2.4032 0.1509 0.8678
454 26.00 N/A 1.8984 N/A 0.1509 0.8678

8L
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Consequently, the 343 multi-angle model will also be used for prediction of material

properties for the extruded model.

3.5.2 Stress Distributions

Translated and extrmded meshes were also studied to determine the refinement
required for adequate analysis of the stress distributions. Figure 3.18 and 3.19 show the
meshes used for the convergence study of the translated and extruded meshes. For this
subsection, only translated meshes will be covered.

Figure 3.20 shows g,, stress distribution in the warp tows for various translated
meshes subjected to a 1% extensional loading in the warp direction. As can be seen
from the figure, the 111 model stress distribution is in no way converged as compared
to the 454 model. Even the 343 model is not the same as the 454 model which is the
largest mesh which could be run with the available resources. Although the meshes are
not completely converged, the difference between the 343 and 454 is small enough to
suggest that the 454 model is sufficient for this research.

A comparison of the multi-angle and single angle elements is given in
Figure 3.21. In this figure, the o,, in the warp tows is compared for the 454 translated
model after being subject to a 1% extensional loading. Notice that the single angle
model is predicting a non-zero stress at the end of the warp tow which should be zero
due to symmetry. To get ridvof this error using the single angle approximation,
substantial mesh refinement would be necessary at the ends of the tow. For this reason,

the multi-angle 454 model will be used to evaluate the stress distributions in the RVE.
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Mesh: 121

Figure 3.20: Convergence of Gy, stress distributions in warp tows of translated
meshes. Meshes were subjected to 1% €.




Mesh: 232

Mesh: 343

Figure 3.20: (continued)
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Figure 3.20: (continued)

82




83

Single Angle Elements

Angle Elements :

Multi

Figure 3.21: Comparison of multi-angle and single angle elements in

translated 454 models subjected to 1% €, strain. Notice that single

angle model predicts non-zero stress at 'A’.
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3.6 Failure Criteria

For this research, a modifictaion of the Tsai-Hill failure criteria will be used to
determine the importance of the calculated stresses. The Tsai-Hill failure crieteria

predicts failure if

2 2 2
o1 O 033 SO S | i 1'q
( X ) +( Y ] +( z ) _(?+F—?]°"°”—(}7"?*}7]0”"”—
2 2 2
_._1_.+i+i 0220334. 012 il 0|3 + 023 >1
. Sl S 1 Sis S

The values for X, Y, and Z are the average of the tensile and compressive strengths of

the material. If the material strengths vary greatly, this model may not provide adequate

prediction of failure. Woo [8] instead uses a modified Tsai-Hill criteria given by

9 2 2 2
Ou) [922] (033) G {1 d

" & b i R 5T e (P Uy
[X Yi\Ziily ¢ & X %

; . : 362
"%“‘1;*% 022033{012) +[0|3] +(023] e
X 4, E Stz Sis Sy
where, for tension
X=X, Y=Y, Z=Z, 3.6.3
and for compression
X=X, Y=Y, Z=Z_. 3.6.4

Also, the values for X,, Y, and Z, are given by
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3.6.5

This theory is based on Von Mises isotropic yield criteria and should provide adequate

predictions of failure [9].

If two models are compared at the same macroscopic strain and one predicts a

maximum failure criteria of 7, and the second predicts a maximum failure criteria of T,

then the percent difference in the macroscopic strain to failure would be valuable to

know. For linear elasticity, the strains in the material vary linearly with changes in the

applied macroscopic strain and can be written as

The stresses at any. point are related to the strains by

0;=Ciir€u
Substituting (3.6.6) into (3.6.7) gives

A€

(7775 7

Substituting (3.6.8) into (3.6.5) gives

€. C A (B0
[ 11K ue) [ ue) ( 33/; ue) __1_2+l il O, Aiie
X Y Xy Yg Zo

1 ] 1 1 1 1
—2_'_-_2-+ Cllldk C33mnz'mn_2_ ——+_+— C2?Jdl' C3
[Clwlue)z +( Cau i€ ] ( 23uku€)
Sia Si3 Sy

3.6.6

3.6.7

3.6.8




Factoring out € gives
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et feaa. Y (eag ¥
(1wu]+(mu]+( 33uu)_ l+1‘lcnu7"uc .
X Y ¥ 2 y2 2 b
X Yo Z
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The portion of the equation in brackets is constant as long as € doesn’t change sign and

can be replaced by a constant S,. Which gives
S,e721
At €, and €, eqn. (3.6.11) gives

=2 -2
S01e1=Tl, S0262=T

Solving for S, gives

Tl T2
A §, =2
iR el

If €, is the macroscopic strain to failure then at failure,

=2= e A
S°l€f| =1, So,€, =1

The percent difference of Efl to Efz is given by

3.6.11

3.6.12

3:6.13

3.6.14




G
%difference=100x——=>
€f2

Substituting (3.6.14) into (3.6.15) gives

%difference=100x

Rewriting gives

%dijference:lOOx[S02 : : ——l]

Substituting in (3.6.13) gives

; T,
%difference=100x i 1
1
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3.6.15

3.6.16

3.6.17

3.6.18

which is the percent difference of Efl to Efz in terms of the maximum predicted failure

criteria using the Tsai-Hill theory. This equation will be used to help in the comparison

of the extruded and translated models in the following chapter.
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IV. RESULTS AND DISCUSSION

The previous chapters detail how an analysis may be performed on woven
composites using finite elements. By using the discussed mesh generation techniques and
applying boundary conditions for desired loadings, almost any plain weave composite can
be analyzed. The following is a comparison of translated and extruded tows at various
waviness-ratios. The tows have a lenticular cross-section, and the cross-section is
constant along the tow path. The tow path is sinusoidal for both the extruded and
translated models.

Analysis of extruded and translated tows is performed in order to determine the
differences in predicted elastic properties as well as stress distributions in the composite.
Comparison will be made between 1/3, 1/6 and 1/20 waviness-ratios of extruded and

translated tow types.

4.1 Elastic Properties

The volume fraction of extruded and translated tows is compared at different
waviness-ratio in Figure 4.1. This figure shows that the translated tow always contains
the same amount of tow regardless of change in waviness-ratio. This is obviously
incorrect, and is due to the fact that the cross-section shape is not being modelled
correctly. As waviness-ratio is increased, the volume fraction of the extruded tow drops
off. This alone should cause a notable difference in the predicted elastic properties at
higher waviness-ratios.

Calculation of the elastic properties was performed using a 1/32nd 343 multiple
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Figure 4.1: Variation of tow volume fraction with waviness ratio for
extruded and translated models.

89




90

angle model for both the extruded and translated tows for all moduli and Poisson's ratios.
These meshes are shown in Figure 4.2.

Figures 4.3-4.8 compare the predicted moduli of the extruded and translated
models. Figure 4.3 gives the percentage difference of the translated model o;fer the
extruded model versus the waviness-ratio for E,. As can be seen from the figure, there
is little difference at low waviness-ratio. This is common to all of the predicted elastic
properties. This is expected, since at low waviness ratio, there is very little difference in
the geometry of the two models which is also reflected in the tow volume fraction in
Figure 4.1. As waviness increases, the difference grows to around 6.8% at a waviness
of 1/3.

Using the rule of mixtures, the predicted difference in E, at WR = 1/3 would be
4.5%. This would seem to indicate that something in addition to tow volume fraction is
causing the difference between the predicted moduli. For E,, this difference may be
caused by cushioning of the warp tows by the resin elements between the warp and fill
tows of the extruded model.

For E, there is only a 0.63% difference at WR = 1/3 as shown in Figure 4.4. This
is due to the fact that the tows and the resin have about the same E,. Since there is little
difference in the predicted moduli, either model would be adequate for prediction of this

moduli with this material model.

Predictions of G, using the translated model are 2.4% greater than that predicted
using the extruded model as shown in Figure 4.5 for WR = 1/3. Little difference in this
shear modulus should be expected due to the shear moduli of the constituents being so

close. Additionally, there should be little difference in the predicted values of G,,.
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Translated: WR=1/3

Extruded: WR=1/3

Translated: WR=1/6

Extruded: WR=1/6

=1/20

Translated: WR

=1/20

Extruded: WR:

Figure 4.2: Meshes used for calculation of elastic properties.
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Figure 4.3: Percent difference of translated tow prediction over extruded
prediction of Ey.
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Figure 4.4: Percent difference of translated tow prediction over extruded
prediction of E,.
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Figure 4.5: Percent difference of translated tow prediction over extruded
prediction of Gy,.
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Figure 4.6: Percent difference of translated tow prediction over extruded
prediction of ny.
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Values for G,, indicate a 3.25% higher prediction by the translated model over the
cxtruded model as shown in Figure 4.6.

The Poisson's ratios vs. waviness-ratio in Figures 4.7 and 4.8 indicate that for an
extension in the warp direction, the extruded model will contract slightly more than the
translated model in the fill direction. This is due to the translated model being stiffer in
the fill direction than the extruded model. As a consequence of the fill direction being
more stiff in the translated model, the translated model will contract slightly more in the
direction perpendicular to the weave where it is softer.

At low waviness-ratios, both the extruded and translated model predict very similar
results. For waviness ratios of 1/6, there is less than 1% difference for all of the moduli
and Poisson's ratios. One would expect that since such little difference is being noted in
the elastic propertigs between the two models, the stress distributions inside the two

models would be similar. This will be discussed in the next section.

4.2 Stress Distributions

The stress distributions are not as easily compared as the moduli of the composite
due to the amount of data which must be presented. For example, for one load case at
one waviness-ratio, to fully compare extruded and translated model predictions would take
a minimum of 36 figures. For this reason, only stresses which contribute significantly to
the failure of the material will be considered. These will change with the type of loading.
A presentation of the differences at a waviness-ratio of 1/3 will be presented, followed

by waviness-ratios of 1/6 and 1/20, respectively.
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Figure 4.8: Comparison of prediction of v, , by translated and extruded
models.
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The stress contours are plotted relative to the material coordinate system for the
different constitucnts. All stresses which are relative to the material coordinate system

are signified by a prime on the subscript to avoid confusion with stresses relative to the

physical coordinate system.

4.2.1 WR = 1/3

For this waviness ratio, extension in the warp direction, xz shear and xy shear will
be presented for the unit cell in Figure 4.9. This waviness ratio shows the greatest
amount of difference and will be discussed in greatest detail. Note that the difference in
tow volume fraction is shown in Figure 4.1. Again, this difference should cause some

difference between the two models.

Loading in Warp Direction

A 1% ¢,, strain is applied in the x direction on the woven composite. Figure 4.10
gives Tsai-Hill failure criterion for the warp tows, fill tows, and resin. As can be seen
from the figure, failure will initiate in the warp tows. Even though the contours appear
very similar, the maximum failure criteria predicted by the extruded model is 7% higher
than that predicted by the translated model. This indicates that failure will be predicted
at a 3.3% lower macroscopic strain level in the extruded model than the translated model
for this type of loading. The important stresses to‘ consider for extension in the warp
direction are determined by normalizing each stress with its appropriate strength as given
in the previous chapter.

If the maximum normalized stresses are examined for the warp tows, it can be



Figure: 4.9: Unit cell used for analysis of plain weave symmetrically
stacked woven composite.
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Extruded

(a) Warp tows.

Figure 4.10: Comparison of Tsai-Hill failure criteria predicted with translated and
extruded models after subjecting RVE to 1% B
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Extruded

(b) Resin

Figure 4.10: (continued)
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Translated

Extruded

(c) Fill Tow

Figure 4.10: (continued)
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seen that the main contributors to the failure are the o, and o, stresses. These stresses
appear to be the most important and consequently, only these two stresses will be
presented.

Figures 4.11 and 4.12 compare the normalized O, and G, stress distributions
generated with the extruded and translated models. As can be seen from Figure 4.11, the
o, stresses predicted for the warp tows in the failure region are very similar. It is only
near the edge of the tow where one can see the most difference in the stress distributions
of the translated and extruded models. The translated model predicts a high stress in this
region which is not predicted by the extruded model. This concentration appears to be
caused by the fill tows shearing this region which, when rotated to the material coordinate
system, appears as a G,, concentration. The extruded model has a resin region in
between the fill tows, so does not experience this concentration.

The G, stress distributions in the fill tows will be ignored since the distributions
are very similar.

The normalized G, stress distributions for the resin in the two model are shown
in Figure 4.11. Again, these are very similar. However, the extruded model shows four
regions of stress which are experiencing a strange stress distribution as indicated by the

letter 'A'. This is due to bad elements in these regions which are causing a localized
disturbance. The elements do not seem to affect stresses in the warp and fill tows or the
rest of the resin which are about two elements away from this region. Therefore, the
stresses in these regions will be ignored. The rest of the resin is about the same in both

models and uninteresting and will not be discussed.
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Translated

Extruded

(a) Warp Tows

Figure 4.11: Comparison of Gy, in translated and extruded models after subjecting
RVE to 1% €y strain.
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Translated

Extruded

(b) Resin

Figure 4.11: (continued)
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Extruded

Figure 4.12: Comparison of G, distributions in warp tows after subjecting
RVE to 1% gy strain.
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Figure 4.12 compares the normalized ©,, distributions for the warp tows in the
extruded and translated models. This stress is by far the most important for extension in
the warp direction. This stress will cause a mode I crack to start between the warp tow
and the resin in the region of highest concentration. This concentration is caused. by the
warp tows wanting to straighten. The tendency to fail in this region should change
drastically if the tows are simply stacked rather than symmetrically stacked. This should
be investigated in a later study. The differences in the extruded and translated model in
the warp tows for G, are shown in Figure 4.12. The extruded mesh shows a region
which is more highly stressed than the translated. The maximum stress experienced by
the extruded mesh is 3.3% higher than that predicted by the translated mesh. There is no
substantial difference in the warp tow ©,, stress distributions other than this. The o,,

stress distributions of the fill tows and resin are uninteresting as and will not be presented.

XY Loading

The Tsai-Hill failure criteria are plotted in Figure 4.13 for a 1% &, Mmacroscopic
shear strain applied to the unit cell shown in Figure 4.9. Figure 4.13 shows that failure
will initiate in the tows in the region indicated with letter 'A’. The maximum failure
criteria for the translated model is 27.97% larger than the maximum predicted by the
extruded model. This is a substantial difference. Using equation (3.6.18), the extruded
model will fail at a macroscopic strain level 14.2% less than the translated model. This
indicates a large difference between the translated and extruded modelling. If the

maximum normalized stresses are examined, it is seen that the primary contributing
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stresses to failure are the shearing stresses, Oyy» Oxy and o,. These stresses will be
examined for differences between the extruded and translated models.

Since all the tows of the woven composite undergo the deformation, the fill tow
will not need to be presented for any stress distribution. The normalized O, distributions
are shown in Figure 4.14 for the extruded and translated models. The maximum stress
predicted by the translated model is 10.7% greater than that predicted by the extruded
model. This indicates that the neighboring tows in the composite are highly influencing
the stresses in this region. Since the extruded tows are separated by regions of resin, the
extruded model will predict a higher strain to failure than that predicted. by the translated
model in this region.

The resin in this region is shown in Figure 4.15 for the extruded and translated
models. As can be.seen from the figure, both models predict similar stress patterns,
except for the region in which the bad element exists in the extruded model. The
translated model predicts a region which is under a higher stress than the extruded model
as indicated by the white region in the plot of the translated model. This region is also
where the four tows of the 1/8th unit cell cross. Since the extruded tows are separated,
the extruded model is spared this high stress.

The comparison of normalized stress contours of the warp tow for o, are shown
in Figure 4.16. The figure shows a large difference in the stress being experience by the
tow. The extruded shows its highest concentration near the center of the tow (region 'A"),
where as the translated shows a 28.3% greater stress at the intersection of the four tows

in the 1/8th unit cell at 'B'. This high stress is again caused by the tows being so close



Translated

Extruded

(a)

Figure 4.13: Comparison of Tsai-Hill failure criteria predicted with translated
and extruded models for (a) tows and (b) resin after being subjected to a 1%

Exy strain.
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Translated

Extruded

(b)

Figure 4.13: (continued)
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301 Translated

Extruded

Figure 4.14: Comparison of normalized oy, distributions in tows of
translated and extruded models with WR= 1?’ 3 after being subjected to

a 1% macroscopic Exy Strain.
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Figure 4.15: Comparison of normalized oy, distributions in resin of
translated and extruded models with WR:l%& after being subjected to

a 1% macroscopic Exy Strain.
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in the translated model which is not present in the extruded model. This stress difference
is what is causing the largest difference between the predicted failure of the two models.

The o, for the resin is inconsequential compared to the stress levels in the tows.
The majority of the tow volume is experiencing stress larger than the highest stress
experienced by the resin relative to their strengths so stress distributions in the resin will
not be presented. The G, for the resin is the same as that for 6, - just rotated 90° about
the z axis - and will not be presented.

The stress contours for 6., shear stress for the warp tow is relatively uninteresting
and will be skipped.

The region of failure predicted for this XY loading is in the region where the most
difference is shown between the two type of modelling, therefore, the greatest amount of
difference should be shown with this type of loading. When extensional loading is
applied in warp direction, failure is predicted to occur in an area where the models are
substantially the same, therefore little difference was noted between the two models.
Little difference will also be noted between ;he two models when a g, shear strain is
applied macroscopically to the model because failure is predicted in a region where the

models are also very similar, as will be shown in the following section.

XZ Loading
The Tsai-Hill criteria is plotted in Figure 4.17 for the extruded and translated
model subjected to a 1% &,, macroscopic shear. The figure show that failure is predicted

in the resin of both models as indicated by the letter 'A". The translated model predicts
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Figure 4.16: Comparison of normalized o, distributions in warp tows of
translated and extruded models with WR=1/3 after being subjected to
a 1% macroscopic Exy strain.
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Figure 4.16: (continued)
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a failure criterion 4.5% greater than that predicted by the extruded model. Failure will
occur at a 2.3% lower macroscopic strain level in the translated model than in the
extruded model.

The high stress level is - as stated earlier - in a region where the two models differ
very little. Therefore, little difference is noted in the two models. If the stacking of the
woven composite were changed, a substantial difference may be noted in the potential for

failure of this region and possibly the two type of modeling.

4.2.2 WR = 1/6

For this waviness ratio, the difference in the tow volume fraction is less than 1%
as indicated in Figure 4.1. This is very little difference and little difference is expected
between the two models. As with the above waviness-ratio, the models will be compared

for difference with three different loadings: warp extension, xy shear, and xz shear.

Loading in Warp Direction

As with warp extension for WR = 1/3, the failure for this type of loading will
begin in the warp tows as shown in Figure 4.18. Also, failure will initiate at a lower
macroscopic strain level in the extruded model than in the translated model by 1.4%
below that predicted by the translated model. Recall that for a WR of 1/3, the difference
was 7%. The stresses which contribute most to the failure are again O, and o,,. There
is very little difference in between the maximum and minimum predicted with either

loading, and the stress distributions are also very similar, therefore, no distributions will
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Figure 4.17: Comparison of predicted Tsai-Hill failure criteria for translated
and extruded models with WR=1/3 after subjecting RVE to a 1% macroscopic
€ Strain.
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Figure 4.17: (continued)
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be presented for this type of loading.

If this waviness-ratio is compared to the results of WR = 1/3 in the previous
section, it can be noted that the 1/6th waviness-ratio can withstand about a 21% larger
macroscopic strain than the 1/3rd waviness before failure initiates. This is bccaﬁse the

warp tows are not trying to separate as much in the region of failure.

XY Loading

Figure 4.19 shows the Tsai-Hill failure criteria for the two models after subjecting
cach to a 1% €, shear strain. Failure is again predicted in the center of the tows as it is
for WR = 1/3. For this loading, the extruded model will fail at a macroscopic strain 0.6%
less than the translated model. This difference is insignificant.

If the stresses which contribute to failure are examined, the only stress with any
significant difference is the o,., of the warp tow as shown in Figure 4.20. The translated

model is still seeing a significant region of stress in the region where the tows cross at

“'A". This is not apparent in the extruded model which predicts a region of high stress

near the edge of the fill tow as indicated by the letter 'B'. The separation of the warp
tows by resin is still saving the extruded model from significant levels of o, stress.
Other than this there is no significant difference.

Comparing this waviness-ratio to the 1/3rd waviness above, it1is seen that the
extruded model will fail sooner at a 1/6th waviness, but the translated will fail first at a

1/3rd waviness for xy shearing.
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(a) Warp Tows

Figure 4.18: Comparison of predicted Tsai-Hill failure criteria for translated
and extruded models with WR=1/6 after subjecting RVE to a 1% macroscopic
€4 Strain.
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(b) Resin

Figure 4.18: (continued)

119



Translated

— 41
— +1.474¢400

Extruded

(c) Fill Tows

Figure 4.18: (continued)
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Figure 4.19: Comparison of predicted Tsai-Hill failure criteria for translated
and extruded models with WR=1/6 after subjecting RVE to a 1% macroscopic

Exy Strain.
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Figure 4.19: (continued)
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X7 Loading

Figure 4.21 shows plots of the Tsai-Hill failure criteria for the two models
subjected to a 1% €,, shear strain. Only the resin and warp tow of each model are shown
because although notable differences are apparent in the fill tow, the level of the predicted
criteria is so low that it would be of no consequence. Note that there is little difference
between the two models. Failure will start in the resin of both models as indicated by
the levels of the plots. The difference in the maximum predicted by the translated model
is 4.5% greater than that predicted by the extruded model. The difference in the applied
strain to failure is 2.14% less in the translated model compared to the extruded model.
The stress which is the primary cause of failure in this region is o, as it was for WR
= 1/3. The normalized o, stress distributions for the resin and warp tow are shown in
Figure 4.22. There is little difference in the two distributions with only a 2.3% difference
in the maximum stress predicted by the translated over the extruded. Since there is little
difference of the models in the region of failure, there will be little difference in the stress
distributions there. It is possible that a progressive failure analysis will reveal more
differences in the two models for this type of loading.

Again, if the failure at this waviness is compared the 1/3rd waviness, it is seen
that the 1/3rd will fail at a macroscopic strain 53.8% lower than the strain required to fail
the 1/6th waviness. This is because the maximum angle which the materials in the tows
are experiencing is greater in the WR = 1/3. This is also shown by the predicted moduli
of the two waviness ratios. The 1/3 waviness predicts a value which is 12.4% greater

than that predicted by the 1/6 waviness. As stated earlier, the failure scenario could
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Figure 4.20: Comparison of normalized Oy distributions in warp tows of
translated and extruded models with WR=1/6 after subjecting RVE to a

1% macroscopic Exy strain.

Translated

Extruded

124



125
change drastically if the mats are simply stacked.

4.2.3 WR = 1/20

If the amount of difference continues to decrease between the two models as
waviness-ratio is decreased, then there should be little or no difference in the predicted
stress distributions between the translated and extruded models at this waviness-ratio.
Unfortunately, comparison of the stress distributions between the two models was not
practical because the extruded model predictions are very poorly due to elements near the
edge of the 1/32nd model which hz}}ie very bad aspect ratios. For this reason, no

comparison will be made between the two models at this waviness-ratio.
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Figure 4.21: Comparison of predicted Tsai-Hill failure criteria for translated
and extruded models with WR=1/6 after subjecting RVE to a 1% macroscopic

EXZ strain.
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Figure 4.21: (continued)
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V. CONCLUSIONS

The objective of this study was to determine which model, the extruded or
translated, reflects reality better, and whether such extensive modeling is really necessary
to adequately represent the material properties associated with woven gor_nposites. To do
this one must consider what was stated in the previous chapter as well as compare the
geometry of each model with that of actual woven composites.

The geometry of the two models both have drawbacks. The translated model, at
high waviness ratio, predicts that parallel tows will not be seperated by resin. This is the
major flaw of the translated model. The extruded model allows for a seperation of
parallel tows. This difference in behavior is largest when an €, shear strain is applied
to the composite. Another geometrical difference is that the translated model predicts a
thinning of the middle of the tows at high waviness-ratios which is also not correct. This
is shown in the o, stress gradients in the warp extension of the two models. The
extruded tows also possess some deviation from reality. One is that there is a gap
between the fill and warp tows. In reality, the tows are pressed against one another and
no resin pockets exist. However, this does not seem to affect the stress distributions

predicted with this model. And finally, both models assume a constant cross-section.
This may or may not be important and should be pursued in later studies.
For the prediction of elastic moduli, either model is adequate at low waviness
ratios. At higher waviness ratios however, the moduli being predicted becomes important.
For E,, there is such little difference - with due respect to the material system used in this

analysis - and either model will predict values within 1% of the other. Even if a very
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coarse mesh is used, there is little difference in the predicted moduli. If a high degree

of accuracy is not required, then either model is adequate for E,, G,,, G,, and the

xy?
Poisson's ratios v, and v,,. However, for greater accuracy, the extruded model gives a
better geometric model of reality and should be used.

When stress distribution are desired, the region of interest is of primary importance
in selecting one or the other model. If there is little geometric difference between the two
models in the area of interest, then either model will be adequate. This was shown for
extension in the warp direction and XZ shear at 1/6 and 1/3 waviness-ratios. However,
if there is a substantial difference in the geometry of the region of interest, then the
extruded model should provide a better approximation due to its superior modeling of
reality compared to the translated model. At very low waviness-ratios, the translated
model must be used unless significant refinement of the mesh is possible to eliminate bad

element aspect ratios. The difference in the two models is very minor at very low

waviness and either model should be adequate for stress distributions.
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VI. FUTURE WORK

The chapter narrates briefly on future research which this study has shown to be
important.  This study dealt with the effect of only one of many possible assumed
configurations which a researcher may make. It would be fruitful to study the eftect of
other geometry changes on the predictions made using either numerical or analytical
techniques. Some possible geometry configurations concerned with plain weaves which
may be examined are: the effect of how matAs are stacked, nesting of the mats, unbalanced
weave configurations, different wavinéss ratios for fill and warp tows, cross-section shape,
and non-sinusoidal tow paths. Satin weaves and other braids would also be interesting
to study, but very difficult due to the size of the unit cells involved for three dimensional
study.

Another aspect of woven composites which would be interesting to study is the
effect changes in the materials as the composite is loaded. As the composite is loaded,
the tows do undergo some amount of rotation at points inside the tow. It would be
interesting to see how much of an effect this would actually cause on the predicted stress-
strain curve of the composite.

Progréssivc failure of plain weaves would also be of interest. In this study, very
localized regions of failure were predicted for XZ shear loading and very little difference
was predicted between to two types of modeling. A progressive failure analysis might

reveal substantial differences if it were studied.
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