N94- 35891

LQG OPTIMAL COMPENSATOR TRANSFER FUNCTION
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Abstract

Following the general form for LQG optimal compensators for flexible
structures with collocated rate sensors we develop an explicit compensator
transfer function for the NASA LaRC CSI Evolutionary model in the form:

1

(iw) = gioBX-M,w? + T(io) + iyoB,B*)" B
W ©® b u-u

u

where T(i®) is a 48x48 positive definite matrix whose derivation is the
main result of this report. The undamped mode frequencies can be expressed

in terms of T(iw) as the zeros of
Det |-0?*M, + T(io)|

while “clamped-clamped” modes of the structure (with all nodes clamped)
are the poles.

1. Introduction

In this paper we present an explicit compensator transfer function for the NASA
LaRC Evolutionary Model [1], using the Continuum Model developed in [2]. In particular
the notation follows closely that in [2]. The compensator is obtained upon specialization

of the general development in [3].
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2. Compensator Transfer Function

The optimal compensator transfer function is given by (see [3]):
%‘x Vd,/d, B*(p®M + A + pyBB*) 'B .

The main step is to calculate
w(p) = B*(p*M + A + pyBB*) 'B .

We shall consider only the Continuura Model in {2] (case 3) in which the main bus, the

tower and the appendages are flexible but the antenna is lumped.

Let
y(p)v = u
B*(p*M + A + pYBB*Y 'Bv = u.
Let
2 -1 f
(p°M + A + pyYBB*) Bv = bl
Then

pzMof + Aof =0 (21)
where f is also subject to the “linkage conditions” (see [2)),

p*Myb + A f + pYB,B*b = B,v (2.2)

u

and

We shall now specialize to p = iw, ® real.

To solve (2.1), we let

2]
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where
2 = £(0,0,0)
z = £.(0,0,0)
z3 = f,(s3, 0, 0)
2 = f,(52, 0+, 0)
zs = f.(sp, 0, 0+)
26 = fi(sa+ 0, 0)
27 = f,(ss, 0~ 0)
z3 = f,(ss5, 0+, 0) .

Let

if p=io,
A(-p?) = A(w)

in the notation of [2]. From now on, let p = iw. Let

A _ Pii(s)  Pra(s)
Pyi(s)  Py(s)
and
dg (0)s Ps,110)  Ps, 12(9)
e 2 =
Pg 21(8)  Pg, 27(5)

and AST, As, as before in [2]. Then

A(o® 2
_e()s

f(s, 0, 0) ]
f:(s,0,0)

22

O<s <5
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and

)

f(SZv 07 0) _ el(w)SI
fx(Sz—, 0’ 0)

22

f(slv s, O) e,‘sl(w); f(sz,0,0) £, <s<0
= ’ ALy = =
fy(SZt s, 0) 3
,0,0
_ sy [[620.0) , 0<s< 2,
Z4

Let us now display the values at the nodes only. Then going along the main bus: by

Linkage Condition (2) (in [2]):

£i(52+,0,0) = fi(s2—,0,0) + A3 Ay (23— 2) .

Hence
f(57,0,0) | | A@)pmey | f62,00) I
fi(s7—, 0, 0) fi(s2+, 0, 0)
and
f(ss, 0, 0) ‘ _ @ | f61.0.0) l
f.(s4—, 0, 0) f.(s7+, 0, 0)

By Linkage Condition (1) (in [2]):

£.(57+.0,0) = filsy=,0,0) — A3' (Ly 7f(57,0,0) - A 725)

e-‘(“’)(-”s‘-ﬂ)

f(ss, 0, 0) ‘
fx(ss_’ 0’ 0)

f(S4,0,0) ‘
Z¢

and finally

f(SS: 0! 0)
f;(s5+t 0, 0)

fL,0,0) _ A@L-s)
f(L, 0, 0)




where by Linkage Condition (3) (in [2]):

[:(55+,0,0) = fi(s5-,0,0) + Ay 5 (27 - 2) .

Next:
fGsp, O, Ly) l _ st f(sT,O,O)'
fi(s7, 0, Ly) zs
flss, —£2,0) | s, (@)t f(s5,0,0) l
fy(SSt _£2t O) Z7
flss, +22,0) | SAss(@1a| f(s55,0.0) l
fz(SS’ +£2’ O) 2g

Hence we can calculate f(-, -, -) as
f = L(w)z.
In particular we can calculate b in terms of z. Let
b = Ly(w)z
where L,(w) is a (matrix) function of w. Let b = col. (by, ..., bg) and

Lb = {L‘I} , each Llj being 6X%6 .
Then

by = z1; Ly =1, L=

o
o
I

f(SZ) _zl’ O)

Pg, 11(-%1) f(52,0,0) + Pg_ y,(-)z

= Pg, 11 (F2)[Puils2)z1 + Pra(s2)za] + P, 1p(-R1)z3 .
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Hence

s
"

f(sT’ 0- l’r)

Lyy = Pg, 11 (-2)P11(s2)
Lyz = Ps, 11(-21)P12(s2)
L3 = Pg, 12(-%1)

Ps, 11 (+2)(Prils)z + P1y(s2)z2) + Ps, 12(R1)z4

Ly1 = Pg, 11 (£1)Pni(s2)
Ly; = Pg, 11P12(52)
Ly = 0

Lys = Pg, 12(%1)

Ps_11(Lp)[Prlst - s2)(Pri(s2)zr + Pia(s2)2)

-1
+ Pralst — 52)(P21(s2)21 + Paa(s2)zy + Ay Ay 5 (23 — 24))]

+ Psr'lz(lzr)zs

Lgy

L4y

L4s

Las

Lys

470

Ps_ 11 (LIP1Gsr - s2Puls2) + Pualsy = s)Prias2)]
Ps_ 11 pIPuGst = s)Pias2) + Pralsy - s2)Paa(s2)]
Ps_ 11 (Lp)(Pualst — )43 Ap 5,)
~Ps_ 11 L)Pulsy - A2 Ay s,

Pg_12(L7)



Lss

bs = f(s4,0,0)

Pi1(sq — sp)P1i(sT — 52)P1i(s2) + Pri(sa = sp)Pia(sy — 52)P21(s2)
+ P1a(sq4 = sp)Pu(st — s2)Pi1(s2) + Pra(sq — s7)Pa(sy — 52) Pri(s2)

-1
— Pia(ss = sp)Poa(sy = 52)A3 Ly 7{P11(s7—52)P11(52) + Pra(sy=52)P21(s2)}

P1i(sq — s7)Prilst — 52)Pra(s2) + Pra(sy — 52)Paa(s2)
+ Pya(sq — s7)Pay(sT — 52)P12(52) + Pra(sa — sp)Paa(st — 52)P2a(s2)
-1
— Pia(sa — sp)Poa(st — $2)A2 Ly p{P11(s7 ~52)P12(52) + P1a(sr-52)P22(s2)}
-1 ~1
Py1(sa = sp)Pra(st — $2)A2 Ay s, + Pia(sa — sp)Palsy — 52)Az Ay 5,
-1 -1
— Pia(sa — sp)Paa(st — 52)Az Ly p{Pralst ~ 52)A; Ay s, }
-1
—P11(sa = sp)Pra(sy — s2)A2 Az s,
-1 -1
+ Pia(ss — sp)Paa(st — $2)A2 Ly p{P1a(s7 - 2)A2 Ay 5.}

-1
Pyy(ss — s7)Paa(st — 52)A2 Ay

bs = f(ss, =22, 0) = Ps_11(=22)(P11(ss = sa)bs + Pra(ss — su)z6) + Ps  11(-%2)z7

L(”' = Pss'l 1(-22)P11(S4 — Ss)bs“ s iS 5

Lee

Pg_.11(-£2)P12(s4 — 55)

Le7

Pg_12(-%2)

b7 = f(SS! +£2’ O)

Ly; = P, 11(%)P1i(ss — sa)ls; » i<5
Lig = Pg 11(82)P1a(ss — 54)
L7 =0

Lig = Pg  12(%)
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bg = f(L,0,0)

Lg; = [Pii(L = 55)Py1(ss — 54) + Pra(L — s5)Pyy(ss — sq)]Ls; , i<5
Lge = Py1(L —55)P1a(ss — 54) + Pia(L — s5)Paa(ss — s4)
Ly = sz(l»--ss)l‘ﬁll’*z,s5
Lyg = —Pia(L - 55)A3 Ay s,
Hence
I 0 0 0 0 0 0
Lyy Ly L, 0 0 0 O O
Ly L3y L3y Lsg 0 0 0
L,(@) = Loy Lag L4z Lgga Lss O O O
Lsy Lsy Lsy Lsq Lss O O O

Ley Lez Ley Les Les Les Lez O
Ly Lyy Lyy Lyg Lis Lye O Lyg
Lgy Lgy Lgy Lgg Lgs Lge Lg7 Las

Suppose @ is a transmission zero of Y(iw):

y(io)yv = 0, v 0,
then in the notation
H
b
we have
Aof = ©O*Mof
A,f = B,v + oMb ; B¥b =0

Ly(@)z — @*M,L,(®)z = B,v.
Suppose for some z:

(Ly(w) — oML ()z = 0.
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Then

-0’M,b + A,f = 0

-(1)2M0f + A()f

]
o

and hence

® is an undamped structure mode

which would imply that

B # 0
which is a contradiction. Hence
f = o)z
where
B¥L,(w)z = 0, z# 0

and conversely. Hence the transmission zeros of (i) are precisely the zeros of
Det |B,B¥L,(w)| = 0.
These values of ® are then the “clamped-clamped” modes of the articulated structure:

-0*Mof + Aof

0, f#0 }
B = 0.

and a subset of these corresponding to b = 0 or L,(®)z = 0 are the clamped-clamped

modes of the unloaded structure (every node is clamped). Let us consider first @ such that

Det L, ()] # O

so that we can invert L,(®w). We have:

by — Lyby = Lypzy + Lpzn

by ~ Ly1b

Lazzy + Lasz4

by — Lab

Lazzy + Laz(z3 —z4) + Lyszs
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where
-1
zs = Lss(bs — Lsyzy — Lsyzy — Ls3zz — Ls424)

These four equations can be solved for z;, z,, z3, 24, in terms of by, ..., bs, and then

zs can be expressed in terms of bs, by, b3, by, by. Next
bs — Ps, 11 (-0)P1i(ss — salbs = bs = Lesze + Lerzs
by ~ Pg, 11(£)P11(ss — sa)bs = by = Liszs + Laszg
by — (P1i(L = ss)Pii(ss — s4) + P1a(L — 55)Pa1(ss — 54))bs
= by = Lgezs + Lgrz9 — Lgyzg .
These three equations can be solved for zg, 27, 23:
Lg7L7(bs — Leszs) — LgsL73(b7 - Lr6z6) = by — Laszs

1 15 ~ -1 -1
Lg7Lg1bs — Lg7lrgby — by = (Lg7Llerles — Lsrlrglns —Lgs)zs -

Hence

75 = (LS7L;>'17L66 — Lg7L7gLas —Lac)-l(LmLZégs — LerL73 by — bg)

27 = Lg1(bs — Lesze)

7y = L;};(57 - Lagze) -
Hence

z = L) 'b, Det |L,(@)] # O.
Next let
Ayf = Lyz.

Let us determine L,. Now from the form of A,f, it is convenient to break up L, as

LA = LAI + LA2
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where

-Lb,
-Ly 5,b2
Ly 5,05
Ly rbs
0
~L; 5,bs

Ly ssb
L]bg

and {b;} have been determined in terms of z;. Next let

LAz=h

2

so that

hy = ~Anzn
hy = —Ay5,Ps, 21 2DP12(s2)21 + Pra(s2)z] — Ay 5, Ps, 22(-21)2

hy = Ay 5, Ps, 21 @D[P1(sz1 + Pra(sa)za] + Ay 5. Ps, 22(-21)2z3

hs = Ays {Ps_22(Lr)zs
+ Ps,,u(l'r)[l’n(sr = 52)(P11(52)21 + P1a(52)23)

A
+ Pra(sp — s2)(Pai(s2)z1 + Paa(52)22 + Ar A; 5, (23-24)) ]}

hs = A [P21(54 — sp)P11(sp = $2)(P11(s2)z1 + P1a(s2)22)
+ Pra(st — s2)(Pai(s2)z1 + Paa(s2)zy + AElAz,sz(h - z4))]
+ Paa(sa — sp){Pai(st — s2)(Pri(s2)z1 + Pra(s2)z2)
+ Poy(sp ~ 52)(Pai(s2)z1 + Paa(s2)zz + AEIAz,sz(Zs )
- A7'L T Pu(sT—52)(P11(52)21 + Pra(s2)22)
+ Pro(sp=5:)(Pa1(s2)71 + Paa(s2)22 + A3 Ay 5 (23-24))]

-1
+ Ay Az,rzs}]
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Pl
-
1l

~Ay 5, {Ps,21R)(Pri(ss — 54)bs + Pra(ss — s4)z6) + Ps, 22(-22)71}

hy = Ay 5 {Ps, 21(&)(P11(ss = 54)bs + Pra(ss = 8a)z6 + Ps, 22(22)78}

=
o
1

A{P21(L = ss)[Pr11(ss ~ s4)bs + Pia(ss — 54)26]

+ Pys(L = 55)[Pralss — sa)bs + Pyy(ss — sa)zs + Az Ay 5 (27 - 78)]} .
Hence finally, in terms of L, and L,, (2.2) becomes
(— szLb + LA + ’YinuB:Lb)z = BuV .

For ® such that L,(w) is nonsingular we can write:

u = Bib = BXL,(~™M,L, + L, + YioB,BxL,) 'B,v
- BX(-w*M, + LyL;' + yioB,BY) 'B,v .
Here
B, is 48x 8
B* is 8x 48
and
(~™M, + LyL;' + yioB,BX ' is 48 x 48

and is conveniently broken up into 6x6 blocks, denoted

D = {D,-j} , iLhj=1,.,8.
We can now calculate

B*DB, .

Now

where each B, is 6x8, and letting
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uy
u

ug
we have
lu =C0][0v uy, uz, Ov O, O]
Bu, =B,‘),=O
B, u = col{us, ug, 0, 0, 0, 0]
B, u = col [0, us, ug, 0, 0, 0]
Buc =B,‘7 =0

B, u = col [ uy, ug, 0, —40ug, 40u;, 0].

Hence letting

bg
8
Btb = S Bib, = Bib, + Bby + Bl bs + BXbs
1

and writing

B;‘ih =col{v, w, 0,0 0,0 0, 0]

B:“h = col [0, O, 4, v, 0, 0, O, O]

1

Bf,h col [0, 0, 0, 0, v, w, 0, O]

B h = col [0, 0, 0, 0, 0, 0, u+40¢,, v-40¢, ].
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Hence
8 8 8 8
(BXDB,)v = Bf Xl,DUBujv + B¥, Z;,D,,,-Bujv + B;"E%DSJ-BMJ,V + B:sE,:DBJ'B“jV
= B} (DuB,, + DuB,, + DisB, + DigB, v
+ B:“(D“Bu’ + DasB,, + DysB, + D4gBua)V
+ B} (Ds1B,, + DsaB,, + DssB, + DsgB, )V

+ B¥ (Ds1B,, + DgaB, + DgsB, + DgsB, )V -

us
This shows in particular that we do not need to calculate all the D;;. Also the controls

at location §;, i=1,4,5,8 are given by

BY (DB, + DB, + DisB, + DB, )v = BiD;B, v + EiB:‘.DijBujV,

where the first term involves only the sensors at locations §;, and the summation

represents the coupling to sensors at other locations. Also

D, 1,22V1 + Du,23V2
D11,32Vl +D|1,33V2 Vi
v
B:IDllBulV = O v = 2
Vg
0
where
Dy = {Dll,ij}- i,j=1,.,6.
Similarly
0
0

Dyy11v3 + Dyg,12v4

Dyy21v3 + Dyg22v4
* =
BY DuB,, = 0

0
0
0



B} DssB,

B¥ DyB, =

o O© O

0
Dss 29Vs + Dss 236

Dss 35vs + Dss 33V6
0
0

It must be noted that in terms of feedback

the dot denoting derviative.

vy = V(O)

vy = W(O)

v3 = iSy) + 1000,(Sr)

ve = V(Sp) — 1009, (Sy)

vs = V(S4)

ve = W(S4)

S O O o ©

0

(Dgg 11 +40Dgg 15)v7 + (Dgg 1, ~40Dgg 1 4)Vs
+ 40{(Dgg 51 +40Dgq s5)v7 + (Dgg 52 —40Dgg s4) Vs }

(D88,21 +40Dss,25)"7 + (D88,22”40088,24)V8
+ 40{(Dgg 41 +40Dgyg 45)V7 + (Dgg 42 ~40Dgg 44)vs}

vy = (L) + 40, (L)

vg = V(L) - 40¢,(L),
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Let

T(iw) = Ly(0)Ly(®) '

so that the poles of T(iw) are the zeros of L,(®). We shall show that T(iw) is self-adjoint

but not nonnegative definite! Let b;, b, be arbitrary real, and let

L) b = 2
L) s = 2
fHi = Uw)z
fr = YWz
N T P
by’ 2 b,

Then

[Ax1, x2] = [Aofy, 2] + A fy, b2l = P [Mofy, fo] + lAxfy, b2].

Similarly
[Axy, x1] = [A,fp, b1l + @ [Mofy, fi].
Since
[Ax, x;] = [Axz, x1]
we have
[Apfa, 011 = [Apf;, B2
or,

(A, f1, b2) = [LA((D)Lb((D)—Ibl, by = Ay fo, b1] = [LA(m)Lb(m)—lbz, b .
Hence T(iw) is self-adjoint. Next
[TGw)by, b11 = [A fi, 1] = [Axy, ] — @ IMofy, fi].

Hence T(iw) is not nonnegative definite. Note finally that the structure modes frequencies
can be expressed:

Det |-0?M, + T(iw)| = 0.
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