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Abstract

In modeling turbulent reactive flows, PDF (Proba-
bility Density Function) methods have an advantage
over the more traditional moment closure schemes
in that the PDF formulation treats the chemical re-
action source terms exactly, while moment closure
methods are required to model the mean reaction
rate. The common model used is the laminar chem-
istry approximation, where the effects of turbulence
on the reaction are assumed negligible. For flows
with low turbulence levels and fast chemistry, the
difference between the two methods can be expected
to be small. However for flows with finite rate chem-
istry and high turbulence levels, significant errors
can be expected in the moment closure method.

In this paper, the ability of the PDF method and
the moment closure scheme to accurately model a
turbulent reacting flow is tested. To accomplish
this, both schemes were used to model a CO/Hjy/N»-
air piloted diffusion flame near extinction. Identical
thermochemistry, turbulence models, initial condi-
tions and boundary conditions are employed to en-
sure a consistent comparison can be made. The re-
sults of the two methods are compared to experimen-
tal data as well as to each other. The comparison
reveals that the PDF method provides good agree-
ment with the experimental data, while the moment
closure scheme incorrectly shows a broad, laminar-
like flame structure.

Introduction

Chemically reacting flows are described by the
continuity, momentum, energy, and species trans-
port equations:
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p is the density, U; is the velocity, p is the pressure,
g: is the body force and 7;; is the stress tensor. The
specific enthalpy is denoted by A, ¢; is the diffusive
flux of enthalpy, @ is the enthalpy source term and
® is the viscous dissipation. In the species transport
equation, ¢, is a scalar quantity, (e.g. the mass
fraction), J¥ is the diffusive flux of ¢, and S, is
the scalar source term, also called the reaction rate.
An equation of state is also required to close this
system of equations. In the above equations it is
important to note that the chemical source term,



S«, 1s uniquely determined by the composition and
state variables. Thus the reaction rate can be given
by -

Sa = Sa(_@ap: h)v (6)

where ¢ is the vector of o different species variables.
For laminar flows, this system of equations can be
solved directly. However for all but the simplest tur-
bulent flows, this is not possible, and so a different
approach is required.

For the past 20 years, the mean flow or moment
closure method has been the principal tool used solve
this system of equations for turbulent flows. In
this method, the flow variables are decomposed into
mean and fluctuating components, and the conserva-
tion equations for the mean quantities are obtained.
The unknown second order terms that appear in
these mean conservation equations are modeled (eg.
k—e model) so as to affect closure. However the mod-
eling of the mean chemical source term, (S, ), proves
to be extremely difficult. The most common method
used is the laminar chemistry approximation, where
it is assumed that the mean reaction rate is equal to
the reaction rate of the mean composition and state
variables:

(Sa) = Sa((g1), ($2); s (Be), () (). (T)

However due to the highly non-linear nature of the
reaction rates, this approximation can be in error by
several orders of magnitude [1]. The only conditions
where this approximation can be considered valid are
for low-turbulence, fast-reacting flows.

In the past few years, the development of the PDF
(Probability Density Function) method has provided
an alternate approach to calculating turbulent react-
ing flows [2]. The PDF method involves solving the
transport equation for the joint PDF of the flow vari-
ables, rather than just their mean value. One of the
attractions of using a PDF method to model turbu-

lent combustion is that the reaction term is treated

exactly [3, 2, 1], thus providing a method of model-
ing reacting flows where strong turbulent/chemical
interactions occur.

The purpose of this paper is twofold. First we wish
to demonstrate the type of errors that result from the
laminar chemistry approximation of the mean reac-
tion rate in a real flow. Secondly we want to show
how the PDF method can accurately calculate flows
with high turbulence-chemistry interactions, where
moment closure methods with the laminar chemistry
approximation can be expected to fail. To achieve

these goals, both a moment-closure scheme and a
PDF method are used to calculate a turbulent react-
ing flow. The flow chosen is a piloted CO/Hy/N2-air
diffusion flame investigated by Masri et al [4]. The
chemical reaction rates are obtained from a three-
scalar reduced mechanism, created by the ILDM (In-
trinsic Low-Dimensional Manifold) method of Maas
and Pope [5, 6]. The PDF method chosen is a com-
pressible hybrid scheme, [7, 8] with the velocity field
solved by a moment closure method, and the scalar
field by a particle-based PDF scheme.

Hybrid PDF Method

The hybrid PDF scheme is a combination of mo-
ment closure and PDF methods. The continuity and
momentum equations are solved by a moment clo-
sure method while the transport equation for the
joint PDF of enthalpy and composition is used to
solve the scalar and energy fields. This combination
has the advantage in that the PDF part of the code
can be added to an existing moment closure method
with a minimal amount of coding. Thus existing
combustion codes can be extended to include the
PDF model of turbulent chemical reactions without
the need for extensive rewriting.

Taking the scalar and enthalpy transport equa-
tions (Eqn. 4), (but neglecting @ and ®,) standard
methods [9, 2] give the evolution equation of the
density weighted, joint PDF of composition ¢ and
specific enthalpy &, fgn:
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where 1, and 7 are the sample space variables corre-
sponding to ¢, and h respectively, and (a|b) denotes
the expectation of @ conditional on . Note that in
Eqn. 8 all the terms on the left hand side (LHS) are
exact, including the important reaction source term.



The terms on the right-hand side (RHS) of Eqn. 8
however contain unknown conditional expectations,
and so need to be modeled.

The first term on the RHS of Eqn. 8 corresponds
to the turbulent convection of the PDF. This is mod-
eled by a simple gradient diffusion model. The next
two terms correspond to the molecular mixing of the
composition and the enthalpy respectively. These
two terms are both modeled by a molecular mix-
ing model [10]. The final term to be modeled is the
pressure term, which includes the pressure-dilatation
term. For details of the modeling of this and the
other terms, readers are referred to Hsu et al [7].

Experiment

The experimental flow chosen for this study is the
CO/Hy/N2-air lame of Masri et al [4] with a bulk
fuel velocity of 98.0 m/s. This flame was chosen as it
has mild compressibility effects, finite rate chemistry
and high levels of turbulence.

The apparatus consists of a central fuel jet of
7.2 mm inside diameter, surrounded by an annulus
of 18.0 mm outside diameter, containing the pilot
flame. This jet assembly is mounted at the center of
the exit plane of a 305.0 x 305.0 mm wind tunnel,
which produces a uniform, low turbulence intensity
flow of air with a velocity of 15.0 m/s. The fuel com-
position is 45% CO, 15% H, and 40% N» by volume,
and the pilot flame consists of a lit, premixed flow
of fuel and air in stoichiometric proportions, with an
unlit bulk velocity of 1.0 m/s.

Data from the experiment consists of the joint
PDFs of composition taken at a point 72.0 mm
downstream of the jet exit plane, and approximately
6.5 mm out from the axis. Note that this radial lo-
cation was chosen to correspond with the peak mean
radial temperature of the flame. These PDFs were
obtained by the Rayleigh-Raman scattering tech-
nique, with 2000 composition samples. Extinction
for this flame occurs at a fuel-jet bulk velocity of
167.0 m/s.

Thermochemistry

The ILDM (Intrinsic Low-Dimensional Manifold)
method of Maas and Pope [5, 6] was used to generate
the thermochemical model used in this study. The
ILDM method is a general procedure for simplify-
ing chemical kinetics, based on a dynamical systems
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Figure 1: Example of tabulated properties. Section
taken at £ = 0.37, shows reaction rate of CO; as a
function of of COy and H2O. Units are mole/kg.

approach, requiring only the full chemical mecha-
nism and the dimension, n, of the resulting reduced
mechanism as input. Given the inputs, the ILDM
scheme identifies the time scale of each reaction for
all allowed compositions. By freezing the n, slow-
est reactions and letting the rest relax to equilib-
rium, a low-dimensional attracting manifold is ob-
tained. This manifold is then projected onto a set
of n,. species, referred to as the controlling variables.
The rate of change of these controlling variables is
known at all points on the manifold, completing the
creation of the reduced mechanism.

For the CO/H;/Nj -air system used in this study,
the full mechanism and details of the ILDM method
are described by Maas and Pope [5]. A three-scalar
mechanism was obtained from the full system, with
the three representative scalars being the mixture
fraction &, and the mass fractions of CO; and H»O,
denoted by Yco, and Yg,0 respectively. The mix-
ture fraction is a conserved scalar based on the mass
fraction of Ny, with a value of zero for pure air and
unity for pure fuel. The reduced mechanism is stored
in the form of composition increments due to re-
action for given time intervals and specified initial
composition. An adaptive tabulation method is used
to store these increment tables. It should be noted
that as ¢ is a conserved scalar, only the increments



dYco,/dt | d¥Ym,0/dt
Approx 24.1 -0.62
PDF 4.77 0.77

Table 1: Mean reaction rates for an experimentally
measured mixture, obtained by the laminar chem-
istry approximation and the PDF method. Units
are in mass fractions per second.

of Yco, and Yg,0 need be stored. Figure 1 shows
a section of the reaction increment table for several
different properties.

Reaction Rate Errors

In this section, the error associated with the ap-
proximation of the mean reaction rate (Eqn. 7) is
investigated. Taking the experimental data as an
initial condition, the mean composition is calculated
and the mean reaction rate obtained. This rate cor-
responds to the laminar chemistry approximation of
the mean reaction rate employed in moment closure
schemes. For the exact mean reaction rate, the re-
action rate for each of the 2000 sample compositions
is obtained, and then the mean is calculated. The
results are shown in Tab. 1. The results show a con-
siderable difference between the reaction rates, with
the Yco, rates differing by an order of magnitude,
while the Yg,o rates differ in sign. These results
show that the approximation of Eqn. 7 can be wrong
in not only magnitude but in sign as well.

The effect of evolving the reaction rates with time
is also investigated. From the same initial conditions
as above, the mean composition is reacted at the
mean reaction rate, while each individual sample is
reacted by its own reaction rate, and then the new
mean composition is calculated. The evolution of
Yco, and Yg, o with time for both reaction methods
are shown in Fig. 2.

It can be seen that at first the reaction paths differ
considerably, and while the Yz, paths asymptote to
approximately the same values, the long-time Y¢o,
values differ by about 20%. This difference is caused
by the non-linear nature of the reaction equations
combined with the large variation in the initial sam-
ple composition, caused by the high level of turbu-
lent mixing. The implication of these results is that
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Figure 2: Reaction trajectories for Yoo, and Ym,0
obtained by the laminar chemistry approximation
and the PDF method. (O: Laminar approximation;
O: PDF result. Units are mass fractions and sec-
onds.

in relatively high turbulence level flows, even very
fast, equilibrium-type reactions can be poorly repre-
sented by the laminar chemistry approximation.

Flame Calculation

In this section, the relative abilities of a moment
closure scheme and a PDF method are compared
when applied to a turbulent reactive flow with finite
rate chemistry. The moment closure scheme is the
RPLUS code [11], which was developed specifically
for high-speed reacting flows. The turbulence model
used is the standard k¥ — e model for high Reynolds
number flows, and the reaction source term is mod-
eled by the laminar chemistry approximation. The
PDF method is the hybrid PDF scheme of Hsu et
al [7, 8], which uses the RPLUS code to provide
the mean velocity and density field, while the trans-



port equation for the joint PDF of composition and
enthalpy is solved by a particle-based Monte Carlo
scheme.

Solution Procedure

The solution procedure for moment closure and
PDF scheme have been documented previously [11,
12, 7], and so only a brief description of the more
important features of the codes are given.

The RPLUS code is a 2D, axisymmetric version
that uses a LU-SSOR upwind scheme, with a stan-
dard high Reynolds number k — € model.

The PDF code is the same as that developed by
Hsu et al [7], but with a few changes. These changes
primarily involve the treatment of the convection,
molecular mixing and the averaging process. The
convection of scalar particles has been altered to ac-
count for the convection of fractions of a particle. At
each step, a whole number of particles are convected,
and any remainder is carried on to the next step.
Molecular mixing is carried out by the Relax-to-
Mean model of Dopazo [10], rather than the model
by Hsu and Chen [13]. This change was made to pro-
vide a faster performance, and allow a larger time-
step to be used in the calculations. The averaging
process has been changed to provide a more efficient
use of computer memory. The method employed is
the weighted average scheme [8]. In this method, the
weighted time-average of some mean quantity (¢) at
the nth time step is given by:

@B = 7 (@ntwal@hs). O

where the over-bar indicates a time averaged quan-
tity and w,, is a weighting function,

Wa = CrWn—1 + 1)- (10)

The variable ¢, is chosen to have a value of 0.9 for
n < 2000, 0.999 for n > 5000 and a linear varia-
tion between these two values. These values were
chosen to provide a quick response time for the av-
erage values while the flow computation approaches
a steady-state solution, and then changing to mini-
mize the statistical fluctuation of the average, allow-
ing the solution to converge further.

Initial Conditions

The quantities solved for by both solution schemes
are the density, mean axial velocity, mean radial ve-

locity, turbulent kinetic energy, dissipation rate and
internal energy. The composition variables are the
mass fractions of He, Oz, H,O, CO, CO2 and No.
In addition the PDF code solves for the specific en-
thalpy of the flow.

The initial conditions at the jet exit plane are the
combination of three different flows, the jet, the pilot
and the co-flow.

For the jet, the mass flow rate and the composition
are known from the experiment. The initial velocity
distribution is obtained by assuming fully developed
pipe flow, with the mean velocity, kinetic energy and
dissipation profiles taken from Hinze [14].

The mass flow rate and the pre-burned composi-
tion of the pilot are known from the experiment. By
assuming the pilot to be fully burned at the jet exit,
the mean composition, temperature and density are
known. The low axial velocity of the pilot and the
high temperature result in a Reynolds number of or-
der 100, thus a uniform velocity is assumed. The
kinetic energy and dissipation are set close to zero.

For the co-flow, the mean and fluctuating values
of the axial velocity are known and correspond to
a turbulent boundary layer on the outside wall of
the pilot jet. So as in the jet, the mean velocity
distribution, kinetic energy and dissipation are taken
from Hinze [14].

The computational domain is rectangular, extend-
ing 20 jet diameters downstream and 7.5 jet diame-
ters out from the axis. The solution grid uses 50 cells
in the axial and radial direction, with a higher den-
sity of cells in regions around the jet exit. Boundary
conditions are an axis of symmetry for the center
of the jet, and free stream conditions at the outer
edge of the flow, corresponding to the known co-flow
properties.

Results

In this section the results of the two schemes
are compared to experimental data and each other.
Data includes convergence histories, mean velocity
fields, mean scalar fields and scatter-plots for the
PDF results. The differences between the two com-
putational schemes, and the experimental data are
then discussed.

Errors and Convergence

The statistical error in evaluating the mean of a
scalar is estimated by taking the average scalar value



Quantity | Error
(Yco,) | £1.14%
(Ya,0) | +1.34%

(T) +0.83%

Table 2: 95% confidence limits for the fluctuation
of time-averaged scalar quantities used in the PDF
method.

at a point every 100 time-steps, and obtaining the
fluctuation of this quantity. The point chosen for
this test corresponds to the point where the exper-
imental data was obtained, and 30 samples were
taken. The 95% confidence limits in percent of the
mean scalar value are shown in Tab. 2.

Due to the statistical fluctuation associated with
the mean scalar value in PDF methods, the concept
of convergence is different to that of moment clo-
sure convergence. The residual error at time-step
n, £({(¢)), of some averaged quantity, (¢),, can be
defined as;

o= on (i) — ¢u>n )2
en((9) = Nx - 2121 Py .,
i (11)

where Nz and N7 are the number of cells in the ax-
ial (z) and radial (r) directions respectively. For mo-
ment closure methods, convergence is achieved when
€n({®)) is reduced to the level of machine, or round-
off error. For PDF methods, convergence is achieved
when e,((¢)) is reduced to an acceptable level of
statistical fluctuation of the solution. This level is
determined by the number of particles in each cell
and the amount of time-averaging made to the solu-
tion. Figure 3 shows the error history for the mass
fractions of CO, and H,O. The shape of the error
curves are similar and demonstrate the imprecise na-
ture of PDF convergence. After approximately 1000
steps, the error stops decreasing, corresponding to
the steady state for the small amount of time aver-
aging with ¢, = 0.9 in Eqn. 10. Between 2000 and
5000 steps, ¢, is increased to a value of 0.999 and the
errors show a steep decent, reflecting the lowering of
the statistical uncertainty in the mean values. Be-
tween 5000 and 10000 steps, the errors reach a new
steady state, corresponding to a converged solution
for ¢, = 0.999.

The overall rate of convergence for this problem
is rather slow due to the RPLUS code being used to
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Figure 3: Convergence histories for the residual error
of Yoo, and Yg,0 produced by the PDF method.

model a low-speed flow. Much faster convergence is
obtainable with this code for supersonic flows [7].

Mean Flow Fields

In Tab. 3 the mean mass fractions of CO, and Hs0
are shown, as well as the mixture fraction and tem-
perature. These values are obtained from the mo-
ment closure, PDF and experiment, at a location
72.0 mm downstream of the jet exit plane and 6.5
mm out from the axis. The comparison between
the experimental data and the PDF results are gen-
erally in good agreement. The underprediction of
(Ya,0) is thought to be caused by the neglection of
the water vapor content of the air in the calculations
and the assumed equal diffusivities of species in the
PDF method. The moment closure results at this
location also agree reasonably well with the experi-
mental data, except for the value of Y¢ o, which is
underpredicted. The value of Yg,o shows a similar
level of underprediction as the PDF result, and the
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Experiment | PDF | Experiment
(&) 0.32 0.31 0.33
(Yco,) 0.17 0.158 0.121
(Ya,0) 0.033 0.024 0.022
(T) 1400 1380 1500

Table 3: Comparison of time averaged mean flow
quantities for moment closure, PDF and experimen-
tal data. Data location is 72mm downstream of the
jet exit plane, and 6.5mm out from the axis.

mean temperature is slightly overpredicted. Fig-
ures 4 and 5 show the contour plots of the mean
temperature field for the PDF and moment closure
schemes respectively. The PDF calculation shows
a flame structure similar in structure to previous
experiments [15], with a rapid drop-off in the peak
axial temperature, followed by a slow increase fur-
ther downstream and the slight “waist” in the flame
width. At the experimental data location, the peak
radial temperature can also be seen to occur approx-
imately at the experimentally determined radius of
6.5mm.

However the moment closure calculation shows
a significantly different form. At the experimental
data location, the peak mean radial temperature lies
in a broad band between 9 and 12 mm out from the
axis, and be overpredicted by approximately 500 de-
grees K. The structure of the temperature field shows
that the moment closure results predict a much more
rapid spread of the reacting fluid, and the steep tem-
perature gradients at the interface with the co-flow
suggest an almost laminar flame sheet. This is con-
trast to the diffuse, turbulent combustion regime ob-
served in the PDF and experimental results.

Scalar Joint PDFs

Figure 6 shows the joint PDF of £ and Y0, for both
the PDF calculations and the experimental data.
Figure 7 shows the same information, but for the
joint PDF of ¢ and Yg,0. It is apparent from these
figures, despite the difference in sample sizes, that
the PDF method has captured the form of the ex-
perimental data. Both the PDF and the experimen-
tal results lie near the equilibrium curve, and show
no evidence of extinction. The high level of scatter
in the experimental results can be attributed in part
to differential diffusion, a process neglected by the
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Figure 6: Scatter plot showing the joint PDF of ¢
and Yco,. Open symbols are PDF results, points
are experimental data and the solid line is the equi-
librium curve.
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Figure 7: Scatter plot showing the joint PDF of &
and Yg,0. Open symbols are PDF results, points
are experimental data and the solid line is the equi-
librium curve.



PDF calculation, and experimental error.

The magnitude of the error due to experimental
inaccuracies and differential diffusion of species can
be illustrated by considering the joint PDF of mix-
ture fraction and Ng shown in Fig. 8. For the case
of equal species diffusivities, and the absence of ex-
perimental error, all the data points should lie on
the straight line. However it is apparent that this
is not the case, and that there is a somewhat large
degree of uncertainty to the experimental error. It
should be noted though, that the expected value of
Y, does lie close to the equal diffusivity line.

The effect of neglecting the water vapor in the co-
flow is apparent on the lean side of the stoichiometric
mixture fraction of Fig. 7, where the experimental
points show a higher value than the PDF results and
the equilibrium line.

A similar comparison can not be made between
the moment closure results, and the experimental
data as only the mean scalar values are available,
and so would be represented by a single point in
Figs. 6 and 7.

Similar joint PDF’s to those in Fig. 6 and 7 for
the same flame configuration have been obtained by
Norris and Pope [16, 17] using a parabolic Monte
Carlo scheme to solve the transport equation for the
joint PDF of velocity, dissipation and composition.
In their study, the fuel jet velocity was increased
until the PDF model predicted that the flame had
been extinguished. Excellent agreement was found
between the experimental and PDF results, with ex-
tinction being predicted within 5% of the experimen-
tal value. Similar tests have not yet been performed
with the hybrid PDF model.

Conclusion

The relative ability of a moment closure scheme
and a hybrid PDF method to model a CO/Hz/N,-
air piloted turbulent diffusion flame near extinction
has been evaluated.

First the magnitude of the error associated with
the laminar chemistry approximation of the mean
reaction source term was investigated. It was shown
that the approximation of the mean reaction rate
can be in error by an order of magnitude, and that
the sign of the term can also be wrong. The mean re-
action trajectories in scalar-space were also obtained
and showed that while the reaction rate approxima-
tion also leads to errors in the equilibrium compo-
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Figure 8: Scatter plot showing the joint PDF of £
and Yy,. Straight line is the result for equal species
diffusivities and no experimental error. Points are
experimental data.

sitions, these errors are an order of magnitude less
than the reaction rate errors.

The performance comparison of the moment clo-
sure and PDF method showed the superior ability
of the PDF method to accurately simulate a real
combustion problem. While the PDF method pre-
dicted a turbulent flame structure, with peak mean
radial temperature agreeing with experimental value
both in location and magnitude, the moment closure
method showed a laminar-type flame structure, with
the peak mean radial temperature in the wrong lo-
cation, and overpredicted by 500 degrees K.
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