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Abstract

In the optical measurement of the Bloch vector components describing a system of N two-
level atoms, the quantum fluctuations in these components are coupled into the measuring
optical field. This paper develops the quantum theory of optical measurement of Bloch vector
projection noise. The preparation and probing of coherence in an effective two-level system
consisting of the two ground states in an atomic three-level A-scheme are analyzed.

1 Introduction

The properties and generation of an optical squeezed state have been interesting subjects of study
for a number of years. The Bloch vector model of a two-level atomic system interacting with
a laser field, and the use of angular momentum components J; to represent the N two-level
atoms [1], have also been widely investigated. It is known that quantum systems with dynamical
variables in the form of nonlinear products of the position and momentum operators are different
from those involving only the position and momentum operators. For instance, in a system
of N two-level atoms, described by a Bloch vector spin angular momentum J , the uncertainty
relation, AJ, - AJ, > %l(j;;)l, depends on the quantum state of the system, as opposed to that
of Az - Ap > % for the two quadrature phase components of an optical field [2]. The quantum
fluctuations in atoms hence provide an interesting system for the study of uncertainty relations,
and are of practical importance. For example, the fluctuations in an atomic system contribute to
noise that can in principle, limit the accuracy of atomic frequency standards [3].

As a simple example, let us consider the spin model for a single two-level atom with a ground
state |1} and an excited state |2). The Bloch vector operators are

. 1, .

8 = 5(012 + 621),

. . .

S2 = -2'(012 - 021), (1)

1. .
83 = 5(022+0n),

where
&y = Gl dj=1,2
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These operators obey the usual commutation relation for angular momentum operators,
[3:, 8;] = ieijudn,

where ¢;;) is the Levi-Civita symbol. It is easy to show that & describes a spin-% system.
For a superposition state

l¢) = cos g|l) + e gin g—lZ), (2)

where 8, and ¢ are some angles, we have
(81) = %sinOcos é,
(32) = —% sin 0 sin ¢, (3)
(33) = — 5 cos 6.

Clearly, the vector r = ({31), (32), (33)) falls onto the surface of a sphere of radius ;. The fluctua-
tions in the components of s are,
. R . 1. .
(A‘s:) = (33) - (3.1')2 = Z - (sj)za J=12,3, (4)

with the fluctuation in the total Bloch vector

(As?) = (s2) — (8)* =

BO| =

It is also easy to show that .
(As?) - (As?) > —lei(si) . (5)

Now let us consider the situation for N two-level atoms. If there is no mutual interaction
between the atoms, the system can be described by the total spin angular momentum operator

N
S=) s

n=1

We assume that all atoms are in the ground state |1} initially or, equivalently, the system is in

the angular momentum eigenstate |S = &, S; = —&) (Fig.1a). Now we have
N
- . N
(Ss) = D _(8sm) = -5,
n=1
and
A N N
2 — mven | c—

We hence obtain

(6)
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FIG. 1. Bloch vector for an N-atom system. In a), all atoms are in state 1), and
the mean total Bloch vector (So) points down. b), (So) is rotated about an axis n to
(S1). The cones represent the fluctuations in Bloch vectors.

As is shown in Fig.1a, the uncertainty in S forms a cone centered on (So), pointing inversely

along axis ra, with a conic angle 66 ~ \/-—1%_ When a resonant laser field is applied, the Bloch

vector S is rotated from (So) to (S,;), by angle 8 about an axis n in the Or,r; plane (Fig.1b).
Now all atoms are in a superposition state as given in Eq.(2), and one can show that the mean
square fluctuations in the components of the Bloch vector S are N times of that given by Eq.(4).
Now let us take a closer look at Fig.1b. When the Bloch vector S is rotated from (So) to (S,),
the cone representing the fluctuations in S is also rotated. The projection of the base of the cone,
which represents the fluctuation, onto an axis, say ry, is merely

_ 1 (él) ?
arf = 58t [l TS ]
= %’- (1 — sin? 0 cos? ¢) . (7)

One can obtain similar results for the fluctuations along other axes. The fluctuations in the
Bloch vector components are hence the projections of the Bloch vector uncertainty onto the
corresponding axes. It has been pointed out that the shape of the cone (Fig.1b) can be altered,
and turned to an ellipse, by introducing a non-uniform interaction between the external field with
the atoms [4], or by mutual interaction between the atoms. We see from Eq.(7) that the noise
in the Bloch vector component along r; reaches a minimum point at § = 3 and ¢ = 0 when the
component is maximized. Yet the shot noise in the radiation field from the atomic medium is
proportional to \/r; and also maximized. It is predicted that the total noise consisting of the shot
noise and the Bloch vector projection noise would reach its minimum value at § = z 2
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2 Theory

In this section, we develop the quantum theory of optical measurement of atomic Bloch vector
projection noise. We will consider the experimental situation of A-three-level atoms in a beam
interacting with spatially separated laser fields. In a A-scheme three-level atom (Fig.2), we as-
sume that dipole transitions between states |1) and |0), and |2) and |0) are both allowed, with
resonant frequencies, wo;, woz, and transition dipole moments do1, doz, respectively. We assume for
simplicity that do; and do; are orthogonal. First, a resonant optical pumping field is applied to
pump all atoms into state |1). Two co-propagating off-resonant laser fields of frequencies w;,ws,
polarizations e,, e;, respectively, are applied downstream to prepare the atoms into a superposi-
tion state of |1) and |2). Level |0) adiabatically follows the ground state amplitudes and can be
eliminated. Hence, we are left with an effective two-level system consisting only of ground states,
which do not spontaneously decay. At a later point in the atomic beam, a probe field of frequency
wa, and polarization e; is applied. This induces an e,-polarized radiation field, oscillating between
states |0) and |1) which is homodyned with an external local oscillator field of frequency w;. We
will show that the homodyne output is proportional to the atomic Bloch vector components and
carries its noise characteristics.

12>

FIG. 2. Level diagram of a A-scheme three level atom.

We first treat the preparation process of the atomic ground state superposition. As illustrated
in Fig.3.a, in the lab frame, atoms in the beam moving along axis z with speed v, enter the
coherence preparation region I, between z = 0 and z = zo. It is more convenient, however, to
calculate the atomic state in the atomic center-of-mass (CM) frame. Let us consider an atom that
appears at an arbitrary position z in the probe region I7, at time t'. Referring to Fig.3.b, we see
that the atom entered region I at a previous time t' — z /v and exits region at time t' — (z — zo)/v.

We start from the effective Hamiltonian

H = —hw |1)(1] — huwng[2)(2] + V. (8)
and the interaction
. A . .
V=- lem c"“’"IO)(1| - E%e"“”'m)m + H.c., (9)
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where we take

-do1 ) E
Qop = Q;o = ———'(el ﬁm) - )
-dg2) E
Qo2 = Q;o = —_(e2 hoz) C ’
I I (a) Lab frame
X > X
0 Xx, x; x;+L
1 I (b) CM frame
Y > t
' _ -x_ 1 . X'XO (]
t v t — t

FIG.3, Schematic illustration of the experimental situation in a) the Lab frame, and
b), in the atomic center-of-mass frame. Regions I and I are the coherence preparation
and the probe region, respectively.

as the Rabi frequencies for the applied laser field given by

e by _; e E, -
e xwﬁ_l_ fwat

Et)==3 2

+ c.c..

Taking the energy of state |0), Eo = 0, the atomic state takes the form
[$(2)) = ao(t) 10) + a1(t) e [1) + aa(t) e [2). (10)

We obtain from the Schrodinger equation,

do(t) = 19201 -—tAl‘a (t) + 192 —lA:ta (t),
i(t) = i et ), (11)

in(t) = i02 et ag(t)

where
Aj =wj—wy,  j=1,2

are the detunings. When Q,,Q; < A;, A;, we may adiabatically eliminate level |0) by defining

ao(t) = By(t) e7*21t 4 By(t) e~*87, (12)
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where

QOI
Bi(t) = —-a(t),
1() 2QA‘ ax(t)
By(t) = —2—A(%ag(t).
Eq.(11) then becomes
n(t) = 1oy, o) — TR -t ),
2
a(t) = - _onn,,, eilBa=tu)t ,(t)—im”' as(t).

4A,
The initial condition of the atomic state as given in Eq.(10) is
a(t' —zfv) = 1,
a(t' —z/v) = 0,

or that the atom is in state |1) when entering region I at time t' — z /v.

4A,

When the atomic ground splitting wy; € A, Az, and A; = Ay, Q] &

the light shift frequency
Q01 _ Q02|

~o

A
2A; T 247,

the Raman Rabi frequency
210002 _ hofloz

— i
2A2 2A1 = Iﬂﬂle ’

Br =

and the net detuning
A=0 -8z = (w1 —w2) —wn.
Eq.(13) can be readily solved by changing variables
a1(t) = Ay(t)edt? e 4:,5(:,)/2,
ax(t) = Ag(t)e~ot2emif b2
which yields when A < |BRg|.

Ay (t)

cos [516al(t = ¥ + 2/v)]

Ay(t) = €9 sin [%|ﬂnl(t—t'+z/v)].

(13)

(14)

[Q%2|, we may define

(15)

(16)

Hence we obtain the atomic state for an atom which leaves region I at time t' — (z — z¢)/v and

will arrive at position z at time t’, as

('~

I — Xgo

v v
+A,(t' —

0 ) '
= cos — ]1) + €' sin §e —i{wr—wp)(t' = 2=22) 2),
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T — -’170) e-i%(:’-?"-) el'wz(f'-’—"?n') |2)
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where Zo
0= lﬂRI —v—v

is the Raman Rabi area. All common time dependent phase factors in Eq.(17) are left out, as
these will not affect the atomic coherence (612).
Now let us closely examine the probe region. As illustrated in Fig.4, a probe field

E(t) = e, %e““"' + c.c.

is incident onto the atomic beam at region I, and introduces an interaction Hamiltonian

PO(t) = _"2& et 4 He., (18)

for the j-th atom at position z at time t. Here Q; = (doz - €2)&,/% is again the Rabi frequency for
the probe field, and &((,‘;) |0)(2] is the Schrédinger picture operator for the j-th atom.

I,

_ =I-Ip
Epo=e ot I

Eout = Egc + Eq

atomic beam I II

FIG. 4. Schematic diagram of the homodyne detection of the probe-field-induced
Raman transition field.

It is convenient to use Heisenberg equations in the atomic CM frame for operators d((,‘;)(a:, t),
etc., which are

(aat 1(.021) &g)(t) = 0, (19)
and

17} . R
(5{ + % _ “001) 001)(t) _ 2 etwat (J)(t)’ (20)

where 7 is the spontaneous decay rate of state |0). « is small in the experiment so that noise
terms in Eq.(20) will be neglected. Eq.(19) can be readily solved for the evolution between times
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— (z — 2o)/v when the atom leaves the preparation region I, and ¢’ in the atom frame:

- (7 ~ (5 X —To, 41 3-%0
oR(t) = o3 (¢ = — =) i, (21)

64)(t) is now determined from &)(t' - (z — zo)/v) whose expectation value will be evaluated for

the atomic state | (t' — (z — z0)/v)) in Eq.(17). Using Eq.(21), Eq.(20) is solved

Q: . . ' (3
) = B [ iy ettt a8
Q. . (s=sg) 1 -
N ik et R o (¢ - —), (22)
2

where we assumed that v (z — zo)/v > 1.
Note that in the lab frame, the j-th atom is at position z at time t’. Hence we obtain from
Eq.(22) the atomic polarization

P(z,1) Z dyo ) (z,t) + H.c., (23)
where 0
N , —iwat!  —i (==29) . (5 Tr -
6(e,t) = g e RS (- — ), (24)

under the assumption that the detuning A; >> <, the spontaneous decay rate.
Now if the atomic dipole moment d;o and hence P are orthogonal to the polarization of the
probe field E,, the optical radiation field due to the atomic polarization P

E, = —2rikiP, (25)

can be separated using a polarizer from E,. Here kl is the optical thickness of the atomic beam.

Adding the vacuum field E of the same polarization as E,, we obtain for the positive frequency
part of the total output field from the atomic medium

EQ ) = EP (1) + EF) (1) (26)

where
Ir — T

E® () = iTE(H) Y e ™5 ) (2, -

i

)- (27)

(doz2 - €2) (do1 - €1)

kA,
is a dimensionless scattering coefficient, where p is the number density of the atomic beam, and
e), e are the polarization unit vectors of the probe field £, and the scattered field B, respectlvely

E,,. is mixed with a local oscillator field Ero(t) ~ Ero e~*1t in the homodyne detection
scheme illustrated in Fig.4. The output signal n can be written in the operator form as the
difference of photo-currents I; and I,

at) = h(t)- 5Lt
o« Ejo(t)- ES) () + Ero (t)- ESQ (1) (28)

T xwklp
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Using Eq.(27), and (17) for the atomic state, we obtain

M . —
(h (1)) = [TEfo&,| 3 elre emiom ™8 () (1 - 2220 4 e, (29)
J

where (68 (t — £50)) is evaluated for the atomic state |1)(t — Z=20)) given in Eq.(17). The photo-
current dlfference (2 (t)) can be written in terms of the Bloch vector components (s, ), and (s;) of
Eq.(1). Then Eq.(29) can be further simplified

(n(t)) = M|TEL,E,)| sin8 cos[(w; — wy —wa) - (a: Zo) + o), (30)

where M is the number of atoms in the probe region, and ¢, some reference phase. Eq.(30) gives
the usual Ramsey fringe pattern [5].

Now let us evaluate the fluctuations in the atomic Bloch vector components. We calculate the
power spectrum of the homodyne output signal n (t)

S(w) = — / dr (7t (8) 2 (¢ + 7)) e (31)

After some algebra, we obtain

S(“’) = IELO|2 - M|T|2 |ELOl2 I£p|2 A (w) (511 - 5’22)«:
+ M T P|ELolPIE I (612 + )2 6(w)
+ M|T1?|ELol? |6 PA (W) [1 = (612 + 621)2] (32)

under the assumption that the net detuning A is small so that A - z,/v <« 1, where z; is the
distance between the preparation region I and the probe region II. |Ero|? is the intensity of
the local oscillator field, and |£,|? the intensity of the probe field in units of photon number per
second. A(w) is a spectral function that centers at w = 0, with a spectral width of order of the
transit bandwidth of the probe region. (61, — d22), = cos8, and (512 + 621), = sinfcos ¢ are
components of the Bloch vector expectation values evaluated for the atomic state |p) given in
Eq.(2).

Now let us closely examine the four terms in Eq.(32). The first term is clearly due to the shot
noise in the homodyne process. The second term is the reduction of vacuum shot noise level due
to Raman absorption. It can also be viewed as the shot noise associated with the spontaneous
Raman transition. The third term is proportional to M?, and centers at w = 0, represents the
power spectrum of the stationary Ramsey fringe signal of Eq.(30). The last term is the phase ¢-
dependent Bloch vector projection noise given in Eqs.(4) and (7).

3 Summary

In this paper, we developed the quantum theory for the experimental study of the Bloch vector
projection noise. Eqs.(30) and (32) are the primary results. In a A-three-level atomic system, when
two off-resonant Raman fields are applied, the upper state adiabatically follows the ground state

493



amplitudes and the A-scheme is hence reduced to an effective two-level system. Decayless ground
state coherence is prepared. By probing with one optical transition, and detecting the induced
transition between the other ground state and the upper level with a homodyne technique, we can
measure the Bloch vector components as given in Eq.(30). The photo-current difference in the
homodyne scheme also yields the noise characteristics of the Bloch vector components as given in
Eq.(32).

An experimental study is currently being conducted using a wide-angled supersonic ytterbium

(Yb) atomic beam. The 556 nm transition of "Yb 'S —3 P transition is used. In a 2.6 kG

magnetic field, the 1'Yb ground states of nuclear spin I = } are split by 2 MHz and form a

A-system with the upper state |F = 2, F3 = 1). Doppler shifts in the corresponding o+ and
2 2

x transition in the wide angle atomic beam are Zeeman compensated [6] simultaneously by a
quadrupole magnetic field. With this technique, the transition linewidth is narrowed to a few
MHz for an interaction path length I of 2.5 cm. The Ramsey fringe pattern of Eq.(30) has been
observed.

4 Acknowledgments
This work is supported by NSF, RADC, and AFOSR.

Reférences
[1] R. H. Dicke, Phys. Rev. 93, 99 (1954).
2] K. Wodkiewicz and J. H. Eberly, J.0.S.A. B 2, 458 (1984).
[3] W. M. Itano et al., Phys. Rev. A 47, 3554 (1993).
(4] D. J. Wineland et al., Phys. Rev. A 46, R6797 (1992).
[5] N. F. Ramsey, Molecular Beams , (Oxford University Press, London, 1956).
[6] K. D. Stokes et al. Optics Lett. 14, 1324 (1989).

494



