r
- ‘ i -~ -
. .f e 4 ¥ i
s ; - N -
- i
Vdl - S
. . i
i
-

NATIONAL ADVISORY COMMITTEE R E
FOR AERONAUTICS

[ SN ST

mEgRETJQéL MESTIGA?ION , 013*" LONG
. STABILITY OF AIRE

"’lc.‘t'dﬂ' m . e

» ehoe and- Technology Pro ou‘i =¥

: ﬁbramro:f Congress 1
- 20 BE-RRTURNED:

TS A TN e ey A N




=

DISCLATNER YOTIC

THIS DOCUMENT IS BEST
QUALITY AVAILABLE. THE COPY
FURNISHED TO DTIC CONTAINED

A SIGNIFICANT NUMBER OF _
PAGES WHICH DO NOT
REPRODUCE LEGIBLY.




 AERONAUTIC SYMBOLS

1. FUNDAMENTAL AND DERIVED UNITS -
Metric English
~ .| Symbol ] . L
- : . Abbrevia- . Abbrevia~- | .- -
- - . c Unit K tion . ) Unit : tion 3 o
. Length. - --- 1 MBteT v e cecemmemSeme e - m -foot (or-mile) - - I I {4 (or mi) |
o " B Y Lot oy Y D .8 second (or hour) ....... sec (or hr)
LT “FOr0cnacena- - F.. we!ght of 1 lnlogmm-- -l ki - wei&ht of 1 pound.....| b, :
; P homepower (metric) JEUSUI S S horsepower- - ....... .-| hp
- vy '{kiIomeﬁers per hour___.__t .. kph miles per hour...____..| mph
magters per second- R mps feet per second_____... fps
f .

B - _K'mema.tlc vxscosxty
" “Dénsity (mass per unit volume)
Sta.nda.rd denmty of dry air, 012497 kg-m™%*
and 760 mm; or 0.002378 lb-ft~* sec’ R

‘r A-{Zg. \'. N . TR Specxﬁc wexgh‘t of ° “standard” 1.225
oment . nertis (Igdtcate a.xls of (0 97651 Ibjouft . -

' ,v I3J\»W°f

" Anglé of situﬁg of wmgs (rehtnre to
4 &:{%: of" stabﬂxzer sef,tmg (rela.tuhq

"Eeénltan&angu}ar veloc:.t.y
LR, ‘,,.Reynoldsnumber, p—v:[ wherellsa. »
STt . Tsion (eg,fora.naufo:lofl Oft,chord- 1001&1)}1, .

" Aspect mm, 5

V Tme/a.lrspeed R .

Ca, | Dmmepmsm it L B s SR
. ) .nﬁ ‘abSOIute f;t\)gﬁl’cxetfb ?‘”&3‘ B - I 01{;;1&' -1318 ﬁﬁ;r l?soenslgg,of(-;; cor hrid o
Dr ’D}ag, absolute coeﬂicxeut Op—% ‘ L | i‘:ﬁz :2;?;2;@ ) _. -«_"f ;
R T ‘
; ,D, Iedtxzct‘ad’:é‘;;g;,absolute coeﬂicxenﬁ C’ = —5, hflt?;g;ég:%k absolute (measured frbmm — ;

D, PM% Jra.g, a.bsolu’oe coeﬁmenh C,,,--—S’ .‘ ' " o ‘_ thht‘P“h a.ngle _. K -

) ’(I Crossrmnd force, absolute coeﬁment C’c -3 e oo ; .‘
g ,“/1._"‘ _"7 - 4‘/‘:: : » N ] o ) .
C . R S




REPORT No. 791

A THEORETICAL INVESTIGATION OF LONGITUDINAL
STABILITY OF AIRPLANES WITH FREE CONTROLS
INCLUDING EFFECT OF FRICTION
IN CONTROL SYSTEM

By HARRY GREENBERG and LEONARD STERNFIELD

Langley Memorial Aeronautical Laboratory
Langley Field, Va.

1
-

Accesion For

NTIS CRA&I }g{
(]
O

DTIC TAB
Unannounced
Justification _

By
Distribution |

Availability Codes

Avail and/or
Dist Speciall

-




National Advisory Committece for Aeronautics

Headquarters, 1500 New Ilampshire Avenue NW., Washington 25, D. C.

Created by act of Congress approved March 3, 1915, for the supervision and direction of the scientific study

of the problems of flight (U, S. Code, title 49, see. 241

Its membership was increased to 15 by act approved

Mareh 2, 1929, The members are appointed by the President, and serve as such without compensation.

Jerome C. Huasaker, Se. D., Cambridge, Mass.. Chairman

Lymax J. Brices, Ph. D, Vice Chairman, Dircetor, National
Bureau of Standards.

CuanrLes (. Arnor, Se. DL, Viee Chairman, Exccutive Commillee,
Seeretary, Smithsonian {nstitution,

Hexry H. ArnoLp, General, United States Army, Commanding
General, Army Air Forces, War Department.

WiLLiam A. M. BurpeN, Special Assistant to the Sceretary of
(‘ommerce.

VanyEvAR Bush, Se. D., Director, Office of Scientific Research
and Development, Washington. D. C.

WiLLiam F. Duranp, Ph. D, Stanford University, California.

Ouver P. Fenots, Major General, United States Army, Chief
of Maintenance, Matéricl, and Distribution, Army Air Forces,
War Department.

Avnrey W, Frren, Viee Admiral, United States Navy, Deputy
Chief of Operations (Air), Navy Department.

WiLLian LitrLswoon, M. E., Juckson Heights, Long Island, N.Y.

Frascts W. Rercneeperrer, Se. D., Chief, United States
Weather Bureau.

Lawrexce B, Ricinarpson, Rear Admiral, United States Navy,
Assistant Chicf, Bureau of Acronautics. Navy Department.

Epwarp WarNER, Se. D., Civil Acronautics Board, Washing-
ton, D. C.

OrviLLe WriaHT, Sc. D., Dayton, Ohio.

Turopore P. Wricnt, Sc. D., Administrator of Civil Aecro-
nautics, Department of Commerce.

Georag W. Lewis, Sc. D., Director of Aeronautical Research

Joun F. Victory, LL. M., Secretary

Henry J. E. Rew, Sec. D, Engineer-in-Charge, Langley Memorial Aeronautical Laboratory, Langley Field, Va.

Saita J. DEFRa~ce, B. S, Engineer-in-Charge, Ames Acronautical Laboratory, Moffett Field, Calif.

Fowarp R. Suare, LI. B., Manager, Aireraft Kngine Research Laboratory, Cleveland Airport, Cleveland, Ohio

Carrnron Kemprn, B. S., Exccutive Engineer, Aireraft Kngine Research Laboratory, Cleveland Airport, Cleveland. Ohio

TECHNICAL COMMITTEES

AERODYNAMICS
PoweR PLANTS FOR AIRCRAFT

AIRCRAFT (CCONSTRUCTION

OPERATING PROBLEMS

MaTERIALS REsEARCH COORDINATION

Coordination of Rezearch Needs of Military and Civil Aviation

Preparation of Research Programs

Allocation of Problema

Prevention of Duplication

LANGLEY MEMORIAL AERONAUTICAL LABORATORY
Langley Ficld, Va.

AMES AERONAUTICAL LABORATORY
Moffett Field, Calif.

AIRCRAFT ENGINE REsEarcH LLABORATORY, Cleveland Airport. Cleveland. Ohio

Conduct, under unified control. for all agencies. of scientific research on the fundamental problems of fight

OFFICE OF AERONAUTICAL INTELLIGENCE. Washington, D. C.

Collection, classification, compilation. and dissemination of scientific and technical information on weronauntics



REPORT No. 791

A THEORETICAL INVESTIGATION OF LONGITUDINAL STABILITY OF AIRPLANES WITH FREE
CONTROLS INCLUDING EFFECT OF FRICTION IN CONTROL SYSTEM

By Harry GrREENBERG and LEONARD STERNFIELD

SUMMARY

The relation between the elevator hinge-moment parameters
and the control forees for changes in forward speed and in manen-
vers is shown jor several values of static stability and clevator
mass balance.

The stability of the short-period oscillations is shown as a
series of boundaries giving the limits of the stable region in
terms of the elevator hinge-moment parameters. The effects
of static stability, elevator moment of inertia, clevator mass
unbalance, and airplane density are also considered.  Dynamic
instability is likely to occur if there ix mass unbalance of the
elevator control system combined with a small restoring ten-
dency (high aerodynamic balance). This instability can be
prevented by a rearrangement of the unbalancing weights which,
however, involves an increase of the amount of weight necessary.
It can also be prevented by the addition of viscous friction to
the clevator control system provided the wirplane center of
gravity is not behind a certain critical position.

For high values of the density parameter, which correspond
to high altitudes of flight, the addition of moderate amounts of
ciscous friction may be destabilizing even when the airplane is
statically stable. In this case, increasing the iscous friction
makes the oscillation stable again. The condition in which
ciscous friction causes dynamic instability of a statically stable
airplane is limited to a definite range of kinge-moment param-
cters. [t is shown that, when viscous friction causes increas-
ing oscillations, solid friction will produce steady oscillations
having an amplitude proportional to the amount of friction.

INTRODUCTION

The effeets of acrodyvnamic balance and mass unbalance
of the elevator on the dynamic stability of the airplane are
discussed in a previous report on control-free stability (refer-
ence 1), 1t was found theoretically in reference 1and verified
in flight (reference 2) that, if the clevator is too closely
balanced aerodvnamically and has a sufficient amount of
mass unbalance (which tends to depress the clevator), in-
creasing oscillations of short period may occur.  Other flight
tests (reference 3) showed, however, that mass unbalance of
the elevator control system improves the static stability of
an airplane. that is, increases the slope of the curve of stick
force against speed in level flight and of the curve of stick

force against normal acceleration in mancuvers. Subse-
quent work (reference 4) has indieated that a control surface
with positive floating tendency (tendeney to float against
the relative wind), when used as a rudder, ts effective in im-
proving control-free statie stability. .\ theoretical analysis
(reference 5) showed that a rudder having a positive tloating
ratio may, under the influence of solid friction in the control
svstem, build up steady oscillations of the airplane and
rudder. These steady oscillations have been observed in
flight tests (reference 6). These results suggested an investi-
gation of the behavior of an airplane equipped with an
clevator having a positive floating tendeney.  This type of
clevator was not considered in any of the previous investi-
gations.

The purpose of the present report is to make a theoretical
analysis of the control-free longitudinal stability of an air-
plane, which takes account of this current trend toward a
positive floating tendeney in control-surface design and
covers, in general, & much wider range of parameters than
the investigation of reference 1. These parameters include,
for the elevator control system, restoring tendencey, floating
tendency, mass unbalance (bobweight control), moment of
inertia, and viscous and solid friction and, for the airplane,
density and center-of-gravity position.

The method of analysis of dynamic stability is based on
the classical theory of Bryan and Bairstow extended to in-
clude movements of the controls and their couplings with
the airplane motions. Friction is treated in the same way
as in the approximate method of reference 3, in which solid
friction is replaced by an equivalent viscous friction.

Before the analysis of dynamie stability is presented, some
discussion is given of the eflect of the various parameters on
the elevator forces for trim and for acceleration—charac-
teristics considered important to ilving qualtities. The
stability of the short-period oscillations. with and without
friction in the control system, is then considered.  The effects
of weights added to the system to modify the static and dy-
namic stability are discussed. The trends to be expected
are illustrated by a series of calculations and charts based
on a typical airplane. The stability of the long-period
(phugoid) oscillations is not discussed because of its relative
unimportance.




SYMBOLS

A wing aspect ratio

Ry tail aspect ratio

AL B¢ F coellicients in stability equation

h wing spain

', elovator hinge-moment coetlicient
I

.I; P } ':‘s':('f

(%, frictional hinge-moment coeflicient
", |
Lovese, 1
Cha applied hinge-moment coefficient
¢y, airplane lift (-m-(li(-iun\-(l‘lf,t)
(S
(r lift cocflicient of tail
Ch pitching-moment coeflicient about airplane
center of gravity
¢ wing chord L
e, elevator chord ’ 3
D differential npomtm'(’i[%)
I constant term in stability equation
[, stick foree; positive for pull
F, stick-force gradient in maneuvers (((ln‘>
. . . . . dF,
F, stick-force gradient for level flight (du->
g acceleration of gravity
i hinge moment; positive when tends to de-
press trailing cdge
i1, mass moment of elevator about its hinge;
positive when tailheavy
11, mass moment of control stick about its pivot:
positive when stick tends to move forward
n frictional hinge moment |
o=+l i
h=rh.+h. :
h,.-—=~i,ll" |
pS.e.c
h,= j,”'
PO f
I, moment of inertin of elevator about its '
' hinge
I, moment of inertin of control stick about its
pivot
fo—ri
R "
I" = (\'[’"‘ !
pS,(',.("'

radius of gvration of airplane abont Y-axis

=10 -

I =

= !

Loy distance between airplaie center of gravity |
and elevator hinge 5

L=""" i
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! length of control stick

\/ pitching  moment  about airplane center of
cravity

1 mass of airplane

N number of eveles reguired for oseillation to
damp to half amplitude

" normal aceeleration per g of airplane due to

curvature of flight path; aceelerometer read-
ing minus component of gravity loree

N period of oscillation, sceconds
q dynamic pressure
S elovator area
S, tail arca
S.. wing area
x distance in half-chords (2Vt/e)
1. time required for oscillation to damp to half
amplitude, seconds
{ tume
Al
=" ‘.
v forward veloeity
Al change in forward velocity from trimmed value
W weight of airplane
AV longitudinal foree: positive forward
Lo distance of center of gravity from aerodyna-

mic center; positive when center of gravity
is ahead of acrodynamic center

7 normal foree; positive downward

a angle of attack

a angle of attack at tail

5. deflection of elevator; positive for downward
motion of trailing edge

3 amplitude of clevator oscillation

€ angle of downwash

control gearing (6./8,)

0 angle of pitch of aivplane

4. deflection of control stick; positive for for-
ward motion of stick

A complex root of stability cquation

& real and imaginary parts, respeetively. of A

u airplane-density parameter (mipS.b)

p mass density of air

Whenever u, V, a, a, 0, 8, Da, 10, 155, and [Pa are used
as subseripts. u derivative i3 indicated,  For example.
Y L0,
Ny-= o and ¢, ols

svimbol. it denotes differentiation with respeet to time.
All angles ave measured in radians.

Whenever a dot is used above a

METHOD OF ANALYSIS

Four degrees of freedom—forward speed, angle of attack,
angle of pitch. and clevator deflection —are generally in-
volved in the problem of control-free stability. To each
degree of freedom, there corresponds an cquation of equilib-
vium between inertial and acrodynamic forces or moments.
By use of wind axes, the four equations hecome, for level
flicht,




THEORETICAL INVESTIGATION OF LONGUTUDINAL STABILITY OF AIRPLANES WITH FRER CONTROLS 3

ATRY AR AW mAV

AR\ < Vi —0)

MeaV = Moo Miaa+ Ma C NGO NS, Mg = ey 0

1AV I a+ a1 I 116, 5, 818 - ITAVa—= V04 L,0) 11,08, — 01+ 11 .(Va— 1 0)]

which can be written in nondimensional form as

(¢
(=, 2 ) — r o + .0 -0
O A
,,,uvr-( b2 A,ul) ) o —2 A uln =0

2 (1,
it (Co 1 Coy D Cope D D=2,k 2B F (g b Oy D8, =0
Oy (Co A Copy D—=hD Ay Dyt (O )30 D=0 L= D04 (O 4 Oy D — 0218, =0

In applyving equations (1) to dynamic stability, certain approximations may be made.  For instanee, short-period oseil-
lations (of the order of 1 see) involve negligible changes in forward speed. which may therefore be negleeted i studying the
short-period oscillations.  In fact. the period and damping of these oscillations can be obtained to a high degree of accuracy
by using only the last three of the equations (1) and setting =0,

Equations (1) then become

C
~‘;'"+2;1,,y])> « —2:,.ul)f =)
Oyt O D+ Copp D (O =20k 2INVDE 4 (Cpy - Crnfy DV, =0 (2)

[Or, + (Crpy =D+ D [Crpy -l U d 4 iy DVDO+ (Coy - Cpy D —5.0%8, =0

ne “hps

By setting
a=qet D= (18) e 8¢ =0duert

it can be shown (reference 7) that X must be a root of a quartic equation formed by writing

Y
lg
Y "}-‘-)4'1”}4A '—-‘-)llvr“ 0

Y v 2 2 v . L2 =
C ,,,u+ C ,,,Da)\—r( ”’1)3,:)‘ ( ’"1)0")‘ 1,,;;A,, A (‘"’a“i»("’"ua)‘

Co Oy —IONECy N =ty O 4Ol N — TN

e
The resulting stability equation may be written as
AN BN A ON B N5 F =) 3)

where L1 B C I, and Foare funetions of the stability derivatives.

The study ol the effects of different parameters on the © of damped  oscillations  and is obtained  from  Routh’s
control-free stability was made by a series of computations  diseriminant
for an average airplane having the characteristies given BOE— A3~ FBE=0

hereinafter.  The current trend toward a positive floating  The condition for neuteal static stability is that
tendeney in control-surface design suggests the use of ', and F =0
! —

The stability equation (3) has four roots. .\ pair of
complex roots indicates an oscillatory mode and a real root
indicates an aperiodic mode.  The real part of the complex
root determines the damping; the imaginary part determines
the period of the oscillations.  More specifically. i there is
a pair of complex roots

Ny 0 the fundamental vartables to be used in expressing
stability and control characteristies.  The results ave pre-
sented as a series of figures that show the relations between
(',,"[ and ., which, with the other derivatives fixed. satisiy
the conditions for neutral dynamie stability and neutral
static stability.

A curve for neutral dynamic stability is the boundary
dividing the region ol increasing oscillations from the region N=£+i7

.
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the period in seconds 1s given by

¢ 27
 _ oon
{ 217 4

and the time in seconds to damp to half amplitude is given by

¢ 0.693
21 ¢

1'1/2: —

FFor an airplane at constant speed. there may be two
oscitlutory modes, there may be only one oseillatory mode, or
the motion may be entirelv aperiodie.  In cases in which
there are oscillatory components, one of the oscillations may
he poorly damped and even become unstable.

The average airplane on which the caleulations of this
report are based is of conventional design. The char-
actevisties of the airplane are

The basic stability derivatives and parameters obtained from
these airplanc characteristics by methods shown in appendix A
are

L 4.3 Copgeceeeo . —15.3
Cry mmmmmreemmee e 3.8 Cmppecoceeaaa —8.9
. l __________________ 0.486 (Ppa----mmmmmmmnem 322G,
L —L&4 Copagee ool 23. 2
Compgeee- - e =097  Cypgpee oo, -10. 550,
Chpy (with no friction) . .. —1

The following parameters of the airplane were varied:
@ airplane-density parameter
(", control-lixed static-stability parameter

The following parameters of the clevator control system
were varied:

C,,a[ floating tendency

Chy restoring tendeney

Chp,  clevator-damping parameter

1, moment-of-inertia parameter of clevator about its
hinge

1 moment-of-inertia parameter of control stick about
its hinge

h mass-moment parameter of elevator control system
about elevator hinge

he mass-moment parameter of clevator alone about its
hinge

As has been pointed out, the stability boundaries were
plotted, in most cases, in terms of €, and C,, as the varia-
. :

bles of the coordinate system. In analyzing the effects of
[riction in the control system, €, and €, were used as the
plotted variables in some figures whereas €, and (', were

used in others. The effect of the other parameters is found

by varying them one at a time, through a range of values, and
showing for cach parameter a series of stability boundaries.
I'he size of the airplane, wing loading, and altitude arce

. . L m -
combined in the parameter g, which is S A variation
P

in p thus could be due to a variation in size, wing loading,
or altitude, or any combination of these. The range of values
of peovered in the present report and some typical correspond-
ing values of wing loading. altitude, and size are given in the
following table:

Wing Moun
m loading Altitude ot 1\;110'::1
. I
dhfsq 10 )
417 40 P okea fevel 2
s | 10 CoRealevel 7
375 10 POR3,000 7

The range of €, and the corresponding center-of-gravity

positions are as follows:

Ta.e.
Ch (fmction of

a mean wing
! chord) |
E—— e i
—~1.232 0.05 !

] 0 0
| 232 —0 |

The ranges of values of the other paramecters, for & small
airplane (chord, 7 ft), are as follows:

Moment of
inertia of ¢le- }
vator control |
system {
(stug-ft 1) 1
!

ie and i,

) "
2 1.6
i e

T

<tick foree (1)

"At sea tevel AL 33000 (LY

o o i 0
0| ar : 2!y

dids
! 1 i
i Chpy (l,h:n, J(K) mph/‘n_h'u sv(-lm
|
At sea level 1 At 33000 (L1
i
I~ L ‘
] TNG 195
—1a NA 145

STATIC STABILITY AND RELATION TO CONTROL FORCES

The connection between the static stability and the
airplane and control parameters is cstablished to assist
in the interpretation of the results obtained hereinafter.
Iquations (1) ean be applied to static stability by setting
all terms containing D and D? equal to zero and solving the
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resulting  cquations  simultancously  for the variation in
forward speed with an applied elevator hinge moment.
Forfevel flight. ¢ is also zero and the resulting equations are

,
AT =0

¥ 2 v
( M Oy, 8,

(A W =( vr,,, a+ (W/:‘;’V':

=)

Y
- ( Iy
Solving gives

. '
Coifogo 0,
9 NI

. ¥ A ¥ Y 1 A A
o (e —co oo,
Ql N

" CrL Chny

The variation of stick foree with fractional change in forward
speed is
Y N v Yo
dF, B 144 B ( h.,’/‘\(\ i pA\,V.(‘,.('{jxl,,.;{ ( ff‘,“)
dAVIVY T 1,rC,, "

If effeets of slipstream on the tail are negleeted, .,

)
¥ a =

l.ru
*‘).

D3

Yoy
(- "a('" mg

STABILITY OF

AIRPLANES WITH FREE CONTROLS D]

hey,
2.4,u
values in the expression for O wshows that F, is independent
of forward speed.

As shown in appendix A, (',,“ - - Inserting these

The variation of control foree with normal aceeleration in
a steady pull-up. with no change assumed in forward speed
(see veference 8), can be found from equations (2) by equating
to zero all terms containing 1) exeept 129, This procedure
implies that the normal aceeleration is e entirely to
curvature of the flight path 9. The equations become, for
an applied hinge moment,

e

)," a—2.:1,.ulf =={)

Ot DY +Cfe=0
(vh”ll + (‘(\'h”o ;‘/' ’I)ﬂ+ ('/,"& = —( Vh”

from which

ph,, _ 44’} u MCha(jmj _‘f’ {{C_"_n(v’"éi_ (V"’WCE",(W'Z",,__—i{l_"u(:"'5(’1"'“__— (‘Yn,s(jmnu(][‘a

If the normal acceleration is ng,

cng
D=1,

and
1 row
F _AdF, (7;,_,_ 2 pVb,c:c_y
"Tdn T 2V2Del,r
_ Oy oSy
Do 4lr

These formulas for #, and F, are equivalent to equation (1)
of reference 9 and equations (27) and (28) of reference 10,

The formulas indicate that the stick-force gradients I,
and £, are dependent on most of the aforementioned airplane
and elevator parameters.  Figures 1 to 5 show the variation
of these stick-force gradients with the parameters (',,“[, Chse
Coge hoand po The gradients are independent of speed,
although only within the limits of the assumptions made in
the analysis, namely. negleet of power and of compressibility
effects. The gradient &, can be used to get the stick foree
for only a small change in forward speed beeause the stick
force is not direetly proportional to the change in speed,
The stick foree in a steady pull-up £,, however, is propor-
tional to the normal aceeleration provided the control do-
flection is not so great that the basic assumption of lincarity
is violated.

The fine £, -0 is the boundary for true static stability—
that is, F, =0 is the condition for zero varistion in stick
foree with forward speed in steady Hight,  This condition
is the same as that obtained by setting F=0, where # is
the constant term of the sixth-order stability equation
obtained from cquations (1).  On subsequent figures it is

called the divergence boundary. The line F,=0is the
boundary for apparent static (or mancuvering) stability and
is the condition for zero variation in stick foree in a steady
pull-up.  This condition for F,=0 is obtained by setting
F=0 in the approximate stability equation (cquations (3)),
which is for three degrees of froedom (a, DB, and 8,). On
the unstable side of F,=0, a slow divergence occurs that is
noticed by the pilot as an unstable variation of stick foree
with forward speed.  The stick force due to normal aceclera-
tion in a pull-up is stable, however, unless the conditions are
such that the airplane is operating on the unstable side of
F,=0.

Figures 1 to 5 indicate that the parameters have the same
effect on £, and F, except that the altitude affeets only F,.
They show that the stick-force gradients on an airplane of
given tail size and center-of-gravity position may be in-
ereased by making the floating tendeney ',,a, more positive
or by muass unbalancing the elevator control system  to
depress the clovator (make it tailheavy).  The effect of the
restoring tendeney (%, on the stick-foree gradients depends
on the relative position of the center of gravity and the
acrodynamic center.  If the center of gravity is ahead of
the acrodvnamic center (airplane stable with controls fixed),
inereasing the magnitude of (', increases the stick-foree
gradients. Il the center of gravity is hehind the nerody-
namic center, this effect on /) is reversed: the effect on £,
i3 not reversed, however, until the center of gravity is well
behind the acrodynamic center (in this ease, about 0.035¢ at
sen level and 0.02¢ at 30,000 feet). If Ch,=0, the stick
forces are independent of the position of the airplane center
of gravity.
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luerease in altitude will either inerease ot decrease £,
depending on the hinge-moment. parameters. The solid
line in Geure 3 s the locus of values of (7, and i for which

* '

. is independent of altitude. For points to the Teft of this
line., I, deereases with altitude:
this line, I, increases with altitude.

for points to the right of
This line is determined
by the relation

v
s _( N oy
[ : ,
’“l (vmal)‘ g

which, for the ease of figure 5. becontes

(W

/l,,‘

:I,:')()(Y,,d

Another method of inereasing the stick-foree gradient in
level light £, consists in applying a constant hinge nioment
to the clevator by means of a spring or hungee. The effeet
ol the spring on the gradient £, is due to the derivative
(', which depends in the swme way on the constant hinge
moment. whether it is caused by a weight or by a spring. A
bungee, which tends to depress the clevator, will therefore
‘nerease the stick-force gradient in lovel flight F,. The
oflect of the bungee on the stick-foree gradient in accelerated
flight £, will be zero because its action depends solely on
changes in forward speed.  Its effect on the short-period
oscillations will be zero for the same reason.

DYNAMIC STABILITY

NO FRICTION IN CONTROL SYSTEM

The stability of the short-period oscillations without
friction is shown in figures 6 to 11. which also show the
boundaries for true static stability (divergence boundaries).
Figure 6 is an example of a more nearly complete presentation
of the stability data than subsequent figures because "
shows the variation of damping and period of oscillation
with the hinge-mmoment putameters Ch,, and (', for certain

The damping. which
the magnitude of Oy

fixed values of the other parameters.
is proportional to £, increases with

. . . 1 .
The period, proportional to 7 decreases as (T, INCreases.

Another way ol presenting this additional stability data is
<hown in figure 7, which gives the number of cveles the oscil-
lation performs before it damps to hall amplitude. It I8
clear from figure 7 that the oscillation is very well damped
restoring tendency is close to zero. In this parti-
only one oscillatory mode exists.  Inasmuch as

unless the
cular case,
there are only three roots in this case (because iy and 1 =0),
the other root is always real and is of no particular signifi-
canee in dynamice stability. In cases in which an additional
oscillatory mode exists, it is always stable.

The elfeet of conter-of-gravity position on the stability of
the short-period oscillations is shown in figure 8. The shift
in the dynamic-stability houndary, for the comparatively
large shift in center of gravity shown. Is practically negligible.

TO1—NATIONAL ADVISORY COMMITTEE TOR

AERONAUTICR

Many of the subsequent figures, in which zero statie stability
is assumed to facilitate computation. therelore are valid for
airplanes having a margin of static stability.

The cffeet of moment of inertia of the clevator control
svstem on the dynamic stability 1= <hown in figure 9. which
The effect is
The
destabilizing effect of the moment of inertia of the clevator
is greater than that of the moment of inertia of the control
stick. Beeause the aceuracy eained by including moment
of inertia is small compared with the saving in labor gained
by neglecting it, moment of inertia of the clevator control
system was sct equal to zevo in the subsequent caleulation.
As a result, the stability equation becomes 2 cubic and sub-
sequent figures are somewhat unconservative.

The elleet of density parameter g on the dynamic stability
is shown in figure 10, Increase of p hus a slight destabilizing
effect.

As has been

cives typical values of the moment of inertia.
slightly destabilizing especially for high values of Ch, .
t

shown. mass utibalanee of the clevator control
system improves the static stability (fig. 4. The effect on
dynamic stability is unfavorable. however, as shown in
figure 11. The value of mass unbalance shown corresponds
to a bobweight that is located at the airplane center of
eravity and requires a balancing pull of 37 pounds on the
control stick of a pursuit airplane at sca level. Increasing
oscillations occur if the acrodynamic balance is too high
(low magnitudes of Chy), especially for negative values of Ca,,

The effect of the location of the hobweight is shown in
figure 12, Kach curve represents a different arrangement
of bobweights and all arrangements give the same stick
force. The solid line corresponds to a weight at the air-
plane center of gravity (for practical purposes, at the control
stick). The short-dash line corresponds (o & woight at the
clovator. The long-dash line corresponds to two weights—
one ut the clevator, which tends to make it noseheavy; the
other at the control stick, which gives the elevator a suffi-
ciently powerful taillieavy moment that the resultant stick
force is the same as with the single weight.  In the particu-
lar case represented, the noscheavy moment due to the
weight at the elevator is equal to the tailheavy moment due
{o both weights. Moving the single weight from the con-
trol stick to the elevator has a large destabilizing effect.
Overbalancing the elevator while the stick force is kept
constant has a considerable stabilizing effect.  This method
of preventing instability has the disadvantage, however, of
increasing the total amount of unbalancing weight required.
In the case shown, the weight is increased to three times its
original size. Another disadvantage is the rearward shift in
conter of gravity of the whole airplane due to additional
weight at the elevator. (See airplane parameters given in
«Mothod of Analysis.”’)  The destabilizing effect of the in-
creased moment of incrtia associated with the added weights
was found to be very small, especially for negative {loating
tendency.
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THEORETICAL INVESTIGATION OF LONGITUDINAL STABILITY OF

EFFECT OF VISCOUS FRICTION IN CONTROL SYSTEM

In the preceding seetion, a constant value of the elevator-
damping parameter (7, was assumed.  This value was duce
only to aerodyvnamic damping.  The effeets of viscous frie-
tion in the elevator control syvsten are obtained by consider-
ing (7, as an additional variable.  This variable can be
introduced, as in the preceding section, by showing a series
of boundaries in the (',,‘,[(‘,,5 plane for various values of
(W”m'

first, however. by presenting boundaries in the O, C

The general nature of the effect of friction is shown

DS

ptane with €, constant and some other parameter varied.

Tt

This method of presenting stability boundaries makes it
easier to show the effects of other parameters such as air-
plane center-of-gravity position and density when friction
is introduced.

The effect of viscous friction on the dynamic stability,
for various conditions, is shown in figures 13 and 14 for
p=12.5 and p=37.5, respectively. Figures 13(a) and 14(a)
refer to the mass-balanced elevator control system; figures
13(b) and 14(b) refer to the tailheavy eclevator control
system considered in the preceding section. It is shown that,
if the airplane center of gravity is ahead of a certain point,!
the instability caused by the unbalanced elevator can be
removed by adding viscous friction to the control system.
This critical center-of-gravity position is behind the acro-
dynamic center, and its distance from the acrodynamic
center decreases as  the density parameter g increases.
When the center of gravity is behind this critical position,
viscous friction has a destabilizing effect. These opposite
effects of viscous friction are shown in the C"a, Ch, plane in
figures 15 and 16. When the center of gravity is slightly
ahead of this critical position, the effect of viscous friction
depends on its magnitude and also on the value of €y, The
addition of a small amount of viscous friction is destabi-
lizing but larger amounts are stabilizing.,  1{ the acrodynamie
balanee is sufficiently high (€%, =0) and the viscous [riction
lies in a certain range, increasing oscillations will oceur.
In figure 14(h), for example, if &, = —0.0t¢ and C),;=—0.05,
the oscillations will be unstable when the elevator-damping
parameter is in the range from —2.5 to —76. If Cy, is
more negative than —0.086, no amount of clevator dump-
ing can cause inereasing oscillations.  As the center of
gravity moves forward, the destabilizing effeet of elevator
damping hecomes less and finally disappears.

The effeet of the density parameter g ean be seen by comn-
paring figures 13 and 14, The eritical center-of-gravity
position approaches the acrodynamic center as g increases.

. . s
P Rinee this report was written, this peint has been found to be where dn =(}, sometimes called
the stick-fixed mnneuver point.

AIRPLANES WITH FREE CONTROLS 13
When w - 12,5, clevator damping always has a stabilizing
effeet provided o, . is positive.  When w=37.5. clevator
damping may be destabilizing over a small range of Ch,s
anud Oy even when o, . is positive (0.05¢).

When the center of gravity is slightly ahead of the afore-
mentioned eritical position (which is behind the aerodynamic
center), the conditions under which clevator damping may
cause dynamic instability may be advantageously repre-
sented in the C"a,phs planc. I a scries of stability boundaries

are drawn in that plane for various values of elevator damp-
ing, they will all be confined to a region bounded by a line
that will be called the boundary of complete damping. An
illustration of two methods of constructing this boundary is
given i figure 17. If a series of boundaries in the U"a,C"a
plane are drawn for various values of the damping, the com-
mon tangent of all these curves is the boundary for complete
damping.  This boundary can also be drawn by plotting the
minimum values of Gy, obtained from plots of the type shown
in figures 13 and 14 against corresponding values of C,,q‘.

The region in the C"a,o"a plane between the boundaries for

complete damping and increasing osecillations is the region
where the addition of viscous friction to the clevator control
system may cause dynamic instability.

That a boundary for complete damping cannot be shown
for u=12.5 if the airplane is statically neutral or stable (z, ..
is zero or positive) may be seen from figure 13, It is possible
however, to show a boundary for complete damping under
these conditions for p=137.5. Figure 18 shows these bound-
aries for 2,..=0 and for the critical value 2, =—0.017c,
for both a mass-balanced elevator and a mass-unbalanced
clevator. The boundaries for increasing oscillations and
divergence are also shown. For the case of the mass-balanced
clevator (A=0), the. boundary for complete damping is a
straight line through the origin and therefore corresponds
to a fixed ratio of the floating and restoring tendencies,
or floating ratio. Elevator mass unbalance decreases the
region of complete damping.

EFFECT OF SOLID FRICTION IN ELEVATOR CONTROL SYSTEM

The boundary for complete damping has an important
bearing on the effeet of solid friction on dynamic stability.
In order to caleulate this effect, the solid friction is replaced
by an equivalent viscous friction that would dissipate energy
at the same rate. This condition gives an equivalent

A0, )

T 0§

A
"ng

for a sinusoidal motion of the elevator with amplitude § and
angular frequency 7.
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FIGURE 17.—Method of construeting boundary for complete damping.

It can be shown that if viscous friction is destabilizing, as
in figures 16 to 18, solid friction may lead to steady oscilla-
tions having an amplitude proportional to the amount of
friction. Suppose an oscillation is started with amplitude

and frequeney which result in an equivalent C,,; that would

cause increasing oscillations.  Let this condition be repre-
sented by point 2 in figure 19, The amplitude of the oseil-
lations would then increase until the cquivalent G, de-
creased to the value that would result in neutrally damped
oscillations, represented by point 3 in ficure 19. If the
initial amplitude is so low that the equivalent viscous frie-
tion is in the stable region, as shown by peint 1, the oscilla-
tions will die out completely. I the initial amplitude is so
high that the oscillations are stable, represented by point 4,
the amplitude will decrease until it reaches a constant value,
when the equivalent €, is again represented by point 3,
The value of Gy, at point 3 then determines the amplitude
of the steady oscillations, By solving formula (4) for 3, the
amplitude of the steady oscillation is obtained as

_1 C"r

Y
L 77(""[)6

where 7 and Gy, are the values at point 3. This formula

shows that the amplitude is proportional to the amount of
solid frietion.
The foregoing analysis shows that the region in the Cna,Cha

plane between the boundary for inereasing oscillations and
the boundary for complete damping is the region where
steady oscillations may occur beenuse of the influence of
solid friction in the control system. All the vemarks in the
preceding seetion concerning the boundary for complete
damping with viscous friction consequently apply to the
boundary for steady oscillations with solid friction, inasmuch
as these two boundaries are the same, within the limits of
the assumptions involved in the use of the concept of equi-
valent viseous friction.  Steady oscillations due to solid
friction will not occeur on a statically neutral or stable air-
plane, for instance, unless u is very large (corresponds to a
high altitude).  Even in that ease, the possibility of steady
oscillations exists only for w comparatively small range of
floating ratios. If the airplane is statically unstable by a
suflicient amount, however, steady oscillation may exist
over the entire range of floating ratio.

Some calculations of the amplitude of the steady oscilla-
tions, expressed in terms of normal acceleration per unit
frictional foree as felt at the control stick, were made by the
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=375,

method of appendix B.  The results are presented in figure 20,
which shows lines of constant amplitude in the ¢, (’"6

plane for an airplane with the center of gravity at the critical
position referred to in the preceding section.  Steady oscilla-
tions will therefor occur throughout the entire region where
stability exists in the absence of friction. The amplitude
is smallest for high values of C',,a[ combined with high

values of Ch,-
CONCLUDING REMARKS

The stick-free static stability of a conventional airplane
may be improved by making the clevator floating tendency
more positive or by mass-unbalancing the clevator control
system to make the clevator tailheavy. Increasing the
restoring tendency also has a favorable effect provided the
airplane is stable with stick fixed. Tf the restorine tendency
15 zero, the stick-free static stability is independent of air-
plane eenter-of-gravity position.

The dynamic stability with frictionless controls depends
chiefly on the restoring tendeney €4, and on the mass balance
ol the clevator control system. 1f the elevator control
system is mass unbalanced (elevator made tailheav v) by an
offset weight at the control stick and if the restoring tendency
i too low, increasing short-period oscillations may res ult.
This condition ean be remedied by the use of two additional
weights—one at the elevator making it noscheavy. the other
at the control stick making the elevator sufficiently taitlheavy

that the combined effect gives the elevator the desired amount
of tailheaviness.

The addition of viscous friction to the control system will
prevent dynamie instability provided the airplane center of
gravity is forward of a critical position which is behind the
acrodynamic center and approaches it as the value of the
density parameter g inereases. [f the airplane center of
gravity is behind this critical position, viscous friction will
have a destabilizing effeet. no matter what the hinge-
moment parameters are.  1If the center of gravity is slightly
ahead of the critical position, viseous friction may be de-
stabilizing for a limited range of values of viscous friction and
the hinge-moment parameters. A low restoring tendency
and a high positive floating tendeney will tend to cause this
dynamic instability. When u is very large (high altitude),
this condition of sicady oscillations ean oceur even if the
center of gravity is ahead of the aerodynamic center.

The presence of solid friction in the control system may
cause short-period steady oscillations under the conditions
for which viscous friction is destabilizing. The amplitude of
the oscillations is proportional to the amount of friction
present.

LANGLEY MEMORIAL AERONAUTICAL LiABORATORY.,
NATIONAL Apvisonry ('OMMITTEE FOR AERON AUTICS,
LaxaLey Fiewp, V., December 23, 1943.
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APPENDIX A

EVALUATION OF STABILITY DERIVATIVES

Derivative (', . —The total hinge moment acting on the | where

clovator mayv be expressed as
| Lore
= (Cha+Chp) 5 pV S+ 1y

ofl .
1=\ = (Ch a4 Co3) oV Sie,

At trim //=0. therelore,

11,
(jhaa+(—"h5 L:_lri g -
5 V7S,
== = pVSi= 2o
35 szg Ce

1
ol / 30V38e oy, tHy

Crn= =SVIVT TaV8e VIS
It Hy="0542 ‘i””’cv
h

. 1 .
Using 5 pV?CLSp,=my gives

—_ }ig.q,pCLSw = — hCL

(T ==
Py 2mg 2Aeu

Derivative (7, .—Tho parameter C., may be obtained
from wind-tunnel measurements ov, if the position of the
aerodvnamic center of the complete airplane is known, may
be caleulated by the formula

Y
C"'a = (/La.lf.,.p

Derivatives (’,,, and CMD%.—-The derivatives Crnp and
o ps, arise because of the lag between the change in angle
of attack at the wing and the corresponding downwash at
the tail. [t is assumed that the downwash at any instant ¢

. L .
depends on the angle of attack at the instant ¢ — ‘—f'y the differ-

ence being the time rvequired for the air to move from the
wing to the tail.  If a=f(#), this relation may be expressed

s
e=e, f(t—At)

aL"
._\t—r
Now,
, (aAb* o,
f(t—At)=f(t)—atf (t)'i'"._‘,!"f ®H— ...
Hence,

2
e=ea|:a—At,d+(%)” a— . . -l

”:

.2V . 4V
or, because a=" Do and a= o D3a,
b

€=¢, (a—[hDa-}-i:—; DPa— . . )
and, because a,=a—e¢,
=€ (a—lhDa+£;—-, D?a— . . )

and
2
a,=a(l —e,) Fedn Da—e,{‘;—Dza—‘r e

The part of the pitching-moment cocfficient contributed
by the tail is

Om:._(/'v [h Sl

ey 2 5,

I S 1,2
:—Ob'a: ﬁg,': a(l —e4) +ealn Da—eaq 3 Da . . ]
The lag effectively introduces derivatives Coper Cripasr -+ - -
The first two of these derivatives are

IS,

Crpo=—Cr 2
Lt“l 2 bvl‘

mpa

and

Cm,,z‘,ZOL,a‘ r b',; €ax
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Derivatives (!, , (., and (. “The derivatives 5

¥ . Y . H -
"y and Ci e, MAY be obtained from

A

(,h:(’rx‘,[“z

N »-" .
=0, (1—edatCy elnDa—0C, €5 I

. a ap * 2
which gives
( vhm:: (;'],d}(l —_ 6‘,)

(

Y —_ ]
"ha =( ".qf“[“

{ 2

Y Y A th

(""1)2.: - ("’af" 9

Derivative (’,,,. —The pitching moment due to pitching

is made up of parts due to propeller, wing, fusclage, and

horizontal tail.  The contribution of the tail is by far the
largest and cun easily be ealeulated.

If the airplane is rotating with angular velocity 0. the
. . - 0 .
increase in angle of attack at the tail is L, It which results

in an inereased lift on the tail given (in coefficient form) by
0
n,ﬂ: OLIGIL;. ‘ ’

The resultant pitching-moment coeflicient is

(Tm= —("r,, L_" ‘S‘: “‘Crl,a[[ln B, Iﬁ P’i

o2V 2L .
and expressing 0 as == Dg and (.‘ ns 1y gives

C.=—C b S De
a2 Sy
The contribution of the wing depends on the assumed
axis of rotation (center of gravity) but a fair average value
will be obtained by assuming that the center of gravity is
at the wing quarter-chord point. This assumpLion gives a
value

Ll
Cp= -3 Do

The total pitching-moment cocfficient due to pitching
therefore is

1] . __7r__ '
Y] 1 I'-'a/ 2Ny
Derivative (',,. -The derivative (', may be measured
direetly in o wind tunnel or mav be computed from wind-
tunnel data on the value of €, for the horizontal tail by
5

means of the formula

Derivative _The derivative (%, may be computed

from

"py né

v 'O(r'l) ' ‘),(Y'A,) Iy Sie
Crup = [(\01)5 ,\.f—(""'z(\oua PO I

tere (200) o0y e
where (\OI)& ., and (\01)6 , ay be obtained from figure 1

of reference 11, which is based on thin-wing potentinl-llow

theory.
Derivative (',,,. ~The derivative (7, is given by

Cog= (Y"a/h

In the absence of viscous friction in the clevator control
system, the value of €, may be computed from

Cons ==L (30) + 0 (ST)) e D

where (gg;')‘ and (ggg),, may be obtained from figure 1
of reference 1.

If a dashpot, which has n damping constant of K pounds
per foot per second and moves a distance of @ feet per
radian of elevator deflection, is inserted in the control
systen,

QK .
Com ™ 1 S0 ()

The total value of Oy, is the sum of equations (A1) and
(A2).

Derivatives (Y“a‘ and (', “The derivatives (y”«, and O,
can be caleulated by thin-wing-section theory but the
results are of doubtful accuracy because of three-dimensional

and boundary-layer effeets. It is therefore best to obtain
these derivatives from wind-tunnel tests.




APPENDIX B
CALCULATION OF NORMAL ACCELERATION DUE TO OSCILLATING ELEVATOR

The normal aceeleration of the airplane, which 1s equal to Dia—6) in nondimensional units, can he ealeulated from

Dia—0) _ L b(y"’s "V’«u—(y’«u(y"‘nani
T AR ;—\K—‘\M(L—
8 2 [— ne La—‘_’zl,,y(,'ma—n: (411,,2;4%:/2— (Y,,,n?a'l.-l,,p,) +in (*2(1,,#0 2k ‘:q—‘.?:lwy(fmnﬂ)]

B

53 Mpg i

where g is the angular frequeney of the elevator.

'Fll(,‘ fl'll(‘“()ll in o uation (B” can be l'(‘(hl(‘(‘(l to an ()l'dinm'v com )l(‘.\' number and the modulus of this number is the
1 .
maximum am )“lll(l(' of the .\'l(‘)l([\' ()S('I“llll()ll. The value can be converted to )llVSl('&l units by the f()l'll]lllll
A piry p

Normal uvcelemtiox}_ perg 4o D(a—9) 4

Stick friction in pounds TS 50 myU,,D;
where Ch s is the value of clevator damping required for the condition of neutral dynamie stability.
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Page 2, column 1, gixth line from bottom: The missing term on the left-

hand side of the equation ghould be ig-
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