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FINAL REPORT RESEARCH GRANT NCC 1-42

A Multigroup Method for the Calculation of Neutron Fluence with a Source Term

by J.H. Heinbockel*, M.S. Clowdsley™”
*Professor, Old Dominion University, Norfolk, VA 23529-0077, U.S.A.
**Graduate Student, Old Dominion University, Norfolk, VA 23529-0077, U.S.A.

Introduction

Previous accomplishments resulting from the research Grant NCC 1-42 have been
numerous. These accomplishments are summarized in the appendices A B and C of this
report. The Appendix A lists publications that have resulted from the varied research
efforts associated with this grant. The Appendix B lists graduate students who have been
associated with this grant, their research efforts and their degree accomplishments. The
Appendix C is a summary of efforts involving Green’s Functions.

Current research on Grant NCC 1-42 involves the development of a multigroup method
for the calculation of low energy evaporation neutron fluences associated with the Boltz-
mann equation. This research will enable one to predict radiation exposure under a variety
of circumstances. Knowledge of radiation exposure in a free-space environment is a neces-
sity for space travel, high altitude space planes and satellite design. This is because certain
radiation environments can cause damage to biological and electronic systems involving
both short term and long term effects.

By having apriori knowledge of the environment one can use prediction techniques
to estimate radiation damage to such systems. Appropriate shielding can be designed
to protect both humans and electronic systems that are exposed to a known radiation
environment. This is the goal of the current research efforts involving the multi-group
method and the Green’s function approach.

Reference [1] presents a short history of the study of the propogation of space radia-
tion through matter, the development of space-radiation physics and protection techniques.
This reference outlines major radiation studies and their results. The accurate prediction
techniques for dose fields requires either Monte Carlo type solutions, which require a great

amount of computational time, or a study of the Boltzmann equation under various cir-
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cumstances. The Boltzmann equation does not lend itself readily to analytical solutions
and so various types of numerical solutions have been developed. One such numerical
solution is the HZETRN code developed by Wilson et.al., reference [1]. This code has the
ability to predict dose fields in simulated tissue behind a shield for high charge and high
energy particles. Flux predicitions by HZETRN are based upon a straight-ahead transport
of evaporation neutrons with one dimensional angular transport. In this research we in-
vestigate the transport of evaporation neutrons through a shield-target environment hased

upon source terms generated by the HZETRN code.
Formulation of Transport Equations

We define the differential operator

Blol = | - 253(8) + (8 (s, B)

:31(8%@ _ % 1S,(E)élz, E)] + o;(E) é(z, E)

and consider the Boltzmann equation from reference [1]
oC
Blo) = [ 1B E)ouls, £ e’ (2)
= Jo

where ¢; is the differential flux spectrum for the type j particles (j = n neutrons or
j = p protons), S;(E) is the stopping power of the type j particles and o;(E) is the total
cross section. The term f;ix(E,E’) is a macroscopic differential energy cross section for

redistribution of particle type and energy. We write

fi(E E') = ppog(E’) fi1,8(E, E')
B

where f;x g(E, E') is an elastic collision term, o3 is a microscopic cross section and pg is

the number density of 3 type atoms per unit mass. The collision terms are expressed as

fiks = fikpt f_;ik,,@

where f7, 5 represents evaporation terms and fJ‘-i,C 3 represents direct cascading terms. The
H 3
evaporation process dominates over the low energies (F < 25 Mev) and the direct cascading

effect dominates over the high energy range (E > 25 Mev). The equation (2) is written as
0
Blejl =) / > 080s(E)(fi g+ fihg)on(z, EN) dE". (3)
kY0 g
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For j = n we write equation (3) in the operator form
Blg] = Ielg] + Lal¢] + Lc[6p] + Laloy] (4)

where ¢ = ¢, and I.,I4 are integral operators. Let ¢4 denote the solution to the transport
equation

Bloal = Iil¢d] + Laloy] (5)

which is valid over all energy ranges. The solution to equation (4) is then ¢ = ¢, + ¢4
where ¢, is the neutron flux due to evaporation and ¢4 represents neutron flux due to

direct cascading effects. The equation (4) can be expressed in the form
B[(f)e] + B[¢d] = Ie[¢e] + Ie[(j’d] + Id[d)e] + Id[¢d] + Id[¢p] + Ie[ép]‘ (6)

Using the assumption that the numerical solution to equation (5) is readily obtainable
from the the HZETRN code, reference [6], and that Ig[¢e] = 0, the equation (6) reduces

to

B[¢e] = Ie[¢e] + Ie[¢d] + Ie[¢p] (7)

The stopping power S;(E) = 0 for neutrons and so the equation (7) reduces to the integro-

differential transport equation with source term

a : E/aa ! ! /
re@etem =3 [ alh Becer £ 48 4 o) 0

which represents the steady state low energy neutron fluence ¢.(z,E) at depth z and
energy E. The various terms in equation (8) are energy E with units of (Mev), depth in
medium is z with units of (g/cm?), ¢.(z, E) (#particles/cm? — Mev) is the fluence and
g(E,z) = I.[¢4] + I.[6,] (#particles/g — Mev) is a source term. In addition, the equation

(8) contains the scattering terms
fs,5=p803(E") fikp(E,E)

with units of cm?/g — Mev. The limits of integration (£, E/ag) represent cut off values for
neutron production because secondary neutrons produced have approximately the same

energy as the projectile primary neutrons. The term ag is defined as the ratio

A, —1\?
ATB +1

3



and is a constant less than 1, where A7, is the atomic weight of the ith type of atom being

bombarded. The quantity ¢ has units of (cm?/g) is a macroscopic cross section given by
g = Z PjoO; (10)
J

where p; is the number of atoms per gram and ¢; is a microscopic cross section in units
of cm?/atom. The reference [2] provides approximate Maxwellian averages of cross section
values in barns. These values are listed in Table 1 along with other parameters of interest
for selected elements.

Other units for equation (8) are obtained from the previous units by using the scale

factor representing the density of the the material in units of g/em?.

Table 1. Parameter Values for Selected Elements
Cross Section | Density
Element Symbol | AT, barns* g/cm?® o
Lithium Li 7 1.050 .534 .563
Carbon C 12 4,739 3.52 .716
Aluminium Al 27 1.348 2.7 .862
Calcium Ca 40 2.99 1.54 .905
Iron Fe 56 11.40 7.85 931
Lead Pb 207 11.194 11.342 .981
* Maxwellian averages (elastic)

Mean Value Theorem

Through out the following discussions we employ the following mean value theorem

for integrals.

MeanValueTheorem For ¢(z),f(z) continuous over an interval a < z < b such that

(i) ¢(x) does not change sign over the interval (a,b), (ii) ¢(z) is integrable over the interval
(a,b), and (iii) f(z) is bounded over the interval (a,b), then there exists at least one point

& such that

b b
/f<w>¢<x>dz:f(§>/ bx)dr  a<E<b



Multi-group method

We consider the case 3 = 1 which represents neutron penetration into a single element

and let ¢, = ¢. We integrate the equation (8) from E; to E;+, with respect to the energy

E to obtain E E
i+1 a . E i+l
/ Mdlf%—/ o(E)o(z,E) dE = I, + & (11)
E; Oz E;
where
Eiyn pE/a
I; = / / fsp(E,E"Y¢(z,E’) dE'dE (12)
; E
and il
6 = /E 9(E,z) dE. (13)

As a first approximation test case we use the approximate source and scattering terms
O’(E’)Te—T(El_E)

g =g(E,z) = KEe E/T with K and T constants, and fs g(E,E’) = s E T SO
that the equation (13) is easily integrated to obtain
¢ = KT <Eie_E"/T _ Eiﬂe-Em/T) + KT? (e-E‘/T - e“EiH/T) . (14)
We define the quantity
Eii
ou(e)= [ ole.E) aE (15)
E;

and write the equation (11) in terms of the ®;(x) terms as follows. In the first term in

equation (11), we interchange the order of integration and differentiation to obtain

Eivt 41, (x
/ 06(x.E) o _ d®;(z) (16)

E, oz dx

Using one of the several mean value theorems for integrals, the second term in equation
(11) can be expressed as
Eit1
/ op(z,E) dE =7 ®,;(z) (17)
E;
where 7 = o(E; + 6(E;41 — E;)), for some value of § between 0 and 1.
For the term I; in equation (12) we interchange the order of integration as illustrated
in the figures 1(a)(b). The integration of equation (12) depends upon the energy partition
selected. For example, the figure 1(b) illustrates an energy partition where Ej.; < Ei/a

and in this case we can write the equation (12) as

-
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it+1 Ei/a i+1 Eit1/a Ei+1
I, = / / HdEdE' + / / HdEdE' + / / H dEdE’, (18)
E=E; Eix JE= E'=E;/a J E=aFE’

where H = fo(E,E")¢(z, E'). The figure 1(c) depicts the case where F;+1 = E;/a exactly

for all i. In this special case the equation (12) reduces to

i+1 l+l/a 1-—1
I; _/ / H dEdJE’ +/ / H dEdE’. (19)
= E E = 1+| =aF’

The integrand H can be integrated with respect to E and the results expressed in terms

of the quantities
b
F(b,a) :/ re"E dE =™ — ¢
a

a(E')e"TE’

N —
and G(E") =T E

and we can write equation (19) in the form

Ei
I :/ G(E')F(E',E;)¢(z, E") dE’
=5 (20)

-,,+1/Q
" / G(E')F(Eis1,aE')plz, E') dE'.
'=Ei41

To illustrate the basic idea behind the multigroup method we use one of the many mean

value theorems for integrals and write the equation (20) in the form
I; = G(E})F(E],E)®i + G(Ej4 ) F(Eir1, 0 B ) ®ic.

where F; < E} < Ei/aand E;11 < B[ < Ei+1/a. The special partitioning of the energy
as illustrated in the figure 1(c) enables us to obtain from the equation (11) a system of

ordinary differential equations

T ®0 7 [aun a2 ] 0 7 €o
4 o, azx a3 ¢, 1}
dzx : : :
bn_2 aN-1,N-1 GN-1,N dn-2 EN-2
LO N1 L any 4 LO®n-1 EN-1

where a; ; = G(E})F(E}, Ei)—0 and a4,iv1 = G(E! | )F(Ei+1, aE7, ). We further assume
that for large values of N that ®; = 0 foralli > N. This gives rise to the system of ordinary

differential equations



subject to the initial conditions 7(0) = 0. Here § is the column vector
col(®o, ®1,...,®n-1), A is an N by N upper triangular matrix and b is the column

vector col(&g,&1,...,EN=1)-

In a similar manner the integrals in equation (18) can be evaluated for other kinds of
energy partitioning and we will obtain a system of equations having the form of equation
(21). However, for these other energy partitions the structure of the N by N square
matrix A will change. It remains upper triangular but with more off diagonal elements
which depend upon the energy partition. For our purposes the system of equations (21)
will be used to discuss some of the problems associated with the multigroup method.

We construct the energy partition
{Eo, Eo/a, Eo/a?,..., Eo/a™},

where Eg = 0.1 Mev, for the selected elements of lithium, aluminum, and lead. The table

2 illustrates integer values of N necessary to achieve energies greater than 30 Mev.

Table 2. Energy Partition Size N
Element Y N | 0.1/a%

Lithium 0.563 10 31.53
Aluminium | 0.862 39 32.75
Lead 0.981 | 298 30.38

For energy partitions where E;.; < E;/a the values of N will be larger and when
Eii1 > E;/o the values of N will be smaller. The cases where E;11 > Ei/a give rise to
situations like that illustrated in the figure 1(d). In this figure the area A, is associated
with the integral defining ®; and the area A; is a remaining area associated with an
integral which is some fraction of the integral defining ®;+; which is outside the range of
integration and so some approximation must be made to define this fractional part. This
type of partitioning produces errors, due to any approximations, but it has the advantage
of greatly reducing the size of the N by N matrix A.

The case of neutron penetration into a composite material gives rise to the case where

3 > 1 in the equation (8). In this special case the equation (12) becomes
Eixr pE/a;
= Z/ / fs,(E,E")¢(z,E')dE"dE.
; E; E
J
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We select « = max(ay,a,...,a;) and construct the energy partition where E;; = Ej/a.

We then obtain a system of differential equations having the upper triangular form

[ @y 7 [aen a2 a3 - an] [ ® 7 [ & ]
¢, azy azz - AN $, &
d . . ; ;
—_— : — . e N . . 22
1z . ass : + : (22)
LPN-1. L annd] LPn-1 LéN—1 ]

Energy Partition for Finite Values of N

Consider the case of neutron fluence in a single shield material with the energy parti-
tioning as illustrated in the figure 1(c). This is the case where successive energy values are
given by E; .1 = E;/a for all values of the index i as i ranges from 0 to N. We select a finite
value for NV, say N = 10, and select Fy large enough such that the assumption &5 = 0
holds true. The system of equations (21) is then a closed system and we can solve for
the terms {®g,...,®x-1}. If we march backwards N energy partitions from the original
starting value Fy, we obtain a new value for Eg, such that the final value ® 5 equals the
old starting value ®¢. The term an y+1®Pn in the equation (21) is now known and can
be moved into the right hand side of the system along with the {1 term. Continuing
in this manner we can define groups of energy partitions of size N, where in each group
Ei+1 = E;/a are the energy values considered. The starting value Eg changes for each
group and, except for the highest energy group, we will have the value of ®¢ from a higher
group equal to the value of ® 5 from the lower energy group. The grouping scheme is illus-
trated in the Figure 2. In this way, we can break a large energy partitioning into groups
of N equations, where the highest energy group of equations is solved first and the lowest
group of equations is solved last. The nonzero elements a; ; for the matrix A in equation
(22) consists of the diagonal elements and the first diagonal above the main diagonal. This
gives the values

aii =G (E])F(E{,Ei) - T
aiiv1 =G (E} ) F (Bir1, 0 EL)
for i = 1,...,N where E} and E}_; are selected mean values assoclated with the lower
and upper triangles illustrated in the figure 1(c). These mean values vary with energy and

were selected as
E! =E; +6,(E;+1 — Ey)

Ef{=FEis1+0:(Eiy2a — Eir1)
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where
Y1 +m(E - Enp) — & E > En

61 =¢ v1+mp2E — E1) — 6 Fx < E< Eny
¥3 + m13(E — E22) — 61 F < E2

and
v2 +ma1(E — En1) E > Eyp
02 = ¢ v2 + ma(E — E1y) Exp < E<Epn
v4 +ma3(E — E2) E < Exn
where

v1 =0.93 m1; =0.0030485 ma; =0.004355

79 =0.90 m1p =0.2490258 mao =0.249026

v3 =0.30 mi3 = — 0.3937186 mo3 = — 0.255920

v4 =0.27 E;; =3.037829 E93 =0.5079704
and §; has the values, 0.0 for lead, 0.02 for aluminum, and 0.075 for lithium. In addition,
we set 63 = 0; and 64 = 02 because of the symmetry of the triangles involved in the
calculations. The above values of § for the mean value theorems were determined by trial

and error so that the multigroup curves would have the correct shape. These selections
for the mean values are not unique.
Solution Method Shield Material

We consider the energy partition F;., = E;/a and the resulting system of equations
(21). The solution of this system of equations is obtained by first solving the last equation
of the system. This equation has the form

d®n_1
dzx

=anNO®N-1 +En—1(2), dn-1(0)=0

and has the solution
by_i(z) = e?NNT (‘I)N_l(O) +/ EN_l(S)e_aNNsds)
0

which implies

To+Az
(I)N—I(JCO + Ax) = ea‘V‘VAx‘I)N._l(.‘IIo) + eaNN(IO+A$) / EN_l(S)e_aNNS ds.

o
We then consider each of the remaining equations above the last equation. A typical
equation from this stack has the form

d4®,
—5 —audit fi(z), $;(0) =0

o)

9



where fi(r) = &(x)+a; ;21941 (x) is known since ®,+1(z) is calculated before ®;(x). This

typical equation has the solution

®;(z) = a®i" (q),-(O) + —/: fi(s)e_a“'sds>

which implies

To+Az
(I),‘('J:() + AJ,‘) - eaquq)i(xo) + eaii(xcH-Aa:)/ fi(s)e—a.-,s ds

g

Another Viewpoint for the Resulting System of Equations
The equations resulting from the energy partitioning of each group can be expressed

as a system of ordinary differential equations

dd;
—t+7d;=L+¢&, i=12,...,N-1
dz

which is equivalent to the vector system of ordinary differential equations

dy -

— = Ay +b

dz y
subject to the initial condition 7(0) = 0. Here 7 is the column vector col(®g, 1, ..., dn_1),
A is a N by N upper triangular matrix, and b is the column vector col(€0,&1,.-.,EN=1)

From the solution of this system of ordinary differential equations we calculate the average

fluence over each energy interval

1 Ei
¢, = — dzx.
i—avg Eir1— E, /Ei ¢($) z

Fundamental matrix solution

Let Y (z) = 4% denote the fundamental matrix solution defined by the matrix differ-
ential equation
% =AY, Y(O)=I
where I is the N by N identity matrix and A is an upper triangular matrix. The solution

of the system of equations (21) can then be represented in the form

y(z) :Y(m)/OxY_l(s)E ds = /OIY(w—s)b ds (23)

10



The exponential matrix Y (x) satisfies the properties that

Y (-z) =Y "(z) (24)
and Y(z +s) =Y (2)Y(s)

Consequently, for b constant. the solution given by equation (24) can be represented in the
form
7(z) = (Y(z) = I)A™'D. (25)

The solution, as given by equation (23) can also be expressed in terms of a Green’s function

for discrete systems. We rewrite the solution system (23) in the equivalent form

(Y

)=(Y(z+h)— DA
Fz+h) =(Y(2)Y (R) - )A™'
) =
) =

y(z + h

(26)

Tz +h) =Y (R)(Y(z) =Y (=h) + I -1)A"'b

¥z + ) =Y (R)g(z) + (Y (h) — [)A™ "D,

If b is not constant, but a function of z, then the solution is left in the integral form of

equation (23) and becomes

In this case, we have
z+h _ z+h _
y(x +h) =Y (z +h) /; Y "1(s)b(s) ds = Y (R)F(z) + Y (z)Y (k) / Y ~1(s)b(s) ds.

T

Calculation of the Exponential Matrix Exp(Ax)

The fundamental matrix solution Y (z) = e“4® can be calculated from the Putzer

algorithm, reference [3]. This algorithm states that for 4 an n x n matrix with eigenvalues

A1, A2,... An, the exponential matrix is given by
n—1
A Z
et = Tj+1(.’L')Pj
j=0
where

PO:I’ PJ = HJL;:]_(A—/\ICI)! j:1,...,n

11



and r1(z),...,rn(z) are solutions of the triangular system

d
—T-l =)\1 ™ 7‘]_(0) =1
dz
dr;
= =rj_1(2) + Aj r;(z), rj(0)=0
for j = 2,...,n. Here each eigenvalue is listed in an ordered form from high to low values

and multiplicity of eigenvalues is permissible.
Numerical Solution

The solutions obtain from the system of equations (21) or (22) depend upon the
selection of mean values associated with each energy interval. The selection of these mean
values is determined by examing the numerical solution in certain special cases. We obtain
a numerical solution of equation (8) in the special case given by g = g(E,z) = KEe E/T
where K (#particles/cm3 Mev) and T (Mev), are constants. We construct the solution
over the spatial domain z > 0 and energy range .1 < E < 80 Mev. This domain Is
discretized by constructing a set of grid points z; = iAz and E; = jAE for some grid
spacing defined by Az and AE values. For i,j integers we define u;; = ¢(zi, E5), then

the transport differential-integral equation (8) can be written in a discrete form. We use

the starting values ug ; = 0 and vg ; = 0. For the first step in Az we write
uyp ;= A:rl(Eje_Ej/T. (27)

followed by the numerical calculation of

Ej/a O_(EI)Te—T(E’—EJ‘)
i = z;, E") dF’, 28
wi= [ e B (25)

when i = 1. After each numerical step the integrals of the type v; ; given by equation (29)
are evaluated using Simpson’s 1/3 rule. We evaluate the equation (28) for j =0,1,..., we
then use a two step algorithm in a repetitive fashion to advance the solution. For values
of o near one the numerical solution of equation (8) requires that AE become small. For
numerical accuracy we must have Az << AE. The low energy spectrum then becomes
difficult to calculate without special procedures, reference [1]. In this case we use a two

step modified Euler predictor-corrector scheme, references [4],[5], which is defined by

Second step: fij=vi;+ Eje 8 —ouy
" {“1,j+A$fL,j i=0
ugj = |
J %(Ul,j—l + 'Ual,j+1) + Az fl,j 7> 0 (29)

Third step: fay =v2; + Eje—E" —ouyj

u3,j =Uy; + 2A«zx f2,j

12



The second step is an adaption of the Fredrichs method from reference [4]. The third step is
a central difference second order step in Az. After each 100 such applications of the above
numerical two step algorithm, we apply the following stability correction as suggested in

reference [5].

faj=va;+Eje™™ —oug;
1 (30)
ug ;=3 (ugy +uay) + Arfa

Recurrsive Solution

In the special case g(E,x)=g(E), we assume a solution to equation (8) of the form

(o]

(2, E) =Y 6n(E)fa(z) = 61(E)f1(z) + 62(E) falz) + -+ (31)
n=1

We substitute this series into the equation (8) and obtain a solution by requiring that
¢1(E) =g(E)
T fi@ +o i) =1 )
prea(B) :/ FlB ENn(ENVdE n=1,23,...  [o(®)+0fa(®) =fam1(@)
E

where the differential equations are subject to the initial condition that fn(0) = 0 for all n.
Here the ¢,(E) terms are defined recurrsively and take a great deal of computational time
for large values of n. The differential equations have the solutions given by the recurrsive
relations

fi(z) 21 (1-e777%)

7. (33)
fnlz) = /0 frmr(w)e™ @ du

which are easily evaluated for as large an n as desired. We find numerically that |fn(z)]
decreases with increasing n when z is less than 1 and increases for z > 1 so that the series
solution does not converge in this case. For |z| less than or equal to one we calculate the
solution given by equation (33) for terms through n = 5 and n = 6 and compared them
with the numerical solution. The mean values associated with the numerical solution of
equations (21) and (22) where then adjusted in order that all solutions agree for this
special circumstance. We then used these same mean values which where associated with
numerical source terms as provided by the HZETRN code.
Comparison of Multigroup and Other Solutions

The numerical solutions and recurrsive solutions are compared with the multigroup

solution for neutron penetration in lithium, aluminum and lead mediums for the case

13



n = 2. The results are illustrated in the figures 3,4, and 5. Excellent agreement is obtain
in these cases. In these figures, the solid line represents the numerical solution. The
circles represent the recursive solution and the triangles represent the multigroup solution.
The various curves were calculated for depths of z = 0.1,0.5,1.0,5.0,10.0,50.0 and 100.0
centimeters. Similarly, the figures 6,7 and 8 illustrate the multigroup method in the case

n = 10 for neutron penetration into lithium, aluminium and lead respectively.

The multigroup method has a huge advantage in the computational time needed to
calculate the solution. The multigroup method takes less than one minute of computational
time while the other methods require many hours of computational time.

Application for Al — H,0 shield-target configuration.

We now apply our previous development to an application of the multigroup method
associated with an aluminium-water shield-target configuration. In particular, we consider
the case where the source term g(E,z), in equation (8), represents evaporation neutrons
produced per unit mass per Mev and is specified as a numerical array of values corre-
sponding to various shield-target thicknesses and energies. The numerical array of values
is produced by the radiation code HZEBIO, which is a modification of the radiation code
HZETRN developed by Wilson, et. al., reference [6]. The numerical array of values are
actually given in the form g(F;, z;, yx) in units of particles/gm — M ev, where yj represents
discrete values for various target thicknesses of water in gm/em?, x; represents discrete
values for various shield thicknesses of aluminium, also in units of gm/cm2 , and FE; repre-
sents discrete energy values in units of (Mev). We use these discrete source term values in
the following way. We consider first the solution of equation (8) solved by the multigroup
method with no target material i.e. all shield material with target thickness y = 0. We
next consider the cases 2.3,... of discrete shield thickness zs,z3,... and apply the multi-
group method to the solution of equation (8) applied to all target material y > 0. For
each z;-value considered, the initial conditions are obtained from the previous solutions
generated where y = 0. This represents the application of the multigroup method to two
different regions. Region 1 of all shield material and region 2 of all target material. We
then continue to apply the multigroup method to region 2 for each discrete value of shield
thickness, where the initial conditions on the start of the second region represents exit
conditions from the shield region 1. This provides for continuity of the solutions for the
fluence between the two regions. In this way we develop a series of graphs for fluence vs

energy associated with various shield thickness.
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In our application of the multigroup method we consider the case where the source
term g(E, z), the scattering term f,(F, E’) and cross section ¢ (E) are all given numerically
(obtained from the above HZETRN code).

For a single shield material we solve

8 E/a1
[.5; mm} b(z, E) = / fo(E, EYo(z, E') dE" + ¢(E, ) (34)
FE

Integration of equation (34) from E; to E;;; produces

Eit1 5. Eiq1
/ a—¢dE+/ ’ o(E)¢(z,F)dE =

4 Or
Ez Ei [
Eivw pE/oy Eir1 (30)
/ / fs(E,E")¢(z, E') dE'dE +/ g(E,z)dE
E; E E,

We define the quantities

Eivy Ein

®; = / ¢(z,E)dE b= / g(E,z)dE (36)
Ei Ei

and interchange the order of integration of the double integral terms in equation (36). We

then apply a mean value theorem to obtain the result

dd;

_d_+ 7P _/"“/ fo,(E,E")dE ¢(z,E') dE"+
* i JE=E (37)

1+2 1—+—1
/ / fo(E,E')dE¢(z, E') dE’ + b;
1.+l E= alE’

where E; < E’ < E; 1. The first double integral in equation (37) represents integration
over the lower triangle illustrated in the figure 1(c¢). The second double integral in equation

(38) represents integration over the upper triangle illustrated in the figure 1(c). Let

Ein

£
gl(E,):/ fs,(E,E")dE and gg(E’):/ fs,(E,E")dE (38)

E:Ei E:alE’

then employ another application of a mean value theorem for integrals to write equation

(37) in the form

dd;
v +70;, = g1(E; +01(E;s1 — Ei))®; + g2(Fis1 + 02(Eir2 — Eit1))®ic1 +bi (39)
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This produces the coefficients associated with the energy interval E; to E; 1 given by
aii=9g1—0 and  aji+1 = g2 (40)
needed for the numerical integration of equations (21). In this way the diagonal and off
diagonal elements of the coefficient matrix in equation (21) are calculated.
For a compound target material, comprised of material 1 and material 2, there are
two values for a. A value o is selected for material 1 and a value a3 is selected for the
material 2 of the compound material. In this case the equation (34) takes on the form

L}i +o(E)} oz, E) =

Efog
/ fsl(E,E’)QS(J:,E/)dE'-F (41)
E

Efag
/ fso(E,E"Y¢(z,E")dE" + g(E,z)
E

where fs;, and f,, are scattering terms associated with the respective materials. These
terms are calculated in the HZETRN code. We consider two cases. The first case requires
that the E/az line be above the E/a; line.(See figure 1(d)) The second case is where
a2 = 0 (the hydrogen case), and the limits of integration for the second integral go to
infinity. We consider each case separately.

For the first case we assume that o) > a3 > 0 and we select the exact energy spacing
dictated by the E /a3 line. We then proceed as we did using the single shield material. We
integrate equation (41) from F; to E;.; and interchange the order of integration on the

double integral terms. Define b; = f§i+l g(E,z)dE and obtain the equations

dd;
—d +0®;, =111 + 1o+ In1 + Ioa + b; (4'2)
X

where now the Iy, and I integrals have, because of the exact spacings, the forms
i+1 '
121:/ / fsg(E,E’)dE(ﬁ(:E,E’)dE
E=E, (43)
i+2 i+1
Igg—f / fs,(E,E')dE®(z, E")dE'’
Ein =agE’

Defining the terms

El
hii) (E") z/ fs.(E,E")dE, i=1,2
E:Ei

Ein
hagiy(E') =/ fs(E,EdE i=1,2
E=asFE'

16



and using the mean value theorem for integrals we obtain
Iy = hyo)(Ei + 01(Eix1 — Ei))®: and  Ina = ha)(Eis1 + 02(Eir2 — Eit1))®in

where 8, and 8, define intermediate energy values associated with the mean value theorem.
The integrals I;; and I3 are associated with integration limits (E,E/a1) and energy
intervals dictated by our selection of as for determining the exact energy spacings. These
integrals are associated with the trapezoidal area 1 and triangular area 2 illustrated in
the figure 1(d). These areas are a fraction of the triangle area’s associated with the line

E’ = E/as. These fractions are given by

NEip - E)? = 3(Eip1 — Ei/a1)(Biz1 — 01Bin)

fi=
2(Bir1 — Ei)(Bit2 — Eis1) (44)
fy = (Eix1/o1 — Eiy1)(Eis1 — a1 Eiq)
(Eir1 — Ei)(Eiv2 — Eit1))
and we write
Iy = fihyy®: and D2 = faho)®in (45)
The coefficients for our system of differential equations (22) are then given by
a11 =hie) + fihiq) =T
1(2) Y] (46)

a12 =hae) + fako-

For the case 2, of hydrogen, az = 0 and so one of the limits of integration becomes
infinite. We let a; determine the energy spacing in this case. We again integrate equation
(42) over and energy interval (E;, E;;1) which is determined by the E/ = E/a; line. Using
the definitions given by equations (36) we integrate the equations (41) over the interval
(E;, E;+1) and then interchange the order of integration in the resulting double integrals
to obtain

‘%+5¢> =17+ I3 +b;

where

i+1 Eiy2 pEin ) )
Il —/ / fsl (E, E’ JdE¢(z, E dE’ +/ / fsl (E.E )dE¢(I,E YdE
E= E z+l

alE’

and

o Eivin i+1
Iz—/;; / fso(E, E)(iEci)J:E dE +Z/ / fao(E, E"YdE(z, E)dE
i 1+J
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where for all N* greater than some integer N > 0 we know that fso(E, E'} will be zero.

We define ,
hg(E’) :/ fsl(E,El) dE, E; < E' < Ei
E;

Ei
h4(E') :/ fsl(E,E/) dE, E;i < E' < J)
QLE’

h5(El) =/ fsz(E,E,) dE, E;< E' < Ei
E;

Eiyj+ ) ,
h6(]) :/ fSQ(ElE ) dEv Ei+j < EJ < Ei+j+1
i+J

then we can write the coefficients associated with the system of differential equations as

aii =hs+hs -7 ai,i+3 =he(3)
aii+1 =hs + he)
a;;it2 =he(2) aiitn =hen)

In this way we generate a system of equations having the triangular form given by the
equations (22).

Various comparisons have been made to check the validity of the multigroup method.
The figure 9 shows low energy neutron fluence vs depth for a shield-target aluminium
water medium. Note the increase in low energy neutron production at the aluminium
water interface at a depth of 100g/ecm?. This is due to high energy neutrons colliding with
hydrogen atoms. In these type of collisions the high energy neutrons give up over one-half
of their energy, thus increasing the low energy neutron fluence.

Using the source terms generated by the HZETRN program for an aluminium water
configuration the figures 10 through 19 result for the evaporation neutron fluence as a
function of energy for various shield thicknesses. The shield thicknesses in these figures
are y = 0.0,0.3,1.0,5.0,10.0,20.0,30.0,50.0, and 100.0 g/cm?. The figures 20,21 and 22
illustrate the comparison of the old HZETRN code results with and without the addition
of the evaporation neutrons. These results are also compared with the Monte Carlo results
for fluence associated with the February 1956 solar flare data. The multigroup method for
the calculation of the low energy evaporation neutrons is computed much faster numerically
than any of the previous approximation methods. The method also produced much more
accurate results when compared to the Monte Carlo method, see for example reference

[157] and (158] of Appendix A.
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Appendix C

Green’s Function Associated with the Transport of Light Ions in Matter.
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Green’s Function Associated with the Transport of Light Ions in Matter.

Basic Boltzmann equation

Change in ion flux Gains within the Losses due to any

within a volume element | = | volume element — | nuclear collisions

This gives the Boltzmann equation

1

- 0 - e ~ ~
.V - ———5;(E) +0j(E)] 6;(5,0,E) = :/ dE’/dQ’rjm(f, QL EY (1)
A; OF e

where

®;(%, ), E) is the flux of ions of type j moving in direction

having units (#particles/cm? — sec — st — Mev/amu)

E is the ion energy. (Mev/amu)
Aj is the atomic mass of the jth type ion (amu)
o;(E) is the macroscopic cross section. (cm™1)
S;(E) is the average energy loss per unit length or stopping power
or linear energy transfer %—g. (Mev/cm).
R;(F) is the slowing down range for type j ions. (cm) R;(E) = fOE %ﬁ%
j is the ion type.
0 is a unit vector in the direction of propagation.
Tk is production cross section of type j ions with energy £ and direction y)

by collision with type k ions of energy E’ and direction 94
having units of (cm — sr — Mev/amu)

is the outward directed unit normal to boundary.

o
7

vector to boundary point. (cm)

£ is the position vector to arbitray point in region (em) & = pQ + &,
p is the projection of & on § (cm)
Tn is the component of £ perpendicular to  direction.

The equation (1) is to be associated with the geometry of figure 1.



Figure 1. General Geometry for Boltzmann’s equation

Multiply the equation (1) by S;(E) and define the quantities

¢,(2,Q, E) = 5;(E)e;(&,Q, E) (2)
Gi(#,80,E) Z/ dE' /dQ rixdr(E, ', E') (3)
k>j
to obtain
.V - Sﬁf)%+a( )} 6;(#,9Q,E) = G;(,Q,E). (4)

= 89, . . . o e . .=
Note that €2 - Vg{)j = % is the directional derivative in the direction {2 and that

9p; 06; 0R; 09; A;
dE ~ 8R; 8E  OR; S;(E)

so that the equation (4) can be written as

0 - A = A -
— — =— t+0o(E) 6;(£,0,E) = G;(2,4, E). (5)
Introduce the characteristic variables (n;,£;) given by the transformation equations

nj =p—R;(E) & =p+ R;(E) (6)
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where p = - £. Also introduce the variables

= —

9;(nj, &) = G;(pQ + £,,Q,E) (7)
7;(nj, &) = o;(E)
E 5= " £ 5T
a - —| b
x=0 x=0 E=0
b b.'¢ |
< E—0 -E_i.. c £ 1j
@ i (b i

Figure 2. Geometry for characteristic variables

By the chain rule we have

6, 8¢ 0d; 86, 8¢ 8¢
2500 % g S D)y
dp an; ¢ OR; on; ¢
so that the equation (5) simplifies to
o | _
2— +7; ) x;(n;,&5) = 95(nj, &5) (8)
aT]j
in terms of the new variables. This equation can be integrated using the integrating factor
1 & P ! ! 9
exp |5 g;(n,&;)dn (9)
to obtain L
&) el [ 7065 6)
o , (10)
1 g 1 K —_r ! 1 / 7
t5 [ expl=g [ T &) dnlgi(n, &) dn
a n'
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where « is any real number. Consequently, the solution to the equation (4) can be written

as
5,@0,8) = J(a,p - Ry(E)T, (316 + @) +3.,8, 77 (2 7)
1 [PrRE) ~ /1 < < & —n" ()
+ 5/ f(",p— R;(E))G; (5(@ +1')Q + Zn, Rj“l(-i2—)> dn’’
where
1 fe—Ri(E) 16— n’ ,
flop=ByEN =ep -3 [ o) a (12)
From equations (6) we find that
2p=mn;+& and 2RJ‘(E):§J'—-T)J' (13)

so that when 7’ = a we will have p = 1(a + &;). Observe from figure 2 that along the line
of integration we will have £; = constant. The value of a is selected such that pQ+z, =T
is a point on the boundary. Thus, the vector (g%fl) 0+ 7, = I dotted with Q gives the
value

a=20-T~¢; =2d-p- R;(E) (14)

where d = (- I'. Note that when E = E’ and 7; = ’ we have from equation (13) that

or

/ ! /
r =1 ({& M _ p-1 P+Rj(E)—n P /_"Sj(E)d/ 16
E" = R; (—-2 ) = R; < 5 with dE' = —QAJ- n (16)

and similarly by changing symbols when

) E ol __S EII
E" = Rj_l (p R (2 )= > we have dE" = —% dn". (17)
j

We examine the limits of integration in equation (11) and observe that when ' = a we

have

'ZRj(E/):p—f-Rj(E)—a (18)
and from equation (14) we have
2 = p+ R;(E) + a. (19)
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Adding the equations (18) and (19) we find

R;(E") +d=p+ R;(E) (20)
or

E'= R7'(p—d + R;(E)). (21)

Next we examine the lower limit of integration and find that when n’ = p — R;(E), then
2R;(E') = p+ R;(E) — p + R;(E) implies that £/ = E. In the second term of equation
(11) when " = a we again find that E” = Rj-l(p + R;(E) —d) and when " = p— R;(E)
then E” = E. Also,
1
S +n") = (51 +&; ~2R;(BE")) =& — Rj(E") = p + R;(E) — R;(E").
Consequently, the equation (11) can be written in the form

6;(Z,Q,E) = Fi1(E, R '(R;(E) — d + p)9, ([, &, R; Y (R;i(E) +p—d))

RS (Rj(E)+p-d) . - A (22)
+ FI(E,E")G;((p + R;(E) — Rj(E"))Q + Zn, L E") — dE"
E S;(E")
where 5
2 !
Ajo;(E") '

Fi(E1,E2) = exp —/ L JE (23)

( ) [ g1 Si(E)

Define the nuclear survival probability (reference Wilson 1977) as

P;(E) = exp [— /OEME—I)dE’

24
S;(E') (24)

then the equation (23) can be written as

P;(Ej)

F\(E,, Eq) = P,(E1)

Then from equation (22) we can write the solution to equation (3) in the form
_ Si(E5)55(E;)
S;(E)P;(E)

/ ‘A P(EI 1 13 173 ! I3
+Z/ dE A / dE /er]k(E E")é(E + (B;(E) — R;(E')3, &, E")

é;(T,Q, E;)
(25)

where E; = Rj_l(p + R;(E)—d), ¥ =7, +p and E’ and E” have been interchanged.
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In the one-dimensional straight ahead approximation {} is a unit vector in the direction
of ¥ with p = 2, &, = 0,m; = 2 - R;(E),§; = 2 + R;(E) and T = 0. (i.e. the origin 0

moves to the boundary z = 0). The equation (25) then reduces to

¢i($7E):%¢j(0,Ej) y

+ é/}jj dE’%E%-)- ‘/i‘-’ dE" 0 ;i (E', E")ér(x + R;(E) — R;(E"),E") 20
where E; is determined from 2 and E such that

E; = R7'(z + R;(E)). (27)

The solution given by equation (26) can be expressed in terms of Green’s function as
¢;(z,E) Z/ Gjk(z, E, Eo)¢x(0, Eo) dEo (28)
k>j

where ¢x(0, Eg) = fr(Eo) are boundary conditions. Substituting the assumed solution

given by equation (28) into equation (26) we obtain

Z/ Gje(z, E, Eo)¢¢(0, Eg)dEp = Z/ SS((EEgllzJ Egj)) G;e(0, Ej, Eo)é¢(0, Eo)dEo

! ‘4 P E, = 174 I 1 / 174
+Z/ dE 3 (E)}(D (z:) dE"o;4(E', E )Zzz/o Gre(z+R;(E)-R;(E"), E", Eo)¢¢(0, Eo) dEo.

Note that when £ = m we can equate like coefficients and find that G, (z, E, Eg) must

satisfy the integral equation

S;(E;)P;(E;
Gjm(l', E,Eg) = —;—(ﬁ&,—;) Gjm(O,Ej,Eo)
= (29)
o AiP(E . o o
+Z/ S; (E),(a (:3) dE" 0i(E', E" )Grm (z + R;(E) — R;(E"), E", Eo)

subject to the boundary condition G (0, E, Eg) = §;m6(E — Eo), where the value for E;
is determined from the inverse relation E; = Rj_l(li + R;(F)). The G, terms are written

using the Neumann expansion as a perturbation series

oC
Gim(z,E, Eo) = 3 G5 (x, B, Eo) (30)
i=0
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with leading term
SiUE) B E)) ’)5jm5(Ej—Eo). (31)
S;(E)P;(E)

with E; = Rj_l(a: + R;(E)). Note that when « = 0 we have E; = E so that Gé?T)l(O, E, Ey)

0
G_(j")z(.r, E,Eg) =

satisfies the above boundary condition. The higher order terms are determined from the

recursive definition

Z/ E' E(I;) /wdE“aJ (E', E”)G(")( + R;(E) - R;(E'),E", Ey). (32)

and must satisfy the boundary conditions G;T,lnH)(a:, E,Eg) =0forn=0,1,2,.... In the

special case n = 0 the equation (32) reduces to

(B _
Gjm(a:, E,FEp) =

£ ’ AjP'(E/) oo " PN} Sk(E/)Pk(EI) ’ (33)
Xk:/zs “* SJ(E—)JPJ(E_)/ 4B 0B B, (om By O (B~ Bo)

where Ry (E}) = 2 + Rj(E) — R;(E’) + Ri(E"). (i.e. treat z + R;(E) — R,;(E"”) as an

z* value. See for example equation (27) .) Again we observe that when z = 0 we have

E; = E and so the boundary condition at z = 0 is satisfied.
Cross Section assumption 1

For interactions dominated by perpherial processes we use
0jm(E',E") = 0jm(E")(E' ~ E") (34)
so that the equation (33) becomes
G (@, E, Bo) =

Es ! A'P'(E/) o " ’" / 7 Sk(E,)Pk(El~) 7 (35)
Zk:/E dE -STJEW/’M ai(E")6(E'—E )Sk(E,’j)Pk(Ef,)akma(Ek—Eo)

where

E; = R;'z + R;(E) — R;(E') + Re(E")). (36)

We integrate with respect to E” and observe that the only nonzero term occurs when

E” = E’. This gives

A W SK(ELPL(EL) ., .,
G\ (x, E, Eo) Z/ a5 L (E(;)o—jk(E)S’”k((E’;;P:EEf))a(Ek—Eo)ékm (37)
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where

Ri(E}) =z + R;(E) — R;(E’) + Rx(E") (38)
R;(E') — Re(E') =2 + R;(E) — Ri(Ey).

We know that v;R;(E’) = vixRi(E’) so that the above can be written as

(ﬁ - 1> Ri(E') =z + Rj(E) — Ry(E},)

vj
or ( - %J-) R;(E") =x + R;(E) — Ry(E})
k
Thus, we can write
' Vi !
Rj(E') =————(x + R;(E) — Rx(E}))
vk — vjl (39)
or  Ry(E') =—2—(z + R;(E) - Rx(E})).
vk — vjl
Differentiate the equation (39) with respect to E}, to obtain
5 AZE )
. u. !
RW(E")dE' = — 21— (—R}(E})dE}, or dE = —3 2820 4p  (40)
vk = vj] vk = vsl 5y

The equation (35) can then be written as

Bz A;P;(E") vi P(E})
¢z, E, Ey) = dE, S22 o (B J kS(EL - Eo)km 41
A ; s ERE T Ry T B )
k1

The only nonzero contribution comes when k = m and E| = Ep and so equation (41)

reduces to
' him(z, E, Eo,E') if 28 (Rm(Eo) — ) < Rj(E) < ¥&Rn(Eo) —
Ggi,{(m,E,Eo)z{ ’ s ? ) (42)
otherwise
where (Eo)
A;P;(E') vi  Pm(Eg
him(z,E,Eq,F') = —L 2~ 5 (E J 43
e B B0 ) = e o) o P )
and
E' =R\ —Z"— [+ R;(E) — Rm(Eo)] ] - (44)
7\ |vm = vl
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That is, when Ej = Eg and k = m we have from the equation (38) that

Rm(Eo) =z + R;(E) — R;(E") + R (E")

Also from the transformation equations (13) the ny, &k, n;,&; variables are related through

the range scale factors v; and vy, where v;R; = vi R This produces the relations

| 281 Vs
nk — &k = 2R = —2-=LR; = —=(n; — &5).
Vi Vi

Then from the equations

£ +n; =Ck + Mk (45)

n; —&; :V—k(nk - £k) (46)
vj

we find that by adding the equation (45) and (46) we obtain

2, = (1 " i) me + (1 . ﬁ) . (47)
I/j I/j

and subtracting (46) from (45) we obtain

285 = (1— ”—") Nk + <1+i'“—> €. (48)
vj vj

Interchanging j and k in the equations (47) and (48) we find that

Then when 7; is a value n’ lying between the constants —¢&; and +¢;, (See Figure 2(b)),

_ vi+ vk P vy —Vj .
77k—< 2uy, )TI +( 2vy )51
Vi — V; v+ Vj
= —=—2)n'+ 26
2up, 2vp
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Changing & to m we find

[ vm — v , Vm + Vv ‘
Em-( 21/m )77 +<_—2Vm >€J

Note that the boundary condition Gj,,(0, E, Eg) = §;m6(E — Eg) can be written in the

form
Gjm(01 E, EO) = 6jm6(Rj_l(§j) - EO) = 5jm6(§j - RJ(EO)) = 6(£m - Rm(EO))

so that when &, = R,,(Ep) we have

o = 2vm Rm(Eo) - (M) £;. (49)

Using the equations (6) and (49) we now calculate the inequality which occurs in the
equation (42) . From the equation (10) , with a = —¢, we have the inequality —£;<n <n;

which implies

—&; <n' < n;
2u Um + U5
-z — R;(E) < = Rm(Ep)— (—’I‘—J—> (z + Rj(F)) <z — R;(E)
Vm — Vj Vm — Uj
2Vm Vm'*'”j
~z < ——"—Rm(Eo) + R;(E)- (z + R;(E)) <z
Vm — 5 I/m-—l/j

(Um+uj>:r—m < 2um R (Eo) . (1_ I/m+I/j> RJ'(E) <z (I/m‘f‘l/j)x

Vm — Vj Vm — Vj Vm — Vj Ym = Vj

vit < ymRm(Eg)—vjR;(E) < vz

~v;x > VjRj(E)—vmRm(Eo) > —vmz
VmRm(Eo) —vjz > Vv;R;(E) > vmRm(Eo) — Umz

- Rm(Eo) = > Ry(E) > 7 (Rm(E0) = 2)

V;’jﬁ (Rm(Eo) — z) <Rj(E) < %Rm(Eo) —z

Cross Section assumption 2
We start with equation (33) and assume o, (E’, E”) has a Gaussian distribution of

the form
1

- E’,E” = i B
g (E", ) g; ( )A]-m\/??

exp (E,_E/l_fjm)2:|

2
287,
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we can then write the equation (33) in the form

E; )
om0 :/ dE,/ dE" Fjkbkm (50)
E 7
where |
AP(E/) Sk(E,~)Pk(Ek) ) )
Fyo= 2203\2) gt g7 i 5 N
ik Sj(E)Pj(E)UJk( )S}C(E”)P}c(E") ( k 0) ( )
with

The integration of (30) is over the region illustrated in the figure 3 in the limit as 7 — oc.

In expanded form the equation (50) has the form

(1
G\ (2, E, Fo) =

E; oo , , , 53)
g [ apr ABE) L SUEDRUED (
/E “ / B S BB (B) 7t Su (B Buer) om0 Br ~ o).

where

B (E/—E”—E'k)Q
Ujk — Ujk:(E”) J

—_— X - 7
AjrV2r P [ QAfk

E"=T

E'=E E'=EJ

Figure 3. Limits of integration for Green’s function term.
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Note that for the first integration in the E” direction we have E’ is a constant.

Consequently, we let

"t e~ E dE"
r= E ten—E with dr = (54)
\/§Ajk \/§Ajk
The equation (53) can then be written in the form
G\ (x,E, Eq) =
£ o A; P (E') 2 Sk (B}) Pi(Ey) (55)
dE' dr—2_t""" 5. (Fle”" ki kig,  S(E} - Eo).
/E /v%ijk V7S5 (BYP;(E) 7" Sk(MPe(r) Tk
where 7 = \/§Ajkr — €5+ £ and
Ej = RNz + R;(E) - R;(E") — Ry(7)). (56)

This integral can be simplified by using one of the mean value theorems for integrals and

written as

G\W (z, E, Eo) =

E. oo -
/JdE’ A;Pj(E)Y _ ,  Sk(B )P(EL) 2 / o= g (57)
E

g (T Spm b E! — Ey)—
25,(B)5,(B) ") S Bery etk ~ B0l -
v jk
with r, = \/§Ajk’r‘* — €k t+ E’ and
Ei. = R;Yz + Rj(E) — R;(E’) — Ri(7.)) (58)

where 7* is some mean value in the interval (7-5-7"—, oc) and when Ej = Ejg, then E' is a
24k .

solution of the nonlinear equation
Ri(Eo) =z + R;(E) = Rj(E') = Rp(V2A 4" — €5 + E) (59)

provided F < E’ < E;. Consequently, we can write

G'\)(z, E, Eo) =

A;P;(E") _ — \ Sm{EQ)Pm (E €im : .
FStEim ) e Berte () i< B <y ()
0 otherwise

E 3

where E’ is a solution of the nonlinear equation (59) , r* is some mean value and erfc is

the complimentary error function.
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E E"=E'

E"=T

E'

E'=E E'=E;

Figure 4. New limits of integration for Green’s function term.

Another viewpoint

By interchanging the order of integration in equation (33) we obtain the limits of

integration illustrated in the figure 4 and the equation (33) can be written as

E" E]
G$ (z, E, Eo)—/ dE”/ dE'Fjibim + lim / dE”/ dE'Fjibgm.  (61)

Observe that along the line E”=constant, we have from equation (52) that

dRi(E}) dE, _ dR;(E')

dE), dE’ dE’
A, dE; _ A;
Sk(E}) dE’ S;(E')
AnSi(E'
or dE' = — —m——]L—,—)dE;c.

Hence, when & = m and 6k, = 1, the equation (61) reduces to
G\)) (z, E. Eo) =
Emi Ema / 62)
AmS;(E') AmS;(E') (
dE" o 1 dE" m dE],
[ [ e [ [T
7
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The limits in the above equation are determined as follows. Observe that when E’ =
and k = m the equation (52) gives
Rum(El,) =z + Rj(E) = Rj(E) + Rm(E")
or E' =R;'z+ Rn(E") = Em

m

(63)

and when E' = E; and k = m the equation (52) gives

R(E.) =z + R;(E) = Rj(E;) + Rm(E")

m

. But R;(E;) = = + R;(F) so that E! = E". Also when E' = E"” and k = m we obtain
from the equation (52) that

Rm(E:n) =z + Rj(E) - Rj(EH) + Rm(E”)
l/jRj(E”)

Vm

Rm(E!

m

) =z + Rj(E) = R;(E") +

Rm(E.L) =z + R;(E) + (i - 1) R;(E")

Vm

or B, =R:lz + Ry(E) + (— - ) R(E")) = Enms

Vm
with
E' = R} (z + R;(E) = Rm(Ep,) + Rm(E"))-
Using the properties of the Dirac delta function we find that the only nonzero contribution
to the integral dE/, occurs when E! = E¢. In this case the integral given by equation

(62) simplifies to

1
G (x, B, Eo) =

E / /
AmS;(E")P;(E") Pm(Eo)
dE" J J . /’ E//
/E, S;(E)P;(E) sml V5B PaE (64)
T ! !
, AmS;(E"YP;(E") ;o Pm(Eo)
] dE" ] L m(E' E f2
T g, S;(E)P;(E) 7m )Sm(E”)Pm(E”)
where
E' = R} (z + R;(E) = Rm(Eo) + Rm(E")) (63)
and
_ 1 ifEn3 < Eo < Em: (66)
h= 0 otherwise
(1 fE"” < Eg < Em1 (67)
fa= 0 otherwise
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