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TECHNOLOGY OPERATIONS

The Aerospace Corporation functions as an "architect-engineer” for national security
programs, specializing in advanced military space systems. The Corporation's Technology
Operations supports the effective and timely development and operation of national security
systems through scientific research and the application of advanced technology. Vital to the
success of the Corporation is the technical staff's wide-ranging expertise and its ability to stay
abreast of new technological developments and program support issues associated with rapidly
evolving space systems. Contributing capabilities are provided by these individual Technology
Centers:

Electronics Technology Center: Microelectronics, solid-state device physics, VLSI
reliability, compound semiconductors, radiation hardening, data 'storage
technologies, infrared detector devices and testing; electro-optics, quantum
electronics, solid-state lasers, optical propagation and communications; cw and
pulsed chemical laser development, optical resonators, beam control, atmospheric
propagation, and laser effects and countermeasures; atomic frequency standards,
applied laser spectroscopy, laser chemistry, laser optoelectronics, phase conjugation
and coherent imaging, solar cell physics, battery electrochemistry, battery testing and
evaluation.

Mechanics and Materials Technology Center: Evaluation and characterization of
new materials: metals, alloys, ceramics, polymers and their composites, and new
forms of carbon; development and analysis of thin films and deposition techniques;
nondestructive evaluation, component failure analysis and reliability; fracture
mechanics and stress corrosion; development and evaluation of hardened
components; analysis and evaluation of materials at cryogenic and elevated
temperatures; launch vehicle and reentry fluid mechanics, heat transfer and flight
dynamics; chemical and electric propulsion; spacecraft structural mechanics,
spacecraft survivability and vulnerability assessment; contamination, thermal and
structural control; high temperature thermomechanics, gas kinetics and radiation;
lubrication and surface phenomena.

Space and Environment Technology Center: Magnetospheric, auroral and cosmic
ray physics, wave-particle interactions, magnetospheric plasma waves; atmospheric
and ionospheric physics, density and composition of the upper atmosphere, remote
sensing using atmospheric radiation; solar physics, infrared astronomy, infrared
signature analysis; effects of solar activity, magnetic storms and nuclear explosions
on the earth's atmosphere, ionosphere and magnetosphere; effects of electromagnetic
and particulate radiations on space systems; space instrumentation; propellant
chemistry, chemical dynamics. environmental chemistry, trace detection;
atmospheric chemical reactions, atmospheric optics, light scattering, state-specific
chemical reactions and radiative signatures of missile plumes, and sensor out-of-
field-of-view rejection.
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FOREWORD

This document was prepared for NASA/Johnson Space Center (JSC), Houston, Texas, under
MIPR Number T-9315R, through SMC/FMBR.

The program monitor for NASA/JSC was Ms. Karen Edelstein.

There were two related parts to this work. The first, conducted at The Aerospace Corporation,

was to develop and define methods for integrating the statistical theory of brittle strength with
conventional finite element stress analysis, and to carry out a limited laboratory test program to
illustrate the methods. The second part, separately funded at Aerojet Electronic Systems
Division, was to create the finite element postprocessing program for integrating the statistical
strength analysis with the structural analysis. The second part was monitored by Capt. Jeff
McCann of USAF/SMC, as Special Study No. 11 of Contract F04701-86-C-0029, which
authorized Aerojet to support Aerospace on this work requested by NASA. This second part is
documented in Appendix A. : ‘

The activity at Aerojet was guided by the Aerospace methods developed in the first part of this
work. This joint work of Aerospace and Aerojet stemmed from prior related work for the
Defense Support Program (DSP) Program Office, to qualify the DSP sensor main mirror and
corrector lens for flight as part of a shuttle payload. These large brittle components of the DSP
sensor are provided by Aerojet.

This document defines rational methods for addressing the structural integrity and safety of
large, brittle, payload components, which have low and variable tensile strength and can
suddenly break or shatter. The methods are applicable to the evaluation and validation of such
components, which, because of size and configuration restrictions, cannot be validated by
direct proof test.

Comments and suggestions are welcomed and should be sent to:

E. Y. Robinson
Aerospace Corporation
M2-248

P.O. Box 92957

Los Angeles, CA 90009

Funding for this effort was processed through SMC Contract No. F04701-88-C-0089 under an
Interagency Agreement from NASA/JSC.
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I.  INTRODUCTION

The requirements and procedures in this document shall apply to all customer hardware components
designated for launch by the Space Shuttle Program (SSP). Specifically, these procedures and
requirements shall apply to certain hardware items that cannot meet the requirements set forth in
NSTS 14046, Payload Verification Requirements. This document is applicable to all SSP users.

1.1 SCOPE

The fracture toughness of brittle ceramic and glass materials is so low that critical crack sizes are not
readily inspectable. Such materials exhibit a pronounced sensitivity of strength to size and stress
distribution. They are also prone to high data scatter. In the case of very large components for which
a proof test is not feasible or practical, this document provides a rational, consistent method for
estimating the Factor of Safety, based on testing of small convenient test articles. The method is
based on the Weibull theory of brittle strength which considers brittle strength to be controlled by the
weakest flaw distributed throughout that portion of the material that is subject to tensile stresses. The
method is based on the volume distribution of flaws, which is known to give conservative estimates of
strength of large structures.

1.2 PURPOSE

This document specifies the method for estimating the Factor of Safety of structural components
manufactured from brittle materials such as glass or ceramics. The method shall be used only
according to the flow chart shown in Figure 1. The guideline summary for determining the Factor of
Safety is given in Figure 2.

1.3 INTENDED USE

This document is intended for use by SSP customers planning to use large components made of brittle
materials. This document is invoked by NSTS 14046 as per Figure 1.

1.4 NATIONAL AERONAUTICS AND SPACE ADMINISTRATION APPROVALS

Program approvals that are required by this document shall be obtained through the Space
Shuttle/Payloads Working Group.

1.5 PRECEDENCE

NSTS 14046, Payload Verification Requirements, defines the structural certification requirements for
payloads and other hardware flown on the SSP. If there is any conflict between NSTS 14046 and this
document, NSTS 14046 shall take precedence. If the customer cannot meet the NSTS 14046
requirements for brittle components, this document is invoked.

2. DOCUMENTS
None specified.
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1. Select Small Test Specimens
= Material - representative of component
* Surface Preparation - representative of component
* Number of Specimens - 15 minimum, preferably 30 per test type
» Configuration - beams of circular or rectangular cross section

* Size - one beam size is acceptable, two sizes are preferred

2. Conduct Specimen Tests

* Flexure - 3 point and 4 point

* Size Effects - two types minimum, varying flexure and/or span

3. Specimen Data Analysis
* Data Pooling - combine median normalized groups
* Weibull Modulus - pooled data for estimate, confirm by size and stress distribution tests
¢ Specimen A-allowable Design based on m-value and pooled sample size (subsection 3.2.1.4)

* Specimen R-integral - compute for selected test types

4. Component Numerical Analysis
* FE Analysis Postprocessing - max operating stress reference, Ki's, element volumes (subsection 3.2.2)
» Component R-integral - use maximum element principal tensile stresses over element volume

* Optional Adjustments - equivalent principal tensions, actual stress gradient in elements (subsection 3.2.2.1;

5. Component Factor of Safety
» Expected Component Strength (at peak stress) - equate specimen and component Risks of Rupture
* Allowable Component Peak Stress - apply A-level knockdown factor for sample size and m

+ Estimated Component Factor of Safety - ratio of A-allowable to operating stress at peak stress location

Figure 2. Factor of Safety Estimation Procedure






3. REQUIREMENTS AND PROCEDURES

3.1 STRUCTURAL AND STATISTICAL ANALYSIS REQUIREMENTS

NASA safety procedures require the implementation of a fracture control plan. Dye penetrant is used
to inspect for critical crack sizes, and proof tests are used to screen out certain crack sizes. Metallic
structures exhibit detectable cracks, but glassy, brittle materials have very small critical cracks, on the
order of a few thousandths of an inch, which are not readily detectable by conventional inspection
techniques. These more brittle materials have low strength and high data scatter, which are not
usually correlated to an observable crack. Proof testing of an operational brittle component is the
preferred approach, but if such testing is not practical (e.g., because of size and configuration of the
component), then analytical, conservative verification of adequate structural margins is required in
accordance with this document.

Verification of brittle component structural integrity, by analysis and suitable specimen testing, must
account for the principal brittle behavior characteristics: the size effect, the effect of stress
distribution, and the effect of high data scatter. A statistical approach is necessary, requiring the
testing of small representative specimens to provide statistical parameters. In order to predict the
allowable stress and the corresponding Factor of Safety of a full-scale component, its strength must be
estimated from specimen test data. These data must be properly scaled to account for actual
component size and operating stress distributions.

The method defined herein to verify brittle structure integrity is based on the concept of Risk of
Rupture, derived from the Weibull theory of brittle failure. It combines finite element structural
analysis with the theory of brittle material failure to predict the Factor of Safety of a large brittle
component. The theoretical foundations and procedures for verifying the strength margins of full-
scale components are addressed in the following subsections.

3.1.1 WEIBULL THEORY OF BRITTLE STRENGTH

The prediction of strength for large, brittle space system structures must account for strength reduction
from effects of size, stress distribution, surface fabrication condition, and inherent scatter of brittle
strength. The theory of strength of brittle materials used in this document was developed in its present
form by W. Weibull, who published his well-known seminal paper in 1939.

The Weibull theory addressed the discrepancy between observed material strength and the theoretical
strength that far exceeds observed values. Practical strength was limited, in his view, by intense flaws
distributed throughout the material, causing high stress concentration and failure when the tensile
stress exceeded the local strength at a severe flaw. Unlike metals, brittle materials have shear
strengths exceeding tensile strength and will not shear to relieve local high stress concentrations.
Rather, tensile fracture initiates at the weakest defect, and the brittle material behaves like a chain that
fails at its weakest link. The Weibull theory of brittle strength is a "weakest link" or series model,
derived from the statistics of extreme values in a random sample. Consequences of this theory are high
strength scatter, a strength decrease with increasing size, and a dependence of strength on the
distribution of applied tensile stress.

The classical Weibull distribution is utilized here as the rational procedure for predicting the strength
of very large, brittle structures. The procedure is based on tests of small convenient and representative
test specimens, and a conservative statistical analysis of data scatter. The Weibull theory results in a
power law, exponential statistical distribution. The exponential term of the Weibull distribution is
termed the Risk of Rupture. This term allows direct prediction of strengths at equal probability of
failure for various sized components subject to various stress distributions. A guideline procedure is
developed in this document to combine the Weibull theory with the usual finite element structural
analysis, in order to predict the strength and Factor of Safety of large, brittle components.



The finite element structural analysis that is commonly conducted on space system structures is
modified to perform a numerical integration of the Weibull Risk of Rupture, which we call the
R-integral, for the operational component. The Risk of Rupture is also computed for the
representative test articles, and the respective Risks of Rupture are equated to determine the expected
reduction in strength of the large operational component and thereby its Factor of Safety at design
operating conditions.

3.1.2 WEIBULL ANALYSIS OF BRITTLE STRENGTH
The classical Weibull distribution for strength of brittle materials is expressed as

S=exp- (% dv
v

where S is the cumulative probability of surviving the applied tensile stress acting over the volume V;
the subscript o denotes a scaling factor; and the exponent m is termed the Weibull modulus. The
Weibull Modulus is a statistical shape factor of the distribution and is inversely proportional to the
coefficient of variation, cv. An accurate approximation is given by m = 1.2/cv. The equation above
gives the strength distribution of a brittle material.

The exponential term, the Risk of Rupture, R, is expressed as the R-integral:

R= (g— dv
y (2]

This R-integral determines the probability of failure for any stress distribution and volume.

3.1.2.1 SIZE EFFECT FOR UNIFORM TENSION

Consider two specimens of similar material but of different size that are tested for strength by uniform
tensile stresses throughout their volumes, V, and V,. The respective R-integrals are given by

R,=(g—l Vi R2=gzo_ Va

Since the Risks of Rupture are equal at equal probabilities of failure, the effect of size on strength is
determined by equating R, and R, and eliminating the scale factor, Go, in the resulting ratio:

%)_;(%)I/m

If V, is larger than V), its relative strength will be diminished. The effect will be more pronounced
with greater strength scatter (lower m-value). The same relationship will hold for any stress
distribution that is scaled linearly between the two specimen sizes.



3.1.22 STRESS DISTRIBUTION EFFECT FOR TENSION AND BENDING

The Risk of Rupture, R, 5, for uniform bending in a rectangular beam specimen having volume V

. . , [ - ' yg In
tension, and the Risk of Rupture, Ry, for the uniform tension specimen, are given by

Row = (& o e Re=(G" vr

Equating the Risks of Rupture gives the relative strengths of the two cases as

VUB) |
Vr (m + I)J

Rr _
Rus

If both specimens have equal total volume in tension, the effect of the change in stress distribution
from bending to uniform tension is a function only of the Weibull m-value. The effect is intensified
by higher scatter, which corresponds with a lower m-value.

3.123 RISK OF RUPTURE FOR LINEAR STRESS GRADIENT

A common case is that of a finite element, subject to a linear tensile stress distribution like a beam,
from maximum stress at one surface to minimum stress at the opposite surface. The R-integral for this
element (the j-th element) with linear gradient is given in subsection 3.2.2.1, with the following result:
[ |- (o-mm)(mn) ’[

Omax |

in) |

(m + 1)(1 - —*_0'"'") |

Omax! |

This particular relation is a guideline for determining the finite element mesh fineness when

computing the Risk of Rupture of an operational structure by the numerical method. This relation

may be used to correct excessive conservatism associated with the assumption of uniform tension
throughout the volume.

Omac\M
Ri= V(%]

3.13 INTEGRATING STRUCTURAL AND STATISTICAL ANALYSES

The finite element (FE) structural analysis is used to compute the Risk of Rupture by numerical
approximation of the R-integral. A representative tensile stress is selected for each finite element and
assumed to act uniformly throughout that element volume (see the uniform tension case discussed in
subsection 3.1.2.1). The Risk of Rupture of the total structure, R, is computed by the summation:

-5 (gFav

For initial computation, the maximum principal tensile stress in the element should be used for o8
giving an inherently conservative result. Other options for G; are the average tensile stress, a selected
characteristic stress between the maximum and minimum, or a substructured detailed numerical
integration of the R-integral within the element. For biaxial principal tension, the summation is
carried out separately for each principal stress.

This equation for R lends itself to simple postprocessing analysis using the finite element stress
output files and the element geometry files for individual volume computation. If the analysis
prediction, based on the maximum element tensile stress, leads to an acceptable Factor of Safety, then



there is no need to proceed further, since a more accurate analysis will produce an even lower Risk of
Rupture and higher margins. This approximation of component Risk of Rupture is more conservative
for higher stress gradients.

The i-th element's tensile stress (its maximum or another representative element stress) should be
normalized to the maximum (critical) operating tensile stress in the operational component as

Oi = O¢ max K;
Substituting in the prior equation gives the component Risk of Rupture at design operating conditions:

_ | Oc(ma)|™ m .
R.= e 3 (K 4V,

This computation is now combined with data from test samples of the brittle material, which provide
reference strength values with information on the Weibull modulus, the scatter, and the effects of size
and stress distribution. Test specimens and specimen data analysis are addressed in a subsection 3.2.
The specimens are most likely to be beams in bending, whose R-value is given directly by equations
such as those in subsection 3.1.2.2. We note that, in the general case, the Risk of Rupture of the test
specimens will be known from direct analysis and evaluation of the R-integral:

Riest = (% dav
Vv

The stress anywhere in the test specimen can be expressed in terms of the maximum stress in the test
specimen (e.g., the maximum outer fiber stress in a beam) and a dimensionless geometric function,
F(x,y,z), describing the applied stress distribution. The specimen volume subject to tension, Vr, is
also used for normalization, leading to a nondimensional geometric function to be integrated:

_ [ Orest(max)I™ m dV
Riest " o, } VT V[F(xa)’sz):l Vy

For most common types of tests and specimen shapes, this function is integrable in closed form.

3.14 ESTIMATING COMPONENT STRENGTH

The Risks of Rupture of the test specimens and of the large component are equated in order to
compare the strengths at the same probability of failure. The test specimen strength, Otest(max), and the

‘maximum operating stress, Oc(max), are known. Thus, we have

O
Gemeofy [ [F y.2)l" T

Rt&st(max) _ Vr =1

Roman) ~ Fetman[" §° (k) AV,




The scaling factor, O, is never explicitly evaluated, but is eliminated by the ratio of the two Risks of
Rupture given by the | previous equation. The relative strength, shown below, gives the strength of the
large brittle structural component in terms of the test specimen strength. This strength prediction
accounts for the effects of size, stress distribution, and statistical scatter (implicit in the Weibull

modulus, m):
(1/m)
f Vr| [Fyn) ﬂ\
v
Gc (max) Vr

T
O-test(max) = \ z (KIM) AV, [

The total component volume that is subject to tension, V p, is the sum of the element volumes, AV;
and these volumes may be normalized also, using Q; = A\)C p giving the normalized expression:

(1/m)
F(x,y,0)" f{/"\
Vtest\ Vr 4

Ver 2 (KMQ;

Gc (max) -
o-test(mwr)

3.14.1 EXAMPLE OF ANALYSIS PROCEDURE - INITIAL DATA

This example utilizes methods and computations that are discussed in more detail in subsection 3.2.
Consider a large spacecraft mirror made of ultralow expansion (ULE) glass. Reference strength and
statistics are taken from laboratory tests of mirror quality uniform bend specimens, 0.125 i ig. high by
0.25 in. wide, with a 2 in. center span, giving a total midspan volume, V ,, of 0.0625 i in3. Surface
preparation is representative of the flight mirror. Groups of at least 15, prcferably 25 to 30, specimens
are tested. The statistical analysis is based on pooling observations from various types of tests, as
discussed in subsection 3.2.1.3, and fitting the median-normalized distribution with an appropriate
Weibull distribution and m-value. The data for ULE glass show a scatter of 20% to 25% coefficient
of variation, which corresponds to m = 5. For this example, the ULE glass test specimen median
strength, Oy;. is 10 ksi. For a sample size of 25 specimens and m = 5, the A-allowable knockdown
factor is about 0.26, as shown in subsection 3.2.1.4.

3.1.42 EXAMPLE - DETAILED COMPUTATIONS FOR FACTOR OF SAFETY
The Risk of Rupture for the test specimens is given by:

Ru= (V" (2(m +1))

and the Risk of Rupture for the component is given by:

R. = ("Cg;m)”’ 2(KMAV;



These Risks of Rupture are equated to give the strength relation

r 1
Oc(max) = i(VUB) 1 m
Otest(mar) 2 T(m+1) Z(K,m) AV;

The output files from the finite element structural analysis of the mirror were postprocessed (see

Appendix A) to give the value X (Ki)™ Vi = 0.113 which, in turn, leads to the predicted component
strength relative to the test specimens

Ocmar — [(0.0625 1)
o;::(max)) - K 2 } (6)(0.1“3) }(5)—0‘54

The A-level design stress for the component is 10,000 x 0.54 X 0.26 = 1404 psi. In this particular
instance, an operating peak stress of about 1000 psi in the component would correspond to a 1.4
Factor of Safety. This Factor of Safety is inherently conservative, being based on the Weibull volume
flaw distribution. Note that the projected component Factor of Safety of 1.4 corresponds to a Factor
of Safety of 7 from the small test specimens’ strength.

3.2 PROCEDURES

Tests conducted on suitable small specimens are used to determine the Weibull modulus for the
material. Data processing methods allow the pooling of tests from several different types of specimen
and sizes. Pooling also provides a more confident basis for selecting the Weibull modulus, permitting
a lower knockdown factor for the A-level design allowable. An A-level design allowable factor is
determined for the test specimens (subsection 3.2.1.4) on the basis of the corresponding probability for
the normal distribution. The Risk of Rupture integral (R-integral) is determined from the geometry of
the test specimen and the applied test stresses. The R-integral is estimated for the large operational
component, and the relative strength of the large structure is computed by the equations of
subsection 3.1.4. This computation yields the A-allowable strength value of the large structural
component, and is compared to the operational stresses to determine the Factor of Safety. The
procedure contains several aspects that make it inherently conservative, as discussed in the following
subsections. Appendix C illustrates some of the statistical strength effects and the data processing.

3.2.1 DEVELOPING MATERIAL DATA

The following subsections address test specimen configuration, recommended number of test
specimens, data normalization, and A-level allowable.

3.2.1.1 TEST SPECIMEN CONFIGURATION

The typical type of specimen used to generate design data for brittle glassy materials is the flex bar.
Tests may be conducted in simple bending (3 point) or in uniform bending (4 point). Specimens may
be rectangular or circular cross sections. Both length and cross-section size may be changed to explore
the effects of size and stress distribution (ASTM flex testing guidelines are available). The specimen
material should be representative of the large structure. Surface preparation, texture, and environment
should simulate that of the operational component. It is well known that surface etching can
substantially increase the strength of glass, and that surface coatings can preserve this improvement
for substantial periods of time in ambient environments. If such strength is critical for the flight
component, and extended storage is a possibility, then witness specimens should be prepared and kept
in the same environments as the flight article. These specimens may be tested to verify preflight
strength and margins of safety.



32.1.2 GUIDELINE FOR NUMBER OF TEST SPECIMENS

The Weibull modulus of brittle materials such as glass and ceramics varies typically between m = 4
and m = 10, with polished glass giving values of around 5. Controlled surface grinding and sawing
decreases the strength and also the scatter, so that the Weibull modulus may increase substantially
from the values of highly polished defect-free surfaces. The test articles should be processed to
represent the critical surfaces of flight hardware.

In order to develop a guideline for sample size, a Monte Carlo study was conducted (see Appendix B)
in which random samples were drawn from an ideal Weibull distribution with m = 5. Replicate
sample sizes of 10, 15, and 25 were generated and analyzed to estimate Weibull modulus.

These semiempirical Monte Carlo trials show that the parent distribution is reasonably recovered from
samples of 15, although, of course, consistency is improved with the larger sample size. Therefore,
the sample size should exceed 15 for each particular test type. Samples of 30 are preferred, especially
if A-level design criteria are to be rigidly imposed. Normalization and pooling techniques may be
used to develop a larger sample size for improving the Weibull modulus estimate and also to decrease
the A-level knockdown factor.

To verify the consistency between the statistical variations and the effects of size and stress
distribution, tests should be conducted with different sizes and stress distributions. These different
test groups can be pooled by normalization to create a larger population base for statistical estimates.

3.2.1.3 DATA NORMALIZATION AND POOLING
The classical form of the Weibull distribution is

r 7
S=exp-! (g—o dVJ

/v

As noted in subsection 3.1.3, the exponential part of the distribution can be rewritten in terms of a
reference maximum stress and a dimensionless geometric function that accounts in general for
specimen shape and applied stress distribution:

R=(g]"v ) [F(x,y.z)}"'%\ = Ln(1/S)
T

The median strength value, @,,,. corresponding to S = 0.5, is given by
- , Omed m dV\
Ln(2) = (Gze" v j Flayd" |
Vr
Eliminating O, gives the general median normalized Weibull distribution:
- -
S=exp {Ln(Z)(—Q—GmedT"}

This normalized distribution allows pooling different sets of data on the same material in order to
estimate the Weibull modulus, m. Each group of data is normalized to the respective median value,
and then combined into a larger pooled population to investigate the statistical strength distribution.
This larger sample size benefits the knockdown factor for A-level allowables (see subsection 3.2.1.4).
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32.14 A-LEVEL DESIGN ALLOWABLES FACTORS

The conventional engineering design requirement for primary structure is the A-level design basis,
defined to have a reliability of 99% with 95% confidence. A less stringent alternative is the B-level
design basis, defined to have a reliability of 90% with 95% confidence. The design-allowable
knockdown levels are dependent on the reference data base. The B-level is used for secondary
structure, for multiple load path designs, and for cases where the design data base is known to be
excessively scattered. A guideline knockdown factor table is provided in MIL-HBKS, based on the
normal distribution. The knockdown factor is very sensitive to the number of test specimens. For
example, the traditional 3-sigma knockdown, used by most designers, is equivalent to an A-level only
if there are over 30 test specimens in the design data generation program.

The MIL-HBKS guideline is based on the standardized normal distribution, and the A-level
knockdown is given in terms of a number of standard deviations, KA, from the mean or median value.
For metallic primary structures the variability is typically very small, on the order of a few percent at
most, and the A-level allowable is around 90% of the median strength value. For brittle materials like
glass and ceramics, the variability is much greater, and the normal distribution is physically
inadmissible as a rational description of material behavior. Table 1 gives the A-level normal
probability of survival, S, for various combinations of sample size and scatter. These A-level
probabilities are used to establish the corresponding knockdown factors for the Weibull distribution
having coefficients of variation CV and equivalent Weibull Moduli, m. The factors are tabulated and
plotted below in Figure 3.

Table 1. A-level Equivalent Knockdown Factors for Weibull Distributions

Sample size = 10 15 25 50 100 inf.
No. of std, devs. KA = 398 3.52 3.16 2.86 2.68 233

Normal Dist A-level S=  0.99997 0.99978 0.99921 0.99788 0.99632 0.9901

CV m Weibull A-Allowable as fraction of median, Ka

0.24 5 0.134 0.2 0.258 0314 0.351 0.428
0.15 8 0.285 0.365 0.429 0.485 0.52 0.588
0.12 _ 10 0.366 0.447 0.508 0.561 0.592 0.654
0.086 14 0.488 0.562 0.616 0.661 0.688 0.739
0.043 28 0.698 0.75 0.785 0.813 0.829 0.859
0.033 36 0.756 0.8 0.828 0.851 0.865 0.889
- 09 T
% 08 —

(ol ' - /4 ounamnn
o —— /1
S 06 fets — —
e f ' " — infinite
S 0.5 4 P

g LY A -o- N=100
£ 04 o A :';.K:-: ../

g 03 AL - N=30
= AR -~ N=25
- 0.1 —~— N=10
< 0

4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36
Weibull Modulus, m (m = 1.2/CV)
Figure 3. A-Level Allowables for Weibull Distribution
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322 COMPUTING THE COMPONENT FACTOR OF SAFETY

This subsection presents several basic steps to arrive at the component Factor of Safety: (1) limiting
the stress gradient in the finite elements; (2) determining the appropriate mesh fineness; (3) using the
FE analysis to get the component Risk of Rupture ; (4) postprocessing analysis files; (5) estimating the
component's expected strength, and (6) determining the component A-level allowable strength and
corresponding Factor of Safety by comparison with test specimen data.

3.2.2.1 GUIDELINE FOR LIMITING ELEMENT STRESS GRADIENT

The conservative approach for numerical computation of the Risk of Rupture is to use the maximum
principal tension in the finite element as effectively constant throughout the element. This approach
may be excessively conservative when there is a significant stress gradient, and the resulting predicted
strength reduction may be very large. A more accurate approach is necessary to avoid excessively
pessimistic predictions. The computations in this subsection provide a more accurate analysis of the
Risk of Rupture for a linear stress gradient within the element.

Consider the schematic finite element shown in Figure 4.

minimum element stress & Zj

min

—— =

- .
y X
| h

y v 4

&
y -
L

<
maximum element stress Opmax

Figure 4. Finite Element with Linear Gradient

The Risk of Rupture is defined as

R= (g—;)”‘ dv

where de = Zj Xj dY, and the stress varies only in the Y-direction

R= l Omin + (o’max - o'min)Y_}m Zj Xj dy
( Y, Y,




Rewriting R in volume-normalized form (see subsection 3.1.3) gives

¥y

v, 1
R=—_! [O'min"'(omax' Omi )mei
(Go)™) " Y,-J Y;
Letting W= Y/, A=o0,, .andB=o0,, -0, . wehave

W=l

(A + BW)" aw

W=0

Vj
(00) ™

Integration and rearrangement lead to the following expression, which is equated to the Risk of
Rupture for equivalent uniform tension throughout the element volume

| - _Q'_m_irl)('""'l)

R = Vj (Gmax Omax

Geq mn

% || (m + 1)1 - Zain) =V"(FO)

This expression defines an equivalent uniform stress, G, which produces the same Risk of Rupture
as the linear stress gradient. The graph of this relation, shown in Figure S, provides a basis for more
refined R-integral computation, if needed. Using the uniform equivalent stress computation in regions
of linear stress gradients will give more accurate and less pessimistic estimates:

. 1
Cuy =!_ 1_(%’:;1)(m+1) -[m
Omax (m+1>(1-ﬁm)J

Gm ax

-0- m=
-&- m=11

o
o0

Ratio of equivalent stress
to maximum stress
o
o
A\‘U‘k\

0.75
0.6 0.65 0.7 0.75 0.8 0.85 09 0.95 1

Ratio of minimum to maximum stress in Element

Figure 5. Equivalent uniform stress for linear gradient
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3222 GUIDELINE FOR DETERMINING MESH FINENESS

For most cases of finite-element structural analysis of large, brittle components, the finite element mesh
will be sufficiently fine for adequate estimates of the Risk of Rupture by the maximum principal tensile
stress acting uniformly in the element volume. Where the stress varies significantly through the element,
the previous subsection provides a guideline to improve the accuracy of the Risk of Rupture computation.
If gradients through the finite elements are sharp and possibly nonlinear, or highly skewed with respect to
the element boundaries, it may be appropriate to remesh the FE grid more finely in the local tensile stress
regions or to introduce conservative analysis in this region.

If the ratio of minimum-to-maximum tensile stress in an element is less than 0.80, or the stress gradient
is not congruent with the element boundaries, or the correction of subsection 3.2.2.1 is not deemed
adequate, the finite element mesh should be refined. It is recommended that minimum-to-maximum
stress ratio exceed 0.80.

3.2.23 FE ANALYSIS OF COMPONENT AND R-INTEGRAL

Appendix A provides a computerized procedure to estimate the Risk of Rupture from the FE stress
analysis. The procedure uses the maximum principal tension uniformly distributed within the element
volume. The Weibull modulus, m, must be derived from specimen testing.

The FE analysis files provide the volume of each element, the principal tensile stresses, and the average
tensile stress in the element, the K value (ratio of element peak tension to the overall peak tensile stress
in the component). The individual element Risk of Rupture for the i-th element is given by

R;(0,)™ =(K)™ @AV}

The ultimate objective is the component Risk of Rupture, Re, given by the equation noted in subsection
3.1.3, with V. denoting the whole volume in tension:

R = e ; (K AV,

3224 FE ANALYSIS POSTPROCESSING

A postprocess procedure may be set up, using Appendix A as a guide, to compute and tabulate the
parameters discussed in the previous paragraph: the volume, maximum and minimum principal tensions
in each element, the equivalent element stress (subsection 3.2.2.1), the K value, and the individual scaled
Risk of Rupture value. The computations should be presented in a table of file columns, as shown below.

The columns of individual finite element volume, and total scaled Risk of Rupture results should be
added to give the total component volume and scaled Risk of Rupture.

An example tabulation for each element is given below (numbers are arbitrary, m = 5, see Appendix A):

elem. No.  elem. vol. max. tensile min. tensile equiv. tensile  K-ratio K™ K™aAv,
112 0.002 3000 2400 2715 0.93 0.696 0.00139
total vol. total

This table applies only to elements in tension, and there will be two columns for K if both principal
stresses are tensile, as noted in subsection 3.1.3.



3.2.25 DETERMINING THE COMPONENT FACTOR OF SAFETY

This procedure is identical with that shown in subsection 3.1.4.1, where equating the specimen and
component Risks of Rupture gives the ratio of expected strengths at the same probability of failure.
The test specimen Risk of Rupture is usually determined in closed form, in terms of a geometric
function reflecting the tensile stress distribution throughout the specimen, which is usually simple
enough to allow the integration, as discussed in subsections 3.1.2 and 3.1.4. The relative reference
strength of the component to the specimen is given by

(1/m)
Vel [Fy.of” QK\
Vr

Gc (max) = Vr

O-test(max) \ Z (KZM) AV, I
Vr

The integrand, which varies with test type, is denoted by F* , and the component strength is given by:

Vi F* }#

; (K" AV, I

Oc (max) = Otest (max

In order to estimate the Factor of Safety, the reference component strength, O, in the above
equation must be reduced to the A-level allowable strength in the component. The%fevel allowable
component strength, O, .y, - is determined from the knockdown factors (denoted here by K)
defined in subsection 35 f4and Figure 3.

The Factor of Safety is given by the ratio of A-level allowable strength to the maximum operational
stress, O,p(max): in the component:

FOS = Ocaiow - K, {G’eﬂ(max)jl Vi F * ml

Oop(mar) Oop(mar) Y (K" Av;
Vr

A particular form of this computation was used in the example of subsection 3.1.4.1.

This equation addresses the scatter and allowable knockdown factors for the Weibull distribution,
through K, It also addresses the effect of stress distribution and size difference between test
specimens and operational component, through the bracketed factor and the Weibull modulus, m.
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1. Introduction

Previous studies (References 1 and 2) indicate that the strength of a brittle structure can be
estimated by determining the term ZK™,;V;, using results of a finite element analysis of the
structure and Weibull parameter. The process of calculation of this summation is very time-.
consuming and therefore it needs to be computerized. A computer program, called WEIBULL, was
developed for this purpose. This program will determine the subject summation if the volume and
corresponding tensile stress of each element in the analysis model are known. Another computer
program, called READFILE, was developed to transfer the values of volumes and stresses of all
clememsinthcmodel,ﬁ'omthemcturalanalysisoutpmﬁle,totwodanﬁ]uwhichwﬂlbensed
later as input files for the WEIBULL program.

Thismmnﬂwmfamﬂiniuymwhhtbebuiaofthemopmmmmmmm
It will help you get started in two steps. Fim.itwillprovideaquickovmiewoftbetwoprom.
Second, it will guide you through a hands-on example. Listings of the two programs are also
included in the appendix. .
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2. Overview Of The READFILE Program

READFILE is a computer program written in VAX C language. Its function is to scan through the
output file of the NASTRAN analysis run and transfer all information conceming the volumes and
corresponding stresses of all elements in the model to two scparate data files.

The program was prepared as generally as possible so that it can be used to obtain any data for any
group of elements, and can be used for other structural analysis output files with little
modifications. To serve that purpose, the program was developed such that it can read in any file
(INPUT FILE) and write it, or a portion of it, in the form of two columns (in our application, one
column is for the element ID numbers, the other is for either the corresponding volumes or
stresses), to another file (OUTPUT FILE). To allow the user the option to name his/her output file,
the names of the two input and output files are to supplied in the command line that invokes the
program, However,to pass the file names to the program as arguments, the program must be
installed as a DCL foreign command. As explained in page 5-16 of "Guide to VAX C" (for VAX C
Version 3.0), the program name can be assigned to a symbol that is later used to invoke the
program. For example, to assign the program to the symbol ECHO, the following command can be
used:

$ ECHO == "$ DISK$AES204:[D4300.NGUYENTJREADFILE.EXE"
Now, the program can be run by typing at the command line the following:
$ ECHO InputFileName OutputFileName
Example: $ ECHO NASTRAN.F06 VOLUME DAT

If the user specifies an existing name for the output file, data will be added to the end of the given
file. Next, the program will prompt the user for additional data that locate the portion in the Input
File to be read. These data include:

1.  The string (FIRST STRING) locating the start of the file portion of interest, e.g. PAGE.

2. The farthest-to-the-left string (SECOND STRING) from which the position of the two
columns to be read are referenced.

3.  The starting value of a group of incrementing numbers attributing to the first string, e.g.
StartingPageNumber.

4.  The ending value of the group of incrementing numbers attributing to the first sting,
e.g. EndingPageNumber.

S.  The number of lines from the line containing the first string to the top line of the two
subject columns (vertical reference for both columns). -

6. The number of character spaces from the beginning of the second string to the beginning
of the first column (horizontal reference for the first colurmn).

7. The number of character spaces from the beginning of the second string to the beginning
of the second column (horizontal reference for the second column).
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Figure1showspaniallistingofatypicaldmﬁlewithd:erequh'eddminpmformepmgmm
READFILE.

There might be other unnecessary data that coincidentally fit the given locating data input. These

data will also be displayed in the two columns and therefore, they must be removed by editing the
output files before the files can be used as input files for the program WEIBULL. :
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required data input for

the program READFILE

I - A typical data file with
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3. Overview Of The WEIBULL Program

WEIBULL is written in VAX FORTRAN language. Input files to this program consist of the
‘“VOLUME.DAT" and the ‘STRESS.DAT"’ data files which are generated by the program
READFILE. After reading these two input files, knowing the volumes and the corresponding
stresses of all elements in the model, the program will determine the maximum tensile stress of the
entire structure. Finally, the program will calculate the summarion IK™.V; where V; is the volume
of the ith element and K| is the ratio of the tensile stress of the ith element to the maximum tensile
stress of the entire structure. The first two DIMENSION statemnents in the program can be
modified for larger analysis problem. As shown, the program can take 2000 elements with 2000
values for volumes and 4000 values for stresses (There are a maximum and a minimum stress value
for each element); also, the element ID numbers for these 2000 elements cannot exceed the number
3000.

To execute this program, the following command can be typed:
$ RUN WEIBULL
The program will prompt the user for the value of Weibull parameter:
ENTER WEIBULL PARAMETER (#.#)

After the user enters the Weibull parameter (using format #.#, e.g. 5.2), the program will perform
the calculations and write out the results in a file called WEIBULL.OUT. The calculated value of
ZK™,V; in this file can be used in estimating the strength of the structure as described previously in
References (1) and (2).
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4. Example

To process the portion of NASTRAN output file as shown in Table 1, the following steps can be
performed: :

° To assign the program READFILE to a symbol called ECHO:
$ ECHO == "$ DISK$SAES204:[D4300.NGUYENT]READFILE.EXE"
° To obtain a file containing volumes of all elements in the model:

$ ECHO NASTRAN.F06 VOLUME.DAT
Input control parameters: PAGE ELEMENT 65 65 51 3 20

This computer run will create a data file called VOLUME.DAT that contains volumes
for the first column of elements as shown in Table 2. Note that this file might have to
be edited to remove any undesired data. Additional runs have to be performed for the
remaining elements. Data inputs for these runs are:

Input control parameters: PAGE ELEMENT 65 65 51 33 32
Input control parameters: PAGE ELEMENT 65 65 51 67 84
Input control parameters: PAGE ELEMENT 65 65 51 99 116
Input control parameters: PAGE ELEMENT 66 75 8 3 20
Input control parameters: PAGE ELEMENT 66 75 8 35 52
Input control parameters: PAGE ELEMENT 66 75 8 67 84
Input control parameters: PAGE ELEMENT 66 75 8 99 116

Table 3 shows the complete VOLUME.DAT file.
° To obtain a file containing principal stresses of all elements in the model:

$ ECHO NASTRAN.F06 STRESS.DAT
Input control parameters: PAGE ELEMENT 305 409 9 3 86

Table 4 shows a panial listing of the STRESS.DAT file.
o To run program WEIBULL:
$ RUN WEIBULL
ENTER WEIBULL PARAMETER (#.#)
5.0

Table 5 shows the results of this run (file WEIBULL.OUT).
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TABLE 1 - An Excerpt From
NASTRAN Output File

This excerpt shows how volumes and
resulted stresses of all elements in the
model are presented in the NASTRAN
output file.
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TABLE 2 - A Partial Listing of
File VOLUME.DAT

This listing shows the result of the first
computer run of the program READFILE
in reading the volumes of those elements
listed in the first column of the NASTRAN
output file as shown in Table 1.
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.023283
.023361
.023371
.023391
.023371
.023361
.023361
.023361
.011458
.0139891
.023283
.016111



TABLE 3 - A Complete Listing of
File VOLUME.DAT

This listing shows the result of all the
-computer runs of the program READFILE
in reading volumes of all elements listed in
the NASTRAN output file as shown in
Table 1.



116"

158

189
203
207
211
215
219
251
277
281
285
293
287
327
331
353

B et

.027701
.019588
.023283
.038667
.023283
.023361
.023371
.023283
.023371
.023361
.023246
.023361
.016041
.011497
.011508
.013994
.023391
.023246
.023283
.023391
.023371
.023361
.023361
.023361
.038781
.016096
.027619
.0195892
.011508
.023365
.0329

.027649
.023391
.023391
.023371
.023283
.019588
.023246
.023361
.023361
.023361
.023246
.013994
.023369
.023371
.023371
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TABLE 4 - A Partial Listing of
File STRESS.DAT

This listing shows the result of the
execution of the progam READFILE in
reading the principal stresses of all
elements in the model.
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[ 9]
3

23
24
25
26
27
28
29
30
31
32
33
34
37
38
47
48
49
50
51
52
S3
54
55
56
57
S8
69
70
71
72
75

VMFEHEPRPYOARNWHAARJIAIWLWOLFPFOLE PRSI W W ) ue

NHPRPRPNONHEB R QoW bno o

| UL UL
LNUBHENDHEEPEGOBEN SR

e

L423322=2-21
.370184E+01
.133324E+01
.377534E+01
.405219E+01
.253616E+01
.167787E+01
.694920E+01
.026727E+00
.028487E+00
.588351E+00
.703049E+00
.486169E-01
.591354E+01
.494180E+00
.188584E+Q0
.886485E+01
.975111E+01
.369182E+01
.505077E+01
.432576E+02
.465224E+01
.482987E+01
.318105E+02
.140154E+01
.927631E+01
.429088E-01
.962685E+01
.261949E+02
.018380E+01
.180051E+02
.399296E+01
.312255E+01
.120956E+01
.844344E+01
.86213S5E+01
.362578E+00
.135316E+01
.913837E+01
.577346E+01
.964378E+00
.192653E+01
.233275E+01
.989032E+01
.030616E+00

.

020785E+00

.590810E+01
.356768E~01
.188783E+01
.946831E+00
.499645E+00
.051637E+00
.290546E+00
.351501E+00
.044339E+00
.470842E+00
.848735E+00
.339524E+00
.491037E+00
.181815E+00
.184860E+00
.320040E+01
.207570E+00
.070053E-01
.972058E+01
.701298E+01
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TABLE 5 - A Partial Listing of
File WEIBULL.OUT

This listing shows the result of the
execution of the program WEIBULL using
the VOLUME.DAT and STRESS.DAT
files as input.
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MAXIMUM TENSILE

2113
2114
2115
211¢
2117
2118
2119
2120
2121
2122
2123
2124
2125
2126
2127
2128
2130
2132

0

SIGMA (VI* (KI**M)) =

VOLUME

.0232830
.0233910
.0232830
.0233910
.0233610
.0232460
.0233610
.0232460
.0233710
.0233710
.0233710
.0232830
.0233910
.0233710
.0232830
.0233910
.0233710
.0233710
.0233710
.0233710
.0233610

CO000O0O0O0OO0O00DODO0OO0OQO0OO0OO000O0O0

.0435390
.0402030
.0804050
.0402030
0402030
.0804050
.0402030
.0599980
.0184430
.0184430
.0137610
.0137610
.0376600
.0269000
.0295490
.0211060
.0142050
.0198870
.0000000

0000000000000 0OC0O0O00O0

STRZEZS,

V]
in
[N

TENSILE STR

79.7018
83.7753
74.0522
71.6779
2.0267
1.7030
15.9135
5.4942
58.8648
75.0508
143.2576
131.810S5
69.2763
99.6268
126.1949
118.0051
81.2096
58.4434
31.3532
85.7735
11.9265

39.3876
28.2241
10.7030
10.6147
67.3811
72.5601
249.9942
79.4675
37.6463
125.9023
23.3820
29.8033
164.3263
80.6225
114.8054
75.1257
53.2308
70.0470
0.0000

Cewm S

VI* (KI**M)

0.94625E-06
0.12197E-05
0.65517E-06
0.55924E-06
0.10095E-13
0.42083E-14
0.30127E-09
0.14706E-11
0.20873E-06
0.70320E-06

0.17819E-04
0.11706E-04
0.47163E-06
0.28986E~-05
0.94161E-05
0.67636E-05
0.10431E-05
0.20136E-06
0.89476E-08
0.23797E-05
0.71234E-10

.52156E-07
.90987E-08
.14271E-09
.68458E-10
.70563E-06
.20436E-05
.49606E-03
.24027E-05
.17622E-07
.73727E-05
.12153E-08
.40888E-08
.57022E-04
.11579E-05
.74470E-05
.63823E-06
.76715E-07
.42378E-06
.00000E+00

0000000000000 0DO0OOO

0.11311E+00
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6. Appendix

A.1.1 Listing of C program READFILE.C
A.1.2 Listing of FORTRAN program WEIBULL.FOR
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APPENDIX A.1.1 - Listing of C Program
READFILE.C
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/* PRCGRAM REALDFILE.C

This program is written in VAX C computer language. It reads in a file
(INPUT FILE) and write it, or a portion of it, in the form of two
colunns, to another file (OUTPUT FILE).

The names of the two INPUT & OUTPUT files are to be supplied in the
command line that invokes the program. In addition, to pass the file
names to the program as arguments, the program must be installed as a
DCL foreign command. As explained in page 5-16 of "Guide to VAX C" (for
VAX C Version 3.0), the program name can be assigned to a symbol that
is later used to invoke the program. For example, if the symbol is ECHO,
the program can be run by typing at the command line the following:

$ ECHO InputFileName OutputFileName
Data supplied to the program include:

1. The string (FIRST STRING) locating the start of the file portion of
interest, e.g. PAGE;

2. The farthest-to-the-left string (SECOND STRING) from which the
position of the two columns to be read are referenced;

3. The starting value of the group of incrementing numbers attributing
to the first string, e.g. StartingPageNumber;

4. The ending value of the group of incrementing numbers attributing
to the first string, e.g. EndingPageNumber;

5. The number of lines from the line containing the first string to the
top line of the two subject columns (vertical reference for both
cclumns) ;

6. The number of character spaces from the beginning of the second
string to the beginning of the first column (horizontal reference
for the first column);

7. The number of character spaces from the beginning of the second
string to the beginning of the second column (horizontal reference
for the second column).

Example: PAGE ELEMENT 64 72 7 3 20

~/

tinclude stdlib
finclude stdio
#include string

$define TRUE 1
#define FALSE 0

main (int argc, char **argv)
{
FILE *infile, *outfile;
char *tmp, *ptrl, *ptr2, *ptr3;
char line[140]), stxl([20], str2[20], outstrl[8]="", outstr2[l4]="";
int pgstrt, pgend, lnstrt, offsetl, offset2;
int first=TRUE;
int pg=0;
int 1ln=0;

if (argc != 3)
{

printf("\n%s%sis\n", "Usage: ", argv{0], " infile outfile");
exit (1) :;

}

infile=fopen (argv({l], "z");
ocutfile=fopen (argv([2], "a");

printf ("\nInput control parameters: ");

scanf("%¥s %s %d %d %¥d %d %d", strl, str2, &pgstrt, &pgend, &lnstrt, &offsetl,
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while fzets . line, 14C. nfile; = NULL)

++1ln;
if(line[0]==’\n")
continue;
if ((tmp=strstr(line, str2)) {= NULL)
{
if(first)
{
ptrl=tmp;
first=FALSE;
}
else if (tmp<ptrl)
ptrl=tmp;
}
if (strstr(line, strl))
{
++pg;
ln=1;
continue;

}
if ((pg>=pgstrt) && (pg<=pgend) && (ln>=lnstrt))
{

ptr2=ptri+offsetl;
ptr3=ptrl+offsetl;
strncpy (outstrl, "\0", 8);
strncpy (outstrl, ptr2, 7);

The two numbers 14 and 13 in the following two ’strncpy’ functions can be
changed to 11 and 10, respectively, to read the values of elementary volumes
in the second column. Numbers 14 and 13 are for stress values.

strncpy (outstr2, "\0", 14):;:
strncpy (outstr2, ptr3, 13);
strncat (outstrl, outstr2, 14);
fputs (outstrl, outfile);
fpute(’\n’, outfile);
}

}

free (outstrl);

free (outstrl);

fclose(infile);

fclose(outfile);



APPENDIX A.1.2 - Listing of FORTRAN Program
WEIBULL.FOR
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. This program calculates the summation of Vi* (Ki**m) where Vi is
the volume of the ith element and Ki is the ratio of the tensile
stress of the ith element tc the maximum tensile stress of the
entize structure.

Input files to this program consist of the ’'VOLUME.DAT’ and the
' STRESS.DAT’ data files. These files can be generated from the
NASTRAN output file with the use of the program ’'READFILE.C’.
After reading these two input files, knowing the volume and the
corresponding tensile stress of each individual element, the
program will determine the maximum tensile stress of the entire
structure.
Finally, the program will calculate the ratio Ki and the subject
summation in a do-loop.
DIMENSION IELV(2000),IELS (4000),V(3000),S(3000)
DIMENSION SEL (2),IS(4000),STRESS (4000)
REAL M
OPEN (UNIT=1,FILE=’VOLUME .DAT’ , STATUS=’OLD’)
OPEN(UNIT=2,FILE='STRESS.DAT’, STATUS=’OLD’)
OPEN(UNIT=3,FILE='WEIBULL.QUT’ , STATUS=’NEW’)
c ----------------------------------------------- cocecccacaea cocvceacacee
C Receive value of Weibull parameter m from the terminal

aoaaaooooaaaoaaaac a

PRINT S .

5 FORMAT (1X,'ENTER WEIBULL PARAMETER (#.#)’)
ACCEPT 10, M

10 FORMAT (F3.0)

C Read in volumes of all elements

READ (1, 20,END=25) (IELV(I),V(IELV(I)),I=1,2000)
20 FORMAT (I5,2X,F10.6)

Creorecrmcrcsrcarcrncrccccrccccccmcrcccrccccccwan o ace=o- - e - —ececocecsccacacees
C Read in the two stress values of all elements and alsoc determine
C the larger value between these two values. If the larger value is
C negative, use zero (0) as the tensile stress for this particular
C element.
C Each element has only 1 value for volume but 2 values (minimum &
C maximum) for stress. Therefore, if IMAX is the total number of
C elements (determined after reading in VOLUME.DAT file), then the
C total number of stress values to be read in is 2xIMAX.
25 IMAX=I
I=]
N=0
DO 60 J=1, (2*IMAX)
READ (2,30,END=60) IS (J),STRESS (J)
30 FORMAT (I5,2X,E13.6)
N=N+1
SEL (N) =STRESS (J)
IF (N .EQ. 2) THEN
IF (SEL(l) .GT. SEL(2)) THEN
S (IELS(I) )=SEL(1)
ELSE
S(IELS(I) )=SEL(2)
END IF
IF (S(IELS(I)) .LT. 0.) S(IELS(I))=0.
N=(Q
I=I+1
ELSE
IELS(I)=IS(J)
END IF
60 CONTINUE
c --------------------------------------------------------------------



< -2lurTine . ZALL) . CTensSLle stress I tTle ent.re sTrTicture

DO 74 I=1,IMAX
IF (S(IELS(I))-SMAX)74,74,72
72 SMAX=S (IELS (I))
74 CONTINUE

C Determine the summation of Vi*(Ki**m) and print out the results

TOTSIG=0.0
WRITE (3, 75) SMAX
75  FORMAT(/,31H MAXIMUM TENSILE STRESS, PSI = ,F10.3,/)
WRITE (3, 80)
80 FORMAT(/,41HE ELEM VOLUME TENSILE STR VI* (KI**M),/)
DO 100 I=1l,IMAX
SIGMA=V (IELS (I)) * ((S (IELS (I)) /SMAX) **M)
TOTSIG=TOTSIG+SIGMA
WRITE (3, 90) IELS(I),V(IELS(I)),S(IELS(I))},SIGMA
90 FORMAT (2X, I4,2X,F9.7,2X,¥9.4,2X,E12.5)
100 CONTINUE
WRITE (3,110) TOTSIG
110 FORMAT(/,22H SIGMA(VI*(KI**M)) = ,E12.5)

CLOSE (UNIT=1)
CLOSE (UNIT=2)
CLOSE (UNIT=3)
STOP

END
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APPENDIX A.2

FINITE ELEMENT ANALYSIS
POST-PROCESSING RESULTS
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Section 1

SUMMARY

This report presents the results of the finite element analyses and NASTRAN post-
processing codes performed by Aerojet Electronic Systems Division in support of the
Brittle Structures Study conducted by The Aerospace Corporation.

Various finite element analysis runs have been performed for a simple 4-point, flex
specimen and the sensor primary mirror. Results obtained in the 4-point flex specimen
analysis indicate that, for the same aspect ratio, the calculated risk of rupture decreases as
the number of elements across the beam thickness increases, i.e., for a constant aspect
ratio, mesh fineness does improve the calculated value of the risk of rupture. Also, for
thin elements (aspect ratio of 4 or above), changing the element aspect ratio will not
affect the risk of rupture significantly.

In the primary mirror analysis, the strength of the mirror was estimated with the use of
the NASTRAN output file and the post-processing codes. An estimated strength of 5063
psi was determined for the mirror for a Weibull parameter of 5.0 and a material modulus
of rupture of 10815 psi.

The two post-processing codes were developed for use on the VAX computer system.
Listings of the codes and user’s manual are also included in this report.
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Section 2

ANAILYSIS OF A SIMPLE 4-POINT FLEX SPECIMEN

The theoretical risk of rupture R for a 4-point flex specimen was derived in Reference 1
as:

R = (m+3)V ™y ,qp/6(m+1)2 0™

where m is Weibull parameter, OMOR is modulus of rupture, % is a material constant,
and V is the specimen volume.

The risk of rupture based on a finite element analysis of the specimen is

n
Rgg = Lo;™Vy/o™,
where n is the number of elements.

A ratio of RFE/R can be calculated to eliminate 0, as:

Rpe/R = 6(m+1)2'iaimvi/(m+3)VamMOR

For a given Weibull parameter m, this ratio can be determined for a particular finite
element analysis run. This ratio should be greater than 1.0 because the calculated risk of
rupture was obtained by applying the peak stress in a finite element to the entire volume
of that element while the theoretical value was calculated by integrating the stress linearly
over the entire element volume.

Five different analysis runs have been performed with the use of the NASTRAN
computer program. Details of the analysis assumptions and boundary conditions were
described in Reference 1. A summary of the results obtained from these runs was shown
in Table 1.

Results of the two analysis runs #1 and #2 indicated that, for the same aspect ratio (=1),
the Rpg/R ratio was reduced significantly (48.3%) as the number of elements across the
beam thickness increased. The two analysis runs #2 and #3 indicated that, for the same
proportional increase in the number of elements across the beam thickness, i.e. 2 times,
the ratio Rgg/R was reduced only 38.4%, instead of 48.3%, if the aspect ratio was
increased at the same time to 1.6. There can be only two reasons for this behavior: either
the aspect ratio is inversely proportional to the reduction of the ratio Rgg/R, or the rate of
reduction of the ratio Rp p/R is slower for a higher number of elements across the beam
thickness. The results of the two analysis runs #4 and #5 eliminate the first reason
because, for the same number of elements across the beam thickness, increasing the
aspect ratio (from 4 to 8 for outer elements) does not increase the ratio Rgg/R. In fact, it
does reduce this ratio, although not significantly, from 2.006 to 2.000.
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Section 3

ANALYSIS OF SENSOR PRIMARY MIRROR

The primary mirror was analyzed by the finite element method, with the use of the
NASTRAN computer program. Details of the analysis assumptions and boundary ,
conditions were described in Reference 2.

For a Weibull parameter of 5, a modulus of rupture of 10815 psi and the same risk of
rupture as that of a 3-point bend specimen, the estimated strength was determined as 5063
psi. A margin of safety of 5.0 was obtained when the maximum principal tensile stress of
602 psi found in the mirror was compared with the calculated MOR of 5063 psi, using a
conservative factor of safety of 1.40.

This analysis also illustrated the application of the post-processing codes in determining
the risk of rupture of a brittle structure.
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Section 4

POST-PROCESSING CODES FOR ESTIMATING
STRENGTH OF BRITTLE STRUCTURES

Figure 1 outlines the procedure for estimating the strength of brittle structures using
NASTRAN output file. Basically, there are two post-processing codes for this task. A
computer program called READFILE, written in Vax C computer language, is used to
scan through the NASTRAN output file to extract only information concerning the
volumes and pertinent stresses of all elements in the analyzed model. Another, computer
program called WEIBULL, written in Vax FORTRAN computer language, is used to
calculate the term ZK,;"V, required in the strength estimation, using the output files of
the READFILE program as data input.

Listings of the two computer programs READFILE and WEIBULL as well as the user’s
manual are shown in the Appendix.
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Section 6

APPENDIX



MAXIMUM TENSILE STRESS, PSI = 602.109

ELEM VOLUME TENSILE STR VI*{(KI**M)

21 0.0232830 79.7018 0.94625E-06
22 0.0233910 83.7753 0.12197E-05
23 0.0232830 74.0522 0.65517E-06
24 0.0233910 71.6779 0.55924E-06
25 0.0233610 2.0267 0.10095E-13
26 0.0232460 1.7030 0.42083E-14
27 0.0233610 15.9135 0.30127E-08
28 0.0232460 5.4942 0.14706E-11
29 0.0233710 58.8648 0.20873E-06
30 0.0233710 75.0508 0.70320E-06
31 0.0233710 143.2576 0.17819E-04
32 0.0232830 131.8105 0.11706E-04
33 0.0233910 69.2763 0.47163E-06
34 (.0233710 99.6268 0.28986E-05
37 0.0232830 126.1949 0.94161E-05
38 0.0233910 118.0051 0.67636E-05
47 0.0233710 81.2096 0.10431E-05
48 0.0233710 58.4434 0.20136E-06
49 0.0233710 31.3532 0.89476E-08
50 0.0233710 95.7735 0.23797E-05
51 0.0233610 11.9265 0.71234E-10
52 0.0232460 19.8903 0.91450E-09
53 0.0233610 2.0208 0.99476E-14
54 0.0233610 15.9081 0.30075E-09
55 0.0233610 11.8878 0.70086E-10
56 0.0233610 0.0000 0.00000E+00
57 0.0232460 7.2905 0.60502E-11
58 0.0233610 0.0000 0.00000E+00
69 0.0233610 1.8487 0.63751E-~-14
70 0.0233610 0.0000 0.00000E+00
71 0.0233610 13.2004 0.11832E-09
72 0.0233610 0.5070 0.98896E-17
75 0.0114580 57.0130 0.87217E-07
79 0.0277010 100.8231 0.36469E-05
100 0.0160410 360.5690 0.12354E-02
101 0.0387810 247.8088 0.45796E-03
103 0.0139910 160.1197 0.18608E-04
106 0.0195880 322.9987 0.87020E-03
109 0.0114970 58.2293 0.97256E-07
110 0.0160960 335.6024 0.86590E-03
111 0.0232830 52.0905 0.11284E-06
112 0.0232830 70.6760 0.51883E-06
115 0.0115080 11.0466 0.23920E-10
116 0.0276190 29.4989 0.77958E-08
120 0.0161110 16.0924 0.21971E-09
121 0.0386670 23.2394 0.33120E-08
123 0.0139940 43.5327 0.27647E-0Q7
158 0.0195920 ©14.4523 0.15609E-09
161 0.0115080 11.0143 0.23573E-10
162 0.0161110 16.1635 0.22461E-09
163 0.0232460 1.7037 0.42159E-14
164 0.0232460 5.4923 0.14681lE-11
165 0.0233650 80.3536 0.98905E-06
166 0.0233610 80.8078 0.18228E-05
167 0.0233690 77.7085 0.83677E-06
168 0.0233590 74.4274 0.67413E-06
178 0.0329000 125.3183 0.12850E-04
180 0.0460600 324.2745 0.20870E-0Q2
187 0.0232830 90.3605 0.17724E-05
188 0.0232830 74.4452 0.67274E-06
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330
331
332
339
340
353
354
385
386
390
391
393
396
399
400
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.Uz 76490
.0387090
.1247180
.0233710
.0233910
.0233710
.0233910
.0233910
.0233910
.0233710
.0233910
.0233910
.0233710
.0233910
.0233910
.0232830
.0232830
.0232830
.0232830
.0139%9910
.0195880
.0328590
.0460030
.0232460
.0232460
.0276190
.0386670
.1247150
.0233610
.0233610
.0233610
.0233610
.0233610
.0233610
.0233610
.0233610
.0233610
.0233610
.0233610
.0233610
.0232460
.0232460
. 0232460
.0232460
.01399%40
.019592¢0
.0233650
.0233610
.0233690
.0233590
.0233710
.0233710
.0233710
.0233710
.0233710
.0233710
.0233710
.0233710
.0160780
.0387140
.0114840
.0276530
.0195610
.0139720
.0160740
.0114820

[

N
OWNNOOOOUULMWMNNKRFOFW

b
- W

-~
w

- L
B UOOoONWRW
AOVUNINWL IR

.9809
.8043
.4846
.1983
.8229
.4952
.2654
.8708

.5045
.3496
.0117
.2911
.1247
.2161
.8139
.6447
.0944
.3850
.5607
.7728
.3161
.1655
.1548
.8511
.2940
.4117
.2728
.7619
.8560
.0000
.9601
.9686
.4241
.4211
.1866
.5419
.5538
.5279
.0000
.0000
.7740
.8541
.6784
.2210
.5106
.4652
.1854
.4653
.1503
.8566
.8267
.5587
.3327
.5386
102.

1202
.4326

.5958
.5089
.0858
.3514
.9093
.3071
.9973

.1526
.4478
L3111
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.46713E-05
.15576E-03
.62765E-06
.12497E-05
.20167E-04
.12719E-05
.11830E-05
.45798E-06
.18586E-06
.50670E-07
.23593E-08
.31385E-07
.14825E-05
.50293E-05
.84326E-06
.55047E-04
.43419E-05
.14153E-05
.47687E-04
.49558E-04
.39154E-03
.10371E-07
.19333E-08
.90552E-09
.60645E-11
.76812E-08
.33359e-08
.11873E-11
.65020E-14
.00000E+0Q0
.85400E-14
.87279E-14
.24710E-13
.24556E~-13
.11770E-09
.15432E-11
.15598E-11
.12103E-16
.00000E+Q0
.00000E+0Q0
.81615E~16
.55636E-13
.17621E-08
.19583E-10
.27577E-07
.15679E-09
.11471E-04
.66018E-0S
.13315E-04
.64867E-06
.33949E~05
.18658E-06
.92803E-06
.19955E-04
.32799E-05
.15089E-05
.33214E-06
.21927E-07
.14490E-02
.58518E-03
.12166E-06
.45254E-05
.73075E-03
.18028E-04
.97063E-03
.13629E-06
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360
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382
383
384
387
388
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.0435710
.0138070
.0435480
.0600770
.0600060
.0184840
.0137570
.0142150
.0184180
.0199010
.0489560
.0489650
.0530580
.0529400
.0686230
.0684870
.0180880
.0183040
.0091530
.0274310
.0227560
.0245940
.0369300
.0123010
.0091530
.0123010
.0137550
.0435520
.0435520
.0600170
.0184550
.0600170
.0137550
.0142050
.0184550
.0198870
.0489790
.0489790
.0530440
.0530440
.0685510
.0685510
.0518700
.1154510
.0684680
.1153950
.0519110
.0685370
.0401880
.0401880
.0401880
.0803790
.0401880
.0803760
.0269220
.0213100
.0376900
.0298340
.0268520
.0213520
.0377330
.0298930
.0184110
.0184480
.0198380
.013727¢0

43.0515
28.7559
40.9795
190.0004
180.6355
260.1563
37.4426
79.5501
102.4760
167.8349
38.3733
53.6033
12.5997
12.0736
69.8067
85.6999
6.5088
12.7638
20.9073
16.6795
7.0629
12.4676
9.7867
15.6767
14.6317
9.5896
6.9341
6.7025
6.7026
2.7212
8.5353
2.6685
11.9973
19.4562
7.4086
13.2644
6.7515
2.5823
4.0089
4.0203
3.8777
3.9172
24.9427
21.6855
118.8325
3.6759
7.7968
7.4720
24.7717
91.0507
324.7816
94.0793
38.9626
19.7499
102.8971
107.4125
235.1353
161.4145
21.3741
23.3281
20.3909
17.4171
127.3038
283.2312
205.6019
32.5217
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.81426E~-07
.34305E-08
.63595E-07
.18798E-03
.14583E-03
.27835E-03
.12793E-07
.57223E-06
.26301E-05
.33490E-04
.51472E-07
.27382E-06
.2129CE-09
.17163E-089
.14374E-05
.40007E-05
.26700E-11
.78355E-10
.46204E-09
.44749E-09
.50542E-11
.93619E-10
.41898E-10
.14718E-09
.77564E-10
.12606E-10
.27864E-11
.74440E-11
.74445E-11
.11317E-12
.10564E-10
.10262E-12
.43202E-10
.50045E-09%
.52051E-11
.10319E-09
.86825E-11
.71067E-13
.69408E-12
.70396E-12
.75948E-12
.79893E-12
.63279E-08
.69963E-08
.20502E-04
.97869E-12
.18901E-10
.20171E-10
.47370E-08
.31779E-05
.18352E-02
.74858E-05
.45599E-07
.30519E-08
.39242E-05
.38502E-05
.34233E-03
.41309E-04
.15193E-08
.18640E-08
.16809E-08
.60545E-09
.77787E-05
.42489E-03
.92100E-04
.63105E-08
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520
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.0137550
.0141700
.0289130
.0376570
.0213670
.0268980
.1116420
.11143870
.0090950
.1515250
.2892490
.1514340
.0122410
.0217410
.0141800
.0304370
.0198510
.1152300
.0518590
.0181160
.0686090
.0227580
.0183490
.0274800
.0091460
.0246840
.0368640

.

0122670

.1516430
.1516760
.2891140
1114230
.1115840
.0091530
.2891830
.1515780
.1513560
.0123010
.0217620
.0142050
.0304660
.0198870
.0180880
.0519170
.1154140
.0227620
.0685480
.0274310
.0183040
.0091530
.0123010
.0369360
.0246000
.1516410
.1516280
.2892070
.0091830
.0123160
.0091530
.0123010
.0245720
.0227380
.0123300
.0368490
.0182840
.0180860

24

71.

56
22

.5017
5160
.9194
.7013
.4149
.4586

.8500

.2995

.0503
.9981
.4138
.4556
.4318
. 6482
.1360
.0533
.8562
.7230
.4349
.0205
.5704
.9678
.0316
.8565
.3805
.1614
.6581
.1936
.3735
.1923
.3242
.1382
.0453
.2235
.2800
.5038
.7298
.7399
.1023
. 9005
.8796
.1396
. 4482
.7187
.6614
.1380
.4063
.5986
.6909
.8482
.7013
. 8427
.5340
.0124
.1156

.1814

.9812
.5791
.59¢69
.5964
177.

9416
.5984

.9610
157.

2102
.1489
.0346

0
0
0
0
0
0
0
0
0
0
0

0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

.15349E-08
.33497E-06
.15408E-03
.65022E-04
.18200E-05
.22966E-05
.39244E-06
.50056E-06
.26500E-07
.17306E-04
.44527E-06
.16822E-03
.10063E-04
.41884E-06
.48931E-06
.61658E-03
.13789E-03
.88210E-08
.2C115E-07
.18306E-08
.69355E-04
.41713E-06
.23069E-06
.87218E-06
.91233E-06
.14599E-04
.43540E~-05
.19069E-04
.91953E-07
.11728E-05
.18935E-05
.89724E-10
.35754E-09
.39126E-09
.13873E-11
.22289E-10
.26402E-10
.21619E-11
.18097E-08
.71590E-09
.21252E-10
.21922E-11
.25480E-11
.17974E-10
.95966E-12
.53299E-11
.19303E-10
.43674E-09
.76144E-10
.45554E-09
.14834E-09
.43117E-10
.96165E-10
.47535E-12
.56252E~-12
.11911E-11
.29386E-06
.39669E-05
.76645E-10
.12650E-10
.55393E-04
.34288E-05
.42772E-04
.44715E-04
.12894E-06
.11871E-08
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.0233650
.0233690
.2155110
.5789490
.0233710
.0233710
.0233710
.0233710
.0199320
.0279050
.0933590
.0933420
.0233910
.0233910
.0233910
.0233910
.0329630
.0461480
.2155500
.5789420
.0233610
.0233610
.0233610
.0233610
. 0199640
.0279500
.0933510
.0933420
.0232460
.0232460
.0232460
.0232460
.0328590
.0460030
.0933320
.0933670
.0460870
.0329190
.0387420
.0233650
.0233690
.0276730
.1247870
.0195720
.0233610
.0233710
.0233390
.0233660
.0233610
.0233710
.0233390
.0233590
.0233710
.0233370
.0233660
.0233690
.0233590
.0233710
.0233370
.0233690
.0139800
.1011720
.2197860
.6054360
.0232830
.0232830

9.i035
.1964
.3981
.6339
.0500
.2142
.4527

1878

.1515
.7610
.173¢
.0601
.2038
.0155
.1275
.1108
.5507
.3028
.6265
.1474
.4985
.0000
.0357
.0000
.3037
.4090
.4218
.5180
.7729
.8531
. 6412
.2206
.1066
.1417
.0776
.1734
.9257
.3597
.8009
.0882
.4369
.3095
.7088

9732

.1685
.5941
. 9468

7500

.6282
.0440
.2462
.7545
.4034
.1755

8895

.6390
.2726
.8518
.0063
. 8037
.2444
.0492
.0667
.8578
.0720
.3643
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.223%7E-06
.62046E-06
.15352E-07
.26850E-05
.14B808E-04
.12390E-04
.13396E-03
.66078E-04
.78248E-06
.26769E-02
.15740E-06
.37082E-06
.15154E-06
.31089E-05S
.33110E-04
.18372E-04
.30132E-04
.69480E-02
.57737E-11
.14547E-13
.28742E-13
.00000E+0Q0
.26756E-07
.00000E+QQ
.64469E-08
.10392E-09
.12884E-10
.13877E-10
.81006E-16
.55537E-13
.17477E-08
.19578E-10
.10270E-07
.19270E-08
.27273E-06

10579E-10

.43723E-02

12878E-04

.15588E-03

.

61578E-06

.23380E-05
.57114E-05
.70473E-06
.25623E-03
.21860E-05
.26147E-05
.67319E-05
.16932E-03
.73036E-06
.36007E-05
.53065E-04
.31091E-06
.11918E-05
.11739E-05
.52597E-04

¢ e

58469E-05
62618E-07

.15185E-07
.15220E-08
.10818E-05
.50122E-04
.26472E-06
.53459E-08
.10692E-06
.85338E~-06
.B4064E-05
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785
786
799
800
802
804
813
814
815
816
817
818
819
820
821
822
823
824
831
835
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.0232830
.0232830
.0198830
.0278370
.0933220
.2105740
.5798000
.0233610
.0233610
.0233610
.0233610
.0199640
.0279500
.1022040
.1020480
.2154520
.0933660
.5789290
.1020280
.1020280
.2155980
.0933750
.5790020
.5789740
.2154500
.0279000
.0233710
.0233710
.0233710
.0233710
.0199290
.0933620
.0933420
.0460700
.0233390
.0233390
.0233370
.0233370
.0329070
.0933350
.2570260
.6109550
.1858560
.7044400
.3893420
.5821870
.1831580
.2570790
.6024580
.6785400
.5818820
.3893500
.0933300
.2106340
.5798540
.1011600
.6054130
.2198140
.0278990
.0233660
.0233660
.0233690
.0233690
.0199280
.1833610
.2411799

256.
.8312
.9030
.2596
.3950
.9691
.0000
.5072
.0000
.0066
.0000
.3577
.4173
.0363
L4772
.2729
.8971
.3714
.5643
.5658
.6421
.9973
.0643
.3787
.9475
.4926
.0924
.1846
.6367
.7188
. 9530
.2397
.3148
.0957
.7697
.6936
.3771
.0343
.5441
.0003
.8640
.0333
.65981
.3048
.0199
.9241
.5898
.6376
.4639
. 5495
.4588
.2115
.2180
.8970
.0000
.8890
.2224
. 0948
.6993
.4136
.1828
.3444
.8081
.9126
.1196
.8975
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.32550E-03
.93752E-04
.10447E-05
.54324E-02
.26079E-10
.42255E~-09
.00000E+00
.29248E-13
.00000E+00
.26657E-07
.00000E+0Q0
.65046E-08
.10427E-09
.13139E-03
.28306E-03
.69222E-07
.53659E-06
.39428E-04
.84487E-09
.84530E-09
.58730E-11
.91548E-11
.99924E-14
.28844E-0S
.17324E-07
.93806E-03
.15375E-04
.77186E-05
.10402E-04
.18892E-03
.77260E-06
.17832E-06
.41967E-06
.17493E-01
.93833E-04
.22441E-07
.42095E-05
.36103E-04
.32154E-04
.30053E-06
.30864E-07
.19284E-07
.76350E-09
.44798E-09
.48238E~-07
.41639E-09
.28761E~-10
.15619E-09
.33067E-09
.22846E-11
.12959E-10
.16807E-11
.23107E-10
.40897E-09
.00000E+00
.26012E-06
.11437E-06
.53883E-08
.50305E-03
.16116E-04
.18052E-06
.62949E-05
.44622E-03
.11116E-05
.27491E-11
.87458E-09
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.0091550
.0274150
.0123090
.0091410
.060002¢0
.0599360
.0184800
.0435080
.0137930
.0434860
.0184130
.0198700
.0137430
.0141930
.0489880
.0489960
.0685770
.0684910
.0530430
.0529890
.0685120
.0518770
.1154350
.0217250
.0304160
.0217620
.0304660
.0376640
.0298970
.0269030
.0213550
.2257350
.2465830
.1144010
.0160660
.1321710
.3147640
.3148850
.0509670
.0160880
.0121970
.0121970
.0121970
.0243930
.0365900
.0160640
.1066140
.1115590
.1515030
.0091300
.1113360
.0122450
.1516200
.0141590
.0198230
.2464410
.2257050
.0160480
.1144130

.

3145180

.1320200
.0510140
.3149230
.0160480
.0121830
.0121830

85.
64.
184.
64.
195.
189.
268.

.0217
.9320
.2967
.3592
.9236

5808

.9149

1145
7983

.8515

9284

.9841
.9649
.6815
.6700
.2152
. 0317
.7628
.8127
.0000
.0790
.7929
.3052
.9805
.0000
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.53136E-06
.37286E-06
.32827E-04
.12604E-06
.21632E-03
.18332E-03
.32595E-03
.76106E-07
.34882E-08
.58631E-07
.33770E-05
.44324E-04
.15481E-07
.64763E-06
.51160E-07
.30966E-06
.19622E-05
.54747E-05
.21873E-09
.17363E-09
.21103E-04
.78482E-08
.70678E-08
.73370E-06
.61300E-02
.18212E-08
.21576E-10
.71907E-03
.63068E-04
.30958E-05
.38237E-05
.23035E-08
.76542E-07
.42863E-06
.63639E-05
.46598E-12
.89826E-06
.60531E-05
.17142E-04
.35086E-05
.64054E-04
.48269E-07
.70694E-04
.68441E-05
.79416E-07
.28369E-05
.22202E-02
.91850E-06
.29611E-04
.57007E-07
.10805E-05
.36933E-03
.43802E-04
.88997E-06
.20784E-04
.10168E-08
.31725E-09
.23585E-07
.19135E-08
.77778E-13
.00000E+00
.50255E-09
.35842E-09
.96349E-08
.89925E-11
.000C0E+00

A-51



733
734
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807
808
809
811
825
826
832
833
834
836
837
838
840

842
846
848
865
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.0121830
.0243650
.0365480
.0160480
.1065780
.1114280
.1516090
.1115890
.0091530
.1513880
.0123010
.0142050
.0198870
.2892640

.1514510

.0122740
.1515740
.1115890
.0091150
.1115890
.0304260
.0198760
.0217330
.0141970
.0686030
.0227500
.1152950
.0518810
.0181070
.0246440
.0368370
.0122830
.0183270

DY

0274670
0091640

.1516460

1516810
2891280

.0122970
.0091760

o« e .

4745200
1865360
2784940

.0492160

.

0159900

.0509670
.1864700
.46061490
.0492300
.2704380
.0160480
.0510140
.0304200
.0217280
.4842870
.9081000
.3183360
.1144280
.3183040
.1646570
.3155370
.0511890
.0511110
.1070400
.3842850
.3152100

.1516
.8121
.3517
.2871
.2001
.0494
.5533
.0238
.1804
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.98822E-11
.15201E-08
.24858E-17
.96094E-08
.26894E-08
.85450E-10
.23155E-10
.35436E-09
.38711E-09
.26743E-10
.22595E-11
.72276E-09
.21480E-11
.5093%E-06
.22256E-04
.12765E-04
.19996E-03
.44374E-06
.26975E-07
.51917E-06
.63920E-03
.23268E-03
.49535E-06
.54691E-06
.81658E-04
.72403E-06
.89182E-08
.25292E-07
.26469E-08
.21286E-04
.62822E-05
.34524E-04
.26993E-06
.94336E-06
.95607E-06
.89242E-07
.13531E-05
.22160E-05
.67352E-05
.30473E-06
.13011E-07
.37399E-08

14497E-08

.71370E-16
.90828E-05

21427E-02

.20780E-09
.65243E-09
.60184E-14
.195€64E-11
.23480E-07
.50459E-09
.30420E-01
.94862E-06
.17253E-07
.19284E-07
.20988E-05
.11679E-05
.19075E-05
.79841E-05
.12159E-04
.68709E-06
.16592E-06
.89047E-04
.26059E-04
.52940E-03
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.3151920
.2464050
.2258440
.3145020
.1320780
.3183150
.8823590
.4777750
.1143960
.3182560
.1646400
.3149230
.0510140
.0510140
.1065780
.3851600
.3149530
.3149530
.2257400
.2464130
.1320520
.3145540
.3146910
.1321430
.0509580
.3148390
.2466060
.2258470
.0160700
.1144000
.0122010
.1065880
.0121970
.0121970
.0365900

0243930

.0160860
.0160780
.1514880
.1115550
.1516040
.0122270
.1113710
.0091240
.0198320
.0141660
.1767300
.6165700
.2244800
.9297600
.1986101
.9984699
.4606990
.1864670
.2703550
.0492490
.0492040
.2784260
.1864480
.4743960
.0509180
.0160160
.0269070
.0213580
.0376700
.0299020
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e

.5500
.4003
. 2957
.2814
.0558
.4330
.8288
.4853

.6570
.4135
.0833
.2821
.3659
.3632
.7120
.0263
.8223
.2834
.1637
.5801
.0093
.8422
.8484
.6026
.1499
.8980
.7968
.4459
.5747
.0481
.2144
.9428
.5979
.1247
.9036
.9803
.0354
. 9725
.9686
.5596
.4833
.4528
. 8411
.2661
.3056
.0847
.9492
.4388
.4595
.3785
.2219
.4409
.2179
.6444
.5646
.6230
.9762
.9118
.3575
.4333
.7125
.8360
.7728

.1313
.5983
.6825
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.23444E-03
.17310E~06
.58504E-08
.29606E-04
.13648E-04
.17593E-08
.79946E-08
.46356E-09
.18536E-08
.17463E-08
.37097E-10
.38936E-10
.10226E-11
.10194E-11
.44705E-09
.38682E-10
.36387E-09
.38981E-10
.30937E-09
.98107E-09
.11881E-24
.84343E-13
.99734E-06
.19940E-12
.18992E-04
.36149E-05
.86329E-07
.25091E-08
.77079E-05
.50113E-06
.57493E-04
.15985E-02
.52608E-04
.35820E-0Q7
.59737E-07
.70459E-05S
.40948E-05
.32680E-05
.43736E-04
.10565E-05
.84271E-04
.14754E-02
.11732E-05
.59443E-07
.16799E-04
.10620E-05
.54139E-08
.43540E-07
.43175E-07
.10734E-10
.75679E-13
.12041E-09
.64841E-09
.19661E-09
.19661E-11
.70088E-14
.55126E-15
.12626E-08
.37121E-08
.12758E-07
.18041E-02
.11617E-04
.45136E-09
.39823E-09
.28714E-12
.25589E-12
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995

998

999
1001
1003
1005
1006
1009
1010
1011
1012
1013
1018
1020
1022
1024
1027
1030
1032
1033
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.5643800
.5647300
.9082240
.5621001
.5597800
.1912100
.19165900
.1864080
.4843500
.1883299
.1848099
.0491930
.4741310
.2785800
.8822390
.5185200
.5186501
.51458%00
.1275499
.1277101
.4777200
.1215501
.3155010
.0511760
.3182440
.9080540
.4842480
.1144600
.3181960
.1646100
.0511450
.1070180
.3149990
.3152810
.3841930
.1320500
.3144710
.2259490
.2465410
.2245899
.6166700
.1767800
.9983701
.1986499
.9293801
.0183040
.0180980
.0137600
.0142060
.0274640
.0091470
.0137600
.0091450
.0402000
.0402000
.0402000
.0804010
.0804040
.0402000
.0245990
.0184390
.0227340
.0198890
.0123040
.0368990
.0184400
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.46234E-06
.39629E-06
.45100E-Q7
.32074E-06
.31429E-06
.66018E-07
.11586E-05
.10073E-07
.46489E-07
.34730E-11
.47033E-10
.72520E-05
.87115E-07
.91353E-07
.78702E-08
.83179E-07
.82942E-07
.19481E-06
.28431E-10
.29252E-10
.44080E-09
.12796E-11
.11169E-04
.50911E-06
.22571E-0S
.20273E-07
.17872E-07
.14555E-05
.20499E-05
.67564E-05
.11099E-06
.72940E-04
.67952E-03
.19888E-03
.22080E-04
.16431E-04
.31178E-04
.79527E-08
.20802E-06
.45148E-07
.43015E-07
.55289E-08
.94124E-10
.71468E-13
.10192E-10
.32216E-09
.29837E-09
.14659E-09
.16031E-09
.67730E-09
.30731E-09
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.3149870
.0510300
.0509900
.1066160
.3145950
.3151540
.1122899
.5084701
.1114610
.1115950
.1515110
.1515120
.1217401
.1162100
.5147099
.5111099
.8819880
.5184200
.1274099
.3181900
.1144500
.3181900
.1645970
.1115450
.1514900
.3149490
.0510240
.1065950
.0510170
.3851630
.3149540
.3149500
.1115460
.1515110
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.87510E-15
.19120E-16
.85144E-11
.43566E-12
.13674E-11
.22967E-09
.21932E-09
.86489E-09
.23508E-13
.10623E-12
.23328E-12
.55953E-10
.85659E-08
.85980E-09
.23389E-11
.19863E-07
.00000E+Q0C
.31374E-12
.26252E-14
.36945E-06
.45957E-06
.37408E-06
.00000E+00
.22232E-06
.10383E-07
.59549E-08
.23739E-07
.16008E-06
.16041E-11
.15936E-07
.58449E-20
.69796E-12
.40923E-14
.48917E-14
.24696E-14
.75151E-12
.20991E-10
.14846E-10
.00000E+00
.50851E-06
.46204E-08
.46467E-08
.20326E-10
.10197E-11
.00000E+00
.00000E+00
.49755E-06
.60637E-06
.11374E-06
.64567E-06
.13877E-11
.24551E-07
.47897E-08
.16267E-07
.63703E-21
.31091E-08
.24559E-17
.67708E-12
.22829E-14
.74550E-12
.47693E-14
.15646E-11
.37785E-11
.39251E-14
.26289E-08
.45303E-12
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1626
1627
1628
1632
1633
1635
1636
1637
1638
1641
1643
1644
1645
1650
1653
1655
1656
1657
1658
1659
1660
1661
1662
1663
1664
1665
1666
1667
1668
1669
1670
1672
1673
1674
1675
1676
1677
1678
1681
1682
1684
1685
1688
1690
1691
1692
1693
1694
1695
1697
1698
1699
1700
1701
1702
1703
1704
1705
1706
1708
1710
1712
1713
1716
1719
1722
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.2465100
.3145540
.5562700
.5600500
.5624200
.1794200
.1851299
.1887300
.1981101
.9296900
.6161799
.1765600
.4776630
.5086100
.5562700
.1124899
.1794701
.0091520
.0160480
.0141970
.0244030
.0366050
.0160590
.0160740
.1144510
.0160740
.1066190
.0122020
.0122020
.0122020
.1865250
.2257190
.2464820
.0491860
.3150020
.1320910
.3146270
.0510690
.0510400
.2700370
.0123190
.0198760
.1162100
.5111099
.0274770
.0183260
.0518340
.0181070
.1152960
.1516540
.2892140
.0091520
.0091300
.0369260
.0246390
.0227410
.0685600
.0123200
.0122890
.1273799
.1217301
.5184000
.5147200
.8819690
.2258320
.1320600

18.1734
3.0062
25.1273
25.6115
28.1378
0.0000
3.4072
0.3921
3.4827
0.6929
25.1674
23.7879
19.9907
25.8554
25.1159
0.0000
0.0000
19.2530
20.9445
20.6040
1.2160
3.3766
20.8523
22.2213
20.0409
21.0448
3.0802
2.6423
1.2440
2.5239
20.6394
20.0071
18.0821
2.5202
3.9478
0.0000
3.0051
5.0263
5.1562
2.2484
7.0404
6.2316
0.0000
28.6859
18.0346
16.8518
14.4085
16.6311
10.3795
8.5755
6.5463
19.2573
19.1720
3.7296
3.0349
4.8085
6.5562
5.5710
3.8038
0.6230
1.6578
28.76493
29.9589
27.0919
20.0828
0.0000
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.61750E-08
.97585E-12
.19699E-06
.21724E-06
.34824E-06
.00000E+00
.12679E-10
.25626E~15

14231E-10

.38950E-14
.20621E-06
.11324E-06
.19270E-07
.22027E-06
.19654E-06
.00000E+00
.00000E+00
.30594E-09
.81732E-09
.66617E-09
.81981E-15
.20303E-12
.80004E-09
.11005E-08
.46755E-08
.83844E-09
.37967E-12
.19859E-13
.45928E-15

T

15790E-13
88277E-08

.91435E-08
.60207E-08
.63191E-13
.38171E-11
.00000E+00
.97428E~12
.20703E~-11
.23507E-11
.19607E-12
.26928E-11
.23603E-11
.00000E+00
.37090E-06
.66241E-09
.31472E-09
.40675E-09
.29112E-09
.17551E-09
.88876E-10
.43937E-10
.30628E-09
.2988B4E-09
.33674E-12
.80165E-13
.73873E-12
.10494E-10
.83544E-12
.12365E-12
.25226E-14
.33577E-12
.37785E-06
.46194E-06
.16266E-06
.93224E-08
.00000E+00
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1724
1725
1726
1727
1728
1732
1734
1735
1736
1738
1739
1742
1744
1745
1747
1751
1754
1756
1758
1760
1761
1762
1764
1768
1772
1774
1775
1776
1777
1778
1780
1781
1782
1783
1784
1786
1788
1789
1791
1792
1793
1794
1795
1796
1797
1798
1799
1800
1801
1802
1804
1805
1808
1809
1811
1812
1814
1818
1821
1822
1824
1825
1828
1829
1830
1831
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.1864450
.4776540
.0491700
.5599300
.5645700
.5648000
.1849899
.1914799
.1917901
.9080850
.4840060
.2243700
.9980299
.4608080
.4742590
.2784180
.5624599
.1887901
.0217240
.1114530
.0091300
.0141880
.0217340
.1115980
.1513690
.1515640
.0122650
.0198640
.0304130
.0304270
.0137740
.0142280
.0137740
.0530000
.0435970
.0213130
.1516500
.0489590
.1153700
.0530630
.2892130
.0685080
.0685990
.0685480
.0489590
.0269260
.0184440
.0184440
.0600590
.0199190
.0298390
.0376960
.9294500
.1984999
.1766200
.6164600
.2699330
.4606560
.1863250
.0491520
.9079300
.3182060
.3842100
.1646080
.3182710
.2244400

.2369
. 4151
. 6023
.1451
.5758
.0371
.3292
.4612
.6329
. 8480
.5970
.5418
.6072
.2915
.2792
.6793
.8854
.1138
.4665
.0882
.6974
.6144
.6930
.4874
.8367
.1897
.2493
.8746
.6870
.7730
.8290
.2149
.5409
.5947
.2128
.7558
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.89643E-08
.19579E-07
.63769E-13
.21620E-06
.21787E-06
.21788E-06
.12804E-10
.58039E-10
.57347E-10
.27221E-0Q07
.22455E-07
.94280E-07
.79450E-12
.35990E-07
.31728E-0Q07
.26389E-10
.34856E-06
.36124E-15
.53924E-09
.25700E-08
.21329E-09
.84264E-09
.45945E-09
.30441E-08
.46006E-12
.29162E-17
.10747E-12
.23578E-12
.20061E-11
.74207E-12
.14295E-09
.15649E-09
.81047E-10
.17697E-09
.11451E-09
.38659E-09
.82371E-11
.10933E-11
.12092E-09
.23474E-09
.43175E-12
.40425E-16
.10443E-12
.85384E-11
.25369E-11
.43822E-09
.64860E-12
.19909E-11
.37046E-11
.70695E-13
.26054E-12

29384E-12

.38974E-14
.14330E-10
.11442E-06
.20716E-06
.19637E-12
.36456E-07
.40869E-08
.10263E-07
.27153E-07
.53909E-06
.58716E-05
.19988E~-05
.53907E-06
.94411E-07

A-63



1332 0.4843440  20.5494  0.22427E-07
1835 1.9982200 1.9997  0.80746E-12
1837 0.3155700  16.4416  0.47911E-08
1838 0.1070340  94.6909  0.10296E-04
1839 0.3155390  16.3964  0.47253E-08
1840 0.0511170  16.0770  0.69376E-09
1841 0.0511170  16.0537  0.68876E-09
1842 0.1144750  37.5743  0.10834E-06
1843 0.2465310  24.0969  0.25311E-07
1844 0.2257850  14.5936  0.18886E-08
1846 0.3145270  30.4388  0.10385E-06
1847 0.3149070  36.6389  0.26274E-06
1848 0.1320310  30.4680  0.43805E-07
1869 0.0091760  18.1022  0.22539E-09
1870 0.0274600  16.7685  0.46004E-09
1871 0.0091520  18.1809  0.22973E-09
1881 0.0183290  15.9325  0.23778E-09
1882 0.0518340  13.5628  0.30059E-09
1883 0.0180870  15.5613  0.20856E-09
1885 0.0123250 2.7381  0.23969E-13
1886 0.0368850 1.1361  0.88225E-15
1887 0.0122950 0.6726  0.21379E-16
1888 0.0246200 0.9398  0.22804E-15
1889 0.0227320 1.5278  0.23908E-14
1893 0.0436010  12.7316  0.18430E-09
1894 0.0804970 3.9230  0.94517E-12
1895 0.0402490 8.8827  0.28126E-10
1896 0.0137070  13.4352  0.75821E-10
1904 0.0804970 5.8940  0.72355E-11
1905 0.0402490 6.8664  0.77627E-11
1906 0.0402490 3.3290  0.20794E-12
1907 0.0137500  15.2044 0.14118E-09
1908 0.0600710 4.9561  0.22699E-11
1909 0.0402490 5.4291  0.23989E-11
1910 0.0184380 2.1696  0.11201E-13
1911 0.0183790 2.2416  0.13144E-13
1922 0.2784090 5.9517  0.26273E-10
1924 0.4742030  22.1330  0.31827E-07
1927 0.1864310  17.6988  0.40913E-08
1928 0.0491720  27.8096  0.10335E-07
1929 0.0091530  39.4838  0.11099E-07
1930 0.1115320  42.8848  0.20443E-06
1931 0.0160750  83.1267 0.80627E-06
1932 0.0142050  61.1754 0.15380E-06
1933 0.0123010  78.3909 0.46014E-06
1934 0.1514660  77.4018  0.53173E-05
1935 0.0510220 100.4040  0.65787E-05
1936 0.0198870 148.8433  0.18359E-04
1937 0.0366160  37.8432  0.35912E-07
1938 0.0122050 170.0750  0.21946E-04
1939 0.0122080 175.4319  0.25634E-04
1940 0.0122080  59.0357 0.11062E-06
1941 .0.1065990 176.7520  0.23238E-03
1942 0.1144570  37.5503  0.10798E-06
1943 0.0160750  83.1104 0.80547E-06
1944 0.0160760  66.7461  0.26911E-06
1945 0.0244090  81.1157  0.10832E-05
1946 0.0160760  66.7365  0.26892E-06
1947 0.2258220  14.5846  0.18831E-08
1949 0.2464990  24.1003  0.25325E-07
1950 0.1320670  30.5086  0.44109E-07
1951 0.3145650  30.5178  0.10522E-06
1952 0.3149380  36.6822  0.26432E-06
1954 0.0510220 100.6116  0.66469E-05
1957 0.1115360  37.8156  0.10899E-06
1958 0.1514670  30.3043  0.48918E-07 4. g4



1654
1671
16783
1680
1683
1686
1687
1689
1696
1707
1709
1711
1714
1715
1717
1718
1720
1721
1723
1729
1730
1731
1733
1737
1740
1741
1743
1746
1748
1749
1750
1752
1753
1755
1757
1759
1763
1765
1766
1767
1769
1770
1771
1773
1779
1785

1780
1803
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.8582600
.5820530
.1019830
.1020690
.3892840
.3326000
.8582600
.8017900
.0833620
.8684200
.8099600
.8343199
.2429500
.8450400
.0848501
.2106910
.0933430
.5799120
.5820500
.8882500
.8380300
.8659900
.8382300
.8979200
.5181299
.9001700
.1398399
.6119780
.1836770
.6030620
.7047600
.6784000
.8641800
.8636100
.0329600
.0198730
.0192150
.0278800
.0278220
.2106730
.2155240
.1832200
.5798860
.5789050
.0461440
.0276340
.0933580
.1246630
.0386870
.4898700
.8999200
.8692501
.3891440
.1832330
.2570310
.6028450
.6782600
.3891250
.8977200
.2411300
.2411799
.9005400
.5181201
.1399500
.5819080
.2570140
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.2840
1858

3886

.6456
.0845
.0486
.0670
.3972
.6827
.6203
.8605
.5820
.8191
.8233
.2816
.8118
.1561
.9621
.0105
.1656
.6852
.6311
.0653
.2375
.2234
.0296
.1738
.1602
.1472
.4830
.8942
.0324
.8324
.0047
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.12314E-11
.92873E-10
.23919E-11
.20129E-11
.67565E-12
.29185E-10
.97999E-~-11
.13673E~-11
.85191E-10
.81370E-13
.98601E-11
.89560E-09
.34445E-12
.13186E-09
.11000E-11
.74690E-08
.17643E-08
.17218E-12
.94208E-10
.16117E-09
.44688E-10
.91829E-08
.44366E-10
.47317E-07
.45612E-08
.11951E-10
.27335E-08
.75447E-07
.10471E-09
.62863E-07
.10794E-06
.23329E-08
.89977E-11
.30261E-10
.66212E-09
.11933E-08
.16497E-08
.28523E-11
.11743E-11
.73102E-08
.25836E-08
.12983E-10
.16336E-12
.72477E-13
.85977E-11
.17625E-09
.11538E-10
.30752E-13
.15309E-12
.15521E-13
.40654E-09

.

21046E-09

.68649E-12
.13110E-10
.26216E-07
.63720E-07
.23684E-08
.31852E-07
.47543E-07
.10115E-08
.10044E-08
.12310E-10
.45667E-08
.27482E-08
.73149E-08
.25886E-07
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1850
1851
1852
1853
1854
1855
1856
1857
1858
1859
1860
1861
1862
1863
1864
1865
1866
1867
1868
1872
1873
1874
1875
1876
1877
1878
1879
1880
1884
1890
1891
1892
1897
1898
1899
1900
1901
1902
1903
1912
1913
1914
1915
1916
1917
1918
1919
1920
1921
1923
1925
1926
1948
19583
1955
1956
1959
1960
1961
1962
1963
1964
1965
1966
1967
1968
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.0933380
.2570750
.1011690
.2200660
.1861210
.6054720
.0232800
.0233880
.0139%770
.0233580
.0232800
.0233880
.0233580
.0233580
.0233580
.0232800
.0233580
.0233880
.0233580
.0329010
.0232800
.0232800
.0232800
.0232800
.0233580
.0233880
.0460610
.0232800
.0933470
.0195680
.0233580
.0114950
.0114580
.0232800
.0233580
.0233880
.0232800
.0233580
.0233880
.0160920
.0160410
.0232800
.0233580
.02338890
.0232800
. 0233580
.0233880
.1835530
.7045900
.6117670
.2570360
.3891210
.5820530
.1020480
.1020480
.2154290
.5788840
.0933420
.0139770
.0233880
.0233580
.0233880
.0233580
.0233880
.0233580
.0233880
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.1046
. 7446
.5879
.3710
.0726
.5112
.7786
.4716
.9549
. 4053
.0000
.3327
.0000
.4501
.9877
.4145
.8918
.0770
.0726
.1854
.3648
.7389
.4189
.6513
.0000
.3373
.8850
.7459
.2824
.2497
.4124
.9266
.2438
.3215
.0324
.7437
.5270
.1615
.9616
.7414
.6486
.8300
.87717
.4010
.2766
.6153
.1304
.5395
.9057
.0181
.7739
.0333
.8575
.1852
.2324
.0618
.5437
. 9082
. 8853
.3061
.9538
.2239
.6135
.8302
.6146
.2813
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.17268E-08
.16448E-06
.72977E-07
.32701E-08
.41622E-10
.27790E-06
.42101E-11
.27256E-13
.71361E-09
.13619E-11
.00000E+00
.12425E-14
.00000E+00
.14193E-11
.91592E~14
.16655E~-14
.16648E-15
.80156E-21
.11287E-13
.82689E-09
.21756E-13
.21495E~12
.13742E-12
.34477E~16
.00000E+00
.30209E-11
.51512E-12
.47718E-14
.32972E-09
.98592E-12
.12436E-10
.10763E-09
.11918E-09
.11892E-12
.95270E~-12
.15104E-10
.24426E-14
.32446E-19
.24302E-15
.48728E-12
.26418E-13
.86579E-11
.69779E-10
.30654E-17
.99750E-15
.61813E-12
.54537E-15
.10533E-09
.10865E-06
.75767E-07
.16515E-06
.31878E-07
.73750E-08
.19369E-06
.19475E-06
.88465E-08
.15978E-05
.19250E-06
.11087E-08
.29474E-11
.28841E-10
.10293E-12
.18184E-12
.77704E-12
.2588B6E-16
.11243E-12
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2097
2098
2099
2100
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.0233580
.0277010
.0195680
.0387820
.0232800
.0232800
.0232800
.0233880
.0233880
.0232800
.0233880
.0233880
.1011620
.1861300
.6054780
.2200870
.0331610
.0199120
.0464250
.0278770
.0933530
.0233580
.0233580
.0233580
.0233580
.0233580
.0233580
.0233580
.0233580
.0278770
.0199120
.2154930
.5789420
.0833530
.0276530
.0139630
.0233340
.0233340
.0233580
.0233580
.0233580
.0233340
.0387140
.0195570
. 0233340
.0233580
.0933600
.1247400
.0233520
.0233610
.0233520
.0233610
. 0233520
.0233610
.0233520
.0233610
.0464250
.0233580
.0233580
.0233580
.0233580
.0331610
.0114810
.0233580
.0233580
.0139690

0.2303
14.4425
0.8852
1.1985
5.6326
3.2510
7.3769
3.6017
4.9129
6.2109
0.5391
4.4153
35.5865
7.0599
32.5304
16.3713
106.0262
58.7083
146.7927
235.4761
36.7275
88.7951
123.9459
78.2117
91.9572
74.3120
136.5578
92.4742
141.6054
235.4312
58.7051
20.0464
46.5808
43.9269
67.6953
133.6837
70.5600
61.2995
123.8701
92.0342
136.6712
48.7362
175.5809
215.6952
72.9330
141.7087
36.7292
37.9712
53.3205
0.1175
44.5207
33.2610
49.0783
55.3771
72.5040
96.0196
146.7523
92.7590
74.6397
78.2534
88.6965
105.9967
37.7357
116.6511
60.3882
133.5779
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.19130E-18
.21995E-09
.13438E-15
.12117E-14
.16678E-11
.10683E~-12
.64264E-11
.17913E-12
.84583E-12
.27189E-11
.13462E-16
.49593E~-12
.72957E-07
.41250E-10
.27872E-06
.32707E~-08
.56146E-05
.17548E-06
.39985E-04
.25504E-03
.78833E-07
.16293E-05
.86342E-05
.86381E-06
.19408E-05
.66889E-06
.14017E-04
.19960E-05
.16806E-04
.25479E-03
.17544E-06
.88155E-08
.16043E-05
.19293E-06
.49678E-06
.75367E-05
.51571E-06
.25521E-06
.86078E-05
.19490E-05
.14075E-04
.81072E-07
.81635E-04
.11538E-03
.60846E-06
.16867E-04
. 78858E-07
.12442E-06
.12718E-06
.65996E~-20
.51613E-07
.12017E-07
.84023E-07
.15373E-06
.58123E-06
.24094E-05
.39930E-04
.20269E-05
.68377E-06
.86611E-06
.16203E-05
.56068E-05
.11101E-07
.63754E-05
.23704E-06
.75069E-05
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.0233340
.0233610
.0233340
.0233610
.0233340
.0233610
.0233340
.0233610
.0160740
.0233580
.0233580
.0185570
.0276530
.0387140
.0114810
.0160740
.0233580
.0233580
.0233580
.0233520
.0233520
.0233520
.0233520
.0233580
.0402360
.0402360
.0402360
.0804730
.0402360
.0804730
.0402150
.0402150
.0402150
.0804300
.0804300
.0402150
.0137190
.0136990
.0141940
.0184090
.0183810
.0198720
.0213410
.0269100
.0298780
.0376750
.0137550
.0137550
.0142050
.0184550
.0184550
.0198870
.0213520
.0269520
.0298930
.0377330
.0183090
.0180730
.0274160
.0091540
.0245900
.0227280
.0123240
.0368310
.0081650
.0123360

.5324
.1036
.3103
.2769
.7640
.5227
.3447
.2013
.2858
.6124
.6076
.6618
.6572
.0955
.7159
.5351
.6034
.4268
.8292
.2088
.5728
.4113
.9366
.8660
.0036

1952

.3270
.3963
.1187

3530

.7222
.0965

0059

.9344
.3624
.0458
.2577
.3360
.7949
.7058
.0823
.2922
.5359
.3198
.2963

6097

. 9694
.0606
.5369
.4460
.3310
.2009
.4010
.4128
.3914
.3804
.4544
.3166
.3734
.7080

1497

.1825

2662

.9947
.2383

5475
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.51470E-06
.35271E-20
.25544E-06
.12046E-07
.81303E-07
.15576E-06
.62583E-06
.24323E-05
.53393E-04
.98027E-07
.93114E-08
.11529E-03
.49538E-06
.82839E-04
.11072E-07
.53740E~-04
.63623E-05
.23780E-06

.96424E-08

.12585E-06
.51916E-Q7
.86912E-07
.60908E-06
.10051E-06
.40515E-08
.28704E-05
.42050E-07
.27817E~08
.16827E-02
.68317E-05
.99832E-16
.17472E-11
.16501E-13
.72385E-15
.45065E-11
.73130E-09
.51728E-08
.21931E-08
.29706E-06
.62117E-05
.36585E~03
.69525E-04
.18297E-05
.26758E-05
.87021E-04
.30107E-04
.28580E-11
.44354E-10
.51091E-09
.10023E-10

49381E-11

.10074E-09
.18934E-08

-

15331E-08

.60099E-09

16765E-08

.11078E-06
.79052E-09
.35413E-06
.50449E-06
.40543E-04
.23641E-05
.20208E-04
.35336E-04
.12669E-06
.30743E-04
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1970
1971
13973
1974
1975
1978
1991
1992
1993
1995
1997
1998
1999
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.0215510
.0269090
.0142280
.0298630
.0376720
.0199190
.0274580
.0080470
.0092580
.0217290
.0368940
.0121590
.0124430
.0304200
.1516440
.2892090
.0211060
.0268000
.0295490
.0376600
.1115380
.0091530
.0142050
.0217290
.1115410
.1514980
.1514980
.0123010
.0198870
.0304200
.0518390
.0181030
.0183040
.1153240
.0685390
.0227370
.0245940
.0142050
.0198870
.1516580
.0490010
.2892330
.0685490
.0490040
.0685520
.0685530
.1153500
.0530440
.0530440
.0518510
.0137610
.0184430
.0274580
.0090470
.0092580
.0183040
.0181030
.0121590
.0369010
.0124430
.0246000
.0227430
.0435390
.0137610
.0599980
.0184430

.3228
.4744
.5804
.3547
.2041
.9456
.9500
.6081
.6744
.2646
.9921
.3551
.1100
L1117
.3255
.2603
.1624
.6192
.4376
.5900
.8695
.4624
.1612
.2477
.7932
.4110
.5103
.5578
.1036
.1956
L3172
. 9942
.7296
.6971
.2216
.6563
.6270
.2651
.8566
.3066
.9737
.3011
.2399
.0068
.7200
.7478
.6934
. 3815
.3807
.3069
.4055
.4916
.9216
.5830
.6534
.7042
.9855
.7573
.1182
.3576
.7570
.6713
.3802
.8137
.4063
.7512
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.42046E-09
.55404E-09
.16507E-09
.17219E-14
.24760E-13
.19027E-15
.11913E-06
.13897E-06
.52117E-07
.11772E~-06
.95939E-07
.73784E-06
.10425E-05
.22281E-04
.13883E-06
.17250E-06
.63978E-06
.11576E-05
.73284E-05
.54072E-04
.20408E-06
.11069E-0Q7
.15362E-06
.11754E-06
.10867E-06
.49795E-07
.53559E-05
.46506E-06
.18520E-04
.22347E-04
.22678E-08
.12277E-09
.29268E~-07
.43207E-08
.41271E-05
.28179E-07
.13784E-06
.76963E-07
.41805E-06
.13849E-06
.28025E-07
.17355E-06
.41321E-05
.19364E-06
.96980E-07
.97313E-07
.43176E-08
.19504E-09
.19498E-09
.22625E-08
.12214E-08
.17263E-07
.11880E-06
.13870E-06
.52015E-07
.29179E-07
.12239E-09
.75519E-06
.97280E-07
.10566E-05
.13955E-06
.28239E-07
.52107E-07
.40959E-08
.23935E-05
.73285E-05
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2113 ...l l330 39.3876 0.52156E-07
2114 0.0402030 28.2241 0.90987E-08
2115 0.0804050 10.7030 0.14271E-09
2116 0.0402030 10.6147 0.68458E-10
2117 0.0402030 67.3811 0.70563E-06
2118 0.0804050 72.5601 0.20436E-05
2119 0.0402030 249.9942 0.49606E-03
2120 0.0599980 79.4675 0.24027E-05
2121 0.0184430 37.6463 0.17622E-07
2122 0.0184430 125.9023 0.73727E-05
2123 0.0137610 23.3820 0.12153E-08
2124 0.0137610 29.8033 0.40888E-08
2125 0.0376600 164.3263 0.57022E-04
2126 0.0269000 80.6225 0.11579E-05
2127 0.0295490 114.8054 0.74470E-05
2128 0.0211060 75.1257 0.63823E-06
2130 0.0142050 53.2308 0.76715E-07
2132 0.0198870 70.0470 0.42378E-06

0 0.0000000 0.0000 0.00000E+00

SIGMA (VOLUME(I)}) = O0.67303E+03

SIGMA (VI* (KI**M)) = 0.11311E+00

A-70



APPENDIX B
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B-1






MONTE CARLO GENERATION OF WEIBULL SAMPLES

The Weibull Distribution can be simply expressed in the median normalized form as
F=1-Exp- (Ln2) X™
where X is the median normalized variable and F is the cumulative probability.

The probability F may be viewed as a uniformly distributed random number, and a random
observation from a Weibull distribution may be computed by

1 Ta/m)
Ln(1 B

Ln(2) |

X =

The value of the Weibull Modulus, m, the shape factor, may be freely selected, and the
uniformly distributed random number, F, of range O to 1, will generate a random observation
from that parent population.

This procedure was used to generate samples of 15, 20, and 30 observations each, from a parent
population with m = 5. The resulting "observed" data were fitted by the curve representing the
parent population. The data lead back to the parent population fairly consistently with larger
sample sizes, but do show occasional significant gyration with a sample at lower sample sizes.
A size of 15 seems to be the minimum for estimating the population. There is a significant
benefit of pooling two or three groups of 15 samples each, as recommended in the test program.

It should be noted that this Monte Carlo simulation is idealized. In the real world cases, there
will be other experimental and material factors which effectively confuse the "parent”
population parameters. Even with large samples of real experimental data, the inclination to
assume complex (e.g., bimodal) parent distributions may be in error, since observed values may
very well be random samples of simple unimodal parent populations, further clouded by some
experimental variations.

The summary results of these Monte Carlo runs are plotted in this appendix, and may be
readily repeated by the user, to compare the kind of experimental results one can expect with
different Weibull parent populations.
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Monte Carlo Trials
m = 5 (parent)
N=15
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Monte Carlo Trials
m =5 (parent)
N=20
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APPENDIX C

ILLUSTRATIVE GLASS TESTING






GLASS TEST SPECIMENS AND TESTING

Round rods of commercial Pyrex glass of nominally 4 mm diameter were readily available for the illustrative
tests. These off-the-shelf specimens exhibited some variations in diameter and roundness which would not
be present in test articles for a program addressing the Factor of Safety for a critical large brittle space
system component. Individual test specimen diameters were measured and used to calculate the Modulus of
Rupture (MOR) at failure for each test. The as received condition reflected surface flaws and damage
typical of normal handling of glass in our glass shop. The effect of surface flaws was briefly investigated by
etching the Pyrex rods in HF.

The etching procedure was as follows: rods were immersed in an agitated 10% HF solution, rinsed with DI
water, rinsed with isopropanol, sprayed with dry nitrogen, and dipped in grease (Apiezon N diluted in
hexane). Each specimen was placed in an individual plastic bag and stored for periods up to several weeks
before testing. Testing was conducted with specimens taped on the compression face and tested within a
plastic bag, to preserve the fragments for fracture initiation site location if possible. Specimens etched for 6
hours exhibited a frosty, irregular, and pitted appearance. The beneficial effect of etch polishing to remove
surface flaws was eventually counteracted by these other irregularities and there was an optimum HF etching
condition for the Pyrex rods.

All tests were conducted in bending, either 3-point or 4-point bending at a rate of 0.02 in. per minute.
A summary of all the illustrative glass tests is given in Table C-1 below.

Table C-1
Summary of Glass Tests
Description 3pt 4 pt Etching  Storage Number : Median CV = Weibull
Glass (Pyrex) rods Flexure Flexure  time period  Tested Strength Modulus
Diam.= 0.154 in. typ. min, hrs ksi m
Group No. 1& 2 AR N AsRecd 0 21 1150 021  nofit
Group No. 1 Etched v 10min NA = 12 19.80 = 0.22 5
Group No. 2 Etched v lhour 5 days 22 3600 039 5
Group No. 3 AR N AsRecd 10days 15 1330 0.8 S
Group No. 3 Etched v 2hours | 10days . 15 93.00 0.17 S
Group No. 3 Etched vV 2hours = 10days 20 68.00 0.22 5
Group No. 4 Etched V 6 hours = 4 weeks | 15 8290 026 5
Group No. 4 Etched v 6hours 4weeks 15 7130 034 5
3 ptload span, L = 1.9 in.
4 pt load outer span, Lo=1.9in. inner span,Li=11in.
As received rod diameter = 0.154 in. + 0.02 in. typical
]




GLASS ROD BENDING TESTS

A number of experiments were conducted to illustrate, in an abbreviated fashion, some of the behavior
characteristics of brittle materials and the effects addressed by the Weibull Theory of brittle failure: the size
and stress distribution effect, the importance of proper surface preparation, and the data scatter. The
methods of data analysis are also illustrated by these experiments.

To predict the relative strength between 3- and 4-point bending we equate the respective Risks of Rupture in
accordance with the considerations in subsection 3.1.2.2. The R-integral for 3-point center-span bending is
evaluated and shown below.

_ (O vV - |%
Re= (& oty Ry =(& m+ 1P

The ratio of strengths is then given by

As noted in the main document, the prediction of strength reduction by the Weibull volume flaw distribution
should be inherently conservative. This conclusion is verified by the illustrative test data which are

summarized in Table C-2 below.

THE EFFECT OF SIZE AND STRESS DISTRIBUTION

The outer span of the bending configuration was the same in all bending tests. The effective volume of
material subject to tension was larger in the 4-point tests than in the 3-point tests despite the ratio of outer
span to inner span. The Risk of Rupture associated with failure outside the center span was ignored, and in
fact, no such failures were observed. The strength comparison for these conditions is shown below. The
predicted size effect on strength accounts for the larger volume (1.9 in. span) of the 3-point tests, but with
linear stress distribution, compared with the smaller central span (1.0 in.) of the 4-point tests at uniform

bending.
Table C-2 Stress Distribution Effects

3-point 4-point Strength
strength strength Ratio Remarks
ksi ksi 4 pt/3 pt
Median strength ratio, 4pt to 3pt:
As received| 13.30 11.50 0.86 V1 (3 point)/ Vo (4 point) = 1.90
Weibull volume factor:
Etched 2 hours| 93.00 82.90 0.89 [1.90/(m + 1)](/m)
For m= 5, ratio is 0.80
Etched 6 hours| 83.00 71.30 0.86
1.9" span 1.9" outer span
1.0" inner span

The data are perfectly consistent in a higher strength for the lower Risk of Rupture. The strength effects
predicted by the Weibull Theory, based on volume flaw distribution and a fit of the data with m =5, are

consistently conservative.
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EFFECT OF SURFACE PREPARATION AND SURFACE FLAW REMOVAL

Etched specimens were treated in 10% HF for various times, rinsed with DI water and isopropanol, then
sprayed with dry nitrogen and dipped into Apiezon N grease dissolved in hexane, sprayed again with dry
nitrogen, and individually bagged. As shown in Table C-1, specimens were stored from several days up to 4
weeks before testing. Table C-1 and Figure C-1 show the effect of the HF etching. Etching for 2 hours
initially removed strength-controlling flaws, leading to increased strength by nearly an order of magnitude,
possibly to the point where sub-surface volume flaws might be the controlling defects. Further etching, to 6
hours, degraded the surface and produced a decrease of strength accompanied by some increased scatter,
although the statistical distribution was not much altered, as discussed later.

100 I
2 80 //\ \\:]]
é / O— 1
5 60 /
= /
E /1/
; 40 a4 -e- 3pt. bend%ng
s / -0~ 4 pt. bending
E 20 --:/

OT/

0 05 1 15 2 25 3 35 4 45 S 55 o6

Etching time in hours
Figure C1. Etching Effect on Strength of Pyrex Rods

STATISTICAL STRENGTH DISTRIBUTION

All of the test data from the tests summarized in Table C-1 are tabulated in Tables C-3a and C-3b. The data
have been sorted, normalized, and individually fitted with Weibull distributions as shown in Figure C-2, to
seek out the most appropriate distribution fit. All the data seem to be reasonably well represented by a
Weibull modulus, m = 5, even after etching and increasing strength dramatically. The individual samples
are small, and the individual fits are not highly accurate. Table C-3 shows the pooling of all the glass data to
create a pseudopopulation of 120 observations. Figure C-3 shows that m = 5 is a very good fit for these
integrated data, and therefore a design-allowable knockdown factor for this glass can follow the top curve of
Figure 3 in subsection 3.2.1.4. The reference strength data for design will depend on surface preparation.
The observed strength distribution of each test group is plotted in Figure C-2.



Table C-3a. Glass Data Ranked for Statistical Analysis

As received j MOR x/xmed F
3 pt bend 1 11221 0.842 0.045
2 11488 0.862 0.110
N= 15 3 11690 0.878 0.175
4 11924 0.895 0.240
Med= 13320 5 12105 0.909 0.305
6 12487 0.937 0.370
Avg= 14323 7 13213 0.992 0435
8 13320 1.000 0.500
Cv= 0.18 9 13892 1.043 0.565
‘10 16115 1.210 0.630
11 16315 1225 0.695
12 16874 1.267 0.760
13 17536 1317 0.825
14 17901 1344 0.890
15 18763 1.409 0.955
As received j MOR x/xmed F
4 pt bend 1 8654 0.750 0.033
2 9505 0.824 0.079
N= 21 3 9590 0831 0.126
4 10269 0.890 0.173
Med= 11541 5 10278 0.891 0.220
6 10378 0.899 0.266
Avg= 12566 7 10544 0914 0.313
8 10792 0935 0.360
Cv= 021 9 11393 0987 0.407
10 11470 0994 0.453
11 11541 1.000 0.500
12 12317 1.067 0.547
13 12977 1.124 0593
14 13364 1.158 0.640
15 14324 1.241 0.687
16 15238 1.320 0.734
17 15443 1.338 0.780
18 16139 1398 0.827
19 16165 1401 0.874
20 16510 1431 0921
21 17005 1.473 0967

10 min. etch
4 pt bend

N= 12

Med=
Avg=

CV=

19790
18793

0.22

O 00~V P WK -

10

MOR
10970
13120
14060
18280
18470
19190
20390
20520
20690
21800
22120
25900

X/Xmed
0.554
0.663
0.710
0.924
0.933
0.970
1.030
1.037
1.045
1.102
1.118
1.309

0.056
0.137
0.218
0.298
0.379
0.460
0.540
0.621
0.702
0.782
0.863
0.944

1 hr etch
4 pt bend

N= 22

Med=

Avg=

36046
37919

0.39

OO0 NTAWNM P WN

MOR
20313
21763
22819
23832
25113
27424
28626
31073
32126
32167
36017
36075
36954
37132
40863
40908
42242
43646
51687
61547
67394
74497

X/Xmed
0.564
0.604
0.633
0.661
0.697
0.761
0.794
0.862
0.891
0.892
0.999
1.001
1.025
1.030
1.134
1.135
1.172
1.211
1.434
1.707
1.870
2.067

0.031
0.076
0.121
0.165
0.210
0.254
0.299
0.344
0.388
0.433
0.478
0.522
0.567
0.612
0.656
0.701
0.746
0.790
0.835
0.879
0.924
0.969




Table C-3b. Glass Data Ranked for Statistical Analysis

2 hretch j MOR x/xmed F 2hretch i MOR x/xmed F
4 pt bend 1 46726 0.686 0.034 3 pt bend 1 60784 0.650 0.045
2 48213 0.708 0.083 2 73151 0.782 0.110
N= 20 3 49618 0.729 0.132 N= 15 3 77126 0.825 0.175
4 51922 0.762 0.181 4 78715 0.842 0.240
Med= 68105 5 51987 0.763 0.230 Med= 93505 5 84564 0904 0.305
6 61115 0.897 0.279 6 89134 0953 0.370
Avg= 68734 7 62473 0917 0.328 Avg= 92270 7 90720 0.970 0.435
8 62773 0922 0377 8 93505 1.000 0.500
Cv= 022 9 65189 0957 0426 Cv= 0.17 9 97340 1.041 0.565
10 65652 0964 0475 10 99020 1.059 0.630
11 70559 1.036 0525 11 100465 1.074 0.695
12 72699 1.067 0.574 12 101614 1.087 0.760
13 74135 1.089 0.623 13 103331 1.105 0.825
14 74313 1.091 0.672 14 113300 1.212 0.890
15 74396 1.092 0.721 15 121281 1.297 0.955
16 76381 1.122 0.770
17 85298 1.252 0.819
18 88476 1.299 0.868
19 94931 1.394 00917
20 97826 1.436 0.966
6 hr etch j MOR x/xmed F 6 hr etch j MOR x/xmed F
4 pt bend 1 35590 0.499 0.045 3 ptbend 1 36789 0444 0.045
2 38874 0545 0.110 2 37568 0453 0.110
N= 15 3 40064 0562 0.175 N= 15 3 63624 0.767 0.175
4 43527 0.610 0240 4 68406 0.825 0.240
Med= 71332 5 51408 0.721 0.305 Med= 82911 S5 70966 0.856 0.305
6 57146 0801 0.370 6 72252 0.871 0.370
Avg= 65954 7 60907 0.854 0.435 Avg=76385 7 73716 0.889 0.435
8 71332 1.000 0.500 8 82911 1.000 0.500
Cv=034 9 71786 1.006 0.565 Cv=026 9 83624 1.009 0.565
10 71840 1.007 0.630 10 84247 1.016 0.630
11 71937 1.008 0.695 11 87018 1.050 0.695
12 78740 1.104 0.760 12 87830 1.059 0.760
13 84560 1.185 0.825 13 93754 1.131 0.825
14 105173 1.474 0.890 14 96703 1.166 0.890
15 106426 1.492 0.955 15 106360 1.283 0.955
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Figure C-2. Weibull Distribution with m = § for Glass Data
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Table C-3¢c. Pooled Glass Data Ranked for Statistical Analysis

ooled Data x/xmed F mest fit-norm
Median normalized 1 0444 0.006 5.88 0.385
2 0453 0014 491 0.460
N= 120 3 0499 0.022 492 0.505
4 0545 0.031 5.11 0.538
Med= 1 5 0554 0039 4.84 0.565
6 0562 0.047 4.61 0.587
Avg= 1 7 0564 0.056 4.35 0.607
8 0.604 0.064 4.66 0.625
= 0.27 9 0.610 0.072 4.50 0.641
10 0.633 0.081 4.62 0.656
m= S5 11 0.650 0.089 4.66 0.669
12 0.661 0.097 4.63 0.682
13 0.663 0.105 445 0.694
14 0.686 0.114 4.64 0.705
15 0.697 0.122 4.63 0.716
16 0.708 0.130 4.64 0.726
17 0710 0.139 4.49 0.736
18 0.721 0.147 4.49 0.745
19 0.729 0.155 4.46 0.754
20 0.750 0.164 471 0.763
21 0761 0.172 4.76 0.771
22 0.762 0.180 4.60 0.779
23 0.763 0.189 444 0.787
24 0.767 0.197 4.35 0.794
25 0.782 0.205 4.50 0.802
26 0.794 0.213 4.60 0.809
27 0.801 0.222 4.59 0.816
28 0.824 0.230 5.02 0.823
29 0.825 0.238 4.85 0.830
30 0.825 0.247 4.65 0.836
31 0.831 0.255 4.62 0.843
32 0.842 0.263 4.76 0.849
33 0.854 0.272 4.95 0.855
34 0.856 0.280 4.80 0.861
35 0.862 0.288 4.80 0.867
36 0.871 0.297 493 0.873
37 0.8890 0.305 5.49 0.879
38 0.890 0.313 5.25 0.885
39 0.891 0.321 5.01 0.890
40 0.891 0.330 4,77 0.896
41 0.892 0.338 4.56 0.901
42 0.897 0.346 451 0.907
43 0.899 0.355 4.32 0.912
44 0904 0.363 428 0.918
45 0914 0.371 4.44 0.923
46 0917 0.380 4.32 0.928
47 0922 0.388 423 0.933
48 0924 0.396 4.00 0.938
49 0933 0404 421 0944 Etctorow 121
50 0935 0413 3.93 0.949
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Figure C-3. Weibull Distribution for Pooled Glass Rod Data
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